
Length Spectrum ofRandom MetricMaps
A Teichmiller theory approach
ERM 26

. 1.24

0 -
jomb work with TSe Alessand



Definition a hyperbolicsurface is a surface
which locally looks like the hyperbolic plane





E.Meyer





















⑫
What does

a random hyperbolic surface
of LARGE genus

look like



Theorem (Mirgahani ,2010)



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg

⑳za



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg

⑳za
diam g



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg

⑳za
diam g







Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg

⑳za
diam g



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg

⑳za
diam g diamg



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg
2) spectral gap X,



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg
2) spectral gap X,
smallest > O eigenvalue of A



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg
2) spectral gap X,
smallest > O eigenvalue of A
· counting of closed geodesis
· Charger constant

-
· Brownian motion



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg
2) spectral gap X> 0.

02

smallest > O eigenvalue of A
· counting of closed geodesis
· Charger constant

-
· Brownian motion



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg 216 - 2

2) spectral gap X,0.02
smallest >O eigenvalue of A

2021 : Wi-Xue
Linowski-Wright



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

31) diameter 40 logg-
2

16 - a
- E

2) spectral gap X,0.02
smallest >O eigenvalue of A

=

2021 : Wi-Xue
Linowski - Wright '23 Anantharaman-Monk



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

1) diameter 40 logg 57
2) spectral gap X,0.02
smallest >O eigenvalue of A

=

2021 : Wi-Xue ↳24

Linowski - Wright '23 Anantharaman-Monk



Theorem (Mirgahani ,2010)
With proba - 1 when the genus g->
a random WP hyperbolic surface of genus g has

3 · optimal
1) diameter 40 logg#
2) Lutral gap X>0.024 =smallest >O eigenvalue of A

2021 : Wi-XWe ↳24

Linowski - Wright '23 Anantharaman-Monk



Wait-Personrandomhypabolicfas



Wait-Personrandomhypabolicfas

Model



Wait-Personrandomhypabolicfas

Mode (2
,
4)



Wait-Personrandomhypabolicfas

Mode (2
,
4)

samplespace proba measureon



Wait-Personrandomhypabolicfas

Mode (2
,
4)

samplespace a proba measure on e

Shyperbolicsurface of genus g) /isomitry



Wait-Personrandomhypabolicfas

Mode (@ P(
&

samplespace a proba measure on e

Shyperbolicsurface of genus g) /isomitry
!

I
Mg moduli space



Wait-Personrandomhypabolicfas

Mode (@ P(
&

samplespace a proba measure on e

Shyperbolicsurface of genus g) /isomitry
!

I
Mg moduli space



ModulispaceAg



ModulispaceAg
⑭ Mg is almost "a manifold (dimsg-6

R



OrbifoldModulespaceMq
⑮Mg is "almost"a manifold (dig-6



OrbifoldModulespaceMq
⑮Mg is "almost"a manifold (dig-6
⑪ It's a lif complicated...



OrbifoldModulispaceMgl
mmmmmm

⑮Mg is "almost"a manifold (dig-6
⑪ It's a lif complicated ...

X Eula char



OrbifoldModulespaceMq
⑮Mg is "almost"a manifold (dig-6
⑪ It's a lif complicated ...

X Eula char

X)(



ModulispaceMg
Orbifold

·

⑮Mg is "almost"a manifold (dig-6
⑪ It's a bib complicatedd... X Eulachas

X)( =x(0)



ModulispaceMg
Orbifold

·

⑮Mg is "almost"a manifold (dig-6
⑪ It's a bib complicatedd... X Eulachas

X)( =x(0) =2



OrbifoldModulispaceAg·
⑮Mg is "almost"a manifold (dig-6
⑪ It's a bib complicatedd... X Eulachas

X) ( =x(0) =2, x(0) =0



ModulispaceMg
Orbifold

·

⑮Mg is "almost"a manifold (dig-6
⑪ It's a bib complicatedd... X Eulachas

=X) (x(0) =2, x(0) =o
dim2 : X = #vertices - Hedges + #faces



ModulispaceMg
Orbifold

·

⑮Mg is "almost"a manifold (dig-6
⑪ It's a bib complicatedd... X Eulachas

=X) (x(0) =2, x(0) =o
Enter

dim2 : X = #vertices - Hedges + #faces =2-eg



X(Mz)



X(M) = -o



X(M) = -0

= - 4
.
17 x 10

-3



X(M) = -0

= - 4
.
17 x 10

-3

X(Ma) = - 6
.
94x10

- 3



X(M) = -0

= - 4
.
17 x 10

-3

X(Ma) = - 6
.
94x10

- 3

X (Mg) = - 3
. 17x10

- 2



X(M) = -+ - 4
.

