Number of simple and non-simple closed geodesics for

random hyperbolic surfaces

Yuhao Xue

IHES

Surfaces, Manifolds, and Related Topics
University of Luxembourg
March 20, 2024

Yuhao Xue Simple and Non-simple Geodesics page 1/25



Table of Contents

© Introduction

Yuhao Xue Simple and Non-simple Geodesics page 2/25



Closed Hyperbolic Surface

Let Xz be a closed hyperbolic surface of genus g (curvature —1).
Aim to count closed geodesics on X, of different types.

Simple closed geodesic: no self-intersection point.

Non-simple closed geodesic: has self-intersection points.

£

Remark: A closed geodesic has self-intersection if and only if its homotopy
class has self-intersection.
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Counting of Closed Geodesics

Geodesics counting:
P(Xg): the set of all oriented primitive closed geodesics on Xj.
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Counting of Closed Geodesics

Geodesics counting:
P(Xg): the set of all oriented primitive closed geodesics on X;.

The number of all closed geodesics is of exponential growth.

Theorem (Prime Geodesic Theorem)

L
#{veP(Xg) | Uv) <L}~ eT as L — oo.
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Counting of Closed Geodesics

Geodesics counting:
P(Xg): the set of all oriented primitive closed geodesics on X,.

The number of all closed geodesics is of exponential growth.

Theorem (Prime Geodesic Theorem)

L
#{y e P(Xg) | U(y) < L} ~ "T as L — oo.

The number of simple closed geodesics is of polynomial growth.

Theorem (Mirzakhani 2008)

#{y € P(Xy) | v simple and £(y) < L} ~ C(Xg)L%~°

as L — oo, where C(X;) is a constant depending on Xg.
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Counting of Closed Geodesics
Theorem (Prime Geodesic Theorem)

#{v € P(Xg) | v )<L}~TasL—>oo

Theorem (Mirzakhani 2008)

#{y € P(Xg) | v simple and () < L} ~ C(Xg)L%~°

as L — oo, where C(Xg) is a constant depending on Xg.

So most geodesics will eventually be non-simple as L — oo.

Question: How large L (related to Xg) should be?
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Theorem (Wu-X. 2022)

For random hyperbolic surfaces,

@ most closed geodesics of length < /g are simple and non-separating,

@ most closed geodesics of length > /g are non-simple.
im L&) _
Here L(g) < \/g& means gll_)moo % =0

This is conjectured by Lipnowski and Wright 2021.
Later, a weaker but broader version of the second part is also proved by
Dozier and Sapir 2023 in a totally different method.
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Answer

N(Xg, L): all closed geodesics. ~ N"(Xg, L): non-simple closed geodesics.

N,fsep(Xg, L): simple non-separating closed geodesics.

Theorem (Wu-X. 2022)

o If Iim L(g) = oo and I|m % = 0, then there exists a function

5( ) > 0 satisfying I|m 6( ) = 0 such that

lim_Probfy (X eM, | ’1 _ H’ < (5(g)> _1

L(g)

o Ifgll_}mooﬁ = 00, then
N"™(Xe, L(g))’ g )
lim Prob§ (X € Mg | ‘1 < =1.
gvoo” WP ¢ N(Xg, L(g)) | = L(g)?
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Theorem (Wu-X. 2022)

For random hyperbolic surfaces,

@ most closed geodesics of length < /g are simple and non-separating,
@ most closed geodesics of length > /g are non-simple.

im H&) _
Here L(g) < /& means gll_)moo g =0

Need to explain more about:
@ What is random hyperbolic surfaces
@ Counting closed geodesics

@ Counting simple closed geodesics
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Random Hyperbolic Surfaces of Weil-Petersson Model

Let M, be the moduli space of closed hyperbolic surfaces of genus g.
M is a 3g — 3 dimensional complex orbifold, and it admits a Kahler
metric of finite volume called the Weil-Petersson metric.
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Random Hyperbolic Surfaces of Weil-Petersson Model

Let M, be the moduli space of closed hyperbolic surfaces of genus g.
M is a 3g — 3 dimensional complex orbifold, and it admits a Kahler
metric of finite volume called the Weil-Petersson metric.

The Weil-Petersson metric induces a probability measure Prob%vP on Mg.

Prob,,(A) == Vol(l./\/lg) /M 14(X) d Volwp(X) = \m.

And the expectation is defined by

1

B&el] = o e /Mg F(X) d Volyp(X).
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Random Hyperbolic Surfaces of Weil-Petersson Model

1 Vol(.A)

7V01(Mg) M, lA(X) dVOlWP(X) = 7V01(Mg)'
1

E&,p[f] = VoV /Mg £(X) d Volwp(X).

