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ABSTRACT

Let p be an odd rational prime and F a p-adic field. We give a realization of the universal p-
modular representations of GLg(F') in terms of an explicit Iwasawa module. We specialize
our constructions to the case F' = Q,, giving a detailed description of the invariants
under principal congruence subgroups of irreducible admissible p-modular representations
of GL3(Qp), generalizing previous work of Breuil and Paskunas [BP]. We apply these
results to the local-global compatibility of Emerton [Emel0], giving a generalization of
the classical multiplicity one results for the Jacobians of modular curves with arbitrary

level at p.
Contents
1 Introduction 1
1.1 Notation . . . . . . . . . . e 5
2 Reminders on the universal representations for GLo 8
2.1  Construction of the universal representation . . . . . . . .. .. ... ... 8
3 Structure theorems for universal representations 12
3.1 Refinement of the Iwahori structure . . . . .. ... ... ... ...... 12
32 Thecase F=Q, . . . . . . . . . .. 17
4 Study of K; and I; invariants 19
4.1 Invariants for the Iwasawa modules R, . . . . . . ... ... ... ... 19
4.2 Invariants for supersingular representations. . . . . . . . .. ... ... .. 25
5 The case of principal and special series 30
6 Global applications 32

1. Introduction

Let F be a p-adic field, with ring of integers O and residue field kp. This article is framed in
the broad context of the p-modular Langlands correspondence, aimed to match continuous Galois
representations of Gal(F/F) over finite dimensional F-vector spaces with certain F,-valued, smooth
representations of the F-points of p-adic reductive groups.

This correspondence has first been defined in the particular case of F' = Q, and the group
GL,, thanks to the parametrization of supersingular representations of GL2(Qp) (cf. [Bre03al).
It is now completely established in the wide horizon of the p-adic Langlands correspondence for
GL2(Q,) (cf. [Coll], [Kis], [Pasl]) and admits a cohomological realization according to the local-
global compatibility of Emerton [Emel0].

For other groups the situation turns out to be extremely more delicate. While p-modular Galois
representations are well understood, the theory of p-modular representation of p-adic reductive
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groups is at its beginning, starting with the pionieristic work of Barthel and Livné [BL94], [BL95] and
recently achieved in greater generality by Herzig [Her2]. Even for GLq, recent constructions of Breuil
and Paskunas [BP] and Hu [Hu2| show a troubling proliferation of supersingular representations as
soon as F' # Q. This phenomenon remains, at present, unexplained.

Nevertheless, the work [BP], [Hu| highlight that the crucial point in order to understand an
irreducible admissible p-modular GLo(F') representation 7 relies in a complete control of its internal
structure, i.e. of the extensions between irreducible representations of certain congruence subgroups
appearing as subquotients of w. A exhaustive study in this direction has started in [Mol], where the
author realizes the GLg(Zj)-socle filtration for irreducible admissible GL2(Q))-representations.

In this article we pursue the investigation undertaken in [Mol], clarifying the internal behavior
of universal p-modular representations of GLo(F') by means of structure theorems, showing the
prominent role of an explicit Iwasawa module. This enables us, in the particular case of F' = Q,,
to describe exhaustively the space of fixed vectors of supersingular representations under principal
congruence subgroups, generalizing previous results of Breuil and Paskunas [BP]. Thanks to the
local-global compatibility theorems of Emerton [Emel0], we are able to generalize the classical
“multiplicity one” results ([Maz], [Rib], [Edi], [Kha]) in the case of modular curves whose level is
highly divisible by p.

We give a more precise account of the main results appearing in this paper.

Let k be a finite extension of kr (the “field of coefficients”): all representations are on k linear
spaces. From the classification of Barthel and Livné [BL94], a supersingular representation 7 of
GLy(F) is, up to twist, an irreducible admissible quotient of an explicit universal representation

7(0,0). The latter is defined as the cokernel of a canonical Hecke operator on the compact induction

. GLa(F)
deLZ(ﬁF

According to the work of Breuil and Paskunas [BP] and Hu [Hu2|, the representation 7 is
completely determined by its structure as GLo(OF) and N representation, where N is the normalizer
of the Iwahori subgroup I of GL2(OF) (the crucial point being that GL2(F') is canonically identified
with the amalgamation of GL2(0F)F™* and N along their intersection [F*).

Our first results give a realization of the GL2(0F) and the N restriction of 7(o,0) in terms of
certain k[/]-modules R__ o, R, _;:

00,07

VPO where o is an irreducible smooth representation of GLy(OF)F .

THEOREM 1.1 (Corollary 3.5). There is a canonical GLa(OF)F* -isomorphism (0, 0)|GrL, (o, Fx =
R 08 Roo,—1 where the representations R 0, Roo,—1 fit in the following exact sequences of k|GL2(OF)]-
modules:

00—V, — ind?LQ(ﬁF)(R(;’O) — R — 0

0— Vo — ind?LQ(ﬁF)(R;o’_l) — Roo—1 — 0

for suitable subquotients V1, V5 of an induction from a smooth character of the Iwahori subgroup,
depending on o.

The second structure theorem clarifies a result already appearing in [Mo5] (Proposition 3.5)
and is concerned with the N-restriction of the universal representation 7(c,0). We remark that if
F = Q, this is a result of Paskunas ([Pas2]|, Theorem 6.3 and Corollary 6.5).

THEOREM 1.2 (Propositions 3.7 and 3.8). In the notations of Theorem 1.1, we have the following
I-equivariant exact sequences

0— Wi —(Ry, ;)" &R o= Reop
0— Wy —=(R,)" @R, 1= Reo 11 =0

[—)0
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where Wy, Wy are convenient 1-dimensional k[I]-modules. Moreover, the action of the element

0 1 . . . L . .
{ o 0 ] on the universal representation 7(o,0) induces the k[I]-equivariant involution

(R 1)  ® Ry — <(Roo,o)s @ Roo,l)
(v1,v2) — (v2,v1)

which restricts to an isomorphism Wy = W3

Here, the notation (x)° means that we are considering the action of I on * obtained by conjuga-

1
tion by the element [ ZOU } (which is a representative for the only nontrivial coset of N/IF*).

0

An exhaustive control of the subquotients for the k[/]-modules R__,, R, _; is crucial in order
to extract the most subtle properties of supersingular representations for GLy(F'). For instance, in
[Hu2] Hu gives a method to detect a subquotient of R o & R_, _; which essentially characterizes
a supersingular quotient of 7(c,0) and the studies of Schraen on the homological properties of
R s R, 1 show that supersingular representations are not of finite presentation when [F : Q] =
2 ([Sch)).

The k[I]-modules R__ ,, R__ _; admit an explicit construction, which is recalled in §3.1. Their
Pontryagin duals are obtained as limits (over N) of finitely presented modules whose first syzygy
requires a strictly increasing number of generators as soon as F' # Q,; in particular, R0 R 1
are not admissible unless F' = Q,,. A first study of R o, R, 1 has been pursued by the author
in [Mo5] (by representation theoretic methods) and in [Mo6], [Mo7] (using methods from Iwasawa

theory).
In the case F' = Q,, the behavior of R_ Rgo,—l is particularly simple:

00,07

THEOREM 1.3 ([Mol], Proposition 5.10). Let F' = Q. For e € {0,—1} the k[I]-module R, is
uniserial.

This phenomenon, which can equally be deduced from the results of [Pas2] (Propositions 4.7
and 5.9), is at the heart of the studies carried out in [Mol], [Mo4], [AM] and lets us detect in
greatest detail the space of invariant vectors of supersingular representations (o, 0) of GL2(Q))
under certain congruence subgroups.

The following theorem is a sharpening of the main result of [Mol] and of [BP], Proposition 20.1:

THEOREM 1.4 (Corollary 4.14). Let t > 1 and let K; be the principal congruence subgroup of
GLy(OF) of level pt. Assume o = Sym"k? where r € {0,...,p—1}.

The space of Ky fixed vectors for the supersingular representation m(o,0) decomposes into the
direct sum of two k[K]-modules ((c,0))5t = (Reo 0)%t ® (Roo,—1)%*. Each direct summand admits
a K-equivariant filtration whose graded pieces are described by:

(Rm70)Kt : Sym” k> —ind Xy, odet 1 —ind X y, 4det 72— .. —indF y,—SymP37"k% @ det" !

(Roo,fl)Kt .

where we have p'~1'—1 parabolic inductions in each line and the algebraic representation Sym?—3~"k%®
det™™! in the first line (resp. Sym”~2k? @ det in the second line) appears only if p—3 —1r > 0 (resp.
r—220).

We recall that for any n € N the natural GLo(F,)-representation Sym"k? is viewed as a

GLy(Z,)-representation by inflation and that the smooth character x,, of the Iwahori I is defined
3

Sym? 1 "k? @ det”—ind ¥ x_, yodet" "t —indE y_, 4det” 2 —. .. —ind ¥y _,det"—Sym"2k? ® det
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a b
by [ pc d
(Roo,—1)%* is obtained by the evident refinement of the filtration described by Theorem 1.4 (cf.
Corollary 4.14).

The statement of Theorem 1.4 is deduced from Theorem 1.1, through a careful study of the

K, fixed vectors of the Iwasawa modules R_ o, R, _;. As the latter are unserial, their K; fixed

elements can be easily recovered with a direct argument on Witt vectors (cf. Proposition 4.4).

] — a™ modp. One can indeed prove that the GLa(Z,) socle filtration for (Ro o)™,

In a similar fashion, we detect the fixed vectors for the congruence subgroup Iz, which is defined
as the subgroup of K;_1 whose elements are upper unipotent modulo p:

THEOREM 1.5 (Corollary 3.11, Propositions 4.6, 4.9). Let t > 1 and assume o = Sym"k? for
ref0,...,p—1}.

The space of I fixed vectors for the supersingular representation (o, 0) decomposes as (7(0,0))t =
(Roo0)'t @ (Roo,—1)'t. Each direct summand is a k[I]-module admitting an equivariant filtration
whose graded pieces are described by:

Yrtodet ™t —— xppadet ™ —— - ——Xr

(Roqo)lt : Xr < ) ey o

Xr—2det Xr_4det2 —_— e — Xr
YX—ryodet" ™t —— y_ o adet™ 2 —— - —— x_,det”
(Roo,—1)"t : X—rdet” ® ® @
X—r_adet™1 YX—p_adet™ 2 —— . —— x_ det”

1 _ 1 characters on each horizontal line.

and we have p'~

We point out that Theorem 1.4 and 1.5 had first been proved by the author in [Mo2], essentially
with the same technical tools, but the lack of the structure Theorems 1.1 and 1.2 required a consid-
erable amount of delicate estimates on Witt vectors. Moreover, our techniques could be applied to
detect the fixed vectors for irreducible admissible GL2(Qj)-representations under other congruence
subgroups (see for instance [Mo3]).

As we remarked above, a precise control of Ky, I; invariants has global applications, thanks
to the geometric realization of the p-adic Langlands correspondence by Emerton [Emel0]. Let 7 :
Gal(Q/Q) — GLay(k) be a continuous, irreducible odd Galois representation which we assume to
be absolutely irreducible at p. Let N be its Artin conductor and & its minimal weight (cf. [Ser87]);
up to twist, we may assume 2 < x < p. Let Y(Np') be the modular curve (defined over Q) of level
Np' and m; the maximal ideal in the spherical Hecke algebra of H}, (Y (Np') xqQ, k) corresponding
to p.

