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ABSTRACT. We develop a local model theory for moduli stacks of 2-dimensional non-scalar tame
potentially Barsotti—-Tate Galois representations of the Galois group of an unramified extension
of Q,. We derive from this explicit presentations of potentially Barsotti-Tate deformation rings,
allowing us to prove structural results about them, and prove various conjectures formulated by
Caruso—-David—Mézard.
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1. INTRODUCTION

1.1. Main results. Let p be a prime number, K a p-adic field. Write G for the absolute Galois
group of K and Ix C G the inertia subgroup. We work with coefficient ring O = W (F) where F/F,
is a sufficiently large finite extension. Let p : Gx — GLa(F) be a continuous Galois representation
and 7 = x @ ¥’ be an inertial type where y,x’ are tame characters of Ix. This gives rise to the
universal framed deformation ring Rg’T classifying lifts of p which are potentially Barsotti—Tate
(i.e. potentially crystalline with Hodge-Tate weights 0, 1) and of type 7. Despite their prominent
role in modularity questions via the Taylor—Wiles method (e.g. [Kis09]) in the last decades, their
internal structure is still poorly understood. The basic reason for this, as suggested by works of
Caruso—David-Mézard [CDM18a],[CDMI18b|,[CDM23b], is that even when K is unramified, R%’T
exhibits a wide range of complicated behavior, in particular it can be highly singular. This happens
especially as the inertial weights of x/x’ become more degenerate (that is, when 7 becomes more
non-generic).

More recently, Caraiani-Emerton—Gee—Savitt [CEGSb| constructed a p-adic formal algebraic
stack Z7 which interpolates the deformation rings R%’T as p varies, in the sense that the latter
recovers versal rings to finite type points of the former. The stacks Z7 (and its analogues for other
p-adic Hodge theory conditions) are expected to be key geometric objects in the categorical p-adic
Langlands conjectures formulated by Emerton-Gee—Hellmann [EGH], similar to the role played by
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various moduli spaces of local systems in the geometric Langlands program. Thus it is of interest
to understand their geometry.

From now on, we assume K = Q, is absolutely unramified and 7 is non-scalar (the scalar case
T = x @ x being easily handled by Fontaine—Laffaille theory). When 7 is sufficiently generic, the
structure of Z7 is well-understood (see e.g. [Kis09, [LLHLM23]), since it can be modeled using
Iwahori level local models of Shimura varieties for GLg, in particular its singularities are products
of the singularity XY = p. In this paper, we introduce a method to probe the structure of Z7
which is powerful enough to handle non-generic 7. One concrete consequence of our study is the
following general control on singularities:

Theorem 1.1.1 (Theorem [4.6.6). Assume either p > 7 or K = Q5. Then the normalization of Z7
has rational singularities and is Gorenstein.

Furthermore, it turns out that Z7 is almost always normal:

Theorem 1.1.2 (Theorem . Assume either p > 7 or K = Q5. Then Z7 is normal, unless
after twisting, T = x ® 1 is the sum of restrictions to Ix of characters of G, and the inertial
weights of T belong to {0,1}. When 7 is of this form, the non-normal locus consists of exactly the
p which are Fontaine—Laffaille with specific (irregular) inertial weights determined by 7.

Remark 1.1.3. (1) Explicitly, for K = Q, Theorem shows that Z7 is normal unless, up
to twists, 7 = €@ 1 (where 7 and & denote the mod p-reduction of 7 and the cyclotomic
character respectively), in which case the non-normal locus consists of those p which are
twists of an unramified representation by  (see Example [5.5.1)).

(2) It is proven in [CEGSa] that the special fiber of R%T is generically reduced. Together with
Theoremm this implies that R is Cohen-Macaulay if and only if it is normal, in which
case it is furthermore Gorenstein. Thus Theorem completely classifies when R%T is
Cohen-Macaulay. We invite the reader to compare this to the result of Hu-Pagkunas [HP19]
about Cohen-Macaulayness of crystabelline deformation rings: whereas [HP19] covers the
situation where K = Q,, 7 is restricted to (possibly wildly ramified) principal series types
(i.e. x,x' can be extended to characters of Gg,) but allows arbitrary Hodge-Tate weights,
our result allows general unramified K but restricts to tame (possibly non-principal series)
types 7 and Hodge-Tate weights 0,1. We also point out that the method of [HP19] is
unlikely to establish neither the Gorenstein nor the rational singularity property.

Finally, as is well-known (cf. [HP19]), Cohen—Macaulayness for (normalizations) of de-
formation rings allows one to upgrade R[%] = T[%] theorems to integral R = T theorems,
hence our results give new instances of such.

(3) The fact Z7 has rather mild singularities is expected to be useful for the categorical p-adic
Langlands program for GLy(K ), namely it suggests the conjectural functor 2 of [EGH] to
have simple effect on a certain generating set of smooth representations of GLy(K), thus
giving hope that one can construct 2 by “generators and relations”. We point out that
any generating set must necessarily involve representations of GLo(K) with non-generic
parameters, thus it is essential that we allow arbitrarily non-generic 7 for this purpose.

Our method to probe Z7 is to construct group-theoretic local models for it. The main local
model theorem has the following form:

Theorem 1.1.4. Let 7= x & X' be a tame inertial type with x # x'. There exists a p-adic formal
scheme Z™°4T such that
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(1) (Corollary [3.3.15) If either p > 7 or K = Qs, Z7/p is smooth locally isomorphic to

ZmOd’T/p.
(2) (Theorem [3.3.11) If p > max{32f —23,13}, then Z7 is smooth locally isomorphic to Z™°%7.

Remark 1.1.5. (Features of Zmod:T) We defer the somewhat involved definition of Z™°%7 to section
below, and instead note for now that:

(1) Its construction involves the geometry of (mixed characteristic) loop groups.

(2) Its geometric structure is independent of p, in the sense that it essentially arises as the p-adic
completion of a natural Z-scheme. In particular, this exhibits a kind of “independence-of-p”
property of tame potentially Barsotti-Tate deformation rings, as suggested in [CDM23b]
and [CDM23al.

(3) It admits an explicit affine cover where each affine open can be presented as (the p-saturation
of) explicit equations constructed using the inertial weights of 7 (see Table |5 for a sense of
the presentations that show up).

Remark 1.1.6. (Bounds on p) Theorem is obtained via deformation theory: we construct
2ZmodT which captures the structure of Z7 modulo some power of p, and then show this property
persists when deforming to mixed characteristics. The requirement that p needs to be at least some

linear bound on f arises for two related reasons:

e There are non-isomorphic charts of Z7 that are indistinguishable modulo linear powers of
p. For instance, there are charts equisingular to XY = p* for any k < f. This requires
us to start with a model that approximates Z7 modulo at least p©() to distinguish these
charts.

e To show the approximation deforms, we need to overcome obstruction groups for certain
lifting problems, whose p-torsion can have exponents as large as linear in f.

The explicit nature of our models yields, for the first time, an efficient algorithm to compute any
given potentially Barsotti—-Tate deformation ring with tame inertial type. The basic form of the
algorithm is as follows (the details occur in section [4.3). To the pair (p, 7) we assign

e an f-tuple w(p, T) of elements in the extended affine Weyl group W of GLg, which measures
the relative position of the t-inertial weights of p and 7 for each ¢ : K — @p; and
e an f-tuple of “degeneracy types” for each ¢ : K — @p which roughly measures how degen-
erate the (-th inertial weight of x/x’ is.
These datas give rise, for each ¢, to a basic ring R,, as well as a collection of structure matrices with
entries in R, recorded in Tables Both these datas are independent of f. Then R%T is given as
a suitable completion of (the p-saturation of) the quotient of ), R, by the relations that certain
products of the structure matrices are zero. We stress that the equations we impose will generally
involve mutual interactions between R,’s for arbitrary large sets of different ¢. For this reason,
outside of the generic case, R%T does not generally admit an obvious tensor product decomposition
along embeddings ¢ : K — @p.

In the series of work [CDM18al [CDM18bl (CDM23b], Caruso—David—Mézard also investigated the
problem of algorithmically computing R%T, in the special case where 7 = x @\’ is a principal series
type (so x, X’ extend to characters of G ) and p is irreducible. In a few cases when f < 3 ([CDM18al,
Théoreme 4.3.1] and [CDMISD, 5.3.3]), they managed to determine R7'" based on the fact that one
can guess “a priori” what it is, cf. [CDMI18a, Remark 3.2.10]. However, their investigations also
suggested that the answer becomes intrinsically complicated for large f, which made their strategy
hopeless in general. We demonstrate the power of our algorithm by confirming various of their
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conjectural examples of [CDMI18b| §5.3.2, 5.3.3], as well as computing all examples for K = Q,,
some of which are new as alluded to in [EGH, §7.5.13]. For instance, for K = Q,, p > 7, Rg’T is
a power series ring over either O, O[X,Y]/(XY — p) or O[X,Y]/(XY — p?), except when up to
twist, 7 = wo ® wh and p ® 7! is unramified and has scalar semisimplification, or 7 = 1 ® w; and
p®& 1 is unramified (here w, is Serre’s niveau n character). In these exceptional cases, assuming
p > 17, we also give the presentation of R%T which turns out somewhat complicated, cf. section
B5.T

Besides algorithmic aspects, our theory also unifies and conceptualizes Caruso—David—Mézard’s
work. More specificially, they introduced the notion of gene X(7, ) associated to p and 7, which is
a purely combinatorial gadget, closely related to the combinatorial data inputted in our algorithm,
that keeps track of the difference between the inertial weights of p and 7. While the motivation for
X(7,p) was to encode geometric features of a resolution of R%’T arising from integral p-adic Hodge
theory, Caruso—-David-Mézard conjectured that, surprisingly, X(7,p) is in fact a complete invari-
ant, cf. [CDMI18b, Conjecture 5.1.6] and [CDM23al, Conjecture 2]. Our model gives a geometric
interpretation of X(7,p), allowing us to confirm this:

Theorem 1.1.7 (Theorem [5.4.16)). Assume p > max{32f —23,13}. Let p be irreducible and T be a
non-scalar principal series tame inertial type. The deformation ring R%T depends only on X(7,p),
in an explicit way, and furthermore, is an integral domain.

In fact, our algorithm can be interpreted as giving the right generalization of Caruso—David—
Mézard’s conjecture for general (i.e. not necessarily irreducible) p and general (i.e. not necessarily
principal series) 7. It should be noted that in this more general setting, Rg’T is no longer always a
domain, and one can read off when this is so from our tables.

Finally, we expect the explicit computations of the deformation ring to be useful for global
applications, particularly for mod p multiplicity one questions and Breuil’s lattice conjecture in
non-generic cases (see [EGSI5, Theorem 10.1.1 and Theorem 8.2.1]).

1.2. Methods. When 7 is sufficiently generic, a local model for Z7 can be extracted from [CEGSD]
(see also [LLHLM23] for a perspective closer to the present work), owing to the fact that in the
generic cases Z7 agrees with the moduli stack Y of Breuil-Kisin modules of type 7 and there are
standard local models for the latter. In the non-generic cases, the essential difficulty is that Z7 is
only a scheme theoretic image of a map Y™ — ®- Mod‘}?2 to the stack of rank 2 étale ¢p-modules,
so that Z7 is obtained from Y7 by contracting the fibers of this map (the Kisin varieties). This
is the source of all complexities in the non-generic situation, and the main innovation of this work
is to find a good group theoretic model for this contraction procedure.

The main idea in Theorem [1.1.4]is to use deformation theory to find good approximations of
the map Y™ — ®- Mod%’Q. Let LG (resp. LT G) be the loop group (resp. positive loop group) for

GLy with respect to v(v + p), that is the functor R — LG(R) ' GL, (R[U}/\@(HP)) [m]) (resp.
def

LTG(R) = GL, (R[U]A(u(wp)))) where R is an O-algebra, see ! We also have the “Iwahori” LG
and the first principal congruence subgroup LTG which are the inverse image in L™G of the upper

triangular Borel, resp. the trivial subgroup under the mod v reduction. We set Gry def [LTG\LG],
which is a GLa-torsor over a (mixed characteristic, Beilinson—-Drinfeld) affine Grassmannian.

Up to a p-adic completion which we suppress for the remainder of the introduction, we have
Y77 = [LGT/,(L*G)!] as a quotient by a (shifted) ¢-conjugation action (here ¢ sends v to vP)
and LG7 is a particular closed subset of LG/ encoding certain elementary divisor bounds and the
combinatorial data of 7 (cf. sectionfor the precise definitions). The basic idea, as in [LLHLM23],
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is to “straighten” the (-action in the above as much as possible: due to the contraction effect of
p, the p-conjugation action is equivalent to the left translation action, provided one works modulo
fixed powers of p and on a small enough subgroup. Unlike the generic case in loc. cit., it is not
always possible to do this in characteristic p at the LG level, but if p is large enough, it is possible
to do so at the L G-level (Lemma . This shows that Y7 is congruent to [Gr] /B/-sh.cnj]
modulo p®) (here the B/-action is via shifted conjugation, and Gr] is [(L{G)/\LG™)).

On the other hand, - Modig’Q = [LG//,LG/], and it is never possible to straighten the action
of the larger group LG/. However, since we are only interested in the scheme theoretic image
of Y7 in ®- Modiﬁg, it suffices to work instead with [LGP4/,(LTG)/] where LGP is a suitable

bounded region in LG/ containing the orbit of LG™ (denoted by LGPL+P)Y™ i the main text),
and once again the @-action can be straightened on (L] G)/. We remark that LGP descends to

Gr{ , inducing a subvariety Grll’d.
The upshot so far is that Y — ®- Mod})?2 is well-approximated by the natural map

[Gr] /B -sh.cnj] — [Grb? /GLS-sh.cnj)

modulo p®®). Tt further turns out that the scheme theoretic image Z™°%7 of this is also congruent
to Z7 modulo p°®, and the model Zmod:™ i Theorem is the pullback of Z™°47 to the
natural (GLg)/-torsor of the target. Finally, to prove Theorem we need to show that the
above congruences can be lifted to characteristic 0, at least locally. This is achieved by a detailed
study the geometry of Z™°47 to bound the p™-torsion of the obstruction groups for such lifting
problems (whose exponent can be as large as linear in f, as alluded to in Remark , and
imposing bounds on p is required to overcome the obstructions. A by-product of this geometric
study is a control on the singularities of Z™°%7 which is robust enough that it can be transferred
to Z7 through a mod p congruence, thus yielding Theorems
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1.4. Notation. Let K be a finite extension of Q,. We fix once and for all a separable closure K,

let Gx & Gal(K/K) and Ix C G denote the inertial subgroup. Let E be a finite extension Q,

with ring of integers O, uniformizer w € O and residue field F' (which we assume is large enough).

We consider the group G ' GL, (defined over Z). We write B for the subgroup of upper
triangular matrices, 7' C B for the split torus of diagonal matrices and Z C T for the center of G.
Let N be the subgroup of unipotent lower triangular matrices. Let X*(T') be the group of characters
of T which we identify with Z? in the standard way and n € X*(T) the element corresponding to
(1,0) € Z2.
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We write W (resp. W) for the Weyl group (resp. the extended affine Weyl group) of &, which
act naturally on X*(T). Thus W = {1,wp} is the set of permutation on 2 elements and W =
X*(T) x W. We use the notation ¢, € W to denote the image of v € X*(T) in W. Given Z € W
we write z to denote the projection of z to W.

Let a denote the positive root of G and ( , ) the duality pairing on X*(T") x X,(T), so a weight
A € X*(T) is dominant if 0 < (\,a"). We set X°(T) to be the subgroup consisting of characters
A € X*(T) such that (A, a") =0.

Let now K be a finite unramified extension of Q, of degree f, with ring of integers O and residue
field k. Thus Og = W (k), and denote by ¢ the arithmetic Frobenius acting on W (k) (i.e. acting
by rising to the p-power on the residue field). Let Gy oef Reso,/2,G ok 1o aef Reso, /2,10
and Zj & Reso, /2,20, We assume that O contains the image of every ring homomorphism
Ok — Z, and write J def Homgz, (Ok,0). We define G def (GO)/(’) and fix an identification of G
with the split reductive group G{O. We similarly define and identify 7', and Z. The notations W,

W are clear as should be the natural isomorphisms X *(T) = X*(T)7. Given an element j € 7,
we use a subscript notation to denote j-components obtained from the isomorphism G =2 G/jo (so

that, for instance, given an element w € E we write w; to denote its j-th component via the
induced identification W = W ). For sake of readability, we abuse notation and still write wg to
denote the longest element in W, and n € X*(T) for the element corresponding to (1,0) € Z? in
all embeddings.

The Frobenius automorphism ¢ of O induces an automorphism 7 on X*(T) = X, (T") by the
formula 7(A), = A 1 for all A\ € X*(T') and 0 : Og — O. We similarly define an automorphism

7 of W and E
Recall that we fixed a separable closure K of K. We choose m € K such that -1 = —p
and let wig : Gg — O be the character defined by g(m) = wg(g)m, which is independent of

cop~

the choice of 7. We fix an embedding og : K — E and define o} def 09 o 7, which identifies
J = Hom(k,F) = Homg, (K, E) with Z/fZ. In particular, the automorphism 7 on X*(T) satisfies
(m(N)); = Ajy1. We write wy : Gxg — O for the character g o wg. Given an integer r > 1
we let K'/K be the unramified extension of degree r contained in K, set f et fr, e Ll 1,
and identify J' % Homg, (K', E) with Z/f'Z via oy < o} 0 o™/ = j where o} : K’ < E is
a fixed choice of an embedding extending o : K < E. (In particular, restriction of embeddings
corresponds to reduction modulo f in the above identifications.)

Let € denote the p-adic cyclotomic character. We fix normalization so that the p-adic cyclotomic
character ¢ has Hodge-Tate weight {1} for every x : K — F.