Say a property P holds for random hyperbolic surfaces, or equivalently
say P happens with high probability, if

Prob§p(A) ==

lim Prob$p(Xg € Mg| P holds for Xg) = 1.

g—00
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Random Hyperbolic Surfaces of Weil-Petersson Model

Probfyp(A) := Vol(lMg) | 1400) d Vol (X) = M'

1
ESplf] == W /Mg f(X) d Volwp(X).

Say a property P holds for random hyperbolic surfaces, or equivalently
say P happens with high probability, if

lim Prob$p(Xg € Mg| P holds for Xg) = 1.

g—00
eg. Pis:

@ most closed geodesics of length < /g are simple and non-separating,

@ most closed geodesics of length > /g are non-simple.
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Prime Geodesic Theorem

Let
0—)\0( )<)\1( )<)\2( g)<-'-—>OO

be the eigenvalues of the Laplacian operator on Xj,.

Theorem (Randol, Huber)
For a fixed Xg,

3
#Hyl () <Ly =Lieh)+ > Lie"")+ Ox ()

0<N;(Xg)<2

X dt X 1 1 i
where Li(x) = [; 557 ~ ioax @S X — 00, and s = 5 +1/5 — A;.
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Prime Geodesic Theorem

Theorem (Randol, Huber)
For a fixed X,

3

#y| M) S =Lile)+ > Lile")+ 0x(51)
0 0X)<
where Li(x f2X|odgtt @asx—)oo, andeZ%—i- 711—)\1-.

Problem: Ox,(-) depends on X;. But we want L = L(g) growing along
with Xz changes.
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Prime Geodesic Theorem

How the remainder depends on X7
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Prime Geodesic Theorem

How the remainder depends on X7

Theorem (Wu-X. 2022)

#{v| €v) <L} =Li(e")+ > Li(e%")

0<\j(Xg)<}

e%L e%L 1
= = | -
+0 | g [ +g 1 max{O, og (sys(Xg)>}

where sys(Xg) is the length of the shortest closed geodesic in Xg.
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Prime Geodesic Theorem

Theorem (Wu-X. 2022)

#{v| €v) <L} =Li(e")+ > Li(e%")

0<N(Xg)<§

e%L e%L 1
s £ | -
+0 | g 1 +g 1 max{O, og <sys(Xg)>}

where sys(Xg) is the length of the shortest closed geodesic in Xg.

Corollary (Wu-X. 2022)

1

in . .
If e€* > m then there exists a universal constant ¢ > 0 such that
g

L
#y] )<Ly <ce T

mid = — oyt
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Prime Geodesic Theorem for Random Hyperbolic Surfaces

Theorem (Wu-X. 2022)

For any € > 0, for random hyperbolic surfaces,

#{v| £(~) < L} =Li(e") + O <g : e(%+e)L> ,
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Prime Geodesic Theorem for Random Hyperbolic Surfaces

Theorem (Wu-X. 2022)

For any € > 0, for random hyperbolic surfaces,

#{v| £(~) < L} =Li(e") + O (g : e(%+e)L> ,

Theorem (Wu-X. 2022)
For any L > 12log g,

e [0 ] €0) < U] = Li(eY) - (1+ 0(5)).
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Prime Geodesic Theorem for Random Hyperbolic Surfaces

Theorem (Wu-X. 2022)

For any € > 0, for random hyperbolic surfaces,

#{v| L) < L} =Li(e")+ O (g : e(%+e)L) ,

Theorem (Wu-X. 2022)
For any L > 12log g,

EE . [0y | €(y) < L}] = Li(eb) - (1 T 0<g01,99)> |

Conjecture
For any € > 0, for random hyperbolic surfaces,

#{v| €(v) <L} =Li(e") + O (g . e(%“)L) .
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Simple and Non-simple Geodesics

Recall that as L — oo,

L
#v] ) <Ly~ T

#{v | simple and £(v) < L} ~ C(Xg)L%°.

Question: How large L should be so that most geodesics are non-simple?
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Simple and Non-simple Geodesics

Recall that as L — oo,

L
#v] ) <Ly~ T

#{v | simple and £(v) < L} ~ C(Xg)L%°.
Question: How large L should be so that most geodesics are non-simple?
Surprisingly, if 0 < L = o(,/g), as g — oo,

ly)<L
simple non-separating

e [# {7 b =ritet)- @+ o)

~ #{veP(Xg) | Uv) <L}
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Mirzakhani's Integration Formula

The key tool in the study of random hyperbolic surfaces of Weil-Petersson
model is Mirzakhani’s integration formula.

Let v be a simple closed curve. Consider the orbit under Modg-action:

O, = {h-~| h € Modg}.

Theorem (Mirzakhani 2007)
For a function F : R>g — R

[p>

where the constant C, € (0,1] only depends on .

2,(X)) d Volwp(X) = C, / F(t)Vg(v; t)t dt
& acO,

Remark: In general, Mirzakhani's integration formula holds for simple
closed multi-curves ' = (y1, -+ ,7«)-
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Mirzakhani's Integration Formula

Theorem (Mirzakhani 2007)
For a function F : R>g — R

/M Y F(ta(X)) d Volwe(X) = / F(t)Vg(y: t)t dt

& acO,

where the constant C, € (0,1] only depends on .