The result is the following:



INVARIANT ELEMENTS FOR p-MODULAR REPRESENTATIONS OF GL2(Q))

THEOREM 1.6 (Proposition 6.1). Let K(N) be the kernel of the map
[[GL2(Z0) — [[GL2(Z,/N)

oN oN
and define

def e
d = dimg (®7T(p|Gal(Qe/Qz))>
o

where 7r(ﬁ|Gal(64/Qg)) is the smooth GLqy(Qy)-representation attached to ﬁ|Ga1(6£/Q[) by the Emerton-
Helm p-modular Langlands correspondence ([EH]).
Ift > 1 and Np' > 4 we have

dimy, (HL(Y(Np') xq Q. k)[mz)) =2d(2p" '(p+1)—3) ifr—2=
dimy, (H (Y (Np') xq Q. k)[mp]) =2d(2p" *(p+ 1) —4)  ifk—2#£0.

Thanks to the relation between the étale cohomology of the modular curve Y (Np!) and the
Tate module of its Jacobian, Theorem 1.6 generalizes the classical multiplicity one theorems ([Rib],
[Maz]) to modular curves of arbitrary level at p. It is consistent with the results of Khare [Khal,
where it is shown that the dimension of the p-isotypical component of the Jacobian of Xi(Npt)
tends to infinity as the level at p increases.

The organization of the paper is the following.

We start (§2) by recalling the construction of the universal representation 7 (c,0) for a p-adic
field F', as well as some properties of finite parabolic induction for GLy(F),) which will be used later
on to describe the K;-invariants for irreducible admissible representations of GL2(Q,).

Section §3 is devoted to the realization of the structure theorems for universal representations.
We first refine the constructions of §2 in order to define the Iwasawa modules R o, R, _; (§3.1);
we subsequently specialize to the case F' = Q) (§3.2).

The space of invariant vectors for irreducible admissible representations is worked out in section
4. We first detect the invariants for the Iwasawa modules R o, R, _4 (8§4.1), relying crucially on
the fact that such objects are unimodular (Proposition 4.4). We then use the structure theorems
of section 3 to deduce the space of K; and I; fixed vectors for supersingular representations of
GL2(Qp).

Section 5 is devoted to the case of principal and special series representations for GL2(Q)). The
results are somehow similar, but can be detected with much less efforts.

Finally, we give in §6 a precise description of the global application of Theorems 1.4, 1.5 for the
multiplicity spaces of mod p cohomology of modular curves.

1.1 Notation

Let p be an odd prime. We consider a p-adic field F', with ring of integers &'r, uniformizer w and
def

(finite) residue field kp. Let ¢ = Card(kp) be its cardinality and f < [kp : F,] the residual degree.
We write z — T for the reduction morphism 0 — kp and T — [z] for the Teichmiller lift k. — O/

(we set [0] = 0).
Consider the general linear group GLs, whose F-points will be denoted by G o GLo(F). We fix

the maximal torus T of diagonal matrices and the unipotent radical U of upper unipotent matrices,
so that B < T x U is the Borel subgroup of upper triangular matrices. We write B = T x U for

def

the opposite Borel, and Z = Z(G) for the center of the F-points of GLo. Let .7 be the Bruhat-Tits
)
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tree associated to GLa(F) (cf. [Ser77]) and consider the hyperspecial maximal compact subgroup
K = GLy(0OF).
The object of study of this article are the following congruence subgroups of K:

K & ker (K ™% GLy(05/(w))), LY (redt_l(U(ﬁp/(wt)))> NK;_

where t € N and red; denotes the mod ' reduction map. For notational convenience, we introduce

the following objects

aef | 0 1

110
Let E be a p-adic field, with ring of integers & and finite residue field k (the “coefficient field”).

Up to enlarging F, we can assume that Card(Homp, (kp,k)) = [kp : Fp).

]EGLQ(F), ad:ef[ 01

w 0

} € GLy(F),  Kolw) = red; ' (B(kr)).

A representation o of a subgroup H of GL2(Qp) is always understood to be smooth with
coefficients in k. If h € H we will sometimes write o(h) to denote the k-linear automorphism
induced by the action of i on the underlying vector space of . We denote by (o) the linear space
of H fixed vectors of o.

Let Ho < H; be compact open subgroups of K. For a smooth representation o of Hy we write
indgéa to denote the (compact) induction of o from Hs to Hi. If v € o and h € Hy we write [h, v]

for the unique element of indg;o supported in Hoh~! and sending h~! to v. We deduce in particular
the following equalities:

h' - [h,v] = [Whyv)], [hk,v] = [h,o(k)v] (1)
for any h' € Hy, k € H».

The previous construction will mainly be used when H; = K, Hy = Ky(w). In this situation we
define, for any v € o and | € N, the element

fiw) o Z N [ [i\] (1) } [1,0] € indﬁo(w)a.
Aekp

If Z = F* is the center of GL2(F') and o is a representation of KZ we will similarly write

indg?(ma for the subspace of the full induction IndﬁEQ(F)a consisting of functions which are

compactly supported modulo the center Z (cf. [Bre03al, §2.3). For g € GLo(F'), v € 0 we use the

same notation [g, v] for the element of indgy(}?)a having support in K Zg~!

the element [g, v] verifies similar compatibility relations as in (1).

and sending ¢~ to v;

A Serre weight is an absolutely irreducible representation of K. Up to isomorphism they are of
the form

® (dettT Qkp Sym“k%) Qkp,r k (2)
reGal(kr/Fy)

where r-,t, € {0,...,p — 1} for all 7 € Gal(kp/F,) and ¢, < p — 1 for at least one 7. This
gives a bijective parametrization of isomorphism classes of Serre weights by 2 f-tuples of integers
rrytr € {0,...,p — 1} such that t; < p — 1 for some 7. The Serre weight characterized by t, = 0,
rr =p— 1 for all 7 € Gal(kp/F),) will be referred as the Steinberg weight and denoted by St.

Recall that the K representations Sym'” k% can be identified with kp[X, Y] , the linear subspace
of kp[X,Y] described by the homogeneous polynomials of degree r.

In this case, the action of K is described by

[ ‘CL Z ] XTI (@X 4 EY) (DX 4 dY)

6
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for any 0 < i < 7.

We fix once and for all a field homomorphism kg < k. The results of this paper do not depend
on this choice.

Up to twist by a power of det, a Serre weight has now the more concrete expression
f-1 v
oy (Sym" kQ)FrOb (3)
i=0

)Fmbl is the representation of K obtained

where r = (r9,...,75-1) € {0,...,p— 1}/ and (Sy]rn”k2
from Sym”ik? via the homomorphism GLg(kr) — GLg(kr) induced by the i-th Frobenius x — 2"
on kp.

We will usually extend the action of K on a Serre weight to the group KZ, by imposing the
scalar matrix w € Z to act trivially.

A k-valued character x of the torus T(kp) will be considered, by inflation, as a smooth character
of any subgroup of Ky(w). We will write x* to denote the conjugate character of x, defined by

def

X°(t) = x(sts)
for any t € T(kp).

Similarly, if 7 is any representation of Ko(w), we will write 7° to denote the conjugate repre-
sentation, defined by

7%(h) = 7(aha)
for any h € Ko(w).

Finally, if o is a Serre weight, we write ol* for the unique Serre weight non isomorphic to o
and whose highest weight space affords the character ((U)KO(W))S. Concretely, if o appears in the
K socle of an induction indgo(w) x, then ol¥l appears in the socle of indgo(w) x5

Ifr=(ro,...,rs—1) €{0,...,p— 1}/ is an f-tuple we define the characters of T(kp):

a 04 aer s>t pin, a 0| der o1
w5 a] e o[ g]) e

If H < K is an open subgroup and 7 is a representation of H we write {SOCi(T)}Z. en to denote

its socle filtration (we set soc®(7) & soc(7)). We will use the notation
soc? (1)—soc! (1) /soc® (1)—. . . —soc" (1) /soc™ (1) —. ..
to denote the sequence of consecutive graded pieces of the socle filtration for 7 (in particular, each
soc'™(7) /soc!(T)—soct2(7) /soctT1(7) is a non-split extension).
More generally, if 7 is an H-representation endowed with an increasing filtration {Tl}l en We will
write
socfil(rg)—socfil(ry /79)—...—socfil(Tjt1/Ti)—. ..

to mean that

i) the socle filtration for 7 is obtained, by refinement, from the filtration induced on 7 by the
socle filtration of each graded piece 7;41/7;;

i7) the sequence of consecutive graded pieces of the socle filtration for 7 is obtained as the juxta-
position of the sequences of the graded pieces associated to the socle filtration of each 7;41/7;.

7
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If S is any set, and s1, s2 € S we define the Kronecker delta

def{ 0 if 815 89

1) = .
51,52 1 if s1 = so.

Moreover, for x € Z, we define |z] € {0,...,p — 2} (resp. [z] € {1,...,p — 1}) by the condition
|z] =2z = [z]modp — 1.

2. Reminders on the universal representations for GL-

We recall here the precise definition of the universal representation of GLy. We provide an explicit
construction in terms of Hecke operators and Mackey decomposition, which turns out to be useful to
realize the structure theorems of §3. We end the section collecting some results on finite inductions
for smooth characters of the Iwahori subgroup.

The main references are the work of Breuil [Bre03al, §2 and [Mol], §2 and §3.

2.1 Construction of the universal representation

We fix an f-tuple 7 € {0,...,p — 1} and write 0 = o, for the associated Serre weight described in
(2). In particular, the highest weight space of o affords the character x,. We recall ([BL95], [Herl])

that the Hecke algebra ¢ z(o) «f Endg(ind% ;o) is commutative and isomorphic to the algebra of
polynomials in one variable over k:

Hicz (o) = k[T).
The Hecke operator T' is supported on the double coset KaKZ and completely determined as a

suitable linear projection on o (cf. [Herl], Theorem 1.2); it admits an explicit description in terms
of the Bruhat-Tits tree of GLa(F') (cf. [Bre03a], §2.5).

The universal representation (o, 0,1) for GLg is then defined by the exact sequence
0 = ind% 0 5 ind$ ;o — 7(0,0,1) — 0.

In the rest of this section we study the K Z-restriction of 7(0,0,1) in terms of its Mackey
decomposition, giving a precise construction by means of a family of suitable Hecke operators.

Let n € N. We consider the anti-dominant co-weight \,, € X (T). characterized by

1 0
M@ =] 5 o
and we introduce the subgroup

a b

Ko@) ™ (u@ion(@ )0 ={| 5

:|EK, (S ﬁp}.

The element [ ] normalizes Ko(w") and we define the Ky(w™)-representation o™ as the

0
w” 0

Ko(w") restriction of o endowed with the twisted action of Ky(w™) by the element [ 01 ]

w™ 0
P @ b\ xr-iyier, d el xrjyi,
w'e d w"b a

Finally, we write

Explicitly,

Ry(o) < indﬁo(wn) (a(")).

8
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If the Serre weight o is clear from the context, we set R, = R, (o). For notational convenience we
def

define R_1 = 0.

