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Theorems (Dokchitser V., M.; Green H, M.)

Let K be a number field. Assuming finiteness of III, the Birch and
Swinnerton-Dyer conjecture correctly predicts the parity of the rank of

o all semistable* principally polarized abelian surfaces over K,

o E1 x E»/K, for elliptic curves Ej, Ex with isomorphic 2-torsion
groups.

*good ordinary reduction a places above 2.
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Ranks of abelian varieties and conjectures

Mordell-Weil Theorem

Let A/K be an abelian variety over a number field

AK) ~Z A & T, rka, | T| < o0.
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Ranks of abelian varieties and conjectures

Mordell-Weil Theorem

Let A/K be an abelian variety over a number field

AK) =~ Z™ A @ T rka,|T| < oc.

Birch and Swinnerton-Dyer conjecture

Granting analytic continuation of the L-function of A/K to C,

rk(A) = ords—1L(A/K,s) =: rkan(A).
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Ranks of abelian varieties and conjectures

Mordell-Weil Theorem

Let A/K be an abelian variety over a number field
AK) =~ Z™ A @ T rka,|T| < oc.
Birch and Swinnerton-Dyer conjecture
Granting analytic continuation of the L-function of A/K to C,
rk(A) = ords—1L(A/K,s) =: rkan(A).
Conjectural functional equation
The completed L-function L*(A/K,s) satisfies

L*(A/K,s) = W(A) L"(A/K,2 —s), W(A) € {£1}.
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Parity of analytic rank
Analytic rank
rkan(A) 1= ords—1L(A/K,s).

Sign in functional equation

L*(A/K,s) = W(A) L*(A/K,2—s), W(A) e {+1}.

Consequence

(—1)" ) = W(A).
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Parity conjecture
B.S.D. modulo 2

(_1)rk(A) B?D (_1)rka,,(A) _ W(A)
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Parity conjecture

B.S.D. modulo 2

(_1)rk(A) B?D (_1)rka,,(A) _ W(A)

Global root number

The sign in the functional equation W/(A) is conjectured to be equal to
the global root number of A:

W(A) = w(A).
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Parity conjecture

B.S.D. modulo 2

() = (1 = w(a).

Global root number

The sign in the functional equation W/(A) is conjectured to be equal to
the global root number of A:

W(A) = w(A).
Parity conjecture

(1) = w(A).

Céline Maistret (University of Bristol) Parity of ranks of abelian surfaces November 30, 2021



Parity conjecture

B.S.D. modulo 2

U = Gt 2 W(A)

Global root number

The sign in the functional equation W(A) is conjectured to be equal to
the global root number of A:

W(A) = w(A) = ] wo(A)

Parity conjecture

(~1) ) = w(A)
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Example : E/Q: y? +xy = x> —x, Ag=5-13

Does it have a point of infinite order?
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Example : E/Q: y? +xy = x> —x, Ag=5-13

Does it have a point of infinite order?

Using Parity conjecture

(—1)rk(E) = H Wy = Woo - W5 - W13
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Example : E/Q: y? +xy = x> —x, Ag=5-13

Does it have a point of infinite order?

Using Parity conjecture

(—1)rk(E) = H Wy = Woo - W5 - W13

ws = wiz = 1, Woo = —1
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Example : E/Q: y? +xy = x> —x, Ag=5-13

Does it have a point of infinite order?

Using Parity conjecture

(‘Urk(E) = H Wy = Woo - W5 - W13

ws = wiz = 1, Woo = —1
E has odd rank

(—1)*E) = _1.1.1=—1.

E has a point of infinite order over Q.
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Known results

Cesnavitius: Coates-Fukaya-Kato-Sujatha; Dokchitser-Dokchitser;
Kramer-Tunnell; Monsky; Morgan; Nekovdr.

