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Introduction Industrial context

Industrial context

Cardiatis®: conception and comercialisation of metallic wired multi-layer
stents

@ A new technology
One controls

- The # of layers
- Their connectivity

@ In vivo experiments

© on mini-pigs show :no thrombus up to 6 months
@ on humans :

@ Multi-Scale phenomenon lying on:
- Hemodynamics

- Chemical reactions between blood flow and the surrounding wires and
tissues

Theoretical & numerical study of hemodynamics
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Pt dessripies
Where does the stent apply ?
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Problem description

o Geometrical properties
- Femoral artery diameter:()y = 6mm
- Total thickness of the stent : ¢ = 0.25mm
Thickness of a single wire: ¢ = 0.04mm
- Red blood cell diameter: (lrc = 0.008mm
e 025

— = —~ 4%
@A 6
stent ~ periodic rugous wall in a straight cilindrical geometry

@ The blood flow is a pressure driven flow composed of

- Steady state part: geometrical perturbation of a Poiseuille profile
- Plus a pulsatile periodic perturbation: Womersley profile

@ We consider here the steady part
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Introduction Methods & references

Methods and references

-We aim to

@ understand the dynamics of flows in rugous possibly complex
geomteries
— Boundary layer correctors

@ Avoid heavy discretisations related to the rugous wall
= Wall laws

@ Include the micro scales in the macro Poiseuille profile
= Multi-scale aspects

Use of assymptotic expansions adapted for
the perturbed boundaries.

References

3] N. Neuss, M. Neuss-Radu, and A. Mikelié.
Effective laws for the poisson equation on domains with curved oscillating
boundaries.

Applicable Analysis, 2006.

@ Y. Achdou, P. Le Tallec, F. Valentin, and O. Pironneau,
Constructing wall laws with domain decomposition or asymptotic expansion
techniques
Comput. Methods Appl. Mech. Eng. 1998
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Main results

@ Stented collateral artery

@ explicit first order averaged velocity profile
@ explicit flow-rate
© implicit interface conditions

@ Stented anevrismal sac

© explicit averaged zero order pressure in the sac
@ first order averaged velocity profile
© the presence of the wires inverses the vertex
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The colateral artery

Vuk Milisic (WPI) Blood flow in stented arteries September 29, 2009 8 /50



The colateral artery

© The colateral artery

The modelling approach

Boundary layer theory for roughness
Homogenized first order terms
Numerical evidence

Implicit interface conditions
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Notations and Methodology
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We denote:

P = {y € R? st. y_r(cos(#),sin(0))},
- Q the “smooth domain”, I'? the fictitious interface,
- x the slow space variable , y = * the fast one.
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Our method: transform the rough boundary problem in Q€
into a fictitious interface problem in Q°
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Our method: transform the rough boundary problem in Q€
into a fictitious interface problem in Q°

© Construction of a complete boundary layer corrector: Q€
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Notations and Methodology
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Our method: transform the rough boundary problem in Q€
into a fictitious interface problem in Q°

© Construction of a complete boundary layer corrector: Q€
© Averaging the oscillations
© Generlize to other geometries

=> derivation of implicit interface conditions
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Ul meak i arppiezs
The problem

@ The flow is laminar

— Au,+ Vp, =0in Q°
divu, =0
u=0onlUlLUT®

u. - 7= 0 on rin U rout,l @) rout,2

L Pe = Pin ON Min, Pe= Pout,1 ON rout,h Pe = Pout,2 ON rout,2>

@ Pressure driven # Dirichlet velocity as in

[ C. Conca.
Etude d'un fluide traversant une paroi perforée. | & II.
J. Math. Pures Appl. (9), 66(1):1-70, 1987.
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The colateral artery The modelling approach

Expected behaviour |

In 2D in a fiew seconds/minutes of direct simulation

sovae sovalue

Vec vaue

i Woz7aze
Wozsii7
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Expected behaviour |l

In 3D in a fiew days/weeks of direct simulation
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The colateral artery The modelling approach

