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Introduction

Introduction
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Context of this work: Cell motility

o Lamelopodium:
cytoskeletal protein actin projection on the mobile edge of the cell.
@ Lamellipodia are found in very mobile cells , example:
- the keratinocytes of fish and frogs

@ propulsion velocity : 10-20m/minute
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Modelling of cell motilty

Assumptions [D. Olz, C. Schmeiser, Cell mechanics 2009]
@ 2D phenomenon
@ lamellipodium lies between 2 closed curves
© 2 families of inextensible filaments orientated
- clockwise
- anti-clockwise

@ barbed ends touch leading edge

membrane
cross-links

™ clockwise
filaments

\poinled
ends

barbed
ends

anti-rlnckwise
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Discrete case

e n* clockwise filaments indexed i and

@ arclength parametrisation
{FH(t,s): —LF(t) <s <0} eR? {F(t;s): —L7(t) <s<0}€R?
@ inextensible
0sF | =[0sF =1 Y(i,j)€e{0,n"} x{0,n"}

@ Crosslinks : proteic connection between clockwise and anti-clockwise
filaments
- spontaneous creation at crossings of filaments
- spontaneous rupture
- stochastic proces
- unique: any pair of filaments cross at most once any time.
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Introduction Modelling of cell motilty

Treadmilling & cross-links

@ Polymerisation at barbed end: constant polymerisation speed u(:)t

fa bl n,

[ Hr He HeHe He He He

@ Lagrange variable along the filaments

ot =s+ty, o =s+ty;

@ Crossing between filaments at time t
C(t) = {(7,)) : 3s5(t) st FH(e.s5(t)) = F(t,57;(1))}
@ But the crosslinks remain after filament crossings: a age of the

crosslink

s;f,-’j = s,-J;-(t —a)—vta, Saij = sf’j(t —a)—v a,
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Introduction Modelling of cell motilty

Modelling issues
bending

o Elastic forces related to bending
B

K
U, = — / D2FF2ds
bend( ) 2 (7L70)| j ’
@ Add boundary conditions for ex. a rubber linking the barbed ends

nt—2

Unembrane = Y _ (|F41(£,0) = F7(£,0)| — )3
i=1
n——2

+ Z (IF74(£.0) = F(£.0)] - b)%
@ Add a constraint
Fr(t,0) = F(t,0) Vi=j, (i,j)€{0,....,min(n", n)}?
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Modelling issues

stretching and twisting

@ Elastic forces related to
- stretching

Sij = F(t, au(t)) — F(t,s,; (1))
- twisting

Tij(t,a) == ¢ij(t,a) — o,
pig(ta) := arccos (O (£,57,,(8)) - 067 (£.57,,(1))
o Probability distribution of crosslinks r; j(a, t)
{atr,-ﬁaar,-,j = ¢ (Sij,Tij)rij  Y(at) € (Ry)?
rij(0,t) = B(Tij) (1 — rij(a, t)da) a=0,t>0

@ stretching and twisting
Py kS ) T )
Ust’;Jr—l—tw = / (2\5,',] + TIT,;,'\ ) rij(a, t)da
Ry
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Integrins: adhesion on the substrate

@ Integrins: Transmembrane proteins connecting the cytoskeleton to
the ECM (extracelular matrix).

Integrin «
heterodimer

Adaptors and
| signalling

f
.ﬁ‘:; 7 malecules
ﬁ, g

Cytoskeleton

Figure: Picture from the website of Dan Baeckstrom, Goteborg.
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Integrins: adhesion on the substrate

@ Dynamic making and breaking of integrins
@ Overall effect: friction (force transmission)

- —

Force

@ v ®
L

Protease

Figure: Picture from http://www.cellml.org
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Adhesion

@ Adhesion forces depending on stretching of adhesions
Sl = Fr(t,s)— F(t—a,s+v"a)

@ Density of adhesions pf(a, t,s) and p; to the extracellular matrix
Oepf + 0apf — v 0sp] = —Caan (Sin) P77 In Ry x Ry x] — L; 0]
p1(0.6.9) = (o~ [ pfds) in {0} xRix] - L0
pi (a,t,0)=0 ) in R, xRy x {0}

