SERRE WEIGHT CONJECTURES FOR p-ADIC UNITARY GROUPS OF
RANK 2

KAROL KOZIOL AND STEFANO MORRA

ABSTRACT. We prove a version of the weight part of Serre’s conjecture for mod p Galois repre-
sentations attached to automorphic forms on rank 2 unitary groups which are non-split at p. More
precisely, let F//F+ denote a CM extension of a totally real field such that every place of F'™ above
p is unramified and inert in F, and let 7 : Gal(F+/F*) — “Us,(F,) be a Galois parameter valued
in the C-group of a rank 2 unitary group attached to F/FT. We assume that 7 is semisimple and
sufficiently generic at all places above p. Using base change techniques and (a strengthened version
of) the Taylor—-Wiles—Kisin conditions, we prove that the set of Serre weights in which 7 is modular
agrees with the set of Serre weights predicted by Gee—Herzig—Savitt.
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1. INTRODUCTION

Let p be a prime number. The mod p local Langlands program (cf. [Brel(], [Berll], [BMO02])
predicts a correspondence between continuous Galois representations 5 : Gal(Q,/Q,) — GL,,(F)p)
and smooth admissible GL,,(Q,)-representations on F,-vector spaces. It is expected to be compati-
ble with the classical local Langlands correspondence over C, its geometric realization in the torsion
cohomology of Shimura varieties, and classical local/global compatibility.

The case when n = 2 has been most extensively studied, and such a correspondence has now been
established (see [Coll10], [CDP14], [Eme], and the above references). However, the picture for n > 2
(or more general p-adic fields) still remains highly conjectural, and evidence suggests that such a
correspondence will be much more intricate (see, for example, [BHI15]). Despite this deficiency,
there has been substantial progress on several expected consequences of this conjecture: the weight
part of Serre’s conjecture, the Breuil-Mézard conjecture, and Breuil’s lattice conjecture ([BD.J10)],
[GLS14], [BMO02], [GK14], [Breld], [EGH13], [EGS15]).

In a different direction, one is also interested in the possibility of enlarging the conjectural corre-
spondence to include more general groups. The works [Abd14] and [Kozl6] give some preliminary
indication that a Langlands-type correspondence might be expected to hold for the groups SL2(Q,)
and Uy(Q,), and reveal some new phenomena (e.g., the existence of L-packets in the mod p setting).
In general, the work of Buzzard—Gee [BG14] lays out precise statements of Langlands-type conjec-
tures for general reductive groups by making use of an enhancement of the Langlands dual group
(this will figure prominently in our considerations below). This framework reconciles the classical
local Langlands correspondence with its geometric realization. These developments are also related
to recent work of Gee—Herzig—Savitt: the article [GHSI§| gives a formulation of the weight part of
Serre’s modularity conjectures for a large class of non-classical reductive groups.

Classical Langlands correspondences (i.e., with C-coefficients) for various reductive groups, and
the relations among them, are at the core of the Langlands functoriality principle. In the specific
example of unitary groups, this principle predicts that a correspondence between (packets of) au-
tomorphic representations of unitary groups on the one side and L-group valued Galois parameters
on the other side is obtained from a correspondence on general linear groups. When the unitary
group has low rank, this is studied in [Rog90}, §15.1].

The goal of the present work is to give evidence for a mod p Langlands correspondence for rank
2 unitary groups. Specifically, given a Galois parameter 7 with values in the C-dual of our unitary
group, we prove that the Serre weights for 7 predicted by |[GHS18| (which are representations of
finite unitary groups) are exactly equal to the Serre weights in which 7 is modular (we give a precise
statement below). In order to do this, we use known instances of functoriality (in the form of
classical base change results) and local/global compatibility. Thus, our methods hint at a mod p
principle of unitary base change.

We now introduce some notation and setup in order to state our main result. Let K»/K/Q,
be unramified extensions, with K5/K quadratic. We let Uy denote the unramified unitary group
in two variables defined over the ring of integers Ox of K. Note that Us splits over Ko. We
let “Usy denote the C-group of Uy, in the terminology of [BGI14] (“Usy is the usual Langlands
L-group of a canonical central extension of Uy). An L-parameter is a continuous homomorphism
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p: Gal(Q,/K) — “U,(F,), compatible with the projection “Us(F,) —» Gal(K2/K). The C-
group also comes equipped with a canonical map “Uy — G,,, and we assume that the composite

character Gal(Q,/K) L, CULF,) — F; (called the multiplier of p) is equal to the mod p
cyclotomic character.

Inspired by the conjectures of [BGI14] and the prospect of a mod p Langlands program for unitary
groups, we would like to infer that the L-parameter p is associated to an L-packet of smooth rep-
resentations of Uy(K') over Ey. Unfortunately, such representations are poorly understood beyond
the case K = Q) (cf. [Kozl6]). A possible first step in understanding such a correspondence would
be to study this question in a global context, that is, to study local/global compatibility for an L-
parameter 7 : Gal(Q/F*) — “Uy(F,), where F7/Q is a totally real field. We assume furthermore
that 7 is associated to a non-zero Hecke eigenclass in the mod p cohomology with infinite level at
p of a definite unitary group G /0, Which is non-split at places of F™ above p. We would like
to stress that our setting differs quite markedly from the body of work related to Serre weights
for unitary groups (e.g., [GLS14], [BLGG13]), wherein the group G is split at places above p. In
particular, our Serre weights are representations of finite unitary groups, not general linear groups.
We define Wyoq(T) to be the set consisting of the [],, U2(Op+ )-representations appearing in the
socle of the Hecke isotypic component attached to 7 of the mod p cohomology of G.

According to the conjectures of [GHSIS], the set Wi,04(7) should be described in an explicit way

by (F!Gal(@p / FJ))vlp using purely representation-theoretic constructions. Let us denote W’ (7) o

oy W’ (F’Gal(@p/ﬂf))’ where W7 (F’Gal(@p/ﬂ}")) is the set described combinatorially in [GHS18]| (thus

W'(7) is again a set of representations of the group [T, U2(0p+)).
The main theorem of this paper is the following (we refer the reader to the bulk of the paper for
any unfamiliar terminology).

Theorem 1.1 (Corollary . Let F/F™ be a CM field extension of F which is unramified at all
finite places, suppose that p is unramified in F+ and that every place of F™ above p is inert in F.
Let 7 : Gal(Q/F*) — “Uy(F,) be an L-parameter with cyclotomic multiplier. Assume that:
“1(CUs(F,)) = Gal(Q/F);

18 modular;

18 unramified outside p;

1s semisimple and 4-generic at places above p;
—] 0 (7=
ler(ad ™) does not contain F((); and

BC(7)(Gal(Q/F)) D GLa(F') for some subfield F' C F, with [F'| > 6.

O O O O
b B { |

[¢]

e}

Then
W (F) = Winod (7).

In the GL setting, the results of [BP12] and [EGSI5] imply that, for a GLo(F,)-valued Galois
representation 7', the set W* (') of modular Serre weights should be equal to the set of representa-
tions appearing in the GLa (O )-socle of the GLg (K )-representation associated to p’ via some sort
of mod p local Langlands correspondence. For Uy, the supersingular representations of U3(Q))
constructed in [KozI6| all have simple Usg(Z,)-socle, while the set W’ (5) (for generic semisimple p)
has size 2K°@]. Thus, in the K = Qp case, the global evidence provided by Theorem suggests
that W’(p) (for appropriate ) takes into account the Ug(Z,)-socles of all Uy(Q),)-representations
in a supersingular L-packet.

We obtain Theorem by following the strategy of [GKI4]. We first prove the containment
W’ (7) O Wioa(T) by using a global base change argument and applying results of [Geell]. The
opposite containment follows by using a modified version of the patching functor constructed in
[CEGT16] and the explicit description of ¢Uj-valued local deformation rings. We explain these
arguments with more details presently.
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The main novelty in the unitary group setting is that for both inclusions we make use of the
analogous results for GLg/k,. Firstly, we establish a compatibility between classical local base
change of automorphic types (as may be deduced from work of Rogawski [Rog90]) and the set of
predicted Serre weights W’ (5) (for which we introduce a notion of base change of weights). In this
direction our results give the following proposition, which may be thought of as evidence towards
a notion of mod p base change. Recall that a tame Us(Og)-type is the inflation of an irreducible
Uy (F,)-representation over Q,,, where F, denotes the residue field of K.

Proposition 1.2 (Lemma Theorem . Let o denote a 1-generic tame type for Us(Ok),
and let V' denote a Serre weight for Us(Ok). Let BC(o) denote the base change of o (as defined in
Subsection . Then
V €JH(e) <= BC(V)e JH(BC(0)),

where BC(V') is the base change of the Serre weight V' (as defined in Subsection and JH(W)
denotes the set of Jordan-Hélder factors of the mod p reduction of a Z,-lattice in W.

In particular, if p : Gal(@p/K) — YUy(F,) is a 1-generic tame L-parameter with cyclotomic
multiplier, then the set of predicted local Serre weights W' (p) is of the form JH(7), and we obtain

VeW'(p) <<= BCV)eW (BC®).

Here BC(p) : Gal(Q,/K2) — GLy(F,) denotes the Galois representation obtained by restricting p
to the absolute Galois group of Ko and projecting onto the GLy factor.

The tame GL2(Of, )-type BC(c) of the proposition is characterized by the property that BC(o)®
C — BC(m), where 7 is any smooth irreducible complex representation of Uy (K') containing o @C,
and where BC(7) denotes the stable base change of the L-packet containing 7 ([Rog90, §11]). Using
the above proposition, we prove in Theorem the inclusion W’ (7) D Wpea(F) by base changing
to GLg, and using results of Gee ([Geell]) on the set W?(BC(p)).

In order to prove the inclusion W (7) € Wyoq(7), we would like to employ a patching argument,
which requires information regarding certain deformation rings. More precisely, let us suppose that

p: Gal(Q,/K) — “Uy(F) is an L-parameter with F a finite extension of F), and let O denote the

ring of integers in some sufficiently large finite extension of Q, with residue field F. We let R(1 0.1)r

denote the deformation ring parametrizing potentially crystalline framed deformations of p to O-
algebras with (parallel) p-adic Hodge type (1,0,1), inertial type 7/, and cyclotomic multiplier.

) , we introduce the notion of Frobenius twist self-dual Kisin

(1,0,1),7/

In order to study the ring R(

modules. Given this, we are able to describe the structure of R in terms of the “base

( 0)7
BC(p)
the analogous results of [GK14] for GLg, we obtain the following result, which may be viewed as a

“Breuil-Mézard-type” result for unitary groups.

changed” deformation ring R . Combining these calculations with Proposition along with

Proposition 1.3. Letp: Gal(@p/K) — CU(F) be a 3-generic tame L-parameter with cyclotomic
multiplier. Let 7' be a “Us-valued, 2-generic inertial type for I and o(7') the tame Us(Of )-type
associated to 7' via the inertial local Langlands correspondence of Theorem[{.11 Then
1,0,1),7/
(W (p) N IH (o(7)] = e(RVOD7 @ F),
where e(—) denotes the Hilbert-Samuel multiplicity.

To conclude, we employ a variant of the construction of [CEG™16| in order to produce a patching
functor Moo (— ) on the category of O-modules with an action of [],, U2(Op+). Using the explicit

structure of the rings R(ﬁ1 1) (namely their integrality), the properties of the patching functor

Mo (—), and Proposition we obtain the inclusion W (7) € Wyeq(7) in Theorem This is
enough to prove the main Theorem
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Our results on the geometry of R(1 0D 4y can also be used to deduce new cases of au-
tomorphy hftmg phenomena for umtary groups which are non-split at p. Indeed, the integrality

of R(1 0.1), (cf. §5.3.10| and Table |3) together standard Taylor-Wiles—Kisin arguments give the
followmg Theorem (again, we refer the reader to the bulk of the paper for unfamiliar terminology):

Theorem 1.4. Let F/F* be a CM field extension of F which is unramified at all finite places,
suppose that p is unramified in F and that every place of F above p is inert in F.

Let " : Gal(Q/F) — GL2(Z,) be a continuous Galois representation, and let 7' : Gal(Q/F) —»
GLy(F,) denote the associated residual representation. Assume that

o 7' is unramified at all but finitely many places;

o we have r'* = 1V @ ¢, where ¢ € Gal(F/F*) is the complex conjugation;

o for all places v of F above p, the local representation T/|Gal(@ /By is potentially crystalline,
P v

with parallel Hodge type (—1,0) and 4-generic tame inertial type 7, ;

o for all places v of F' above p, the local representation T |Gal T,/ Fy) is semisimple and 4-
generic;

o 7 is unramified outside places above p;

o 7 = T7,(m) where 7 is a cuspidal automorphic representation of G(Ap+), such that 7
is trivial and for all places v of F* above p, the local component m, contains the tame

UQ(OFJ)-representation associated to T, by the inertial local Langlands correspondence (cf.

Theorem ,'
o @ker(ad(r ) does not contain F((p); and
o 7(Gal(Q/F)) 2 GLy(F’) for some subfield F' C F,, with [F'| > 6.

Then 1’ is automorphic.

(Recall that ' is automorphic if 7/ ®z, @p is isomorphic to r,(7’) for some cuspidal automorphic
representation 7' of G(Ap+), where r, (') is the continuous Galois representation associated to 7/
as in Theorem [6.1})

We conclude this introduction with a few remarks on natural questions which arise from the
results in this paper.

In Theorems and the assumption that 7 is unramified outside p is used to simplify our
arguments, and it should be possible to remove it. On the other hand removing the condition that
the L-parameter is residually tame at places above p requires further analysis of the possible set of
modular weights WmOd(ﬂGal(@p/FJ)) C W7 o @, /F+)) and will depend in a subtle way on the

geometry of Ril on.r
Mea@,/FH)

In the case where r]Gal(@ /18 semisimple, the combinatorics of the set W (F T Ga@ q,/ ) and
52 v

the set of Jordan-Hélder consitutents of tame types for Us(O,+) suggest that tame UQ(O P+ )
representations will play the role of Breuil-Paskunas diagrams for non-split unitary groups. We
expect these representations to be useful in constructing, by a purely local procedure, some mod-p
representations of Us(K') which naturally appear in the cohomology of Shimura curves with tame
level at p. We hope to come back to these questions in future work.

The paper is organized as follows. In Section |2 we discuss the unitary groups over O which
are relevant for this paper, namely the unramified unitary group in two variables Uy, . In fact,
in order to speak about Serre weight conjectures, we must work with a certain central extension
U, of U, constructed by Buzzard-Gee in [BGI14]. We also define the C-group ¢Us, which is the

“classical” Langlands L-group of Us. We give explicit descriptions of the Galois actions on these
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groups, their character groups, and their Fp-structures. Since the groups appearing are slightly
non-standard, we have attempted to give a detailed account.

Section [3|is devoted to the theory of types, that is, absolutely irreducible Uy(F,)-representations
over Frac(O), and their reductions over F. In Subsection we recall the notion of base change
for types and compare it with local automorphic base change of smooth Ujy(K)-representations
over C. Then, in Subsections [3.4 and we analyze the Jordan-Holder constituents of the mod p
reductions of types vis-a-vis the constituents of the mod p reductions of their base changes. This
allows us to establish several useful properties of base change of Serre weights.

In Section we study L-parameters of the form 5 : Gal(Q,/K) — “U(F). We relate these
parameters to Us(Of)-representations to produce the set of (local) predicted weights W’ (), as
defined in [GHS18|. The core of this section is Subsection which examines the compatibility
between Serre weights of L-parameters and their base changes. To conclude, we establish Theorem
[4.9] which figures in subsequent base change results.

Section [p| deals with local deformation theory of C-group valued L-parameters. We introduce
the notion of Frobenius twist self-dual Kisin modules over &g = (Og, ®z, R)[u] in Subsection
which are Kisin modules equipped with an isomorphism between their Frobenius pullback and their
dual. Using this definition, we deduce the deformation theory of Frobenius twist self-dual Kisin
modules from that of Kisin modules over S by means of base change (as in [LLHLMIS|). The
precise relation between deformation theory of Frobenius twist self-dual Kisin modules and C-group
valued L-parameters is achieved in Subsection In particular, we obtain an explicit presentation
for the deformation rings R(ﬁl’o’l)’Tl.

Sections [6] and [7] contain the main global applications, and the proof of the main theorem. In
Subsections[6.1] - [6.3] we provide the background on algebraic automorphic forms on unitary groups
which are quasi-split (but not split) at p, and the Galois representations associated to them, by
generalizing the usual results in the literature for groups which are split at p (see Theorem . We
remark that the compatibility of base change of types as recalled in and classical base change
are integral to these generalizations. The main result of Section [6] is Theorem which is the
“weight elimination” statement.

In Subsections - we generalize the patching construction of [CEGT16] to our unitary
groups (cf. Proposition |7.3]). The modifications are largely formal, using as input the results from
Subsection [6.3] The main result on “weight existence” is then obtained in Subsection [7.4] following
the patching techniques of [GK14]. The main result on automorphy lifting follows in Subsection
[(.0l
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John Enns, Florian Herzig, Tasho Kaletha, Bao Le Hung, and Sug-Woo Shin for numerous en-
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project CLap-CLap ANR-18-CE40-0026. Finally, we would like to heartily thank the referee(s) for
his/her meticulous reading and comments on several versions of the present article, which greatly
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1.1. Notation. Let p denote an odd prime number, and fix an algebraic closure @p of Q,. We
denote its ring of integers by Z, and its residue field by F,, and we assume that all field extensions
of Q, are contained in @p. Given a p-adic field F' and an element x in its residue field, we define Z
to be its Teichmiiller lift. Throughout we will work with a finite extension £ of Q, which will serve
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as our field of coefficients. We let O denote the ring of integers of E, w its uniformizer, and F its

residue field. We will assume F and F are sufficiently large as necessary.

For any field F, we let I'p < Gal(F/F) denote the absolute Galois group of F, where F is a fixed

separable closure of F. If F'is a number field and v is a place of F', we let F}, denote the completion
of F' at v, and use the notation Frob, to denote a geometric Frobenius element of I'p,. If F'is a
p-adic field, we let Ir denote the inertia subgroup of I'p.

For F either a number field or a p-adic field, we let € : I'p —> Z; denote the p-adic cyclotomic
character, and let € or w denote its reduction mod p.

If F' is a p-adic field, V a de Rham representation of I'r over F, and k : ' — E an embedding,
then we define HT (V') to be the multiset of Hodge-Tate weights with respect to x. Thus, HT (V)

contains 4 with multiplicity dimg(V ®p, F(i))'F. In particular, HT;(¢) = {—1}. Further, we let
WD(V') denote the Weil-Deligne representation associated to V', normalized so that V +—— WD(V')
is a covariant functor.

Let F be a p-adic field. We let Artp : F* — F%b denote the Artin map, which sends uniformizers
to geometric Frobenius elements. Let recc denote the Local Langlands correspondence of [HTO1],
from isomorphism classes of smooth irreducible representations of GL,,(F') over C to isomorphism
classes of n-dimensional, Frobenius-semisimple Weil-Deligne representations of the Weil group of

F (normalized to agree Arty in dimension 1). For a choice of isomorphism ¢ : E — C, we define

def _ =
recy = 1 ! orecc 02 to be the Local Langlands correspondence over E.

All representations will live on vector spaces over E or F, or on O-modules, unless otherwise
indicated. By abuse of notation, we will generally not distinguish between a representation and its
isomorphism class. If G is a group, H < G a normal subgroup, p an H-representation and g € G,
we write p? to denote the H-representation given by h — p(ghg™1).

Given a finite length representation V' of some group, we let JH(V') denote its set of Jordan—-Hdolder
factors. If V' denotes a representation of a (pro)finite group G on a finite-dimensional E-vector space,
then we may choose a G-stable O-lattice V° inside V, and we write V° for its reduction mod w. By
[Ser77, Thm. 32], the set of Jordan—Hélder factors of V° is independent of the choice of lattice V°.
We write JH(V) for JH(V?°). We denote by V +—— V" the duality functor defined on the category
of finite dimensional E-vector spaces (resp. finite dimensional F-vector spaces).

We write matrix transposes on the right, so that AT denotes the transpose of a matrix A. Given
an (anti)automorphism 6 of GL,(R) which commutes with the transpose, we write A?T for (49)T;
in particular, we write A~ for (A=1)T.

2. GROUP-THEORETIC CONSTRUCTIONS

Our first task will be to introduce the groups which will be relevant to arithmetic applications.
After defining unitary groups and certain central extensions in Subsections and we construct
the dual groups with which we will be working in Subsection For the sake of thoroughness, we
also give explicit descriptions of the Galois actions and F,-structures. We mostly follow [BG14] and
[GHS1S, §9].

2.1. Unitary groups over p-adic fields.

2.1.1. Let f > 1, and let K denote the unramified extension of Q, of degree f. We let Ok denote
its ring of integers, with canonical uniformizer p, and identify its residue field with F, = F,;. We

let ¢ € I'g, denote a fixed lift of Artg,(p) € Fak;; in particular, ¢ is a geometric Frobenius element
and we have £(¢) = 1. The group ' is topologically generated by ¢/ and I ( = Ig,)-

We let Ky denote the unique unramified quadratic extension of K, and O, its ring of integers.
The group U (K) C O, is defined as the kernel of the norm map Ky — K*.
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Fix a choice of root m & (—p)l/(pr_l) € Q,. We define a character @y : T'g, — Ok, by

7""7
v —.
T

We fix once and for all an embedding ¢y : Ko — E, and define
(sz dzefq) O(:«v)7T : FK2 — 0%,

We denote by wyy the mod p reduction of woy. Note that wgff*l)/(pfl) = w.

2.1.2. Let Uy denote the algebraic group over Qg given by
UQ(R) = {g S GLQ(OK2 QKo R) : g(cpf®1)'l'q)2g = CI’Q}

where R is an Og-algebra, and &y & (%8

Recall that the field K5 is considered as a subfield of @p. The projection O, ®¢, @p — @p
defined by x ® y — xy induces an isomorphism U, (@p) = GL, (@p), and via this isomorphism
GL2(Q,) obtains a I'x-action given by

g if v € Ty,
T\ (@297 T05)T ify € Tk T,

2.1.3. Following [BG14, §5.3], we set H €' U,, so that H is a canonical central extension
1—G,, —H —U; —1

of algebraic groups over Og. (To be precise, the construction of [BGI4] which we outline below is
done over K. The integral model for Uy above gives rise to a hyperspecial point in the semisimple
Bruhat-Tits building of Us(K'), which is identified with the semisimple Bruhat-Tits building of
H(K), since the extension defining H is central. We therefore obtain a hyperspecial point and the
desired integral model for H.) We will often abuse notation and conflate algebraic groups over Qg
with their generic fibers. The group H possesses a twisting element, in the terminology of op. cit..
We now recall the explicit construction of H.
We proceed as follows. The group H is defined as a pushout followed by a pullback:

1 Mo SL2 E— PGL2 — 1

[ o] H

1 G GL, — PGLy —— 1
| [ o1
1 Gn —— H U, 1

Concretely, H is the set of all pairs (h,h'), with h € Uy, ' € GLy, subject to the condition that h
and A’ have the same image in PGLy. The maps H — Uy and H — GLy are the projections
onto the corresponding factors, and the map ¢ : G,,, — His A — (1, (())‘ ?\))

Note that the @p—poin‘cs of the top two rows of the diagram above carry the standard (i.e., split)
action of I'g. In particular, the action of I'x on the first factor of H(@p) is the one induced from
U, (@p), while the action on the second factor is the standard one.

IThis group is quasi-split, and is customarily denoted Uy ; in the literature.
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2.1.4. Let Ty denote the diagonal maximal torus of U, and Ty its preimage in H. Furthermore,
let Tg, Ts, and Tp denote the diagonal maximal tori of GLo, SLo and PGL,, respectively. The
character groups of these tori fit into a diagram:

0 —— X*(Tp)NZ —972% , X*(Tg) X7 —— X*(py) XZ/27 ——— 0

(a,b)—a—b J T

a—(a,—a) (a,b)—a+b
—

0 —— X*(Tp)=Z X*(Tg) =72

\[w—%a,a) O]

00— X*(Ty) 222 —— X*(Tg) ——— X*(Gp) ¥Z —— 0

X*(Gp) XL ———— 0

The isomorphisms appearing are the canonical ones. (The notation X*(T,), fore € {P, S, U, G, H},
stands for the character group of the torus T, over Q,,.)

We describe the remaining character group. The group X*(Ty) is a pushout, so we may identify
it as

X*(Ta) = {(g) € X*(Ty) ® X*(Tg) = 24} /~

d
a a+t+z
(2)~(%)
c c—=z
d d+z
for z € Z. The maps X*(Ty) — X*(Tu),X*(Tg) — X*(Tu) are the inclusions into the
corresponding factors, and the projection X*(Tyg) — X*(Gy,) 2 Z is

[¢]
<2) —> c+d.
d

2.1.5.  'We now consider cocharacter groups. The bottom two rows of the diagram above give the
following commutative diagram:

where

a’'—(a,a") (a’' b )—a’ b
T 5

X.(Tg) 272 X (Tp)XZ —— 0

T . T(a/,bw_b/

0—— Xy (Gn) 2Z —— X, (Tg) —— X,(Ty) =22 —— 0

00— X (Gp) 27

The isomorphisms are again the canonical ones, and we again consider the cocharacter groups of
the tori over @p.

We describe the remaining cocharacter group. The group X,.(Tg) is a pullback, so we may
identify it as

X.(Ty) = {(gi) € Xu(Ty) ® X (Tg) =274 :d -V =¢ — d’} .

The maps X, (Ty) — X.(Tu), Xs(Ta) — X.(Tq) are the projections onto the corresponding
factors, and the map X.(G,,) 2 Z — X.(Tq) is

0
(I,*—> (2/)
a
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2.1.6. The actions of I'x on X*(Tx) and X.(Tg) are the ones induced from X*(Ty) and X, (Tvy):
they are both unramified, and we have

for (

a/
b/
for <§£> € X«(Tu).

The pairing (—, —) : X*(Tq) X X.«(Tua) — Z between characters and cocharacters is given by

<<Z>, <Z;)>:aa’+bb'+cc'+ddl;
d

d/
this is well-defined and Galois-invariant. The roots &y C X*(Ty) are given by {tagm}, where

def ,11
g = 0 .
0

Likewise, the coroots ®f; C X, (Ty) are given by {£ay;} where

1
v odef [
O[H—(1>
-1

We define the set of simple roots as Ag def {amg}, and let By denote the corresponding Borel
subgroup of H. We therefore have Af; = {ay}.

The group H has a twisting element, in the sense of [BG14]: tracing through the construction in
op. cit., we obtain

> € X*(Th) and

[SHeRS s}

aet (0 x
0

This element is Galois-invariant, and (g, ayy) = 1.
The Weyl group of H with respect to Ty is denoted Whg; it is a cyclic group of order 2. We
denote by s the unique simple reflection, which generates Wiyg.