Expected behaviour |l

In 3D in a fiew days/weeks of direct simulation
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Bowrikry [Eyer i o iaugiies
Limit solution when ¢ — 0

@ The Poiseuille flow

_ Pin
2
po(x) = pin(1 — x1)1g,

uo(x) (1-x2)xe1lg,, VxeQ
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Limit solution when ¢ — 0

@ In QF° it solves

— Aug + Vpg = [0uy,p] - N, in QF

divug =0

up=0onTl1Ul>

up2 =0on Iy Ulgut1, o1 =0o0n Moy 2
po = P ON [in,  po=00n oyt Ulout2
ug#0onrl*

where [0yy,p,] - 1 is the jump across g of the stress tensor
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Bowrikry [Eyer i o iaugiies
Limit solution when ¢ — 0

@ In QF° it solves

— Aug + Vpg = [0uy.p] - N, in QF

divug =0

up=0onl1Ul>

up2 =0on Iy Ulout1, o1 =0o0n oy 2
Po = pin on [y, po=0o0n loue1 Ulout2
ug#0onrl*

where [0yy,p,] - 1 is the jump across g of the stress tensor

Theorem

||u€ - u0||H1(Qe)2 + ||p5 - po||l_2(95) S kﬁ

the constant k does not depend on e.
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The colateral artery Boundary layer theory for roughness

Higher order approximation 7

@ No flow at zeroth order through 'y 2 !

@ Errors treefold
© Dirichlet non homogeneous on T
Oup,1

© Jumps at Iy of e
© Jumps at [y of po

@ Use of two kind boundary layers

@ verical
@ horizontal
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The colateral artery Boundary layer theory for roughness

Dirichlet correction

@ Microscopic corrector a la Pironneau
—AB+Vr=0in$§
divg=0
B = —yey;onP
B2—0, |y2| =00
B is y; — periodic

o Properties

Theorem

3I(B, m), m defined up to a constant, s.t.

VB L2(S).(B-PB) €LX(S), meLi(S)
Moreover, one has:

_ _ 1
B(y) — Bleoo)er, o — £00, B() = /0 Bln,) dnn

and _
Ba(y2) =0, Vy2 € R
B1(y2) = —(@) = [VBIz(s) + F1(0), ¥2 > y2.p,
Bily2) = 51(0), y2<0
7(y2) =0, y2>yapand y» <0

where y» p == maxyepys and Q) is the volume of Q

Vuk Milisic (WPI) Blood flow in stented arteries September 29, 2009 16 / 50



The colateral artery Boundary layer theory for roughness

Normal derivative horizontal velocity correction

@ Microscopic corrector a la Mikeli¢é

— AT +Vw = —dése;in S
divT =0
T=0onP

To—0, |yl =200

@ Properties

Theorem

3I(T, w), w defined up to a constant, s.t.

VT e L2(S)*, (T-T)el*S), weld(S)
Moreover, one has:
T(y) = Tie1, y»— oo
and _
Ta(y2) =0, Vy2 € R
Ti(y2) = T1(0) + 51(0), ¥2> Y2 P,
Ti(y2) = T1(0), y2<0
w(y2) =0, y2>y2pand y» <0

where y» p := maxycpya.
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Bowrikry [Eyer i o iaugiies
Vertical correctors

@ Microscopic corrector & la Conca
—Ax+Vn=0inS$S
divx =0
x=0onP
X2 = =1, |y2| = o0
@ Properties
Theorem
3(x, n), n defined up to a constant, s.t.
Vx € L2(8), (x—X) €L(S), neE Li(S)
Moreover, one has:
x(y) = —Xze2, n(y) = 7x, y2— Fo0

and N
{ n(y) =7", Vy2 € R_x]ysp,+00],

|VX|%2(5) =mt

where ys p := max,cpy>.
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Bowrikry [Eyer i o iaugiies
Vertical correctors

@ Microscopic corrector

—AWﬂ—i-V@g:Oinn
divwg =0 N n
wg=0o0on DUB

B
©OO0OO0O0O0O000Q

Wwe AN =2 on N D

95 =T
@ the usual weighted Sobolev space :

at|A\|—

wre(@) = {ve D(Q) st DL+ 7" € LP(@),0< N <m )

@ Properties

Theorem
3 (w,0) € WEA(M)2 x W22(N) if o <1 J
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N | X CLCC L Al Boundary layer theory for roughness
Localizing

@ The corner cut-of Set v := 1)(x) and 1 := 9(x — (0, 1)), where

s.t.
1if x| <

WIN W[~

0if x| >

NB: 6.1@ =0onl;U Foum.