@ energy associated

U:d}'l GT):= /LO)/]R |GT —F(t—a,s+v"a)]?p] (a, t, s)dads
+
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Introduction Total energy and adimensionalisation

Finaly

The deformation of filaments minimizes at each time t the total energy
F:t = argmax (Ubend + Umembrane + Ustr+tw + Uadh)(G:t)
‘85Gi+’ = |ast_| =1
a.e. se]— L0
Possible rescaling w.r.t characteristic values of
L, v, a

leading to the main scaling assumption

alo
€= [ 1
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Total energy and adimensionalisation
Rescaled formulation

Rescaled energies

S

+y _ A ge 2 e
(65 = 3 [ (5502 rita. e

+ K“T e |2 €
Uw (G™) = E . 7\7_;4'| rij(a t)da

i +
adh E /R o) ( ‘GE Fi+7*’2> rl,"'vff(a7 t)da ds
+ X

where
Sij =G (t, s (t—ea)+eavt) - G (t,s; (t—ea)+eav)
Tij = pij(t,ea) — o
F* = FM(t —ea,s +eav™)
Fi=F (t—cas+ea)
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Total energy and adimensionalisation
Rescaled formulation

Rescaled density of cros-links and adhesions

e Probability distribution of crosslinks r; j(a, t)

Eatr,-‘ij + GarfJ = (5,-81/-, T,E’j) r,-a’j V(a,t) € (R+)2
rij(0,t) = B(T5;) (L — rij(a, t)da) a=0,t>0

o Density of adhesions p; (a, t, s)
0P + 0ap = v 0ep = ~Gaan (Siin) AT in Ry x Ryx] = 1;0[

pi°(0,t,5) = Badn (1 - / p?L’gd«?) in {0} x Ry x] - L;0]
Ry

p:Fadh(a, t,0) =0 in Ry x Ry x {0}

V. Milisic & D. Oelz () Friction mediated by transient elastic linkage January 17, 2011 15 / 39



Total energy and adimensionalisation
Main objective of this work

Rigorous derivation of the limit model when € goes to 0

Simplified problem:
from a treadmilling network of beams

reduce to a single adhesion point
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Introduction Total energy and adimensionalisation

Adhesion vs. exterior force

@ z(t) € R represents the time dependent position of a linkage binding
site.

@ no treadmilling

o Force balance between exteriour force f(t) € R and adhesions.

2(6) = argming e { 5 [ o= e = <a)fputa. e)da - f(e)w

AGED) )
o0

e
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Introduction Total energy and adimensionalisation

Mathematical model

i/ooo (z-(t) — z-(t —€a)) p(a, t) da = f(t), t>0,
z(t) = zp(1) , t<0,

where
@ p. = pe(a, t) density of existing linkages to the substrate
@ a > 0 age of the linkage
@ ¢~ 3/L > 0 speed of linkage turnover.

pe solves a specific renewal model

€0tpe + Oape + (c(a, t)p =0, t>0,a>0,

po(a=0,t) = A(t) (1—/ p-(5,1) ds) , £50,
0

pa(37 t= O) = Pl,e(a)7 a>0,

with the kinetic rate functions

e (. = [B-(t) € Ry growth factor

o (. =((a,t) € R, death rate
Friction mediated by transient elastic linkage January 17, 2011 18 / 39



Introduction Total energy and adimensionalisation

Cross-linker proteins and integrins: experimental data

List of parameter rate constants.

—adh

Do ---max. density of integrins on a filament
B ... rate of integrin attachment
£ .. rate of integrin detachment

0.491-0.685um™
0.03sec”™

0.012xexp
0.04um

jsec’I

Parameter Value Reference

V, -..polymerisation rate 8um/ min

B ...rate of cross-link (filamin) attachment 1.3sec” c.p. Goldmann,
Isenberg 1993
assuming 1uM of
filamin

{ ...rate of cross-link (filamin) detachment 0.6sec”’ Goldmann, Isenberg

1993.

