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PANTS DECOMPOSITIONS OF RANDOM SURFACES

LARRY GUTH, HUGO PARLIER', AND ROBERT YOUNG

ABSTRACT. Our goal is to show, in two different contexts, that “random” surfaces have large pants
decompositions. First we show that there are hyperbolic surfaces of genus g for which any pants
decomposition requires curves of total length at least ¢”/*~°. Moreover, we prove that this bound
holds for most metrics in the moduli space of hyperbolic metrics equipped with the Weil-Petersson
volume form. We then consider surfaces obtained by randomly gluing euclidean triangles (with unit
side length) together and show that these surfaces have the same property.

Any surface of genus g, g > 2, can be decomposed into three-holed spheres (colloquially, pairs
of pants). We say that a surface has pants length < [ if it can be divided into pairs of pants by
curves each of length < [. We say that a surface has total pants length < L if it can be divided
into pairs of pants by curves with the sum of the lengths < L. The pants length and total pants
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1 Introduction

In this paper, we investigate the geometric properties of hyperbolic surfaces
by studying the lengths of simple closed geodesics. The moduli space M, ,, of
complete hyperbolic surfaces of genus g > 2 with n punctures, is equipped with
a natural notion of measure, which is induced by the Weil-Petersson symplectic
form wy, (§2). By a theorem of Wolpert, this form is the symplectic form
of a Kahler noncomplete metric on the moduli space M, ,,. We describe the
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Surfaces Beyond Imagination Are
Discovered After Decades-Long Search i

9 Using ideas borrowed from graph theory, two mathematicians have

shown that extremely complex surfaces are easy to traverse.




TW Ml/Lé/& L, N0

O ramdom, W Wy%%{w /m%m g thia ?/&M




TW(M]/L%IQW)_&Q/IQ)
WWK ?W—»/? whon Tha %&/Mw g —> 20
O ramdom, W Wy%%ﬂ& /éw»fm % %LMA ?/&M

2) mutial gap A,
/maMm@L 0 Wm o &\

e CMW ﬁ‘ﬁ (/{/ﬁK)COL 9&0’AMWB
- Bmmm milien,



TW(Mm%kW)LQJQ)

With, ?wfm—»/? when The Gews 4= 20

0. ramdem, WP L\W%W/L /zw%m o g onus ?/&M
1) diamife. < 46 Lﬁ?g

2) sutial gap A, > 0002
W@:O Wm o I\




hsoom
el

" N
j)wwjjkw 200)

di WP WJ— ;

il W |
s
3{ - —> o0
- %"“MM“

@maﬁ
OUZZ:O %mx |
e XMW
N\
P




TW(MW%kWJ&Q_/iQ)

A/L o~ W%MF 2 Awamm—Mmk



Wik, pucbe 4 shon T g 3 > o
0 Asudew WF hypetrobi unfae ”}WM?

1) duamiti < 47 log g j_\;/{ A 2’:
‘@ ﬂ»maﬁgﬁf )\4 > (Joo/

Lpl)s WM/—XWL jZ Y WY
ZA% o, = W%w 0 Anasithanamon—Mumk




TW(M]/L%IQW)LMQ)

With ?WE%—»/? when Tha %W g — o0
O remdem, WT L\Aﬁe/ufwfm /éw»fm % g ona 4 .
1) diamiti < 4o l@; 4 4_%/{ 9 2}

2) mutiod gap A, > 0602
maMm@LO Wmﬁﬁ

ol W ><I/UL 25
AC/LMW/X}CL — WM?\W 23 A vasithanaman M/owk




TW(MW%kW)LMQ)

Q%W—»/I whan Thae %@W; g —> o0

) AW,X Z ?m e
Owﬁg,%{// qizy;)

ﬂ»maﬁm)\ > (ool
R R 'W—M%‘MWMjHWW




\/\/Ui_?ﬁh%(m /wmolmn MFMM /éwvjm

M UM ( ( ) TP >

obrdhic mlao
[y ”W %W?%U@

moduli, A

0 o

My









) W /’_[4@%)

BB e

VVL&}?FW?, UIA)V)

1
%M _ W condindes

g

" - ",‘ -‘“:3‘ |
5 = 5 e / |
YT - ‘:
7 - Lol - B
7 R i
:.» ; 7 g "3-'}}5? %
S S i A 1:‘,'
& 7
SRR 4
4 Vit




Mm@ e
/ "

(W\mx R) | 1“”)’?%%;@

oA

dinales
cooL
g o ."l "(j ‘1
i y =% 7 F ‘_3.'7 ,5 e
k- 4 ,6%
i ING










poicp posla

APDR

WWM3W

Acrposifion
J}&?jﬁv W\(sﬁ m\(ﬂw\?/b%é%%
Aot J&

A Tiotat b [, =T,

?MV@%C&E%' “ “

{(}&4;)“ J ) | i€k

343 ’33 THK 7WJM@MT




A ponts MW&M?:N,...) Y%ﬁ-s} = (WBOX]R)WB
Y=Y,




A \(333 ” (P? (F?