2. TAME INERTIAL TYPES AND BREUIL-KISIN MODULES

2.1. Tame inertial types and Galois representations.

2.1.1. Tame inertial types. An inertial type for K over O (resp. over FF) is an homomorphism
T Ig — GL2(O) (resp. 7 : Ix — GLa(F)) with open kernel and which extends to the Weil group
of Gg. An inertial type is tame if it factors through the tame quotient of Ix. Given s € W and
w € X*(T), we have a tame inertial type 7(s, ) : Ix — GL2(O) defined as follows: let r be the

order of sos1...5p_1 € W, and for 0 < k' < rf — 1 define oy = (TTh g 5,y )(1y—p) (where
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the indexes of s and p are considered modulo f). Then

rf—1
< Z az’p ) wfr
In particular if v = (v;)jeq € X*(Z) 2 Z7 then

oy
(2.1.1) (s, +v) Z7(s, 1) R0 w%JEJV w

Any tame inertial type is isomorphic to some 7(s, u).
More explicitly, if s = (s;)7 € W is such that H;;& sj = id then 7(s, u) = w} ® w}/ where

dEfZPj(“f R )

(2.1.2) ’defzpj@f T *%(2))

noting that [[/2, 7 s; = [[\2) s ]711 i
Similarly, if s = (s])j € W is such that H _0 s; = (12) then 7(s, ) = wgf & wé’;h where

f—1

(2.1.3) he (uf AT s he )+P (Zp]'“f =i (= ‘1><1>)
=0

.

We say that (s, u) is a presentation for the tame inertial type 7(s, u). Note that any tame inertial
type will have infinitely many presentations since

(2.1.4) 7(s, 1) =2 7(osn(0) "L o(p) + pr — osw(o) tn(v))

for any (o,v) € W x X*(T). We will also record a presentation (s, u) by the element w*(r) =
5_1tu € E

Lemma 2.1.5. Assume p > 3. Let 7 : Ix — GL2(O) be a tame inertial type.
Then, there exists n € Z, (kj)jes € {0, el %}‘7 and s € W such that

T2 7(s, ((k), O))jeJ) ®o Wy
and moreover
® 54 =id ifkj =0.
o Ifkj= % for some j, then there is some j' such that sj # id.

~

Proof. In this proof, given two tame inertial types 7 and 7' we write 7 ~ 7" if 7 = 7’ ®0 W} for

some n € Z. Let (', /) be a presentation of 7. Using (2.1.1)) and applying repeatedly (2.1.4]) with

o = id, we see that 7(s', ;') ~ 7(s', /") where i € X*(T) is such that (u”,a") € [-25=, ... EE]

for all j € J (see also [LLHLM23, Lemma 2.3.3]). Hence, using again , we have 7(s', u) ~
(s, (k?},O)jej) where |K}| < %. Using and applying repeatedly with v = 0, we
obtain 7 (s, (K%, 0)jeg) ~ 7(s, (kj,0)jes), where at each step o can be chosen so that stja;_&l =id
when k:; = 0. This gives the desired form for 7, except that the last item may fail.
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Now suppose k; = 2= +1 for some j but s; = id for all j. Without loss of generality assume
ko =B If by = 2EL forallj then by ([2.1.4)

T(S, ((%,0));’@7) ~ 7'(37 ((—]%170)%'6])
—1

and then adjusting s as above we can arrange to get the desired form for 7 with 0 < k; < B 5=
Otherwise, there is a minimal integer f > a > 0 such that 0 < k, < E.=. Then (2.1.4) gives

p+1 p+1 -p+1 -p+1
T(S,(( 2 O) ( ,0),(]90“0),"'))'\'7'(8,(( 2 70)7"'7( 2 70)7(ka+1,0);“'))
Repeating the process we again arrive at a situation where s; = id for all j and |/<: | < B~ and

adjusting s as above we can arrange to get the desired form for 7 with 0 < k; < 2 T'
O

Definition 2.1.6. A presentation (s, u) of a tame inertial type 7 is small if
e 0 < (uj,av)< % for all j € J,
e s; = id whenever (u;,a") =0, and
o If (uj,a¥) = & for some j € J then s; # id for some j' € J.

Given a small presentation (s, ) we define i & ((uj, ¥),0)jeq € X*(T).

If 7 is a tame inertial type over O we let T L ®e F. This construction gives a bijection between
isomorphism classes of tame inertial types over O and tame inertial types over F so that the whole
discussion above holds for the latter.

Lemma 2.1.7. Let 7 = 7(s, u) be a tame inertial type with small presentation (s,u). For j' € J'
yeq € W' such that
(s' )Y@l is strictly dominant for all j' € J'. Moreover the embedding oo : k < F and s can

or,j’

be chosen so that (s, ;) =id.

define a'li") & :,f 01 a_j H/p There exists a unique element (s orj)

Proof. We can assume without loss of generality that (ug,a¥) > 0. As ay = po we thus have
a/(rf-1) = prf—luo—l—zg,f;(f a_14yp" which is dominant since (pg, ") > 0 and p—1 > (a_ 1, a")
fori =0,...,7f —2.

We can now conclude by induction on j' € {0,...,rf — 1}: using the relation

2 (rf=7+1) _ o

o= _ —(rf—i"+1)

5 +prf_1aj/,1

we see that either ar—1 ¢ X°(T) and hence a’("f=7") is strictly dominant if and only if oy

is strictly dominant (in which case s, ., . is uniquely determined), or oy € X O(T") and hence

a/(rf=i") is stnctly dominant if and only if a/("f~J 1) g strictly dominant (in which case s/

/
or,rf—j

or,rf—j’

S vyq and s , is uniquely determined the inductive hypothesis).

or,rf—j'+

2.1.2. Galois deformation rings. We let p : Gxg — GL2(FF) be a continuous Galois representation.
Let Co be the category of Noetherian complete local (O-algebras with residue field F and local
O-algebra homomorphisms. The functor that assigns to (A, my) € Co the set of lifts p4 : Gg —
GL2(A) of p is representable by R':I the (unrestricted) lifting ring of p.

Given a tame inertial type 7 over O we let RgT be the reduced O-flat quotient of RﬁD such

that the @p—points of Spec Rg’T[l /p] correspond to the subset of p : Gx — GLQ(@p) (inside
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Spec (Rp[1/p])) which are potentially Barsotti-Tate and such that the covariant Weil-Deligne
inertial type is isomorphic to T ®@ @p. The rings Rg’T are known in “generic” cases (cf. [EGSI15|
LLILN23)):

Theorem 2.1.8. Assume that T has a presentation (s, u) where 2 < (uj, ") < p—2. Then either
R?T =0 or
(7]

Rgﬂ-gO[[Zlv'-"Zf+4—n)X17Y15°"aXn’Yn]]/(XiYi_p’/L-: 1"”’n)
for somen € {0,..., f}.

One of the main goals of this paper, Theorem [4.6.3] is to provide the analog of Theorem [2.1.8
in highly non-generic situations.

2.2. Breuil-Kisin modules and Emerton—Gee stack.

2.2.1.  We introduce the necessary background on Breuil-Kisin modules with tame descent data.
Let 7 = 7(s, i) be a tame inertial type with presentation (s, ) which we fix throughout this sec-
tion. Letting € {1, 2} be the order of sgs1s2---s7_1 € W recall from that K'/K denotes the

. . . . T def def / . . .
unramified extension of degree r contained in K, f' = fr, ¢ = p/" —1, and we have identifications

J Homg, (K', E) = Z/ f'Z compatibles with J ) Homg, (K, E) = Z/ fZ.

We let 7/ € K be an ¢-th root of —p, L’ & K'(') and A’ & Gal(L'/K') ¢ A ¥ Gal(L'/K).
We have the character wg(g) L9 for g € A’ (which does not depend on the choice of 7’) and

K
given an O-algebra R, we set S/ g E W) ®z, R)[v']. The latter ring is endowed with the

endomorphism ¢ : &1/ p — S/ g acting as the Frobenius on W (k') and sending v’ to (v')P, and
is endowed moreover with an action of A by ¢'(u’) = #u’ = wir(¢)u if ¢ € A and, letting
ol € A be the lift of the pf-Frobenius on W (k') which fixes 7', then ¢f acts in natural way on
W (k') and trivially on «' (all the endomorphism above act trivially on R by default). Finally,
def Nne'
v = ()",
Gr &
d

and E(v) € v +p= () +p.

(&1,r)>" = (W (k) ®z, R)[v]

Definition 2.2.1. A Breuil-Kisin module 9 of rank 2 over &1/ p with descent data of type 7 and
height <1 is the datum of:

(1) a rank 2 projective &1/ gp-module 9;
(2) an injective & p-linear map ¢op : ¢* (M) — M whose cokernel is annihilated by E(v); and
(3) a semilinear action of A on 9 which commutes with ¢gn, and such that, for each j €
Home(K/, E),
(f)ﬁ ®W(k/)®zppb7gj/ R) mod u/ = Tv Ko R
as A’-representations.

We write Y017 to be the groupoid of such objects (cf. [LLHLM23| Definition 5.1.3]). We also
define Y™ (R) C YI%17(R) to be the subgroupoid satisfying the additional determinant condition
det(ém) € (R[vD)* (v + ).

We consider MU & on W (k)22 R/ R as a R[u']-submodule of M1 in the standard way, so it

is endowed with a semilinear action of A’. The Frobenius ¢gy induces A’-equivariant morphisms
qbgz) o (MUY = (*(M))) — 90U (here the pull back on the first object is with respect to
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the R-algebra map ¢ : R[u'] — R[u'] such that v/ — «'*). We remark that, by letting 7" denote the
tame inertial type for K’ obtained from 7 via the identification I+ = I induced by the inclusion
K' C K, the semilinear action of A induces an isomorphism wgy : (of)*(9) = M (see [LLHLMIS,
§6.1]) as elements of Y07 (R).

Let M € YIOU7(R). Recall that an eigenbasis of 9t is a collection of bases ") = (fl(j/)v fQ(j/))
O

for each MU' such that A’ acts on fi(j/) via the character w, ' and such that w((o1)*(BU)) =
Ut for all j' € Homg, (K’, E). Given an eigenbasis 3 for 9, we let CSJJT‘//)B be the matrix of
gbg{) : go*(im(jl_l)) — MU with respect to the bases cp*(ﬁ(j’_l)) and 8Y") and set

i’ ef — _a’h) i’
A9, Ad ((sgw,) L')=2'Y ) ()
for j' € Homg, (K', E).

Lemma 2.2.2. Let 9 € Y%7 (R) with eigenbasis . The element A%?B has coefficients in R]v]
and is upper triangular modulo v. Finally, it only depends on the restriction of j' to K.

Proof. By the definition of eigenbases and of the action of A’ on &g W (k). R, we see that
(CGN)a € ()™ 9 R[v]) NR[w'] for a € ®. Explicitly, letting 5 € {0, 1} be such that &, = 0
if and only if a’") is dominant, we have for o € ®* that (C’g{%)a € (u’)e/‘sj’*(a'(j’)’QV>R[[U]] and
(C&i%)_a e ()¢ 1-0)+ (jl)’_av>R[[v]]. Thus for o € @, the a-entry of Ad ((u’)*a/ (j,)) (Cg(j];)ﬁ) is
in v% R[v] and the —a-entry is in v' 7% R[v]. By the definition of d; and the fact that s/ ., =id

or,7
if and only if a’U) is dominant, we conclude that Agt)ﬁ is upper triangular modulo v. The fact

that A%)ﬂ depends only on j' modulo f follows from [LLHLMIS| Lemma 6.2, Proposition 6.9]. [

2.2.2. Etale ®-modules. We recall the notion of étale ®-modules.
Recall that Og i denotes the p-adic completion of (W (k)[v])[1/v]. It is endowed with a contin-
uous Frobenius morphism ¢ extending the Frobenius on W (k) and such that ¢(v) = vP. Given a

p-adically complete Noetherian O-algebra R, we let ®- Modng(R) be the groupoid consisting of pro-
jective modules M of rank 2 over Og¢, K®ZPR endowed with a Frobenius semilinear endomorphism
ém : M — M inducing an isomorphism on the pull-back: id ®, daq : p* (M) — M.

We similarly define the ring Og 1/, with Frobenius ¢, and the groupoid ®- ModZE?L,(R) of rank
2 étale (o, Og 1y ®z, R)-modules with descent data from L' to K.

The groupoids - Mod%’Z, d- MOdZEi,QL' form fppf stacks over Spf O (see [CEGSD), §3.1]).

Given M € YT7(R), MRs, , (Og,1/®z,R) is an object - ModZifL/(R), which we can descend
to an étale ¢-module M € - MOd%’Q(R) by

def

M= M, , (O, 1r®z,R)>.

This defines a morphism of stacks e; : Y77 — &- Mod%’2 which is representable by algebraic
spaces, proper, and of finite presentation by [CEGSD, Corollary 3.1.8(3), Proposition 3.3.5] (and
the fact that taking A-invariants is an isomorphism of groupoids). Moreover, ¢, is independent of

any E—presentation of T.
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Given (M, ppm) € @- Modig’Q(R), we decompose M = @jc7MUY) over the embeddings o; :
W(k) — O, with induced maps qb%l) : MU=D 5 MU, The following proposition is a direct
computation on the definition of the Az()gt) 5

Proposition 2.2.3. ([LLHLM23| Proposition 5.4.2]) Let M € Y7 (R) and [ an eigenbasis of M.
Let (s, ) be a small presentation of T.

Then there exists a basis f for e;(9MN) such that the matriz of (ﬁg )(m) with respect to | is given by

Agz)ﬂs;lv“f = Agt)ﬁzﬂ*(T)j.

)

Finally, when R is a complete local Noetherian O-algebra with finite residue field we have an
exact functor

Vi : @-Mod$?(R) — Repa(Gk..)

establishing an anti-equivalence of categories (by the theory of fields of norms, cf. [LLHLMIS8, §2.3
and §6.1]) and therefore a functor T3, : Y™ (R) — Repk(Gk..) defined as the composite of e,
followed by V.. (Note that the formula of loc. cit. is inaccurate and should be modified as follows:
Vi (M) = Homp (M @p, 55 Ocm®R)?=", R).)

Let Z7 be the scheme theoretic image of ¢,. This is the moduli stack of tame potentially
Barsotti-Tate representations of type 7 constructed and studied in [CEGSD, §5.1].

A point p € Z7(F) gives rise to a mod p-representation of Gx. Then R%’T, the tame potentially
Barsotti-Tate deformation ring of type 7, is a versal ring to Z7 at p ([CEGSDbl Corollary 5.2.19]).

3. MODELS

Recall from § the proper, birational morphism Y7 — Z7 which is an isomorphism on
generic fibers.

3.1. Loop groups and open charts. Given a Noetherian O-algebra R let R[v]"(+») denote

the (v(v + p))-adic completion of R[v]. We denote by R[v] [m] - C R[] w@+p) [ } the

subring of elements the form W with P € R[v] such that deg P < 2m.
We define:

_ 1
v(v+p)

LG(R) ¥ GL, (R[U]A(v<u+p>> [v(vler)D :
LTG(R) ¥ GL, (R[] e+
L™ G(R) & GLy(R m )

1 1 . . . . . .
(note that R [1] = R[v] [W} 0 if p is nilpotent in R). Now we have surjections

ev’ : LTG — GLy
ev : LG —» GLg

obtained by evaluation modulo v and 1/v respectively.
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We define

Note that the functors LTG and L~—G have a slightly different meaning than the correspond-
ing functors in [LLHLM?23], however they coincide after p-adic completion. We define a closed
subfunctor A(n) C LG whose R-valued points consist of A € LG(R) satisfying

(1) det A € (R[v)"wt+»)) ™ (v + p);

(2) A € Maty(R[v]"@+»)) and upper triangular mod v;

(3) (v+ p)A~!is upper triangular mod wv.

Note that A(n)(F) identifies with
U L@ a;LtG(F)
wj€Adm(n)

where Adm(n) o { <8 (1)> , <(1) 2) , (S é)} is referred to as the n-admissible set.

Given a type 7 with small presentation (s, u) € W x X*(T') we define

(3.1.1) LG™(R) = [[ A (R)s; "™ ¢ LGI(R)
JjeJ
We also define

v
bdv(v—&-p)vﬁ d:ef . J . det AJ (= (R[U]A(n(v-‘rp))) x (1) + p)ru<#j,a )
LG (R) {(Aj) € (LG(R))Y ,such that : A} € Mato(R[o] ) )

In particular we have a natural inclusion LGT — LGbd(v+p)v”

Lemma 3.1.2. (1) LT G is a normal subgroup of both of L*G and L*G, and
LtG = L7 G x GL
LtG=L{Gx B

(2) The multiplication maps LTG x LG — LG, L*G x L==G — LG are formally étale
monomorphisms after p-adic completion.
(3) A(n)"r has an affine open cover A(w)"* where w runs over Adm(n) (cf. Table[]]).

Proof. Ttem is clear.

Item for the map LTG x L™~G — LG follows from [LLHLM23| Lemmas 3.2.2, 3.2.6] (using
that R[v]"("*P) = R[v] on rings where p is nilpotent), which implies the statement for L} Gx L™G —
LG.