(p)-parity conjecture is known for

o elliptic curves over Q,
o elliptic curves over K admitting a p-isogeny,

o elliptic curves over totally real number field when p # 2 (all non
CM cases and some CM cases for p = 2),

= open for elliptic curves over number fields in general,

@ Jacobians of hyperelliptic curves base-changed from a subfield of
index 2,

@ abelian varieties admitting a suitable isogeny.
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Computing the parity of rank of abelian varieties

(—1)* A = w(A).
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Computing the parity of the rank of elliptic curves

BSD 1

rke = ords—1L(E,s)
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Computing the parity of the rank of elliptic curves
BSD 1
rke = ords—1L(E,s)
BSD 2 (BSD quotient)

L(E,s)  Qmr]l,cpRege|l]|
(S — 1)rkE |Etors|2

lims—q
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Computing the parity of the rank of elliptic curves

BSD 1
rke = ords—1L(E,s)
BSD 2 (BSD quotient)

. L(E,s) _ SQrll,cpRege|l]|
(s —1)rke | Ecors|?

Theorem (Cassels) Isogeny invariance of B.S.D. quotient
Assuming III(E) is finite, if ¢ : E — E’ is an isogeny defined over Q then

Qr Hp cpRege|1LL(E)| B 928 HP c;,Reg"5|Hl(E’)|
|Etorsl2 IEéors|2
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Example : E/Q: y? +xy = x> —x, Ag=5-13

E/Q admits a 2-isogeny

Using Cassel’s theorem
Cs = C13 = 1, Cé = C£3 = 2, QR = 2QfR

Rege [LI(E)||E'(Q) ors[* [, . Qr [, cp )

2
= = O=--0#1
Reger  |HI(E")||E(Q)tors|*Qp I, DRIl 4 7
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Example : E/Q: y? +xy = x> —x, Ag=5-13

E/Q admits a 2-isogeny

Using Cassel’s theorem

Cs = C13 = 1, Cé = C£3 = 2, QR = 2QfR

Rege _ II(E)IE'( Qo Q= [T, 0 _ I, O=2.041
Reger  |I(ENE(Q)eorsPU%IT,cp % Il,Ch 4

= E has a point of infinite order.
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Example : E/Q: y? +xy = x> —x, Ag=5-13
Lemma (Dokchitser-Dokchitser)
If ¢ is an isogeny of degree d such that ¢¥¢ = ¢¢¥ = [d] then

Rege

— d*(E) . O
Rege/
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Example : E/Q: y? +xy = x> —x, Ag=5-13

Lemma (Dokchitser-Dokchitser)
If ¢ is an isogeny of degree d such that ¢¥¢ = ¢¢¥ = [d] then

Rege

— d*(E) .
Rege/

s=c3=1 c=c3=2 Qpr=204

Rege  |HI(E)|E'(Qrors|* & [1, 0 Q& 1l, % 0_20_00
Reger  M(ENIEQeorsPQR 1,5 QrIl,cp 4
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Example : E/Q: y? +xy = x> —x, Ag=5-13

Lemma (Dokchitser-Dokchitser)
If ¢ is an isogeny of degree d such that ¢¥¢ = ¢¢¥ = [d] then

Rege

— d*(E) .
Rege/

s=c3=1 c=c3=2 Qpr=204

Rege  |HI(E)|E'(Qrors|* & [1, 0 Q& 1l, % 0_20_00
Reger  M(ENIEQeorsPQR 1,5 QrIl,cp 4

= E has odd rank
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Computing the parity of the rank

For an elliptic curve E with a p isogeny ¢ to E’

Q C
k(E) — ETT £ . O
p QEI 1;[ Cé
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Computing the parity of the rank

For an elliptic curve E with a p isogeny ¢ to E’
Q C
k(E) — 2°E T

pr) = -0
QE’ 1;[ Cé

For an elliptic curve E with a p isogeny ¢ to E’

Q
Ordp(nTﬁ I, %)

(—)™E = (1)
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Computing the parity of the rank

For an elliptic curve E with a p isogeny ¢ to E’

Q C

k(E) — 2°E T
pr) = -0

QE’ ) Cé

For an elliptic curve E with a p isogeny ¢ to E’
EUT= o 2
(_l)rk(E) _ (_l)ordp(ns ¢ cé)

In general

For an abelian variety A with an isogeny ¢ satisfying ¢¢" = [p]

cp(A) |HI(A)|
ordp( I c;(A’) JII(A)] )

(~1)* " = (-1)
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Céline Maistret (University of Bristol)

Parity conjecture

Parity of ranks of abelian surfaces

(1 D =w(A).