2.2. Unitary groups over Q,.
2.2.1.  'We now consider unitary groups over Q,. We set
(G, B, T) ¥ Resg,./z, (H, Bu, TH).
all group schemes over Z,. We have
G(@,) = Indy;? (H(T,)

as I'g,-groups, and via the evaluation maps, we have

f-1
(evi,evy,... ,evwfq) : G(@p) AN H H(@p)
i=0
fro—= (s ‘Pi»ogigf—r

Recall that ¢f acts on H(Q,) by
CTa s
o - (h1,ha) = ((¢2h1 e, 1)@1«7 h3 ) '
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Tracing through the isomorphisms above, the action of I'gp, on the right-hand-side product is given
as follows:

CTa f
@ ((hoi,hog2),ha,... hp_1) = (hlw--,hf—la(@2hoj}bzlah02)p )
with inertia acting in the standard, diagonal way. In particular,
evi : G(Qp) = G(@p)FQP — H(@p)rK =H(K) = 62(K)
2.2.2. The character and cocharacter groups of the torus T are given by
X*(T) 2 Ind? (X*(Tw)),  Xu(T) = Indp” (X.(Tw))

(cf. [GHS18, §9.4]). Using the evaluation maps as above (with the same ordering), we identify

f-1 f—1
X*(T) =P X*(Tu), X.(T)=X.(Tn).
=0 =0

ago a1 af—1

co c1 cr_1

do dq df_1
(and similarly for X, (T)).

The perfect pairing (—, —) : X*(T) x X,(T) — Z is given by

)

and the action of I'g, on X*(T) is given by

We will write elements of X*(T) as

=
Il
[SHISYISIS]

s

/
/

f—1
)> = Z aia; + blb; + Cic; + dld;,
=0

/\
7N\
[[SHIeYISAIS]

SIS

<

ag al af—1 ay af—1 —bo
(8)(&) () -()-()(F)
(p . o c e Y — c1 o e ¢r1 o .
do di df_1 di dy_1 do
An analogous action (i.e., with a “shift left”) holds for X, (T).

r
2.2.3.  We define the simple roots A as those functions f in Indp% (X*(Tq)) with image in {0}UAH,
and such that f(v) = 0 for all but a single coset. Explicitly, we have A = {a;}o<i<f—1, where

() () ()
——

ith entry

We define AV analogously, and obtain AY = {a}' }o<;<s—1, where

oy & (g)@(%) € X.(T).

ith entry

—

The Weyl group W of G with respect to T is equal to WI{I We shall write elements of W as
w = (wop, w1, ...,ws_1). The group W has a nontrivial Galois action given by
@ - (wo,wl, ce wf_l) = (wl, .. .wf_l,wo).

Finally, we define 1 dof (1,1,...,1) and s dof (8,8,...,9).
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The map ev; induces a bijection X*(T)T'% =5 X*(Ty)'s. In particular, the twisting element
nua € X*(Twu)'X corresponds to the twisting element

() () () eveor

2.3. Dual groups. We now define the relevant Langlands dual groups.
2.3.1. The based root datum of Us (with respect to the upper-triangular Borel subgroup) is given
by
(X*(Tu) =2 2% {(1,-1)}, X«(Tv) = 7%, {(1,-1)}).
Therefore, we may take ij def GL> as the dual group, which we consider as a split group scheme

over Zjp, along with its diagonal maximal torus, upper-triangular Borel subgroup, and the fixed
isomorphism between G, and the unipotent radical of the Borel given by x — ({%). We equip

this data with the canonical isomorphism between the based root datum of Uy and the dual based

root datum of Us. In choosing this isomorphism, we obtain an induced action of I'y on Ug given
by
/g\ if Y E r Ka»
vg= Tl det(g)~! 0 ~ .
P o, = R ifyelg \Tk,.

2.3.2.  Consider now the group H = U,. The based root datum of H is given by
Uy € (X*(Tu), An, X.(Th), AY),

and therefore the dual based root datum is
U = (X*(TH), Ay, X*(Tw), AH) .

We let H denote the dual group of H, with maximal torus ”I‘H and Borel ]§H which contains TH
By [BG14l, Prop. 5.39], we have

fx@xen /(7)) 1)) =craxman,

where the Galois action on H is the one induced from 62. We have an isomorphism

H=GLy,x* G,, = GLyxG,,

h,a] — ((g 2)%,&)

and we will identify H with GL; x G, via this isomorphism. The Galois action is then given by
(/ﬁ,a) if v € T'k,,

- (77,, a) = a 0 ~ T adet(ﬁ)*1 0 ~ _
b Tl a| = |7, frelk~Tk,,
((O a) ? 204 0 adet(h)™! @) BIEIEN TR

for (h,a) € GLy x G,
Thus, we obtain the based root datum for H

def

\Ilﬁ = <X*<TH), 3, X*(TH)v 3\/)
= (7%, {(1,-1,0)}, 7, {(1,-1,0)}),
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equipped with an action of I'. Moreover, we obtain an isomorphism of based root data ¢ : U =
U
H

¢: X, (Tg) — X*(Tn)

(', b,c,d) — (d,V,d—d)
(@)1 X*(Tu) — X.(Th)

(a,b,c,d) — (a+c,b+d,c+d)

where the last coordinate in the character (resp. cocharacter) group of ’T‘H corresponds to the G,
factor of H. Note that this exchanges the roots and coroots. We use this isomorphism to identify
the Weyl group of Ty with Wis.

2.3.3. Finally, we define

U, € LH = H x Gal(K2/K) = (GLy x Gy,) x Gal(Ky/K),
with the Galois group acting on fl as above. The injection ¢ : G,, — H induces a dual map
7:*H — G,,, which is given by (h,a) x vy +— a.

Remark 2.1. We will need to make use of the above construction in a global setting as follows.
Suppose F/F™T is a quadratic extension of global fields, and let v denote a place of F'* which is
unramified and inert in F', and such that Fj =~ K and F, = Ks. We then identify ¢U, with

H x Gal(F/F)
via the isomorphism Gal(F/FT) = Gal(F,/F,") = Gal(K3/K).

2.3.4. We set
(G, B, T) 2 Indy. (H B, TH),
all group schemes over 7Z,, equipped with the 1nduced ['g,-action. Using the (induced versions of

the) isomorphisms above, we consider G as the dual group of G, and set
LG ¥ G x Gal(K2/Q)).

2.4. An isomorphism. We briefly digress to recall a construction of “Usy from [CHTOS] (see also
[BG14, §8.3]).

Let G2 denote the group scheme over Z, which is a semidirect product of GLo x Gy, by
Gal(Ky/K), with ¢f € Gal(K,/K) acting by

(G o).

There is an isomorphism between our model Uy and G given as follows:

~

‘U, = G

~ -1 N
h,a) x1 +—— @ 91 h,a ') %1
0 a
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The group G2 also possesses a map v : §o — G, given by (ﬁ,a) X () — (=1)%a. Under the
isomorphism above, this corresponds to the map (=)' 07: “Uy — Gp,.
As in Remark [2.1] we will often identify G with (GLg x G,,) x Gal(F/F7).

2.5. F,-structures.

2.5.1. Viewing G and G as group schemes over Z,, we can form the Fp—group schemes:
(G,B,T) ¥ (G,B,T) xz,F,,  (G", B, T") ¥ (G,B,T) xz, F,.

We denote by F the relative Frobenius on G, and denote by F* the composite Fr o ¢, where Fr is
the relative Frobenius on the split group G*. In particular, we have G = G(F,) = H(F,).
The action of F on X*(T) is defined by F(x) = x o F, so that F = pp on X*(T). Identifying
X*(T) =2 X*(T) with @{;01 X*(Tu) as in Subsubsection this action is explicitly given by
af_1 paf_1

ag al pai —pbo
F bo b1 b1\ _ [ pbs pby_1 —pao

co ca )T\ cr-a — \ paa | """\ pcy_1 pco

do dy df_1 pdy pdf_1 pdo

Similarly, the action of F* on X, (T*) is given by F*(\) = F* o A, so that F* = pp on X, (T").
Therefore, after chasing through the isomorphisms of root data of Subsubsection and using
the identification X, (T*) = X, (T) = @{:—01 X.«(Ty) similar to above, this map is explicitly given

by
. [ a0 ai af—1 pai paf—1 p(co—bo)
()5 () - () () (2.
co c1 Cf_1 pc1 pCf—1 pco

3. REPRESENTATION THEORY

We now collect various results we will use regarding types and weights for the groups ﬁQ(Fq) and
GLy(F,2). We give definitions of base change for both types and weights in Subsections and
respectively, and relate the former to automorphic base change. Subsection [3.4] discusses various
compatibilities between types and weights, and contains useful combinatorial properties which will
be employed extensively in the applications which follow.

3.1. The group G.

3.1.1. Let X, (T), X1(T) and X°(T) denote respectively the subsets of X*(T) consisting of dom-
inant, p-restricted, and inner-product-zero elements:
def

X (T) £ {peX"(T):0< (u,a)) forall0<i< f—1}
XUT) & (e X*(T):0< (na))<p—1forall0<i<f—1}
XOT) & {ue X(T): (oY) =0forall 0<i < f—1}.

3.1.2. Recall that a Serre weight of G(F,) is an irreducible representation of G(F,) on an F,-
vector space. Given p € X (T), we let F(u) denote the restriction to G(F,) of the algebraic
G-representation of highest weight p. We then have the following result.
Proposition 3.1 (|[GHS1S8|, Lemma 9.2.4). The map
X1(T)
(F —1)X%(T)
po— F(p)

—  {Serre weights of G(Fp)} /=

s a well-defined bijection.

We will always assume that the coefficient field F is large enough so that the representations F'(u)
may be realized over F.
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Definition 3.2. Given a character p € X*(T), we say p lies n-deep in the fundamental alcove if
we have

n<({ut+mna)<p-n
for all 0 <i < f — 1. We say a Serre weight F' is n-deep if we can write F' = F'(u) for some n-deep
character p. (Note that this notion is independent of the choice of p.)

3.1.3.  We likewise consider Deligne-Lusztig representations for the group G(F,), as in [GHSI18|
§9.2]. In particular, for w € W and p € X*(T) such that (T, 6. ,) is maximally split, we let Ry, (1)
denote the associated Deligne-Lusztig representation, a representation of G(IF,) over @p. Note that
if p — n is O-deep, then (T, 0, ;) is maximally split for any choice of w € W, cf. [LLHLI9, Lem.
2.2.3]. We again assume the coefficient field E is large enough so that R, (u) may be realized over E.
Using the surjection G(Z,) —» G(F,), we will occasionally view Serre weights and Deligne-Lusztig
representations as representations of the compact group G(Z,) = 62((‘) K)-

By [Her09, §4.1], if (w,pu) € W x X*(T) with u — 7 being 0-deep, and if (v,v) € X*(T) x W,
then we have an isomorphism

(3.1.1) Rus() 2 Rowpuy-1 (v(p) + F(v) = vwF ()1 (1))

Moreover, by [Her(09, Lem. 4.2], if (w, u), (v, /) € W x X*(T) are two pairs with u—n and @' —n
being 0-deep, and we have an isomorphism R, (1) = Ry (1), then (w,u) and (v, ') lie in the
same X*(T) x W-orbit.

Definition 3.3. Let o denote a Deligne-Lusztig representation. We say o is n-generic if there is
an isomorphism o = R, (¢ + 1), where p lies n-deep in the fundamental alcove.

3.1.4. We shall also need to know how the representations R, (x) decompose upon reduction mod
p. To this end, we define the following elements of X*(T). Fix w = (wo,w1,...,ws_1) € W, and

set
0 1 0 0
def def
pw:<8><8>7 5w:<8><(1)>’
0 0 0 0
~—— ~—— ~—— ~——

w;=1 w;=$ w;=1 w; =8

1
def % 8 def 0
0 0 0
N—— N——~ =
w;=1 w;=s

Suppose that p € X*(T) is such that p — n is 1-deep. By the main theorem in the appendix of
[Her09], we have

(3.1.2) JH (R (1) = {Fur (Rw(1)) }yrew »
where
(3.1.3) Fur (R (1)) € F (prur + 0’ (1 — wr(egu)) + ppur = 7(p)) ,

and where 7 denotes the action of =1 on X*(T).

~

Definition 3.4. Let o be a 1-generic Deligne—Lusztig representation and fix a presentation o
Ry, () with w € W and p — n being 1-deep. We define the Deligne—Lusztig representation (o) by

def
B(0) = Rsw (s(p =) + (p = 1)) -
By [LLHL19, Prop. 2.2.15] and equation (3.1.1]) one easily checks that §(¢) does not depend on the
choice of presentation o = Ry, (u). Moreover, note that if n < (u, ) < p—n, then s(u—n)+(p—1)n
will satisfy the same set of inequalities. Therefore if R, (1) is n-generic, then (R, (n)) will also be
n-generic.
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3.1.5. Finally, suppose u € X*(T) is a character of the form

ao al af_1
- (5)(3) ()
0 0 0

(that is, suppose p is in the image of X*(Resg,./z,(Tu)) — X*(T)). Then Ry (u) is a representa-
tion of G(Z,) = U,(Ox) on which 1(0%) acts trivially, and therefore we view it as a representation

of GQ(OK)/Z(OIX() = Uy(Ok). Conversely, if R, (u) is a representation of G(Zp) on which (0% )
acts trivially, then p is a character of the form

ag a1l af—1

_ b b br_
() () ()

0 0 0

with sz;ol cip' = 0 (mod pf — 1). By applying the equivalence Ry, (1) = Ry(p+ (F —w)y') for an
appropriately defined element p/ € X*(T) and using the equivalence relation on X*(Tg), we may

assume p is of the form
ag\ /9 a1
0 0 0
0 0

0
(one can even take p’ € X°(T)).

3.2. The group GL,.

3.2.1. Set
def
(G',T') = Reso,, /z,(GLyjo,, . Tajox, )
so that G'(Fp) = GLa(F,2). We identify the maximal torus Tgjoy, of GLyo,, with Ty xo, Ok,.
This gives isomorphisms

2f—1
T xz,Q = [](Tuxox Ok,) Xo,, 0 Qp
=0
f-1 2f—1
= (H Ty X0k pt QP) X ( H Tu X Ok @t @p)
i=0 i=f

= (Reso,/z,(Tu) xz, Q,) x (Resg, sz, (Tu) xz, Q) ,

where we conflate Gal(K2/Q,) with the set of embeddings of Kj into Q,. In this way, we identify
X*(T’) with two copies of X*(Resg,.z,(Tu)). We write elements of X*(T') as (u, ) with p, p’ €
X*(Resg, /z,(Tu)). In particular, if u is an element of X*(T) of the form

ao al af_1
_ bo b1 . br_q
0 0 0

(3)(5) - (57)) € X*(Resoy 1z, (Tw)),

and consider expressions such as (p, 1) or (u, —s(p)) in X*(T7).

Given some object (homomorphism, character, etc.) associated to G, we will denote by a prime
the analogous object associated to G’. For example, the notation F’ will be used to denote the
Frobenius map on G’ xz, F,, and on the character lattice X*(T’):

F/ ag a1 azf—1 _ [ pa1 pazf_—1 pag
bo b1 boy_1 ) — \ ph1 pbay 1 pbo

we will identify it with
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We identify the Weyl group W’ of T/ with two copies of W, and we will sometimes write elements
of W' as (w,w’) where w,w’ € W.

3.2.2.  We define the subsets X (T'), X1(T’) and X°(T') as above, and denote by F’(u1) the re-
striction to G'(Fp) = GLa(F2) of the algebraic G'-representation of highest weight p € X (T’).
In particular, we have the following classification result.

Proposition 3.5 ([GHS1S8|, Lemma 9.2.4). The map

X1(T')
(F — 1)X(T")
po— F'(p)

—  {Serre weights of GLa(Fy2)} /=~

1s a well-defined bijection.

Once again, we will assume that F is large enough so that F’(u) may be realized over F.

3.2.3.  We define Deligne—Lusztig representations R/, (u) for w € W’ € X*(T’) analogously to the
above. We again assume that R} (¢) may be realized over E. Furthermore, an analog of equation
(3.1.1) holds. We will often view F'(p) and R], (u) as representations of G'(Z,) = GL2(0Ok,) by
inflation.

3.2.4. Given w = (wo, w1, ..., war—1) € W', we define the following elements of X*(T):

1 def 0 1 1 def 0 0

() () e (B) e (7)o
~—~ ~—~ ~—~—~ N~
w;=1 w;=s§ w;=1 w;=s

1 def 1 sdef (1

(1) () (D),
~—~—~— N~

’wi=1 w; =S8

Suppose p € X*(T’) is such that p— p’ is 1-deep. The analog of (3.1.2) takes the following form:

(3.2.1) JH (B, (1) = { Fo (R (1)) } ey »

where
def

Foy (R, (n) = F' (m&,/ +w' (p = wr' (e(g ) + PPy — p’) :

and where 7’ is the automorphism of X*(T") such that F’ = pr'~'.

~

Definition 3.6. Let ¢’ be a 1-generic Deligne-Lusztig representation and fix a presentation o
R (p) with w € W’ and p — p’ being 1-deep. We define the Deligne-Lusztig representation ’(o”)
by

B(0") E R, 5 (5,8 (n—p) + (p—1)p)) .

As above for the map f, the above expression is well-defined, and if R) (u) is n-generic, then
B'(R., (1)) will also be n-generic.

3.3. Base change of types. Our next task will be to define a notion of base change for tame types
of Uy(Ok). We note that this is essentially the Shintani lifting considered in [Kaw77].
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3.3.1.  We first recall the classification of irreducible representations of Ug(F,) in characteristic
zero (cf. [Enn63]).
Fix a character
e qug — 0%,

which we also view as a character of By (F,) via

o((5 L)) v

where x € F* 2Y € F,2, and zy? = yz?. (Here By denotes the upper triangular Borel subgroup

of Us.) We let Indgfj(é%q)) (1) denote the induced representation. If /=% = 1, then IndUQ((]F")) (1) is

irreducible. On the other hand, if /=% = 1), then 9 extends to a character of Us(F,), and we have
Indp” () () 20 & (¥ ©pSt),

where St denotes the irreducible representatlon Ind 2? q))( )/1.

Consider now the group Jeng & U1 x U over Ok, which is the unique elliptic endoscopic group
of Usy. Fix a character
0 =01®0:: Jena(Fy) = Ur(Fy) x Uy (F;) —> 0O
(z,y) — O1(2)02(y).
We suppose that 0; # 02, and let o(f) denote the associated irreducible cuspidal representation of
Uy(F,), as in [Blal0, §3.1(b)].
We have the following classification theorem.

Theorem 3.7 (|[Enn63|). Any irreducible representation of Ua(F,) over E is isomorphic to one of
the following:
o 1, where 1 is a character of Ua(Fy);
o 1 ®p St, where 1 is a character of Ua(Fy);
I]ndgz((]F ))(¢), where 1) is a character of IF'; which satisfies =1 # ;
o 0(0), where 6 =6, ® 6y is a character of Uy(F,) x Ui (F,) with 61 # 0.

The only isomorphisms among these representations are IndUz(Equ)) () = In dUQ(éF")) (™) and o(61®

02) = 0'(92 X 91)

Definition 3.8. We define a tame type o to be an irreducible Us (O )-representation over E which
arises by inflation from an irreducible Uy (IF,)-representation over E. Likewise, we define a tame
type over O to be a representation o of Us(Ok) on a finite-free O-module, such that o ®¢9 F is a
tame type over E. We make similar definitions for the group GL2(Ok,).

3.3.2. The principal series case. Consider again a character
(I IE*‘;2 — 0%

which satisfies 1p~7 # 1), and let IndU2(2F Q)) (1) denote the (irreducible) principal series representation.

We may extend the character ¢ to a character ) ® =9 of By(F,2) as follows:
YR 1 BU(qu) — 0~

(5 1) — vwer

where z,z € F 2 Y€ F,2. We consider the (irreducible) induced representation IndB (]F (w P~ 9)
of Up(Fp2) = GLg( 42), and view it as a tame type of GL2(Ok,) by inflation.
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Definition 3.9. Let ¢ : IF;2 — O be a character such that ¢~ # 1). We define the base change

of Indgi(gfq)) (1) to be the GL2(Ok,)-type given by

Us(Fy) def 1 GL2(F 2) _
B (Indg? () (1)) = Indp i ) (v @ ¥77),

There is a compatibility of this definition with automorphic base change, as follows. Let o =
Indgfj(g;q)) (1), and suppose 7 is a smooth irreducible representation of Us(K) over C such that
0 ®r C C 7|y, 0y) (for some choice of morphism E < C). This implies that 71 £ 0, where
Iw; denotes the upper-triangular pro-p-Iwahori subgroup of Us(Og). Consequently, m cannot be
supercuspidal, and is therefore a subquotient of a principal series representation. Since the character
1 is regular, this subquotient must in fact be an irreducible principal series (see [Rog90, §11.1] for a
classification of nonsupercuspidal representations of Uy (K')). We let BC(7) denote the stable base
change of 7 to a representation of GLa(K3) (cf. [Rog90, §11.4]). Then BC(w) contains a unique
tame type, which is isomorphic to BC(o) ®p C.

3.3.3. We now wish to compute the base change map on Deligne-Lusztig representations. Let

€ X*(T) be such that
ag af—1
p— bO b*l
(5 (%)
0 0

/-1 /-1 f-1 /-1
> aip' —p' > b £ bipt —p! > aip’ (mod p* - 1).
=0 =0 =0 =0

By [DL76, Prop. 8.2] we have an isomorphism of Uy (O )-representations

and suppose

~ U, (F
Ri(p) = Indg? () (6,),

S L g i f Sy i
(5 1)) = (s=iomy Stin)

(recall that we identify representations of Us(O ) trivial on 1(0%) and representations of Uy(Ok)).
Further, the assumption on p and Proposition 7.4 of op. cit. imply that Rj(p) is irreducible.
Consequently, the base change map becomes

BC (R1(p)) = R{y 1) (1, —s(n)) -

Now let w € W be an element in the F-conjugacy class of 1, and choose w’ € W such that
w'wF (w')~!' = 1. Applying first the equivalence ([3.1.1]) for the element v = w’ (and v = 0), then
the above equation, then the equivalence induced by (w'~!,w'~!), we obtain

(3.3.1) BC (Ru (k) = Ry, ) (1, —5(1)) -

3.3.4. The cuspidal case. Consider again the character § = 0;®0 of Jenq(IF,) which satisfies 61 # 65.
By base change we obtain the character

0 : Jena(F2) =F5 xFy — 0
(z,y) > Oi(z' D02 (y'79).
By inflation, we view this as a character of upper triangular Borel subgroup By (F,2) of Ua(F2)

GL2(F2) ~
GLy(F,2), and view the (irreducible) induced representation IndBU?]; ‘S)(G) as a tame type of
q

GL2(Ok,).

where

~
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Definition 3.10. Let § = 6; ® 02 : Jena(Fy) — O be a character such that ; # ;. We define
the base change of o(f) to be the GL2(Ok,)-type given by

GLy(F,2) =

BC (0(0)) & Indg s 5 (0).

We again have a compatibility of this definition with automorphic base change. Let o = o(#), and
suppose 7 is a smooth irreducible representation of Uz (/) over C such that 0 @ C C 7|y, (o, (for
some choice of morphism E < C). This implies that 7 is a level 0 supercuspidal representation,
and we let BC(7w) denote the stable base change of (the L-packet containing) m. Then BC(m)
contains a unique tame type, which is isomorphic to BC(0) ®g C (see [Blal(, Cor. 3.6]).

3.3.5.  We now wish to compute the base change map on cuspidal Deligne-Lusztig representations.
Let p € X*(T) be such that
agp af—1
J— bO b —1
() (%)
0 0

and suppose that ZZJ-:Ol a;pt # ZZJ-:Ol bip' (mod pf 41). By [DL76, Thm. 8.3], this assumption guar-
antees that R, 1)(p) is an irreducible, cuspidal Uz (O )-representation. Then a straighforward
character computation using [Enn63) §6] and [DL76, Cor. 7.2] gives

Rsa,..1y(n) = o(0,),
where
(7, y) = <o (:izzf:_ol az‘pigZif:_ol bipi) )
Consequently, the base change map becomes

BC (R(s,l,...,l)(ﬂ)) = R/(;,l) (1t =) -

Now let w € W be an element in the F-conjugacy class of (s, 1,...,1), and choose w’ € W such
that w'wF (w')~! = (s,1,...,1). Applying first the equivalence (3.1.1)) for the element v = w’ (and
v = 0), then the above equation, then the equivalence induced by (w'~!, sw'~!), we obtain

(3.3.2) BC (Ru (1) = Ry, ) (1, —s(11)) -

3.3.6. We define a base change map on the remaining irreducible representations of Ug(F,). Given
a character ¢p : Uy (F;) — 0, we let ¢y denote the character

1;0 : IF'qX2 — O
r s Po(xtT).
Definition 3.11. Let 1 : U (F;) — O* denote a character of U;(F,). We define
BC (g odet) = o det,
BC (1hg o det ®St) = g o det @St
where St’ denotes the Steinberg representation of GLy(F,2), inflated to GL2(Ofs,).

Taken together, these definitions give a base change map on isomorphism classes of tame types.
One further checks that the association o — BC(0) is injective on isomorphism classes.
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3.3.7. We define an involution € on (isomorphism classes of)) representations of GL2(IF2) by twist-
ing a representation by the automorphism

g— (<I>2g—T<I>;1)(q)

(note that the fixed points in GLa(IF;2) of this automorphism are exactly Uz(F;)). On Deligne-
Lusztig representations, this becomes

(R 1 1)) = Bl y (~5(0), ~5(1))

The above can be checked using the equivalences of Subsubsections and and character
tables for GLa(Fy2) (see, e.g., [Dia07, §1]). Note that by dimension reasons e(R'(w’w,)(u,u’)) is an
irreducible principal series, resp. an irreducible cuspidal representation, if and only if R’(mw,)(,u, w')
is such a representation.

The following lemma is one of the main results of [Kaw77].

Lemma 3.12. Let o/ denote a tame GL2(O,)-type over E. Then we have €(c’) = o' if and only
if ' is of the form BC(o) for a tame Uy(Of)-type o.

3.4. Combinatorics of types and weights. For future applications to weight elimination and
weight existence results, we now analyze the combinatorial properties of the set JH(7) for a tame

type o.
3.4.1. Before proceeding, we make some definitions to simplify the discussion below.

Definition 3.13. (i) We define W & X*(T) x W to be the extended affine Weyl group. It

acts on X*(T) in the natural way, and we write elements of W as t,w, with p € X*(T),
w € W, to underscore this action.
(ii) An alcove is a connected component of

X (T)®zR - (U{u—i—n, —np}).

We let Cy denote the dominant base alcove
{pe X (T)@zR:0< (u+na) <pforall0<i< f—1}.

(iii) The group pX*(T) x W C W acts on the set of alcoves via the dot action e centered at
—n. We define

QY G e pX*(T)x W : @ o Cy = Cp}.

Remark 3.14. One easily checks that if w = wt_p, = (wit_p,); € €, then we must have
(wiovi) € {1} x XO(Tgr) o (wi,v) € {s} % (e + XO(Tr))

forall0<¢< f—1.