We prove item . By the previous item, A"? () def (L+Q-LQ__®) NA(n)'» = L*G- (Lg“@ﬂ
A(n)”r) is an open subfunctor (since LT G\.A(n) is finite type, cf. the proof of [LLHLM23), Corollary
3.2.10]). Consideration on F-points shows that A"?(2) for w € Adm(n) form an open cover.
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Finally, if R is an O-algebra where p is nilpotent, L=~ G(R)w consists of matrices A of the form

1 1
A= 1 + E(I bl ~
c 1+ :d
for a,b,¢c,d, € R [%], and imposing on it the conditions . ) from the definition of A(n) gives
the explicit description in table |1 ]

TABLE 1. The affine cover of LTG\ A(n)"r

w ty wWoty twon

E9) e )

XY +p=0

LY G\AM (3) ((”“’) (1))

vr

3.2. Loop groups and moduli of Breuil-Kisin modules. We now explain the description of
Y7 as a quotient stack (cf. [LLHLM23, 5.2.1]).
The p-adic completion of [] jeT LG is endowed with the p-twisted conjugation action defined by
(X))jeq - (AD)jeqg & X;A00(X; )7
for X;, AU € LG"*. We observe that (the p-adic completions of) [Ljes LG and [];c 7 LTG pre-

serve LGPL(+P)Y" and LG™ under the p-twisted conjugation action, respectively. Hence we can de-

/\p /\P
fine the p-adic formal O- quotient stacks [Lde vp)v / [ljes L G} and [LGT/ H]ejL g]

Lemma 3.2.1. Let 7 be a tame inertial type with small presentation (s,u) € W x X*(T). Then

any M € YT has an eigenbasis Zariski locally on Y7 and the assignment I — (Agt)ﬁ)jejsj_l'l}ﬁ
defines an isomorphism of p-adic formal algebraic stacks

(3.2.2) ynr [LGT/ I1 L*g]

JjET

and hence a morphism

P
(3.2.3) ynr [Lde vtp)or / I1 L*G}
jej

We have a morphism
[Lde (wtp)o” / 11 L+G] T o Mod$»?
jEj

sending the class of A & (AD) ;e 7 to the étale p-module ¢(A) which is free of rank 2 and such that
qﬁ(J (AU = 1(A)Y) has matrix AY) in the standard basis.
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Proposition 3.2.4. Let 7 be a tame inertial type with a small presentation (s,u) € W x X*(T).
Assume p — 2 > max;{uj, ") (this is in particular satisfied if p > 7). We have a commutative
diagram of p-adic formal algebraic stacks over SpfO:

—~ /\P
(3.2.5) YT .23 [Lde’(”“’)”“ / 11 L+G]
v VN4

Er

where the hooked diagonal arrow is a closed immersion. In particular, the dotted arrow exists and
makes the diagram commute.

Proof. Denote by Y47 the groupoid in the upper right vertex of the diagram .

The external triangle is commutative by Proposition [2.2.3] and Lemma The factorization
of €; is by definition of Z7.

Hence, the existence of the dotted arrow will follow once we prove that the diagonal hooked
arrow is a closed immersion. Since ¢ is proper (as LG/L*G is ind-proper and YP47 is a finite type
p-adic formal algebraic stack), it suffices to show that it is a monomorphism.

We prove that for any Noetherian O /w?algebra R, and any pair A, Ay € YP47(R), the mor-
phism ¢ induces a bijection

Homyba,~ (A1, A2) = Homg. Mod(L(Al)a L(A2))-

The induced map is clearly injective, and we thus prove its surjectivity. Assume that there exists
X = (X,)7 € LG(R)7 such that

. . —1
(3.2.6) AP = x;49 (@(Xj—l))
or, equivalently,
(3.2.7) (p(X;1)) = (A7) 71 x; A5
for all j € J.

We show by induction on a that (3.2.7) forces X; € LYG(R) for all j € J.
Assume that @ = 1. Thus p = 0 in R and LTG(R) = GLo(R[v]). We first show that X; €
Matg(R[v]) for all j € J. Let k; € Z be the pole order of X; at v, i.e. k; € Z is minimal such that

v X; € Mata(R[v]). As det(Agj)) € RXvM{1i2") we deduce from (3.2.7) that
1+ kj+ (g, ) > prja

which forces x; < maxi{%} < 1. Reversing the roles of A; and As, the same argument shows
that X;l € Mata(R[v]) for all j € J. Hence X; € GLa(R[v]) Eor alljeJ wheria = 1, as wanted.

Assume the assertion up to a — 1. We can thus write X; = X;(1+¢;) where X; € LTG(R), ¢, €
Lie LG((w® 1)), for all j € J. Replacing Agj) by ()A(/j)_lAgj) (go()?j,l)), we can assume that (3.2.6))

is true with X; = 14 ¢;. In particular Agj) =(1+ @)Agj) for some §; € Lie LG((w®1)). We now
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prove that actually €; € Lie LTG((w®™1)). Then (3.2.6) becomes 1 = (1 +&;)(1 + d;) Ad(Agj))(l —
¢(ej—1)) so that

(3:2.8) (AD) A7 + (A7) (A — AY)) = elej).
Let x; be the pole order of ¢;. Observe that
o vt (o 4 p) (AP)1e;A0) € Mata(R[o] o)
o 005 (v 4 p) ((AP)1AY - AP)) € Maty(R[e] ).
Since (v + p)e; = ve; we deduce that
prj—1 < max{r; + (uj, ") + 1, {u;,a") + 1}.
This forces k; < maxi{wi’;%} < 1. So that indeed ¢; € Lie LTG((w®™1)). O

By taking fiber product, we thus obtain a commutative diagram:

V1o s B | LM [ ] DrG

0

HJ GLo O Hj GLo \LHJ GLo

(3.2.9)

YT e, LGMMVWWﬁ/erejL+G

Nl

5,2
P- Modi<

where the hooked arrows are closed immersions, the arrows decorated with [ [7 GLg are [[ ; GLo-
torsors, and the central squares are cartesian, which defines the stacks YT , Z7.

Proposition 3.2.10. Assume that
2 < (uj,a¥) <p—2

and that if (p;,a) = p — 2 for all j then some s; # id (this is in particular the case if p > 5
and (s, ) is a small presentation with (uj, o) > 2) . Then e, is a closed immersion and thus

YT = Z7 and Y = Z7.

Proof. The statement follows from a slight adaption of the proof of [LLHLM23, Proposition 5.4.3].
The essential two facts are:

e If R is an F-algebra and A, B € A(n)7 (R), and X € LGY(R) such that
Aj = X;Bj Ad(s;'v") (0(X; 1))

then X; € LTG7(R).
e If R is an F-algebra, J an R-module, A € A(n)7 (R), and Y € Maty (J((v))) such that

Ad(A;1)Y; — Ad(s; UWKM%A»G%M%MNﬂ)

then Y; € LieLTG(J).
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For the first item, we modify the proof of [LLHLM23, Lemma 5.4.4]. Set k; to be the minimal
integer such that v X; € Mat, (R[v]). Once we can show k; < 0, the argument in loc.cit. carries
over verbatim. Now [LLHLM23, Equation (5.11)] gives k; > p(kj—1 — 1) + 1, and thus k; < 1 for
all j. Furthermore, either k; < 0 for all j or k; = 1 for all j and the latter can only happen when

<,le, a\/> =p—2
for all j. Suppose k; =1 for all j. We get
P2 (0A; ) (0X)) By = Ad(s; o) (p(vX 1))

Set vX; mod v = <aj: in
¢j dj
all j since the left-hand side is divisible by vP~2. In turn, this implies that the (2,1)-entry of the
left-hand side is divisible by vP~!. But our hypothesis implies sj # id for some j, so that b;_1 = 0.
But this contradicts the fact that k;_; > 0.

A similar argument also proves the second item.

> € Mat,(R). Then the above equation implies a; = ¢; = d;j = 0 for

O

3.3. Models for moduli of Breuil-Kisin modules. Throughout this section 7 denotes a tame
inertial type and (s, ) € W x X*(T) a small presentation for it.

Let Gr] — Gr?d’(wp)vu (resp. Gry) be the quotients [ [;c 7 L{G\LG™ — [Tes L{G\LG
(resp. L{ G\LG). We define Y477 a5 the quotient

(3.3.1) [Gr{ / 1;[ B—sh.cnj} v

bd,(v+p)v’:Z

by the shifted conjugation action (b;) - (g;) = (bjgjbjlll). Define also Y™°47:7 as the fiber product

N\ Ap
i}mod,n,T < Grbd’(v‘i‘P)'U” >
1

O JGLQJ

—~ /\P
YmOdy"]uT _ |:Gr;)d,(0+p)v“ / H GL2—Sh.an:|
J

Proposition 3.3.2. The p-adic formal scheme ymodn, identifies with the (closed formal) sub-
scheme of <HJ(G1‘1 ><(B\GL27@))> " consisting of pairs (X, g) such that (ngjgj__ll)jej € Gri.
The natural GLQJ action on Y™odnT g given by
(r5) - (X)) (97)) = (w3 X5w524), (g5%5))

Proof. Tt follows from the definition that ¥ ™°47 is the quotient of the space of triples ((X i), (Y5),(g5)) €

GrP Y o G xGLY satisfying Y; = ¢:X;(g;_1)"" by the action of B given by
1 1 2 J FREACY

(bj) - ((X;), (Y), (97)) = ((X;), (b;Y3b;1), (bjg))-
This finishes the proof because the (class of the) triple ((X;), (Y}), (¢9;)) is uniquely determined by
(the class of) ((X;), (g5))- O
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We define 2ZmodT 45 the scheme theoretic i image of projection map pr : ymodm,r _y Grbd (vp)oP

sending (X, g) to X. This gives a factorization

mod

(3‘3.3) YmodnT 7T—>Zmod7'

S~

bd J(v+p)vF

For any z € ﬁv by Lemma we have a formally étale monomorphism
(3.3.4) Grbd,(erp)vﬁ(E) def [(L,G)ja n Grbd,(u+p)vﬁ < Grbd,(wrp)vﬁ

after p-adic completion, which is an open immersion because the target is of finite type. Define
U(Z) to be the p-adic completion of the LHS of (3-3:4). Note that U®Z) = I1; U(zj) has an obvious

product structure.
Lemma 3.3.5. {U(A)}~ ~v s a Zariski open covering for the p-adic completion of Grbd (o)

Proof. Since Gr1 d,(vtp)o" is finite type, the U (Z) are actually Zariski open formal subschemes of its
p-adic completion. Looking at F-points shows that they cover. O

In particular, by diagram (3.3.3)), U(Z) induce open substacks Y med.7(z) C ymodn.r  zmodr(3) C
gmod,’r‘
Lemma 3.3.6. The GLy -shifted conjugates g- ymod.n, (2) (resp. g .Zmod, (%)) forZ € Adm(n)7 s~ 1ok
and g € GLJ( ) form a Zariski open cover of ymodn, (resp. Zmod,n, ™).

Proof. This follows from Lemma |3.1.2 “. ]
Remark 3.3.7. The open charts Y™dn7(3) Zmed7(3) in Lemma are not preserved by the

GL2‘7 -shifted conjugation action in general. However, in what follows, we will be interested in

various statements about }N/mOd’””,ngd’T which are invariant for the GLg—Shifted conjugation
action, and which can be checked Zariski locally. For such statements, it suffices to work with
ymodnt(Z) Zmed(Z) (instead of all their conjugates).

Lemma 3.3.8. Y1417 js qp O-flat local complete intersection of dimension 5f over O.

Proof. As ymodnT jg g GL§7 -torsor over Y™odm7 it suffices to show that the latter is a O-flat
local complete intersection of dimension f over O. Since G17] is a B -torsor over Y™™ and over
LG\ A(n) (Lemma [3.1.2|(1)) the the result follows from Table O

The following lemma shows that on suitable p-power torsion, one can often exchange the ¢-
twisted conjugation action of a positive loop group with the left translation action:

Lemma 3.3.9. Assume that p—2 — (;,a") > N for all j € J. We have a commutative diagram

P17 00 0/pN —— | LGP 1 T 14G| @0 0/p"
JjeT

l%

vaod,n7 R0 O/p GI‘bd (v+p)vH OO/pN

14
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Proof. We claim that the two actions of J[;c 7 L{G on LGPAFpI g O/pN (resp. LG™ ®p

O/p") by p-twisted conjugation and by left translation are equivalent, which would establish the
existence of a unique right (resp. left) vertical isomorphism comptabile with the quotient maps

from LGP (v+p)” ®00O/p" (resp LGT ®0 O /pN ) and the commutativity of the diagram. The proof
of the claim is similar to the proof of [LLHLM23, Lemma 5.2.2]: the result would follow from the
fact that for any O/pM-algebra R and A € LGP +2)v" (R) the map

(X)) = (X5 Ad(45) (X))

is an automorphism of [[;c 7 L{G(R). In turn this follows from the fact that

p
WPAT € Maty(R[v]) C vPN "0 Maty(R[v]) C v*Matz(R[0]),
(v +pJvlk)
where we use that ( R[v] C NR[[U]]

O

Remark 3.3.10. The two actions Hjej L{G on LG™ ®0 O/p" by p-twisted conjugation and by
left translation are equivalent under the weaker hypothesis that
e N<p—1-—(uj,a’) for all j; and
e If N=p—1—(u;,a") for all j then some s; # id.
In particular, this implies Y™°417™ @0 O/pN =2 Y™ @0 O/p™.
We explain this when N = 1, the general case follows in the same way. As in the above proof,
we need to show that for an F-algebra R and A € A(n)7 (R), the map

(X7) = (X5 Ad(4;57 07 (X))

is an automorphism of L7 G(R)7. In turn, writing the Taylor expansion X; = 1 +vY; + O(v?), it
suffices to show

(Y;) = (Y; — P2 A; Ad(s; U“J)(Y )(vA 1 mod v)
is an automorphism of Mat,,(R)”. This will follow if we can show that the operator

T (V) = (vP2A; Ad(s; v“f)( )(’UA 1 mod v)

is a nilpotent operator on Mat,,(R)7. Note that ¥(Y); is a linear operator that depends only on
cj—1 = (Yj—1)21, and that (U(Y);)21 is 0 if s; # id and is a multiple of ¢;_; otherwise. It is clear
from this description that U/+1 = 0.

As a consequence of Lemma and diagram U (%) also induces open substacks YT (2),
Z7(Z). The following Theorem, which makes Theorem precise, is the main result of the
paper.

Theorem 3.3.11. Fiz a small presentation (s,u) of 7. Assume either p > max{16f + 3,16 f —
12 + max;(pj, @)} or p > 17 and K = Q,. Then we have an isomoprhism

gmod,r (2') ~ gr (Z:)
p+1

Remark 3.3.12. (1) Since (s,p) is small, max;(uj, o) < 25=. In particular, for f > 1 the
hypothesis on p is satisfied for all 7 when p > 32f — 23.
(2) Theorem is proven under the first hypothesis in section The proof under the
improved bound p > 17 for Q,, is completed in section cf. Remark [5.5.1] for the source
of the improvements.
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The proof of Theorem [3.3.11| will be performed in two steps:
(1) We first show there is an isomorphism Z7(2)®0 O /pYN 5 Zm0d7(3) 00 O /pYN for sufficiently
large N. N
(2) We bound the power of p that belongs to the ideal of singularity of Z™°4%7™ over O. This
allows us to lift the isomorphism mod p¥ in the above step to an isomorphism over O.
In the remainder of this section we will carry out the first step of the above strategy modulo some
geometric facts about Y47 — Zmod7 which will be established in the later sections. The second
step of the strategy is carried out in Section [4.5

3}7.1.fM0d§ling mod p~. Set N &' p — 2 — max; (uj,a) > P25 and § = max{0,|{j | (uj,a") <
1} — f+1}.

Define Z?i?x as the scheme theoretic image of the map

ynT 0 O/pN _ [Lde,(v+p)vﬁ/ H LTG] ®0 O/pN _ Grkfd,(v-i-p)vﬁ ®OO/]?N-
v JjeT
We have the commutative diagram (where the morphisms © and QO exist by definition of scheme-
theoretic image):

yn.T R0 O/pN ~Lemmd3.3.9] y ymod,n,T R0 O/pN
er \ iﬂ-mod
(3.3.13) 2T ®0 O/pN > 2P A ZmodT @5 O /pN

S I

LGPt ) T LGl @0 0/pY = Gy 000 /pY

Proposition 3.3.14. The morphisms O, QO have a factorization

v ~ ~
)Z?\‘/PX( ZmOd’T R0 (’)/pN

>T N
ZT R0 O/p o0

2" @0 O/pNdC >g]a([px Q0 O/pN 8 . )gmod,T Q0 O/pN
In particular, the natural morphisms ©, Q0 induce an isomorphism
2" 0 O/pN= Zmod T g O /N3,
Corollary 3.3.15. Assume that p > 7 or K = Q5. Then
ZT @0 O/p =5 2™ 945 O/p.