17 x 10
-3

240

X(Ma) = - 6
.
94x10

- 3

X (Mg) = - 3
. 17x10

- 2

X (Mb) = - 1
.
57 x107



X(M) = -0

= - 4
.
17 x 10

-3

X(Ma) = - 6
.
94x10

- 3

X (Mg) = - 3
. 17x10

- 2

X (Mb) = - 1
.
57 x107

X(Ms) = -5
.
28x1834



X(M) = -

+
= - 4

.
17x10

-3

240

X(Ma) = - 6
.
94x10

- 3

X (Mg) = - 3
. 17x10

- 2

X (Mb) = - 1
.
57 x107

X(Ms) = -5
.
28x1834

X (Ms) = 3
. 26x10109



X(M) = -

+
= - 4

.
17x10

-3

240

X(Ma) = - 6
.
94x10

- 3

X (Mg) = - 3
. 17x10

- 2

X (Mb) = - 1
.
57 x107

X(Ms) = -5
.
28x1834

X (Ms) = 3
. 26x10109



Mg



universal Io



universal Mg = Tg Teichmuti



universal Mg = Tg Teichmuters
spac

~ /homen
(R
,
oXR)3g-3



universal Mg = Tg Teichmuters
spac

~ /homen
OXR

Coordinate



universal MgTg Teichmiller,
spac

~ Komen Te/g)
(R
,
oXR)3g-3

Fenchel-Nielsen coordinates



universal M = Tg Teichmiller
My
e
Il

space Tg/iMg)
~ /homen39-3(RoXR) mapping day

group
Fenchel-Nielsen coordinates



universal M = Tg Teichmiller
My
e
Il

space Tg/iMg)
~ /homen

Mg = T2 (RoXR) 39-3
mapping day

group
Fenchel-Nielsen coordinates



universal MgTg Teichmiller,
space Tg/iMg)⑳ ~ /homen

Mg = T2 (RoXR) 39-3
mapping day

group
Fenchel-Nielsen coordinates



universal MgTg Teichmiller,
space Tg/iMg)⑳ ~ /homen

Mg = T2 (RoXR) 39-3
mapping day

groupTg2 Fenchel-Nielsen coordinates



universal MgTg Teichmiller,
space Tg/iMg)⑳ ~ /homen

Mg = T2 (RoXR) 39-3
mapping day

group

Tg=
2
= FR Fenchel-Nielsen coordinates



universal MgTg Teichmiller,
space Tg/iMg)⑳ ~ /homen

Mg = T2 (RoXR) 39-3
mapping day

group

Tg=
2
= FR Fenchel-Nielsen coordinates

Th(Mg) = π)π2



universal MgTg Teichmiller,
space Tg/iMg)⑳ ~ /homen

Mg = T2 (RoXR) 39-3
mapping day

group

Tg=
2
= FR Fenchel-Nielsen coordinates

Th(Mg) = π)π) = [2



universal MgTg Teichmiller,
space Tg/iMg)⑳ ~ /homen

Mg = T2 = R(RoXR)39-3
mapping day

group

Tg=
2
= FR Fenchel-Nielsen coordinates

Th(Mg) = π)π) = [2



universal M = Tg Teichmiller
My
e
Il

space Tg/iMg)
~ /homenMg( 39-3(RoXR) mapping day

group
Fenchel-Nielsen coordinates



universal MgTg Teichmiller,
space Tg/iMg)

~ /homenMg( 39-3(RoXR) mapping day
group

T Fenchel-Nielsen coordinates

map + embedding



Teichmutter
spac

Tg



Teichmuller : space of marked hyperboli s aus of genus g
spac

Tg



Teichmuller : space of marked hyperboli s aus of genus g
spac Fin a topological surface [g

Tg



Teichmuller : space of marked hyperboli s aus of genus g
space Fin a topological surface [g