Lemma 3.15. Let R, (11+n) denote a Deligne-Lusztig representation of G(Zy), and suppose ju is a

1-deep character. Let A € X1(T). Then F(\) € JH(R, (i + 1)) if and only if there exists zt_p, € Q
such that

ztpy o (W+wm(v)) =s e (A—pn).

Moreover, the element z € W is unique, and every choice of z arises. Consequently we have
THRu(+ )| =27 (Compare with (312).)
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Proof. First, note that by our depth assumption on u, we may apply [GHSIS|, Prop. 10.1.2] (which
is based on [Jan81, Satz 4.3]) and [GHSI1S8, Prop. 10.1.8].

Suppose F'(\) € JH(R,(p+n)) for some X\ € X;(T). By [GHSIS, Prop. 10.1.8], this holds if
and only if there exists v € X*(T) such that

2 e (u+ (wr —p)v) s e (A—pn)

for all 2/ € W. (We refer to [Jan03, 11.6.4] for the definition of 1; since the root system is of type
Ay x -+ x Ay, the condition p/ 1 N is equivalent to g/ < N and u' € (pAr x W) o X, where Ap
denotes the root lattice of G.) Select z € W such that

z2(p+ (wr —p)v +n) € X4 (T).
Since z o (u + (wm — p)v) lies below s o (A — pn) in the 1 ordering, since z(u + (wm — p)v +n) is
dominant, and since s(A — (p — 1)n) is p-restricted, we must have
zeo (p+ (wr —p)v) =s e (A—pn).

The proof of [LLHLI9, Prop. 4.1.3] shows that |(v,a))| < 1 for every 4, from which we deduce
zt_p, € §). Furthermore, we deduce a posterior:i that the choice of z is unique.

Conversely, if z o (1t + (wm —p)v) = s o (A —pn) for some zt_,, € Q, then z(u+ (wr —p)vr+n) €
X+ (T), and [Jan03| I1.6.4(5)] implies

(22) o (p+ (wr —p)v) Tz o (p+ (wr —p)v) =5+ (A= pn)
for all 2’ € W, so that F'(\) € JH(R, (1 + n)) by |[GHS18, Prop. 10.1.8].
To show that every choice of z arises, choose any v € X*(T) such that zt_,, € €2, and define

A Esz(u+ (wr —p)v+n) + (p— .

The depth assumption on p implies that A, € X;(T), and by definition we have
2t_py o (u+wr(v)) =se (X, —pn),

so F(A\;) € JH(Ry (1 + n)). Finally, we note that different choices of v will alter A, by an element
of (p — m)X°(T), which will give an isomorphic Serre weight. O
Proposition 3.16. Let 01 = Ry, (1 +1n), 02 = Ry, (2 +n) be two Deligne—Lusztig representation
of G(Zy). Suppose that p1 is 3-deep and po is 1-deep.

(i) We have JH(a7) NJH(52) # 0 if and only if there exists a pair (wh, uh) € W x X*(T) such

that sz (IUQ + 77) = Rwé (M/Z + 77) and

/ ~
tuywe = ty, wiw

in W, where w; € {1, s, tays} for all0 <i< f—1.
(ii) Suppose JH(57) N JH(52) # 0, and let (wh,ph) and @ = (W;); be as in item [()] Let
A€ Xq(T). Then F(X) € JH(o1) NJH(72) if and only if

o (A= pn) =By o (1 +wimw(v)) = By » (1 + whr(v))

for an element wy = wt_p, € §) satisfying the following conditions:

(a) if w; = s then (wy);—1 = 1 mod X°(Tg); and

(b) if W; = tags then (Wx)i—1 = st_ppy mod X°(TH).

In particular, since adding (p — 7)X°(T) to X does not affect the isomorphism class of a
Serre weight, we obtain

\JH(z7) N JH(53)| = 2ME@=11,
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Proof. We begin with item
Assume JH(a7) N JH(72) # 0; by Lemma we have

(3.4.1) pa + (warr — P 4+ = () 7120 (g + (i — p)p M + )
where Z(j)t_py(j) € Q. This gives
Ruy (2 +1) = Ru, (ua + 1+ (warr — p)v(z))
= Ry, ()70 (1 + (wrm = p)p 1)

1

R(Z<1))71Z(2)w2p((z(1))712(2))71 <M1 + (wym — p)y(l) + 77)

12

Ry -12@ 0w, p((z0)-1:2))-1 <M1 +un (W) — wyr (W) + 77)
= Ry, (15 +1)

where the first isomorphism comes from equation (3.1.1) by adding (wom — p)v(?), the second from
(3.4.1)), the third from equation (3.1.1) by conjugation by (2(1))~'2(?) and the fourth again from

equation 1) by adding (p —whn)r(). Here, we define w) oo (z) 1@y F((21)~122) =1 and

py = i+ wir (V) — whr (D).

We now proceed entrywise:
o if wh; = wi;, then by definition we have 5 ; = i1
o if wh; = wiys, then ph; = p1; + wii(r(vW); — st(¥M);). Since n(vM); € {0, nu} +
X%(Ty), we have 7(vM); — sw(vM); € {0, an}.

This means exactly that ¢, wy = t,, 01w in W, with @; € {1, s, tap S}
For the converse, suppose that (wy, yi5) satisfies o3 = Ry, (u2 + 1) = Ry (15 +n) and

/ _ ~
tuywe =ty wiw

with w; € {1, s, tays}. In particular, this implies i, is 1-deep. Let wy = wt_,, € Q be any element
which satisfies conditions @, @ in the statement of the lemma.

o If w; = s, then wj; = w5 and
//g,i = p,i = pri +wii(vicr — s(vim1)) = pag +wim(v); — w’z,ﬂ(l/)z‘-
o If w; = tays, then w/2,7; = wy ;s and
Ho; = p + wii(om) = p + wi(vier — s(vic1)) = pa + wim(v); — wym(v);.
o Finally, if w; = 1, then wj; = w1; and
ulg,i =1 = p,i+wii(vie1) — wlz,i(yifl) = p1,i +wim(v) — w’z,ﬂ(l/)z'-
Collecting these, we obtain u1 + wim(v) = b + whn(v), ie.
Wy o (1 +wiT(v)) =W o (y + whm(v)).
By Lemma we conclude that F(\) € JH(a7) N JH(53), where A is defined by
se(A=pn)=wye ( +urm(v)) =Wy o (ph + wym(v)).
This completes the proof of item |(i)| and of the “if” direction in item and shows that
|JH(7) N JH(a3)| > 2t @=1},
We now conclude the proof of item |(ii)
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Suppose there exists some F(\) € JH(a7) NJH(52), and let (w), i) be as in item By Lemma
there exist Z(‘j)t_py(_j) € 2 such that

(342) 5o (g =Dt e (utwr)) = 2Ot e o (i ubr(p®))
Pairing the middle expression with ;" and reducing modulo 2 gives
(Z0t 0 0 (m+win@D)),af) = (200 + (wir —pp® +7),a7 ) - 1
§

(1)
— (=1 <u1 + (wym — p)rH 4 n,aiv> -1

= <,u1 + (wym — )M + 777042/> -1
= (o)) + ()™ (7 (D),0)) —p (V.0
(

p, ey + <7T(V(1)),aiv> + <1/(1),a;/>
az\-/> + (52(1) .t (5z(1) i (mod 2).
-1 )

Il
P
kS

We have a similar calculation for the rightmost expression. Recalling how p, and p; are related (cf.
item [(i)), we see that (uh, o)) = (u1,a)) (mod 2). Consequently, the last equality in (3.4.2)) gives
67:51),3 + 5252),3 = 621(?1,3 + (52@) s (mod 2).

i—1

Suppose by contradiction that z(1) # 2(2) so that zi(l) % z§2) for some i. The above equation
implies that this inequality holds for all i, i.e., 2 = s2()) and v +1(2) = y+ 3 for some 8 € X0(T).
Substituting this into equation (3.4.2) and cancelling z(!) yields

(3.4.3) i+ (wim —p) 4y =5 (u’z + (whr —p)(n+ B — V) + 77) :

Recalling how (1, w1) is related to (ph, wh) via w (cf. item [(i)), by pairing the above equation with
a we see that

—1 oo~
p2 - 51111,1‘,1 if w; =1,
—1 op ~
v p—> _
(3.4.4) (1, 07) = 2 5w1,i,sz§£)1 if w; = s,
p—1 Owy ;1 ie =
2 5w1,i,sz,@1 + (=)™t i wi = tays.

To proceed further, let us write w) = wiv and ph = p1 +wy(§), where v € W and £ = Z{;ol a; 0
with a; € {0,1} and a; = 1 only if v; = s. We wish to evaluate the expression
(3.4.5)

~
—

—swn(©)+) (1, 0)+1) it (wir (VD)= ™) )+ (= swror(n)+sm(n) ) + (swror (D) —se (v ™)),

%

I
o

which lies in Ar. By working entrywise and considering all possibilities for wy ;, zi(i)l, v; and a;, and

using equation (3.4.4), we see that (3.4.5)) is equal to
f-1 p—1
S
=0
On the other hand, rearranging the expression (3.4.5)) gives

(m — (i) — swi(§) +n—s(n) +urr (V) — swiom(n) +§w1v7r(v(1))> —m(W) + sm(n) — sw(vD),
and using equation (3.4.3) to further simplify the parenthesized term above, we get
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(pv(” +m(B8) — ps(n) — pB + pﬁ(V(l))) — (W) + s7(n) — sw(vD)

= (p—m) (v = B = s(n) + s(D)) .

Combining these two calculations, we see that Zf:ol %ai liesin ApN (p—m)X*(T) = (p—7)AR,
which yields the desired contradiction.
The above argument shows we must have 22 = z() and v@ = () 1 3 for some 8 € XO(T).

Thus, equation reduces to
i+ wir (W) =y + whr (W) + (m = p)B.

Writing ph, = 1 + w1(§) and w) = wyv as above, this equation becomes

p1 +wim () = i+ wi(€) + wior (M) + (7 - p)B.
Cancelling 111 and applying w; ! gives the equation

E+ur(@) —n(eW) = (p - 7)8;
since the intersection Ag N X°(T) is trivial, we conclude that 8 = 0 and
(M) —or (W) = €.

This equation and the condition that z(l)t_

so that z(l)t_pyu) must exactly be one of the wy of the statement of the lemma. This shows
|JH(77) N JH(73)| = 2{#@:=1}, O

s € S determines v up to an element in X°(T),

Remark 3.17. The above results hold mutatis mutandis for the group G’ = Resg Ko /Zp(GL2 /9K, ).
More precisely:

(i) The statement of Lemma holds with G (and related objects, e.g., T, W, Ry,(p + 1),
etc.) replaced by G’ (resp., the relevant primed objects). Moreover, the quantity 27 is
replaced by 227, and the element n € X*(T) is replaced by the character o/ € X*(T')

(corresponding to (%) € (2%)%%F = X*(T")).

(ii) The statement of PITOPOSitiOH holds with G (and related objects) replaced by G’
(resp., the relevant primed objects), and the element apg € X*(Ty) replaced by the char-
acter of GLy corresponding to (}1> € 7Z? = X*(Tg) (recall from Subsubsection [2.1.4|that
T is the diagonal maximal torus of GL2).

3.4.2. We are now in a position to compare how intersection of Jordan—Holder factors behaves
under base change.

Proposition 3.18. Let 01, o2 be two 3-generic Deligne—Lusztig representations of G(Zy) on which
1(O%) acts trivially. Then

| JH (BC(oy)) N JH (BC(02))| = | JH(77) N JH(52)|*.
Proof. Let us write 0; = Ry, (p;) for j = 1,2, with p; — n being 3-deep. By the discussion in

i
Subsubsection we may assume that the last two entries of 41; in each embedding are equal to
0.
Suppose first that JH(o7) N JH(o2) # 0. Let w = tgv € W be as in Proposition so that

09 2 Ryyo (i1 4+ w1 (€)) and | JH(a7) N JH(oz)| = 2=}, Using [3.3.1) or (3.3.2), we get
BC(O'1> = /(w1,w1)(u1’ _§(M1))7

and
BC(02) = Ry puww (1 +wi(§), —s(u1) — swi(§))
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= Rlyowne) (01, =8(11)) + (wi(€), wi(£)))

note that & € {0, ap} for each 0 < i < f—1,s0 —s(§) = &). By the GL2 analog of Proposition
we may obtain BC(og) from BC(01) via the element (¢ ¢)(v,v) € W', and therefore

| JH (BC(o1)) N JH (BC(02)) | = 2/ta)i=ll = 92ltevi=ll = |JH(a7) N JH(73)[° .

(We write W' for the affine Weyl group of G/ = Reso,, /2,(GLg /OKz)’ and use similar primed
notation below for the automorphism 7’ acting on the character lattice of G’ (see Subsubsection
3.2.4).)

To conclude, it suffices to prove that JH(BC(c1)) N JH(BC(o2)) # 0 implies JH(o7) N JH(o2) #
(. Assume the former. By Remark [3.17(ii)] we may obtain BC(o2) from BC(o) via an element

teen(v,v') € W' with te,vi, tggvg € {1, s, tays} That is, we have
BC(J2) = szz,wQ)(/Q’ _§(M2)) = R/(ww,ww’)(('ul’ _§('u1)) + (wl’wl)(g’él))’

By Lemma the isomorphism class of the representation on the right is invariant under e, which
implies

/(wlv,ww/) ((:u’lv _§(M1)) + (w17 UJ1)(§, (;:/)) = R/(wlv/,wlv) ((,U'ly _§(M1)) + (wh w1)<£/7 f)) .
By [LLHL19, Prop. 2.2.15] (which can be used by the depth assumption on p; — 7, uo — 1 and the
fact that &;, &, € {0, an} for all i) there exists zt_p, € W’ such that
if z; = 1, then v; € X°(Tqg);
if z; = s, then y; € (é) + X%(Tg);

we have (w10, wiv) = z(w1v, wiv" )7 (2)
we have

(1, —s(p1)) + (wi, w1) (€, €)
= 2(p1, —s(p1)) + z(wi,w1)(§,€) + (p — 2z(wrv, w0’ (2) 1) 7' (v).
Rearranging the equation in the last item, we obtain
(p = 2(wrv, w10 )7’ (2) ) 7' (v) = (i1, —s(m1)) = 2(p1, =s(m)) + (wi, wi)(€,€) — 2(wi, wi)(€,€),

and the right-hand term lies in the root lattice of G’; consequently, the same is true for the element
v. Combining this with the first two items implies that v = 0, and thus z = 1. Finally, the third
and fourth items imply v = v and & = €.

The above argument shows

BC(02) = R,y 10) (11, =8(111)) + (w1, w1)(§,€)) = BC(Ruyo (1 + wi(€)))-
Since the base change map is injective on isomorphism classes of tame types, we get
o2 = Ryo(pa +wi(§))
and consequently JH(a7) N JH(73) # () by Proposition O

o

e}

-1

(e]

; and

(e]

3.4.3. We introduce a metric on the set of Serre weights contained in a sufficiently generic tame
type. This will turn out to be useful in the proof of Theorem [7.4]

Definition 3.19. Let R, (1) denote a Deligne-Lusztig representation of G(Z,), and suppose p —n
is 1-deep. Let F'(\) € JH(R,(p)). By Lemma there exists an element zt_,, € ) defined by

se(A=pn)=ztp o (p—n+wn(v)).
We say z € W is the label of F'(\) with respect to (w, u).
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Remark 3.20. Maintain the setting of Definition If (w', ) is another pair such that R, ()
R, (1) with ¢/ — n being 1-deep, then by equation (3.1.1)) we have

(W, ) = (wwF (v) ", v(u) + F(v) — vwF (v) " (v))

for some pair (v,v) € X*(T) x W. It is easily checked that if the label of F(\) with respect to
1

(w, ) is z, then the label of F(\) with respect to (w’, u’) is given by by zv™*.
Definition 3.21. Let o denote a 1-generic Deligne-Lusztig representation of G(Z,), and let F, F' €
JH(7@). Choose an isomorphism o = R,, (1), with u — 1 being 1-deep, and suppose that the labels of
F and F’ with respect to (w, 1) are z and 2/, respectively. We define the graph distance dgr(F, F")
as the number of i for which z; # 2/ (i.e., dgr(F, F’) is the length £(2’271) of 2/2~!). By Remark

the graph distance is well-defined.

Remark 3.22. Suppose that o1 and o are two 3-generic Deligne-Lusztig representations of G(Z,),
and suppose F, F' € JH(a7) NJH(73). Then the graph distance between F and F’, computed using
o1, agrees with the graph distance between F and F’, computed using o2 (this follows from Lemma

and Proposition |3.16)).

Lemma 3.23. Let o be a 4-generic Deligne—Lusztig representation of G(Zy), and let F, F' € JH(7).
Then there exists a tame type o' such that:

o F, F' € JH(d'); and B
o for any F" € JH() N JH(o’) satisfying F" # F’, we have
dgr(F, F") < dgr(F, F").

Specifically, o and o' can be written so that o = Ry,(u), 0’ = Ry (1) with p — n being 3-deep, and
t W' = ty_gwtap, F(2) for an element z € W which satisfies {(sz) = dgr(F, F'). (Forv e W

def .
we denote a, = Y. «y.) In this case,
1IV;=8

|JH(3) N JH(07)| = 2/(:2) = gder(PF),

Proof. Let us write o = R,,(u) with p —n being 4-deep. By applying the equivalence (3.1.1)), we
may assume that the label of F' with respect to (w,u) is s at the cost of assuming p — 71 is only
3-deep. Suppose that the label of F’ with respect to (w, u) is z. By definition, we have

F = F(ptwn) —n) =F(u— o)
' F(sz(p+ (wr —p)v) + (p— 1)n),

12

where zt_,, € Q.
We define o’ < R, #(z)( +wm(az)). We easily see that F' and F” are Jordan-Hélder factors of

o/, whose labels with respect to (wF(2), u + wm(a,)) are s and z, respectively. Moreover, by the
explicit description of JH(Z) N JH(o’) of Proposition we see that any element F” # F’ of
the intersection satisfies dgr(F, F"”') < dgr(F, F'). The final part of the aforementioned proposition
gives the size of the intersection. O

3.5. Base change of weights. We now define a notion of base change for weights, and show that
it is compatible with the notion of base change of types defined above.

3.5.1.

Definition 3.24. Let 1 € X (T) and let F'(1) denote a Serre weight of G(Z,) on which «(O ) acts
trivially. As in Subsection we may assume g is of the form

ao al af—1
/J:<%)><18>...<bf01>.
0 0 0
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We define the base change of F(u) as
def
BC(F(p)) = F'(u, —s(n))-

One easily checks that the map F' —— BC(F) is well-defined and injective on isomorphism classes
of Serre weights.

3.5.2. Recall the automorphism € of G/(IF,) = GLy(F2) defined in Subsection m On Serre
weights, this automorphism gives

€ (F'(u,p) = F'(—s(i), —s(p))-
We have the following result:

Lemma 3.25. Let F' denote a Serre weight of GLy(F2). Then we have e(F') = F' if and only if
F' is of the form BC(F) for a Serre weight F' of Ug(Fy).

Proof. The backwards implication is clear. We prove the forward implication. Thus, suppose
w, 1 € X1(T) are as in Definition and suppose we have an isomorphism

F'p, ') = F'(=s(1'), —s(p))-
By Proposition there exists 8/ € X°(T’) such that
(3.5.1) (1 +s(W), 1 +s(p) = (F' = 1)B".
Since the right-hand side of (3.5.1)) is fixed by (s, s), the same is true of the left-hand side. This
implies that the left-hand side is also fixed by 7'/, from which we obtain

(F'—1)x'7(8) = (F' - 1)8.
Since F’ — 1 is injective on X°(T’), we see that (' lies in ker(7"/ — 1), which in turn is equal to
im(7'f 4-1). Therefore, we can write 5/ = (8, 3) with 8 € Xo(ResoK/Zp(TU)), and equation ({3.5.1])
becomes
(3.5.2) (n+ (), 1+ 5(n) = (F' = 1)(B, B).

Applying Proposition [3.5| again, we get an isomorphism
F'(u, ') = F' (1, 1) + (F' = 1)(=5,0)).

The equation (3.5.2) then implies that the term on the right-hand side above is of the form
F'(u”, —s(u")), and the result follows. O

3.5.3.  We now wish to relate base change of types with base change of weights. The relevant result
is the following.

Lemma 3.26. Let o denote a 1-generic Deligne-Lusztig representation of G(Zy) on which 1(O)
acts trivially, and let F denote a Serre weight on which +(O};) acts trivially. We then have

FeJH(E) <« BC(F)eJH (BC(0)).

Proof. Let us write 0 & R, (1) where p is of the form

ao ay af-1
()6
0 0 0
and g —n is 1-deep. Thus BC(o) = R/(w,w) (p, —s())-
Suppose first that F' € JH(7). By equation , F is of the form
F = Fy(Ry(p) = F(F’Yw’ +w' (= wr(egu)) + Pour — W(P))

for some w’ € W. Note that the parenthesized character has its last two entries equal to 0 in each
embedding. Thus, we have
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BC(F) = F <p('7w’a —Yu') + (w,7 w/) ((:uv —s(p)) — (w, w)(m(egu), _§7T(€§w')))

+p(purs —s(pur)) = (x(p), —s7(p)) ).

A straightforward calculation shows that adding (p — 7')(0, 27V, + puw + 5(pw)) € (F' — 1) X°(T’)
to the parenthesized character gives

BC(F) = F' (m(w/,w/) + (W' w") (1, =5(1)) — (W, )T (g0 su0r))) + PPl ary — p’)-

Hence, we obtain

BC(E) = Flyy i (Bl (s —5(1))) € JH (B, (1 —s(1))) = JH (BC(@).
To prove the converse we begin with an observation. Let F (’v v,)(BC(a)) be a Jordan-Holder
factor of BC(o) = R’(w w) (, —s(p)) as in (3.2.1). (Note that F(’U U,)(BC(O')) depends on the pair

(w, u). For readability, we fix the presentation (w, ;) and omit this dependence from the notation.)

Since ¢(BC(0)) = BC(o) by Lemma [3.12] we obtain G(F(/v,v,)(BC(J))) € JH(BC(r)). A similar

argument to the one above shows that
€(Fly,) (BC(0))) = F(yy, (BC(0)-

Suppose now that BC(F) € JH(BC(o)). Then there exists (v,v") € W’ such that BC(F)
F(’U’v,)(BC(a)). Since BC(F) is a base change, Lemma and the above equation imply

Fly y(BC(0)) = €(F(,,/(BC(0)))
>~ ¢(BC(F))
~ BC(F)
= F(/v,v’)(BC(U))'

Since p —n is 1-deep, equation (3.2.1) and Remark [3.17(i)| implies that we have a bijection between
W’ and the (all distinct) Jordan-Holder factors of BC(o). We obtain v/ = v, and thus

BC(F) = F,,,,)(BC(0)) = BC(Fy(Ru(p)))-
Since the base change map is injective on Serre weights, we conclude that
F 2 Fy(Ry(1)) € JH (Ru()) = JH(@).

3.5.4. The following lemma will be useful in the proof of Theorem

Lemma 3.27. Let o be a 2-generic Deligne-Lusztig representation of G(Zy) on which 1(O)) acts
trivially, and let F' denote a 3-deep Serre weight with trivial action of 1(O%) such that F ¢ JH(7).
Then there exists another Deligne—Lusztig representation o' of G(Zy) such that F € JH(o") and
JH(7) N JH(o") = 0.

Proof. If & and F have different central characters, then any o’ for which F' € JH(o’) works. We
may therefore assume that @ and F' have the same central character. The remainder of the proof
will be based on the combinatorics of the extension graph for Serre weights for GL3, as defined in
[LMS, §2]. We recall some of the definitions and constructions of op. cit. (and use similar notation
for convenience of comparison).

Define A}, to be the weight lattice for G’ the derived subgroup of G/, and let A’y denote
the root lattice, so that A’y C Aj;,. Note that Ay, = Z7 x Zf and we fix such an identification
in what follows. Recall from Subsubsection that X*(T’) denotes the weight lattice for the

group G'; we have A}, € X*(T) and X*(T') — Aw. We further write W, (resp. W') for the
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affine (resp. extended affine) Weyl group of G’, which admits a factorization /I/I\Z; = W x Ay
(resp. W' = W' x X*(T')). The group W/ (resp. W') is canonically isomorphic to two copies of
W x Ag (resp. W x X*(Resg, /z,(Tu))) (compare with Subsubsection |3.2.1)).

We let ' denote the set of elements of W' which stabilize the fundamental alcove C{ of G’ under
the p-dilated dot action e :

w/t)\/ o Nl _ w’(u’—i—p/—i-p)\’) _p/’

where w'ty € W’ and p/ € X*(T’). Thus, ' is the analog of © of Subsection except that
translations have been scaled by a factor of p~!. (We apologize for this inconsistency of notation.)

Let ¢/ € X*(T') satisfy 0 < (¢/,a’V) < p — 1 for every positive coroot o’V of T/. We call such
characters p-reqular. We then define the map ‘It;/ by

X*(T)

I Al
T, Ay — (F — 1)X0(T)

=/ N
W woe, (WD =)

~1
where &' € X*(T’) is a lift of w’ € A}y, and w is the unique element in Q' such that the class of

—7/71(@'") corresponds to the class of @ via the isomorphism X*(T')/Ap — W'/W!. Note that
this is well defined. Define furthermore

(3.5.3) A e Ny o+ — € Ol
(where we consider the image of y/ — p’ and Cj) in Ay, ), and let Tr,, be the restriction of ‘Zt;/ to
A”‘f[/,. Then, as in [LLHLM20, §2.1], one checks that:

i) The image of Tt,, is contained in the set of p-regular characters. Further, the map w’ ——
g 7 p-reg p

F'(%t,(w')) defines a bijection between A’ ’;{/ and the set of p-regular Serre weights with
the same central character as F'(y/ — p') (see the discussion preceding [LMS| Prop. 2.9]).
(ii) Suppose p/ € X*(T') is such that p' — p/ is 2-deep, and consider the Deligne—Lusztig
representation R! ,(x'). Applying the analog of equation for G'(Z,,), we obtain an
isomorphism
Ry (1) 2= Ry ((3,8) (1) + po" — ' (),

/

where the character (s,s)(1') + pp’ — w'(p') — p’ is 1-deep. Combining this isomorphism
with [LMS, Props. 2.5 and 2.11], Proposition and Remark below, we obtain

JH(R,, (1)) = {F/ (‘Ztu”rp’ (£, (s, g)w’(Z’)))} ’

where ¥’ C Aj;, is the subset consisting of (images of) elements of the form ( é) or (8) in

each embedding. (That is, ¥’ is the image in Af;, of {p] , }urew.)