Proof. First assume p > 7. If § =0 then N — 4§ > % > 1, otherwise N — 9§ > p —4 > 1. In either
case, the result follows from Proposition
Now consider the case K = Q5. If (u,a") =1then N—§=5—-2—-1—1=1 and the result

follows from Proposition 3.3.141 Otherwise, (u,a") > 2, thus Z7T = Y7 and ZmedT = ymodnr
3.3.10

by Proposition |3.2.10, Then by Remark [3.3 ymodmT /i 2 Y07 /p and another invocation of
Proposition [3.2.10| shows that YmodnT /p = Y17 /gy, O
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The proof of Proposition crucially relies on the following two propositions, whose proofs
will be postponed until the end of section

Proposition 3.3.16. Recall § = max{0,|{j | (uj, ") <1} — f+1}. Then

(3317) p(S COker (Ogmod,ﬂ' — 7T>IknOd (O}‘;mOd»”IvT)> = 0

Proposition 3.3.18. For{ >0

¢_mod
R 7T* O?mod,n,‘r — O

Proof of Proposition|3.5.14 The statement is local on Gr]fd’(wp)v# ®00/p", so it suffices to prove
it after intersecting everything with U(2). Write Z7(2) = Spf R, Z2™°47(Z) = Spf R™°¢, and
ZW* N U(2) = Spf RP*. Also let S = m, ((’)

qrmod (O~ (z)/pN). Note that S and S™°¢ are p-torsion free and, S/p" «— Sy = S /pN by

Y mod,n,T
Proposition |3.3.18
Since Zm°47(3) is the scheme theoretic image of Y0477 (3) — U(Z) we have R™med ¢ gmod,
Similarly R C S. Finally equation shows that S™°d/Rmod is p-torsion. We thus have the
following commutative diagram

17,“(2)) and §mod — gmod (C’JT/mod,n,T(a) and Sy =

S —» S/pN — Sy — SmOd/pN 4 §mod

(3.3.19) 7{ T ] T Wmod]

R —» R/pN 5 R g5 R™/pN 4 Rmod

where the hooked arrows are injective. Let C, C™°d denote the cokernel of the maps m, 7™°d
respectively. As S, S™°9 are both p-flat, we deduce from (3.3.19) the following commutative
diagram with exact rows (this defines Cy):

ker(Q0)
0 — Cmod [pN] N Rmod/pN ngd Smod/pN s Cmod/pN 50

I

(3'3'20) 0 > 0 > R?\})x < > SN CN 0

I il J J

0 — C[p"] —— R/pN —"— S/pN —— C/pN — 0

S

ker(Q)

Proposition [3.3.16] implies that p?C™°d = 0 and hence C™°4[pN] = C™°4[p®]. Thus ker(VV) is
annihilated by p°. We conclude that p° ker(QQ) C pV R™°4 and, as R™°4 is p-flat, that ker(QQ) C
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pN=9R™od This implies the factorization

v
Rmod /pN R?\?X

l w3

Rmod/pN—6

and hence an isomorphism R™od/pN =0 =2 RP* /pN =9,
Now p’Cn = 050 p?(C/pN) = 0. Hence p°C € pVC C p't9C and as C is p-adically separated we
learn that p°C' = 0. We repeat the argument in the previous paragraph to obtain the factorization

R/pN ——» R

R/pN°

and hence an isomorphism R/p"¥ =% = R¥F*/pN—9. O

4. GEOMETRY OF LOCAL MODELS

4.1. Equations for ymodnT et 7 be a tame inertial type with small presentation (s, u). Every-
thing we do depends on this choice but we usually suppress this dependence from the notation. Let
w € Adm"(n)7 and set 7 = ws 'v¥. We consider the morphism GLyo — B\GLyo — P}

sending (ﬁ: g to [y : 4] € IP’}Q. Given a Noetherian O-algebra R where p is nilpotent, by
ﬁ

Proposition [3.3.2{ and the definition of A(n), we see that Y0477 (Z)(R) is the groupoid of tuples
(L, ki, Xj)jeg € (PLx GLa x L7 G) subject to the following conditions that for some (equivalently,
any) lift lj S GLQ(R) of lj:

(1) X,w; A(i(sj_lvﬁj)(lj_jl) € Maty(R[v])

(2) det (ijj) S R[[U]]X(’U ~|—p)

(3) we have [jx; - (Xj{ﬁj Ad (sj_lvﬁj)(l;:ll» lv=0 = [0 : 1].
The correspondence is explicitly given by sending the triplet (l;,x;, X;) to the pair (k;X;Zz;,1;).
Note that Ad (sj_lvﬁj)(B (R)) € B(R[v]) since u is dominant, which justifies the independence of
the choice of the lift Z;_l € GLy(R) in items (1)), (2),(3) above.

In item we have used the following

Convention 4.1.1. Given (: f) € Maty(R) and z,y, z,t € R, the equality

[l‘!y]@ §>=[z:t]

is interpreted as t(ax + vy) — z(fx + dy) = 0.
Equivalently, this can be written in matriz form

(= ) (3 ?) (tz) —0.

We will always adopt the above convention in the tables below, note that this allows us to
interpret equations as [z : y] = [z : #] even if neither side are actual elements of P*. We will also
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consider the following auxiliary space EZL(E/) of tuples (I, 54, Xj,75)jeq € (P x GLy x LT G x P1)7
satisfying the following variant of the conditions above:

(1) X;w; Ad (sglvﬁj)(?fl) € Mata(R[v])

(2) det (X;w;) € R[v]*(v+p)

(3) we have [jx; - (Xj@j Ad (s;lvﬁj)(?fl)) ly=0 = [0 : 1].
Clearly, we have a decomposition~Bva(E) =11 je ﬁl](%) where the j—tlri/factor classify the quadru-
ples (1, k;, Xj,7). Furthermore Y™°47:7 (%) is exactly the subspace of Ba(Z) where we impose that
r; = lj—l for all ]
Lemma 4.1.2. The f-tuples (Xj,7;)jeq € (LT G x PY)T(R) satisfying condition are precisely
those given in Table@ according to wj € Adm" (n;), s; € W and k; & (pj, ).

TABLE 2. Description of X; € L] G

’(wﬁsj) H (tm(lz))v (wotm(12))7 (two(ﬁ)’id) ‘ (tﬂvid)v (w()tmid)ﬂ (two(n)a(12)) ‘

L+ 9 1+4 0
-1 -1 k -1 -1
sjw; Xjwjs; = (C +”ké~/1 1_:2 sjw; Xjwjs; = c k&’;;l 1
%=1 o v TR

A B, C,C'" D €R, A C,C'eR
kj =0 A=C=C"=0 C"=0
k=1 [A:B|=[C:D]=r;,C"=0 [C": 1] =7,
kj>1 [A:B]=[C:D]=[C":1]=r; C":1] =1,

Proof. Let (‘Z Z) € GLa(R) so that r; = [c : d]. Also write sjwjlejsz;l = <1 o p > S0
that o, 8,7, € %R[%] We abbreviate k = k;.

Letting w;t,, = w; condition is equivalent to

(4.1.3) (14 a)vkte Bol=e d —b c v*R[v] R[v]
o yvkte 1+0)v'==)\—-c a v*R[v] R[v]
where ¢ = 0 (resp. ¢ = 1) if (wj, s;) is as in the first (resp. second) column of Table [2 From this

we learn that v =3, v!175(1 + ), (1 + a)v**e, yo**¢ € R[v]. The first two conditions show that

1+a f
146
We now show that «,~ also have the form specified in the table.

Case € = 0. Looking at the first column of (4.1.3) we get
(4.1.4) v*(1 4 a)d — vBe € v*R[v]
(4.1.5) vPyd — v(1 + 6)c € vPR[v]

From a casewise check (on k, and recalling that a, 8,7, € %R[%]) equations (4.1.4), (4.1.5)
imply that ad and ~vd have the form specified in the table.

the second column of ) has the form specified in the table.
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Since we already know (1 + a)v*, yv¥ € R[v] we only have to consider the case k > 1.
But then equation (4.1.5) shows that ¢ € Rd hence d € R* because (¢,d) = R. But this
implies o and ~ are of the desired form.
Case € = 1. Looking at the first column of we get (using that 5 =9 =0)

(4.1.6) V"1 + a)d € v*R[v]
(4.1.7) V" yd — ¢ € vPR[v].

As above, note that these two equations imply that ad and vd have the form specified in
the table.

Since we already know (1 + a)v**! yvk*l € R[v] we only have to consider the case
k > 0. But then equation shows that ¢ = 0 hence d € R*. Again this implies « and
~ are of the desired form.

We have now shown that «, 3, 7, § have the desired form. Plugging this information into equations
(4.1.4), (4.1.5),(4.1.6),(4.1.7) immediately yields the remaining equations in the table. O

Lemma 4.1.8. For each j the spaces Ezzj (2j) have explicit presentations given by Table@ i terms
of the corresponding spaces in Table[3.
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TABLE 3. Presentations of gzj (Z)-

w;
(wj, ) ’ fo Woty Lwo(n)
5
Variables: A, B,C,C’, D Variables: A, B,C,C’, D Variables: A,C,C’
A=BC',C=pC',D=p A=BC', C=pC', D=p A=p
>1 12
rj=[C":1] rj=[C":1] rj=[C":1]
likj = [B:—p] likj =[-p: B] Lir; =[0:1]
Variables: A,C,C’ Variables: A,C,C’ Variables: A, B,C,C’, D
,d A=p A=p A=BC', C=pC', D=p
i
rj=[C':1] rj=[C":1] rj=1[C":1]
likj =[C: —p] likj = [-p: C] lirj =[0:1]
Variables: A, B,C,C’, D Variables: A, B,C,C’, D Variables: A,C,C’
A=p-D,C" =0 A=p-D,C" =0 A=p
|
rj=[C:D]=[p—D:B] rj=[C:Dl=[p—D:B] rj=[C":1]
likj=[D—p:C]=[-B:D] likj=[C:D—p]=[-D:B| ljkj =[0:1]
Variables: A,C,C’ Variables: A,C,C’ Variables: A, B,C,C’, D
. A=p A=p A=p—D, C'=0
id
rp=[C":1] rp=[C":1] rj=[C:Dl=[p—D:B]
likj =[C: —p] likj = [-p: C] lik; =15
=0 id

The meaning of the variables A, B,C,C’, D is in terms of the X; € L G extracted
from the corresponding entries in Table

Proof. The equations involving A, B,C,C’, D are exactly obtained from Table [2| by imposing the
condition det(X;) € R[v]* &P)  The formula for r; also follows from Table

v
Thus the only thing we need to verify is the equation involving /;x;. We give a sample computa-

tion in the case when (wy, (15, "), 55) = (twy(), 1,1d), the others being similar and simpler. In this
!/ /

case let (CCL, Z,) € GLa(R) (resp. <CCL Z) € GL2(R)) be a lift of Ijk; (resp. r;). Thus condition

) .. ) .. a v d aB— Ab
(3) (together with condition ) is the condition that the (2, 1)-entry of (c’ d’) (—c aD — C’b>
O

is zero, which exactly means that ljx; = r;.
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Remark 4.1.9. So far we only considered EL]-(Z]'), U (Zj) as p-adic formal schemes. However Table
gives obvious decompletions and we will work with the scheme version of these spaces in what
follows.

T bd n
E> Grl 7('U+p)’U

4.2. Cohomological properties of ymod,n, . In this section we will use the ex-

plicit presentations from the previous section to study RTr*mOdOf/mode and hence prove Propositions

8.3.16, 3.3.1§|

Since 2 is a closed immersion, we have ¢, o Rﬂf"dof/modm,f = Rpr*Of,mod,n,T. In particular
Proposition [3.3.16| is equivalent to

p coker ((9 (Gri’d’(wp)vﬁ) — (pr)« ((’) (?mOd’”’T))) =0

and Proposition [3.3.18]is equivalent to Rpr*(’);,mod,w concentrating in degree 0. In other words we
can replace 7°4 by pr in the statements of interest. Furthermore, these statements are local on the

target so it suffices to analyze the situation after intersecting with U(2) for 2 € Adm" ()7 s~ v
Recall that diagram (3.3.3)) gives a factorization

(4.2.1) ymodar(z) ™% Fmodr(Hy L, 7(3),
To analyze pr we factorize

ymednT(5)— Ba(?) = [ [ Ba;(%)) Prslley | Uz =]]0GE)
i J

J
where pr; : ./B\ZL](%) — ﬁ(’zvj) is the map
(lj, Kj, Xj, T‘j) — anij.
Observe that we have an isomorphism Bvaj('zvj) = GLy x Ba;(Z;) where Baj(z;) = B?Lj(zj) X GLy
{1}, given by (l;,k;, X;,7;) — (Kj,(ljk;,Xj,7;)). Let p; (resp. ¢;) be the obvious projections
from Baj(z;) C P! x L7 G x P! to the left (resp. right) P! factor. We continue to denote pr; :
Baj(z;) — ﬁ(gj) the map given by the projection from Ba;(Z;) to the L] G factor followed by
right multiplication by 2 (this is compatible with pr; : Ba;(z;) — U(z;)).
The following is immediate from Table
Lemma 4.2.2. Up to isomorphism, there are the following possibilities for Ba;(z;)

(1) Ba;(zj) = A® where p; is the constant map (C,C") + [0: 1] € P, q; is the map (C,C")
[C": 1] € P! and pr; is the natural map extracting C' and C’. This covers the cases
(’[Ej, S, kj) = (two(n)’ id, > 1), (two(n)’ (12), > 1).

(2) Ba;(z;) = BlynA' x At where Bl A" = {([z : y],C) | Cx = py} C P* x Al is the
blowup of A}O at the origin in its special fiber. Then p; is the natural projection map from
Bl(no)Al — Pl and g; is the natural inclusion A — P! given by C' — [C" : 1], and pr; is
the natural map to A% extracting (according to the triple (w;,s;,k;)) C,C" or B,C". This
covers (iDJ’ Sjs k]) = (tT]a (12)5 > 1)7 (tn> id, > 1)7 (wotnv (12)7 > 1)7 (wotnv id, > 1) .

(3) Ba;(z;) C Pt x Al x P consists of ([x : y],C, [z’ : y']) such that pxy’ —yz' = 0. Then
Dj,q; are the projections to the left, resp. right P! factor, and pr; is the natural map to Al
extracting C'. This covers the cases when kj = 0.

(4) Baj(zj) C P! x Maty xP! consists of ([z : y], <A B

c D) 2" y']) such that
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A B .
* o D) has determinant 0 and trace p;
D -B
o (2 ) <—C ) ) =
D -C\
° (x y) B 4]~

Then pj, q; are the projections to the left, resp. right P! factor, and pr; is the map extracting
A,B,C,D. This covers (wj,sj, kj) = (t,, (12),1), (woty, (12),1).

(5) It is the same as the previous case, except that instead of the third item we impose [x : y] =
[z’ 2 y/]. This correspond to the case (Wj, s, kj) = (twy(n),id; 1).

Lemma 4.2.3. (1) pr; is proper and when k; > 0, pr; becomes a closed immersion after in-
verting p;
(2) Baj(z;) is a O-flat local complete intersection of relative dimension 2 over O. The relative
dualizing sheaf of Baj(z;)/O is q;Op1(—1) ® p;Op1 (—1).
(3) Oﬁ(’z}) — P ORa,(z;) is surjective.
The same assertions hold for Bva](z?) and Bva(i), but with relative dimensions 6 and 6f.

Proof. The first assertion is clear from Table |3| once we observe that (Ijx;,7;) can be uniquely
solved for when p is invertible and k; > 0.

For the second assertion, we inspect the five cases in Lemma The result is obvious for case
and follows from Lemma below for case .

For case (3)), the result follows from the fact that Ba;(Z;) < P! x A' x P! is a regular immersion
cut out by an equation of bidegree (1,1), which has normal bundle q;Opr (1) ® p;Opt (1), and thus
relative dualizing sheaf ¢;Op1 (1) ® p;Op1 (1) ® ¢; Op1 (—2) ® p;Op1 (—2) = ¢;Op1 (—1) @ p;Op1 (—1).

We turn to case (). Set t = z/y, s = 2//y’. The Ba;(Z;) has an open cover given by

Spec O[A, B,C, D, s,t]/(A—stD,B —tD,C — sD,p— D — stD).
Spec O[A, B,C, D,s ', t]/(A—tC,B —ts~'C,D — s7'C,p — s71C — tO).
Spec O[AB,C, D, s,t7 /(A —sB,C —st™'B,D —tB,p—t'B — sB).
Spec O[A, B,C, D, s,t7 /(B —s1A,C —t'A D st 1A p— A—s1t"1A).
Thus we obtain locally a regular immersion from Ba;(z;) to A®. A simple computation shows
that the determinant of the normal bundle of the regular immersion Ba;(Z;) < P! x A? x P! is
q;Op1(1) ® p;Op1 (1), hence again the relative dualizing sheaf is ¢;Op1(—1) ® p;Op1 (—1).

We finally deal with case . Then Ba;(Z;) < P! x At is a regular immersion cut out by the
equations

A+D=p AD-BC=0,(z y) <_DC _AB> =0

A similar computation as in the previous case yields the desired result.
The third assertion follows from the fact that pr; factors through the subscheme Z C ﬁ(zj) such

that

e 7 is normal;

® pr;,Opy;z,) = Oz after inverting p.
The existence of such a subscheme Z follows immediately from inspecting the cases in Lemma [4.2.2}
in fact Z = A? with coordinate C,C’ or Z = Spec O[B,C, D]/((p — D)D — BC) (if k; > 0) or
Z = Al with coordinate C if k; = 0. O

We make use of the following elementary computation.
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Lemma 4.2.4. Let Bl A' = {([z : y],t) | zp = ty} C P! x A be the blowup of A}O at the ideal
(0,p). Let O(—k) be the pull back of Op1(—k) by the projection to P'. Then
(1) For k>0

pFO[t] if n = 0;
H"(Bl(ojp)Al, O(—k)) = { annihilated by p*~! ifn = 1;
0 ifn>1.

(2) The relative dualizing sheaf of Bl(o,p)Al/O is O(—1).

Proof. (1) RT(Bl At O(=k)) is computed by the Cech complex:
t p k D P +1
ol e (7) ol 7 = o (7) ]

where all the terms are viewed as O[t]-submodules of E[t*!] and the differential is given by
(f,9) — f — g. The result now follows from an explicit computation.

(2) Since Bl(o’p)Al — P! x Al is a regular immersion cut out by a degree 1 equation in the P!
coordinates, the normal bundle is O(1), hence the dualizing complex is O(—2) ® O(1) =
O(-1).

O

The following Lemma will be the key to our analysis:

Lemma 4.2.5. Let j € J and let €;,6; € {0,1}.
(1) pr;. <q;f<op1<—1>>€f 08.s) p;f<op1<—1>>5f) is p-torsion fre.

(2) The complex Rpr;, (q;(OPI(—l))Ej DOpaz)) p;(opl(—l))5j> is concentrated in degree 0 if
(€5,9;) # (1,1), and is concentrated in degrees 0 and 1 if (¢5,6;) = (1,1).
(3) If (¢5,0;) = (1,1) then Rlprj* (q;(OPI(—]_))gj ®Opa(z)) p;f((’)p1(—1))5j> is

O-torsion free  if (u;,av) = 0;
isomorphic to B if (uj, ") =1 and (s5,w;) = (id, tyemy));
0 otherwise.

Proof. The first item is obvious because Ba;(z;) is flat over O by Lemma [4.2.32l We now explain
the cohomological computations.

