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Se(A) X hyperbotin surfaces
Ax : [

*

(X)-> [PX) entends uniquely toa densey def2 [

domain (Ax) -> (2(X) self-adjoint. non-negative-unbounded linear operator

Spec (Xx) = [XE)Ax- X is not investible)
Y X is closed /
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spec)Ax) : No&X 1 [X, 4 ... -> v
OXX
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NO Example there is no hyp ury for which
the entire spee

is known ⑳
except H :per (()

= [14, + 0)

X(1) +SLX : Nothing exait is known

X(N) = T(mxX ,
+(n) = (m=SL/m =(

Maase
PoX(8) : VR,+R is an eigenval et
nothing is known for any closed surface ⑧
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where to
,
No >O

2thSpectrum to+ Ho and form a fundamental solution

Xl - to the Pell equation t
=Du=4

↓
Sk



X = ( closed hyp sinfT
π(x) = T < PSLR

[Conjugany classes of Tt(X))bij
S frehomotopy classes of closed curves onX3

bijs (closed geodesics onX
M = (2)tN => 1(m) =22h (M)



-Spectralgap = X,
- Xo = Xn Ratuer'87

Why? Diffusion amising speed of thegood flow I
-8= 1 - max(1 - 4X , 0)

El Ost
. Vf,gt["(T'X)
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~Spectral gap = X, - Xo =X
Why? Diffusion amising speed of thegood flow I
· counting of geodes is

# [V primitive good) ef(V)<N) =

N
= li(N) + [((vz+) + 0(
dt
-S logt Tag

<Xj



~Spectral gap = X, - Xo =X
Why? Diffusion amising speed of thegood flow I
· counting of geodes is

Connectivity a Cheger Constant
inf e(r)

X closed h(X)XAminCareaA , araB)
↑ V - 1 [h(X)X2⑳ 1 + 10X

1

V

"

10 Buser Cheeger



CanX
,
be
very

small ?

yes ! Randol'7

X, canbe arbitarily small
Cam x, be very big ?

Huber'7
.
1 + 0 (Togg) spec(2)= (Y ,+4)

How big can X , be ?
②jenture(Buser'84) 1 (Xi) : closed hypeng
1

.
5

. g)X: ) -> and X
.
(X
:
) ->h
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Closed infaces ? Jacquet-Langlands correspondence
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Graph C = (V, E) , f : V- R d-reg
d

(Af) (v) := [(f(x) - f(x)) = () *) -A(f)(v)
x-v

Alon-Boppana' 85 X(G) < d -N + 0(y)-

-ZubotskyPhillips-Sarnak,Margus d= 1+1

Taylay graphs of PSL, ([/91) 1 = 1 mod prime

Congeture(Alon'86) Friedman'o8
.

Bordenare 17
. HuangYou ...

Veso
, P(X(En) d--2) 1



-Peterssonrandom surface
Therem(Mirzakhani 10) XgimeWP random surface
4(X

, (Xg) > 0. 002) go 1 - 2Wa-Xue
, LinowskiWright21 .

Anantharaman - Monk '23: -E

25: - E

Hide-Mecera-Thomas 25: -Olge)



I bgtraveformula
*

Let h : R3R be a Ce even function
X be a closed hyperbolir surface of genus g

We have Fourier transform

h() = (g-1) tanks e
PRui(-E

,
E)

↳avout hA



Thank
yos !

Merci !