We have a K-equivariant isomorphism (deduced from Frobenius reciprocity)

[1,0] — Mp(w) @5 -0

which realizes the Mackey decomposition for ind%- ;o

(ind%’;za)h{z = @ R,.
neN
Here, k[K )\, (w) K Z] is the k-linear space on the double coset K\, (w)K Z, endowed with its natural
structure of (k[K], k[K Z])-bimodule.

The interpretation in terms of the tree of GLq is clear: the k[K]-module R,, maps isomorphically
onto the space of elements of ind% »0 having support on the double coset K\, (w)K Z. In particular,
if o is the trivial weight, a linear basis for R, is parametrized by the vertices of .7 lying at distance
n from the central vertex.

The Hecke endomorphism 7" induces, by transport of structure, a family of K-equivariant mor-
phisms T, defined on the k[K]-modules R,: T}, S TR, - From the explicit description of the Hecke
operator T one sees (cf. [Mob5], §2.2.1) that Im(7},) is a sub-object of R,+1 @ R,—1 so that we can

further consider the composition with the canonical the projections
Ty
Ty i Ry = Rog1 @ Ry1 — Ry

It turns out that, for n > 1, the operators Tff are obtained by compact induction (from Ky(w™) to
K) from the following morphisms ¢ :

tr:o o indggg:ll)g(nﬂ)

s ; 1 0
r—jvJ IR 1.
An€kp
byt indgggzzzrl)g(wrl) — o™

(1, XE9Y9] s 5, Y7

For n = 0 we similarly have

TO+ o0 R,
xrayi e 37 (<aord | P L X 00, x7
< 2 1 O ) £ 177 y £
Ao€Ekp
T W Ry — o
(1, X"9Y 7] s 6, Y™
In particular, 7)) (resp. T,;) are monomorphisms (resp. epimorphisms).

We deduce the following exact sequence of K-representations

@nTn
0— @Rn - @Rnﬁw(a,o,nmz—m
neN neN

9
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so that, by the exactness of filtered co-limits and the definition of the Hecke operators T;, we obtain

n—1 n
5 Fl
(@coker(@T2j+1)> @ ( h_n}l coker ( T2j)> = 7(0,0,1)|kz (5)
nodd Jj=0 neven 7=0
n—1

The representations coker( @]:TO T2j+1) can be described in a more expressive way as a suitable
push-out of the partial Hecke operators T.¥. Indeed one verifies that coker(T}) = Ry ®g, Rz, where
the push out is defined by the following co-cartesian diagram

TF
R\“———— Ry

= i épm

RyC> Ro @R, Ro.

If we assume we have inductively constructed pr,_1 : R,—1 — Ro @R, - ®r,_, Rn—1 (where n >3
is odd), we define the amalgamated sum Ry @R, - - - ®g, Rn+1 by the following co-cartesian diagram:

T
Rnc Rn—f—l
—prn—10Ty Prot1
¥
Ry DR, Ry ®Rr;  OR,_» Ry_1C = Ry DR, Ra ®DR; - DR, Ryt

Using the universal properties of push-outs and cokernels, one obtains a canonical isomorphism of
k[K]-modules

n—1
T
coker ( @T2j+1) = Ry ®Rr, R ®Rry -+ ®Or, Rny1
j=0
(cf. [Mo5], Proposition 2.8 or [Mol], Proposition 3.9) together with a commutative diagram with
exact lines

T

0 R, Rt Rng1/Rn —=0  (6)

0——Ro®Rr, - PR, _, Fn—-1 LRO @R, " PR, Rny1 —— Rp+1/Ry —0

We construct in a completely analogous fashion the amalgamated sums (Ry/Ro)®rg, - - @R, Rn+1
for n € 2N, obtaining an isomorphism

w3

coker( ng) = (R1/Ro) ®R, - PR, Rnt1
=0

and a similar commutative diagram as in (6).
In order to lighten notations, we put
Roc,0 < lim Ry @R, - ®r, Rnt1
—
n,odd

(where the inductive system is defined by the natural morphisms ¢,, appearing in the diagram (6))

10
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and, similarly,
def

Ry -1 = hm (R1/Ro) @R, -+ ®R,, Rny1-

n,even

If we need to emphasize their dependence on the Serre weight o we will write Roo 0(0), Roo,—1(0).

2.1.1 Induced representations for B(F,). In this section we specialize to kr = F) the results
of [BP], §2 (see also [BS00]), which describe the structure of a GLa(kp)-representation paraboli-
cally induced from a character of a Borel subgroup. The results here will be used to complete the
computations for the K; invariant vectors of supersingular representations for GL2(Q,).

Let i,j € {0,...,p— 1} and let us consider the B(F,)-character x5a’. If e is a fixed hnear basis
for the underlying vector space associated to xfa’ and if | € Z, we recall the elements fl fl( ) €

1ndG(L2()F” ) ¢a/ defined in §1.1.

The following result clarifies the relation between the elements f; and the socle filtration for the
finite parabolic induction:

PropOSITION 2.1. Let i,j € {0,...,p— 1}. Then

i) forl €{0,...,p—1}, f; is an T(kp)-eigenvector, whose associated eigencharacter is Xi,gjdetj a !,
and the set

BEf), L] 0<I<p—1,}

is an linear basis for 1nd B(F 2(;?” % fal
1) Ifi—2j # 0[p — 1] then we have a nontrivial extension

GLy(F,

B(F,) )Xfaj — Sym? U2l k2@det’7 — 0.

0 — Syml 2k @ det! — indg

The families

{for- s Flimajj—1, flim2j) + (1) [L,e]}, {fim2js-- s fp—1}
La(Fp)

induce a basis for the socle and the cosocle of md B(F,) Xi Sa/ respectively.
iti) Ifi—2j=0[p— 1] then md B(F () )X o’ is semi-simple and

GL2(Fp)

md()

iel = = (1 Symp_le) ® det’.
The families

{fo+ (=1)Y[1,¢]}, {for Froe ooy fomas fom1 + (=1)7[1, €]}

induce an k-basis for det’ and SymP~'k? @ det’ respectively.

Proof. Omissis. Cf. [BP], Lemmas 2.5, 2.6, 2.7. O

We end this section with a technical remark on Witt polynomials, which, combined with Lemma
2.1, enables us to conclude the delicate computations needed to describe the K; fixed vectors for
supersingular representations of GL2(Q,) (§4.2). We recall ([AC], Chapitre 9, §1, partie 4) that if
F is a finite extension of F),, we have the following equality in the associated ring of Witt vectors
W(F):

[1] + [N = [A+ p] + p[S1(A, )] mod p?
11



STEFANO MORRA

where u, A € F, [[] : F — W(F) is the usual Teichmiiller lift and S; € Z[X,Y] is an homogeneous
polynomial of degree p:

SIH
S1(X,Y)=— 8L XPTIY'S, (7)
s=1 p
An immediate manipulation gives
Si(X YY) = =51(X,-Y). (8)

3. Structure theorems for universal representations

The aim of this section is to introduce some structure theorems for the universal representation
7(0,0,1) of GLjy. These results concern both the K Z-restriction and the N-restriction of 7(o,0,1)
and show that the behavior of universal representations is controlled by a certain, explicit, k[I]-
module R ,. If ' = Q, the Pontryagin dual of such module turns out to be of finite type over a
suitable discrete valuation ring: this is the crucial phenomenology which gives us a complete under-
standing of irreducible admissible representations of GL2(Q,). If F is a nontrivial finite extension
of Qp the situation is extremely delicate: the dual of Ry, is defined over a complete Noetherian
regular local ring of Krull dimension [F': Q] and is not any longer of finite type (if F' is of charac-
teristic p the module is defined over a non-noetherian profinite ring, and still not of finite type, cf.
[MoT]).

We keep the notation of the previous section, in particular ¢ is a fixed Serre weight. We invite
the reader to refer to [Mob], §3 for the omitted details. We remark that the results of [Mo5], §3 are
formal and hold true for any local field with finite residual degree (cf. also [Mo5], p.1077).

3.1 Refinement of the Iwahori structure

Let n € N~. Restriction of functions from K to Ky(w) gives a Ky(w)-equivariant exact sequence

0— R =R, — indgggzq)ﬂ (a(”)) —0
which is easily checked to be split, therefore realizing the Mackey decomposition for R, Ko(w)- We
thus define for n > 1

— def . Ko(w n
R, d:fdeng,)L)(a( ))

and one verifies (cf. [Mo5], §3.1) that the partial Hecke morphisms TF give rise to a family of
Ky(w)-equivariant morphisms

(T;F)"®: R, < R4, (T7)P*: R} — R},

(Tn_+1>neg : R;—H - R, (Tn_+1)pos : R:{H - R:zr'
For technical reasons we define
R(J{ 2 RO\KO(W), Ry S cosocKo(w)(Rl_), Rfl &t cosocKO(w)(Rar), R, )

as well as the operators

(TOJF)neg Ry 9, Ry, (TOJ“)pOS : RaL — Ry —» R]L

(T )8 : Ry — Ry, (T )P® =Ty |t : R — Ry

(Ty)™% : Ry > R4, (Ty )P : RT — RT,.

We leave as an exercise to the reader to check that the morphism (7;7)P* is injective and
the amalgamated sum RT; @ RE R with respect to the couple (—(Tj )P%, (T )P*) is canonically

12
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isomorphic to the image of the Ky(w)-morphism Rf — R; — R1/Ryp.
Following the procedures of section 2.1 we can construct inductive systems of amalgamated sums
via the partial Hecke operators (T.F)PoS 18

{Ri EBR:-H - DRy, R:Jrl} (9)
ne2N+e+1

where e € {0,—1}, * € {+, —}.
For e € {0,—1}, x € {+,—} we write

% def . * *
Roo,o - h_I>Il Ro EBquLl t @R; Rn+1'

ne2N+e+1
The relation between the amalgamated sums (9) and the ones defined in §2.1 is given by the

following

PROPOSITION 3.1. Let @ € {0,—1}, x € {+,—} andn € 2N +e+1, n > 2. We have a commutative
diagram of Ky(w)-representations, with exact rows

Ry, Rnt1 Ryt1/Rp —>= 0
Rn Rn+1 Rn+1/Rn —_—>0
R:@R:+1.A.@R272R;71 R:@Rt+14A4@R2R;+1 R:,+1/R;EL —>0
O%-(R.®R.+1“‘@Rn_QRnfl)‘Ko(w) (Re®Rqy 1 " ®R, o Bt DK (w) (Bpt1/Bn)lg(w) —— 0.
Proof. This is proved in [Mob5], in the proof of Proposition 3.5, by induction. ]

REMARK 3.2. We write explicitly the morphisms which initialize the inductive argument of Propo-
sition 3.1. Concerning R(')F , R] we have the evident monomorphisms

Ry 5 Ro; RZ) @p- Ry =Ry = Ry;

concerning Ry we have

Ra — Ro

er— YT,
Finally, it is easy to verify that the morphism RT, @ RY R — R1/Ry is induced by the couple:
Rii_ — Rl/Ro; Ri—l — Rl/Ro;
e— [1,X"].

It is therefore convenient to write Y=, X* for a linear basis for R, and Rfl respectively.