For the remainder of the proof we set ¢ & gj, 0 & d; and F o ;f(@pl(—l))a ®Opaz;)

p;(Op1(—1 ))?. We work with the five cases in Lemma
The computation is trivial for case , and follows from Lemma for case .
We now turn to case (4). We have an open cover U; = {y # 0}, Uy = {3: # 0}. Then setting
t = x/y we see that Uj is the Space of (t,C,[2" : y']) C A% x P! such that 2/(p — Ct) — Cy' = 0.
Hence U is isomorphic to Bl X Al and ]-" |U1 is the pull-back of O(—1)¢ from the obvious
map to P!. Thus, from Lemma h. we see that
e RI'(Uy, F) = O[C,t]p%;
e Similarly RI'(Us, F) = O[B,t !]p°
e RI'(UNUy, F) = 0O[C,t,t7p°
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are all concentrated in degree zero. Thus the Cech cohomology spectral sequence computing
RT'(Baj;(Z;), F) degenerates at Ey and RI'(Ba;(z;),F) is computed by

(4.2.6) Olt,Cl @ t0[t™!, B] % O, ]

where the differential are the obvious inclusion induced by the relation B = t(p —tC). In turn, this
complex is quasi isomorphic to the complex

(4.2.7) 901t B] % O[t*!, C]/O[t, C] = @1t FO[C).
Since 6 € {0,1}, t=% € Im(d) for k > 1. Now for £ >0 and k >0
2k—¢ k kck
(4.2.8) T (t(p — tC))" = (—1) e + - € Im(d)
where ... is a O-linear combination of % where 0 < n < k. Hence % € Im(d) by induction on k.

We now deal with case . Similar to the previous case, we have an open cover Uy = {y # 0},
Uy ={z # 0} and set t = y/x.
We have, after choosing a trivialization of F on U

B O[t, B, C, D] N
F(t) = (D—-tC,p— D — Bt) O, €]
O[t™1,B,C, D]

F(Up) = =49 > (=)o, B]

(p—D)—Bt~1,C — Dt 1)
Thus RT(Ba,(Z;),F) is computed by the Cech complex
(4.2.9) Ot,Cl @t =0, B] % Oft*, C]

where the differential are the obvious inclusion induced by the relation B = ¢(p — tC'). As before
this complex is quasi isomorphic to

t==00[t1, B] % O[t*, C)/O[t, C] = @rs1t *O[C].
Compared to case the only new computation we have to make is when (¢,6) = (1,1). In this

case, we have t =% € Tm(d) for k > 2 but only pt~! € Im(d) (and ¢! ¢ Im(d)). Equation for
k,¢ > 1 then shows that (i—; € Im(d) for all k,¢ > 1. This means that the H' of the Cech complex
is isomorphic to F.

Finally we deal with case (3)). Consider the open cover Uy = {z # 0}, Uy = {y # 0}. Write ¢t =
y/xz, s =a'[y'. Then Uy = A% = Spec (Os,C, ¢t 1] /(s—pt~')), while U = Bl ,A' x A, where the
coordinate on the blownup A! is t. Now F|y, =& O(—1)¢ so RT'(Uy, F) = p°O[C, t] is concentrated
in degree 0. On the other hand, Us is affine so RT'\(Uy, F) = s°t°0[s, C,t~']/(s — pt~'). Moreover
RT(Uy NUy, F) = p°O[s,C, t*]/(s — pt~!). Thus the Cech complex computing RT'(Ba,(Z;), F) is
given by

pFO[C, 1] @ st °O[s,C,t 7Y/ (s — pt 1) = pfO[s, O, 5] /(s — pt1).
This is quasi-isomorphic to the complex
t—=00[C, 7 = 0[c, tTY/0|C, 1]

with differential induced by the natural inclusion. This has no H! if (¢,8) # (1,1), and has
H!' = O[C] if (¢,8) = (1,1). We are thus done with the cohomological computations. This finishes
the proof. ]
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Corollary 4.2.10. Consider the commutative diagram:

ymod,n,7 (2) (#} /le(z:)

pr
pr ‘ B

Then Riprg*(’)éva@ =0ifi>0 and (’)[7(2) —» prg*(’)ga(z).
In particular, by letting Z(Z) be the ideal sheaf defining the closed immersion A
e coker (Oﬁ(a — pT*Of/mod,(n,T)@) = Rlpré*I(E)
° Ripr*O?mody(n,ﬂ(a = Ri“prg «L(2) fori>1.

Proof. The first part follows from the fact that Rprz«Og @ = X;Rpr;, O, ) and hence is
VANa}

concentrated in degree 0 by Lemma (with e; = §; =0).
For the second part, we have the exact triangle

Rprz«I(Z) — Rprg *01971(2) — Rpr*o;'mod,(n,‘r)(a —
which immediately gives the second item. For the first item, observe that the exact triangle implies

coker (prE*Oéva T . (E)) — R'prz+Z(2) but also
coker (prg *Oéva@ — PT*Of/mod,wT)@) = coker (Oﬁ@ — pr*Of,mody(n,T)@)
because Oﬁ@ — prg *01”32(2)' O
Lemma 4.2.11. Under the composite
ymodnT(z) & Ba(z) = [[ Bay (%) = [[ GLa x Ba(3)
J J

ymedin(2) s a complete intersection defined by the zero locus of maps s;: L; & q; (Op1(—1)) ®
p;_1(Op(—1)) = OH]- GLoxBa(3,)- In particular, the ideal sheaf I(Z) defining A identifies with the

“stupid” truncation
T<0 (KOS, < @ Ej, (ﬁj))>
JjeJ

Proof. Tt follows from the definitions that we have a diagram

?mod,n,T(a(% Hévaj('zvj) - HGLQ x Baj(z;)
J J

O ‘/ iprjqu{

[]GL: x Ple—2— J] GLy x P! x P! —=— ] GL2 x P x P!

J J J
where the bottom left map is (k;,1;); — (k;,1,lj—1); and the bottom right map is (k;,1;,7;) —
(kjy Ljtjs 75)-
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The bottom right isomorphism only commutes with projection to the right P! factor, but not
to the left P! factor. Nevertheless, the GLo-equivariance of Opi(—1) shows that its pullback via
projection to the j-th left (respectively, j-th right) P! are compatible with the bottom isomorphism.

It follows that EN/mOd’”’T(“) is the zero common locus of f maps s; : £; — OBE(E)‘ By Lemma(3.3.8

and Lemma ymodinT(3) Ba(“) has codimension f and Ba(“) is local complete intersection.
This implies that ymedn.7(Z) is the global complete intersection in Ba(%) cut out by the s;. O

We compute RI'(Z(z)) using the resolution from Lemma [4.2.11| and the Kiinneth formula. Let
¢ € {1,...,f} and consider f-tuples € = (gj)je7,d = (0;)jes € {0,1}7 satisfying §; = £;41 and
#{j € J,ej =1} = £. Then by Lemma [4.2.11| we have

f\(@cj) D ® (@m0 op0m-1))

jeTJ ed j€J,05;

where the direct sum runs over f-tuples €,§ as above. As the EZL(EJ») are Tor-independent over O,
we deduce from the Kiinneth formula [Sta22, Tag OFLQ)] that

(@ (45(0m (-1 02 Om (-1 ) )

7T, 05,
L
=~ & Rr(q;(opl(— ) ®og p;*(Opl(—l))‘s-’)

JjET,O

From Lemma we obtain the following corollaries:
Corollary 4.2.12. e For0< (< f, Rzprg* (/\Z <€Bj€j £j>> =0.
L] prpl”é* (®j6] £3> = 0,‘ and

o Riprss« Qics £j> # 0 if and only if for each j € J, either {(p;,a¥) =0 or (uj,a¥) =1
and (sj,w;) = (id,two(n)).

Proof. Since the image of pr is affine, it suffices to check the statements after taking global sections,
so we can replace all occurences of R’przy with R/T.
Given our above discussion, it suffices to analyze

i ® R (55(0m (1) @0y, 7 (Om (1) ) )

jeJ,o

for f-tuples € = (gj)jer,6 = (§;)jes € {0,1}7 satisfying e; = §;41 and #{j € J,e; = 1} = £.
Note that these conditions imply that there are at most £ indices j such that (g;,d;) = (1,1), with
strict inequality if £ < f. Thus the amplitude bound of Lemma shows the above cohomology
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group vanishes for £ < f, while

12

W (@ Ar(5(0m (1) co,,, pOn(-1)"))

jeJ,o

~ ® R1F<qj((9p1(—l)) ®O§Z(Zj)p§(opl(—1))>

JjeJ,o
The result now follows from Lemma [1.2.5] O

We note that the proof of the above corollary also shows

Corollary 4.2.13. For any ¢ € {0,...,f} and k > ¢

e A (@2)) o

Proof of Propositions 3.3.18 By Lemma {4.2.11| Rpr,Z(Z) is filtered (in the derived sense)
by Rpr g x« /\E (@jej £j> [( —1] for 1 < £ < f. Then by Corollary [4.2.10, Proposition [3.3.16

follows from Corollary and Proposition [3.3.18| from Corollary 4.2.13] U
We also record the following, which will be used in subsection

Proposition 4.2.14. The relative dualizing sheaf of Y™°41:7(3) /O is trivial.
Proof. By Lemma [4.2.11] Y™0d0:7(Z) sy EZL(E) is a regular immersion with normal bundle

D 4;0p (1) @ pj_1Op1 (1)
which thus has determinant @ 7 ¢; Op1 (1) ® p;_1Op1(1). The result now follows from Lemmam
2

4.3. The naive models. Recall that Z2™°%7(3) is the scheme theoretic image of Y047 (%) under
the map 7™°¢ which forgets the elements rj=1j_1¢€ P!. In other words, the equations for Z~m°d’7(i)
are obtained by eliminating the r; = [;_; from the defining equations of ?mOd’”J(E) which are
extracted from Table The goal of this section is to construct a slight enlargement ZVHV’T(E) of
Zmod,7 (2), which has the advantage of being given by explicit equations.

We first introduce some auxilliary notation. We view J = Z/ fZ as an oriented graph with edges
going from j to 7 — 1.

Definition 4.3.1. Given the data (s, u, w), and letting 7Y GsLoh;

(1) Define M;(%z;) to be the scheme theoretic image of Ba;(Z;) — ﬁ(gj)

(2) Let j € J. We say
e jis of type I1 if either k; > 1 or (wy, 55, kj) = (ty,1d, 1), (woty,id, 1), (tewy @, (12), 1);
e jis of type I if (wy,s;, k;) = (ty, (12), 1), (woty, (12), 1), (tw,(y),id, 1);
e jis of type 0 if k; = 0.

(3) A fragmentation of J is the decomposition J = Ukelc Ji into subsets 7, such that:
e Jj is an oriented path in 7, i.e an ordered subset of the form {j,j —1,---,7 — ¢} for

some ¢ < f.

e The endpoints of the path Jj are not of type 0.
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e The interior points of the the path J are of type 0.
e J; is not a singleton unless f = 1.
Each J; is called a fragment of 7.

Remark 4.3.2. (1) The scheme theoretic image of Ba;(z;) — [7(2]) is GLa x M;(%;).

(2) Under our running assumption that 7 is regular, 7 must have a vertex not of type 0. This
implies J has a unique fragmentation, obtained by the minimal paths joining the vertices
not of type 0. We also note that each fragment [J; has a well-defined starting point and
ending point (which may coincide, in which case the fragment is all of J).

(3) It follows from Table [3| that

o If jis type IT: M;(Z;) = A2

o If j is type I: M;(z;) = M, the space of (é g) which has determinant 0 and trace
.

o If j is type 0: M;(z;) = Al.
We now define a subspace of [[ ; GLa x M;(Z;) using the fragmentation J = |J Ji.

Definition 4.3.3. Let J = |J Ji be the fragmentation of J. We define ZNH"’T(E) to be the closed
subscheme of [[ ; GLa x M;(z;) — GLy x U(Z) cut out by the matrix equations

i—1
Mout,o< H TE) Min,i =0
{=0+1
for each fragment J; = {i,--- , 0}, where
e My, ; is the initial matrix for j =4 in Table
® Mous,o is the final matrix for j = o in Table
e Ty is the transition matrix for j = ¢ (which are of type 0) in Table

We also define Z™7(2) and ™47 (%)) to be the fiber of Z™7(Z) and 2™°47 (%) respectively, above
1€ GLy.

Proposition 4.3.4. (1) The inclusion Z™°47 (%) < U(Z) factors through Z™7(3).

(2) We have 207 (Z)[3] = 27 (2)[3] = Y™ (2)[1).

In particular, gmc’d’T(E’) is the p-saturation (synonymously, the O-flat part) of ZVHV’T(E).

Proof. The first assertion follows from the fact that ngd’T(a obeys the defining equations of
ZnviT (%), which is a consequence of the relations in Table |3{ and the relation r; = 1;_; in ymod.n,
Indeed, these defining equations were obtained by repeatedly substituting the relations between [;
and r; when j is type 0 and 7; = [;_1 until it becomes a relation between r, and [, where a, b are
not type 0, in which case one substitutes for r,, [, an expression in the variables on GLg x M,(Z,),
GL2 X Mb(gb)-

We now establish the second assertion. First, we show that the map Y™°47:7(3) — U(Z) is a
closed immersion after inverting p, i.e. we need to show r;,l; are determined by the remaining
variables. For each j not of type 0, we can solve for r;,l; when p is invertible. Using the relation
r; = lj—1 and the relations in Table (3, we can solve for the 7,1 where j’ is of type 0. Thus

Zmodr B)[1] = Frodn (23],

To finish the proof, we need to show that ?mOd’"’T(Z)[%] surjects onto ZVH“T(E)[%], i.e. we need
to produce 7;,[; satisfying all requisite relations. We use the same procedure to define r;,[; as
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TABLE 4.
o
(7,0 / ty woty Lo (n)
8j
Type 11 Type 11 Type I1
. . 1 T 1 N g 1
o1 (12) Initial Matrix: <7C’> Initial Matrix: <7C’> Initial Matrix: <7C/>
Final Matrix: (B 7])) /{j_l Final Matrix: (711 B) n;l Final Matrix: (0 1) /@;1
Type I1 Type I1 Type 11
e . 1 e . 1 " . 1
id Initial Matrix: (*C') Initial Matrix: (*C’) Initial Matrix: (*C’)
Final Matrix: ~ (C' —p) k" Final Matrix: ~ (—p C)r;" Final Matrix: (0 1) k"
Type I Type I Type IT
L . D -B L . D -B
, (12) Initial Matrix: (—C . D) Initial Matrix: (—C . D> Initial Matrig: <71C/)
Final Matrix: (p_—BD _DC) N,;l Final Matrix: <_DC p_—BD> H,;l Final Matrix: (() 1) /i;l
Type 11 Type I1 Type I
1 1 Initial Matrix: b B
id Initial Matrix: <—C/> Initial Matrix: (—C') nitial Matrx: —-C p—D
P T gt —1 . T gt —1 s s p—D B -
Final Matrix: (C -p) K; Final Matrix: (—p C) K Final Matrix: < c D) K] 1
=0 id
The meaning of the variables in this table are the same as that of the
corresponding entry in Table
in the previous paragraph. The only potential issue is that for a fragment J; = {i,--- ,0}, the

procedure gives two definitions of r;: one by recursion in terms of [, (and some variables at j €
{i—1, -+ ,0+1}), the other by directly solving in terms of the variables at i. However the defining
equations of Z™7(Z) exactly guarantee that the these two definitions coincide. (Il

4.4. Obstruction bounds for naive models. We wish to establish a quantitative bound for the
singular ideal of Z™:7 (2)/O. This will be used in the next subsection to finish the proof of Theorem
B.311 _
To save notation, in this section we abbreviate Z = Z"'7(2), M; = M;(z;) and M = []; GLg x
M;. We also define affine spaces A; with closed immersions M; — A; as follows:
o A; = M; if j is not type 1.

e If j is type I, then M; is the space M of matrices (é g) with determinant 0 and trace
p, and we define A; = A% and M; < A; to be the map

(él, g) — (B,C, D)
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so that M; identifies with the hypersurface D(p — D) = BC' in A;.

We thus have an inclusion ¢: 2 — A % [I7GL2 x Aj. Let Z be the ideal of A defining «.

We first analyze a generating set of Z. To do this, recall the fragmentation J = (J,cxc Jp- We
also denote by J; C J the subset of j that are type of I. For each j of type I, we also let
Aj,Bj,Cj, D; denote the natural coordinates on M;, so that A; + D; = p and A;D; = B;Cj.

It follows from Definition that we have a decomposition
(4.4.1) I=Y T3+ Y (Di(p—Dj)—BC))

k JE€IT
where Z 7, is the ideal generated by the entries of the matrix equation associated to Jj, in Definition
4.3.3] This gives a presentation of Z in terms of A. Note that Z[%] has codimension ¢ & ||+ |71
in A[%].
We write J for the Jacobian matrix of our chosen presentation of Z. Our convention is that the

columns are named by the variables and rows are labeleld by (the chosen) generators of Z. We
denote by H. the ideal generated by

He=) KA

where
e o runs over choices of subsets of ¢ rows of J, or equivalently a choice of ¢ elements among
our generating set for Z.
e A(, is the ideal generated by the ¢ X ¢ minor of J whose rows belong a.
e K(q) is the conductor ideal {x € A|xT C Z(,)} where Z,y C T is the ideal generated by the
subset of Z corresponding to the rows of «.
Note that H. is contained in the ideal denoted by Hp in [EIk73, §0.2] corresponding to our fixed
presentation.

Proposition 4.4.2. p7|*71|+f € He. In particular p8f € H,.

Remark 4.4.3. Proposition 4.4.2| implies gn"”(a[%] is smooth over E. Of course this can also be

seen directly from the explicit description of ?mOd’"’T(a[%].