(iii) Let p € X*(Resg, /z,(Tu)) € X*(T) satisfy 0 < (u + p,a") < p — 1 for every positive
coroot o of T. We let Ay denote the weight lattice of G (which is a quotient of
X*(Resg,z,(Tu)) ), and define

AP e Ay w+ p e O}
where CJ®" is the fundamental alcove of G4¢*. Consider the map
X1(T)
(F'—1)X%(T)

W = T (ugp—s(u)+p) (W5 —5(W))-

G
zt/Hrp

:Aﬁj_p —
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Using Lemma and 1tem l one checks that w — F’ (‘Ztu " ,(w)) defines a bijection

between Afyf” and p-regular Serre weights of G'(Z,) which are in the image of the base
change map and have the same central character as F'(u, —s(u)).

We now proceed with the proof. Let us write o0 = R,,(1), with g chosen as in Lemma and
p — p being 2-deep. By assumption and Lemma [3.26] we have

C(F) ¢ JH(BC(0)) = JH (R, (1. —s(1))):
Since the character (u, —s(p)) — p' is 2-deep, item above implies
BO(F) & { ' (Te(u st (o (50, 50) () ) }

Therefore, since F' and & have the same central character, item implies that BC(F) = F’ (‘Itu (W)
for some w € A‘V‘;rp N toq,sw(X). (Here, X is the image in Ay of {py twew.) Since ¥’ is a funda-

mental domain for the translation action of A%, on Ay, there exists an element ¢(,, _y(,)) € Az C 17
such that

(3.5.4) (W, =5(w)) € t,—sw))t—agu. (80, sW) (X).

(Since the left-hand side of the above containment is fixed by ¢, the translation element of A’y must
be of the form #(,, _4(,).) Note that this implies v # 0 and consequently

(3.5.5) ey (50, 50) () N o) (t_a b (500, 50) (5 )) =0
Recall that we have assumed F' is 3-deep. Therefore the same is true of BC(F'). Using the relation
BC(F) = F’(‘I‘cuﬂ,( w)), and the fact that € preserves C under e, , we get that the character
p + w is 3-deep. On the other hand, the relation (3.5.4) implies that we have
W=V =y + sw(py)
for some v € W. Since 0 < (a,, — sw(py), ) <2 for all 0 < i < f — 1, the relation
p4 w4 oy —sw(py) =p+v

implies that 2 < (u+v,a)) < p—2forall 0 < i < f—1. That is, we have that (u, —s(u)) +
(v, —s(v)) — p' is 2-deep.

s def

Now set 0/ = Ry,(u + v). By the previous paragraph and item m we have
JHBCW@)) = JH (R, (u+ v, —s(ut 1))

= {F’(Kt( 5+ =50+ (E=ay ) (81, 5W) >}
J

= {F/((Zt(uﬁé(u))ﬂ’ (b () ey (50, 8) )

where the last equality follows from the definition of Tt and the fact that ( —s(v)) € A. Thus,
the relation BC(F') = F’(TtHer( w)) and equation E imply that BC(F') € JH(BC(o’)), and the
injectivity of T, and equation imply JH(BC(c)) N JH(BC(¢’)) = 0. We conclude by using
Lemma and Proposition O

4. PREDICTED SERRE WEIGHTS

In this section we discuss the conjectural set of weights attached to Galois parameters and their
relation with base change. We give the relevant definitions in Subsection along with a classi-
fication of mod p tamely ramified L-parameters. We then define the set W*(p) in Subsection
The main result is Theorem [4.9] which relates the sets W (5) and W*(BC(p)). Finally, we state
in Subsection [1.4] a version of the inertial local Langlands correspondence that we will require for
local/global compatibility. Our discussion is based on [GHSIS], §9].
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4.1. L-parameters.

4.1.1. We first define the Galois representations we shall consider.

Definition 4.1. Let R be a topological Zy-algebra. An L-parameter (with R-coefficients) is a
continuous homomorphism I'g, — “G(R), which is compatible with the projection to Gal(K2/Q,).
Likewise, we define an inertial L-parameter (or an inertial type) to be a continuous homomorphism
Ip, — G(R) which admits an extension to an L-parameter Ig, — “G(R). We say two (inertial)

L-parameters are equivalent if they are a(R)—conjugate.
We make similar definitions for homomorphisms valued in Ga(R).

By [GHSI8, Lem. 9.4.1], the a(R)—conjugacy classes of L-parameters I'g, — LG(R) are in
bijection with H(R)-conjugacy classes of L-parameters Iy — FH(R) = CUy(R). A similar
statement holds for inertial L-parameters (cf. op. cit., Lemma 9.4.5).

We make similar definitions of L-parameters I'p+ — “Ug(R) if F'* is a global field with a place
v satisfying Fif = K (cf. Remark .

4.1.2. The following lemma is easily checked.

Lemma 4.2. Let p : T — “Us(F) denote an L-parameter such that Plry, is semisimple (or,
equivalently, tamely ramified). Then, up to equivalence, p is of one of the following two forms:

(i)
_ BN () 0 5

S
2f nrafua

S ()

where h € Tg,, 0<r<¢>—1,0<s<q—1, and \,v € F*.

s+(1—q)k
_ w nror _x(h) 0 s
h) = 2f , Wnr h)| 1,
p(h) (( 0 ngf(lfq)enr%%(h) fnryp a2 (h)

ple™!) = (((1) _01>,/\)>4<P‘f,

where h € I'g,, 0 <k, <q+1,0<s<q—1, and A € F*.

In both cases nraf . denotes the unramified character of I'k, sending 02 to x.

(i)

4.1.3.

Definition 4.3. Let R denote a topological Z,-algebra.

(i) Let p : Tx — “Uy(R) denote an L-parameter, and write p]pKz = po @ p1, where py :
', — GLa(R),p1 : Tk, — Gu(R) = R*. We define the base change of p to be

def

BC(p) = po.
(ii) Let p : T — G2(R) denote an L-parameter valued in Go, and write plr,, = p2 ® p1,

where pg : ', — GL2(R),p1 : T, — Gi(R) = R*. We define the base change of p to
be

def

BC/(p) = po.
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We make similar definitions if F'T is a global field with a place v satisfying F,f = K (cf. Remark
21).

The two notions of base change are related as follows. Let p : T'x — “Ujy(R) denote an L-
parameter, and let 6 denote the continuous character 70 p : 'y —> R*. Using the isomorphism of
Subsection we get an isomorphism of GLg(R)-valued Galois representations

(4.1.1) BC'(p) = BC(p) @ 671

4.1.4. Recall from Subsubsection that we have a map (¢") ! : X*(Tu) —> X, (Tq), which
induces an isomorphism X*(T) — X,(T). Given p € X*(T) (viewed as an element of X,(T))
and w € W, we define a tamely ramified inertial L-parameter 7(w, u) : Ix — H(F) by

2f—1

T(w,p) = T (F* o w™) (u(way))

i=0
(compare with [GHSIS, §9.2] and note that (F* o w™1)2f = p?/).
We define BC(¢) to be the canonical identification of the dual root datum of the split group
GLy/o s with the root datum of its dual group. Given this, we make an analogous definition of

tamely ramified inertial L-parameters 7/((w,w’), (u, ') : Ix, — GL2(F).

Lemma 4.4. Suppose 7 : I'ir — Uy (F) is a tamely ramified L-parameter which satisfies 709 = w.
Via the identification of [GHS18, Lem. 9.4.5] we have

E‘IK = T(wnu’ + 77)
with w € W and pn € X*(T) of the form

ag af—1
J— bO b —1
0 0

BC(EHIKQ = T/((wvw)> (1, —s(p)) + pl)'

Proof. The proof is a straightforward exercise using the definitions. O

Furthermore, we have

4.1.5. We will also need a definition of genericity to study the relation between L-parameters, the
set of conjectural associated weights and local deformations.

Definition 4.5. Suppose p : T'xy — ©Uy(F) is a tamely ramified L-parameter. We say p is
n-generic if, via the identification of [GHSI8 Lem. 9.4.5], we can write

E‘IK = T(wnu’ + 77)
where w € W and p € X*(T) is n-deep.

4.2. The set W’. We now give a description of the set W’. We refer to [CHSIS, §9] for the
definition, and to op. cit., Proposition 9.2.1 for the definition of V.

Proposition 4.6. Let p: T'x — “Us(F) be a 1-generic tamely ramified L-parameter, and write
Pl = 7(w, p+n) asin Deﬁm’tion with p being 1-deep. Let Vy(p) = Ry(pu+mn) be the associated
Deligne-Lusztig representation of G(Fp) as in [GHSIS, Props. 9.2.1 and 9.2.2]. Then

W(p) = JH (B(Ruli+ 1))
Proof. By definition of W’ (), we must prove that

R (JH (Rt ) ) = B (B(Ru+ ) )
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where R is the reflection operator defined in |[GHSIS8| §9.2]. We use Equation (3.1.2]). We claim
that

(4.2.1) R (Fur (Ru(p+m))) = Fur (B(Ruw (1 +1)))

for all w’ € W. Note first that 7 and s commute as operators on X*(T), and the group W is
commutative. Therefore, in order to prove (4.2.1)), it suffices to show

Ps(Yur) + sw'(p + 1) — swwr(egu) + ps(pw) — 7(s(p)) +5(p) —ps(n) —p =
prw +w (s(u+n) —s(n) + (p— Dy — swr(esw)) + pour — 7(p),

the equivalence being taken modulo (F — 1)X%(T).

One easily checks that s(y,) = 7 and —m(s(p)) + s(p) — p = —7(p), and hence (4.2.1)) will be
satisfied if we show that

(4.2.2) ps(pur) — ps(n) = —w's(n) + (p — Dw'(n) + ppur

modulo (F — 1) X°(T).
Expanding the left-hand side gives

)y =(£)(£) .
~——

———
wi= wi=s
while expanding the right-hand side gives
0 0
*wlﬁ('f'ﬂ + (p* 1)w/(,’7) +ppw/ — ... <p_1) < 11> cee
—1 —
wi=1 wi=s

In particular, adding

>

|

—
N
== o0
~_

Il
7N\
LSEES
| ‘ | oo
el
~_

to the left-hand side of (4.2.2)) gives

where the equality follows form the equivalence relation on X*(T). This gives the claim. O

Remark 4.7. The above proposition and its proof carry over mutatis mutandis to the group
GL2(Ok,) and a tamely ramified Galois parameter I, — GL2(F) (cf. [Dia07]).

4.3. Base change and W’. This section contains the main result on compatibility between the
set W’ and base change of L-parameters (Theorem |4.9).

4.3.1.

Proposition 4.8. Let p : Ty — “Us(F) be a 1-generic tamely ramified L-parameter which
satisfies 7o p = w. Then the subgroup (O ) acts trivially on B(Vy(p)), and

8" (Vee(e)(BC(p))) = BC (B(Vy(p)))-
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Proof. By Lemma [£.4] we may write

Pl = m(w, u+ 1),

ao af—1
J— bO b —1
M<>m@>.
0 0

Applying the map S to Vy(p) = Ry (p+ 1) gives
B(Vs(p)) = Rew(s(p) + (p — L)n).

Notice that ¢(O) ) acts trivially on this representation. In order to apply the base change map, the
character appearing inside the Deligne-Lusztig representation must have its last two entries equal
to zero. Using the equivalence given by adding the element —(F — sw)(n), we get

with p being 1-deep and of the form

BVa(p)) = R (s(11) =0+ sw(n) = R (s() = Y ),

”LUZ'ZI

and by (3.3.1]) or (3.3.2)), we obtain

BC (B(V;b(p))) R(sw sw)( Z Qi —H— Z )

w;=1 w;=1

On the other hand, Lemma [.4] gives

BC() |1, = 7' ((w,w), (n,—s(u)) +p'),
and therefore

Viowe)(BC()) = Ry, ) (11, —5(1)) + ¢').
Applying the map 3’ gives

B (Veo) (BC(D))) = Rigy ) ((s(1), =) + (p = 1)p).

Finally, using the equivalence given by adding —(F' — (sw, sw))(p’) we obtain
B (Veaw)(BC(D)) = Rigy g ((8(1); =) = p' + (sw, sw)(p))

= (swsw( DI ZO">

w;=1 w;=1

4.3.2. The main result of this section concerns local functoriality of predicted Serre weights.

Theorem 4.9. Let p: T — “Uy(F) be a 1-generic tamely ramified L-parameter which satisfies
Top=uw, and let F' denote a Serre weight of G(Zy) on which 1(O)) acts trivially. Then

FeW'(p) <= BC(F)ec W (BC().

Proof. This follows by combining Lemma [3.26] and Propositions [4.6] and [£.8] O
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4.4. Inertial Local Langlands. In this subsection we discuss the inertial local Langlands cor-
respondence which will be used in the rest of the paper. Recall that a tame inertial type 7’ is a
homomorphism 7’ : Iy, — GL2(0) with open kernel, which is tamely ramified, and such that 7/
extends to a representation of the Weil group of K.

We set L & Kg((—p)l/(pw*l)). As 7' is tame, it factors as
T’ IK2 — Gal(L/Kg) — GLQ(O)
This implies that 7 is of the form

! ~ ~a

T _w2f@w2f

If a # b (mod p*/ — 1), we call such a type a principal series tame (inertial) type. By Henniart’s
appendix to [BM02], the inertial type 7’ is associated to the tame type

def )
o(7) = IndBU(F ) (00 ® 6s)

if @ # b (mod p?>/ — 1), and

o' (1) 9, o det
if a = b (mod p*f — 1), where we use the notation 6, (z) = ¢(#?). We view o/(7') as a representation
of GLy(O,) by inflation. (According to the appendix of [BM02], the a = b (mod p?/ — 1) case
corresponds to a twist of the Bernstein component denoted sg in op. cit., and consequently we have

two options for ¢/(7'). We choose ¢’/(7’) to be one-dimensional in order to guarantee that we are in
the N = 0 case in Theorem below.)

Suppose now that (7/)%" y

, where 7"V denotes the dual type, i.e. the type o?;f“ & o?;;’ if
T 2wy, w5 ;- (Note that the condition (7' )¢~7 = 7'V means exactly that 7/ extends to a map

p: g — YUy(0O) such that BC(p)l1, = 7" and (70 p)|1, is the trivial character.) In this case 7/
is of the form

)

@gf ® &;ch or ~(1 q)a S g; q)b
so that o’(7’) is of the form
GLo(F 2) GL:(F2)
Indg olF, i (0 ®0_gc), In clBU(IF i (O—g)a ® O—gp), Or B(1_g)q 0 det.

In particular, these tame types come via base change from tame types of Us(Ox). We therefore
make the following definition.

Definition 4.10. Let 7": Iy, — GL2(0) denote a tame inertial type which factors through Gal(L/K>),
and suppose furthermore that (7/)¢ 7 = 7/V

(i) If 7" = &5, ® Wy with ¢ # —qc (mod p?f — 1), we set

o(r') E Indg* () (00),

which we view as a representation of Us(Ox) via inflation.
(i) If 7' = G0 g @éyq)b with a # b (mod p?/ — 1), we set

2f
(") = 0(0, @ 0p),

where we view 6, and 6, as characters of U;(FF;) by restriction, and where we view o(7')
as a representation of Uy(Og) via inflation.

(iii) Tf 7/ = @y, P @@y, we set

def

a(r) 10, o det,

where we view 6, as a character of U;(F,) by restriction, and where we view o(7’) as a
representation of Uz(Ok) via inflation.
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Note that the representations o (7’) are all irreducible by Theorem and by construction we have
BC(o(7")) 2 o'(7').

We may now state a version of the inertial Local Langlands correspondence.

Theorem 4.11. Let 7' : I, — GL2(0) be a tame inertial type as in Definition so that

in particular (7")9"# =~ V. Let m denote a smooth irreducible representation of Us(K) over E,

and let @ denote the direct sum of all representations appearing in the L-packet containing .
Let BC(7) denote the stable base change of the L-packet containing w. Then W€B|U2(OK) contains
o(r') if and only if recg(BC(m))|r,, = 7" and N = 0 on recg(BC(m)). In this case, we have
dimEHomUQ(@K)(U<T/),ﬂ®’U2(OK)) =1.

Proof. This follows from Henniart’s inertial local Langlands correspondence ([BM02]; see also
ICEG™16, 3.7 Thm.]) and the properties of the stable base change map ([Rog90, §11.4]).

To verify the claim about multiplicities, suppose that Homuy, o, (o ('), W@|U2(o <)) 7 0, so that
in particular 7% has an irreducible summand of depth zero. By the classification of depth zero L-
packets (see [Rog90, §11.1] and [Blal0l, Prop. 2.1(ii)], or [ALO5, § 3.1]), the (semisimple) representa-

tion |y, (0, is either a subrepresentation of Indgz({(K)) ()| Us(0k)> or adirect sum (11 ©m2) |y, (04)>

where y : By(K) — E” is a smooth tame character, and where 7, w5 are irreducible supercuspidal
representations of Ug(K) which are conjugate under the action of GU3(K).

Suppose that 7%y, (0, is a subrepresentation of Indgz((KK)) () |u,(05), and let Us(Ok )1 denote
the principal congruence subgroup of Uy(Og). Using the Mackey formula and the Iwasawa decom-
position, we have

Uz (K
Homy, 0, (7(7), luy0,)) € Homuyo,) (o), dg? () (0 v 0,0

= Homy, o) (0(7‘/)7 Indgz((KK)) (X)Uz(OKh)

-~ Us(F
>~ HomU2(oK) (O’(T/)?Indij((E?q)) (X|BU(IFq))> .

2(Fq)

Since o(7’) is irreducible and IndtBIU (%)

(X|By(r,)) is multiplicity-free (cf. [Enn63 § 6]), the result
follows in this case.
Suppose now that 7%y, (0,) = (71 ®72)|u,(0,)- We may label the supercuspidal representations

such that W}b(oK)l £ 0 and 7229 = 0. This gives
Homu, 0,0)(0(7), U, (0)) = Homu, (o) (0(7), (11 & m2)|u,04))

= Homy, (o) (U(T’),T(}b(oK)l) )

As in [ALO5S, § 3.1], we may write m; = C—Indgzgé{;

representation of Uy(F,), inflated to Ua(Og). Applying the Mackey formula and the Cartan de-

composition, and using cuspidality of o, we obtain WFZ(OK P Again using the irreducibility of

o(7"), we obtain the desired multiplicity result. O

)(0), where o denotes an irreducible cuspidal

5. LOCAL DEFORMATIONS

In this section we compute potentially crystalline deformation rings for certain L-parameters
p: T — ©Uy(F). The main result is Corollary which relates Hilbert—Samuel multiplicities
of such rings with the set W’ (p). This will be used to prove the “weight existence” direction of

Corollary
We follow [LLHLM18|, §6], adapting the base change techniques to our setting (see also [CDMI18§]).

Subsection [5.1| contains the background on Kisin modules for GLg, together with their classification
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by shapes. In Subsection we introduce the notion of polarized (or Frobenius twist self-dual)
Kisin modules and use a base change technique to compute their deformations. We then relate
the deformation problems of polarized Kisin modules and of L-parameters to obtain the desired
description of the potentially crystalline deformations rings.

5.1. Kisin modules. Throughout this subsection, we let R denote a complete local Noetherian
0-algebra with residue field F. We start by defining the relevant categories of Kisin modules with
tame descent data Y7 (R) C YIOU™(R) ([CLIS, §5], see also [Leld, §3])

5.1.1. The ring &5 < (Ok, ®z, R)[u] is equipped with a Frobenius map ¢ : &g — & which is
the arithmetic Frobenius on Ok, (i.e., = ¢! on Of,), which is trivial on R, and which sends u
to uP.

Definition 5.1. A Kisin module with height in [0,1] over R is a finitely generated projective & p-
module 91 together with an &p-linear map ¢gy : P*IMN s R ®p,65 M — M such that

E(u)M C ¢ (7"M) C M,
where E(u) denotes the Eisenstein polynomial of (—p)l/(pw*l) over Ko, i.e. E(u) = w1 4 p,
We often write 901 for a Kisin module, the Frobenius map ¢gy being implicit.

5.1.2. Recall that m = (—p)/®* -1 ¢ Q,, and set L o Ky (m). For g € Gal(L/K>), we have

defined

(Note that reducing &, mod p induces an isomorphism Gal(L/Kj3) — ]F;Qf .) Given g € Gal(L/K>),
we let g denote the O, ®z, R-linear automorphism of & given by u +—— (W (g9) ® 1)u. Note that
pog=gop.
Definition 5.2. Let 91 denote a Kisin module over R.

(i) A semilinear action of Gal(L/Kz) on M is a collection {g}geqal(r/K,) Of g-semilinear ad-

ditive bijections g : 9T — 9 such that go h= gAh for all g,h € Gal(L/K>).
(ii) A Kisin module with descent datum over R is a Kisin module together with a semilinear
action of Gal(L/Ks) given by {g}gccai(r/k,) Which commutes with ¢y, i.e., we have

gogm=dmop'yg
for all g € Gal(L/K>).

5.1.3.  Any Kisin module 9t admits a decomposition

2f-1
m = P m,
i=0
where M® is the R[u]-submodule of M such that (z ® 1)m = (1 ® ¢ 0 ¢*(x))m for m € M® and
z € Og,.
We let

7‘, : IK2 —» Gal(L/KQ) — GLQ(O)

denote a tamely ramified inertial type which factors through Gal(L/K3). Recall that this implies
7' can be written 7' = wy, & C)gf.
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Definition 5.3. Suppose M is a Kisin module with descent datum over R. We say the descent
datum is of type 7' if we have M@ /uM® = 7"V @y R as representations of Gal(L/K>) for every
0 <i<2f—1, where 7"V denotes the dual type[]

5.1.4. We now define the categories of Kisin modules that will be relevant for us. Let o (é)

denote the standard minuscule cocharacter of G’ = Resg Ko /T GLy/o Ky

Definition 5.4. Fix a principal series tame type 7’.
(i) We define Y%7 (R) to be the groupoid of Kisin modules over R of rank 2, with height in
[0,1], and descent datum of type 7.
(ii) We define Y*™'(R) to be the (full) subgroupoid of Y17 (R) consisting of Kisin modules
such that

(5.1.1) E(u) det M = don (7" (det M)).

Note that the definition of Y7 (R) above is consistent with the construction of [CLIS8, §5], thanks
to Theorem 5.13 and Corollary 5.12 of op. cit.. See also [LLHLMI8, Thm. 4.18].

5.1.5.  We fix some notation, following [LLHLMISE| §2.1]. Let 7’ be a principal series tame type of
K, We may write

2f—1
—771@772—&1 @w Zloa2p7

with 0 < ay; < p—1for all i. By Remark[5 - 5.5/ below, we may assume without loss of generality that
neither 7y nor 7 are trivial, i.e. (ar;)i € {(p—1,...,p—1),(0...,0)} for k =1,2.

-

Remark 5.5. The goal of Section |5/is to compute the deformation rings R%/ (described in Subsub-
section below), where p : I'r — “Uy(F) is a tamely ramified L-parameter. Given an integer

0<k<pl+1, we define p® wgc_p k , the twist of p by wél Pk , by the rules
(1-pf)k
1-p/)k _ (h) 0
(pows; ")k = p<h>~<< o ek o1
0 wyp ~ 7 (h)

Pl " el = ple)

where h € I',. One checks that these rules give a well-defined tamely ramified L-parameter which
N pf - . . e

satisfies 70 (p ® wé; p )k) = 70 p. Using this twisting procedure, the proof of [GK14, Lem. 2.1.2]

shows that we have an isomorphism of deformation rings

T%@Axl—pf>k

p — v (1pf)k'
®2f

Consequently, we may assume that 7 does not contain the trivial character.

Set a; def (a14)i, az def (a24)i, and given 0 < j < 2f — 1, define the shifted sums

2f—1 2f—1
(j) def ; (j) def ;
af) =) aipt, al) =) anigp,
i=0 =0

RO R0
so that, in particular, n = w, fal M2 = W, fa2 .

2We impose the condition sm@/uzm(’ =~ 7'V ®¢ R because our functors to Galois representations in later sections
are contravariant. In particular, if 9 is a Kisin module over O with height in [0, 1] and descent datum of type 7’ (as
defined in Deﬁnition, then the 'k, -representation T5, (90)[1/p] will have inertial type 7". (See below for undefined
notation and terminology.)
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Definition 5.6. Let n > 0. We say the pair (a;,as) is n-generic if
n<lai; —agi| <p—n

for every 0 < < 2f — 1. If 7/ is associated to (ai,as) as above, we say 7’ is n-generic if the pair
(al, ag) is.

This agrees with the notion of genericity given in Definition

5.1.6.

Definition 5.7. Let 7/ denote a principal series tame type of Ik,, and let (a;,a2) denote the

associated pair. Suppose 7’ is 2-generic. An orientation of 7' is an element w = (w;); € S;f such
that

forall 0 <:<2f —1.

(We view Sy as a subgroup of GLy(Z) via the standard embedding as permutation matrices.
Since S%f =~ W', we also view orientations as elements of W’ when convenient.) We note that an
orientation depends on the ordering of the characters 7y,7s. Since we take 7/ to be 2-generic, the
orientation is unique, and w; depends only on the pair (a1 2f—1-i,a22¢-1-:)-

. def 2f_ 1
5.1.7. In what follows, we use the notation v = u? .
Definition 5.8. Let 7/ denote a 2-generic principal series tame type, and write 7'V = 1y @ ny. Let
M e Y[O’l]’T/(R), and let MM = @12281 M@ be the decomposition of 90 as in Subsection d

(i) We let sm?’ (resp. Z)ﬁg)) denote the R[v]-submodule of 9 on which Gal(L/K>) acts by
m (resp. m2). ,
(ii) We define @mﬁ” (resp. @mé”) to be the R[v]-submodule of Z*(M®) = (F*M)+D on
which Gal(L/Ks) acts by n; (resp. n2).
(iii) We define an eigenbasis (3 ‘d:ef {B (i)‘}i of M to be a clollection of ordered bases 8() = (f 1(l)a f 2(1))
of each M® such that fl(l) € imgl) and fQ(Z) € Emg).

Now let 7" be a 2-generic principal series tame type, with orientation w = (w;);. We have a
commutative diagram

ROJNG
~1) W) Wi @) (1)

i(1) "

(i—1) (i-1) (i—1)
J‘i’m,wi@) J‘f’wz,wi(l) J‘%,wi(z)
G ) W 0

2f 1 _ _
@ Gy @) o e e
w;(2) T wi(1) w;(2)

Here, ¢\ ") denotes the restriction of goy to P00,

TEPRO BN
Py (1) TR (2)

Ganl(i—1) u . o (i-1
‘Pf)ﬁwi@) ’ S0‘93?11.} 1

5.1.8. Fix a principal series 2-generic tame type 7" and M € Y%7 (R). Let w = (w;); denote the
orientation of 7/, and let 8 = {3 (i)}i denote an eigenbasis for 9. We define

() det [ al)g—al)o) () p0)
Py = (“ W iy Tui) )

a1 det [ al? —al? (i-1) (i-1) .
B2y = (“ O i@ f v 1O fue |
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the second is an R[v]-basis for P9~ We then define the

the first is an R[v]-basis for smg) wi (2)

i(2)
matrix A®) € Matgxa(R[v]) by the condition

(5.1.2) ¢${wi+l(2) (W/B(l

wz+1

> _ B(H‘l) A0

wit1(2)

We say that A®) is the matriz of the partial Frobenius of M (at embedding 4, with respect to ).