Before introducing the first structure theorem for universal representations of GLg we need the
following

13
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DEFINITION 3.3. If 0 = 0, Is a Serre weight as in (3) we write

o ur Soc <ind§0(w)xﬁ> o ur Rad <ind§0(w)xr> if dim(o) ¢ {0,q}
(o) 1 ’ (o) St if  dim(o) =1
St 1 if  dim(o) =q.

The result is then:

PropPOSITION 3.4. For any n € 2N + 1, m € 2N + 2 we have the following exact sequence of
k[K]-modules:

0 —= R(0) = indf, ) (Ry Sp- Dy R.,1) = Ro®R, -+ ®r, Ruy1 =0
0 — S(0) = indg, (o) (R Do Ep Ropyr) = (R1/Ro) ®R,y &R, Bmg1 = 0

Proof. We start proving the first exact sequence. Recall that R is isomorphic to the character x,
so that

0= R(0) = indf, () (Ry) = Ro = 0
is true by definition. By induction we assume the statement holds true for all —1 < j <n—2, j
odd (the case j = —1 being the initialization of the inductive argument).

Recall that for all ¢ € N~ the natural Ky(w)-monomorphism R; < R; gives rise to a K-
isomorphism indﬁo(w)R; 5 R; and, by exactness of induction, we get an exact sequence

0 — indg (o) (Ry) = ndg o) (Ryy) = Rug1/Rn — 0.

We therefore deduce from Proposition 3.1, using Frobenius reciprocity and exactness of induction,
the following commutative diagram with exact lines

LK - LK -
0 1ndK0(w)(Rn) lndKo(w)(Rn-‘rl) —_—> Rn+l/Rn —0
0 Rp Ryq Rypy1/Rn ——— >0
ind & N ind & N
0 Adeo(w)( ®R*_2Rn71) HlndKo(w) (“-EBRT_LR,,H_l) _— %RWA—I/RW, —>0
00— "9R, _oBn-1 “ORy, Bnt1 Rp+41/Rn —— 0.

In particular we deduce

0—indig o) (- Op- Roly) —=indjg o) (- @p- Ryyy) —= Rug1/Rn—>0

i |

@R, R,_1 -+ @R, Rn+1

0 Rn+1/Rn —0

and the conclusion follows from the Snake lemma and the inductive hypothesis on the morphism
indgo(w)('“@Pf Ry 1) = ©R,_, Rno1.

n—2
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The second exact sequence is proved in the evident, similar fashion, noticing that the K-sub-
representation of Ry /Ry generated by [1, X"] is isomorphic to coker(S(c) — indgo(w) X5).-
[

As a corollary, we deduce the first structure theorem for the universal representations of GLs:
COROLLARY 3.5. We have the following exact sequences of k[K|-modules:
0= R(0) = indf, ) (R ) = Rooo = 0
0= S(0) = indjg, () (Rog 1) = Roo,-1 =0

Proof. The functor indﬁo(w)(,) commutes with co-limits, as it is exact and commutes with (arbi-
trary) co-products. Since filtered co-limits are exact the result follow from Proposition 3.4. O

REMARK 3.6. We point out that the same argument has been used in [AM] to get the structure
theorem for the special case F' = Q,, (loc. cit., Corollaire 3.1).

We can now introduce the second structure theorem for universal representations of GLg2, de-
scribing the action of N, the normalizer of the Iwahori subgroup Ky(w), on 7(0,0,1).

We start recalling the structure theorem for the Ky (w)-restriction of 7(c, 0,1) (cf. [Mo5], Propo-
sition 3.5).
PROPOSITION 3.7. We have the following K(w)-equivariant exact sequences
00— W, — R;_QO D R;},O — ROO,O‘KQ(W) —0
0= Wa=RL | &R, 1= Roo1|gy(w) = 0

def def

where Wy, Wy are the 1-dimensional spaces defined by Wi = ((Y*, —Y")) and Wy = (X", —X%)).

Proof. This is [Mo5], Proposition 3.5 (notice that, in the notation of loc. cit., the elements (—1)£F£(0) (0)
and —[1, X™] of R; coincide in the quotient R;/Ry, by the definition of the operator Tp). O

In order to control the action of the normalizer N we are therefore left to study the action of

def|:0 1

the element o = 0 } . The result is the following:

PROPOSITION 3.8. There exists two Ko(w)-equivariant isomorphisms
— ~ S
b-1- Roo,—l - (R:O,O)
— ~ S
w:Ry— (R;,—J
such that
) 11(XT) = YT and 1p(YT) = X7

i1) The isomorphisms t_1, (o induce a commutative diagram (of k-linear spaces) with exact lines
0—=Wie&Wy——=R_ (&R, ®R, | ®RL | —>7(0,0,1) —>0
2 lz !
0—=WoeeW, —=RL &R, | ®RL &R y—>7(0,0,1) —=0
where the right vertical arrow is the automorphism induced by the action of o on 7(0,0,1).

15
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Proof. We start showing that, for any n > —1, we have a Ky(w)-equivariant isomorphism
T R — (RS

The case n = —1 is trivial, as the spaces R, , Rfl are 1-dimensional, affording the characters x, and
X§ respectively and we have Ry = (Y"), R, = (X") via the equivariant embeddings R; < Ry,
RY, < (R1/Ro)" respectively (cf. Remark 3.2).

Assume now n > 0. Recall that for any j > 0 we have a K-equivariant isomorphism (cf. (4)):

indﬁo(wj)(a(j)) = k[K\j(w)K Z] Ok z] O

[1,v] — [ £j é]@v.

We deduce the following k-linear morphism:

Ry 1 = Rup1 = k[K A1 (@)K Z) Qi) 0 = KK (@) K Z] @710 = R — Ry

where the central arrow is induced by the action of a on the compact induction (ind% ,o)|xz. As
o normalizes Ko(w) we deduce that the composite arrow r,, : R 1 — (R})® is Ko(w)-equivariant
and an easy check shows that r, is an epimorphism, hence an isomorphism by dimension reasons.
As the Hecke operator T is equivariant, we deduce furthermore that the diagram
R
(Tn+1)“egi ”L(Tn )Pes
Tn—1

R, —— (RZ_l)S

—> (R} (10)

commutes for all n > 1.

The diagram commutes also for n = 0 and we have ro(X") = Y* (by Ko(w)-equivariance rg
induces an isomorphism between the highest weight spaces of the representations R, R(J{ ).

The Proposition will be completely proved once we show that for any n > —1 we have a
Ko(w)-equivariant isomorphism f : -+ @p- R = (- Oper . R;")* which verifies the prescribed

conditions on the images of X*, Y (for n even, odd respectively).

We treat the case when n is even, the other being symmetric. It is an induction on n where the
case n = 0 is given by ro : By = (Rg)°*.

Assume n > 2 and that we have an isomorphism f,,_s making the following diagram commute:

n—1

i

O

(Rf ) — (Bg ©pt -+ D

n—

Ry Dps  Bpe

n—2
LRE

(with the prescribed property on the image of the element X™ € R, ).
Using (10) we deduce the commutative diagram with exact lines
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0 R, Rn_~_1 Rn+1/Rn —0

IR
1%
1%

0 —— (&_* (B)® (R /RF_ ) —— >0

~-~@R;R;+1 —> R, /Ry —>0

=

1R

k

S S
+ +
0 — (AAA®R7+173R"L*2) (M@Riian) —>(R7-{/R7-'L—71)S

0

where the morphism f,, is obtained from the universal property of --- & R B (notice also that
(« ®pt ) R,J{)S = Oty (R;})®). The morphism f,, is moreover an isomorphism, verifying
the prescribed property on the image of the element X" € R; .

This completes the inductive step and, passing to co-limits, one gets the isomorphism ¢_; as in
the statement. O

3.2 The case F' = Q,

We specialize some of the previous constructions to the case F' = Q,. By Corollary 3.5, Proposition
3.7 and Proposition 3.8 we see that the structure of the universal representation (o, 0,1) depends
crucially on the modules R ,, where o € {—1,0}.

The dual of R, is a module on the Iwasawa algebra k[[0F]], and is not of finite type as soon
as F' # Q. Moreover k[[OF]] is a complete regular noetherian local ring of dimension [F' : Q] if F

is a finite extension of Q, and is not even noetherian if char(F) = p (see also [Mo6], [Mo7]).

When F = Q,, the situation is much simpler: R ,
discrete valuation ring (the Iwasawa algebra of Z,).

is the dual of a monogenous module over a

We start recalling the following result:

PROPOSITION 3.9. Let n > 0. The k[Ko(p)]-module R, is uniserial, of dimension (r 4 1)p", and
its socle filtration is described by

s s s 2 s (r+1)p™—1
Xr— X0 X0 —...—Xza( pt—1,

Proof. This is deduced from [Mo1], Proposition 5.10 and the fact that we have a Ko(p"*!)-equivariant
n+1

embedding oty indggg n;% X;; moreover, for p > 5 it can equally be seen as a particular case

of of [Mo5], Proposition 4.10.

Alternatively, the statement is a consequence of [Pas2], Propositions 4.7 and 5.9. O

The statement of Proposition 3.9 can be made more expressive.

We recall from [Mo5] that for a finite unramified extension F'/Q, the k[Ko(p)]-module R,
admits a linear basis %, ; which is endowed with a partial order (cf. op. cit., Lemma 2.6). The
partial ordering on %, ; induces therefore a k-linear filtration on the space R, and one of the

main result of [Mo5] (cf. op. cit., Proposition 4.10) is to show that such filtration is Ky(p)-stable.
17
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When F = Q,, such ordering is indeed total (this is linked with the aforementioned phenomenon
that we are considering modules over a complete local noetherian regular ring of Krull dimension

[F: Qpl)-

Explicitly, we have a bijection
{o,....p—1}"x{0,....,r} = B, 4 (11)
1n
(1, lps1) — F((ll,_.{ln)(znﬂ)
where we define the element
1,n def ! 1 0 r—l, . _
F((ll,..?,ln)(ln"'l) = Z AT [ :l Z )\l [ ] 1 ] 1, X lnt1yl +] ¢ R,
A EF) An€Fy "

The total ordering on &, ; is then induced from the order of N via the injective map

Briin LN

n
n
1, ]_7 def i
F™ ) = PEG™ (1) 2> 9l
§=0
(and thus coincides with the anti-lexicographical order < on the LHS of (11)). If [y, Iy € %, |, we
write F} < Fy if P(Fy) < P(F).
Since R is uniserial, it is easy to describe the amalgamated sum - - - & R R, .

PROPOSITION 3.10. Let n > 1. The kernel of the projection map R, , DR R, . is described
by:

(FeZyy, F=E" , ,1,,(0) ifn€2N+1
ker(R, ; — o Dpe R, )= .

(FeBy,, F<EM 1 .(0) ifne€2N+2.