@ The “far from the corner” cut-off
® complementary on [, U Toye,1 Ul s.t.

on;pU Foum urls,

b+ =1
Op® = 0,

for instance ®(x) :=1 — (0, x2) for all x € Q.
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Macro corrector

AW +VZ =0
divW =0 ’

W'Tze{aau)(;l(ﬂg_m'T} o,

Z= {8”011&} ®
8X2

in Q°

on [, U I_out,l U rout,2

W=0onT*¢
0
W= { ”01(ﬂ ﬁ)}cbonrlurg
Theorem

3! solution (W, Z) € H'(Q) x L*(Q°), moreover:
”WHHl(QE) + HZ||L2(Qe) < ke_%

rate v and constant k do not depend on ¢.
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Macro corrector

AW +VZ=0 |
, inQ°
divw =0
Oug 1 =
W.T=c¢ =(B.— ) T P,
O0xo
9 on [ U I_out,l U rout,2
z-= { o1 m} ®
8X2
W=0onT*¢
0 _
W = e{ ”0’1(ﬂ6—ﬁ)}¢ on MU,
6x2

define

W) = e {untaw (%) + va((1.0) —w (072 b wo,
206) = {n(00 (%) + 0a((2.0) - 08 (215 |4 200,
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First order approximation

o Oug 1 B
U = U0+€{ (9X2 (IBE
+ & {pin(3 —32) + u2} + W
o Oup,1 Oup,1 [Po]
Pe'_pOJr{asz [5X2]w ]

+ epin(pte — 1) + € p2 + 2

=l

)+ |G| o=+ Bl -1+ w )

teol i, m+w@

@ multi-scale version of boundary layer correctors Vx € Q¢:

X

0. 0= (2], o x (). ()

€ €
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Bowrikry [Eyer i o iaugiies
Higher order macroscopic correctors

Theorem

—Au; +Vpr =0in Q; U

divu; =0

uy=0onl1Ul>

ur2 =0on Iy Uloue 1,

ur1 =0, on Toug2

p1 =0 on iy UTloue1 Ul out2

- {227 o] o Bl

I(u, pr) € (HY(Q1) x L2(Q1)) U (L2(Q) x H~1(2)) solving ()

(U, P.) cannot belong to H(Q°) x L2(Q°)
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Bowrikry [Eyer i o iaugiies
Error estimates

How to estimate u, — U, and p. — P.?
@ In the litterature
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Error estimates

How to estimate u, — U, and p. — P.?
@ In the litterature
o Roughness (Mikeli¢ Neuss)
Q@ H Q) x L3(Q)
@ very weak solutions L(2°) x H7*(Q°) depends on L?(I)
© Poincaré on the rough layer + use of 1 : conclude
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Error estimates

How to estimate u, — U, and p. — P.?

@ In the litterature

o Roughness (Mikeli¢ Neuss)
Q@ H Q) x L3(Q)
@ very weak solutions L(2°) x H7*(Q°) depends on L?(I)
© Poincaré on the rough layer + use of 1 : conclude

o Sieve : direct estimates in L(Q;) x H71(Q;) (Conca)
@ Method of energy : weak convergence on Iy
@ Specific square H'(Q;) estimates : strong convergence in L*(I)
© Very weak solutions : conclude
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Error estimates

How to estimate u, — U, and p. — P.?