Tg := ((X ,
4) 9 : Shomox

-

(X
,
4) ~ (X

,
4)

if %104 isotropie
to an isometry



Teichmuller : space of marked hyperboli s aus of genus g
space Fin a topological surface [g

Tg := ((X ,
4) 9 : Shomox

-

(X
,
4) ~ (X

,
4)

if %104 isotropie
to an isometry



Teichmuller : space of marked hyperboli s aus of genus g
space Fin a topological surface [g

Tg := ((X ,
4) 9 : Shomox

-

(X
,
4) ~ (X

,
4)

if %104 isotropie
to an isometry



Teichmiller : space of marked hyperboli surfaces of genus g
space Fin a topological surface [g

Tg := ((X ,
4) 9 : Shomox

-

(X
,
4) ~ (X

,
4)

if %104 isotropie
Alica to an isometry



Teichmuller : space of marked hyperboli s aus of genus g
spac Fin a topological surface [g

Tg := ((X ,
4) 9 : Shomox

-

Volwenn
Yuhao Thomas

Tanguy
Joel

Anton Baptiste
(X
,
4) ~ (X

,
4)

Jenya Nicolas Vincent

Charles
Marie Victor if %104 isotropieThibaut

Toffrey Eyrit
Will

Alica

Joe Doron Jayadev Bob Anna

to an isometry
Micheal

Zialun Jean Fredric
Nalini

Nihar Bram



pain of pants



painogpants*



Pamana stole *



Pamana stole *



Pamana stole *



pain of pants
sphere"with 3 holes #
pants decomposition



pain of pants
"with 3 hole F*

sphere

pants decomposition·j
V



pain of pants
"with 3 hole F*

sphere

pants decomposition·
Vi simple

j VlVj = Q

V



pain of pants
ephere"with 3 hole F*
pants decomposition·T

Vi simple
no self-intersection

VlVj = ⑨

V



pain of pants
ephere"with 3 hole F*
pants decomposition⑳Vinceno self-intersection

V



pain of pants
ephere"with 3 hole F*
pants decomposition

no self-intersectionV
,V ....VegVie

V



pain of pants
here"with 3 hole F*
e

pants decomposition
no self-intersectionV

,V ....VegVie
length of Vi =bi

V



pain of pants
ephere"with 3 hole F*
pants decomposition

no self-intersectionV
,V ....VegVie

length of Vi =bi
V

Fact Va ,
b

,
e ER >o



pain of pants
here"with 3 hole F*
e

pants decomposition
no self-intersectionV

,V ....VegVie
length of Vi =bi

V

Fact Va ,
b

,
eER

s
o

E ! hyperbolic o
C



pain of pants
ephere"with 3 hole F*
pants decomposition

no self-intersectionV
,V ....VegVie

length of Vi =bi
V

Fact Va ,
b

,
eER

s
o

E ! hyperbolic o
C O



pain of pants
ephere"with 3 hole F*
pants decomposition

no self-intersectionV
,V ....VegVie

length of Vi =bi
V

Fact Va ,
b

,
eER

s
o

E ! hyperbolic o
C O



pain of pants
here"with 3 hole F*
e

pants decomposition
no self-intersectionV

,V ....VegVie
length of Vi =bi

V

Fact Va ,
b

,
eER

s
o &

E ! hyperbolic o -0
= 0



pain of pants
here"with 3 hole F*
e

pants decomposition Vi simple
no self-intersectionVV .... Veget ver ⑨

length of Vi =bi
V Twist along Vi =Ti

FactVale ⑧ = O
&



pain of pants
here"with 3 hole F*
e

pants decomposition
no self-intersectionV

,V ....VegVie ⑨

length of Vi =bi
V Twist along Vi =Ti

Fact Va ,
b

,
eER

s
o &

E ! hyperbolic o
C ⑧ = O

[(tesTrs ..., Log -: Tig .)/LitRo] Fen-NienTa



a pants decompositionP = (V
, ..., Vog-3)

vrg
Va



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
G O· 44VI

g Tg
Va



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
4= [V..., Vig-s]

VI

r ·
44

g Tg
Va



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
4= [V..., Vig-s]