For example, if v is a non-separating curve, then

G = 5 Ve(vit) = Ve_12(t, t).

non-separating
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Simple Geodesics

Take F(x) = 19 13(x), v oriented primitive simple non-separating, then

()<L H :/Lx‘/g—m(x’x)dx.
0

simple non-separating Ve

]E%vp [# {'Y

where Vi = Weil-Petersson volume of Mg,
Vg—12(x, x) = Weil-Petersson volume of Mg_12(x, x).
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Simple Geodesics

Take F(x) = 19 13(x), v oriented primitive simple non-separating, then
()<L L Ve 12(x, %)
g = _ g-12{%
Ewe [# {7 simple non-separating ) X Ve dx.
where Vi = Weil-Petersson volume of Mg,

Vg—12(x, x) = Weil-Petersson volume of Mg_12(x, x).

For 0 < x = o(/8).

Veo120x,x)  [sinh(x/2)\* &
Ve x/2 x2
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Simple Geodesics of L < /g

Then for 0 < L = o(,/g),

E\g}vp [# {’Y

Recall that for L > 12log g,

y) <L
simple non-separating

H — Li(et) - (1 + o(1)).

B b (7 0) < L = Li(e) - (14 0(35) ).
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Simple Geodesics of L < /g

Then for 0 < L = o(,/g),

E\g}vp [# {’Y

Recall that for L > 12log g,

y) <L
simple non-separating

H — Li(et) - (1 + o(1)).

B b (7 0) < L = Li(e) - (14 0(35) ).

non-simple
or separating

= B |#{ <] « Ly = #0110 <

= On random hyperbolic surfaces, if length L < /g, then most closed
geodesics are simple non-separating.
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Simple Geodesics of L > /g

If ﬁ — 00, aim to show

g simple < simple < i
Fwp [#{ non-separating — L} + #{ separating L] < Li(e").
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Simple Geodesics of L > /g

If ﬁ — 00, aim to show

g simple < simple < i
Ewe [#{ non-separating — L} + #{ separating Li| < Li(e").

Recall:

. L
g simple < B Vg—1.2(x,x)
Ewe [#{ non-separating — LH _/0 x V, dx.

Need an estimation on the Weil-Petersson volume of large boundary
length.
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Weil-Petersson Volume of Large Boundary Length

It is known that

o) (22 22252’
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Weil-Petersson Volume of Large Boundary Length

It is known that

o) (22 22252’

Theorem (Wu-X. 2022)

If x2 > g, then for any integer k > 1 exist c(k) > 0 such that

Vg .2(x, x) < (k) g )k (sinh(x/2)>2'

Vg, x2 x/2

Remark: In general, similar result for Vi n(x1, -, Xn).
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Weil-Petersson Volume of Large Boundary Length

It is known that

o) (22 22252’

Theorem (Wu-X. 2022)

If x2 > g, then for any integer k > 1 exist c(k) > 0 such that

Vg .2(x, x) g sinh(x/2) 2
2 < ) ()

x2 x/2

Remark: In general, similar result for Vi n(x1, -, Xn).
Then for L > /g,

Bl [#{ nonseprning <4J] < 09I
< Efyp [# {U0v) < L}].
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Weil-Petersson Volume and Intersection Number

31 2(ch+do)

(x/2)H ot
Ve, x) = Y [ravmal,o i -
o (21 + 1)1(2s + 1)!

Essential to study the intersection numbers [74;7q,], »-

< [Td1 7_Cb]g,2

Mirzakhani: 1 — 0((dl+d2)2)

z <1

Vg72
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Weil-Petersson Volume and Intersection Number

3g—1 2(di+d»)

(x/2)7 T
Ve, x) = Y [ravmal,o i -
a0 (2d1 + 1).(2d2 + 1).

Essential to study the intersection numbers [74;7q,], »-

< [7a; 7_C/Q]g,2

Mirzakhani: 1 — O((dl+d2)2)

z <1

Vg72

Theorem (Wu-X. 2022)

If (di + d2)? > g, then for any integer k > 1 exist c(k) > 0 such that

[leTd2]g 2 g g
—=<c(k)| ——— ] -
Veo (#) ((dl + d2)2)

Remark: In general, similar result for [74, - - - 74,]

g7n-
This is why /g is the critical point.
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Further Questions
What happen for random hyperbolic surfaces with cusps and boundaries? \

Need to study (for large number of cusps/boundaries):

prime geodesic theorem

Weil-Petersson volume
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Further Questions

How many simple closed geodesics for L > /g7

. L .
How does the counting decrease from - to polynomial growth?
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Further Questions

How many simple closed geodesics for L > /g7

. L .
How does the counting decrease from - to polynomial growth?

Known:

[ L
g simple et
Fwe [#{ non-separating L}] i for L< /g

g . e
LH < c(k)(p)kT for L>> \/g

IN

simple
E& .
WP [#{ non-separating

IN

simple
non-separating

g0-037L for L = 1000g.

IN
'\

| IS
IN

e0.034L < ]E\gNP |:#{
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Further Questions

log E[Nfsep(X,L)]
L
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Further Questions

log E[Nrsep(X,L)]
L
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Thank You!

@ Yunhui Wu, Yuhao Xue: Prime geodesic theorem and closed
geodesics for large genus, 62 pages, arXiv:2209.10415.
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