. \/\/0/(]\.@}\/]6 HIRE (E? (h,) = \A/ul_?eﬁum

mLA ML

/'LWP v vaniomh” wdon E(Mﬁ) = Mo deotands T M?/
M? a 78;/m(f/t




)))) 333

={Y0., Y] ”@; (f?

. \/\/o’(]wvjb’ HIRE CF? (h,) = Weil —felsmon

mLA ML

o Myp 1o ivaniomly WVLAMT[(M3> 2 Mo deotonds To M

nel, cor

o /('LWP( WW QW?WM%WM@PW




TW (WMW zﬁ/W) \A/—szn/mw LA WAL

= [ L0 AR 5= 1
{SQM%) oiam(S )< L0 l/v%}

Notation X} 0 WPWM@fMJM /)WJM %W g
TP(&’A”M(XQQM)-%) %—_;,5 /




rXiv:1710.09727v1 [math.GT] 26 Oct 2017

LENGTHS OF CLOSED GEODESICS
ON RANDOM SURFACES OF LARGE GENUS

MARYAM MIRZAKHANI AND BRAM PETRI

ABSTRACT. We prove Poisson approximation results for the bottom part of the
length spectrum of a random closed hyperbolic surface of large genus. Here, a
random hyperbolic surface is a surface picked at random using the Weil-Petersson
volume form on the corresponding moduli space. As an application of our result,
we compute the large genus limit of the expected systole.

1. INTRODUCTION

In this paper, we study the distribution of short closed geodesics on random
hyperbolic surfaces. Our definition of a random surface is as follows. First of all, we
consider for every g > 2 the moduli space M, of closed hyperbolic surfaces of genus
g. Its universal cover, the Teichmiiller space 7T, comes with a symplectic form wy,
called the Weil-Petersson symplectic from. The associated volume form descends
to M, and is of finite total volume. This means that we obtain a probability
measure P, on M, by defining

-

for every measurable set A C M,, where volwp(A) denotes the Weil-Petersson
volume of A. Our main goal is now to combine methods from probability theory
and Weil-Petersson geometry to estimate probabilities of the form

P,[X € M, has k closed geodesics of length < LJ.
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UNICELLULAR MAPS VS HYPERBOLIC SURFACES IN
LARGE GENUS: SIMPLE CLOSED CURVES

SVANTE JANSON AND BAPTISTE LOUF

ABSTRACT. We study uniformly random maps with a single face, genus
g, and size n, as n,g — oo with g = o(n), in continuation of sev-
eral previous works on the geometric properties of “high genus maps”.
We calculate the number of short simple cycles, and we show conver-
gence of their lengths (after a well-chosen rescaling of the graph dis-
tance) to a Poisson process, which happens to be exactly the same as
the limit law obtained by Mirzakhani and Petri (2019) when they stud-
ied simple closed geodesics on random hyperbolic surfaces under the
Weil-Petersson measure as g — oo.

This leads us to conjecture that these two models are somehow “the
same” in the limit, which would allow to translate problems on hyper-
bolic surfaces in terms of random trees, thanks to a powerful bijection
of Chapuy, Féray and Fusy (2013).

1. INTRODUCTION

1.1. Combinatorial maps. Maps are defined as gluings of polygons form-
ing a (compact, connected, oriented) surface. They have been studied exten-
sively in the past 60 years, especially in the case of planar maps, i.e., maps
of the sphere. They were first approached from the combinatorial point of
view, both enumeratively, starting with [32], and bijectively, starting with
[30].

More recently, relying on previous combinatorial results, geometric prop-
erties of large random maps have been studied. More precisely, one can
study the geometry of random maps picked uniformly in certain classes, as
their size tends to infinity. In the case of planar maps, this culminated in

the identification of two types of “limits” (for two well defined topologies
an tha ont af nlanar manale tha lacal limit (4ha TIIDT! [91) and tha cnaline
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