Li e.a. 2003

[§] D. Oelz, C. Schmeiser, and V. Small.
Modelling of the actin-cytoskeleton in symmetric lamellipodial

fragments.

Cell Adhesion and Migration, 2:117-126, 2008,
Friction mediated by transient elastic linkage
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Total energy and adimensionalisation
Formal limit when ¢ — 0

The formal limit is given by

J) Orzg = f with /1,170(1') = / apo(a, t) da, t>0,
0
7o(t =0) =z := z,(0) ,
where the limit distribution pg is the solution of

0apo + Co(a, t)po =0, t>0, a>0,

polt.a=0) = o(®) (1~ [ iz 0)0s) e>0.

[ D. Oelz and C. Schmeiser.
How do cells move? mathematical modelling of cytoskeleton dynamics
and cell migration.
In A. Chauviere, L. Preziosi, and C. Verdier, editors, Cell mechanics:
from single scale-based models to multiscale modelling.-2009.
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Total energy and adimensionalisation
Viscosity constant

po solves an ODE, thus

1 a
= - 7” dN
ol Bol(t) + Jo exp (= Jg Co(t, 3) d3) da P ( /0 bl®3) a)

Thus as
o
p100ez0 = f with  pg(t) = / apo(a,t) da,t>0
0

gives an explicit friction formula.
In the special case (o = (p(t),

1
H0(t) = S AT Go(0/B0D)

(1.2)
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Assumptions

Q J: € Lip,, ¢ € Lip,([0, T]; L*(R4)) with uniform upper and lower
bounds

0< Cmin < 45(37 t) < gmax and 0< ﬁmin < /Ba(t) < ﬂmax .

@ There is ag > 0 such that (.(a,t) / on [ag, c0).
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Assumptions

Q J: € Lip,, ¢ € Lip,([0, T]; L*(R4)) with uniform upper and lower
bounds

0< Cmin < Ca(ay t) < gmax and 0< ﬁmin < Ba(t) < ﬂmax .

@ There is ag > 0 such that (.(a,t) / on [ag, c0).
© Limit functions By € Lip, and (o € Lip,(LY°) it holds that

C:—C in LFLY and B —fo in LY as £—0.

V. Milisic & D. Oelz () Friction mediated by transient elastic linkage January 17, 2011 22 /39



Introduction Total energy and adimensionalisation

Assumptions

Q J: € Lip,, ¢ € Lip,([0, T]; L*(R4)) with uniform upper and lower
bounds

0< Cmin < Ca(ay t) < gmax and 0< ﬁmin < Ba(t) < ﬂmax .

@ There is ag > 0 such that (.(a,t) / on [ag, c0).
© Limit functions By € Lip, and (o € Lip,(LY°) it holds that

C:—C in LFLY and B —fo in LY as £—0.

Q It holds that p; . € L3°(R) with p;.(a) > 0 a.e. in Ry and

0< / pi(a)da<1l and / aPpi-(a)da<c,, forp=12.
R, R,
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Introduction Total energy and adimensionalisation

Assumptions

Q J: € Lip,, ¢ € Lip,([0, T]; L*(R4)) with uniform upper and lower
bounds

0< Cmin < Ca(ay t) < gmax and 0< ﬁmin < Ba(t) < ﬂmax .

@ There is ag > 0 such that (.(a,t) / on [ag, c0).
© Limit functions By € Lip, and (o € Lip,(LY°) it holds that

C:—C in LFLY and B —fo in LY as £—0.
Q It holds that p; . € L3°(R) with p;.(a) > 0 a.e. in Ry and

0< / pi(a)da<1l and / aPpi-(a)da<c,, forp=12.
R, R,

@ f € Lip([0, T]), 2, € Lip((~o0,0]).
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Bond renewal equation

Bond renewal equation
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Bond renewal equation (¢ > 0 fixed)

Eatpa‘i‘aaps‘i‘gs(a;t)Ps:O, t>0,a>0,

p(a=0,t) = B(t) <1 —/ p:(3,t) d§> , t>0, (21)
0

pe(a;t =0)=p;c(a), a>0,
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Bond renewal equation

Bond renewal equation (¢ > 0 fixed)

Eatpa‘i‘aaps‘i‘gs(a;t)Ps:O, t>0,a>0,
p(a=0,t) = B(t) <1 —/ p:(3,t) d§> , t>0, (21)
0
pE(athO) :pl,a(a)v a>0,
Theorem

* Ve >0,3!p. € CORy; LY(R4)) N L>®(R3) solution of the problem
* pe(a,t) >0 ae inR?.