VI

r ·
44/9

g Tg
Va



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
4= [V..., Vig-s]

vr 44/9

= Va
Tg



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
4= [V..., Vig-s]

· 44/9G
VI

g Tg
Va=

a) = Weil-Peterson
measure



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
4= [V..., Vig-s]

rvr 44/9
g Tg
Va

· (Wolpet) YM =Yo) = Weit-Peterson
measure

· Mwp is invariant under It, (Mg)

Mg = Tg/(Mg)



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
4= [V..., Vig-s]

vr 44/9
g Tg
Va=

a) = Weil-Peterson
measure

· Mwp is invariant under It, (Mg) =Mwp descends to Mg
Mg = Tg/(Mg)



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
4= [V..., Vig-s]

VI T 44/9Gug Tg
Va=

a) = Weil-Peterson
measure

· Mwp is invariant under It, (Mg) =Mwp descends to Mg
· Mwp(Mg)



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
4= [V..., Vig-s]

VI T 44/9G

r ug Tg
Va

V
· (Wolpert) Y(Mm) =YM) = Weil-Peterson

measure

· Mwp is invariant under It, (Mg) =Mwp descends to Mg
not compact

· Mwp(Mg)



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
4= [V..., Vig-s]

G
VI

r ·
44/9

g Tg
Va

V
· (Wolpert) Y(Mm) =YM) = Weil-Peterson

measure

· Mwp is invariant under It, (Mg) =Mwp descends to Mg
not compact

· Mmp(Mg) < D



a pants decompositionP = (V
, . . ., Vog -

>] => (RsoXR)383
4= [V..., Vig-s]

% 44/9
VI

r ug Tg
Va

· (Wolpert) Y(Mm) =YM) = Weil-Peterson
measure

· Mwp is invariant under It, (Mg) =Mwp descends to Mg
not compact

· Mwp(Mg) < D = WP model for random hyp unf



Therem(Mirza2010)



Therem(Mirza2010)

1(X)

[StMg/diam(S) < 40 logg



Im

(Rizaki (10), 1 i diamXolog1(X) = 0 if not

[StMg/diam(S) < 40 logg



Therem(Mirza2010)

I 1(X)dX
[StMg/diam(S) < 40 logg

Mg



Therem(Mirza2010) Weil-Petersson measur
⑭

(1(x)aX
[StMg/diam(S) < 40 logg

Mg



Therem(Mirza2010) Weil-Petersson measur
⑭

1(1(x)ax
[StMg/diam(S) < 40 logg

Mg



Therem(Mirza2010) Weil-Petersson measur
⑭

1(1(x)ax o 1

[StMg/diam(S) < 40 logg
Mg



Therem(Mirza2010) Weil-Petersson measure
⑭

1(1(x)ax o 1

[StMg/diam(S) < 40 logg
Mg

#ationXgaWPrandomhyperbolic unfor of genus g



Therem(Mirza2010) Weil-Petersson measure
·T

1(1(X)dX zo
[StMg/diam(S) < 40 logg

Mg

#ationXgaWPrandomhyperbolic unfor of genus g
4 (diam(Xg) < 40logg) get





Fix OXA < b



Fix OXA < b

Ma
,
r)(X) := #VPrimitiveclod/ alII



Fix OXA < b

Ma
,
r)(X) := #VPrimitiveclod/ alII

Theorem (Mirzaki-Petri, 2017



Fix OXA < b

Crimitive closed/a<e(V)<b)Na
,
b) (X) := #V'geodesi on X

Theorem (Mirzaki-Petri, 2017
Xga WP randomsmfar of genus g



Fix OXA < b

Crimitive closed/a<e(V)<b)Nagen01
Xga WP randomsmfar of genus g

Na
,
us(Xg)



Fix OXA < b

crumilie

Na
,
as(X) :=#(V)

Them(Mirzakgeodicala
Xga WP randomsmfar of genus g

E(Na
,
n)(Xg)



Fix OXA < b

crumilie

Na
,
as(X) :=#(V)

Them(Mirzakgeodicala
Xga WP randomsmfar of genus g

-

>E(Nans(Xg))c /cost) -

de
x



Fix OXA < b

crumilie

Na
,
a)(X) :=#(V)