Parity conjecture

(—1) A= (A).

Proving the parity conjecture

For an abelian variety A with an isogeny ¢ satisfying ¢¢" = [p]

AG) |m(A)|
(_1)rk(A) = (-1 )Ofdp(nA, IL ch’S \LH(A’)I ! H w, (A
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Parity conjecture for principally polarized abelian surfaces

Céline Maistret (University of Bristol)

Parity of ranks of abelian surfaces



Parity conjecture for principally polarized abelian surfaces

V Types of p.p. abelian surfaces
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Parity conjecture for principally polarized abelian surfaces

V Types of p.p. abelian surfaces

Theorem (see Gonzales-Guardia-Rotger)

Let A/K be a principally polarized abelian surface defined over a number
field K. Then A is one of the following three types:

o A~y J(C), where C/K is a smooth curve of genus 2,
o A~k E; x Ey, where Eq, E; are two elliptic curves defined over K,

o A~y Resp/kE, where Resg /i E is the Weil restriction of an
elliptic curve defined over a quadratic extension F/K.
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Parity conjecture for principally polarized abelian surfaces

Strategy

e Reduce to Jacobians of hyperelliptic curves of genus 2
e Jac(C) with C : y? = f(x) and deg(f) = 6

@ Reduce to Jacobians with specific 2-torsions
» Regulator constant

@ Use BSD invariance under isogeny to compute parity of rank
» Richelot isogeny

Express the parity as a product of local terms
> (-)* =LA,
Compute A, for all v
> Qy, co, iy
Compare A, and w,(J)
> (1% =T, A, [T, A = I1, w(J) = w(d)
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Parity conjecture for principally polarized abelian surfaces

Strategy

e Reduce to Jacobians of hyperelliptic curves of genus 2
e Jac(C) with C: y? = f(x) and deg(f) =6

@ Reduce to Jacobians with specific 2-torsions
V Regulator constant

Theorem: Regulator constants (T. Dokchitser V. Dokchitser)

Suppose

e C:y? = f(x) is semistable,

e Kr = splitting field of f,

e Parity conjecture holds for J/L for all K C L C Kr with
GaI(Kf/L) - C2 X D4.

Then the parity conjecture holds for J/K.
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Parity conjecture for principally polarized abelian surfaces

Strategy

e Reduce to Jacobians of hyperelliptic curves of genus 2
e Types of p.p. abelian surfaces

Reduce to Jacobians with specific 2-torsions
o C:y?=f(x) with Gal(f) C G, x D,
@ Use BSD invariance under isogeny to compute parity of rank
» Richelot isogeny
Express the parity as a product of local terms
> (—1*0 =TT, A,
Compute A, for all v
> Qy, co, iy
Compare A, and w,(J)
> (-1 =TT, A, (~1)*) =TI, w(J) = w(J)
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Parity conjecture for principally polarized abelian surfaces

Strategy

e Reduce to Jacobians of hyperelliptic curves of genus 2
e Types of p.p. abelian surfaces

e Reduce to Jacobians with specific 2-torsions
o C:y?=f(x)with Gal(f) C G, x D4

@ Use BSD invariance under isogeny to compute parity of rank
v

2 torsions: J(K)[2] = {[T;, Tyl,i # k} U

{0}, where T; = (x;,0) € C(K).

Proposition

If Gal(f) C Gy x D4 then J admits
a Richelot isogeny ¢ s.t. ooV = [2].
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Parity conjecture for principally polarized abelian surfaces

Strategy

e Reduce to Jacobians of hyperelliptic curves of genus 2
e Types of p.p. abelian surfaces

Reduce to Jacobians with specific 2-torsions
o C:y?=f(x) with Gal(f) C G, x D,
Use BSD invariance under isogeny to compute parity of rank
e Gal(f) C G x Dy = Richelot isogeny
Express the parity as a product of local terms
> (-1)*ITL, A
Compute A, for all v
> €y, co, py
Compare A, and w,(J)
> (-1)*D =T], A\ (D)™ =T], m(J) = w(J)
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Parity of the rank as a product of local terms