We observe the following structural properties of Z 7, :

Lemma 4.4.4. Suppose the fragment J, = (i,---,0). Let K, = (ao bo) record the o-th GLg

Cco do
factor of A.
There ezists «, 3,7, 0,u only involving coordinates on the (i — 1)-th to (o+ 1)-th factor of A with
u tnwvertible, such that

a B\ _ 7\ o}
det <’y 5) = up'’k

such that:
(1) If i,0 are type 11 then Lz, is principal, generated by an element of the form

(3 ) ()

where Y,, X; are coordinates of A,, A;.
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(2) Ifi,o are type I then Ly is generated by the entries of a matriz either of the form

Do _Bo -1 ([« B DZ _Bi .
—C, A, ) \y 5)\—c; A )
D, C, (o B D; —B;
B, A,)" \y §)\-C; 4 )
(3) If o is type II and i is type I then Lz, is generated by the entries of a matriz of the form

_ D; —B;
= YO)“Ol@ ?) (—Oi Ai)

where Y, is a coordinate in A,.
(4) If o is type I and i is type II then Ly, is generated by the entries of a matriz either of the

form
(DO —BO> 1 (a ,8) < 1 > _
-C, A, ° \y 6)\-X;/)’
(Do Co> -1 (a ﬁ) ( 1 > '
B, A,)] ° \v ¢ -X; /)’

where X; 1s a coordinate on A;.

or

Proof. The form of Z 5 follows from Table @, after possibly rearranging the entries of the matrix
equations.

0

Proof of Proposition[{.4.3 We will show that for any choices G, H; € {4;,D;} with j € Jr, the
element pf 17l I jeas G?H 32 belongs to H.. This finishes the proof, since this implies H. contains

pl 1l H (AJQ‘,D?)Q 5 pf 71l
Jje€I1
Since the role of A;, D; is essentially symmetric in our argument, we will deal with the case
G; = Hj = Dj for all j € J. We choose a be the subset consist of ¢ generators of Z given by

e For k € K giving the fragment J;, = {7,--- ,0}, a contains g, the generator of Z7, that
correspond to the (1,1)-th entry of the matrix equation described in (this choice
correspond to our choice of G, = D, when o € Jr and H; = D; when i € Jy).

e « contains the generator (p — D;)D; — B;C; for j € Jr.

We claim that with this choice of a
(1) K(a) > HjEJI GjHj; and
(2) Ay 2 p VI ey, GiH;
which will finish the proof since K()A () € He.
For each k € K, giving the fragment J; = {i,--- ,0}, we write the matrix whose entries generate

Z 7, in factorized form
o a, b o 6
we=x (i) (5 5)

k
as prescribed by Lemma Note that the generators of Z not in « are exactly the entries (My),s
with (r,s) # (1,1). Since X is annihilated by left multiplication by either (C, D,) or (=B, D,)

if o € Jr; and Y is annihilated by right multiplication by <gz> if ¢ € J7, we see that any entry of
(2
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M}, becomes divisible by gx = (M}y)11 upon multiplication by one of 1, D,, D;, or D,D; depending
on the set {i,0} N J;. This implies the first of the above claims:

K3 [] GH;
JEIT

It remains to check the claim about A,). Note that A,) contains the ¢ x ¢ minors with row set
« of any matrix of the form JU. Thus, it suffices to find, after modifying J by column operations,

. . o e 7 + j . .

a ¢ X ¢ minor with row set o dividing p/*1! Hjejz GjH;.
The entries of Jj corresponding to row g and column a,, by, ¢, d, are exactly the (1, 1)-th entry

of the matrices

o o) G0 X o) (5 Q)6 e G0 )y

respectively. Furthermore, no other row of J has a non-zero entry at the columns a,, by, o, do.
Hence, given z,y, z,t € O(A), by modifying the columns J to JU where we take linear combinations
of columns ay, by, ¢o,d, but do not modify the remaining columns, we can guarantee that the
resulting matrix has a column which has vanishing entry for any row other than g, and at row g

the entry is the (1, 1)-th entry of
z y\ [a B
(D69

Now det (a g) = uple\lo} with w a unit, so choosing z,v, z,t appropriately, we can make

Y
(j y> (a b become any matrix among

t)\y ¢
oy (1 0) (0 1\ (0 0) [0 0
P {<00>’<00’10’01}

Using the explicit form of X, Y given in Lemmal[4.4.4] we thus learn that after taking a linear combi-
nation of columns ay, by, ¢, dp, We can make the entry in row g become pl7s\betp plZ\io D D
plT\Miotp Dy or plIe\iod D) (corresponding to the four cases in that Lemma, respectively).

Finally, we consider j € J;, giving a generator (p — D;)D; — B;C; belonging to .. The part of
J corresponding to row (p — D;)D; — B;C}; and column Bj, Cj, D; is

(-C; —B; p—2Dj)
Since
—4B;
(-C; —B; p-2Dy) 0 = (p— 2D;)* + 4B;C; = p*
pP— 2Dj

we see that taking a linear combination of column Bj,C};, D; produces the entry p? in row (p —
D;)D;— B;C;. Moreover that note that the entries of this linear combination at rows (p—D;/) D —
BjCj are 0, where j' € Jr but j’ # j (note however that we have no control on the entries on the
remaining rows).

To summarize, by taking appropriate linear combination among columns a,, by, ¢o,d, (for each

Ji = {i,--- ,0}) and among columns B;, Cj, D; (for each j € Jr), we can find a ¢ x ¢ submatrix
with row set a which has block triangular form

)
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where
e P is diagonal of size |K| x |K| whose entries belong to
{plT\ody pl T\ p D, plTs\iody D, plTk\iet Doy
e () is p? the identity matrix of size |J;|.
The determinant of this ¢ x ¢ matrix clearly divides
pl 171l H G, H;j
JE€EIr
([l
4.5. Proof of Theorem [3.3.11, Set N = p — 2 — max;(uj, ") > 1%5 and § = max{0, [{j |
(nj,a’) <1} = f+1} < 1.
Lemma 4.5.1. Assume p > max{16f + 3,16 f — 12 + max;(u;j,«")}. Then N — 6 > 2f + 14]J|
Proof. Suppose § = 1. Then
N-—§=p—3>16f > 2f + 14|7;|
Otherwise, 6 = 0 and hence |J7| < f. Then
N —6>16f — 14 > 2f + 147

Recall from Proposition [3.3.14] that we have a diagram

2’7 ®0 O/pN—é ~ gmod,fr ®0 O/pN—(S
Lde,(v—i—p)vﬁ /t,o H LTG R0 O/pN—é ~ Gr?dv(U+P)U“ ®Oo/pN—5
J

In particular, from Proposition we get a closed immersion

1 27(2) @0 Ofp" T 5 Z97(3) 00 O/pN T < 277(5) 8o O/
We now invoke [EIk73, Lemme 1] as in the proof of [LLHLM?23| Proposition 3.3.9]: By Proposition
the integer h in loc.cit. can taken to be f + 7|Jr| while the integer k is 0 since Z7(%) is p-
torsion free. By Lemma 1, N—§ > 2f+14|J;|, so we can produce a map 7 : Z7(2) — Z™:7(2)"\r

which agrees with ¢ modulo pN=0=F=T1T1l In 1 particular, this 1mphes ¢ is also a closed immersion.
Since Z7(Z) is O-flat and the O-flat part of Z™7(3)"r is exactly Z™°47(3), we can factorize T

ZT(;) N Zmod,r(z) N va,‘r(’g)/\p

such that the first map is an isomorphism modulo pN=0=/=771l The following Lemma then implies
that the inclusion Z7(Z) < Z™°%47 (%) is in fact an isomorphism, thus finishing the proof of Theorem

B.311

Lemma 4.5.2. Suppose we are given a surjection ™ : R — S of Noetherian p-adically complete
O-algebras, where S is O-flat. Assume that 7 induces an isomorphism 7 : R/w = S/w. Then 7 is
an isomorphism.
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Proof. Let I = kerm, then since S is O-flat we get a short exact sequence

0——I/wl R/w S/w 0

Since 7 induces an isomorphism modulo w, we learn that I /wl = 0. But I is p-adically separated,
so I = 0. g

The following is immediate from our discussion

Corollary 4.5.3. Assume that either p > max{16f + 3,16f — 12 + max;(uj,a")} or p > 17 and
K =Qp. Then Z7(Z) is isomorphic to the p-adic completion of the p-saturation of Z™7(Z).

In particular, this realizes ZNT(E) as the p-saturation of an explicitly presented affine p-adic formal
scheme.

4.6. Applications.

4.6.1. Galois deformation rings. Recall that we have a shifted conjugation action map
GL2‘7 X Gr‘17 — Gr‘17
given by the formula
-1
(95, Aj) — 95459,

This action of GL‘27 clearly factors through the quotient GL‘27 /AZ by the diagonally embedded
copy of the center Z of GL3. Furthermore since

H det ngjg;_ll = H det Aj
jeJ JjeJ
we see that the quantity []det A; modulo det LfG is invariant along orbits.

o~ o~ —~vV
Lemma 4.6.1. Let 2 = (2;) = (zv"7) € W such that (vj,aV) # 0 for some j.
(1) Suppose [1z = (12). Let T = ((1,---,1),(3;)) € GLJ (F) x [I;LiG(F)z; and § its
image under the shifted conjugation action. The shifted conjugation action map induces an
isomorphism on completions at T:

(GLg /AZ <] L;G’z})
J

AN A

xT

y

= (GLQJ det=1 o HL;G%)
J

(Here GLQJ’det:1 denotes the kernel of the product of determinant map GL§7 — G, AZ
denotes the image of the diagonal embedding Z — GL2‘7 and the right-hand side of the
displayed equation is viewed as a sub-functor of (I]; Grl)g.)

(2) Suppose []z; = 1. Choose a transversal slice V to T near 1 in GLgy such that the tangent

space iV = n@n = {(2 8)} C gly. Let 7 € GLY (F) x TV(F)Z x 120 L1 G(F)z; be

the tuple ((1,1,---,1),(t20, (%) j0)), and § its image under the shifted conjugation action.
Then the shifted conjugation action map induces an isomorphism on completion at T

A
(v x GLy " (T % L7 GZ) x [ L;Gz]) =~ (GLg X HL;G%)
J#0 J

A

z Yy
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Remark 4.6.2. The case (v;,a) = 0 for all j happens exactly when z; € WY Z(F((v))) for all j. In
this case, the same method of proof shows that for 7 = ((1,1,---1), (koZzo, (Zj)j20)) with image 7
under the shifted conjugation action

<GL57\{0} x (GLy x Ly GZo) x [ L;G@)A S (GLg x HL;G%)
J#0 * J
Proof. (1) On a tangent vector (1 + eKj, (1 +¢L;)z;) at T, the formula for the action is
(1+eK;)(1+eL;)z(1 —eKj1) = (1 + €K — e Ad(%))(Kj-1) +€L;)7;
where K € LieGLy = gly, L; € LieL] G = gly[1].

Hence we need to show the map

5+ (gl % ~ab[1)7 - ekl () = (g ® e[ )7

A\

Y

given by
(Kj, Lj) = Kj — Ad(Z)) (K1) + Lj
is an isomorphism onto the subspace of the target consisting of tuples (Y;) whose projection

to g[zj factors through the subspace 9[2‘7’“:0 with sum of tuples whose sum of traces is 0.

Define II; : gl, — gl, to be the linear endomorphism given by sending X to the projection
of Ad(%Z;)X € gly((v)) onto the gl, summand, i.e. extracting the v-degree 0 part of Ad(z;)X.
Since z; = z;v"7 we see that

. nj(@ Z)) — Ad(z) <i Z) if (1j,0Y) = 0; and

emi((§ 0 =adee) (5 ) if 0 2o

We first show that S is injective. Let ((K});,(L;);) € ker S then
Ko = oIy - TI_ 41 (Ko)

a b
d

g 2) Thus we get Ko € Lie(Z), and hence K; = Ky € Lie(Z) for all j, and

then L; = 0. This shows the injectivity of S.
For surjectivity, it suffices to prove the surjectivity after projecting to the 9[2‘7 summand.
Let (Y;) € g[zj’trzo. By repeated substitution in the system

Kj = 1i(Kj-1) =Y

Set Ko = > Then our hypothesis on z; shows that the composite IgII_y ---II_f 4

sends K to

we see that the system has a solution if and only if

Ko — oIl -+ T y41(Ko) = Yo + Ho(Y=1) + Holl_1(Y_2) + -+ Ilp -+ + I pi0(Y_p41)

has a solution Ky = <CCL Z) Note that the right-hand side has trace 0. But

a b d 0 a—d b
KO—H0H1.~-H_f+1(KO):(C d>_<0 a>:( C d—a)

hence Ko —IgIl_q ---TI_f1(Kp) can become any trace 0 matrix. This gives surjectivity of
S.
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(2) The argument is similar to the previous case. The only difference is that at j = 0,1, the
tangent vector equations (on the v-degree 0 part) we get are modified to

Vo+ Ty — Io(K_1) = Y

K, —1I;(Vp) =1,

where Vo € ThV =n@n and Ty € tV = LieT"V.
The existence and uniqueness of solutions to the system now boils down to solvability
(in terms of Vp,Tp) of

Vo+ Ty —IgIl_q--- H,f+1(‘/b) = Ho(Y_l) + HoH_l(Y_Q) + .- Ilg--- H,f+1(Y,f),

which now always has a unique solution since the left-hand side reduces to Vy + Tp.
O

Theorem 4.6.3. Let T be a regular tame type with small presentation (s, u) and assume that either
p > max{16f + 3,16 f — 12 + max;{u;j, ")} orp > 17 and K = Q,. Suppose z; = iuvjsj_lvﬁj with
w = (w;) € Adm"(n)7. Assume that for at least one j, z; ¢ WV Z(F((v))). Lett € TV(F) and p
be the unique semisimple Galois representation such that the matriz of the associated of -module is
Bow(Zr-1) -l 1(E) (see 2.2.9)

(1) Suppose p is absolutely irreducible, and let R%T the potentially Barsotti-Tate deformation
ring of type . Then, up to enlarging F, R'" is isomorphic to the completion of the p-
saturation of Z™7(Z) at Z (see Definition .

(2) Suppose p is reducible, and let Rg’T be the framed potentially Barsotti-Tate deformation ring
of type 7. Then up to adding formal variables, R%’T is 1somorphic to the completion of the

p-saturation of ngd’T(E) XaLg (T x {1} at (220,71, - - - JZf-1).

Proof. We give the argument for the first case, the second case being similar. After twisting, we
reduce to the case { = 1. Let R be an Artinian local ring with residue field F and X = (k;4;%;); €
[[; GL2(R) x Ly G(A)z; C Gr1(R)7 lifting Z. Then by the first item of Lemma there is a
unique factorization
> -1
kjAj = 9;Bjzj9; "1 Z;

\1/2
with g = (g;); € (GL{ /AZ)(A), B; € L7 G(A) lifting the identities over F, Zy = (det(HO&J) det(HOK;j)l/2>
and Z; = 1 € Z(A) for j # 0. Since Z™°47 is invariant under the shifted conjugation action (and
translation by Z7), the condition that X € Z™°47(2)(R) is equivalent to (B;Z;); € Z™°47(2)(R).
Thus we learn that there is an isomorphisms after completions at z

Eror(@) = (GLY/AZ x 2)} x 277 (9))

In particular, this shows that Z™°47(2)2 is O-flat. Since Zmod (%) s the p-saturation of Z™7(3),

and Zm°47(Z), Z™7(Z) are the fibers above 1 € GLy of Zmod (%) and Z%7(Z) respectively, we
see that Z"7(Z) and Z™°47(Z) have the same p-saturation. Thus Z™°47(Z)2 is the p-saturation
of ZnV,T(E’)é\

Now, by Corollary Rg’T is a versal ring to ngd’T(Z) at z, so R™7 has the desired description
up to adding formal power series variables. To remove the extra power series variables, we use the
following fact [Ham75, Theorem 5]: if R, S are complete local rings such that R[X] = S[X] then

R=S. t
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Remark 4.6.4. Definition gives presentations of Z™7(Z) according to the entries of Table
However, it turns out that several different entries of Table {4| give isomorphic Z™>7(2) via obvious
change of variables, and we can record the possible isomorphism type of Z™7(2) in the following
simpler way:

Given (w;)jes € AdmY(n)7, the fragmentation J = |Jcx Jk, and the type of the endpoints of
each Jj, Z™7 (%) is the spectrum of ®;c 7 R;/ > ) L7, where for each fragment Jj, = (,i—1,...,0+
1,0), Iz, is the ideal of ®;c7, R; generated by the equations

i1
(4.6.5) Mout,o - < H Te) + Mini = 0,

l=o0+1

and Moyt,o (resp. Min,i, resp. Tp) is the final matrix (resp. initial matrix, resp. transition matrix)
appearing in the corresponding entry of Table [5 according to the type of o (resp. 7).