Them(Mirzakgeodicala
Xga WP randomsmfar of genus g

-

>Ma
,
1)(Xg)Poi)/cost- e



YuPoi(X)
Fix OXA < b

Crimitive closed/a<e(V)<b)Nagen01
Xga WP randomsmfar of genus g

-

>Ma
,
1)(Xg)Poi)/cost- e



YuPoi(X)
Fix OXA < b yP(y= k) = e

-X*FRE
crimitive closed

Na
,
1)(X) := #V'geodesic on X laseuschl

Theorem (Mirzaki-Petri, 2017
Xga WP randomsmfar of genus g

-

>Ma
,
1)(Xg)Poi)/cost- e



YuPoi(X)
Fix OXA < b yP(y= k) = e

-X*FRE
crimitive closed

Na
,
1)(X) := #V'geodesic on X laseuschl

Theorem (Mirzaki-Petri, 2017
X(x)

Xga WP randomsmfar of genus g jj

-

>Ma
,
1)(Xg)Poi)/cost- e



LengthSptum



↳SpeRolVimiture de



a multiset
·↳SpeRo)VPrimitive closed Sgeodesic on X



a multiset
·↳SpeRo)VPrimitive closed Sgeodesic on X

Theorem (Mirzaki-Petri, 2017
X a WP randomemfare of genus g. .

g

Regarded as a point process onR so



a multiset
·↳SpeRo)VPrimitive closed Sgeodesic on X

Theorem (Mirzaki-Petri, 2017
X a WP randomemfare of genus g. .

g

Regarded as a point process onR so



a multiset
·↳SpeRo)VPrimitive closed Sgeodesic on X

Theorem (Mirzaki-Petri, 2017
X a WP randomemfare of genus g. .

g

Regarded as a point process on RO
,

↑Xg)Poise on pointprocess with intensity X.



a multiset
·↳SpeRo)VPrimitive closed Sgeodesic on X

Theorem (Mirzaki-Petri, 2017
X a WP randomemfare of genus g. .

g cos)
Regarded as a point process on RO

, !

↑Xg)Poise on pointprocess with intensity X.



YuPoi(X)
Fix OXA < b yP(y= k) = e

-X*FRE
crimitive closed

Na
,
1)(X) := #V'geodesic on X laseuschl

Theorem (Mirzaki-Petri, 2017
X(x)

Xga WP randomsmfar of genus g jj

-

>Ma
,
1)(Xg)Poi)/cost- e



Rack C a graph



Rack T a graph ,
R1 an integer



Rack T a graph ,
R1 an integer

Nr(6) := [Vclin6/((V) = R)



Rack G a graph ,
R1 an integer

Nr(6) := [Vclin6/((V) = R)

k = 3
,
4



Rack T a graph ,
R1 an integer

Nr(6) := [Vclin6/((V) = R)

3-regular graph with v verties



Rack T a graph ,
R1 an integer

Nr(6) := [Vclin6/((V) = R)

Ev a uniform random 3-regular graph with v verties



Rack T a graph ,
R1 an integer

Nr(6) := [Vclin6/((V) = R)
Therm(Blos,Would1980)
Ev a uniform random 3-regular graph with v verties



Rack T a graph ,
R1 an integer

Nr(6) := [Vclin6/((V) = R)
Therm(Blos,Would1980)
Ev a uniform random 3-regular graph with v verties
For any integr R, 3,



Rack T a graph ,
R1 an integer

Nr(6) := [Vclin6/((V) = R)
Therm(Blos,Would1980)
Ev a uniform random 3-regular graph with v verties
For any integr R, 3,

N(Ga) HdPoi



YuPoi(X)
Fix OXA < b yP(y= k) = e

-X*FRE
crimitive closed

Na
,
1)(X) := #V'geodesic on X laseuschl

Theorem (Mirzaki-Petri, 2017
X(x)

Xga WP randomsmfar of genus g jj

-

>Ma
,
1)(Xg)Poi)/cost- e



Bemak
No

.
L](Xg)



Bemak
E(N(o

,
23(Xg)



Bemak
E(N10

.
23(Xg)) gas de



Bemak L
L

E(N10
,
23(Xg)) gX(x) de↳c



Bemak L
L

E(N10
,
23(Xg)) gX(x) de↳c

Tum(Sberg
, Marg,.