@ In the litterature
o Roughness (Mikeli¢ Neuss)
Q@ H Q) x L3(Q)
@ very weak solutions L(2°) x H7*(Q°) depends on L?(I)
© Poincaré on the rough layer + use of 1 : conclude
o Sieve : direct estimates in L(Q;) x H71(Q;) (Conca)
@ Method of energy : weak convergence on Iy
@ Specific square H'(Q;) estimates : strong convergence in L*(I)
© Very weak solutions : conclude
@ Here : improved Conca's approach
© Split U, into regular and singular terms
@ Obtain Hl(QE7]_) estimates for the regular ones
© compute again very weak norms using Poincaré on regular terms
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Behaviour on g

@ We need to characterize u, — U, on Iy

T4 [po]

Oug 1 Odug 1]
7]

Vei=u—U. = ug—uo—e{ 0% B, + [ %

this is the regular part of the corrector.
Localize this in a fixed neighborhood of g

Bl }-o@)
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The colateral artery Boundary layer theory for roughness

Behaviour on g

@ We need to characterize u, — U, on Iy

Ve = u.—U, = ug—uo—e{auo’lﬁg + [8”0*1] ULy } 0(c?)

aXQ 8X2

[7]

this is the regular part of the corrector.
Localize this in a fixed neighborhood of g

@ Problem : near the corner
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The colateral artery Boundary layer theory for roughness

Behaviour on g

@ We need to characterize u, — U, on Iy

Ve = u.—U, = ug—uo—e{auo’lﬂg + [8”0*1] ULy } 0(c?)

aXQ 8X2

[7]

this is the regular part of the corrector.
Localize this in a fixed neighborhood of g

@ Problem : near the corner

@ Solution : define some more vertical correctors
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The colateral artery Boundary layer theory for roughness

Behaviour on g

@ We need to characterize u, — U, on Iy

o [Ou, Oup,1 [po] 2
V. =u.—U. = u.—ug 6{8x2ﬁ6+[8x2]T+[ﬁ|X —0(€%)

this is the regular part of the corrector.
Localize this in a fixed neighborhood of g

@ Problem : near the corner

@ Solution : define some more vertical correctors

Theorem

||V€||H*l + ||QEHL2 S ke~ J
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The colateral artery Boundary layer theory for roughness

Behaviour on g

@ We need to characterize u, — U, on Iy

aU071 8U071

e ag [Po] . 2
Ve-—ue Ue—ue 0] e{aXz ﬁe+|:8X2:|Te+ Xe 0(6)

7]
this is the regular part of the corrector.
Localize this in a fixed neighborhood of g

@ Problem : near the corner

@ Solution : define some more vertical correctors

Theorem

Velly=1 + |1Qell 2 < ke~

Main ingredient of the proof

microscopic Sobolev norms of the vertical correctors = €~ error
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Bowrikry [Eyer i o iaugiies
Main convergence results

Theorem
In the framework of very weak solutions a la Conca

3
ke2

IA

lue — Uell 2oy + 1P = Pelli-s(ermommy e

At this point the approximation (V,, P.) is multi-scale
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The colateral artery Homogenized first order terms

Averaged macroscopic approximation

Suppress the oscillating boundary layer, keep the rest:

Uc := ug + euy

Pe = po +€p1
It solves

(—AU. +Vp. =0in QUQ

divu, =0

u=0onl1Ul>

u.An=0on I, U1 Ulout,2,

Pe = Pin ON Min, P = 0 on rout,l U rout,2

- 6{6uo,1ﬁ N [8uo.1] = }61 N 6[P?O]Xe2 on o
B Do ]
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(eregities) i @ty s
Averaged macroscopic approximation
Suppress the oscillating boundary layer, keep the rest:

U ;= ug + €ug

Pe = po +€p1

Theorem
Very weak solutions a la Conca

_ _ :
lue = Uell 2 (0,u0,) + VellPe = Pell-1(aiuB.00,)m < ke

Proof.