* Moreover setting: p.(t) := fR+ p<(a, t)da, it holds that

Hmin < ,Ufe(t) <1, Vte R—i—
where i ;= min (ME(O), Bmffgmax).
* Higher moments bounded above & below
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Time asymptotics of the “Classical” renewal equation

[§] B. Perthame.
Transport equations in biology.
Oin+0.n=0, (at) € (R)

n(a=0,t) :+/OOO B(a)n(a,t) da, t>0

n(a,t =0)=ny(a), a>0.

Tools available:
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Time asymptotics of the “Classical” renewal equation
3] B. Perthame.

Transport equations in biology.
den+0;,n=0, (at)e (R)?

n(a=0,t) :+/OOO B(3)n(3,t) da, t>0

n(a,t=0)=mny(a), a>0.
Tools available:
o Eigenproblem a /a Perron-Frobenius 3!(A > 0, ¢, N) s.t.

8N + AN = 0, a>0

N(0) = /R B(a)N(a)da, a=0, — 020 + Xo¢ = ¢(0)B(a)

/\/(3)20,/]R N(a) = 1 /R+N¢>da:1
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Time asymptotics of the “Classical” renewal equation

[§] B. Perthame.
Transport equations in biology.
O:n+9,n=0, (at)e (R)?

n(a=0,t) = +/ B(a)n(a,t) da, t>0
0
n(a,t =0)=ny(a), a>0.
Tools available:

o Eigenproblem a /a Perron-Frobenius
@ Long time asymptotic: using the Generalized Entropy Method

/ 7(a, t) — m°N|¢(a)da — 0, when t — oo
Ry

where mo = [ ni(a)¢(a)da.
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Homogeneous equation

Considering the homogeneous version of that model
€0tPe + OaPe + (o(a, t)pe =
p(a=0.t) = —fu(t / 5.(5,1) da
p:(2,0) = pei(a), a20,t=0
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Homogeneous equation

Considering the homogeneous version of that model
€0tPe + OaPe + (c(a, t)p- =0
ﬁe(a =0, t) = _ﬁ&‘( ) ﬁ&‘(éa t) da

pe(a,0) = p-y(a), a>0,t=0

& 10 = (ﬁe /Oooﬁg —/Ooocemer)
Sl o=t (ol [ o) -sn ([T0) [T )

M= M=
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Homogeneous equation

Considering the homogeneous version of that model
€0tPe + OaPe + (c(a, t)p- =0
ﬁe(a =0, t) = _ﬁ&‘( ) ﬁ&‘(éa t) da

pe(a,0) = p-y(a), a>0,t=0

& 10 = (ﬂe /Oooﬁg —/Ooocemer)
Sl o=t (ol [ o) -sn ([T0) [T )
Define: Hp] = ‘/ﬁa(a, t) da +/|pa(a, t)| da,
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Bond renewal equation

Liapunov functional

Hlp) = i(— [ bl sien ( /Oooﬁs> /Oooceﬁe)
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Bond renewal equation

Liapunov functional

d R 1 o R . o R o .
E’H[Ps] = 6<_ 5 C€|p€|—5|gn /0 pz—:)/o CEP:—:)

January 17, 2011 27 / 39
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Bond renewal equation

Liapunov functional

d . 1 < . < ©
E’H[’OE] = 6<_ : Celpe| — sign /0 pz—:)/o CEP:—:)
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Liapunov functional

d . o R . o R
E’H[ps] = <_ 5 C€|p€|—5|gn /0 Pe
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Liapunov functional

d R 1 < . >
E’H[ps] = - <_ C€|p€| — sign / Pe
0 0

IN

| =
7

g

=]