Using BSD invariance under isogeny
For a Jacobian J with a Richelot isogeny ¢ to J' (i.e. 9" = [2])

<)
( l)rk(J) ( )Ord2(Q 7 [T, c( JJ') ﬁf’%)
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Parity of the rank as a product of local terms

Using BSD invariance under isogeny

For a Jacobian J with a Richelot isogeny ¢ to J' (i.e. ¢p¢" =[2])

c(4) M)
°’d2( I cf 7 |m(ﬂ)\)

(-1 = (1)

Theorem

Assume that Gal(f) C C; x D4. Then

(_1)rk(J) _ H(_l)Ofdz(

v

vll«v

where ¢, ¢, denote the Tamagawa numbers of J and J' respectively and
py = 2 if C is deficient at v, pu, = 1 otherwise (cf Poonen-Stoll).
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Parity conjecture for principally polarized abelian surfaces
Strategy

e Reduce to Jacobians of hyperelliptic curves of genus 2
e Types of p.p. abelian surfaces

Reduce to Jacobians with specific 2-torsions
o C:y?=f(x) with Gal(f) C G, x Dy
Use BSD invariance under isogeny to compute parity of rank
e Gal(f) C G x Dy = Richelot isogeny
Express the parity as a product of local terms
o (~1)* = [T,(-1)"™ %D,
Compute A, for all v
> Qe iy
o Compare A\, and w,(J)

>

(1*0 =T, (1™ = ] m(d) = w()

Céline Maistret (University of Bristol) Parity of ranks of abelian surfaces November 30, 2021



Local arithmetic of elliptic curves

Kodaira Iy I, 11 1L v I I A jaigg jind
symbaol (n=1) (nz1)
Special fiber € 1 1 17 it
(The numbers .F] TN VAR (i 2 2 ! !
indicate multi- : 1) 1 2 : 1
plieities) LA, 1 1 | ! e 23
m = number of -
irred. components ! n 1 2 3 5 5+n ! 8 9
Z Z
%7
E(K)/Ey(K) ) z ©) z z Z  Z| neven Z z )
= E(k)/E%(k) nZ 27 3 || E 37, 27
4Z
n odd
E0(k) E(k) k* Kt Kt k* k* k* Kt k* k*
Entries below this line only valid for char(k) = p as indicated
char(k) = p p#E23 | p#2 | p#E3 | p#2 p#FE2 p#E3 | p#E2 | p#FL3
W(Dpyk)
{discriminant) 0 n 2 3 4 6 6+n 8 9 10
J(E/K)
(conductor) 0 1 2 2 2 2 2 2 2 2
behavior of j ug) 2 0|v(@) =-n| j=0 |j=1728) j=0 |wv(@) =0|vlj)=-n| j=0 |j=1728] j=0
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Local arithmetic of hyperelliptic curves, p odd
joint with T. and V. Dokchitser and A. Morgan)

Cluster

Picture wo (2,.000)” (0000 %)0

00 09,09,

( 2o

D) [,

1 1 . R
Z /.\(T.‘.IV\ 7 : R A 7)&_%
S VA NGOV L gy O T O ol L AR

11:‘]’;3;;‘1 1 r+1 n n+r n+m-—1 n+m+k—-1 | n+m+r—1
_ ZZ
FWw © © z z z z az >z izxiz

7%k nz nz nz " mz d = ged(n,m, k) neoom

t = (nm+nk +mk)/d

S 1 1 n n nm nm +nk + km nm
VA, 0 12r n 12r +n n+m n+m+k 12r+n+m
f(CIK) 0 0 1 1 2 2 2

Céline Maistret (University of Bristol) Parity of ranks of abelian surfaces November 30, 2021



Parity conjecture for principally polarized abelian surfaces
Strategy

e Reduce to Jacobians of hyperelliptic curves of genus 2
e Types of p.p. abelian surfaces

Reduce to Jacobians with specific 2-torsions
o C:y?=f(x) with Gal(f) C G, x Dy
Use BSD invariance under isogeny to compute parity of rank
e Gal(f) C G x Dy = Richelot isogeny
Express the parity as a product of local terms
o (14 =T (-1)" D,
Compute A, for all v
o Q. cu,py
o Compare A\, and w,(J)