5.1.9. We now find a more convenient expression for the data of the matrices (A®);.
We define the extended affine Weyl group of GL» as

def

W = Ner,(Ta)(F(v)/Ta(E[]),

where ’T‘G denotes the torus dual to Tq/o Ky We have an exact sequence

0— X,(Tg) — W — S5 — 0,

where the first nontrivial map sends a cocharacter to its value on v. Furthermore, we have a Bruhat
decomposition

GLy(F |_| Ja,
TEW

where J denotes the standard Iwahori subgroup of GLa(F[v]), that is, the set of matrices which are
upper triangular mod wv. N
Using the canonical identification X.(Ta) = X*(Tg o KQ), we identify W2/ with the extended

affine Weyl group W’ of G.
Definition 5.9. Let w = (w;); € W/, let 7/ be a principal series 2-generic tame type, and let
w = (w;); € W' denote the orientation of 7. Let M e Y17 ().

(1) We say 9 has shape @ if for some eigenbasis §, the matrices (A®); (defined by (5.1.2),
with respect to ) have the property that A®) e Jw;J.
(ii) As in the discussion following [LLHLMIS§|, Def. 2.17], the notion of shape does not depend

on the choice of eigenbasis. We define Yg’T/ (F) to be the full subcategory of Y*™ (FF)
consisting of Kisin modules of shape w.

5.1.10.  Upon choosing the dominant chamber correspondlng to Jin X, (Tc;) ®z R, we obtain a
Bruhat order < on W. Given a cocharacter A € X,(Tg), we define the A-admissible set as

def

Adm(\) = {@ EW: < ty(y) for some w € 52} .

Adm((é))—{(g ?) <c1) 2) (S (11>}

We denote these elements by t,t and to, respectively. Given u = (1> we define

In particular, we have

2f—1

Adm(p dCf H Adm ( )

which we call the y-admissible set. As in [LLHLMIS| Cor. 2.19], we have that Y ™ (F) is nonempty
if and only if w € Adm(p).
We now have the analog of [LLHLMIS, Thm. 2.21], using op. cit., Lemma 2.20.



42 KAROL KOZIOL AND STEFANO MORRA

Lemma /Definition 5.10. Suppose w = (w;); € W' is w-admissible and 7' is a 2-generic principal
series tame type. Let MM € Yg’T (F). Then there is an eigenbasis B for M such that the matriz of
partial Frobenius A® has the form given in Table . We call such an eigenbasis a gauge basis.

t/

TABLE 1. Shapes of Kisin modules over F
Here we have ¢;x € F and €} ;, € F*.
w@- t 10
0 C1,2 0

—x —% =%
A6 V€11 €11 C1,2
C c 0 e Vel 0
V2,1 Copo 2,2 2,1

5.1.11. Now fix M € Ywﬁ’T, (F), and fix a gauge basis 3 for M. We denote by Y%TI(R) the category
of pairs (9, 7), where M € Y™ (R) and 7 is an isomorphism j: M @x F — 9.

Definition 5.11. Let (9, ) € Y%’T’(R). A gauge basis of (I, 7) is an eigenbasis B lifting 3 via j
such that the matrix of partial Frobenius A satisfies the degree conditions given in Table

Note that a gauge basis for (I, ) € Y%’T/(R) exists by the analog of [LLHLMI18, Thm 4.1], and

the set of gauge bases for (9, 7) is in bijection with the set of eigenbases of 9t /ud lifting 5 mod u
by the analog of [LLHLMIS, Thm. 4.16]. (See also the cases Ay, As of [Lel9, Thm. 3.3], where a
detailed proof of the cases t and w above is given.)

TABLE 2. Deforming Kisin modules by shape

Here, deg(A(i)) denotes the degree of the polynomial in each entry. We write n* to denote a
polynomial entry of degree n whose leading coefficient is a unit. We have ¢;, € R and ¢, € R*.
Row 3 is deduced from row 2 by imposing condition (5.1.1)

; t ¢ ©
) 1* —00 0* <0 <0 0
(4) 3 ((
deg(A'")) <U(§ 0) 0 > <—oo 1* ) <U(0*) = O>
ci1 o
A ((U +p)eiy 0 > (Cil oL,2 ) <UC§ | Ciz)
ve21 52 0 chalv+tp) €1,1C2,2 = —pé’{ 2C31

5.2. Duality. We introduce the notion of Frobenius twist self-dual Kisin modules over K and study
their relation with usual Kisin modules over K» via the theory of base change (as in [LLHLMIS|
§6]). The main result of this section (Lemma describes the matrix of partial Frobenius on
Frobenius twist self-dual Kisin modules.

5.2.1. We now collect the relevant properties of Cartier duality which we will need.

Definition 5.12. (cf. [Bro08, § 3.4.1]) Suppose 7’ is a tame principal series type, R is a local
Artinian O-algebra with residue field F, and let 9 € Y*7' (R). We define the Cartier dual of 9 to
be

oY 2ef Homg , (I, &R),

which we equip with a Frobenius map by

1@ fr— depo (1@ f)ody o E(u),
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where 1 ® f € p*Homeg, (M, Sr) = Home, (@*M, " SR). (Note that the map ¢op is injective by
18 em. 1.2 . e also equi with a descent datum, given
[Kis09, Lem. 1.2.2(1)].) We also equip 9" with a d datum, given by
g:m — mY
fo— Gofog
(the right-hand g/*\1 denotes the semilinear action of Gal(L/K>) on 9, while the left-hand g denotes

the semilinear action on &g). With this definition, one easily checks that the descent datum of 9tV
is of type 7'V, where 7'V is the type dual to 7/, so that MY € Y~ (R).

Before proceeding with the proof of the proposition below, we introduce some notation. We
define {p, }n>0 to be a sequence of elements of Q,, which satisfy p!, ,; = p, and pg = —p, and define
Koo = Upso K (pn) and Ko co = U5 Ka(pn). Note that Gal(Ks,e/Ka) = Gal(Ka/K).

Proposition 5.13. Suppose R is a local Artinian O-algebra with residue field F. Let 7' : I, —
GL3(0) be a principal series tame type. Then M —s MY defines an involutive functor Y*™ (R) —s
Y“’TN(R), which enjoys the following properties:
o We have Tj;(MY) = T3 (M)Y @ € as Tk, . -representations, where the functor T3y is as
defined in [LLHLMIS, §2.3].

o Let 8 = {BW}; be an eigenbasis of M as in Definition . Let ¢ & Mat5(¢$g) €
Mataxo(R[u]) denote the matriz of the Frobenius on p*(IMMY), defined by

o (1o A 10 i) = (A7 51Y) 00,

Then the matriz of Frobenius on MY with respect to the dual basis B is given by

(5.2.1) Matgy (¢40,) = E(u)(CD)~T.
Proof. The first point follows from [Bro0O8, Prop. 3.4.1.7], while the second point follows from an
explicit calculation. O

5.2.2.  We explain how orientations and shapes change under duality. Suppose 7’ is a 2-generic
principal series tame type, and write 7"V = 1 @ n2. We then have the associated pair (aj, as) and
orientation w = (w;); € S;f . We fix an ordering on the characters of 7/ so that 7/ = ;' @ n, ! is
associated to the pair (p —1 —aj,p — 1 — ay) and orientation (s, s)w (recall that we view elements
of ng =~ W’ as pairs of elements of 5’2f >~ W as in . Note that 7' is n-generic if and only if
7'V is m-generic.

Assume that R is a local Artinian O-algebra with residue field F, 9 € Y“’T/(R), and let 8 denote

an eigenbasis of M. The matrix C) of Frobenius on 7* (M) (as in the above proposition) and
ﬁ

the matrix A® of the partial Frobenius (as in Subsubsection |5.1.8)) are related by the equation
(i+1) (i+1)
a —a
. w wit1(1) 0 . w  wit1 (@) 0 1
CW = w;py JGHD) AW G| Wi
0 w wi+1(2) 0 w  wit1(2)

(for the proof, see [LLHLMIS, Prop 2.13]). Using this relation for the dual Kisin module 9" and
dual type 7"V (ordered as in the previous paragraph), along with Proposition we conclude that
the matrix of partial Frobenius on 9V, with respect to 3" at embedding i, is equal to

)N\ — v+ 0 i)\ —
E(u)s(AY) Ts:< o Hp) s(AD)Ts,

Now suppose I € ym (F). The above relation shows that 9 has shape w; at embedding i if

T

and only if M’ has shape (§9)sw; 's at embedding i. In particular this involution on W' fixes
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Adm(p) pointwise, and thus Cartier duality induces an involutive functor
' "
YT (F) — Y2 ().

Furthermore, equation (5.2.1)) shows that 3 is a gauge basis for 91 if and only if Ev is a gauge basis
for M. Similarly, if (M, ) € V2" (R), then f is a gauge basis for (9, ) if and only if 5V is a
gauge basis for (MY, (3¥)71).

5.2.3. In the following, we use the notation o to denote the automorphism of Gr which is the
arithmetic Frobenius on O, and which acts trivially on R and the variable u. Thus, given a Kisin
module M, we may form the pullback o*9N et GR Qs M along o, equipped with Frobenius

Dorom def o*¢on. One easily checks that (o*0)®) = o*(MME—D). If M comes equipped with a descent

datum, ¢*9 obtains a descent datum via the canonical identification

g/i’* (J*fm) = ot (§*£m)
(here §*M denotes the pullback of M along the automorphism § of G, and similarly for gP). We
note that if 9 has type 7/ and 7"V = 11 @ 19, then o*9M has type (7/)¢, where (7/)?V = (7/)V¥ =
" o @ ng_l. Thus, Frobenius twisting gives a functor

o* : YPT(R) — YT (R).

We make similar definitions for iterates of o.

We briefly describe how the Frobenius twist transforms certain objects associated to Kisin mod-
ules. Twisting changes the principal series tame type 7 into (7/)?. Thus, it also transforms the
associated pair

(a1, a2) = ((a1,0,a1,1,--.,a1,27-1), (a2,0,a21,---,a227-1))
into
((a11,a12,---,a12f-1,a10), (a2,1,a22,...,a22f1,a20)),
and transforms the orientation w = (wo,w1,...,wef_1) into (waf_1,wo,..., wef_2). Further,

def

given an eigenbasis f = {(fl(i), fQ(i))}i for M, the elements c*f = {(1 ® fl(i), 1® f2(i))}i form an

eigenbasis of ¢*91. Therefore, by their definition, the Frobenius twist transforms the matrices

(A© AW ACT=D)Y of partial Frobenius (with respect to 3) into (AGf=1 A0  ACF=2))

and if M € Y7 (F) has shape @ = (@o, W1, . .., Was_1), then o*M € YH()7(F) will have shape

(waf—1,wWo, ..., Wzf_2). Finally, we obtain an isomorphism on the associated I'f, . -representation
Tia(0™ M) = T4(M)?,

where we recall that the superscript ¢ denotes the twist of the representation by (.

A%

1

5.2.4. Suppose now that 7’ is a 2-generic principal series tame type which satisfies (7’ )‘ff
(and note that (7/)¢~" = (#)¢’). As in Subsection this implies that 7/ is of the form
e pf —(—14p! (—14p!
T =Wy @whyS or 7= wngp Ja @wéflﬂn »
If 7/ is 2-generic, the orientation on 7' has the form (z,2) for z € W in the first case, while in the
second case the orientation has the form (z, zs) for z € W.
The discussion above gives the following:

Lemma 5.14. Assume 7' is a 2-generic principal series tame type, write 7'V = n1 ® 19, and let
w = (w;); € W' denote its orientation. Suppose that (7')?"" = 7'V Then

pf -1
iy 1(2) = Thwgs(2)

for every 0 < ¢ <2f —1.

Proof. This may be proved casewise, using the possible orientations on 7’. O
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5.2.5. As in [LLHLMIS8| §6.1], we define Kisin modules which are Frobenius-twist self-dual:

Definition 5.15. Let R denote a local Artinian O-algebra with residue field F, and let 7" denote a
principal series tame type which satisfies (77 )W_f =~ 7V, 'We define

VAT (R) &

o {(sm, L) M e YA (R), L:(af)*sm%zmv},

where ¢ is a map of Kisin modules with descent data, such that the composite morphism

(L\/)—l

O Ty < (o)) T o

M = (o) ((of) )
is —1 on M. We call ¢ a polarization of M. A morphism (M, 11) — (Ma, t2) in Yp’f)’fl(R) is a
morphism o : My — My in Y7 (R) such that the following diagram commutes:

oMN*a
(oo, S (o f)romy

bk

v o Y
%
My M

Definition 5.16. Let R be a local Artinian O-algebra with residue field IF, suppose 7’ is a 2-generic
principal series tame type, and let (90,:) € Yp’gf (R) . A gauge basis of (M, 1) is a gauge basis § of
M € Y7 (R) which is compatible with ¢, meaning +((¢/)*8) = (1, -1)8".

We now discuss the effect of adding a gauge basis.

Proposition 5.17. Let R be a local Artinian O-algebra with residue field F, and let 7/ be a 2-generic

principal series tame type. Let (M, 1) € Yp‘f)’f/ (R). Then the set of gauge bases of (M, 1) is a torsor

for Tg(OKQ ®z, R)Uf:in", where inv denotes the homomorphism t — t—1.

Proof. The proof follows the argument of [LLHLMIS, Prop. 6.12]. Let  be a gauge basis of
M € Y™ (R). Then o((of)*B) is a gauge basis of MY and by [LLHLMIS, Thm. 4.16], the set
of gauge bases of 9V are uniquely determined up to scaling and are exactly ’Tg(o K> Bz, R)BY.
Thus «((of)*B) = ¢BY for a unique ¢ € Tg(OK2 ®z, R), and the cocycle condition satisfied by
v is equivalent to ¢ 'of(c) = —1. Further, given t € 'i‘(;(OK2 ®z, R), we have ((c7)*(tB)) =
ol (t)e((af)*B) = of(t)cBY. Since the basis on MY dual to tB is t713Y, we conclude that the
set of gauge bases of (9,:) is exactly the set of solutions ¢ € Tg((‘) K> ®z, R) to the equation
(1,—1)t7' = o/(t)c. The conclusion follows as in [LLHLMIS, Prop. 6.12]: using that Resoy, 2,

splits over O, we have that the equation has a solution, and the solution set is a 'i‘(;(O K,®7, R)"f:in"—
torsor. O

5.2.6.

Lemma 5.18. Let R be a local Artinian O-algebra with residue field F, and 7' a 2-generic principal
series tame type which satisfies (/)¢ = 7'V, Let w = (w;); € W' denote the orientation of 7.

(i) Let (M) € Ypﬁgf/ (R) and let 3 denote a gauge basis for (M, ). Let AW be the matriz of

partial Frobenius of I € Y“’T/(R) with respect to 3. We then have

iop  JE@s(AD)"Ts ifig f-1,2f — 1,
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In particular, if R =T, (9MM,7) € Yp’g’l‘r’ (F), and M has shape © = (w;); € W', then
Wi—f = W;.

(ii) Conwversely if M € Y*™ (R) and the matrices AW of partial Frobenius satisfy the condition
(5.2.2)) for a gauge basis B of M, then there exists a polarization v on M such that (M, ) €

Yiol (R), and such that B is a gauge basis for (M, ).

Proof. (i) We follow [LLHLMIS, §2.1, 6.1]. Let 7 : (o/)*9 — M denote the o~ f-semilinear
bijection sending s ® m to ¢~/ (s)m. We have a commutative diagram of R[v]-modules:

P e (o) m) ) Py, s pem),

nwiif+1(2)

771Jui_f+1(2) 771“7,'-‘—13(2) nwi+15(2)
(- 1) @ "
l@m Jd’(af)*_m l‘f’(of)*gm \P}mv
j— 1 i+1 1 i+1
S 1 1
nwi_f+1(2) wiy15(2) w;418(2)

(here the subscripts denote isotypic components). The left square commutes by [LLHLMIS, Lem.
6.2], the center square commutes by Lemma and the right square commutes by definition
of polarization. By Subsubsection we see that the matrix of partial Frobenius on 91 at
embedding 7 is E(u)s(A®)~Ts. Since § is a gauge basis which is compatible with the polarization,
the above commutative diagram implies that AG—f) is of the form stated above.

(i) We may define ¢ : (o7 )*0 > MY by the condition

DY R << f— 1,

(O i—ps(k)
(1® = it
4 fuie) fo iy iff<i<ef-,
where k£ = 1,2, and where f ) denotes the basis vector of MY dual to f (k)" The relation
(5.2.2) guarantees that ¢ is a morphlsm of Kisin modules. O

5.3. Deformations. In this subsection we describe deformations of Frobenius twist self-dual Kisin
modules and relate them to deformations of local L-parameters. The main result is Corollary
giving a description of the special fiber of the Galois deformation ring in terms of Serre weights.

Throughout the discussion, we fix a tamely ramified L-parameter 5 : IT'xx — “Usy(F) such that
Top=E¢, and let 7' : Iy, — GLy(0) be a principal series tame type satisfying (/)¢ " = 7/V.
5.3.1.  We begin with Kisin modules. Fix (9,7) € Yp’f)’f, (F) and let @ = (@;); € W’ denote the
shape of 9. We also fix a compatible gauge basis 3, and assume that 7’ is 2-generic. Given a local
Artinian O-algebra R with residue field F, we let

, ot <o (mR, LR) S Yplf)’l (R)
Yo a(B) = § MR, tr,gR) © 0 g5 i Mp@p F > N
o (gp) Lo (tr®rTF) =70 (0f)*r
and
DLP (R) ™ {(sz, g )¢ ) € Y (R), }
' o BR is a gauge baas of (Mg, 1) lifting 3
Using [LLHLMlS Thms. 4.16, 4.17] along with Lemma and Proposition [5.17] u we see that

.8 ! 2f
T pol Yim ol isa G -torsor, and in particular is representable by a formal Artin stack, since
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YA s, As DY has no nontrivial automorphisms we conclude that fpul

Mopol 5 M pol T pol 5 representable by a

complete local Noetherian O-algebra R”° . The act of deforming a polarized Kisin module (90, 7)
M, pol

with 9 € Y“ ™ (F) and a gauge basis on it is equivalent to deforming the collection of associated
matrices (A( ))0<2<2 f—1 subject to the degree conditions of Table I and ( . We conclude that:

7V, and

I

Theorem 5.19. Let 7' be a 2-generic principal series tame type which satisfies (T/)Wif
let M, w, 7, and B be as above. Then

.8 N® expl
fmpol i€{0,...,f~1} B,

where Rg;pl 18 as in Table@ and the completed tensor product is taken over O. In particular R%iol

s an integral domain.

TABLE 3. Deformation rings by shape

The variables x; ; appearing in the power series rings below correspond to the coefficients ¢} ; — [¢; ;]
of the universal matrices appearing in Tables

W; t t o
1
REV | Olean, aiy, @35] | Oler, o4, a5,5] | Oz, yo2, 27, 23,1]/ (11922 +p)

5.3.2.  We now discuss deformations of L-parameters.
We recall a result from [CHTOS] in a language more suited for our purposes. Let R be a topological
Zyp-algebra. By Lemma 2.1.1 of op. cit., there is a bijection between
o L-parameters p : I'r — “Uy(R); and
o triples (p/, 0, ), where p/ : ', — GL2(R) is a continuous homomorphism, 6 : I'x — R*
is a continuous character, and « is a compatible polarization, that is, a : (' )‘ff = V6
such that the composite map

p, v—p (o2 o (p,)(p—2f ar ( /\/®9)<p ! can, ( 20~ )@—.f’\/ (aV)~t p/
is equal to multiplication by —f(¢o 7).
The correspondence is given by sending p : Ty — “Us(R) to (BC(p),70 p, ), where p(p~7f) =
(A,0(0=F)) x ¢=F and a(v) = &, A 1w,
In what follows, we will usually fix § = ¢ (hence —0(¢~f) = —1), so that L-parameters p :
'y — YUy(R) with 70 p = ¢ correspond bijectively to pairs (p’,a) where p’ : T, — GL2(R)

is a continuous homomorphism and « is a compatible polarization. In particular, our fixed p is
associated to (BC(p),@).

5.3.3.  We introduce several deformation problems for Galois representations. Let RﬁD denote the
universal framed deformation ring of 5. By [BG19, §§3.2-3.3], there exists a unique O-flat quotient
Rgl of RﬁD with the property that if B is a finite local E-algebra, then a morphism x : R%' — B
factors through Rg if and only if the corresponding L-parameter p, : I'x — “Usy(B) is potentially
crystalline with p-adic Hodge type (1,0,1) € X*(’i‘), inertial type 7/ and cyclotomic multiplier
70 pr = e. We recall the terminology used above:

o An L-parameter 'y — “Usy(B) is potentially crystalline if and only if it is so after
composition with any faithful algebraic representation © Uy «— GL,,.



48 KAROL KOZIOL AND STEFANO MORRA

o Suppose the L-parameter p : 'y — “Usy(B) has cyclotomic multiplier 20 p = €. Then p
has p-adic Hodge type (1,0,1) if and only if BC(p) has p-adic Hodge type u = (%), that
is, if BC(p) has Hodge-Tate weights {—1,0}.

o An L-parameter p : ['x — “Uy(B) has inertial type 7/ if WD(p)|;, = (7' @ 11,) @ E (by
WD(p) we mean the E-points of the “ Usp-torsor whose construction is contained in [BG19],
Section 2.8, Lemma 2.6.6, and Definition 2.1.1). Assuming p has cyclotomic multiplier, this
is equivalent to WD(BC(p))|r,, = 7.

(In this section, we will always be working with framed deformations with p-adic Hodge type (1,0, 1)
and cyclotomic multiplier, so we omit (1,0, 1), € and O from the notation.) We write D%’ = Spf R%/.

Similarly, we let RTB,C@) be the framed potentially crystalline deformation ring parametrizing lifts
of BC(p) with p-adic Hodge type u and inertial type 7. We write D]TB/C@ = Spf Rgc@)'

5.3.4. Let R denote a local Artinian O-algebra with residue field F. We define

) o pp € Dy (R)
(PR, QR) : © ap is a compatible polarization
of ply lifting @

T/ def
D z),pot(B) =

We have natural maps
D5 — Dic(p) e — Dhep)
where the first isomorphism follows from Subsubsection

5.3.5. Our next task will be to relate deformations of L-parameters to deformations of Kisin
modules. Before considering further deformation problems we record the following result.

Lemma 5.20. Let p: T'x — “Uq(F) be a tamely ramified L-parameter satisfying7op =& and 7'

a 2-generic principal series tame type satisfying (T’)‘ff =~ 7V Then there exists at most one Kisin

module M € Y*™ (F) such that T, (M) = BC(p)

polarization T on M such that (M,7) € Yp‘f)’fl (F), and such that T is compatible with the polarization
@ on BC(p)

‘FKQ o If such an M exists, then there is a unique

: *
|FK2,oo via Tjy.

Proof. The first part of the Lemma is [LLHLMIS, Thm. 3.2]. Assume that 0 € Y7 (F) satisfies

T, () = BC(p)Iry, . and let M T ®g, Ogr denote the associated étale p-module (where

O¢ F 9, ®z, F and Og¢ is the p-adic completion of Og,[u][1/u]). Since the category of I'k, -
representations is equivalent to the category of étale p-modules, and since BC(p) is essentially
conjugate self dual, we have an isomorphism

v:(of )y v = mY
(see [Bro08, §3] for the definition and properties of M"). By [LLHLMIS8, Thm. 3.2] the Kisin
varieties of both (¢/)* M and MY are trivial. Since (¢/)* 90 and M’ are Sp-lattices in (ol M
and MV, respectively, we conclude that the map 7 oof L’(Uf)*ﬁ factors through an isomorphism

(o) = ﬁv, giving a polarization on 9. o
We now claim that if 71, 7o are polarizations on 91 which are compatible with the polarization
@ on BC(p)|ry,  then 73 = 7. Since T3, (t1) = Tj;(¢2) we deduce that (z1 —72) ®e, O = 0 and

hence im(z; — 72) is a u-torsion Sp-submodule of M’ Since M is a projective Gp-submodule we
conclude that 71 — 70 = 0. O

We may now introduce the following definition:
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Definition 5.21. Let 5 : 'y — “Uy(F) be a tamely ramified L-parameter such that 20p = &
and let 7" be a 2-generic principal series tame type satisfying (7/ )Wf >~ 7V, Assume that there

exists (M,7) € Y* a (F) together with an isomorphism 77%,(") — BC(p)

pol compatible with

‘FKQ
the polarizations on both sides. We define the shape of 5 with respect to 7’ to be the shape of 9,
and denote it by w(p, 7’).

Whenever we invoke the shape of an L-parameter with respect to a 2-generic type 7' (with p and
7' as above), we implicity assume that there exists a (necessarily unique) polarized Kisin module
(M, 7) € Yp‘gf (F) such that T7,(91) — BC(p)
sides.

|FK2,OO compatibly with the polarizations on both

5.3.6. In what follows, we fix a polarized Kisin module (90,7) € Yp’f)’f / (F) and an isomorphism
5 Ty (M) =5 BC(p)

7 as above). (The existence of such a (901,7) is a necessary condition for the ring R%/ to be non-zero,

I K, ..+ Which is compatible with the polarizations on both sides (with p and

. . / . . ! . A -
since a non-zero morphism x : R — O gives rise to an element of Yp’gf (O) which reduces to (9,7)

modulo o, by the analogue of [Kis06l, Theorem (0.1)] with coefficients and descent data.)
Let R denote a local Artinian O-algebra with residue field F. We define

[ o (Mg, Ir) € Y%T/(R)

7/ def u

Dﬁ”DBC@(R) = Mg, 9k, PR, OR) © © P € Do (R) -
0 0p : Tjq(Mp) — pilry,  lifts 0

o (M, er, 1) € Yog™  (R)
7,0 def . opr € DZ(R)
= _(R) = (MR, LR, JR: PR, OR) : P ~ -
M,polp ) ( ) o 0R: Tjd(DﬁR) — BC(pR)|FK2,oo lifts &,

compatibly with the polarizations

The forgetful functor (Mg, tg) —> Mp along with the base change map pr — BC(pr) induces a

. T/,D 7"7[| . . . . *
morphism Dﬁ,pol;ﬁ — Dﬁ,B o) which is compatible with T7;.

—f

I

Lemma 5.22. Let p and 7' be as above, so that in particular 7' is 2-generic and satisfies (7')%?

,0

4 ’o. . .
7V Then the natural map D;Tt _— D7 is an isomorphism.