Proof. We consider the case where n is odd (the other is similar). Since R, ; is uniserial and the
linear filtration on R, ; induced by the linear order on %, ; coincides with the socle filtration, it
will be enough to show that

. — 1,n .
dim ((F € Byy1, F<EL" 1, (0)) = dim(R,, ) —dim(--- ©,- Ry,).
This is a straightforward check: indeed

n—1 n—3
2 2
dim ((F € By, F<FES" 0, 00)) =rO- ™) +pp—1-1) (> p¥)
j=0 Jj=0
pnfl -1 .
=({p-r) P +rp
and
n . pn+1 -1
dim(- @ Rye) = 14 (4 D)D) 3 (P = ) mm 4
7=0

dim(R, ;) = p"(r +1).
O

As R, o is a co-limit of the modules - -- @ p- R, 4, the transition maps being monomorphisns,
we deduce
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COROLLARY 3.11. For e € {0,—1} the k[Ko(p)]-module R, is uniserial. Its socle filtration is
described by

(Reo):  xfa™—datyfa 2
— 2
(Re—1)t  Xp—xpa—xa"—

respectively.

We write {fn}n N for the socle filtration for R (in particular, % is the socle of R o and
Fn is the n + 1-dimensional sub-module of R_, ).

REMARK 3.12. It is easy to see that for any n > 0 the modules R, | (and hence the modules
R3, ) are uniserial even when restricted to the subgroup U(pZ,). This follows again from [Mol],
Proposition 5.10 and can equally be deduced from the results of Paskunas, [Pas2|, Proposition 4.7
and 5.9.

4. Study of K; and I; invariants

In this section we assume F' = Q,. The aim is to describe in detail the K; and I; invariants for
supersingular representations 7(c,0,1) of GL2(Qy).

Thanks to the structure theorems of §3 we are essentially left to understand the invariants for
the Iwasawa modules R, ,. This is developed in section 4.1: the argument follows easily from the
uniserial property of RS, ,, but one should carefully carry out computations in order to handle some
delicate K-extensions which will appear later on in section 4.2.

The invariants for the supersingular representation (o, 0,1) will be determined in §4.2, com-
bining the results on R, , with the structure theorems.

4.1 Invariants for the Iwasawa modules R_ ,

We are going to describe in detail the spaces of K invariants (resp. I; invariants) for the k[Ko(p)]-
modules R, (resp. R, ).

00,

4.1.1 Intertwinings between the modules R o. Recall (§1.1) that for a Serre weight o we write
ols! for its conjugate weight. We start from the following

PROPOSITION 4.1. The intertwining operator n(c,0,1) = n(ol*),0,1) induces a K Z-isomorphism
Roo0(0) = Roo —1(01). (12)
Proof. We have a K Z-equivariant monomorphism
Reoo(0) = 7(0,0,1) |z = 7(c,0,1) |7 5 Rooo(0")) ® Reo 1 (™).
As Rooo(0) and Rw70(a[s]) have irreducible non isomorphic socles, we deduce that the composite
$1: Roop(0) = 7(0,0, )|z = 7(01,0,1) |k z = Roo._1(c)
is a K Z-equivariant monomorphism. Similarly, the composite
¢ Roo1(0) = 7(0,0,1)| gz = 7(01,0,1)| 5z = Rooo(c!)

is a K Z-equivariant monomorphism. As ¢; @ ¢o coincides (by construction) with the intertwining
operator 7(c,0,1) 5 m(ol*),0,1) via the isomorphism (5) we deduce that ¢;, ¢o are epimorphisms
and the proof is complete. O
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If p > 5 the statement of Proposition 4.1 can be sharpened, giving an isomorphism between the
positive and negative parts of Roo(0), Reo,—1(c)) :

PROPOSITION 4.2. Assume p > 5. Then the isomorphism (12) induces the Ky(p)-equivariant iso-
morphisms

R (o) = Ry (o), RE 4(0) = RE ().

Proof. We let e (resp. ej) be a linear generator for the space SOC(R;O’O(O')) (resp. for the space
soc(R;O(a))). Similarly we define the elements ey, efg}.

By Proposition 3.7 we can write the following equivariant exact sequences
0= {(eg, €0)) = R 0(0) ® R o(0) = Roo,0(0)| k() — 0
0— <(e[§], e[s])> - R;_o,fl(o-[S]) D R;o,q(a[s]) — Roo,—l(a[s])‘Ko(p) -0

(up to replace the elements ey, e[s) by suitable nonzero scalar multiples), hence obtaining the induced
isomorphisms

R 0(0)/(e0) & R, o(0)/{eg) = Roopn(0)/(€)
R 1(0)/ferg) @ R (o) /{et) 55 oo a (o) /(@)
where € is a linear basis for the image of the subspace ((0,e), (ef,0)) < R;’O(U) ® R, o(0) in
Roo () and €l is defined in the evident, analogous way.
By Corollary 3.11 we note that the Ko(p)-socle of Roo_1(c®)/(el*]) is described by
soc(Roo,_l(a[s])/@[s])) = ra®xra
which is multiplicity free if p > 5.

As €, e are fixed under the action of the pro-p Sylow of Ky(p), we deduce from Lemma 4.3
that the isomorphism (12) induces a Ko(p)-equivariant isomorphism

Roo0(0)/(8) = Rec,—1(0™) /().

Since the representations Réﬁo’o(a), Roioﬁl(a[s]) are uniserial and SOC(ROO7,1(O'[S})/<€[S]>) is mul-
tiplicity free, one deduces the isomorphisms

R0(0)/(e0) = R _1(a™)/{epq), R, 0(0)/(eg) = R, _1(a®)/{efy).

The statement follows. O

The following result is well known (it is an immediate consequence of [Bre03a], Théoréme 3.2.4
and Corollaire 4.1.4), but we decided to give here a self contained argument:

LEMMA 4.3. In the hypotheses of Proposition 4.2 we have dim(Roo,O(o))Kl(p) = 1, where K(p) is
the pro-p Sylow of Ky(p).

Proof. We use the notations appearing in the proof of Proposition 4.2.
Define Z; £ K, (p) N Z. Then Z; acts trivially on R (o) and the exact sequence
0= (€0) = Roc0(0) = Ry (0)/(e0) ® R, o(0)/{eg ) — 0
yields the exact sequence of cohomology
_ Ki(p)/Z _ Ki(p)/Z Ki(p)/Z
0= (20) = (Rooo(@) P = (R, o(0)/(e0)) 7 & (R, o)/ (e)) 7 —
— H'(K1(p)/ 21, (€0)).
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Recall that, as K1(p)/Z; acts trivially on (€9), the space H'(K;(p)/Z1, (€y)) is naturally identified
with the space of continuous group homomorphisms Hom (K (p)/Z1, k).

By Corollary 3.11 and since the space Ext}(o(p) /Zl(x;?a”l,xﬁar) is one dimensional ([Pas2],
Proposition 5.4), one checks that the image of the composite map

- Ki(p)/Z _ Ki(p)/Z K1(p)/Z
(Reio(0)/ (e0)) 777 (B o(0)/(e0)) P77 @ (R o) /) "7 = Hom(K (p) /21, %)
coincides with the linear subspace generated by morphism

Ko(p)/Z1 — k

ab|_>,
e d C.

Ki(p)/Z1

Similarly, the image of the subspace (R;p(d) /{ed)) coincides with the linear subspace

generated by morphism

Ko(p)/Z1 — k
[ ;’C Z ] — b.

From [Pas2], Proposition 5.2 we deduce that the connection homomorphism is surjective, hence
an isomorphism as the Ko(p)-representations R_ o(o), R:o,o (o) are uniserial.

The conclusion follows. O

By virtue of Proposition 4.1 (resp. Proposition 3.8) it will be enough to study the K} invariants
(vesp. I; invariants) for the Iwasawa module R__ o (resp. R, o and R ;).

Recall that R,  is unserial, and we denoted by {Z#n}, cn its socle filtration (cf. Corollary 3.11).
The K; invariants of R , are then described by the following
PROPOSITION 4.4. Let t > 1. We have a Ky(p)-equivariant exact sequence
0 — (R&}O)Kt — Fpr1 = xSa" T = 0.

r+1

Moreover, for any lift ey € F,1—1 of a linear basis of x;a" ™" we have

1+ pla ptb _
([ e 1 4 ptd — 1) -e1 =Tke e (13)

where a,b,c,d € Zy,, k., € k* is a suitable nonzero scalar depending only on e; and eq is a linear
generator of soc (R(:o,O)'
Proof. As R_, , is admissible uniserial and K is normal in Ko(p) we deduce that (R;)’())Kt

where n(t) € N is defined by

= Fn(t)

n(t) = max{n eN, st. %, = (ﬁn)Kt}

and hence we are left to prove that n(t) = p'~! — 1 (an elementary computation shows that the
graded piece Z -1/ F -1 affords the character yia’t1).

This will be a careful computation, using the properties of Witt polynomials. We remark that
the cases where r € {0,p — 1} are slightly more delicate to verify.

We start from the following
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def

LEMMA 4.5. Let K1(p'*?) be the maximal pro-p subgroup of Ko(p'*?). Let z = Z;lej[)\j] €z,
and a,b,c,d € Z,. Then we have

1+pla  p'b 10 1 01,
t t = ! K
ptc 1+ pd z 1 Z 1

for a suitable element k' € K1(p'*t?) and

t—1

2= PN T 4 S (AL ) (W)
j=1

where S1(),€) is the specialization of the Witt polynomial (7) and r € Fp,[\1] is a linear polynomial
in \1 depending on a,b,c,d.

Proof. We have

1 0 1+pla  p'b 1 0] [ 1+p'(a+bz) pth
-z 1 ple 1+ pld z 1] w 1+ p'(d — b2")

where w < —2/(1 + p(a + b2)) + 2z + pl(c + dz). Thus 2/ = (z + pte + pdz)(1 + pa)~! mod p'*2
(notice that p’bzz’ = 0 mod p'*?) and we deduce

/

2 = (z+ ple+ pldz)(1 — pla) mod p'*2

=z + ple+ pldz — plaz — p*ac mod p'*?
(the first line is deduced noticing that (z + p'c + ptdz)p* = 0 mod p'*? and the second noticing
that p?z = 0 mod p'*?).

The result follows from an immediate computation on Witt vectors. ]

In order to complete the proof of the Proposition we now distinguish two cases.

Case A: t is odd.

It suffices to show that (Ry @ R @R B 1) is a proper sub-k[K(p)]-module of dimension
pt~ 1 sitting inside Ry @po - Dp- Ryyy (notice that dim(Ry ©p—-- - ®p- Ry ) 2 p!1+1 is verified
for all values of t > 1, p >3 and r € {0,...,p — 1}).

We recall that, for a t-tuple (I1,...,l;) € {0,...,p — 1}, we have

F(l’t)lt(O)E{ 0 if (ly,...., ;) <(r,p—1—r,...,p—1—mr71)

llv-"v

14
Fb) (0) if (lo,...,ly))=(rmp—1—r,....p—1—1,7) (14)

rp—1—r,...,p—1—7,r
in Ry EBRl_ @Rt_ R, |, by Proposition 3.10.

We again have to distinguish two situations

Sub-case Al: r <p—1.