EEVCTES s PN (1™ = ] m(d) = w()
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Parity conjecture for principally polarized abelian surfaces

Strategy

V Types of p.p. abelian surfaces

Theorem (see Gonzales-Guardia-Rotger)

Let A/K be a principally polarized abelian surface defined over a number
field K. Then A is one of the following three types:

e A~y J(C), where C/K is a smooth curve of genus 2,
o A~y E; x Ey, where Eq, E; are two elliptic curves defined over K,

e A~k Resp/kE, where Resg/kE is the Weil restriction of an
elliptic curve defined over a quadratic extension F/K.
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Parity conjecture for principally polarized abelian surfaces

Strategy

A~k E; x Ey, where Eq, E> are two elliptic curves defined over K

Use BSD invariance under isogeny to compute parity of rank
» Ei1[2] ~ E;[2] = Singular Richelot isogeny
Express the parity as a product of local terms
> (_l)rk(JElez) _ Hv )\v
Compute A, for all v
> QF %k, Cos v
o Compare A\, and w, (E; x Ep)
> (C)HEE =TT A LA =1, w(f x B2) = w(E % E)
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Parity conjecture for principally polarized abelian surfaces

Strategy

A~y E; x Ep, where E;, Ey are two elliptic curves defined over K

@ Use BSD invariance under isogeny to compute parity of rank
vV Ei[2] ~ E;[2] = Singular Richelot isogeny

Let f(x) be a separable monic cubic polynomial with f(0) # 0. Then (up
to quadratic twists)

o £1~y?="f(x), E~y?=xf(x),
o there exists ¢ : E x JacE’ — JacC, where C : y? = f(x?); such
that ¢¢" = [2].

Céline Maistret (University of Bristol) Parity of ranks of abelian surfaces November 30, 2021



Parity conjecture for principally polarized abelian surfaces

Strategy

A~k E; x Ey, where Eq, E> are two elliptic curves defined over K

Use BSD invariance under isogeny to compute parity of rank
» E:1[2] ~ E5[2] = Singular Richelot isogeny
Express the parity as a product of local terms
> (~DHEXE) ], A,
Compute A, for all v
> QF %k, Cos v
o Compare A\, and w,(E; X E)
> ()*ER =T A, LA =11, w(k x B) = w(E x E)
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Parity conjecture for principally polarized abelian surfaces

Strategy
A~k E; X Ep, where Eq, E; are two elliptic curves defined over K
e Use BSD invariance under isogeny to compute parity of rank
» E1[2] ~ E>[2] = Singular Richelot isogeny

@ Express the parity as a product of local terms
v

Computing the parity of the rank

(_1)rk(E1><E2) _ ( 1)ord2( QJI C§2 Hﬁ C{-Zlf}atgﬂ \Hl(JlacC)l)
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Parity conjecture for principally polarized abelian surfaces

Strategy

A~k E; x Ey, where Eq, E> are two elliptic curves defined over K

Use BSD invariance under isogeny to compute parity of rank
» E:1[2] ~ E5[2] = Singular Richelot isogeny

Express the parity as a product of local terms
> ( l)rk (E1 X E2) H /\
Compute A, for all v
> Qf xEs Cos fiy
o Compare A\, and w,(E; X E)
> (CD)HEER =T A, T A =1, w(B % B) = w(E x B)
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Local comparison : Elliptic curves

Let E/Q and E’/Q be two elliptic curves related by a 2-isogeny

E:y2=X(X2+aX+b) E/:y2=X(X2—2ax+(aQ—4b))

Theorem (Dokchitser-Dokchitser)

Ord2(:%) _

(—1) (—23, 32 — 4b)g(a, —b)gWg
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Local comparison : Elliptic curves

Let E/Q and E’/Q be two elliptic curves related by a 2-isogeny

E:y2:X(X2+aX+b) E/Zy2zx(x2_2ax+(a2_4b))