TABLE 5. Equations for Z™7 (%)

w
type ! ty woly Lo (n)
Rj = O[X;,Yj] Rj = O[X;, Y]] Rj = 0[X;,Y]]
11 1 1 1
Initial matrix: Initial matrix: Initial matrix:
<*X.7‘> (*Xy) <*Xj>
Final matrix: (Y] fp) Final matrix: (fp Y]) Final matrix: (0 1)
__ OIX;)Y; 7 __ OIX;)Y;, 7 __ OIX,)Y; Zj]
T (b= Y)Y~ X;Z)) T (e -Y)Y; - XZ)) T e - Y)Y, - XZ))
I Y, _X, Y, X Y, X
Initial matrix: J J Initial matrix: 7 ) Initial matrix: J J
nitial matrix <—Z,» p—Yj) nitial matrix (—Zj p_Y) nitial matrix (—Zj p—Yj>
. . (p-Y; —Z-) . . (Y» —X-> . . <p—Y~ X-)
Final matrix: J J Final matrix: J J Final matrix: 77
(i 2 -, 7Y,
Rj = O[X]] Rj = O[X]] Rj = O[X}]
0
Transition Matrix: ! 0 Transition Matrix: 0 1 Transition Matrix: ( —X;
-Xj p - Xj 0 1

4.6.2. Rational smoothness.

Theorem 4.6.6. (1) Let Zmodmm pe the normalization of 20T Then ZMmedmM s resolution-
rational (cf. [Kov, Definition 9.1]) and Zm°4™ s Gorenstein.
(2) Assume p > 7 or K = Q5. Then the same statements hold for the normalization Z™™ of
Z7.
Proof. (1) The statement is local so it suffices to check it for Zmednm(z),
Since B B
e Zmod7(7) is the scheme theoretic image of the proper map 7™ : ymedn7(z) — /(Z),
e m°4 is a closed immersion after inverting p (cf. Proposition ,
o YmodnT (%) is normal,
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it follows that W?Od(’)?modm,T@ = Ogmod,nm(a' But Proposition [3.3.18| shows that in fact
d
Rﬂ-iﬂo O?mod,nn’(z’) = Ogmod,nm(%’)
By Grothendieck duality and the properness of 7™°% we have
_ d
(467) wgmod,nm(g)/o - R7T>Ikn0 wymod,r],‘r(g)/o
and by Proposition [4.2.14] and Proposition [3.3.18, the RHS of (4.6.7)) is

mod
Rﬂ-* O?mod,n,-/—(g’)/o = Ogmod,nm(z)'

Thus we learn that Zmed0m(3) is Gorenstein. Since Y™°477(3) is easily seen to be
resolution-rational (it is locally isomorphic to a product of Spec O[X, Y]/(XY —p)), Zmodnm(3)
is also resolution-rational. _ _ B

(2) It suffices to check the statement for Z7. Let Z"™™(Z) be the normalization of Z7(2). The
same argument as above shows that

T:O03nr () = Ozum s
Note that by Proposition 3'2'10.|’ in the K = Q5 case we only need to deal with the situation
when (uj,a") = 1. By Lemma 3.3.9

RW*O?"’T(Q) ®]I(;) F= Rﬂ-*(of/n#(g’)/w) = RW?Od(OY’mod,n,T(g)/w) = RWEOdOi}mod,n,T(a ®E(§ F
which concentrates in degree 0 by Proposition [3.3.18| Since 7 is proper, it follows that
(4.6.8) RW*O%,T@ = Ognm@

(4.6.9) Rm(@;mf@/w) = Ognm(a/w = Ogmod,nm@/w

Applying Grothendieck duality to (4.6.9) as in the previous part, we conclude that W(Fnm(3) /m)/F =

Ognm@ /w is trivial. Since Z™(Z) is an affine p-adic formal scheme, we also get Wznm(z)0 =

05““‘(57 so Z™(Z) is Gorenstein. This fact, and the fact that Y7 is resolution-rational

now implies Z"™ (%) is resolution rational. O
We can also completely classify the non-normal locus of Z7:

Theorem 4.6.10. Suppose p > 7 or K = Q5. Let 7 have small presentation (s,u). A Galois
representation p gives a non-normal point of Z7 exactly when both of the following holds:

(1) For each j, s; =id and {pu;, o) € {0,1}.

(2) p is Fontaine-Laffaille with inertial Hodge-Tate weights at embedding j € J given by
e (1,0) o (uj,a¥) =0.
o (1L1) if (0¥} = 1.

Proof. 1t follows from the proof of Theorem m that the non-normal locus of Z7 is exactly the
support of
coker(Oz, — mOg,..)

and when intersecting with ﬁ(a, it equals the support of
coker((’)ﬁ@/w = Oy, /@) = coker((’)ﬁ@/w — w*mOdOf,mod’w /)

Thus we reduce to investigating the non-normal locus of ZN’mOd’T(E). It follows from the proof
of Proposition [3.3.16] and Theorem that the non-normal locus is exactly the support of
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RlprE*I(E) in Corollary [4.2.10, But Corollary [4.2.12| shows this support is non-empty exactly
when for each j, either (u;,a”) = 0 or ((uj,a"),sj,w;) = (1,id, ty ). This shows that (s, u) has
the form described in .

We now suppose (s, 1) has the requisite form. Decompose J = Jo [ [ J1 where Jy = {j|{1;,a) =
0}, 71 = {jl{uj,@") = 1}. Furthermore, if (s, u) is of the right form, the proof of Lemma m

furthermore identifies the support of R'prz Z(Z) as the locus of tuples (4;) € U(Z)(F) such that

v 0) ., .
0 U>1f]€j1.

0\ (1 0 10\ (1 B, .,
’AJE{QJ'(S 1> (C 1>’gﬂ'<o v> <o 1>}1f3€‘705

for some g; € GLy(F) (and B,C € F). After modifying (A;) by the shifted conjugation action of

'Aj=91<

GLy, we can arrange so that A; € GLy(F) <g ?) for j € Jo.

Now set A € X,(T)¥ be such that \; = (1,0) for j € Jp and \; = (1,1) for j € J1. Analogous to
[LLHM ™| Proposition 2.2.6], the moduli space FL) of mod p Fontaine-Laffaille modules of weight
A has the following description: Let H = GL‘Q‘N x BWol ¢ GLy be the subgroup of tuples (X))
such that X;_1 € GLp if j € J1 and X;_; € B if j € Jy. Then FL, is the quotient [GLQJ/H] given

by the action
-1

(X5) - (g5) = (X59;X ;)
where the overline denotes the projection B — T when j € [Jy, and is the identity map when
j € . )
But then, analogous to [LLHM™) Proposition 8.2.4], the natural embedding FL) — ®- Modi?2

identifies with
v 0 v 0
(95) = ((gj <0 v> )i (9 <0 1>)jejo>-

This shows that the support of R'prz Z(Z) consists of exactly the points in U(Z)(F) that induces
points in the image of FLy in Z7. O

5. EQUATIONS OF THE DEFORMATION RING

In this section we apply the main results of Sections [3{ and |4] (namely Theorems|3.3.11| and [4.6.3])
to prove the conjectures of the series of papers [CDMI18al, [CDMI18bl [CDM23b], in particular that
tamely potentially crystalline Barsotti—Tate deformation rings R7 only depend on the combinatorial
gene X(7, p|r,. ) (Theorem[5.4.16). Throughout this section, except for we assume that K # Q.

5.1. Genetics. We recall and formalize into an abstract setup the notion of genes as introduced
in [CDM18bl [CDM23b], and recall the main conjectures of loc. cit.

5.1.1. Combinatorial genes. Inspired by the terminology of [CDM18b, [CDM23b| we now define the
notion of combinatorial gene associated to a pair (v,h) € Z/(p/ — 1)Z x Z/(p* —1)Z.
Let v € Z/(p —1)Z and h € Z/(p* —1)Z such that h # 0 modulo g+1 and h—2y— (32127 p/) # 0

modulo p/ — 1. Consider the p-expansions

f—1
(5.1.1) h— (pf—i-l) <h -y — Zp7> = p2f*11)0 —}—p2f*2v1 + -+ pvop_o +v2p—1  (mod p2f -1)
=0
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with vy € {0,...,p — 1} for all j/ € J'. A combinatorial gene associated to (v,h) is a J'-tuple
X = X(v,h) € {A,B, AB, 0} which satisfies the following properties (see [(DM23b| Lemma B.1.3]):

(1) if vy =0 and Xj/;; = 0, then X, = AB;

(2) if vy =0 and X1 # 0, then X = A;

(3) if vy =1 and X1 = 0, then X;y = 0;

(4) if vy =1 and X1 # 0, then X = B;

(5) if Uy > 2, then Xj/ =0.
By [CDM23b, Lemma 1.3.3, Lemma B.1.7] a combinatorial gene X associated to (vy,h) is well
defined, and is unique by the proof of |[CDM23bh, Proposition 1.4.4]. Moreover, by [CDM23bl
Proposition 1.3.2, Corollary 1.3.4], the J'-tuple X = X(v, h) satisfies the following conditions

&1 if X1y =0, then X;» € {AB,0};

&2 if Xj/+1 ;é D, then X]/ S {A,B, D},

&3 there exists an integer j' € J' such that X;; =0 or X; # X,r44.

The discussion after [CDM18b, Lemme 2.1.7] shows that:

Lemma 5.1.2. Assume that v+~ + (Zf;épj) = h modulo p’ —1, h 20 mod pf + 1. Then for
all ' € J' we have:
A if X(7v,h)j =B,
X(y/,h)y = { B i X(3, )y = A,
X(y,h)j  otherwise,
and
X(v,p'h)yr = X(7, h)jr4 s

Following the conditions (d1))—(#3) and Lemma we define an abstract combinatorial gene
as follows:

Definition 5.1.3. An abstract combinatorial gene is an equivalence class of a J'-tuple X €
{A,B, AB,0}7" satisfying conditions (1)), (%2)),(®3), by the equivalence relation generated by

X', = {A,B X hen X A'B
(5.1.4) X' ~ X if for all ' € J’ we have J (4B {1} Wen.] € {85}
Xj, =X otherwise.
X’., = X %
(5.1.5) X'~ X if for all j' € J' we have 7 I
Xjvy =Xjrn

Note that the relation (b.1.5)) implies that (Xj/);cs ~ (Xj4f)jegr, and that the notion of
abstract combinatorial gene is independent of p.
Let (7,7') be a pair of tame inertial types satisfying the following determinant condition:

(det) det(7) ®p F = det(7') ®p w.

Ifr=7(s,u) = w;l @ w}l and 7 = T(o,v) = ng @ wg;h are a tame inertial type of niveau f and
a tame inertial F-type of level 2f as in § then condition translates into the condition of
Lemmal5.1.2] We thus define the gene X(7,7’) of the pair (7,7’) as the abstract combinatorial gene
associated to the J'-tuple X(~, h). This gives the motivation behind Definition the relation
(5.1.4) is imposed by the isomorphism w} ® w}l ™ 7o w}, ® w;{ and the relation by the
fact that the isomorphism class of 7, 7 does not depend on the choice of the embedding op. In
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particular, X(7,7) only depends on the isomorphism class of 7 and 7', and is insensitive to twist
by characters y : Ix — O*.

5.1.2. Genetic conjectures. The computations of [CDMI8D, [CDM23b] showed that the combinato-
rial genes contains non-trivial information on the generic and special fiber of Galois deformation
rings with p-adic Hodge theory conditions.

Let p : Gk — GL2(F) be irreducible and 7 a tame inertial type of niveau f. Then p|z,
defines a tame inertial F-type, so that the combinatorial gene X(7,p|r, ) is defined. The authors of
[CDM18b, [CDM23b| propose the following conjecture (which is an integral version of [CDMI18b),
Conjecture 5.1.5])

Conjecture 5.1.6 (Conjecture 2 in [CDM23b]). The deformation ring R%T is determined by
X(7,pl1g)-
They furthermore refine Conjecture [5.1.6]into the following

Conjecture 5.1.7 (Conjecture 5.2.7 [CDMI18b|, Conjecture 3.1.2 [CDM23b|). There ezists a de-
composition X(7,p|1, ) = Ug:O(invXij )jiéjﬁjiﬂ such that

~ T
R%T = Q=R
where R; is a complete local Noetherian O-algebra depending only on (Xj,, Xy, ) ji<j<ji 1 -
Moreover, even if not stated as a conjecture, they suggest that

Conjecture 5.1.8 ([CDM23b, [CDM23a]). The deformation ring R}" is “independent of p”.

Conjectures [5.1.6] [5.1.7] and [5.1.8) are proven in Theorem for p sufficiently large “with
respect to 7.

Prior to this work, Conjecture was known when either 7 has a presentation (s, u) with

2 < (uj, ) <p—2foralljeJ orif (Xg(’flgﬁ)j)ff) = () for some j € J. In the first case, we
) K/J

have 0 € {X;,X; ¢} for all j € J which in turn implies that implies that the Kisin variety of type
(n, ) attached to p is either empty or a single point by [CDMI8b, Théoreme 2.2.1(A)]. Conjecture
is true by Theorem in this case follow from Theorem and [CDM23bl, Theorem 3.
In the second case, the Kisin variety is empty and the deformation ring is zero.

We now elaborate on Conjecture [5.1.8] Given an abstract combinatorial gene X we prove the
conjecture by constructing rings Rx which are (possibly zero) quotients of polynomial rings over
Z[t] modulo an ideal Ix C Rx. These rings are independent of p (since abstract combinatorial
genes are) and the Conjecture would be proven by explicitly showing that R%’T is isomorphic
to the completion of Rx/(t — p) ® O at the ideal generated by t and the variables of Rx, where
X = X(7,p|1,) and the tensor product is along the map Z[t] — O defined by ¢t — p. Again, by
Theorem [2.1.8] the conjecture is known to be true when 7 has a 2-generic lowest alcove presentation.

We conclude with the following observation. By |[CDMI8bl Proposition 4.1.3], we have R%’T =0
as soon as (X(7,p|r, ) j+fs X(7, |1 );) = (0,0) for some j € J. Hence, in what follows, we will be
interested in combinatorial genes X satisfying the further condition

&4 (Xj47,X;) #(0,0) forall j € J.

5.2. Genetic translation. We fix our setup as in Theorem [4.6.3] Hence, let 7: Ix — GL2(O) be
a regular tame inertial type of niveau f with a small presentation (s, u) and let w = (w;t,,)jes €

Adm"(n)7. Up to twist, we can furthermore assume that p;o = 0 for all j € J. We abbreviate

def v 5 def ~ —1
kj = (pj,a”) and set 7 = ws

v# in what follows.
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In order to analyze genetic data associated to 7 and w define A € X*(T') by the condition

(5.2.1) (202f—1- " zl)v(zjefpw‘j) =Z200(Zr-1) ! ().

and the 2f-tuple (U;/)jlej/ by

!/
Ugpo1-j ) defy _ (Ky—j .
<”}—1—j> = <’ffj Oron 15714

where j € {0,...,f—1} and sy f—1—j = Hlfz_ol_j si (Lemma . By smallness of (s, i), we have
ViV € {(—2f, . BB for all j € {0,..., f — 1}. Note that the 2f-tuple (v}/)j7eq depends on
the triple (w, s, i), but we omit this dependence for sake of readability. 4

We assume from now on that [[,c 7 zj = wo, >_jc 707 (i1 +152) = X e 7P (N1 +14(Nj2+1))
modulo p/ — 1 and Zjejpj(Aj,l +p')\j2) # 0 modulo p/ + 1 (these hypotheses imply that p
is irreducible, and its determinant is a cyclotomic shift of the determinant of 7). By construc-
tion, the 2 f-tuple (U;,)j/ej/ extracts precisely the LHS of equation (5.1.1)) (using equations (2.1.2))
and (2.1.3))), and hence produces a gene X(v'), satisfying items , , thanks to the

assumptions in the previous sentence.
/
Vrti

v

} ) according to (s, u) and
J

Tables |6{ and (7] give respectively the explicit description of z; and (

w and are directly obtained from the definitions.

TABLE 6. Genetic Translation-I

(o K Wl o ()
o ) e ()
(12) (12) (klz) (’?) (12) (ki 3_ 1)

. ~ def ~ _
This table records z; = w;s; 1tui-

5.3. Fibers of the map (w,s,u) — X(v'). Given a triple (w,s,u) we have produced a tuple
((8j41, Sorj» 55, Zj+1, Wj, type at j), (o v;'))jej and a gene X(v') attached to (v}, ;,v})je7, hence
a map

(531) ({Ea S, ,U,) = (($j+17 Sor,j 2]7 Zj+1s @]7 type at ])7 (U}—i-jv U;))Jej = (v}+j7 U;)jEJ = X(U,)'

In this and the following section we analyze the shapes and types appearing in the fiber of the map
(5.3.1). From now onwards, we furthermore assume that X(v') satisfies condition .
As a preliminary step, we record in Table [§] the fiber of the map

(532) ((Sj-i-la Sor,j5 Ej’ Zj+1, wja type at ])a (U}+j) U;'))jej = (v}-f—ja v;’)jGJ
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TABLE 7. Genetic Translation-I1

Wjy1 Si41 Porg id (12)

: (ki1 4 1
w0 )] ()

. ) k‘j+1 ‘ 0

- id % ( 1 ) % (1 — kj+1>
_ ijrl +1 _ 1

a | (s (L)

/
The entries of the table record Ujff for j €{0,...,f — 1}, where
Yj

Z; def g:l z;l = (ngl 53)(wo)Ns and N; def #{ie{l,...,7},w; = woty}. Note
that > = id by definition.

Table [§] is obtained directly from Table [7| and the only relevant property to obtain the Table [§] is
whether v} > 2, v} =1, v} = 0 or v} < 0.
Recall that we identify J' with Z/2f, and in what follows objects such as X;, X, v;- are indexed

by J'. For objects that are previously indexed by J we extend by f periodicity, with the exception
of ¥; where the extension is given by X, = wo3;.

5.3.1. Step one: fiber of the map (v}, ;,v})jes — X(v'). Let X € {A,B, AB, 0}7" satisfy conditions
(1), (2], (M3). In this subsection we determine the fiber above X of the map (U}+j,U;)jej —

X(').
Lemma 5.3.3. Assume that X = X(v') for some (v}, ;,v})jes associated to a triple (w,s,u) as

—+197
above (in particular X satisfies conditions (1)), (&2)),(3]))
Then, for each j' € J', the values of v}, are constraint by the third row of Table B according to
the pair Xpi v, Xy .