By the unseriality of R, © RDC D R, ; and the compatibility between the Ko(p)-action and
the linear ordering on %, ; we deduce that the (p'~! + 1)-dimensional sub-module of Ry @ RT
) R, is generated by the element F?“(,L{)lfn...,pflfr,r+1(O) € B,

If(lh,....) 2 (r,p—1—=mr,r,....,p—1—rr+1)is a t-tuple we deduce, from Lemma 4.5 and

22



INVARIANT ELEMENTS FOR p-MODULAR REPRESENTATIONS OF GL2(Q))

(14), the following equality in Ry EBRl— " Ope R,

L+pta  p'b L8 0y —
( [ pe 14pta | 1) Tl 0=

l 1 1

= Z <t> 1(1, t),zt i (0) = —lt‘/‘]Fz(l, t),zt 1-1(0) (asly <7r +1)

_ 0 if (li,.... ) <(mp—1—rr,...;p—1—r,r+1)
(r—i—l)cFr(Lt)l R —((1); if (ly,...,p))=(r,p—1—r,r,....p—1—=r,r+1)

This proves the Proposition for ¢ odd and r < p — 1.
Sub-case A2: r=1p—1.

This situation is slightly more delicate and we need to know the properties of the homogeneous
degree of the Witt polynomial S;(X,Y’) defined in (7).

As in case Al we see that the (p'~! + 1)-dimensional sub-module of Ry Op - Op- R, is
generated by the element FT(;t)l - pflfr,(]( ) € %’t_ﬂ

We now have, for a (¢t — 1)-tuple (I1,...,l;—1)

1+pla p'b | (L) _ n| 10
([ pe 1aptd | 1) Fulio) = 2N pM] 1

)\1€Fp
s 1 0 10 . ,
A% - [ ] 1]26; [Pt[/\t—l—c] 1 ] (SO0

where S1(A1,¢) 4+ r(A1) is defined as in Lemma 4.5. Thanks to (8) we can write

1 0 _ r 1 0 — / r
> |:pt[)\t_|_c] 1 ] (S1(A,0) + 1)L, X = ) [pt[&] 1 ] (= Si(A\, =) +7")[1, X7]

At cF, At cF,

where 7’ € Fp[\1] is a convenient polynomial of degree 1 in A (depending on a, b, ¢, d). In particular,
—S1 (A, —0) + 7 = (—=e)A"1 + P()\) for a convenient polynomial of degree p — 2 in A, and hence,
by (14),

1+pla  p'b 1,8) _ (1,0)
< |: ptc 1 +ptd -1 . F1ll>"'9lt7170(1) = ( )F‘llz lt—1,p— 1(0)
Again, we have

(1,6 _ 0 if (l,....Lk—1)<(r,p—1—r,....;p—1—1)
ﬂl,...,lt_l,p—l(o) - { ( )

This let us conclude the case r = p — 1 (the K} invariance of the elements Fl(llt) ;,(0) is clear).
Case B: 1 is even.

The argument are completely analogous to those of Case A and the details are left to the reader.
We distinguish again two situations.
Sub-case Bl:r > 0.
‘We now consider the element Fr(;t 11)r p—lrr
dimensional sub-module of Ry ®p- - ®p- R; .
1 t—1

(1) € B, as a linear generator for the (p'=1 +1)-
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As we have seen for the Case A1 we have

1+ pla p'b (1,t—1) _

( |: ptc 1 +ptd - 1 ’ F}17~-~alt—1(1> =
0 if (Iy,..., 1)< (ry,p—1—r,...,p—1—=1,7)
T eEt 0 i) = (hp =17 p— 1)

(the K, invariance of the elements Fl(llt_ltlzl
Sub-case Bl: r = 0.

In this situation we have to consider the element Fr(;?{-lil—)r,...,r,o,l

t—1 1 . - _ L B _

for the (p'~" + 1)-dimensional sub-module of Ry & Ry PR R,

A direct computation together with an argument on Witt polynomials (as in Case A2) shows

that
1+pla  p'b (1,t+1) _
( [ pe 1aptd | 1) 00 =

{ 0 if (li,...,41—1)<(r,p—1—r,....,p—1—1r)

EFr(;’fi)n...’pflfm(O) if (L, ..., i—1)=(r,p—1—r,....,p—1—1r)

(0) is clear).

(0) € %, ., as a linear generator

O]

We turn now our attention to the analysis of I; invariants for the modules R, ,. The result is
the following:

PROPOSITION 4.6. If eithert > 1 and p > 5 ort > 2 and p = 3 the action of U(p'~'Z,) is trivial
on F-1.

In particular
)It _ (R,

oo,O)K

(B

t _ g
o0 = Fp-14

and for any x € F -1 we have

1+ pla  p'~'b s
<{ e |+ ptd 1| -x==¢ckeeq

where a, b, c,d € Zy,, Kk, € k is an appropriate scalar depending only on x and eq is a linear generator
of soc (R;)VO).

Proof. Once we show that -1 is fixed under the action of U(p'~1Z,), the second part of the
statement follows easily by the Iwahori decomposition and Proposition 4.4.

Again, we can check the U(p'~1Z,)-invariance of F pi—1 by an explicit argument on Witt vectors.
We notice that, for z = Y>51 p/[)\;] and b € Z,, we have

7=1
1 pt=1 1ol [1o0],
0 1 PR A

where ' € K (p'*?) (the maximal pro-p subgroup of Ko(p'*?)) and 2’ = Z;lej[)\j] +p A1 —
225,
We distinguish several cases according to the values of ¢ and r.
Case A: t is odd.
A direct computation gives the following equality inside R4 1:
1 p=t 1t 0 if li1=0
< { 0 1 } - 1)1%(1,...),zt(lt+1) = { —oF (0 if lper = 1.
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This proves the result for R , when ¢ > 1 is odd and » < p—1, since Z -1 is linearly generated by

p
the elements F' € %, verifying F' < Fv"(,;z)l—n--.,p—l—r,wl(0) (cf. case Al in the proof of Proposition
4.4).

As far as the case r = p—1 is concerned, we recall (Proposition 3.10) that F[(llfj-)z} Dods1.000) =

0
inside the amalgamated sum Ry ©p- -+ ©p- Ry as soon as ¢t > 1. If t = 1 we have F2(1)(0) 0
as soon as 2 < r. This let us deduce the required result for R;QO when r = p—1and t > 2
(or t = 1 and p > 3), since .Fp—1 is linearly generated by the elements F' € %, , verifying
F =< Frg,lp’tf)lfr,...,pflfr,O(l) (cf. case A2 in the proof of Proposition 4.4).

Case B: t is even.

Since

1 tflb i
< { 0 g 1 ] - 1> Fl(l,f.t.,ztzl(lt) =0

inside R; , the result is clear for r > 0 via the description of .#,.-1 (again, cf. the case B1 in the
proof of Proposition 4.4).

Concerning the case r = 0 we have

1 p~1b (1,t41) T (1,t+1)
( [ 0 1 } - 1>Fl1,...,lt1,0,1(0) - bF[zl+21,...,lt,1,0,o(0)

which is zero in the amalgamated sum Ry ©p- -+ @p- R, ,; the conclusion follows again from
1

t+1

the explicit description of .%,:-1 (cf. the case B2 in the proof of Proposition 4.4). O

REMARK 4.7. The statements of Propositions 4.4 and 4.6 hold if we replace R, , with R, _,. If

p 2 5 this follows immediately from the generality of the Serre weight o and Proposition 4.2.
Otherwise, one can pedantically repeat the direct arguments in the proofs of Propositions 4.4

and 4.6, noticing that now the (p'~! + 1) dimensional submodule of R, _y Is generated by the

element Fp(i’i)—r,n---,p—l—n”l(0) ift is even and r < p— 1, by the element Fzgl—,?—r,r,...,p—l—r,o(l) ift is

even and r =p — 1, etc...

The tedious details are left to the interested reader.
REMARK 4.8. From the equality (13) we deduce that the exact sequence of Proposition 4.4
0= Fpi1 1 — Fpor = X2 T =0

is non-split even when restricted to U(p'Z,). Hence, by Remark 3.12, the space of U(p'Z,)-fixed
vectors in R, ) is precisely Fpt-1_1

4.2 Invariants for supersingular representations.

We are now in the position to determine precisely the space of K3, I; fixed vectors for supersingular
representations of GL2(Q)).

The case of I; fixed vectors is an immediate consequence of Proposition 3.8 and Proposition 4.6:

PROPOSITION 4.9. Let t > 1 and p > 5 (ort > 2 and p = 3). We have a short exact sequence of
k[K(p)]-modules

0= W1 = (Re0)" @ (RL0)" = (Bo0)" =0 (15)
(where W is the 1-dimensional space defined in Proposition 3.7).
In particular, for any t > 1 and p > 3 we have

dim(n(c,0,1))" =2(2p!~1 — 1).
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Proof. Write eq (resp. e ) for a linear generator of S0Cy(p) (Rog o) (TeSD. socKO(p)(R;O)). Up to

replace e, ear by appropriate scalar multiples, we have an equivariant exact sequence (cf. Proposition
3.7)

0— {((eo, 7)) — Ry o® R:o,(] = Reo,0lKo(p) = 0

From the associated long exact sequence in cohomology, we see that the exactness of (15) is estab-
lished once we prove that the natural morphism

H'(I1, ((eo, 8 ) — H' (1, R o) ® H'(I, R;ro,o)
is injective. Recall that, as I; acts trivially on {(eg, €] )), we have a canonical isomorphism
H(13, ((eo, ed))) = Hom(Iy, k)
(where the Hom denotes the space of continuous group homomorphisms).

Assume that v € Hom(Iy, k) has trivial image in H'(I;, R o) ® H(I, R;’O). This means that
there exists an element (z7,2%) € R, @ R;LQO such that

v(9)(eoseg) = (9 — 1)(z™,2") € ((eo, e9)) (16)

for all g € I;. In particular 2~ € (quo/(eo))lt, xt € (R;70/<65r>)[t and by Lemma 4.10 below it
follows that 2~ (resp. ) belongs to the (p'~! + 1)-dimensional submodule of R o (resp. R;}O),
i. e. that x= € F1.

1+pta  pi='b

pe 1+ pid € I; we deduce from Proposition 4.6 that

Hence, for g =

(9— 1Dz~ =¢k eg

where k= € k depends only on z~. By symmetry (see Remark 4.7 and Proposition 3.8) we similarly
have

(g—1Dat =brTef

for an appropriate scalar k™ € k depending only on x.

It follows from (16) that x~¢ = x*b for any choice of ¢,b € Z, and this implies £~ = T = 0,
i.e. 7y is the zero homomorphism.