Bemak L
L

E(N10
,
23(Xg)) gX(x) de↳c

Tum(Sberg
, Marg,.

For any hyperbolic unface X



Bemak L
L

E(N10
,
23(Xg)) gX(x) de↳c

T(Sbeg
, Margie, S

For any hyperbolic unface X

No(X) et2



Bemak L
L

E(N10
,
23(Xg)) gX(x) de↳c

T(Sbeg
, Margie, S

For any hyperbolic unface X

No(X)
Lootary sys



Bemak L
L

E(N10
,
23(Xg)) gX(x) de↳c

T(Sbeg
, Margie, S

For any hyperbolic unface X
-No(X)or

Lootary sys(X) := min I(V)
Ugood onX



Bemak L
L

E(N10
,
23(Xg)) gX(x) de↳c
= 1960

T(IA
, Seiberg, Margie, ... S

For any hyperbolic unface X

No(X)or- roameriLootary sys(X) := min



Bemak L
L

E(N10
,
23(Xg)) gX(x) de↳c
= 1960

T(IA
, Seiberg, Margie, ... S

For any hyperbolic unface X
L

Nor(X) Les- redaxeLootary sys(X) := min



Bemak L
L

E(N10
,
23(Xg)) gX(x) de↳c
= 1960

T(Ita
, Selberg, Margie, ... )

For any hyperbolic unface X

No(X)or- redaxeLootary sys(X) := min

Eleys(Xg))



Bemak L
L

E(N10
,
23(Xg)) gX(x) de↳c
= 1960

T(Ita
, Selberg, Margie, ... )

For any hyperbolic unface X

No(X)or &
-

Ugood onX empLootary sys(X) := min

E(eys(Xg)1 .

615
...



map



What is a
map ?



What is a
map ?

A map
is a graph G



What is a
map ?

A map
is a graph G dawn on a unface S



What is a
map ?

↓ GA map
is a gray

drawn on a unface S
such that S1G is a disjoint union of polygons



What is a
map ?

A map
is a graph G dawn on a unface S

such that S1G is a disjoint union of polygons

r



Eg &



Eam@ D

⑧



Eart

D8

⑧
g = 0 g = 1



Eam@ D

⑧I

g = 0
,
n = 3 g = 1

,
n = 1



Eam@ D

⑧ ⑨
Yo

I N of faces
·

g = 0
,
n = 3 g = 1

,
n = 1



Example met D

⑧ ⑨
Yo

I N of faces
·

g = 0
,
n = 3 g = 1

,
n = 1



Example meti
Th Sin

⑧ ⑨
Yo

I N of faces
·

g = 0
,
n = 3 g = 1

,
n = 1



Example Drallular

X⑧ ①
Yo

I N of faces

& ·
g = 0

,
n = 3f g = 1

,
n = 1



Example Dallaa
⑧ ⑨

Yo

I N of faces

& ·
g = 0

,
n = 3f g = 1

,
n = 1



Example

&
Be g = 0, n = 1

Unicellular

if n = 1

X⑧ ①
Yo

I N of faces

& ·
g = 0

,
n = 3f g = 1

,
n = 1



Example

&
Be g = 0

,
n = 1

Unicellular ↓

if n = 1 plane trees

X⑧ ①
Yo

I N of faces

& ·
g = 0

,
n = 3f g = 1

,
n = 1



Tutte

(1965s)



Tutte LeGall
,
Miremont

(1965s) (2011)





Brownianshere



triangulationsBrownian -There : scaling limit of uniform random S
-

Nance

quadrangulators



triangulationsBrownian -There : scaling limit of uniform random S
-

Nance

quadrangulators



triangulationsBrownian -There : scaling limit of uniform random S
-

Nance

quadrangulators

g = 0



triangulationsBrownian -There : scaling limit of uniform random SNance

quadeangulations

g = 0

⑫ 90





U a unicellular may of genus g
with v vertices



n= 1
U a unicellular may of genus g

with v vertices



n= 1
U a unicellular may of genus g

with v vertices

Naus) () := # [Vigleinl/a< ers<8)



n= 1
U a unicellular may of genus g

with v vertices

Na
,
us (P.U) := # [Viple in/Pers<8)

o

Il

/v



n= 1
U a unicellular may of genus g

with v vertices

Na
,
us (P.U) := # [Viple in/Pers<8)

o

Il

Them[Janson-Loaf, (21) -129/v



n= 1
U a unicellular may of genus g

with v vertices

Na
,
us (P.U) := # [Viple in/Pers<8)

o

Il

Them[Janson-Loaf, (21) -129/v
v

,g -> with
g

= o (v)