8
N
he)
o
+
28

N 0Q
>
N—
Ss—
8
>
m
~_
>
m
~_

d 1
“H[p] < —=Coin H[pe] .
dtH[pe] > c Cmin H[Ps]
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Convergence as € — 0, |

Formal limit solution: Given (o(t, a), So(t) and po s, let pg be a solution of

0apo + Go(t,a)po =0,
t>0,a>0

po(a = 0) = Bo(t) (1 - /OOO po(3) d5> (2.2)

po(a,0) =pos(a), a>0,t=0,
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Convergence as € — 0, |

Formal limit solution: Given (o(t, a), So(t) and po s, let pg be a solution of

0apo + Go(t,a)po =0,
t>0,a>0

po(a = 0) = Bo(t) (1 - /OOO po(3) d5> (2.2)
po(a,0) =pos(a), a>0,t=0,
then p. := p: — po satisfies
€0tpe + 0ape + ((a, t)p: = Re
pla=0.0)=~Ault) [ pu(ae) dat M
p<(a,0) = psy(a), a>0,t=0
with R 1= —e0:po — po(Ce — Co) and M. := (B — Bo) (1 — [ po da).
RV VIO W M | cdiated by transient clastic linkag January 17,2011 28/ 39



Convergence as € — 0, I

d A Cmin ~ 2
aHid < =g+ 2 ([ R damd)
9 Ry

€

where
ﬁ&‘(a7 t) - Ps(37 t) - P0(37 t)

R.(a,t) = —edpo(a, t) — (¢ — Co)(a, t)po(a, t)

Me(t) = (B — Bo) <1 — /OOO 00 da>
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Bond renewal equation

Convergence as € — 0, I

d A Cmin ~ 2
aHid < =g+ 2 ([ R damd)
9 Ry

€
where
/38(37 t) = pE(a7 t) - po(a, t)
R.(a,t) = —edpo(a, t) — (¢ — Co)(a, t)po(a, t)
W)= (5.~ 50) (1= [ poce)
Theorem

pe = po in C°(]0, T]; LY(RS)) ie.

_ Cmint

1(p = o) (s Dllam,y < € Hlpey = poul + eT[[[Re( )l 1y + [Me]
3(R+) a

Lee

7<mint
< ce € +€C2T

V.
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Integral equation for z

Integral equation for z
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Integral equation for z

1/00 (2(t) — 2.(t — 23)) po(a,t) da = F(£), >0,
0

9
z(t) = zp(1) , t<o0,

@ z. € R the time dependent position of a linkage binding site
e f(t) € Lip(R4,R) given exterior force

@ p. = pe(a, t) density of existing linkages to the substrate with respect
to the age a>0

Formal limit equation
oo
p100ez0 = f with  pgo(t) = / apo(a,t)da, t>0,
0
7o(t =0) =z := z,(0) ,
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Existence and uniquenes ¢ fixed

[3 G. Gripenberg, S.-O. Londen, and O. Staffans.
Volterra integral and functional equations,
Cambridge University Press, 1990.

Theorem
o p. € CO(Ry; LYRy)) N L®(R?) be given,
@ assumptions on the data f, z, hold,

then

Ve >0, 3lz. e CO(Ry) solving the integral pbm
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Integral equation for z

Convergence as ¢ — 0

Consider z := z. — zp and j. := pz /0, it solves

/OOO (.(t) — 5.(t — 2a)) o da = e

H0,e

- /Ooo (20(t) — 20(t — 2a)) f. da =

t/e rt o
:%Z,E/O /t_sf’tzds)dsﬁe(a,t)da / (20(t) — 20(t — a))pe(as ) ¢

t/e
f t/e pt f oo rtof
=€ — / / ——(s)ds p(a, t)da — / ——dsp.(a, t) da
Ho,e 0 t—ea H1,0 t/e JO H1,0
=: eh.(t)
Proposition

If f € Lip(Ry) ,

h-(t) < Ciexp (—Cmgint) + e G.
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Comparison principle
H G. Gripenberg, S.-O. Londen, and O. Staffans.