Use the triangular inequality

Jue — U€||L2(QluS12) < Jue - UEHL2(§21UQQ) + [[Ue — H6”L2(§21LJ§22)

mostly it remains only to zero-mean estimate oscillations and vertical
correctors ~ O(3) O
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Compute the first order flow rate

@ velocity profile normal direction to Iy

Ueo(x) = (uo2 + €t 2)(x) = _E[{)T]O]](X)
@ Solve with a computer a cell problem (cheap even in 3D):

+

=

_ﬁ_

Sl

o First order flow rate

b
Qr, = % /a [po] dx1
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Numerical evidence

@ Compute the exact problem
@ Compute boundary layers for a single # cell
- Extract the constants at infinity

[7] = 52.6961
o Compute the flow-rate
0.1 0.008
0.007 | S
0.006 | 1
_ 001 7 0005 B
o o
<§ &0.004 1
0.001 F 0003y S i
0.002 2 ]
0.001 - / q )
0,000 ‘ ol RS
0004 01 01 1 0 0.05010.15 0.2 0.25 03 0.35 0.4 0.45 0.5
c e
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The colateral artery Numerical evidence

Normal velocity profile

-0.002 |~

-0.004

-0.006 -

-0.008 -

-0.01

-0.012
0.2 0.3 0.4 0.5 0.6 0.7 0.8
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The colateral artery Implicit interface conditions

Averaged implicit macroscopic approximation
Take again
Uc = ug + €euy

Pe = po+e€p1
On I u, satisfies

—+_ JOuoaz+  [Ouoa|=E u
e {3X2ﬁ+[3xz}nr}l+e[]

Impliciting the interface conditions:

ul-n=u_-n, [uc-n=clogp|n
p— :i
=+ _ _ +
St =e(F (o, nT)+T [oap n] -7
gives:
@ a new “Strange” term in the normal direction
o “Wall law” expression in the tangential one
Vuk Milisic (WPI)
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Numerical illustration

implicit interface conditions

Domain Decomposition (Dirichlet-Neuman) on the interface

0 0.001
i
:
L 4 0r # Fun # # * L *
o002 ! R R RN
- -0.001 - et et w7 1
-0.004 - o T
s
c s Lot =-0.002 ,
©-0.006 N .ot v R
s + s
+ .o+ Lol T -0.003 - i
E F + + L i
0.008 o7 . Lo 5 -0.004 —
Ll L3 W .
L
-0.01 F + g i ue + 4 0.005 - e Ty s ¥ ue ]
: Y e : Loy F e
W i T p gt F @
-0.012 . . L L €,1MP -0.006, TR . . Ye,imp
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.2 0.3 0.4 0.5 0.6 0.7 0.8
X1 X1
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Sacular aneurysm
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Sacular aneurysm
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Sacular aneurysm

© Sacular aneurysm
@ The problem
@ Ansatz
@ Pressure of the sac
@ Numerics
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Tl atian
Same problem

but ...

((— Auc+ Vp. =0in Q° —
divu. =0 g
u=0onlUlLUT® 3oooooro;ooooo3
Ue1 = OonTlijU rout,l ra Q 2

U = 0 on rout,2 .

{ Pe = pin ON [in, pe = Pout,1 ON rout,h

Pressure imposed at inlet and outlet but not at ', 2
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Sacular aneurysm Ansatz

When € goes to 0

@ The Poiseuille flow

— Aug + Vpo = [0uq,py) - N Fy in Q
div Ug = 0

ug =0o0n T UM Uy

ug An=0on Iy Ulou1

Po = Pin ON Tin, po =0 on Moug 1
up #0on €

@ (ug, po) is explicit and reads:

Pin

2
po(x) = pin(1 — x1)lq, + py la,, Vpy €R

Uo(X) = (1 — X2)X281191, Vx € Q

Theorem

[[ue = uollr(qeye + [IPe = Poll2(aey < kv/e

where the constant k does not depend on e.
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First order approximation

Again the same trick

Ve = Uo+6{auo’1(,3e—5)+ [8“0’1] (T Ty + 2y, x)+ul}

O0xo Ox2 [j
+ €2 {pin(3¢c — 32u2} + W,
_ Ouo 1 Oug 1 [po] —
Pe:=po + { 9% Te |: %0 :| We + = (776 77) + €ep1

[7]
+ 6Pin(,U/G - ﬁ) + €2P2 + Ze

@ multi-scale version of boundary layer correctors:

