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A splash of history
Theorem Huber 59 For any

closed hyperbolic surface X

Ir carrelexG EL E
We will do the exact counting for w l andget

3

This was conjectured by ChasPhillips 18

theorem McShane Rivin 95 Let X be a hyperbolic structure on

the once punctured torus Then Faso

8 primitive simple closed curve I exG L n c L

We will do the exact counting for w l andget n EE



theorem Mirzakhani 014 Given a closed hyperbolic surface ofsignaturegirl

and go a simple multicurve

8 8 I lx 8 EL NC x y Eg
Gt

Theorem ErlandssonSouto 22 For Egr Cgr 93 G Map E E f
F C E IR o positive homogeneous and continuous on

compact subsets Let gobe a Kerg invariant multi curve

JEG ro 1 FC8 EL n c Cgg Min LFC 1 69 6 2

compactly supported geodesiccart
EggsMayneDeEs 14,807 1



Our problem

Background
We callclosedcurves the freehomotopy classes of closedcurves

Definition Given a curve c G S Inn define itsselfintersection

icc tying It t e 5 5 It t and star Ct

We call simple a curve c with ice 0

Remark with this definition all simple curves are primitive

Gotpowers of other curves



Finecanonical generators ab then any curve corresponds

naturally to a conjugacy class

oigfg3F
in Taib Therefore we

inherit a word length on MEa

Denote it by la line Z o

Probly Given Le 2 o keZao count

c carves lwCc L i c k

Solution will discuss it for k 0 k 1
and without the intersection condition



Simple curves 1 Buser Semmler criterion

theorem BuserSemmler 88 Every nontrivial simple closed curve

can be represented after renaming thegenerators by one of
the following a

aba'b
abnabha ab

where ni hr has small variation

i e Ussr Vin ize l r IÉghing j hiii El

Conversely each of these words is homotopic to a power of
a simple closed curve



small variation not small variation

R B ME Mtg
S

I
BE

B BB B

lazbasbasbabasbabasbasbabasb labasbasbasbabasbabasbabasb

is simple has self intersection 3



Simple curves 2 Counting Sturmian more

Method Study the rigidity of the necklaces with smallvariatio

Remark En ni has small variation iff ab ab is sturmian

Reward En ni has small variation Ima 1 sit nithmma K

Proposition For any ayeZeo forany mean

g

there is a unique necklace with small variation

w Ini hr with nie m man lolme lwintry
this is an analog to the correspondence

sturmian words a cutting words



theorem 18simple closed curve I lake 23 4014 2

where I is the summation of Euler totient's function

I Confirming the ChasPhillips conjecture thatfor

p Intl prime
there are su simpleprim with lw p

theorem 18 simple multicurve I lair EL 2444144J



Self intersection 1 Characterization

theorem A primitive curve has self intersection 1 if and only

if up to renaming the generators can be rewritten as one of
aba'banb amb or aba'banb atb

where a b ants and a b atb are uniquely determined representatives

ofprimitivesimple closed curves

a b anrb
where Eni hr is a necklacewith 2 variation i.e there is a

unique pairof
subsets S Sze n Mr being cyclicallyconsecutio

such that I5ni Enj1 2 with Isn is al
short exceptional cases a'b abab abab



small variation 2 variation

B
Elis

I

B B

albasbasbabasbabasbasbabasb basbasbabasbasbabasbabasb

is simple has selfintersection 1



Self intersection 1 Counting
This time we study the rigidity of the 2variation

necklaces

Remarks n hr has 2 variation implies

hi Mr Em m23 for some mz1 or

7m21 such that niehm mt for all ieds or

Proposition For all mean for all a year with godbey 2
there is a unique

necklace w Eni ur with niehm.mn

Hulme Iwintry with 2 variation If godbey 2 there is none



Theorem For L 4

y primitive closed curve I iG L laG L

8 y 2 4 414242 822

Answering negatively to ChasPhillips computational conjecturethat n 44 2

Remark y primitive closed curve I iG O G EL n fall

y primitive closed curve I iG L G EL n Zz L



Higher self intersection

Open question

Recursivity

Orders of self intersection

Possible

Growth constants

Distribution of intersections



Any self intersection

With different methods via analytic combinatorics and generating functions

we also prove

theorem 1rad primitive are ten L
ÉÉ ÉÉÉ É

I Inpcd 3
d

aperiodic necklaces with L beads and 3 colors day L

where Jaz L 1 if 1 1,2 and findL 0 otherwise

theorem 8closed curve lewG L

tinyCd 3
d necklaces with L beads and 3 colors ECL

where E L 1 if L isodd and El4 2 ifeven
Questionwhat is the nature ofthesebijections
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