U a unittular map of genus g with v vertices

Na
,
us (P.U) := # [Viple in/Pers<8)

o

Il

Them[Janson-Loaf, (21) -129/v
v

,g -> with
g

= o (v)
of genus g

U a uniform unicellular may with verticesv,g



n= 1
U a unicellular may of genus g

with v vertices

Na
,
us (P.U) := # [Viple in/Pers<8)

o

Il

Them[Janson-Loaf, (21) -129/v
v

,g -> with
g

= o (v)
of genus g

Hug a uniform unicellular may withvertices
Na

,es() · HighPoi)/XMdu)



Onewordabouttheproof



Onewordabouttheproof
a magic bijetion due to

Chapuy Feray Fusy



Onewordabouttheproof
a magic bijetion due to Chapuy - Feray -Fusy

g

unicellular map Mane tree+ permutation



Onewordabouttheproof
a magic bijetion due to Chapuy - Feray -Fusy

g

·
unicellular map Mane tree+ permutation





I = (4
, ... [n)Ro



I = (4
, ... [n)Ro

Montn() := 15 metinma (length(ithfa) =2genusg with valemes
, 3



I = (4
, ... [n)Ro

Montn() := )5metinma lengthithfa=genusg with

-



I = (4
, ... [n)Ro

Montn() := )5metinma lengthithfa=genusg with

-



I = (4
, ... [n)Ro

ma (length(ithfa) =2Mntn() := 15 meticgenusg with valences 3
I A natural "uniform" proba measure on Mombn(2)(



I = (4
, ... [n)Ro

Mntn() := 15 metic map (length (5ithfau) =2.)genusg with n face valemes
, 3

I A natural "uniform" proba measure on Momb)g,n

Eg,
n(2) a random map sampled w.

e
.

t
.

this measure



I = (4
, ... [n)Ro

ma (length(ithfa) =2Mntn() := 15 meticgenusg with valences 3
I A natural "uniform" proba measure on Momb)g,n

Eg,
n() a random map samyled w.

2
.

t
.

this measure

Theorem(Barazer - Giacchetto-2)



I = (4
, ... [n)Ro

Montn() := 16 metrima length(ithfa=
valemes
, 3

I A natural "uniform" proba measure on Momb,2)g,n

Eg,
n(2) a random map sameled w.

r
.

t
.

this measure

GraTMoum(B <chetto-1)arazer-
n fixed, g- &

L - ... - 2n ~129 .



I = (4
, ... [n)Ro

Montn() := 16 metrima length(ithfa=
valemes
, 3

I A natural "uniform" proba measure on Momb,2)g,n

Eg,
n() a random map sampled w.

e
.

t
.

this measure

UTheorem (B Graechetto - 2)arazer-- length of
n fixed, g + 5, L

- ... - Lnw129 · eachedge



I = (4
, ... [n)Ro

with nMay (length(ithfa) =2Mntn() := 15 mina valemes
, 3

I A natural "uniform" proba measure on Momb,2)g,n

Eg,
n() a random map samyled w.

2
.

t
.

this measure

GraTheorem(Barazer-· schetto-2) length of
n fixed, g- , L1

- ... - 2n ~12g E
eachedge 1

Ma
,
b) (Gg .

n([1) APoi)(aX(x)da)





~

One word about the proof



~wondaboutthe
a

Il

[metric maps



~

One word about the proof

Montn() Mgn(I)
Il Il

[metric maps & hyperbolic unfaces of gens g &with n geodesi boundaries

of LengthsL , , . . .,
La



~

One word about the proof

Montn() Tameo Mgn(2)
Il Il

[metric maps & hyperbolic unfaces of gens g &with n geodesi boundaries

of LengthsL , , . . .,
La



~

mwondaboutthea
me Mgn(t)

Bowditch
, Epstein,Il

Luo
,
Penner Il

[metric maps & hyperbolic unfaces of genus g &with N geodesi boundaries

of LengthsL , , . . .,
La



~

mwondaboutthea
me Mgn(t)

Bowditch
, Epstein,Il

Luo
,
Penner Il

[metric maps & hyperbolic unfaces of genus g &with N geodesi boundaries

of LengthsL , , . . .,
La



~wondabouttheproofand muchmonthan
tha. .