,pol;p

Proof. Let R be a local Artinian O-algebra with residue field F, and let pr € D%/(R). Recall that
the data of pgr is equivalent to the data of (BC(pr),ar), with ag a compatible polarization. By

[LLHLMIS, Cor. 3.6], the representing rings R:\J . and R,

exists a unique pair (Mg, dr), where My € Y%’TI(R) and dg : T5(Mg) — BC(pr) lifts
6. It remains to construct a unique polarization on Mz compatible with ag. By the equivalence
of categories between étale p-modules and T'k, . -representations, the polarization ar induces a

) are isomorphic, and hence there

‘FKZOO

polarization tp : (af Mg — MY, where My denotes the étale p-module associated to Mp. The
uniqueness of My implies that ¢y carries (of )*Mp to MY,. Finally, the fact that ¢ is unique follows
exactly as in the proof of Lemma [5.20 O

5.3.7. We now fix a gauge basis 3 on (9,7). For a local Artinian O-algebra R with residue field
F, we define

! a e Di’D
D%’ﬁ’lzllf(R) d:f (mR, LRy IR, BR, PR, 5R) : ° CU(R’ LRy JR) PR 5R) € m,pol;ﬁ(R)' . _ .
poblip o fRr is a gauge basis for (Mg, ) lifting S
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8,0 7,0

pol;p M, pol;p
torus torsor of relative dimension 2f. We denote by RTﬁS 15 — R;nﬁ pfl'p
of deformation rings. It is a formally smooth morphism of relative dimension 2f between complete
local Noetherian O-algebras.

Finally, we define the deformation problem

We see by Proposition [5.17] that the forgetful map D is a representable formal

the corresponding map

(mtR’ LR) jR? /BR) E Dm pOl(R)
DrBO Ry <) (on roam, Broer): O CR is a basis for T7,4(Mg)
m’p‘)l( ) (M, Lk, 35, B, o) lifting the (pullback via § of the)
standard basis on BC(p)|r g

In particular, if (Mg, R, IR, Br,€R) € D%E’O?(R), then (T5,(MRg),er) is a framed deformation of

BC()|r Ky Welet R .5, oD1 denote the deformation ring corresponding to the above deformation

problem.

5.3.8. The relationships between the various deformation problems are summarized in the following
diagram, where “f.s.” stands for formally smooth.

(5.3.1)  SpfRE «~— Spf R%’fol. = Spf R 75 N — Spf Ry ’5 N Spr

The maps which are formally smooth correspond to forgetting either a gauge basis on the (po-
larized) Kisin module or a framing on the Galois representation. The former is formally smooth of
relative dimension 2f while the latter is formally smooth of relative dimension 4. The isomorphism
follows from Lemma [5.22

Our next goal will be to show that the remaining map Spf R 5.0

bolp — Spf R
phism. This will follow from some calculations with Galois cohomology

75 0. 1
is an isomor-
O

5.3.9. Given the tamely ramified L-parameter p: T'y — “Us(F) with 70 5 = &, we set ad’(p) o

gly(F). Tt is a direct summand of the Lie algebra of “Uy endowed with the adjoint action of 'y via
7. Explicitly the action of I'x on the direct summand ad® (p) is given as follows: 'k, acts by the
adjoint action (via BC(p)), and p(p /) = (A,1) x o7/ acts by

X r— —AG X To AL

Lemma 5.23. Suppose p is 1-generic. Then the restriction map on cocycles

7'k, ad(p) — Z' Tk, ad" ()
18 1njective.
Proof. Lemma implies that ad®(p )Irk, is a direct sum of four characters, and the condition
of 1-genericity 1mphes that none are equal to the mod p cyclotomic character. Thus, ado( ) is
cyclotomic free, in the terminology of [LLHLMIS8, Def. 3.8]. The result now follows from op. cit.,
Proposition 3.12. O

.80 ,ﬁD .

Proposition 5.24. Suppose p is 1-generic. Then the natural map Spr pol:p — Spr pol

an isomorphism.

Proof. By considering tangent spaces and using the above lemma, the map in question is a closed
immersion (compare [LLHLMIS8, Prop. 5.11]). Therefore it suffices to prove it is surjective on R-
points. This is obtained following the argument of the proof of [LLHLMIS8, Theorem 5.12], noting
that in our situation, the monodromy condition in op. cit. is empty and the p-adic Hodge type is
(1,0) in all embeddings. (Alternatively, one can invoke [CDMI8, Thm. 2.1.12]: the cited theorem
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implies that if (Mg, tr, IR, Br,€R) € D%E’O?(R), then we may extend the framed deformation
(T3a(Mr), er) of BC(p)|ry,  to a framed deformation of BC(p); the claim about functoriality in
op. cit. implies that the polar1zation T34(tr) also extends.) O

5.3.10. By Theorem Proposition [5.24] and (5.3.1)), we finally conclude that:

! ~ ' ,3,0 ~ B ~ PN expl
(5.3.2) R} [[51,...,52f]]_Rmpol;p_Rmpol[[Tl,...,TLl]]_(@ié{o e, )[[ P |

where @ = (@;); = w(p, ') € W is the shape of 7 with respect to 7.
5.3.11. The following corollary is the main result on the local Galois side.

Corollary 5.25. Letp: ' — “U, (F) be a 3-generic tamely ramified L-parameter which satisfies
20p==2. Let 7" denote a 3-generic principal series tame type which satisfies (T’)Wﬁf ~ 7V and let
o(1') denote the tame type associated to ™" via Theorem|4.11. We view o(7') as a Deligne Lusztig

representation of G(Z,) on which 1W(O%) acts trivially. Assume that there exists (IN,7) € Yp’gf (F)

together with an isomorphism T, (9M) — BC(P)Iry, .. compatible with the polarizations on both

sides.
We then have

‘W )N JH (o(7) )‘—eRT ®o F),
where e(—) denotes the Hilbert-Samuel multiplicity.

Proof. Let (M,7) € Yol '(F) correspond to p, let B denote a gauge basis for (,7), and let @ =

(W;); = W(p, ') € W' denote the shape of p with respect to 7/. The isomorphism (5.3.2) above
implies that

where the last equality follows from Table
By the GLg-analog of the discussion in [LLHLMIS] §5.2], we see that RTB/C(ﬁ) is a formally smooth
modification of R%’ﬁ , where the latter ring represents the functor sending a local Artinian O-algebra

R with residue field F to the set of triples (Mg, 1r, Br), where (Mg, r) € Y%’T/(R) and Br is a

gauge basis of (Mg, r) lifting 3. Further, the structure of R%’B is obtained by removing the
restriction “i € {0,...,f —1}” in the right-hand side of Theorem (this is the GLg-analog of
[LLHLMI8, Thm. 4.17]). Thus, Lemma [5.1§(i)| implies
e(Ryop @0 F) = e(RL’ @)

—  ol{iwi=w}|
92{0<i<f—1:w;=w}|

= (R} @9 F).
After unwinding definitions and conventions regarding duals and Hodge—Tate weights, [GK14, Thm.
A] gives

W' (BC(p)) N JH (BC(o(7)))| = RBC(p) ®o F).
Hence, it is enough to prove that
|W*(BC(p)) N JH (BC(a (7)) | = |[W'(p mJH( a(™)|?.

This follows from Propositions (applied to B(Vy(p)) and (7)), [4.6| and 4.8 O



52 KAROL KOZIOL AND STEFANO MORRA

6. GLOBAL APPLICATIONS I

In this section we apply the results of Sections [3] and [ in a global context. Our main references
will be [CHTO8] and [CEG™16]; as such, we will be considering Galois representations valued in the
group Go. (We will translate these results back to the group “U; at the end of Section ) After
preliminaries on automorphic forms on unitary groups and their associated Galois representations
(Theorem , we give the main result on weight elimination in Theorem building on the
compatibility of base change of tame types and L-parameters.

We caution the reader that some of the notation below differs from previous sections.

6.1. Unitary groups.

6.1.1. Let F be an imaginary CM field with maximal totally real subfield F'". We suppose:

o F*/Q is unramified at p;

o F/F* is unramified at all finite places; and

o every place of F'™ above p is inert in F.
This implies that [F'* : Q)] is even (cf. [GKI4, §3.1]), and there exists a reductive group Go,.
which is a totally definite unitary group, quasi-split at all finite places. More precisely we take

G(R) = {g € GLy(0OF ®0o,, R) : g"“*VTg =15},

where R is an Op4-algebra, and where we write ¢ € Gal(F/F™) for the complex conjugation.
Note that this group is different from the group G from Subsubsection|2.2.1
The group G is equipped with an isomorphism

t: G XOFJr OF L)GLQ/OF

which satisfies t o (1® ¢) o171 (g) = g~¢T. For all places v of F* which split in F as v = ww®, we
obtain an induced isomorphism

tw : G(Op+) — GL2(Op,)

such that ¢, 0150 (g) = g~ ¢". If v is a place of F* which is inert in F, then we have an isomorphism

Ly © G(OFJ) L) UQ(OFJ—) g GLQ(OFU),
where Uy is the quasi-split unitary group over O P defined Subsection This isomorphism is

given by g — (1 %) g (} fl)_l, where b € OF, is an element which satisfies bb® = —1 and b & O;+.
Finally, for an embedding x* : F'* — R, the group G(F’:L) is compact, and isomorphic to the
compact unitary group Us(R).

(We note that the running hypothesis in [GKT4] that v splits in F' for v a place of F'*™ above p is
irrelevant for the construction and the basic properties of the group G.)

6.1.2.  Set F; e pt ®qQp and Op+ ,, ot Op+ ®zZy. Recall that E is our coefficient field, with ring

of integers O, uniformizer w, and residue field F. We assume F is sufficiently large; in particular,
we will assume that the image of every embedding F' — @p is contained in FE.

We write X7 (resp. ¥,) for the set of places of F* (resp. F) lying above p. Restriction from F
to F* gives a bijection between ¥, and E; , and we will often identify these two sets. Similarly,

we let LF (vesp. I,) denote the set of embeddings x* : F* «—— E (resp. s : F — E). We fix a
subset Eo C I, such that I, = E U f;. Then restriction from F to F'T gives a bijection between fI;,

and I,f. Further, composing x* € L (resp. s € E,) with the valuation on F gives an element of
¥} (resp. Xp), and we let v(k™) (resp. v(x)) denote the place induced from the embedding x* € I

(resp. k € INI,) This gives the following diagram:
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I, < I, N
(6.1.1) I I
kt=o(rt)
Iy %,

For a finite place v of F™ (resp. F), we let F,f (resp. FF,) denote the residue field of v. We have
G(F;) = Uy(F;)) for all v € ¥ by construction.

6.2. Algebraic automorphic forms on unitary groups.

6.2.1. Let K =[], K, be a compact open subgroup of G(A%,). We set
K, ] K K< ] Ko,
Ve gy
and if k € K, we write k,, for the projection of k to K. We say that the level K is sufficiently small
if for all t € G(A%,), the finite group ¢ *G(F*)¢t N K does not contain an element of order p.

6.2.2. Let K =[], K, € G(AZY) X G(Op+ ) be a compact open subgroup, and suppose W is
an O-module endowed with an action of G(Op+ ,). The space of algebraic automorphic forms on
G(A%,) of level K and coefficients in W is defined as the O-module

Sa(K.W) < {f: GFYN\GAR) — W : fgh) = k" f(9) Vg € G(AF. ).k € K}
Given a compact open subgroup K as above, we have

GAR) =| |6(FNHLK

for some finite set {¢;};. This induces an isomorphism of O-modules

Sa(K, W) = gQwhmetn
[ (f{t:)
In particular we have inclusions Sg(K,W) C Sg(K',W) for K' C K. If we assume that K is
sufficiently small or A is a flat O-algebra, we further have

(6.2.1) Sa(K, W) ®0 A= Sa(K, W @9 A).

6.2.3. Suppose that J =[], J, € G(AL}") x G(Op+ ) is a compact subgroup. We define

def

KDJ
where K runs over compact open subgroups containing J, for which K}, € G(Op+ ). If g € G(A%,)
is such that g, € G(Op+ ,) then

(9-f)(h) = gp-f(hg)
defines an element g.f of Sg(gJg~!,W). Hence, we obtain an action of g on Sg(.J, W) as soon the
relation .J C gJg~! is satisfied. In particular, if J =[], J, € G(AT}") x G(Op+ ) is any compact
subgroup, then J acts on Sg ({1}, W), and we have

(6.2.2) Sc({1}, W)’ = Sg(J,W).
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6.2.4. Recall the map I, —» %, defined by  — v(x). This gives a bijection I,, — Lyes, Hom(F,, E)
and we identify embeddings F;, — E with elements in I, without further comment. Let v € ¥,,.

We define I/{?)_r/n(FU, E) C Hom(Fy, E) by the condition
I, =+ | | Hom(F,, E)
vEX)p
where the map is given as restriction of the map I, — Lves;, Hom(Fy, E). Note that x — rkoc

defines a non-trivial involution on Hom(F),, F') and hence |ﬁ5§1(Fv, E)| = 1|Hom(F,, E)|.

6.2.5. Let Zi denote the set of all pairs of integers (A1, A2) such that A\ > Ay. (Thus, for v € E;,
we may identify (Zi)Hom(FJ’E) with )Q.(Res@F+ /2,(Tu)), where Ty denotes the torus of the group
Uy defined in Subsubsection with K = F,f. Note that the discussion in Subsection [3.1| works

equally well for the group Uy and its restriction of scalars.) Given A\, = (A,)x € (Zi)ﬁg;n(F ) we
let W, denote the free O-module

v

W)\ d:ef ® det Ak,2 ®OFU Sym)\ml*)\mﬂ(o%v) ®OFU7I€ O)
kEHom(Fy,E)
which, by restriction and using the isomorphism ¢,, has an action of G(O FJ)- Given an element
A= (Al € (Z2) = @, (Z2)1m 0B e set

def
Wa= Q) Wa,,
veEL)

which is a free O-module with an action of Huez;f G(OFJ) =G(Op+ ).

Since F\ is unramified over Q, for every v € Z; , restriction and reduction mod p give bijections

Hom(F,, E) 5 Hom(F}', E) — Hom(F}, F).

For an element A = (A)ves, € (Zi)fp = @Uezp(Z%r)ﬁovm(Fv’E), we let A = (A\y)ves, denote its image
in Pex, (72 )Hom(F 5 Let Z?hp denote the subset of Z2 consisting of elements (A1, A2) satisfying
A1 — A2 < p— 1. Then the image of (Z3 ) in Does, (Zi)Hom(Fj’F) gives rise to the irreducible
mod p representations of G(Op+ ,), in a manner similar to Proposition (More precisely, under
the identification of (Zi)Hom(F;’E) with X4 (ReSOF;/Zp(TU)% the set (Zi’p)Hom(FJ’E) is identified

with Xl(ReSoF+/Zp(TU))-) In particular, if A = (Ay)vex, € (Zi,p)fp = @vezp (Ziyp)ﬁ&;(ﬂfﬂ), we
have ’

Wy Q¢ F = ® F(Xv)
vEL)

as mod p representations of G(Op+ ).
6.2.6. We now relate the spaces Sg(K, W) to spaces of classical automorphic forms.

We let A denote the space of automorphic forms on G(Ap+) (see, e.g., [GS11], §§1.5 - 1.8]). Since
G is totally definite, A decomposes as a G(Ap+ )-representation as

(6.2.3) A= @m(ﬂ')ﬂ'

where 7 runs through the isomorphism classes of irreducible admissible representations of G(Ap+)
and m(m) is the (finite) multiplicity of 7 in A ([Guelll, §2.2], [BC09, §6.2.3]).
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Fix an isomorphism 2 : E —+ C. This gives an identification

by : (Z?f—)lp i (Zi)Hom(F+,R)

defined by (2.\)x = Ao for k : F™ — R (here 1! o k denotes the unique element of E, lying
over vt ok € Lf).

The set (Z2)Hom(*" "R) parametrizes irreducible complex representations of G(F); given u €
(72 )Hom(F B we let W,, denote the associated irreducible complex G(F;)-representation.

For \ € (Zi)fp, the space W) ®¢, C is a complex representation of G(Fp+ ). We let

0: Wy ®O,1(C L)Wl*A

denote a G(F)-equivariant isomorphism.

6.2.7. From now onwards we let 0° = @, .+ 0, denote a smooth G(Op+ ,)-representation on a
P J.

finite free O-module such that 0° ®p E is a tame G(Op+ ,)-type. (By abuse of language, we say
that ¢° is a tame G(Op+ ,)-type over O.)

Fix \ € (Zi)fp. By letting G(F) act trivially on the second tensor factor of W,/ , ®@c (0°®¢,C)"
we define an isomorphism

(6.2.4) Sa ({1}, (Wx ®0, C) &c (0° ®o,, C)) — Homgpt) (W), ®c (0° ®o, C)", A)

as follows. Let f: G(FT)\G(AY,) — (W) ®o, C) @c (¢° ®o, C) be an element of the left hand
side. We send this element to a homomorphism f : W;/* ) ®c (0° ®g, C)¥ — A defined by

F@w¥)(g) = w" ((Esslga) ® 1) 0 (0@ 1) 0 (&(gp) ®1).f(9™)) ,

where g € G(Ap+), w¥ € (W, \ ®c (6° ®o, C))¥ = W/, &c (¢° ®p, C)¥, § denotes the action
of G(F,/) on W) ®p, C, and & denotes the action of G(FF) on W,, . One easily checks that
this isomorphism is well defined and G(AZ}”) x G(Op+ ,)-equivariant. Therefore if J = [], J, C
G(ALY) X G(Op+ ) is a compact subgroup we have

62-1)
Sa(J,Wy®90°) ®0,C = Sa(J,(Wx®o,C)®c (6°®0, C))

(=) . J
= Se ({1}, Wy ®0, C) ®c (0° ®o, C))
=~ HomG(Fot,) (WXA Rc (0’0 R0, (C)Vj‘A)J
= HomG(F;)XJ (W;i/\ ®c (o° X0, C)V:A)

'
= @m(w) Homg gy, s (W) 5 ®c (¢° ®0, C)¥, )

12

(6.2.5) & m(r)Hom,, ((0° ®0, C)",mp) @c (7°F)”".

WV
Too 7WZ*)\

In particular, this implies that Sq(G(Op+ ), Wi ®0 0°) ®o FE is a semisimple admissible G(A;ﬂ’p)—
representation.

6.3. Galois representations associated to automorphic representations and Hecke alge-
bras.
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6.3.1. We define (Zi)é” to be the subset of (Z2)!» consisting of all A = (\,), for which
Akji = —Akoe,3—i
for i = 1,2. Note that the restriction map induces a bijection
(Z2)y = (23)".

We use the following notation in the theorem below. Throughout, we fix an isomorphism 2 : E —
C, and recall that recz denotes the Local Langlands correspondence over E. We define | det |=1/2
to be the E-valued character whose composition with 2 is the square root of |det |~! which takes
positive values.

Theorem 6.1. Fix \ € (Zi)fp, and for every v € E;, let 7/, denote a tame inertial type of I,
—[F} e
which factors as in Definition |4.10] and satisfies (7),)% ] o V. Leto &f ®v62; o(7)) and let

2 be an irreducible G(AL")-subrepresentation of Sg(G(Op+ ), (Wr ®o E) ®p 0¥) @p E.  Then
there exists a cuspidal automorphic representation © of G(Ap+) such that m, = E, ®%, C for all

finite places v ¢ E;, Moo =2 W;:/\, and WP|G(OF+,p) contains o0 @, C. Furthermore, there exists a

unique continuous semisimple representation
r(m) : Tp — GLo(FE)
satisfying the following properties:

(i) We have an isomorphism
()¢ 27y (m)Y @ e
(ii) If v is a finite place of F* which splits as v = ww® in F, then
WD(TZ(W)\FFM)F_SS o~ recf((Ev o L;l) ® | det \*1/2).
(iii) If v € B is a finite place of F which is inert in F, then
WD(TZ(W)]va)F_SS = recE(BCFv/FJ(EU) ® | det ]_1/2),

where BCFU/FJ denotes the stable local base change.
(iv) Letv € XF. Then r,(r) is potentially crystalline at v (viewed as a place of F), and we have

WD (7, () g, Mim, =70

-
If k € I, satisfies v(k) = v, then

HTy(r(m)lrp,) = { A1 +1, A2}

(where we view A as an element of (Zi)é” via the bijection preceding the theorem). In

particular, r,(r)|ry, is Hodge—Tate regular.

Proof. Firstly, we note that the existence of the representation 7 follows from Subsubsection |6.2.7]
(specifically, equation ) Additionally, the set of primes of F' which are split over a place of
F7 has Dirichlet density 1. Therefore, if we have two semisimple continuous Galois representations
satisfying (ii), they must be isomorphic.

Let G* denote the quasi-split unitary group in two variables over F'*, defined as in [Rog90, §1.9].
There exists a Jacquet—Langlands transfer from L-packets on G(Ag+) to L-packets on G*(Ap+),
which induces isomorphisms at all finite places of the constituents of the L-packets. (In order to
see this, we may appeal to any of the following methods: (1) noting that G = SL;(D) and
G*der > SL, (where D denotes the quaternion algebra over F* which is ramified exactly at the
infinite places of F'T), we proceed in a similar fashion as [LL79] §7, p. 781]; (2) we may embed G and
G* into their respective similitude groups, which are isomorphic to GL1(D) xGm Resp 1+ Gm and
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GLy xGm Resp /r+Gm, and apply the results of [LS19] along with the classical Jacquet-Langlands
correspondence between GLj(D) and GLo; (3) use [KMSW, Thm. 1.7.1], which nevertheless is
conditional on forthcoming work of the cited authors.)

Let BCp/p+ denote the global stable base change map (cf. [Rog90, §11.5]), and put II o
BCp/p+(JL([n])), where [r] denotes the L-packet containing 7. Then II is an automorphic repre-
sentation of GLg(Ap) which enjoys the following properties:

o II is conjugate self-dual;
I is cohomological of weight 7, A (viewed as an element of (Zi)gom(ﬂc))
If w is a place of I which is split over a place v of F*, then

1

I

e}

o

I, = BCFw/Fj(ﬂ'v) = Ty O Ly,
where BCp, o+ denotes the local base change (cf. [Guelll §2.4]);
If v is a place of F lying over an inert place v of F', then
I, = BCFv/FJL (ﬂ'v),

(e]

where BC F/Ff denotes the local base change (described explicitly in [Rog90, Prop. 11.4.1],

and in further detail in [Blal0), Cor. 3.6 and Thm. 4.4]);
If v € ¥, then we have an injection

o

/ /
o'(1,) @, C — | gLy (0p,)-
Hence, if 7] is a principal series tame type, II, is a principal series representation.

The construction of r,(m) now follows just as in [Guelll Thm. 2.3], appealing to [Rog90, Thm.
11.5.1] instead of [Lablll Cor. 5.3] in order to control what happens above p. All the properties
listed follow from [Guelll Thm. 0.1], [Carl2, Thm. 1.1], [Carl4, Thm. 1.1], and Theorem[{.11] O

6.3.2. Fix a sufficiently small compact open subgroup K =[], K, € G(A%,), and let T' denote a
finite set of finite places of F'*, which contains all inert places v for which K, is not hyperspecial
and all split places v for which K, # G(O F;”)' We define the abstract Hecke algebra T7 to be the

commutative polynomial O-algebra generated by formal variables quf) for i = 1,2, and w a place of
F split over a place of F' such that w|p+ & T.

Fix A € (Z2)% and let 7/ o {7 }vex, and 0° denote a G(Op+ ,)-stable O-lattice in the dual Qf
o= ®U€E; o(r,). Given K as above, with K, C G(O+) for all v € ¥, the Hecke operator T
acts on the space Sq(K, W) ®p 0¥°) via the characteristic function of double coset

Kol Wyl
1o

voPw

)KU‘K”

(2

(here w,, denotes a choice of an uniformizer of F,,, and v = w|p+ ). The image of T in Endy(Sq (K, Wx®0
oV°)) will be denoted T% ,(K). The algebra T1 ,(K) is reduced, finite free over O, and thus a
semi-local ring. Furthermore, note that we have TI(UZC) =13 (TQE,Q))*1 in TZ ,(K).

Recall that we have
(6.3.1) Sa(K, Wy ®9 ") @9 E = P M=z 0 X",

where the direct sum runs over all irreducible constituents Z of Sg(G(Op+ ), W ®p 0¥°) ®¢ E
for which ZX” £ 0, and where Mz is a multiplicity space. The Hecke algebra ’]I‘ip (K acts on each
—KP . . ’
="" by scalars, and we obtain a homomorphism

Az : TS (K) — E.

The ideal ker(Az) is a minimal prime ideal, and every minimal prime of T _(K) arises in this way.
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Fix a maximal ideal m C TZ ,(K). Then we have

Sa(K,Wx®00"%)m @0 E #0,
and this localization annihilates all the direct summands of for which ker(Az) € m. Let
p € m denote a minimal prime ideal, corresponding to an irreducible constituent = of . We
choose an invariant lattice in 7,(7) (for 7 associated to = as in Theorem , reduce modulo p,
and semisimplify to obtain a representation 7y; by the density argument of Theorem this is
independent of the choice of p and =.

Theorem 6.2. Fiz \ € (Zi)fp and let 7" = {7} }yex, be as in Theorem . Suppose that m is a
mazximal ideal of ’]I‘{T,(K) such that that the residue field ’H‘{T,(K)/m is equal to F. Suppose further
that 7 is absolutely irreducible. Then T has an extension to a continuous homomorphism

Tm : FF+ — 92(F).
Choose such an extension. There exists a continuous lifting

Tt Dpe — G (TR 1 (K)m)

satisfying the following properties. Note that properties (i) and (iii) characterize BC'(ry) up to
isomorphism.

(i) The representation T is unramified at all but finitely many places.
(i) We have vory =& L.
(iii) If v € T is a finite place of F* which splits as v = ww® in F, then ry is unramified at w
and BC/(ry)(Froby,) has characteristic polynomial

X2 - TWX + N(w)T?.
(iv) If v & Z; is an inert place, then ry is unramified at v.
(v) Given v € ¥} and a homomorphism x : ’IF:)CT,(K)m — E, the representation x o ry - is

potentially crystalline, and we have
WD(z o rmpr+)|IF+ =7, @l ..
If k € IS satisfies v(k) = v, then
HT,(BC'(z o rm)|ry, ) = {Ae1 + 1, Ac2}-

Proof. This follows exactly as in [CHTO08, Prop. 3.4.4], using Theorem The fact that vory, = e~}
in (ii) (instead of 5*15;‘% . ) follows from the main result of [BC11]. O
6.3.3. We recall one more well known lemma on the space of algebraic automorphic forms.

Lemma 6.3. Let K = [[, K, € G(AY,) be a sufficiently small compact open subgroup as above,
and let W be a finite, p-torsion free O-module endowed with an action of G(Op+ ). Fiz a mazimal
ideal m of TT. Then

Sg(K,W®o F)m #£0 <= S(;(K,W(X)o E)m £ 0.

Proof. This is standard (see, for example, the proof of [CHTO0S8, Lem. 3.4.1]). More precisely, the
fact that K is sufficiently small gives the isomorphism (6.2.1)), and implies Sg (K, W)y, is p-torsion
free. We therefore obtain

S (K, W ©0 F)n = Sa(K, W) ©0 F # 0 <= Sa(K, W ® E)n = Sa (K, W)n @0 E # 0.