Thanks to Proposition 4.6, Remark 4.7 and the isomorphism R_, _; 5 (R;’O)S (Proposition
3.8) we deduce from (15) that
dim(Roc,0)" = (291 — 1)
if either t > 1 and p > 5 or t > 2 and p = 3, and hence (by generality of o and Proposition 4.1)
dim(7(0,0,1))% = 2(2p" 1 - 1).

if either t > 1 and p > 5 or t > 2 and p = 3. The remaining case t = 1 and p = 3 is covered in
[Bre03a] and the proof is complete. O

LEMMA 4.10. In the notations and hypotheses of Proposition 4.9 we have
. _ I _ . I
d1m(Roo70/<eg>) Pepttl = d1m(R:O7O/<ear)) ‘
Proof. The equivariant exact sequence
0 = {eo) = Ry o = R o/(e0) = 0

yields the exact sequence

ﬁ(JDtZzo) SN (R;o70/<60>)ﬁ(17tzp) — Hl(pth, <60>).
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We have H!(p'Z,, (eo)) = Hom(p'Z,, k) and, as k is p-elementary abelian and the Frattini quotient
of p'Z, is Z/(p), we deduce that Hom(p'Z,, k) is one dimensional. We therefore deduce by Remark
4.8 that dim(R;o’O/<eo>)It <pth

Finally, the element e; € R ; defined in Proposition 4.4 is [;-fixed in R, ;/{eo) (Proposition
4.6) and linearly independent with the elements in (R;j’o)[t: it follows that dim(RgQO / <eo))1t =pi~L

By Remark 4.7 we have an analogous result for R _;, and the equality
. I _
dim (R, o/(eg)) " =p""!

follows then from the intertwinings of Proposition 3.8. 0

We turn our attention to the analysis of K, fixed vectors for supersingular representations of
GL2(Qp). We start recalling some results (cf. [Mol]) concerning the K Z-socle filtration for the
representations indgo(p)(Rgo,O) and 7(0,0,1).

The Ko(p)-socle filtration R, induces a K-equivariant filtration on indﬁo(p)(R;vo) (hence on
R ); the extensions between its first graded pieces look as follow:

indgo(p)Xiar—indgo(p)Xiar+1—ind§0(p)Xiar+2—ind§0(p)xiar+3— e (17)

One can show ([Mol], Lemmas 6.8 and 6.9 or [AM]) that the KZ-equivariant filtration on
indﬁo(p)(R;}’o) obtained by the evident refinement of (17) is indeed the K Z-socle filtration for

indgo(p)(R;O’O) (cf. [Mol], Theorem 1.1).

In particular, if e; € %1 is a linear generator for the socle

S0C Ko (p) <R;,o/ ff(ptl—l)) =gt
we see that
SOCK <ind§0(p) (Rw70/ﬁ(pt_11))> = sock (indllgo(p)xfarﬂ),

where the finite induction of the RHS is generated, under K, by the image of the element [1,e;]
via the map indgo(p)(Rgoﬁ) — indgo(p) (quo/ta/\(ptfl_l)). Notice moreover that if R ; denotes the

image of indﬁo(p) (F(pt-1-1)) inside Roo o we have, for ¢ > 1

indgo(p) (R;O,O/‘g(pt_lfl)) 5 Roo,O/Roo,t

via the epimorphism of Corollary 3.5. We recall that the main properties of the element e; € F
were described in Proposition 4.4 and 4.6 and we define the following element of indgo(p)(R;O’O):

. Aol 1 . _
fle) = Z [ [10] 0 ] [1,e1] — 0rp-3[l,e1] € 1nd§0(p)(Roo’0).
)\QEFP

By Proposition 2.1 we see that

LEMMA 4.11. Via the natural epimorphism indﬁo(p)(R;QO) — indﬁo(p) (R;j’o/ﬂ(pt—l,l)) the element

f(e1) maps to a highest weight vector for the Serre weight S}fr]rlL")_?’_TJ k?* ® det"™! appearing in
SOCK (indgo(p)xiaﬂ'l), unless (r,p) = (p — 1,3) (in which case it maps to a highest weight vector
for St ® det).

Since K; is normal in K, the sub-module R ; is formed by K; fixed vectors. Nevertheless, for
r < p— 3, it is strictly contained in (R )™t
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LEMMA 4.12. Assume r < p — 3. The natural morphism
<ind§0(p)(§(pt—11)),f(61)> " — indﬁo(p)(R;o,O) — R0
k(K

factors through (Roo )™t < Reop-
Proof. Tt suffices to show that for any x € K; we have
(k—1)- f(e1) € ker (indllgo(p)(R;o,o) — Roc ).
For a,b,c,d € Z, we have

[1+pta pth H[AO] 1]

ple 1+ pld 1 0

[[AO] 1H1+pta/ oy -

1 0 ptd 1+ ptd
with ¢ = b+ (a — d)A\g — CA3.
We therefore deduce from Proposition 4.4 the following equality in indflg0 (p)(R;O,O):

( [ 1+pla  pb

T ] 1) ) = Bikeo) + @ D eo) — e falen) + rp-alt e,

where g is a convenient linear generator of socg ) (R )

Since the kernel of the epimorphism indgO ) (Roo0) = Rooyp is linearly generated by the elements
ker (indfg, ) (Roo0) = Reoo) = (fo(€o), s fp—2-r(€0), fp—1-r(e0) + [1, e0])n
(cf. Corollary 3.5 and Proposition 2.1) the required result follows. O
We can now describe completely the K; fixed vectors of R o:
PROPOSITION 4.13. Let t > 1. The space of K; fixed vectors of R is given by!
<ind§0(p) (g(pt—ll)),f(€1)> ifr < D — 3
(Roo )™ = K (19)
. 1K o .
indg, ) (Fpr-1-1)) ifre{p—2,p—1}.

Proof. In order to ease notations we define the k[K]-module

<ind§0(p) (tga(ptfl_l)), f(61)> if r < P — 3

def kK]

My &
indjg, ) (Fpr-1-1)) if re{p—2,p—1}

and write M for its image in R o under the epimorphism imd%0 () (Roo0) = Roop.

Assume that RfofO/M # {0}.
Then, by the description of the K-socle filtration for R o, we see that

cosoc(indgo(p)xia’"“) ifr<p—4
SOC(Rfot’O/M) = s0¢(Roc,0/M) = St @ det™! ifr=p-—3
soc(indgo(p)xia’”*l) ifre{p—2,p—1}.

!The scrupolous reader will notice a slight abuse of notation: in the RHS of (19) we have k[K]-submodules of
indﬁo(p)(R;yo) and one should consider their images under the epimorphism indﬁo(p)(R;,’O) — Roo,0. This abuse
should cause no confusion, avoiding instead an overload of notations.
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Moreover, the following elements of indﬁo(p)(R;QO)

fp—3—r(e1) ifr<p-—3
fo(er) ifre{p—2,p—1}and (r,p) # (p—1,3) (20)
fO(el)a fD(el) - [1761} if (Tvp) = (p - 173)

are mapped to a linear basis for the highest weight space of soc(Roo,o /M ) (in the _case (r,p) =
(p — 1,3) then fy(e1), fo(er) — [1,e1] are mapped to the highest weight space of St ® det, det
respectively).

Since M is formed by K; fixed vectors the elements described in (20) should be K; fixed vectors
of Ry 0. This is absurd, as we show in the following lines.

We treat first the case r < p — 3. Thanks to (18) and Proposition 4.4 we have the following
equality in indgo(p)(R;O,O):

t t _ -
( [ ! [ fzt ; ] - 1) fp-gr(er) = bfy-s—r(e0) + (@ = d)fy-a-r(c0) = Efyp-1-+(c0)

(where eg is again a convenient linear generator of socx, () (R o))-

Via Proposition 2.1 and the epimorphism of Corollary 3.5 we deduce the following equality in
Roo o:

t tb
( [ 1 —;tl; a . iptd } - 1> < fp—s—r(e1) = —Cfp—1-r(e0).

But f,—1-r(ep) is a linear generator for the highest weight space of soc(R ) (Proposition 2.1) and
hence f,—3_,(e1) can not be a K; fixed vector in R o.

The case r € {p — 2,p — 1} is completely analogous: we have

([0 20 | =1) - daen) = tatea) + @ D falea) ~ efaeo) 1)
(resp.
([ 150 20 | =1) - Gnken) = [tead = Bofen) + @ ) o) — lflen) + [ col22)

when (r,p) = (p — 1, 3)) and one verifies by Proposition 2.1 that the RHS of (21) (resp. of (22)) is
mapped to a linearly independent family inside soc(Rac0) via the epimorphism indﬁo(p)(R;QO) —»
R p.

This completes the proof. ]

As a corollary, we get the desired structure for K; fixed vectors of supersingular representations
of G’LQ(QP)Z

COROLLARY 4.14. Let t > 1. The space of K; fixed vectors for the supersingular representa-
tion 7(,0,1) decomposes into the direct sum of two k[K]-modules (7(0,0,1))%t = (R o)Xt @
(Roo,—1)%*, whose socle filtration is respectively described by:

Symer—socﬁl(indﬁo(p)xf,arﬂ)—socﬁl(indgo(p)xia’"”)—. . —socﬁl(i]rldﬁo(p)xﬁCLT)—Sym”_?’_rk‘2 ® det™ !
Sym?P 1 "k? @ detrﬂocﬁl(indﬁo(p)xfu)ﬂocﬁl(indllgo(p)xiaQ)—. : .Ak,ocﬁl(indﬁ)(p)xﬁ)fSymT_Qk‘2 ® det

where we have p'~! — 1 parabolic inductions in each line and the weight Sym? 3~ "k? @ det"*! in the

first line (resp. Sym”~2k? ® det in the second line) appears only if p —3 —r > 0 (resp. r — 2 > 0).
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Proof. The statement concerning the direct summand (Roo,o)Kt follows immediately from Corollary
3.5 and Proposition 4.13. By the generality of ¢ and Proposition 4.1 one deduces the result for
(Roo,—1)%t. O

In particular, we have

COROLLARY 4.15. Let t > 1. The dimension of K; invariant for the supersingular representation
7(0,0,1) is given by

dim((m(0,0,1))%) = (p+1)(2p" " = 1) + { ﬁ:g i: i %8:2 _ ﬁ

5. The case of principal and special series

In order to complete the picture concerning K; and I; invariants for irreducible admissible repre-
sentations of GL2(Q,) we are left to treat the case of principal and special series.

Recall ([BL94|, [Her2]) that the irreducible principal series for GL2(Q,) are described by the
parabolic induction

. .GL2(Q

1ndB(C§i) ”)(un# ®w'un,-1)
where u € EX, un, is the unramified character of Q) verifying un,(p) =y, r € {0,...,p — 1} and
(ryu) ¢ {(0,%£1), (p — 1,£1)}. The special series are described (up to twist) by the short exact
sequence

0—1—indS2 @1 5 st 0. (23)

B(Qp)

It is easy to see that we have K-equivariant isomorphisms (see for instance [Mol], §10):

3 GL T ~ 3 S ~v 1% 3 S
(mdB(Czi?p)(unM ®w unu_1)) = 1nd§0(poo)xr = h_n}(lndgo(pnﬂ)xr)
n=1

def

where Ko(p™) = B(Z,) and the transition morphisms for the co-limit in the RHS are obtained
inducing the natural monomorphisms of Ky(p™)-representations
. Ko(p"
X5 < 1nnggn)+1)Xﬁ.
Moreover by the Bruhat-Iwahori and Mackey decompositions, we have a Ky (p)-equivariant split
exact sequence

Ko(p)

0= (indjeeyxr) " = indig, o) Xi = nd ey x7 = 0.

The following results are formal.