Bowditch
, Epstein,Il

Luo
,
Penner Il

[metric maps & hyperbolic unfaces of genus g &with n geodesi boundaries

of LengthsL , , . . .,
La





~wondabouttheproofand muchmonthan
tha. .

Bowditch
, Epstein,Il

Luo
,
Penner Il

[metric maps & hyperbolic unfaces of genus g &with n geodesi boundaries

of LengthsL , , . . .,
La





Curien Kortchemski Marzouk
2021



Curien Kortchemski Marzouk
2021



Curien Kortchemski Marzouk
2021

Tight length spatrum : Budd Lions

↳ zoch



E(Nasbs(Xg)



simple, non-separating
E(Nbs(Xg)



simple, non-separating
E(Nbs(Xg)

T



simple, non-separating
E(Nbs(Xg)

⑳



simple, non-separating
E(Nbs(Xg)
if everything was
discree

...



simple, non-separating
1E(Nbs(Xg) =

#Mg,Na x
if everything was
discrete

-0 -



innovatingaNa,(x
if everything was 1
discrete

...=

#Mg #\(X ,VI/XEMg ,VgardomX)
aXIV) < b



innovatingaNa,(x
if everything was 1

My discrete... #Mg#\(X ,VI/XEMg ,VgardomX)
↓ aXIV) < b
(X

,
V)

T
j



innovatingaNa,(x
if everything was 1

Mg discrete ...=

#Mg #\(X ,VI/XEMg ,VgardomX)
↓ aXIV) < b
(X

,
V)

T
lengthj
((V) = lE(a,b)



simple, non-separating
E(Nbs(Xg)=Mg

,Naus
(x

if everything was 1

Mq discrete ... =

&
#Mg #EIX , VIIEVgadn↓

(X
,
V) -> X E Mg+,<(l)
⑳ ShykufofgenenlengthV
((V) = lE(a,b)



innovatingaNa,(x
if everything was 1

Mq discrete ... #Mg#((X ,VI/XEMg ,VgerdouX)
↓ aXIV) < b
(X

,
V) -> (X ,t)

⑳
lengthV twist

((r) = lE(a,b) &T



innovatingaNa,(x
if everything was 1

Mq discrete ... = #((X ,VI/XtMg ,VgerdouX)
↓ #Mg aXIV) < b
(X

,

V) (Xit)

⑳
lengthV twist

((r) = lE(a,b) &T



innovatingaNa,(x
if everything was 1

Mq discrete ... = #((X ,VI/XtMg ,VgerdouX)
↓ #Mg aXIV) < b
(X

,

V) (Xit) II

=
lengthV twist

((r) = lE(a,b) &T



innovatingaNa,(x
if everything was 1

-

Mq discrete ... -

#Mg #EIX , VIIEVgadn↓

(X
,

V) (Xit) II

=
lengthV twist =>Me
((r) = lE(a,b) &T



simple, non-separating
E(Nbs(Xg))= volwMavolve(Ma ,

e) de

if everything was 1

Mq discrete ... - #((X ,VI/XtMg ,VgerdouX)-

↓ #Mg aXIV) < b
(X

,

V) (Xit) II

=
lengthV twist =>Me
((r) = lE(a,b) &T



E(Nbs(Xg) =I
w (Mg-2 ,(1) de
volwe(Mg)



E(Nbs(Xg) =Itval wMola
Therem(Mirzakhani-Petri
↓volv (Mgc ,

l)
- X(l)

volwe(Mg) ge



E(Nbs(Xg) =Itval wMola
Therem(Mirzakhani-Petri
↓volv (Mgc ,

l)
- X(1) = cosh()- 1volwe(Mg) ge



E(Nbs(Xg) =Itval wMola
Therem(Mirzakhani-Petri
↓volv (Mgc ,

l)
- X(1) =

cosh(l) - 1

volwe(Mg) ge l

Theorem (BEL)

↳volkaMale an X(l)



Thank
you !

Danke :
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