Volterra integral and functional equations,
Cambridge University Press, 1990.

Proposition

If one has

t
2(8) = (k% 2)(8) + g(8),  (k=2)() —/ k(3. t)2(3)d3, aeteJ
0
[kl goo () = SUpteJ/ k(a,t)da <1, J compact and k >0
J

then 3r s.t. z:= g+ r*g and

x(t) < (

kxx)(t) + g(t)
y(t) = (k*y)(

’
)(t) + &(1)
y
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Integral equation for z

@ Our problem fits the frame~
Set k(3,t) := u%(t)éps(ﬂ t) our problem reads

e

2= [ 5(3)k(3.1) d3 + .

=
=
>
=
@
—~
—
N—r
I
™
>
™
—~~
—
N
+
—
<)
3
n!)\jl
—~
W

)k(3, t) d3 for all t > 0,
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Integral equation for z

@ Our problem fits the frame
Set k(3,t) := 1(t)€ps(t 3 t) our problem reads

5(t) = /Otis(é)k(é, £) d3+ he |

with he(t) := ehe(t) + [° 3,t) da for all t > 0.
o It holds that

|</|z€ k3, £) d5 + ||

Let u(t) satisfy

Hence it holds that 0 < |Z.(t)| < u(t).
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Integral equation for z

@ Same comparison argument
t
(U = u)(t) —/ k(3 (U —u)(3)d3 >0, ae teJ
0
implies
U(t) > u(t), ae ted

Is there such a U ?
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Integral equation for z

eC+ ——— fO HhHLOO(tT) dt t>0

Consider U = .u‘l min
eC+

i hlleseo,my t

for a constant C > 0:
U(t)—/0 U(3)k(3,t) da =

t 0
:/ (U(t) — U(3)) k(5,t) d§+/ U(3) k(3,t) d3 =

oo 1t h||joo(3 t 0 1
:/ ca (7/ || HL (3, T) d§) pE(a ) da+/ (6C+ ||h||Loo 0.7) 5) k(a t)
0 €a Jt—ca M1, min Ha(t) —o0 H1,min

> Eﬁ(t)hE(t) + /7000 Z:(3)k(3, t) da = ||

£

by choosing

C > (HhHL‘x’(O,T) + L) fgo:oa pE(té + a, t) da
[41,min IS pe(f+a,t) da
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Integral equation for z

Hence as || Al ooz, 1) < ke~ t/e

0< 2] <u<U(t) ==<C+ /HhHLoo(tT dF 50 as -0

M1 min
Thus z. — zg in L>((0, T)).

Theorem
Let (zo, po) the formal limit, YT > 0 it holds that

2= = 20ll cogjo, 77y + [lP= = poll coggo, 71 )) = O 5

ase — 0.
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A simple example

Set
S S /8 —(a
G=Co=C=C Bo=fo=f=C* and o= po = e
then z is explicit as well
tf f(t
z(t)= | —ds+ 20 —1—/ zp(—ea)( exp (—Ca) da, t>0,
0 M1,0 10,0 Ry
tof ef (t) 0 (s
=z,(0)+ [ —ds+ —/ z(5) ex <> ds,
P( ) 0 110 10,0 e p( ) p c
z:(t) =2,(t), t <O0.

V. Milisic & D. Oelz () Friction mediated by transient elastic linkage January 17, 2011 38 /39



Conclusion & Perspectives

e Lipshitz data (f, z,) everything works, what a proof for f € L}(R,) ?

@ Stronger coupling

Ce = Ce(|2(8) = 2(t —ea)l), e := Be(2(1))

o Full model z(s, t) € R? is a deformation of the reference variable s at
time t

L
z(t,s) == argmin|y, u(t,5)|=1 {/0 0% w|?ds
L
+/ / \w(t,s) — z(t —ca, s + 10a)|°p=(a, t, 5) dads}
0 JRy
@ Numerics
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