6.4. Weight elimination.
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6.4.1.

Definition 6.4. A Serre weight for G is an isomorphism class of smooth, absolutely irreducible
representations of [, ey G(F}) over F, inflated to G(Op+,,). If v € F, a Serre weight at v is
an isomorphism class of smooth, absolutely irreducible representations of G(FF;") over F, inflated to
G(Op+).

Note that any Serre weight V' for G is of the form V = ®v€2;7r V, where V,, are Serre weights at
v.

Definition 6.5. Let 7 : I'p+ — G2(IF) be a continuous representation such that
ovoT =g 1
o T 1(GLy(F) x G,y (F)) = I'p;
o BC/(7) : Tp — GLy(TF) is absolutely irreducible.
Let K =[[, K, C G(A%‘;) be a compact open subgroup, 7" a finite set of places as in Subsubsection
and suppose T is unramified at all finite places v of F'™ which split in F' and for which v & T'.
We define a maximal ideal my of TT by
my & <w, T — tr(BC(7)(Froby,)), T — N(w)~" det (BC’(F)(Frobw))> o
w| gt

where w|p+ = v € T splits as v = ww® in F.

Definition 6.6. Let T be as in Definition and let V be a Serre weight for G. Let K =
II, Kv € G(A%,) be a sufficiently small compact open subgroup with K, hyperspecial for v inert
in F and K, = G(Op+) for v € X7, and let T' be a finite subset as in Subsubsection such that

7 is unramified at each split place not in 7. We say that 7 is modular of weight V' and level K (or
that V' is a Serre weight of T at level K) if

Sc (K, Vv)mT #0.

We say that 7 is modular of weight V' (or that V' is a Serre weight of 7) if 7 is modular of weight
V and level K, for some sufficiently small compact open subgroup K C G(A%;) as above. We
denote by Wp,0q(T) for the set of all Serre weights of 7. We say that 7 is modular if Wy,0q(T) # 0.

6.4.2. Fix 7 as in Definition , and for v € ¥ define 7, & F]FF+. By Proposition we have

a set of conjectural Serre weights W’(5,) at v for every v € Z‘Z‘f . (Here we use the isomorphism

CU, = Gy of Subsection Moreover, the condition v o7 = ! implies that the Us(F;)-
representations appearing in W (5,) descend to Uy(F}) = G(F;}), see for instance Proposition
) Thus, we can attach to 7 a set W’ (7) of predicted Serre weights for G defined as

W) =4 Q) Ve: Ve € Wi(p,) forall ve S

UEE;

In a similar fashion we define the set W’ (BC(7)) of conjectural weights attached to BC(F). (Note
that, under the isomorphism in Subsection we have BC(7) = BC/(F) ® .)
If o = ®U62; 0y is a tame G(Op+ ,)-type, we define the base change of o as

BC(0) = (X) BCy(ow),
UEE;

where BC,, denotes the local base change of types.

Theorem 6.7. Let 7 : I'p+ — Go(F) be a continuous representation such that

ovoTF=¢8"1;
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Wmod (F) - W? (?) .

Proof. Assume Wp,0q(T) # 0, otherwise there is nothing to prove. Let V' € Wy,04(7), and assume by
contradiction that V ¢ W’ (7). By Proposition 4.6/ and Lemma there exists a tame U (Op+ ,,)-
type o = ®U62; o, such that
(i) V € JH(o);
(ii) JH(7) N W (F) = 0.
(Note that if p, is n-generic, so is 8(Vg(p,)).) We define 7, to be the tame principal series type
(pf[]Fer:JFp] ~ /V)

such that o, 2 o(7]) (so that, in particular, (7)) ~ 7/

By definition of modularity, there exists a sufficiently small compact open subgroup K =[], K,
such that K, is hyperspecial for v inert in F' and K, = G(O F;,) for v € E;,L , and a finite set of
places T such that

Sg(K, Vv)m? #0.
Since K is sufficiently small, the functor of algebraic automorphic forms is exact, so item |(i)|implies
SG(K7 O-V,O)m? 3& 07
and Lemma [6.3] gives
Sg(K, oV° ® E)m¢ #0.
By the discussion preceding Theorem and upon choosing an isomorphism ¢ : £ — C, there
exists a cuspidal automorphic representation 7 of G(Ag+) such that
0 T is the trivial representation of G(F);
o Homg, (0 ®Eg, C,m) #0;
o for each place v of F™ which is split in F' and not contained in T, the local constituent m,
is an unramified principal series with Satake parameters determined by a minimal prime
of TY /(K )m, via 1.
As in the proof of Theorem [6.1], we obtain a continuous representation
r(m) : Tp — GLo(FE)
such that
o 1,(m) lifts BC'(7);
o for each v € ¥, 7(7)|ry, is potentially crystalline, and
WD(TT(T()‘FFUMIFU = 7_1/15
o for each x € I, we have

HTw(r (™), ) = {1, 0.

Consequently, the representation r,(7) ® ¢ has the following properties:
o 1,(m) ® ¢ lifts BC'(7) ® € = BC(T);
o for each v € 3, (r,(7) ® €)|ry, is potentially crystalline, and
WD((ri(7) @ €)lrg, )1, = 7

o for each x € I, we have

HT,.;((?“Z<7T) ® E)IFFU(K)) ={0, —1}.
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By the above, we see that BC(p,,) has a potentially Barsotti-Tate lift of type 7;, for every v € ¥,
namely (7,(m) ® )|y, (with notation as in [Geelll, Def. 2.3]). Therefore, Proposition 3.12 of op.
cit. implies that

JH (BC(o(r}))) N W' (BC(p,)) # 0
for all v € ¥,. By Propositions and [4.8| we obtain
H (7)) N W (7,) # 0

for all v € E; . However, this contradicts item (i)} which concludes the proof. g

7. GLOBAL APPLICATIONS II

In this section we use patching techniques to prove the existence of Serre weights for L-parameters,
using the results on local deformation theory obtained in Section We first adapt the patching
construction of [CEG™16] to the case of unitary groups which are not split at places above p, and
state the necessary properties in Proposition This allows us to deduce the main results on
weight existence in Theorem [7.4] and automorphy lifting in Theorem

7.1. Setup.

7.1.1. Suppose that 7 : I'p+ — Go(FF) is a fixed Galois representation such that
71 (GLy(F) X G (F)) =p;

vor = 5_1;

7 is modular;

T is unramified outside E;‘ ;

O O O O O

ﬂpF + is tamely ramified and 4-generic for all v € X;

—ker(ad® (7
Fr ) qoes not contain F((p); and

o BC'(7)(T'r) 2 GLy(F’) for some subfield F’ C F with [F/| > 6.
The last condition implies that BC'(7)(T'p(c,)) is adequate (cf. [BLGGI3, Prop. 6.5]), and that

BC'(7) is absolutely irreducible. Furthermore, the argument in [CEGT16| shows that this condition
also guarantees the existence of a place v of FT such that

o}

(a) vy splits as v10§ in F
(b) v1 does not split completely in F'((,);
(c) BC/(7)(Frobg, ) has distinct F-rational eigenvalues, whose ratio is not equal to N(v;)*!.

7.1.2. Let X\ € (Zi)fp and for every v € Z; , let 7 denote a tame inertial type which satisfies
—[F e T de ~ . . . .
(1))% ] o V. Set T o YrU{v}and T o Y, U {v1}. We consider a slight generalization of

the global deformation problems of [CHTO0S8, §2.3]:

def

§ = (F/F*,T,f,O,F,gflj{ﬁg}vezgU{EEJ)

&
o

Sno & (F/FHTT 07,7 (RPN o URDY)

The difference here is that we allow places in T" to be inert in F'. In this notation, EE denotes the
maximal reduced and p-torsion free quotient of the universal framed deformation ring parametrizing
lifts p of ?|FF . such that vop= e~1. Further, the ring RE ATy Jenotes the unique quotient of RY

with the property that if B is a finite local E-algebra, then z : EE — B factors through RE Aoy

if and only if the corresponding representation r, : '+ — G2(B) is potentially crystalline, and
satisfies v o, = e, HTx(BC'(ry)) = {Ae1 + 1, Ax2}, and WD(BC' ()|, = 7). (Again,
the existence of such a quotient follows from [BG19l §§3.2 — 3.3].) In particular, if A = 0, then
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by applying the isomorphism of Subsection [2.4] we obtain an isomorphism of deformation rings
0,0,7/
R’U " iy

= R%’S, where the second ring is as in Subsubsection [5.3.3

We note also that EUDI is formally smooth over O of relative dimension 4, and all of the corre-

sponding Galois representations lifting ?|FF . are unramified (see [CEGT16, Lem. 2.5]).
. vl
We let Rg™" be the complete local Noetherian O-algebra representing the functor of deformations
of 7 of type 8, and let RSDT denote the O-algebra representing T-framed deformations of 7 of type
8. (We define a framing at places in X} just as in [CHTOS8, Def. 2.2.1], i.e., as an element of
12 + Mataya(mp) C ker(G2(R) — G2(F)).) We have similar notation for the deformation problem
S)\,T’ .

7.1.3. Set
TEO[Xyj:veT,1<ij<2]

Choose a lift rgniv representing the universal deformation of type 8, and form the tuple

,r_univ 1+ Xv,l,l Xv,1,2
§ Xuo21 L+ Xo22) | cr)

This gives a representative of the universal T-framed deformation of type 8, and we obtain
Ry™ = RE™@0T = RY™[Xo]

(and similarly for 8y ).
We set

1 def oy S50\ o 50
R ocC — <®UGE; Rv > ®RU17

1 def (O OM,7, | &0
RYS = (®vez+R” i > DRy,
p
where all completed tensor products are taken over O.

Proposition 7.1. Assume that R>"™™ has a non-zero O-point for allv € ¥, Then Rl/{i‘;,[l/p]

is regqular. If moreover (\y, 7)) = (0,7)) with ), being 2-generic and ?|1~Fv+ being 1-generic and
semisimple, then R%fﬁ,[l/p] is formally smooth, and R%fﬁ, is equidimensional of dimension 1+4|T |+
[FT: Q).

Proof. The fact that Rlﬁi,[l /p] is regular follows from [BG19, Thm. 3.3.7], formal smoothness of
RY | and [CEGT16, Cor. A.2]. When A = 0, formal smoothness of R&'ﬁ,[l /p] follows from the

V17
results of Subsubsection [5.3.10] formal smoothness of Ry}, and [Kis09, Lem. (3.4.12)]. The claim
about dimensions then follows from [BG19, Thm. 3.3.7], the fact that R} is of relative dimension

4 over O, and [BLGHTII, Lem. 3.3]. O

7.1.4. We now relate the above constructions to spaces of automorphic forms. We fix a compact
open subgroup Ky, =[], Kmv € G(AY,) satisfying the following properties:
o if v is a place of F'* which is inert in F' and v ¢ X7, then K, , is a hyperspecial subgroup
of G(Fy);
o if v is a place of F* which is split in F and v # vy, then K, , = G(Op+);
o if v € X7, then K, = ker(G(0p+) — G(Op+/@7"));
o if v = v1 and vy is the fixed place of F' above vy, then K, ,, is the preimage under ¢z, of
the upper-triangular Iwahori subgroup of GL2(O 5, ).

These assumptions guarantee that K, is sufficiently small. We define K &t K.

Before proceeding, we will need the following level-lowering result.
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Proposition 7.2. Suppose T satisfies the hypotheses from the beginning of Subsection 71}, so that
n particular T is modular, unramified outside p, and ?]pF+ is tamely ramified and 4-generic for all

v E Ez‘f. Then 7 is modular of level K.

Proof. Suppose 7 is modular of weight V' = ®v€2$ V. Thus, there exists a finite set of finite places

T and a sufficiently small level K’ = ], K|, € G(A¥,) (with K hyperspecial for all inert v and
K}, = G(0+) for v € X and for split v ¢ T") satisfying

SG(Kla Vv)m? 7é 0.
For each v € E;‘ , we choose a principal series tame type 7, such that (77)% ) =~ 7/V and such
that V € JH(@), where o := ®v€2$ o(7,). By the genericity hypotheses and Theorem (6.7 V,, is

3-deep for every v € Z , and consequently 7, is 2-generic. Since K’ is sufficiently small, Lemma

[6.3] implies

SG(K/7 O'V)m? # 0
As in the proof of Theorem there exists an automorphic representation 7 of G(Ap+ ), and (after
choosing an isomorphism 2 : E —— C) an associated Galois representation

T‘Z(ﬂ') I'p — GLQ(E)

which lifts BC'(T) @ F).

Let II denote the automorphic representation of GLy(Ap) obtained from 7 by base change (as
in the proof of Theorem (6 , and let ¥ denote the set of prime-to-p places of F* at which 7
is ramified (note that every place of X is split in F', and if II is ramified at some place w, then
w|p+ € Bt,,). Adjusting the place vy if necessary, we may assume vy ¢ X . We choose a totally
real extension LT of F* such that the following conditions hold:

o 4 divides [LT : Q);
o LT /F* is Galois and solvable;
LY L*F is linearly disjoint from F e (Cp) over F;
p is unramified in L;
vy splits completely in L;
if w is a place of LT ly1ng over a place in 3, then N(w) =1 (mod p);
if TI;, denotes the base change of II to an automorphic representations of GLo(Ar) and w
is a place of L lying over a place in 3, then HILW;; # 0, where Iw,, C GL2(0Or,) denotes
the standard upper-triangular Iwahori subgroup. 7

ram-*

O O O O O

(Note that L/L* is everywhere unramified.) We use the following notation in what follows: if L/ F

is a finite extension of number fields and 7T is a finite set of finite places of F, we let BC> (T) (or

L/F
BC(T ) when the context is clear) denote the set of places of L lying above 7.

Let 7+ denote a descent of II;, to an automorphic representation of G(Ay+). We analyze the
local behavior of 7 +:

(a) If w is a place of LT which splits as ww® in L, then Tr+w = Hp g o tg, where 1z is an
isomorphism G(L,) — GL(Lg) which identifies groups of integral points. In particular,
if Iy, g is unramified, so is 7+ -

(b) Next, we consider the situation above p. Define

def
oL+ = ® U(T“Iﬁ-)a
w

weBC 4 p+ =)

U:w‘F+
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def
op = BC(op+) = ® (7'(7'{,|1L$)7
'LUGBCL+/F+ (2;)
v=w|py

which are representations of G(Op+ ;) and GL2(Op ), respectively (see Subsection 4.4|and
Definition [4.10|for the definitions of o (7, |1L+ ), o’ (7, |1L+ )). We claim that we can choose 7+

so that we have a G(Op,+ ,,)-equivariant injection o7+ ®g,C — 7+ ,. Indeed, note that by
construction we have a GL2(0Op, )-equivariant injection 0} ®p, C — Iy, ,,, which implies
that Iz, ,, is a tamely ramified principal series representation for every place w of L above
p (this uses the genericity hypothesis). By the explicit description of the local base change
map given in [Rog90, § 11.4] and [Blal0], we see that if w is a place of Lt above p, then 7+ ,,
is either a tamely ramified principal series, or a supercuspidal representation contained in a
local L-packet of size 2. In the first case, we have a G(O Li)—equivariant injection op+ , ®p,
C — 7+ - In the second case, it may happen that the supercuspidal representation
T+ 4 Das no invariants under the principal congruence subgroup of G(Op+ ,,), and therefore
does not admit a G(Op+ ,)-equivariant injection o+ ,, ®g, C < 7+ ,,; however, if we
i

Ltw )
admit such an injection (see, e.g., the explicit description of depth 0 L-packets in [ALO5]
§ 3.1]). Let us define Wi L= 7732 WO 4w TL+ > Which lies in the same global L-packet as
mr+. Since the Galois representation associated to wy+ via Theorem is irreducible, 77+

1
L

[Rog90,, Prop. 11.2.1(a), Thm. 11.5.1]). Therefore, by replacing 7+ by Tri+ (for several
w € BCp+ /p+ (Z;{ ) if necessary), we can guarantee that we have a G(Op+ ,)-equivariant
injection o+ ®p, C — 7+ .

Finally, suppose that w is a place of L which is inert in L and such that IIy, ,, is unramified
(in particular, this means that w & BCp+,p+(%})). By the explicit description of local
base change found in [Rog90, § 11.4] and [Blal0], we see that 7+ ,, is unramified relative
to a hyperspecial subgroup of G(L), which is equal to G(O 1+) for all but finitely many
inert primes w.

let 7 denote the other element of the local L-packet containing 7+ ,,, then 772+ w Will

defines a stable L-packet, and in particular 77 | will be automorphic and cuspidal (this uses

Thus, we define K+ = [], Kp+, € G(AT) to be the compact open subgroup satisfying the
following conditions:

o

if we BCp+/pt+ (X, Uf{vi}), then Kyt is the preimage under i of Iwg, where @ is a
fixed choice of place of L lying over w;

if wis a place of LT which is split in L and w & BCp+/p+ (S5, U {v1}), then Ky, =
G(Om);

ifwe BCL+/F+(E;), then K+, = G(OL$);

if wis a place of L™ which is inert in L and w ¢ BCp+, p+ (%)), then K+, denotes a
hyperspecial subgroup of G(L}) relative to which 77+ ,, is unramified, chosen to be equal
to G(O+) for all but finitely many such w.

Note that K+ is sufficiently small. The representation 7+ then contributes to the space

where m;

{1}

. K Y ) e
SGQL+ ( L+ UL+)m’"\FL+ )

is the maximal ideal of TBC(T") defined as in Definition Here 7" & E;; uxt U

|FL+ ram
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For every place w € BCp+/p+ (X%,,), we fix two distinct tame characters 1,1, P2 : (‘) . 0x

ram )

of p-power order, and define ¢y, : K+ ,, — O™ by

b (13 (& 1)) = poa@inata)

where (‘g 2) € Iwgz. (Note that such a choice of characters is possible by the choice of Lt.)
We define ¢ = et ®w€BC(Era n)ww, so that the reduction mod w of 1 is the trivial character of
HweBC(Z;;m) K+ - Let

Sao , (Kp+, ¥ ®@p o)

denote the space of algebraic automorphic forms with nebentypus 1 above X7
Subsection [6.2 except that the component [] 5« () K+ 4 acts by 9).

We claim SC;,OL+ (Kp+,Y ®p JZ+)mﬂF . # 0. Indeed, after possibly replacing E by a finite
L

T (defined as in

extension, the representation 7+ gives a morphism

BC(T
0+ Ty pogn (Kp+) — O,

(where BC(7') denotes the collection {7}[7,  }u|z—ves,) and by reduction modulo @ we obtain

0 @oF: T, Bg( ))(KL+) ®oF — F.

Let T, B(C(Tg)(K 1+, F) denote the image of the universal Hecke algebra TBC(T") in

Endg (SGOL+ (Ko, UZf)) ,

where O' ' denotes a choice of K L+ p-stable O-lattice in ay 1 +- Since the kernel of TOB(];(CTZT/?) (Kp+) ®0

F—» T(]ig%h?) (Kp+,F) is nilpotent, § ® F factors through a map

BC(T")

0 Ty pogn (Kr+,F) — F.

Now let T B(C( )) (K1+,v) denote the image of the universal Hecke algebra TBC(T") in

Endo (SGOL+ (Kp+, % ®o UZf)) :

and define T B(C( )) (Kp+,1,TF) analogously. Since v is of p-power order, we have TECB%T(:?) (Kp+,¢,F) =

TOB(];(CTETB) (Kp+,TF), and by pulling § back we get

" 0
9/ : T(]ig(c() <KL+7 1/}) — TO B(C( ) (KLJr,'l/J) ®o ]F — TOB’(];(CJETB)(KLJWwv}F) — IF

We view ker(#’) as a prime ideal lying over the ideal (w) relative to the finite flat extension O —
TOB,CB(CTE)) (Kp+,1). By the going-down theorem, there exists a prime p C ker(#’) lying over (0) C O.

The minimal prime p constructed above corresponds to an automorphic representation 7T/L+ con-
tributing to SGoL+ (Kp+,% ®p UZ+)“‘?\FL+' Let II7 denote the base change of 7}, to GLa(ApL).
Then for every place w of L™ which is inert in L and for which w ¢ BC + / F+(Z;; ), the represent-
ation H’ij is unramified. For every place w of L™ which splits as w = ww® in L and for which

w & BCp+/p+ (X, U{v1}), the representation I} 5 = 7/, w° L~1 is unramified. Finally, if w sphts

in L and w € BCp+p+(X},,), then (II’L@)IW““WUOL~ # 0. By choice of the characters v, t
latter condition implies that IT} ~ must be a principal series representation.

ram )
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Associated to 7, (or II}) we have a Galois representation
r(m4) : T — GLo(E)

lifting BC'(T)|r, ®p F,. By the discussion in the previous paragraph and local/global compati-
bility, the representation r,(n ) is unramified outside BCp/p+ (X} UXE ) (recall that all defor-
mations at places above vi are unramified), and tamely ramified at BCp p+(X},,,). Further, if
w € BCp p+ (X)), then 7,(n} 1 )|r,, is potentially crystalline with (parallel) Hodge-Tate weights
{1,0} and inertial type 7,|7, ~(where v = w|F).

We now choose another totally real extension M+ /L* satisfying the first five conditions imposed
on LT above, along with the following further condition: letting I, denote the base change of I}

to GLy(Ay) (where M & M*F), we have (HQ\/[,w)GLQ(OMw) # 0 for every w € BCyy/p+ (Sam)-

Thus, if we let
r,(ITh) : Ty — GLo(E)

denote the Galois representation associated to IT};, then we see that r,(IT),) is a lift of BC'(F)|r,, ®F
F,. Moreover, r,(IT) ;) is unramified outside BC ;p+ (X)) and if w € BC g (3;), then 7, (IT) ) |r,.
is potentially crystalline with (parallel) Hodge-Tate weights {1,0} and inertial type 7,|s,, (where
v =wl|p).

Recall that we have defined a deformation problem 8 ». We define 8y; to be the “base changed”
deformation problem, so that

def

Sy = (M/M+, BCM+/F+(2;U{U1}), BCM/F(Z;DU{@E}), O, ?|F]M+7 5_1,

EI,O,T“IMM ~0
{Rw }wEBCMJr/F+ (Z;r) U {Rw}wEBCMJF/F+ ({'Ul})> .

Thus, we see that the extension of r,(I;) to I'j;+ corresponds to an E-point of R‘g;‘{i". A variant
of the patching construction of [Guelll Thm. 3.4] with potentially Barsotti-Tate deformation rings
(see also the argument which follows in subsequent sections) shows that (Rgg")re‘i is isomorphic to
an appropriate localized Hecke algebra, and consequently Rg}‘\ll“’ is finite over 0. Just as in the proof
of [BLGGT14, Lem. 1.2.3(1)], we have that Rg(r)“:j is finite over Rg!"Y. Combining these facts with

the dimension calculation in [CHTO0S8, Cor. 2.3.5], we see that Rg‘;ﬁ"/ is a finite O-module of positive

rank.
Now, let r : [p+ — Go(E) correspond to an E-point of R‘Slélivl, so that in particular r is a lift

of 7 ®p F,, which is unramified outside of E; . The restriction r|pM . corresponds to an E-point of
Rg?li", which necessarily factors through the reduced ring. Thus, BC'(r)|r,, is automorphic, and
by [BLGGTT4, Lem. 2.2.2] applied successively to M/L and L/F, we conclude that BC/(r) is also
automorphic (more appropriately, the pair (BC/(r),e~!) is automorphic in the sense of [BLGGT14,
§ 2.1]). Therefore, using [Rog90, Thm. 11.5.1] and the Jacquet-Langlands correspondence (the
latter in the “opposite direction” as compared to the proof of Theorem , we can find an au-
tomorphic representation 7’ of G(Ap+) which contributes to the space Sg(Ko,o")m. (perhaps
after replacing 7 by another element in its L-packet, as in item @ above). This implies that
Sc (Ko, 0" )m # 0, and by Lemma6.3] we have Sg (Ko, V'V )m, # 0 for some V' € JH(7). O

Recall that we have defined a maximal ideal m &' m> C TT associated to 7 (Definition .
Proposition shows that Sq(Kp,0"°)m # 0 for m > 1, where 0V-° is a G(O p+ ,,)-stable O-lattice
in the dual of a tame type. Since the p-component of K, acts trivially on ¢"+° for m > 1, we have
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Sa(Em, 0V°)m = Sa(Km, 0)n ®o 0¥°. Thus, the image of m in T§  (K,,) (which will be denoted
by the same symbol m) is a maximal ideal. By Theorem (6.2} we have a continuous lift of 7 given by
Tm ® 0/ : Tpr — G (T4 1 (Km)m ®0 O/w")

which is of type 8. Therefore, we obtain a surjection

(7.1.1) R — T§ 3 (K )m ®0 O/
In particular, Sg (K, O/@")m is a finite RE™Y-module.

7.2. Auxiliary primes.

7.2.1. Let ¢ denote the maximum of [F* : Q] and dimp HEL’T(FF+’T,adO(F)(1)) (defined as in
[CHT08, §2.3]; note that the latter cohomology group is the usual H!(L'p+ 7, ad’(7)(1)) since “S =
T” in the notation of op. cit.). The proof of [CHTO8, Prop. 2.5.9] (see also [Thol2, Prop. 4.4])
remains valid, and thus for each N > 1 we can find a tuple (Q, Qw, {@U,E;}%QN) such that

o Qy is a finite set of places of F* which split in F;

°o |Qn|=g;

o Qu is disjoint from T

o @ N~ consists of a single place v of F' above each place v of Qp;

o if v € Qx then N(v) =1 (mod p"); and

o if v € Qu, then BC/(T)|p e = ¥, ® 1, where ¥, and ¥, are distinct unramified characters.

For v € Qy, We let R?” denote the quotient of EE corresponding to lifts I'r,. — GLa(R) of
BC/(7)|r,. which are 15 + Matayo(mp)-conjugate to a lift of the form v @ v/, where 1 lifts 15, 9’

lifts @%, and v’ is unramified. We then obtain a deformation problem

(F/F+’TU QN,TU@N,O,?,z?_l,{éE}UGZ;— U {EE} U {R;)/}U}UGQN> .

def
Sqn =

From this data we obtain the associated universal (resp. T-framed) deformation ring Rggiv (resp. RSDQT )
N N

of type 8¢,. By [Thol2, Prop. 4.4], the ring RSDS can be topologically generated over R°¢ by
N

q— [FT : Q] elements.

7.2.2.  We now shrink the subgroup K at places in Q. For w a place of F', denote by Ky(w) and

K1 (w) the following subgroups:
def

Ko(w) = Iwy = {g€ GL2(Op,):9g=(5%) (mod w)}
Ki(w) = ker (Ko(w) — F(p))
where F)S(p) denotes the maximal p-power order quotient of 5, and the map in question sends
(2%) to the image of d (mod w) in F(p). For i = 0,1, define
Ki(Qn)m € K - [ &' (5:(@)).
vEQN

7.2.3. Let TTYQN C TT denote the universal Hecke algebra away from T'UQy, and define mo, oo

m- N TTYCN . As in [CEGT16] §2.6] (which is based on [Thol2, Prop. 5.9]), we have a projection
operator

pr € Endg (SG (Ki (@) o/wr)mw)

for ¢ = 0,1. This operator induces an isomorphism

pr: SG (Km, O/wr)m ;> pr <SG (K0<QN)m, O/wr)mQN> 9
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which commutes with the action of G(Op+ ;).