Theorem (Dokchitser-Dokchitser)

ordQ(z—i) _

(—1) (—23, 82 — 4b)g(a, —b)gWg

I1,(a, b)y =1 (product formula for Hilbert symbols)
non-split multiplicative reduction where v(A(E)) is odd

need "discriminant and field of definition of tangents”

consider the real place to find right invariants
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Local comparison : Jacobians of C, x D, genus 2 curves

Theorem

If Gal(f) C G x D4 and C is semistable at v (and good ordinary above
2) then

ords( z—z’;—}‘: )

(-1)

=E, - w,.
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Local comparison : Jacobians of C, x D, genus 2 curves

Theorem

If Gal(f) C G x D4 and C is semistable at v (and good ordinary above
2) then

ords( %:—}‘: )

(-1) =E, - w,.

For each place v of K, define the following Hilbert symbols at v

((52 + 03, —¢? 52(53)

(0212 + 033, f1772773f§2§3)‘

(dams + 537727 —32130203) X

(&, 515253) (123, 52535253) (n1, —02034%01)-

(C (51(525352(53) (51, A) ( €2£3) (2 —¢? ) (5253,—2)
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Parity conjecture for principally polarized abelian surfaces

Strategy

e Reduce to Jacobians of hyperelliptic curves of genus 2
e Types of p.p. abelian surfaces

Reduce to Jacobians with specific 2-torsions
o C:y?=f(x) with Gal(f) C G, x D,

Express the parity as a product of local terms
o (—1y ) =T, (-1)"*&D,

Compute A, for all v
o Qy,cp,py

Compare A, and w,(J)

(—1)*) = HA —HWV ) = w(J)
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Theorem (Dokchitser V., M.)

Let K be a number field. Assuming finiteness of III, the Birch and
Swinnerton-Dyer conjecture correctly predicts the parity of the rank of all
semistable* principally polarized abelian surfaces over K.

*good ordinary reduction a places above 2.
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Local comparison : E; X E

Theorem
Let f(x) = x>+ax?+bx+c € K[x] such that c # 0 and write L = ab—9c.
Then

cv(E)cy (JacE”)

(1) @G @) = E, - w, (E)w, (Jac(E")).

For each place v of K, define the following Hilbert symbols at v

E, = (b, —c)(—2L, Af)(L, —b)
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Local comparison : E; X E

Theorem
Let f(x) = x>+ax?+bx+c € K[x] such that c # 0 and write L = ab—9c.
Then

cv(E)cy (JacE”)

(1) @G @) = E, - w, (E)w, (Jac(E")).

For each place v of K, define the following Hilbert symbols at v

E, = (ba _C)(_2L7 Af)(L’ _b)

Invariants were found using Sturm polynomials.
e E, recovers the error term for elliptic curves with a 2-isogeny
o E, generalizes for deg(f) > 4 (H. Green)
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Parity conjecture for principally polarized abelian surfaces
Strategy
A~y E; X Ep, where E;, E; are two elliptic curves defined over K

Use BSD invariance under isogeny to compute parity of rank
» £1[2] ~ E5[2] = Singular Richelot isogeny

Express the parity as a product of local terms
> (_l)rk(J) - Hv )\V
Compute A, for all v

» QJ,C[,,LLV
Compare A, and w, (E; x E)

(—)*EXE) =TT\, = [[w(£1 x B2) = w(E1 X )

Céline Maistret (University of Bristol) Parity of ranks of abelian surfaces November 30, 2021



Theorem (Green H, M.)

Let K be a number field. Assuming finiteness of III, the Birch and
Swinnerton-Dyer conjecture correctly predicts the parity of the rank of
E; x Ex/K, for elliptic curves Ej, E; with isomorphic 2-torsion groups.
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Thank you for your attention

Parity of ranks of abelian surfaces



Precise resutls

Theorem ( )

The parity conjecture holds for all principally polarized abelian surfaces
over number fields A/K such that IIT4/k(aj2)) has finite 2—, 3—, 5—
primary part that are either

the Jacobian of a semistable genus 2 curve with good ordinary
reduction above 2, or

semistable and not isomorphic to the Jacobian of a genus 2 curve.

Theorem (Green H, M.)