LEMMA 5.1. Let u € kK andr e {0,...,p— 1}. We have a K-equivariant isomorphism
. GL ~ . K
(1ndB(C§£()Qp)(unM ®w'un, 1)) |k = 1nd§0(p) (h_I}n(lnng§Z2L+1)Xi)).
n=1

1
The action of [ 2 0 ] on the principal series jndg(%i?p)(unu ®wun, 1) induces an isomorphism

(il ) (i o)
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Proof. The first isomorphism comes from the continuity and transitivity of the induction functor
indgo(p)(,). The second comes from a direct computation on the explicit isomorphism

GL . s\t
(mdB((s(()Qp)(un“ ® w'un,,-1)) | Ko(p) = 1nd E C)X))XT (mdﬁo(poo)xr)
given by Mackey decomposition (recalling that [ 2 (1) } normalizes Koy(p)). O

The K, I; fixed vectors for the co-limit lim (md ng 7)1 1y Xr) are described by the

n>1
PROPOSITION 5.2. Let t > 1 and r € {0,...,p —2}. Then

(deO( P) %

ey xs) = ind?)

s K N
Ko (p )Xr - (lnd OE ZO)XT)
)

Proof. We know that indgg g ) )X is uniserial for all n > 1, in particular the co-limit lim (md OEp 4 +1)Xr)

n>1
is uniserial. It is therefore sufficient to prove the result in the statement replacing the co-limit by

indj 0 ) ¥

Ko Ept)“)xs
endowed with a linear ordering which is compatible with the Ky(p)-socle filtration (see [Mol] §5 or
[Mos], §4):

In this case, we have again an explicit linear basis %, | for the induced representation ind®

— 1,t e 1 0
Fi1 3 Fz(l)zt =) N [ ] oA [ ] ] } [1,¢]

M EF) Ae€Fp
where (l1,...,1;) € {0,...,p—1}" and e is a linear basis for the character x; (again %, is endowed
with the lexicographical order).

The statement can be now verified directly, as for Proposition 4.4, 4.6, but the computations
are much easier. O

We finally deduce:

PROPOSITION 5.3. Let €k and r € {0,...,p— 1} and let t > 1. The K-socle filtration for the

K invariants of the principal series mdB(Q() )(un# ® w™un, 1) is described by

-
socﬁl(deO(p)Xr)—socﬁl(deo( )X )—socﬁl(deO(p)Xr a?)—. .. —socﬁl(indgo(p)xfa)
where the number of parabolic induction is p'~*.
Moreover, the I; fixed vectors for the principal series indg(lgi()gp )(un# ® w'un,,-1) are described
by

(indg(LZ(Q”)(unu ® wrunuq))lt o jpg o t))xr (1ndK°(p) X,,) )

Qp) Ko(p Ko(p?)
The Steinberg representation verifies in particular
(St)Ke St—socfil(ind Ko(p) )—socﬁl(indﬁo(p)az)—. ..—socﬁl(indgo(p)l)

(where the number of parabolic induction is p'~! — 1) and

~ oo 1K . 1K s
(St)t = degg,2)1 B1 (deggZ)U

where the amalgamated sum on the RHS is defined through the natural Ko(p)-equivariant morphism
1— 1ndKOEpt))1
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Proof. This is an immediate consequence of Lemma 5.1 and Proposition 5.2 (using the fact that K
is normal in K).

The statement concerning the Steinberg representation is clear from the exact sequence (23). [

Notice that from the uniseriality of indggg 2,0) x; and Lemma 5.1 we have an isomorphism

(indﬁii 833 ) (indfé, e-1yx0)

for any ¢ > 1 and any smooth character x; (by a counting dimension argument).

6. Global applications

In this section we describe the relation between the results of §4.2 and the local-global compatibility
of the p-modular Langlands correspondence recently established by Emerton. We first need to recall
some of the constructions of [Emel0] (see also [Brell]).

Let Ay be the ring of finite adeles of Q, Gq be the absolute Galois group of Q and write Gq,
for its decomposition group at a rational prime /.

For a compact open subgroup K of the adelic group GLa(A ) we write Y (Ky) to denote the
modular curve (defined over Q) whose complex points are
Y(K)(C) = GLy(Q\((C\R) x GLy(A)/Ky).
For A € {0, k} we consider the first étale cohomology group
H'(Kp)a = Hy(Y (Ky)g, A)
where Y (Kf)gq is the base change of Y (K) to Q.

For a fixed compact open subgroup K? of GL9 (Afc) we introduce the following modules, endowed
with commuting actions of Gq and GL2(Q,):

def def

Logpy, &y 1 P gl , & (1 1 IAWATA
HY(K?)e S him HY (I KP),  and HY(KP) 5 2 (tim (1K) )
K, Ky
where K, runs over the compact open subgroups of GL2(Q,) and the hat A denotes the p-adic
completion of the &-module lim H(K,KP?)g.
—
KP
Let Y be a finite set of non-Archimedean places of Q, not containing p and let 3 =BT {p}.
We will be interested in compact open subgroups of GLQ(A’}) of the form KEDKOE , where Ky, is

a compact open subgroup of Gy, = [Ises, GL2(Qe) and KF ¥ [Lrgs GL2(Z); we will write for
short

def

HY(Ks))p € H (Ky,K))i,  and  HY(Ky,)p < HY(Ks, K)o
For a compact open subgroup K, in GL2(Q,) we write T(K,Kyx,Kj) for the sub &-algebra of
Endgcq)(H' (KpKs,K§) o)
generated by the Hecke operators Ty, Sy for those primes ¢ ¢ X..
If K, < K, are compact open in GL2(Q,) we have a (surjective) transition homomorphism

T(K;KEOKOE) — T(K,Kx,K{), which is compatible, in the evident sense, with the actions on the
étale cohomologies. We deduce a Gq x GL2(Q,) equivariant action of

T(K,) = 1im T(K, K5, K3)

Kp
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on the module _ﬁl(Kgo)ﬁ, hence ([Emel0], (5.1.2)) on H(Ksx, ).

By construction, the action of T(Kyx,) on the sub-module H' (K, K5, K)o (resp. H (K, Ks, K3 )k)
factors through the surjection T(Ksx,) - T(K,Ks,KJ).

Let p: Gg — GL2(k) be a continuous, absolutely irreducible Galois representation. We assume

moreover that p is modular and we define Xy to be the set of primes dividing the Artin conductor
of p ([Ser87], §1.2).

We recall that a compact open subgroup Ky, of Gy, is an allowable level for p if there exists a
maximal ideal m of T(Ky,, ), having residue field £ and such that

Ty = tr(p(Froby)) mod m, Sy = ¢~ det(p(Frob,)) mod m.

Since p is modular we deduce from the level part of Serre conjecture that any compact open subgroup
in the Yo-component of ker (GL3(Z) — GL2(Z/(N))) is an allowable level for p.

If Ky, is allowable and m is a maximal ideal associated to p in the previous sense, we consider
the following m-adic completion:

T(Kso)p = T(Ksy)m,  H'(Kx))op = (H(Kso)o)y:  H'(Kso)ip = (H' (Ks)k)
The action of the completed Hecke algebra T(Kx, )5 on the G x GL2(Qp)-modules H? (Kxy)eo 55
H! (Kxy)kp is equivariant. Moreover for an inclusion of allowable levels KZ < Ky, we have a

surjective transition homomorphism T(Ky, )5 — T(Kx, )z which is compatible, in the evident sense,

with the actions on the completed étale cohornologles
Therefore, the co-limit HL 05 ot llmH (Ksy)eos 5, taken over all allowable levels Ky, in Gy,
KEO

is naturally a module over the &-algebra T, o l1mT(KEO) and the same holds for the co-limit

KZO

def

Hy,s = hmH (Ks)kp ([Emel0], (5.3.4)).
KZO

The modules H 5 s A 5.5, are furthermore endowed with a linear action of Ggx GL2(Qp) X Gy,
which turns out to be T s-linear. Notice again that, by construction, the action of T 5, on the sub-
module H!(Kx, )¢5 (resp. H'(Kx,)y.5) factors through the surjection of local @-algebras T5y —

T(Kx,)p-
We can now introduce a local-global application of the results in section 4.2.
PROPOSITION 6.1. Let p > 3 and p : Gq — GLa(k) be an odd, continuous, absolutely irreducible

Galois representation such that PlGQP is absolutely irreducible. Let ¥ be the set of primes dividing
the Artin conductor of p and let r be the minimal weight associated to plaq,, (cf. [Ser87], §2.2).

Let Ky, be an allowable level for p and define
o _ K
d = dimy, (@) m(Plag,)) (24)
e

where m(plaq,) is the smooth p-modular representations of GL2(Qe) attached to plaq, via the
p-modular Langlands correspondence of Emerton-Helm ([EH]).

Then, if eithert > 1 and p > 5 ort > 2 and p = 3 we have
dimy, (HY(Y (K K5, Kq ), k)m]) = 2d(2p" ' (p+1) =3)  ifx—2=0modp+1
dimy, (H}, (Y(KtKgOKO) k) [m]) = (2p p+ 1) —4) if Kk —2# 0modp + 1
dimy, (HY(Y (I K20 K5 ) k) [m]) = 4d(2p"™ = 1).
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def

where K = [egsouipy) GLi2(Ze) and m is a maximal ideal associated to p in the Hecke algebra

T(Kx,)-
Proof. Let m be a maximal ideal of the Hecke algebra T(Ky,,) associated to p. We will use the same

notation m for the maximal ideals of the local @-algebras T(Kxy, )z, Tsx.

Assume that either t > 1 and p > 5 or t > 2 and p = 3. Then for K, € {K;,I;}, the congruence
subgroup Ky [],., GL2(Z¢) is neat? in the sense of [Emel10], Definition 5.3.7 (the proof of Lemme
2 (1) in §5.5 of Carayol’s article [Car] applies line to line).

We can therefore use [Emel0] Lemma 5.3.8 (2) and the equivariance of the Hecke action on the
cohomology spaces to obtain

KK
(Hppx) "0 [m] = HY(Ky Ky, K§ )k plm] = H' (K, Ky, K )i [m]
(where m is seen as an ideal of T5 5, T(Kx,); or T(Kx) thanks to the compatibility of the Hecke
action on the sub-modules of Hé’pyz, HY KKz, K)k).

Let k—2 € {0,...,p} be defined by Kk —2 = kK — 2modp + 1 (we know from [Ser87] that
Kk — 2 < p—1). From the proof of Proposition 6.1.20 in [Emel0] we have an equivariant isomorphism

i

Hisslm] =2 p®m, @ mx,(p)

— def — . . . .
where 7y, (p) = ®gego7r(p|gql) and 7, is a supersingular representation whose K Z-socle contains,

up to twist, the weight o o Sym’ﬁka2 (more precisely ), is, up to twist, the supersingular repre-
sentation attached to plaq in [Bre03a]).
We deduce
H'(Kp Ky Ky Jklm] =5 ()" @ (s, (7))
and the result follows from Proposition 4.9, Corollary 4.15 and the definition of d, noticing that
mp = m(0,0,1) up to twist. O

REMARK 6.2. By the level part of the refined Serre conjecture ([Ser87]) one expects the subgroup

Ky x,(N) d:ef{ [ CCL Z] € H GLy(Zy)| c=d—-1 EOmodN}
JAS

to be an allowable level for which d = 1 in (24), at least if the semi-simplifications ﬁ|SGSQ are not
4
twists of 1 @ | - |.
In the classical ¢-adic correspondence this is indeed the compatibility between the Artin and

adelic conductor but in the ¢-modular case, such compatibility does not seem to appear in the
current literature.
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