7.2.4. Define
m = [ GO /=)
v€E+
and
Agy = Ko(QN)m/K1(Qn)m = [[ Ko®)/E1 (D),
veQN
a finite p-group.
The space pr(Sa(K1(Qn)m,0/@" )mg, ) has commuting actions of I'y, and Ag,, under which
it becomes a projective (0/w")[Ag,][I'm]-module (this follows from |[CHTOS, Lem. 3.3.1]). From
this, we obtain I';,-equivariant isomorphisms

o (5 Qs 0/, )

Agy

12

pr (SG (Ko(QN)m: O/wT)mQN>
Sa (K, 0/z")

where the last isomorphism follows from the previous subsection.

I

7.2.5. Let TgéjQN( Ki(QN)m,O/@" )mg,, denote the image of TTYEN in Endg (pr(Sq (Ki(QN)m, 0/ mg, )

(This is the mod @w” reduction of the image of TTUQN( Ki(QN)m) in Endo (pr(Sa (Ki(QN)ms O)mg,))-)
We let

rprQ Tpy — G ( TUQN(Kl(QN)m,O/w )mQN>

denote the Galois representation obtained by pushing forward the representation of Theorem [6.2]
to TngJQN( Ki(QN)m, 0/®@" )mg,, - Using the construction of rm, , the local/global compatibility
statements of Theorem and the properties of the auxiliary primes (along with [Thol2, Prop.
5.12]), we see that r,‘;;N is a lift of type 8¢, . In particular, pr(Sg (K;(QN)m, O/w’”)mQN) is a finite
Rg™ -module.

QN

7.2.6. We identify the group Ag, with the image of HvGQN I, in the maximal abelian p-power

uan X

order quotient of HveQN I'r,. This gives rise to a homomorphism Ag, — RS as follows: let

7"‘812)” denote any choice of universal deformation, and consider the map
N

univ
7"

SQy univ dCt univ, x

II 7r — ]I GLa(BESY) =5 RSV

UGQN 'UGQN
Thus, we obtain morphisms O[Ag,| — Rggi" — RSDQT . This gives an induced O[Ag, ]-module

N N

structure on pr(Sa(K1(Qn)m, 0/@" )mg ), which agrees with the action of Ag, via diamond op-
erators. These morphisms also lead to natural isomorphisms

iv ~ iv O ~ pU

RgglN Jagy = Rg™ and RSQTN /agy = Rg",

where ag, denotes the augmentation ideal of O[Ag, | (cf. [GK14, §4.3.7]).

7.2.7. For each N, we choose a lift rgmiv representing the universal deformation of type 8¢, with

univ

univ
7"8 .

5 (mod ag,) = 7§ The choice of ruglv gives an isomorphism R o= Rum" ®oT, which
N QN

reduces modulo ag, to the isomorphism RSDT & Rgn“’@o‘ff.

7.3. Patching.
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7.3.1. Let ¢ be as in Section [7.2] and define

Ao = I
See € T[A] = Ozt .o, 27, Y1, - - ¥l
Roo d:ef Rloc[[ajl"_wxqf[p-h@ﬂ]

By o def R&‘i‘;r [z1,- - g1t

We let a C S, denote the augmentation ideal of S,. For each N > 1, fix a surjection Ay, —» Agy;
passing to completed group algebras, we get a surjective map Soo = T[As] — T[Ag,]. We view
RSD;”N as an Sso-algebra via Soo —» T[Ag,] — RSDQTN, which gives RSDQTN Ja = RUIY,
Recall that RSDQT can be topologically generated over R'°¢ by ¢ — [FT : Q] variables. Therefore,
N

we can chooose a surjection of R'°°-algebras

0
Roo — RSSN'
7.3.2.  We may now proceed exactly as in [CEG™T16l §2.8] and patch together (certain quotients
of) the spaces

v
N O
(7.8.1) pr (Se (Ki(Qu)an, 0/w™),0, ) @y B
where V denotes here the Pontryagin dual. (In our setup, we are omitting the Hecke operators at
v1, and we ignore the maps ay of op. cit..) Thus, we obtain a profinite topological Soo[G(Op+ ,)]-
module M, with a commuting action of R.,. Furthermore, M., enjoys the following properties:
o S acts on (7.3.1) via the map S —» T[Ag,] — RSDS’ of Subsubsection |7.3.1} and
N
this action factors through an O-algebra morphism So, — Rs. Since the image of S
in Endg__ (M) is closed, this implies we may factor the action of S, on My, through an
O-algebra morphism So, — Reo.
o The argument at the bottom of p. 29 of [CEG™16] implies that M is a finite Soo [G(O p+ )]
module, and thus it is a finite R[G(Op+ ,)]-module.
o Asin [CEGT16, 2.10 Prop.], My is projective over Soo[G(Op+ ;)]

7.3.3. Using the patched module My, we define a patching functor M. (—) from the category of
finitely generated O-modules with an action of G(Op+ ;) to the category of R..-modules by
def

cts v
M (W) Homilyy ) (W, MY)".

By projectivity of My (in the category of pseudocompact O[G(Op+ ,)]-modules), the functor
My (—) is exact. Moreover, if W is p-torsion free, then we have

~ cts d
Moo(W) 2 Homlo . (W, M)",
where “d” denotes the Schikhof dual (cf. [CEG™16, §1.8] for the definition).

Proposition 7.3.
(i) We have a G(Op+ ,)-equivariant isomorphism

d
Moo /a <h<LnS(;,(Kp,O/w”)m> :

n
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which is compatible with the action of ®vezg EE on both sides (the action on the right-hand
side is given by the maps

ey O iv :

@ .0 — M — Tt ).
If W is a free O-module of finite type (resp. a free F-module of finite type) with a continuous
G(Op+ p)-action, then My o(W) is a free Seo-module of finite type (resp. a free Soo @0 F-
module of finite type).
Let \ € (Zi)ll’ and let 7' = {7’1’,}11622r be a collection of tame inertial types satisfying

—[FFF d d .
(1))% ] V. Set o ef ®v€2; o(r)) and W &f Wi ®g 0°. Then we have an isomor-

phism
Moo(W)/a 2 Sg (K, WS

compatible with the surjection Rog/a —» R{™ (note that R{™ acts on the right hand side
via Rg™ — T} (K)m ).
Suppose V' is a Serre weight. Then we have an isomorphism

My(V)/a = Sa (K, V).,

compatible with the surjection Roo/a — R‘Smi" (and the action on the right hand side is
obtained as in item |(iii)]).
Let \ € (Zi)ll’ and let 7' = {7’1’,}11622r be a collection of tame inertial types satisfying

_mpt. e .
(1))% o o V. Set o & ®UEZ;{ o(7}). Then the Rog-action on Moo(W{ ®¢ 0°) factors

v
through Ry 1 o. Further, if MOO(VVii ®o 0°) # 0, then it is maximal Cohen-Macaulay over
Ry 1/ o0, and the support of MOO(VVXi ®p 0°) is a union of components of SpecRy ;/ .

Let Ry ;7 « denote the quotient of Ry + o which acts faithfully on MOO(VV)‘\1 ®o0°). Then
MOO(VVi1 ®0 0°)[1/p] is locally free of rank 2 over Ry ~[1/p].
Let V' be a Serre weight with highest weight \ € (Z?hp)fp C (z2)». Then My (V) # 0
if and only if T is modular of weight V. In this case, the Roo-action on My (V) factors
through Rx 1,00 ®0 F and Mo (V') is mazimal Cohen-Macaulay over Ry 1 00 Qo F.

Proof. (i) This follows from the patching construction (see [CEG™16, §2.8]). The argument of 2.11
Corollary of op. cit. shows ®U€E;RE—equivariance.

(ii) The module M, is a finite projective S [G(Op+ ,,)]-module. If W is p-torsion free, then the
proof of [CEG™16, 4.18 Lem.| implies that M., (W) is a finite free Sy-module. The same argument
applies when W is a free F-module of finite type.

(iii) Using part we have

(Moo (W) /0)? = Hom{{y , (W, MS,)[a]

o Homgs(on) (W, (Moo /a)?)

>~ Sa(K,Wn.

The statement about the action of the deformation ring follows in a manner analogous to the proof
of [HLM17, Thm. 5.2.1(iii)].

(iv) This follows by applying the previous point to a free O-module whose reduction mod p is V,
and reducing mod p.
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(v) The claims regarding the Roo-action, the support of the module My (W{ ®¢ 0°), and its local
freeness follow exactly as the proof of [CEGT16, 4.18 Lem.|, using [BGI9, Thm. 3.3.7] instead of
[Kis08, Thm. 3.3.8)].

In order to calculate the precise value of the rank, we proceed as follows. We first claim that
every irreducible component of E,\J/’oo [1/p] has nonempty intersection with the locus a = 0. Indeed,
since Ry, acts faithfully on MOQ(I/Vf\1 ®p 0°), the localized ring R) ,/ oo[1/p] acts faithfully on
Moo(W ®¢ 0°)[1/p]. The latter module is free of finite rank over Suo[1/p] (by item , so the
ring Seo[1/p] acts faithfully on it, and the ring R) ; oo[1/p] injects into a matrix ring over Soo[1/p).
As the action of Sx[1/p] factors through the action of Ry o[1/p], we conclude that we have an
injection Suo[1/p] — R+ .00[1/p], and that Ry ./ «[1/p] is finite as an Se[1/p]-module.

Now let q denote a minimal prime of R)  »[1/p], and consider the composite map 7 : Soo[1/p] —
R+ .00[1/p] — Ra+ 0[1/p]/q. Using the fact that v is a finite map between integral domains of
the same Krull dimension (the latter because E)\,T’,Oo[l /p] is equidimensional; see [BGI9, Thm.
3.3.7] and note that SpecRj ;[1/p] is a union of irreducible components of SpecR) + ~o[1/p]),
standard commutative algebra arguments imply that + must be injective (indeed, one sees that
ker(7) is a prime ideal of height 0). Thus, by applying the Lying Over Theorem to the integral
extension v : Sx[1/p] = Rx ., .00[1/p]/q, we see that there exists a prime ideal lying over the
augmentation ideal a. This verifies the claim.

Since the rank of My (W ®¢ 0°)[1/p] is constant on the irreducible components of Ry, o0[1/p],
the paragraphs above imply that it suffices to compute the rank at prime ideals p containing a.
In particular, we may compute the rank after modding out by a. Since My (W ®¢ 0°)[1/p]/a is
locally free of positive rank over Ry ;/.o[1/p]/a, the localized ring (R [1/p]/a)p acts faithfully
on (Me (W ®¢ 0°)[1/p]/a),, and since this action factors through (T% (K )w[1/p]), we obtain an
isomorphism 7

BarroelL/p1/a), =5 (TL (K )ml1/p]),.

(The surjectivity of this map follows from item |(iii)l) It therefore suffices to compute the rank of
Moo(Wl @ 0°)[1/p]/a 2 Sg (K, W) ®¢ c"°)4[1/p] as a module over TZ ,(K)w[1/p]. Finally, since
T§77,(K Jm[1/p] is a product of fields (being a reduced Artinian E-algebra), this is equivalent to
computing the rank of the linear dual Sg (K, W) ®y 0¥°)m[1/p] over TZ _,(K)m[1/p].

Up to enlarging E if necessary, we can assume that all prime ideals of Tfﬁ, (K)m[1/p] have
residue field E. Hence a prime ideal p of T1 ,(K)w[l/p] corresponds to a Hecke eigensystem
Ap : TT (K)w[1/p] — E, and therefore we obtain

(S (K, Wy ©0 0" )ull/p]), ®6,C= @ m(r)Homgo,, )(0°®0C,m) @ (1),
Woo%W;/*
AW:APA

where A : T2 (K)w[1/p] — C " E denotes the Hecke eigensystem corresponding to 7. Since
the base chanée map is injective on L-packets, strong multiplicity one for GLgy implies that there
is at most one L-packet contributing to the direct sum above. Further, the base change map is
determined by local base changes of local L-packets. We have that the condition 7Xv # 0 for
v ¢ E; inert in F' determines a unique member of the local L-packet at v, and the condition
Homgo,. +ﬂp)(a° ®o C,mp) # 0 along with the multiplicity one property of Theorem also

determine a unique member of the local L-packet at v € Ez‘f . Therefore, there is exactly one
automorphic representation 7 contributing to the direct sum above. For this 7, we know that r, ()
is irreducible (being a lift of BC'(T)), and therefore the base change of m to GLa(AF) is cuspidal.
This implies that the L-packet JL([7]) on G*(Ap+) is stable, and therefore m(7*) = 1 for any
n* € JL([r]) by [Rog90, Thm. 11.5.1(c)]. Using an analog of the relation “n(w) = n(7)[], c(m)”
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in [LL79, p. 781], we obtain m(m) =1 (see also [KMSW) Thm. 1.7.1]). To conclude, we note that
dime Homg(o,, p)(ao ®p C,mp) = 1 by Theorem and dimg¢((7°P)5") = 2 by [Tay06, Lem.
1.6(2)] (since we have omitted Hecke operators at vy ).

(vi) Let V' be a Serre weight. By point (iv) and Nakayama’s lemma, M, (V) # 0 if and only if 7
is modular of weight V' and level K. Therefore, in order to conclude it suffices to show that if 7 is
modular of weight V', then 7 is modular of weight V' and level K. This follows from Proposition
. in that proof, if we choose o so that JH(z) N W*(7) = {V'}, then Theorem and exactness
of the functor of algebraic automorphic forms guarantees that the V'’ appearing at the end of the
proof is equal to V.

The claim about My (V) being maximal Cohen-Macaulay follows exactly as in the previous
point. [l

7.4. Weight Existence.

Theorem 7.4. Let 7 : I'p+ — G2(F) be a continuous representation such that
1

oVvoTr =€ ",

o 7 HGLa(F) x Gy (F)) = '

o BC'(7)(T'r) 2 GLo(F') for some subfield 7' C F with |F'| > 6;
o T is modular;

(¢]

?|pF;r 1is tamely ramified and 4-generic for all v € E;;

e}

T is unramified outside E;;

o err(ad0 (7)

Then

) does not contain F(&).

W? (F) C Winod (?)
Proof. Let V€ W*(F) and V! € Wyoa(7). We will prove that e(Mu(V)) = 2 by induction on

def

d = dgr(V,V') = Zuezg degr(V,,Vy)). (We write e(My(V)) to denote d! times the coefficient of
degree d of the Hilbert—Samuel polynomial of M, (V') as a module over Ry /Anng. (M (V)), where
d denotes the Krull dimension of R /Anng_ (M (V)).)

By Lemma there exists a tame Uz (Op+ ,)-type 0 = ®UGE; o, such that:

(i) V,V' € JH(®);
(i) |JH(7) N W' (7)| = 2%
(iit) for any V" € JH(7) N W’ (7) satisfying V" # V one has dgr(V", V') < dgr(V, V).
We define 7] to be the tame principal series type such that o, = o(7,,). We note that in this case,
we have isomorphisms

=005 N 4 N =
(Rv1®®’u622 RZ”) [I:xl’ e ’xq_[F-‘—Q}:[I = RO?T/7OO = RO,T/7OO‘

(The last equality follows from Proposition 7.4|<V) and the fact that each R;/’ is integral, cf. Table

Bl
We thus have

2027 — 1) + (Moo (V) = > e(Mso (V"))
V"'eJH(7)NW' (7)
= e(Moso(0°))

— 2 ((@U@;RZ > ®0 IE‘>

= 2.2%
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The first equality follows from the inductive hypothesis and item For the second, we note
that Moo (—) is exact, and if V" is a Serre weight such that V” ¢ W~ (7), then Theorem and

Proposition imply Mo (V"”) = 0. For the third we use Proposition above, and the
fourth follows by Corollary Hence, we obtain e(Mu(V')) = 2, and in particular M (V') # 0.

Thus V' € W04 (T) by Proposition |7.3(vi)] O

Combining Theorems and [7.4] along with the isomorphism in Subsection [2.4] we obtain the
following.

Corollary 7.5. Let 7 : T'pr — CUs(F) be a continuous L-parameter such that
0710T =¢;
o T HGL2(F) X Gy (F)) ='p;
o BC(7)(T'r) 2 GLa(F') for some subfield F' C F with |F'| > 6;
o T is modular;
o F|FFJr is tamely ramified and 4-generic for all v € E;;

o T is unramified outside Z‘;{;

—ker(ad® (7
o T goes not contain F(¢).

Then
W? (?) = Whod (F) .

7.5. Automorphy lifting. We now discuss our other main global application.

Definition 7.6. Let F//FT and G be as in Subsection and suppose ' : I'r — GL2(E) is a
continuous Galois representation. We say r’js automorphic if there exists a cuspidal automorphic
representation 7 of G(Ap+) such that r’®@gFE = r,(7), where r,(7) is as in Theorem

Theorem 7.7. Let F/FT and G be as in Subsection |6.1. Let r' : Tr — GL2(0) be a Galois
representation and let ¥ : T'p — GLo(F) denote the associated residual representation. Assume
that

o 7' is unramified at all but finitely many places;

o we have r'¢ =’V @ e 1;

o forallk € ED, the local representation r’|va<N) 1s potentially crystalline, with HTK(T’|FFU(K)) =
{1, 0} and 4-generic tame inertial type TL(K),‘

o T is unramified outside L;

o for all v € ¥,, the local representation ?’\ro 1s tamely ramified and 4-generic;

o 7 2 r,(m) where 7 is a cuspidal automorphic representation of G(Ap+) with Too trivial and
such that for all v € ¥f, 7TU|G(OF+) contains the tame G(Op+) = Uz(Op+)-representation

associated to 1), by the inertial Local Langlands correspondence (cf. Theorems and;

o F ™) goes not contain F(¢);

o 7(Tr) 2 GLy(F') for some subfield F' CF with |F'| > 6.
Then r'®oE is automorphic.

Proof. We outline the proof, which is based on [Tay08| §§ 4, 5].
We begin with several reductions. Let ¥,,,, denote the set of prime-to-p places of F' at which 7’/
is ramified, and X% the set of places of F'* which are the restriction to F'™ of places in X,ap. For

every v € Xt we let ¥ denote a fixed choice of place of F' lying above v. We moreover fix a finite

place v; of F' satisfying the hypotheses and of Subsubsection By [BLGGT14,
Lem. 2.2.2], we may replace 7’ by r'|p, (for L = LTF and an appropriately chosen Lt furnished

by [CHTO08, Lem. 4.1.2]) and assume without loss of generality that the following conditions are
satisfied: for every w € X,,m, we have



74 KAROL KOZIOL AND STEFANO MORRA

w is split over w|p+;

N(w) =1 (mod p);

7|y, is trivial;

the representation 7’ |pFw is, up to an unramified twist, a nonsplit extension of the trivial
character by the cyclotomic character.

O O O O

By the proof of Proposition we can assume further that r,(7) is unramified outside X, (in
particular it is unramified outside X, U {01, 0{} U Eyam).

We first discuss Galois representations. Enlarging O if necessary, we view r,(m) as being valued
in GL2(0). Let 7 : T'p+ — G2(0) and 7(m) : T'p+ — G2(0O) denote respectively the extensions
of 7 and r,(7) to I'p+ which satisfy v o7 = &7}
mod w of ¥ or 7,().

For v € E;;m, we let xv1,X02 : ', — 1+ @O denote two distinct continuous characters.

We denote by RYC1%2) denote the quotient of RY parametrizing lifts p of ﬁhﬂp . which satisfy

vop=c!and

= v o7y (m). We also let 7 denote the reduction

charBC/(p)(v) (X) = (X - Xv,l('Y))(X - XU,Z(’Y))

for all v € Ip,. We define Rl(,l’l) similarly, with the characters x, 1, Xv,2 replaced by the trivial
character. (Note that these quotients exist and are non-zero, by the discussion in [Tay08|, § 3].)

Since the characters xu, 1, Xv,2 are trivial modulo w, we have RQ(,X“’l’X”‘Q)/w = Rf,l’l)/w

We now consider two global deformation problem 8y, - and Slzranlﬂ'/ given by

Szrarm def (F/F+ E+ U {Ul} U 2mrm E U {Ul} U Emrm 0, ﬁ7 5_1’

(RO o U R U (R) e ),

! def
Sram, 7 T

o Sy U{TYUSE 0, 7 el

(F/F+ S U {n} USE

DOT v,1,Xv,
{REOY, o DRI U {RGO) )

We let R‘m‘" . (resp., um" ) denote the complete local Noetherian O-algebra representing the

Zram T

functor of deformatlons of 7 of type 8y,....~ (resp., of type 8%
at 3t

ram?’

We note that by the conditions

ram 77—/ ) :
we have

RI_HIIV /w ~ RUI'IIV /w
z:ram 7!

By the assumptions on 7’ and 7,(r), both 7 and 7,(w) are deformations of 7 of type Sy,
and therefore the ker(G2(0) —» Go(IF))-conjugacy classes of 77 and 7,(m) give rise to morphisms
¢ R™ — Oand (e Ru“‘V — O, respectively.

Z:ram T T/

Next, we construct the spaces Of algebraic automorphic forms that we will patch. Recall from
Subsubsectlon 4| the compact open Ko € G(AY,). Let K' =[], K| C K¢ denote the compact
open subgroup satisfying the following conditions:

o if v is a place of F* which is inert in F' and v ¢ ¥}, then Kj, is a hyperspecial subgroup of
G(F);

o if v is a place of F* which is split in F and v & {v1} U X,

o if v € X7, then Kj, = G(Op+);

oifwve {vl} UXt. ., then K/ is the preimage under i of Iwg, the upper-triangular Iwahori
subgroup of GL2(OF,).

then K} = G(0p+);

ram’
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With these choices, we have that K’ is sufficiently small. Let o & ®v€2$ o(7]) denote the tame

type associated to the collection 7/ = {7‘1’}}1}625r by Theorem and let ° (resp., 0*»°) denote

a fixed choice G(Op+ ,)-stable O-lattice in o (resp., ¢"). For v € X,

ms We also define a character
v Kl — 0% by

(i (40)) = (e st @) o Artr (@)

where (‘Cl Z) € Iwg. We then set x def ®v€293m Xo- We will examine the spaces of algebraic
automorphic forms

Sc(K',a"°) and Sq(K',0"° @0 x )
(the latter is defined as in Subsection except that the component [[ s+ K acts by x).

Let mp C T8 UW{v1lUshm denote the maximal ideal associated to 7 as in Definition Since
the representation m contributes to the space Sg(Kj, O'V’O)m?, (recall that Ky D K’ with K{ defined
in Subsubsection [7.1.4)), we obtain Sg(K’,6"°)m_, # 0. Using the fact that y is congruent to the
trivial character modulo w, repeated application of Lemma [6.3] gives

Sa(K', 0" ), #0 <= Sa(K',0"° @9 F)m, #0
= Sa(K', (6V° @0 x ") @0 F)m, #0
— Sq(K',0"° ®¢ X_l)m?, £ 0.

We now outline the patching argument which uses the above spaces. Let

loc def P 0,077\ 5 pd S P (1,1)
B 5 (@), 107 ) B (), 7).

loc,’ def P 00,7, \ & p0 35 @ (Xv,15Xv,2)
RO,T’,Eram - <®’U€E;Rv ®RU1® UEE?;m v .

A variant of the patching construction in Subsections and with X5 U {v1} replaced by
¥ U{vi} UXE, provides us with the following data (see [Tay08, § 4]):

ram

(i) A ring Ry 5,00 Which a formal power series ring in ¢ — [F'+ : Q] variables over R%)"i, St

together with a surjection Ry s, 0 — Rémi"

Sram,T

(i) an Ry 5,.m,00-module My (0°) whose support is a union of irreducible components of

SPECR, 4, Samm 00}
(iii) the mod a reduction of M., (c°) is isomorphic to Sg(K’, (¢°)4)d_, compatibly with the

77

mgs
. ; Yru{v JUSH
univ P ram ! .
morphism Ry x,. . o/a — R N TO,T’ (K )
(iv) we have analogous “primed” versions of the above constructions corresponding to the de-
: / / / univ ! o ~
formation problem 8y, (e.g., Ry v o By o — Ry K M. (6°)/a =

Sa(K',(0° ®¢ x)d)f;?/, etc.). Furthermore, the primed data may be chosen so that it is
compatible with the previous data modulo w (e.g., under the isomorphism My (c°)/w
M/ (c°)/w, the action of Ry 5,... 0o/ on the left-hand side intertwines with the action

of By s /@ on the right-hand side).
By the primed version of item and irreducibility of Spec RE),T’,Eram, ~> We conclude that
I (M (0°)) = SpecR{ 1+ 5. o
is irreducible, we use the primed version of item and [BLGHTTI]

Lem. 3.3(5)], and observe that each of the local deformation rings comprising Rlooiilzram has an

irreducible spectrum: for v € Z; , this follows from Table |3| and equation (5.3.2)); for v = vy,

~

SUPPR6

(To see that Spec Réyr’,zram,

o0
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this follows from [CEG™16, Lem. 2.5]; for v € ¥

o, this follows from [Tay08, Prop. 3.1(1)].) In
particular, we get

Supp g/

!
0,7",Xram

oo/w (Méo(ao)/w) = SpeCR6»7/7Erama°O/w'
By item we obtain the analogous statement for the deformation problem 8y, -:
(751) SuPpRO,T’,Eram,OO/w (MOO<O-O)/W) = SpeCROuT/azramaoo/w'

Likewise, item implies that Suppg, , . (Mw(0°)) is a union of irreducible components
of SpecRy 1/ 5,.m.00- Since the irreducible components of Ry .5, oo/t are in bijection with the
irreducible components of Ry s, « by [Tay08, Prop. 3.1(3)], equation ([7.5.1) implies

SuppRO,-r (MOO (Uo)) = SpeCR017/7Era111100‘

’,Eram,oo
Consequently, we get
Suppp, Ja (Moo(0°)/a) = SpecRo,r/ 5,00m,00/ 8

which implies by item that

SuppRgmv (S(;(K', (ao)d)t‘i?,) = SpecRggiV -

/
»Zram ;00

ram,T
Zram,T

+ +
Since Sg(K', (¢°)4)d , is a faithful T? ’;,U{Ul}uzram (K')m_-module and the latter ring is reduced, the

surjection
. + +
Runlv sz U{Ul}uzram (K,)m,,

’
Szramﬂ'/ 0,7 T

induces an isomorphism

. red ~ E+U{1)1}U2;2m ,
(mig, )" S TR
) . + +
Thus, the homomorphism ¢’ : Rg;i:mﬁ/ — O factors through (Rgnzm;/)red =} T?’i/u{m}UErM(K N
which implies that r’ is automorphic. O
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