Let K be a number field and Ej, E»/K be elliptic curves. If E1[2] ~ E>[2]
as Galois modules, then the 2-parity conjecture holds for E;/K if and
only if it holds for Ey/K.
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Regulator constants

Theorem (T. and V. Dokchitser)

Suppose

e A semistable p.p. abelian variety,

o F = K(A[2]),

e III(A/F)[p] is finite for odd primes p dividing [F : K],

e Parity holds for A/L for all K C L C F with Gal(F/L) a 2-group.
Then the parity conjecture holds for A/K.

Remark

The Sylow 2-subgroup of Sg is G X Dy.

Hence if Gal(K¢/L) is a 2-group then Gal(Kr/L) C Gy x Ds.

By Theorem 2.ii: if Gal(K¢/L) C CoxDa, C semistable and good ordinary
at 2-adic places then the 2-parity conjecture holds for J/L.

Thus if |III(J/KF)[2°°]| < oo then the parity conjecture holds for J/L.
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Complete local formula

Theorem

Fix an exterior form Q' of J' and denote Q/°, Q2 the Néron exterior
forms at the place v of K associated to Q' and ¢*Q respectively. Then

(1)) = [1,(=1)* with

n-m cy-m
A :ord2< Y >, A :ord2< z ’
vloo |ker()| - n’ - m, vioo c, - ml,
where n, n’ are the number of K,-connected components of J and J,
« is the restriction of ¢ to the identity component of J(K,), ¢, and ¢,
the Tamagawa numbers of J and J, and m, = 2 if C is deficient at v,
m, = 1 otherwise.

¢* Q/o
QF
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p°°-Selmer rank and p-parity conjecture

p>° Selmer rank

For a prime p, define the p® Selmer rank as
rkp(A) = rk(A) + 0p, where
MI[p™] = (Qp/Zp)* x Mg[p™], |Io[p™]| < oo.
Assuming finiteness of III(A); for all prime p
rk(A) = rky(A).

p-parity conjecture

For all prime p,
(—1)™ ") = w(A).

Céline Maistret (University of Bristol) Parity of ranks of abelian surfaces November 30, 2021



Error term and arithmetic invariants of the variety

e E/K with multiplicative reduction and 2-isogeny

1
= 2 = b, = amod K*2
C6

@ Let A/K be an abelian variety. For any prime ¢, write ¢,(¢) for the
£-primary component of

(k) = A(K)/A(K)°.

Then for £ #£ p

(To(A(R)) ® Qu/Z)) ™
(Te(AR))™ © Qu/Zs)

do(f) ~

The error term (except the contribution of III) is Galois theoretic
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Deficiency

Definition : Deficiency

If X is a curve of genus g over a local field I, we say that X is deficient
if X has no K-rational divisor of degree g — 1. If X is a curve of genus
g over a global field K, then a place v of K is called deficient if X /K, is

deficient.
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2-isogeny equivalent for Jacobians : Richelot isogeny

Existence

{Galois stable subgroup of Jiors of order d}
VRS
{Isogeny of degree d}

= Look at J[2] and find a Galois stable subgroup of order 4
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Points on J(K) and J(K)|[2]

Points on J(K):
D=P+Q—-PL—-P,=[P,Q]
where P, Q € C(K) or

P=Qec C(F), [F:K]=2

Adding points on J(K):
[P, P]+[Q,Q]=[R. R

2 torsion: J(K)[2] = {[T:, T«], i # k}U{0}, where T; = (x;,0) € C(K).
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Richelot isogeny

o Gal(f) C C3 xS3 == Richelot isogeny

f(x) = g1(x)g2(x)g3(x) with roots «;, 5.
Dy = [(a1,0),(81,0)], D2 = [(a2,0),(52,0)], Ds = [(as,0),(53,0)]
lie in J(K)[2] and {0, D1, D2, D3} is a Galois stable subgroup of J(K)[2].

Proposition

If Gal(f) C C3 x S; then J admits a Richelot isogeny ¢ s.t. ®®* = [2].

Remark : Explicit construction

There is an explicit model for the curve C’' underlying the isogenous
Jacobian J'.
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