X

B =8(2), T=7(2), xlb)=x(3). m)=2(5),

€ €
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The pressure in the sac

([ —Au; +Vpr =0in Q UQ

divu; =0

up=0o0n T UM Uy

ur An=0on T, Uy,

p1=0on I, Ulgue1

u; = {d;)zl Bi + [d;)(:;} Ti} e + [[l;;)]]xeg on Foi
divergence condition and normal veolicty imposed on [g:

/divuldx:/ u1-nda:/u1-nda:0
Qs 02 o

gives in the sac

-1
Po = T Jr, pq (x1,0)dxy
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Sacular aneurysm Numerics

Error estimates

@ Flow-rate accros g

0.01 ¢ ‘ ]
E + i

I + ]

X

0.001 N 4

£ X ]

5 [ i
< , : ]

~ X
S I ]
.

0.0001 F x ]

E Ue — Ug + f

F Ue —ue <

r kelds s

1e-05 S —
“.01 0.1 1
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Sacular aneurysm Numerics

Error estimates

@ Pressure in €2

0.001 ¢ 3
i + ]
0.0001 ¢ + E
i . ]
S 1e05f E
] £ + ]
L N J
1e-06 £ 3
E Pe—Py * E
L 10—3 . 62 4
le-07 - e - —
0.01 0.1 1
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Numerics

Sacular aneurysm

Numerics

“Pathological” case

novano
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Numerics

Numerics
“Stented” case

novano
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Extensions to the full Navier-Stokes equations

@ Extensions to the full Navier-Stokes equations
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Extensions to the full Navier-Stokes equations

The full time-dependent non-linear system

p(0rue + (ue - V)ue) — vAue + Vp. =0, in Q°
divu, =0
u=0onlUlLUT®

u.-7=00n iy Uloue,1 Ulout2

\ Pe = pin(t) on rina Pe = Pout,1 ON r()ut,l; Pe = Pout,2 ON rout,27

where for instance
pin € L2(0, T)
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Extensions to the full Navier-Stokes equations

Theoretical investigation

Joint work with A. Rambaud (Phd Ens Lyon) on a simplified problem

Orue — Aue = f(t) in Q°
u =0 on Ul
Ue is x1 — periodic  on Iy U Mgyt
Uue = up,e(x) in Q°

Fourier analysis: timexspace domain => frequencyxspace domain

the boundary layer is steady
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Extensions to the full Navier-Stokes equations

A numerical test

Unsteady Stokes system in a collateral artery

Normal velocity profile in time

tine t= L:]

-8,8882

-B8.8884 -

-8.8006 -

-8,8888

-8.881 [

-8.8812 -

-8.8814 -

-8,8816

nun ——
theo

hono+

hono- ©
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Conclusions & Perspectives

Conclusions
@ Theory: improved understanding of the fluid mechanics in

- the collateral artery
- the anevrismal sac

@ Numerical evidence

- First order agreement of the flow rate in both cases
- Pressure in the sac computed accurately up to second order

Perspectives
@ curved boundaries
@ homogenized drug delivery
@ error estimates for Navier-Stokes

o cell growth
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Conclusion
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Conclusion
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Conclusion

-

. . R . oy - T 3
Vuk Milisic (WPI) Blood flow in stented arteries September 29, 2009 51 / 50



	Introduction
	Industrial context
	Problem description
	Methods & references
	Main results

	 The colateral artery 
	The modelling approach
	Boundary layer theory for roughness
	Homogenized first order terms
	Numerical evidence
	Implicit interface conditions

	 Sacular aneurysm 
	The problem
	Ansatz
	Pressure of the sac
	Numerics

	Extensions to the full Navier-Stokes equations
	Conclusion

	0.0: 
	0.1: 
	0.2: 
	0.3: 
	0.4: 
	0.5: 
	0.6: 
	0.7: 
	0.8: 
	0.9: 
	0.10: 
	0.11: 
	0.12: 
	0.13: 
	0.14: 
	0.15: 
	0.16: 
	0.17: 
	0.18: 
	0.19: 
	0.20: 
	anm0: 