Proof. Let (vj))jreq € {0,...,p—1}7 be the tuple defined by

2f-1 2f-1
Z vj/pr_l_Jl = Z vz-,p2f_1_7, mod p?/ — 1.
/=0 /=0

We will show that:
e if X; € {A,B} then v; = v};
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TABLE 8. Fibre of the map

~ 0 0 0
R K RONEN
o[- e)-0]@)-0]m) -
Sj+1 | Sor,j j = = = =
J J |~ v} > 92 U;, 1 U} 0 v;» <0
d | d |id G, L (), 0)
d | id | wo Gd, £, 1T) (d, £,),0)
(w07 thna II) (w0> wotny 0)
id wo id (1d) tu)o (17)5 0) (ldv two (77)’ I) (1d7 two(n% II)
id | wo |wo (id, t,,0) (id, two(n)s 1)
(Uio, thn7 O)
wo id | id
W id | wo (w(), Lo () II)
wo | wo | id (id, woty, I) (id, woty, IT)
(wo, ty, I) (wo, ty, IT)
wo wo wo (ld, wotn, I)
(wO’ tnv I)

: / /
Given (v}, v}

) and (Sj+1, Sor,j; ), the table entries record the triples

(zj41, W;, type at j) such that ((sj41, Sor,j, 3, Zj41, W;, type at j), (1)}+j, U}))jej is
a 7-tuple associated to some (w, s, ). (Here j € Z/fZ.) The table records the
cases where v}ﬂ- =0, for j € Z/ f7Z, but we note that we can replace (v}ﬂ-, vY)

with (v, v} +;) at the cost of replacing ¥; with woX;, and, similarly, we can

replace (v}, ;,v}) with (1 -7,

1 —v}) at the cost of replacing ; and so; ; with

wo; and woser, ;. The blank boxes in the table correspond to configurations of

(8j+15 Sor,j» Xjs (V34 4, v;)) Which can

o if X; = AB then v; € {v],v] — 1};
e if X; =0 and X;;; # 0 then v; € {v
e if X; =0 and X;4; =0 then v; € {v

By definition of combinatorial gene (equations ([I)-(5))) we deduce that:

if X; € {AB, A} then v; = 0;

if X; =B then v; = 1;

if X; = X;11 =0 then v; € [1,p — 1]
if X; =0 and X;11 # 0 then v; € [2,

not arise.

/ / .

ivvi +p}7 and
/
1) 7

; and
p—1].

v — 1,0, +p,v;+p—1}.
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TABLE 9. Genetic Translation-I1

X;ey | A | B | aB 0 0
Xf+jr41 | #0|#0| O #0 0
vl 0 1 [ {1,0} | {=2,<0} | Any

By (3) there exists ¢ € {0,...,2f — 1} such that vy # 0. Let € € Z be such that

2f—1 211
Z ,Uip2f—1—z _ Z ng2f—1—z + 6(p2f o 1)
1=0 =0

Asvj€ {~(p+1)/2,...,(p+3)/2} we have
2f—1
_p2f +1< Z vgpr_l_i <p2f _1
=0
hence € € {0,1}.
Let io % min{i > 0, ! # 0} (this is well defined by (#3)). As

2f—1
_p2ffi071 < Z v}pr*l*j < p2ffi071
Jj=to+1
we have
_ [0 ify >0,
(5.3.4) B { 1 if vgo < 0.

If e =1 then v; =p—1for 0 <i < iy — 1 and moreover vj, :p+v§0 > 2ifig < 2f — 1 and
Vig :p—lJrv;O >2ifig=2f — 1. We conclude that X; =0 for all 0 <17 <4y if e = 1.
We have the following relation between voy_1 and v} Fo1> and we define eg5_; € {0,1} as follows:

o if véf_l <0 and € =0 then voy_1 =p+ véf_l > 2, X9r_1 = 0 and we define oy def 1,

o if véf_l > 0 and € = 0 then voy_1 = U’Zf_l, and we define 574 def 0,
o if véf_l < land e =1 then voy_4 :p—i-véf_l —12>1,Xy7_1 =0 and we define egy_; =1,

o if véf_l > 1and € =1 then voy 1 = ’U/Qf_l — 1 and we define eg5_1 .

By decreasing induction, we deduce for i € {2f —2,...,0} the following relations between v; and
v}, and define g; € {0, 1} as follows:

(a) if v} < 0 and €;41 = 0 then v; = p+ v} > 2, X; = 0 and we define ¢; def 1,

(b) if v} > 0 and ;41 = 0 then v; = v} and we define ¢; et 0,

(c) if v; <1 and ;41 =1 then v; = p+ v, — 1> 1, X; = 0 and we define ¢; d:ezfl;
)

(d) if v} > 1 and ;41 = 1 then v; = v} — 1 and we define ¢; .
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By we have ¢ = g9 and hence the relations between v; and v} hold for any i € J,
and define an element (g;) 7 € {0,1}7".

For any i € {0,...,2f — 1} such that ¢;41 = 1, we have X;;; = 0. Hence v; = v] — 1 only occurs
for X; € {0, AB} by (#1]). The conclusion follows now from a direct application of conditions (1])-(5)
(for instance if X; = AB then v; = 0 by [} and from above we conclude that v} € {0,1}).

O

The following lemma improves Lemma

Lemma 5.3.5. Keep the assumptions of Lemma“ letie{0,...,2f —1}.
(a) If X; = 0 and v, = 0, then there exists j > 0 such that v i <0 and UH@ = 0 for all

0<l<y.

(b) If Xz = 0 and v; = 1, then there exists j > 0 such that v ; > 2 and vi,, = 1 for all
0<l<y.

(c) If Xz = AB and v; = 1, then there exists j > 0 such that v, ; < 0 and vi,, = 0 for all
0<l<j.

(d) If X; = AB and v; = 0, then vj ; > 1.
Proof. In the notation of the proof of Lemma [5.3.3| we have:

(a) fX; =0 and vj =0, then g;41 = 1 and X;;1 = 0 and vj,; < 1. The claimed result follows
now by induction.

(b) This is similar to [(a)]

(c) IfX; = AB and v; = 1 then v; = vj — 1, g;4.1 = 1 and X;41 = 0. Thus vj; < 0. We conclude

by@

(d) If X; = AB and v; = 0, then v; = v}, £;41 = 0 and X;1; = 0. Thus v} ; > 1.
g

5.3.2. Step 2: Types and shapes in the fibers. In this section we conclude our analysis on the fibers
of (5.3.2). The main result is Proposition [5.3.6]

In the following we assume that X € {A, B, AB, 0}/ " satisfies conditions (% I)—(®4). The following
proposition analyzes the fiber of the composite map

((Sjﬂ, Sor,jy 255 Zj+15 wj,tYPe at j), (U}H»U;))jej = (U}+jaU9)j€j = X(U,)
where the domain is the set of -tuples attached to triples (w, s, ut) as in the end of Section

Proposition 5.3.6. Let X € {A,B,AB,0}7" satisfy conditions (1)) -(&4). Assume that X = X(v')
for some (sj41, Sor,j, 2j, Zj+1, Wj, type of j, ('U.;-+f,v§')) associated to a triple (w, s, ).

(1) If( ”f) ( ) then (sj41, Sor,j» 25, Zj4+1, Wy, type of j, (v/ Vg j)) belongs to the set
(—, wo, id, —, —, I'], (0, < O)), (id, w, id, id, two(n)’ 1, (0, 0)),

(id,id, wo, id, t,, 0, (0, 1)), (=, id, wo, —, —, 11, (0, > 2)) ‘

vj)

X ~ .
If( ;J{.f) = (g) then (Sj+1, Sor,j, 25, Zj+1, Wy, type of j, (v;-+f, ) belongs to the set

J
(—,wo,id, —, —, I1,(1,< 0)), (id, wo, id, id tn,O, (1,0)),
(id, id, wo, id, tyy oy, I, (1,1)), (=, id, wo, —, I,(1,>2))

(2) If( J+f) (OB) then (Sj4+1, Sor,j» 2j, Zj+1, Wj, type of j, (v/ Vi s v})) belongs to the set

(id,id, id, wo, woty, 11, (> 2,0)), (wo, id,id, id, wot,, I, (> 2, 1)),
(wo,’wo,wo,id,’wotn,II, (< 0,0)), (id,wo, wWo, Wo, wotn, II, (< 0, 1))
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(3) If( J+f) (:) then (Sj4+1, Sor,j» Xj, Zj+1, Wj, type of j, (V' Vi s ])) belongs to the set

(’IU(), wo, id, wo, tna I, (07 0))7 (1da wo, id, id, twg(n)? ’ (0 1))
(wo, wo, wo, id, woty, I, (0,0)), (id, wo, wo, wo, woty, 0, (0, 1))
If (ng_f) = (:‘;), then (sj41, Sor,j» X5, Zj+1, Wj, type of j, (v;-+f, J)) belongs to the set
(w()aida wo, Wo, ly, 7( ))7 (idaidaw07id>two(n)707(1?0))7 )
(wo, id, id, id, thm I, ( )), (id, id, id, wo, ’u}otn, 0, (1, 0))
(4) If( ]+f) € {( ) ( ). (5), )} then sj41, Sorjs (V4 s> v;) and type of j are determined by X.
Moreover zf( J+f) € {(). ()}, then X determines if either w; = two(n) 0T Wi € {woty,ty}

The other cases are deduced by the transformation (ngf) — (XXif) (see the caption of Table H)
J J

Proof. Proofof. Assume X; = 0 and vé- = 1. Let j; = max{j’ > j such that v, = 1,jo < £ < j'}.
Then v ,; > 2 and for all j < j' < ji we have (Xf']‘ﬂ) e L))}, (541 80rs, Zjrs 2jr41) =
(id, id, wo, id) and

(tnv 0, (0 1)) if Xf+j/ =A,

wo(n)s 1y (1,1)) if Xy =B

Indeed by (#4) and Lemma j1 is well defined, X = 0, for all j < j' < ji + 1 and v}, ,; > 2.
Hence ( 71}1,.+1+f) € {(202), (212)?

By Table :nd symmetry, the index j; + 1 is of type I and sqr j, 41 = id, Xj, 41 = wo.

By and , for all j < 5 < ji we have X; 4 € {A,B}, hence v}ﬂ, € {0,1} is determined

by Xpjr. That is, for j < 7' < ju, (77) € {(9), ()}

By decreasing induction and Table |8} since sor j,+1 = id and X;, 41 = wo, we have for j < 5/ < j;

(wjr, type of j', (v, vir)) = { (t

o if (v];/jf) = ((1)), (8] '4+15 Sor,j’» E i’ zj/+1,@j/,type of ]/) = (id,id,wo,id,tn,O),
J

o if (vjvlfrf) = G)?(sj”rl’ Sor,j’» 2 5 25/ 415 @j/,type of j/) = (id,id,wo,id,twO(n),I).
5!

The proof for v; = 0 can be deduced directly by symmetry. The cases v; < 0 and v; > 2 follow
from Table 8l

Proof of . Assume (ngf) = (ADB). By 1j and item of this Proposition we have X; 14 #
0. Hence vy, ; > 2 or <0. By Tableand (1) we have (sor,j+1,2j+1) € {(wo,id), (id, wo)}.

Then

(5j+17 Sor,jy Z]v Zj-i-l) S {(’U)O, 1d7 1d7 ld)) (lda lda 1d7 U)()), (lda wo, Wo, ’UJO), (’U)O, wo, Wo, ld)}

and w; = wot, and the type of j is I1.
Proof o ). 1F (%7) € {(4), (3)} then (%37) = {()- (2} %ysa =0 and

/ { >1 if v;=0, hence (Sorj+1,25+41) = (id,wo),
!

Uj+1 - < 0 if Uj = 1, hence (Sor,j+1a ZjJrl) = (wo,id).

We conclude from Table 8
Proof of (). Assume X;,X;,r € {A,B}.
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e Assume that there exists j; such that

{ Xj/7Xj’+f € {AaB}vj S]I < jl - 17
AB € {leaxjﬁ-f}'
X;g;f). Since X/, Xj14 s € {A,B}, for j < j' <
71 — 1 we deduce by symmetry and decreasing induction from Table |§| that s;/11, Sor,; and
) forj < < - 1.
e Assume that such j; does not exist, i.e. that X;; € {A,B} for all j/ € J’. Then for all

j' € J' either sj4q or se jr is determined by (XJ}';,”) (cf. Table . If there exists ¢ € J
j

By 1j we see that sqr j, is determined by (

the type at j’ are determined by (

such that (ngf) € {(g), (i) }, there is an unique choice of sy ; such that so. p_q = id. If

(ng) c {(ﬁ), (g)} for all i € Z/fZ then the J-tuple (sor;) is determined by X. By 1)

there exists j* € J' with Xj» # Xj/;;. By Tables [§ and symmetry we obtain s;41 = wy.

By induction we conclude that (sji1, Sor,j)jes and the type of j are determined by X.

Moreover, for (ng ) € {(ﬁ), (g)}, we deduce from Table ﬁ (and symmetry) that the data of
J

(85415 Sor,j) determines whether w; = t,,,(,) or w; € {woty, t, O

5.4. Naive equations associated to a gene. Let X € {A, B, AB, O}j/ be a gene satisfying condi-
tions (1)—(d4). Assume that X = X(v') for some (V4 V) jeg associated to a triple (w, s, p).

Definition 5.4.1. Let X = (X;) ey be a gene satisfying (§1)—(d4). A cluster for X is a sequence
(Xj4£,Xj)jo<j<jr such that there exists £ € {jo,..., 1} satisfying

° Xj =0 forall j € {f, . ,jl}, le+1 # 0 and Xy_1 = AB,

¢ 0Z{X;,Xjph jo+1<j<l-1,

e 0€{X;, Xjotr}
We remark that X = (X;) ez has either a unique decomposition X = U_(Xj,, Xj,, ;)ji<j<j;, into
clusters (with the convention j,41 = jo), or does not have any cluster (in which case X; € {A,B}
for all j € J'). Note finally that j; are of type IT for all i =0, ...,r by Table @

Let Ugex Ji be the fragmentation associated to the triple (w, s, u) (Definition [4.3.1R). Assume

X admits a decomposition into clusters X = Uj_(X;,, X, .)ji<j<j,.,- Note that given a cluster
(Xjt1,Xj)ji<j<ji. the sequence (ji, ..., ji+1) is a union of fragments of K, as both j; and j;1; are

of type II. For i € {0,...,r}, we denote
def def
Riji i) = O] ® (®j41ijon—1R) @ 01X Jand Iy 0 = D T
keknlji,gi+1l
where for all & € KN [j;, jiy1], the ideal T, C Ry, ;,,,) is generated by the entries of the matrix
equation (4.6.5)) associated to Jg.

Proposition 5.4.2. Let X = (X;,X;4)jes be a gene satisfying (1) —(3).
(1) Assume that X has a decomposition into clusters X = Uj_o(X;,, Xy, 1) ji<j<ji,- Let (w0, s, 1)
be a triple in the fiber above X of the map (5.3.1). Then

va,T(E) = Spec (®§:0R[ji)ji+1]/I[jivji-s-l}) .
Moreover, the p-saturation of Z™°7(Z) depends only on X.
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(2) Assume X does not admit a decomposition into fragment (i.e. X € {A,B} ). Then Z™7(3)
depends only on X. In particular, the p-saturation of Z™7(Z) depends only on X.

The proof of Proposition relies on the analysis of each of the ideals Zj;, ;.. . This analysis
is preformed, for a fixed cluster, in Lemmas [5.4.3] [5.4.9] and [5.4.13] below, which deal with the 0,
the AB, and the (A, B)-part of the cluster.

Thus, we fix once and for all a cluster (X;, X, ¢)jo<j<j; of X. We let {ko,... ks} KN [70, j1]
so that
e forallj=0,...,5—1, jlcj = (Z'k].,ikjfl,...,Ok].Jrl,Ok].) C (jl,jlfl,...,jo) and Ok :’L'k]._H
L4 ik‘o :jlv Ok, :jO'
Let s’ € [0, s] such that £ —1 € (ox_,,...,ir, — 1).

Given j € [0, s], we define fkj as the image of 7, in R[jg,ﬁ]/Z?f_:lo Iy, We still denote by

Xi,Yi, Z; ete. the variables of R[;) ;1 in the quotient R[;; j1/ Z;/_:lo Ly, -

Lemma 5.4.3 (the O-part of a cluster). For any 0 <i < s' —1, the ideal Iy, satisfies the following
property: there exists ry, € N such that

(1) Iy, = (Yo,,) if the type of both oy, and iy, is I1,

(2) Tr, = (fx,, gr,) if the type of oy, is I and the type of iy, is I,

(3) p"*i Tk, = D" (fr,, gr; ) (P Xiy,) if the type of both oy, and iy, is I,

(4) p*iZy, = pi (Yoki)(p7Xiki) if the type of og, is II and the type of iy, is I,
where

def
{ sz =pP- YOki - Xoki‘i‘lXOki:
de,
9k; = Zoki - XokiJrl (p - Xoki+1X0ki)‘

Proof. If s/ = 0, there is nothing to prove. We assume now s’ > 1.

By definition of ¢, X; = 0 for all j € {¢,...,j1} and X;,; € {A,B} for all j € {¢,...,j1 — 1}.
Thus by Proposition and an induction (using Table 8 to deal when j is of type I1) we have
forje{t,...,50—1}:

(544) (UA}/]" type of ]) € {(tnv 0)7 (two(ﬂ)v I)7 (tm II)7 (two(n)v II)}

Recall that for any k € K and fragment (ig,ix + 1,...,0, — 1,0x), we know that ix and oy are of
type either I or I1, and it — 1,...,0, + 1 are of type 0. Thus for any i € {0,...,s' — 1} we get

from ([5.4.4)) and Table

ﬂ - < > == i, —Ok, —2 i 1 .
l£I+1 l£I+1 -X; p P _plXOki+1+l PP Ok
To prove the lemma we proceed by induction on i € {0,...,s" — 1} analyzing the matrices Mout,oki

and M, ;, on the fragments [Jj,. We abbreviate k et k; in what follows. For ¢ = 0, only the items
and can happen (as iy, is of type I1).
Proof of item ([1]). Assume oy and iy are of type I1. Then by (5.4.4) and Table
_ (}/;)k7_p) lf ,[EO]C - tT]? A ]'
Mout,ok - { (O, 1) if and Mln,zk - —XZk .

ﬁ;ok = two(n)a
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After the change of variable X,, 11 — E;kzao’“_l P Xop 4141 in Ry, 1) we have

ip—1 1
(5.4.5) I 7| Mg, :( >

-X
l=o0r+1 or+1

(In particular, note that the “inner” variables of Rj;, 5,1 in the outcome of the Lemma are
not the same as those used in Table [l This change of variable can be checked not to be
relevant in the gluing of Proposition which uses equations from Table [5|involving only

the “outer” variables of Ry, ;| for each cluster.) Then

Ik — { (}/Ok _pXok—i-l) lf N{EOk = t77>
(Xog+1) if Wo,, =ty (n)-
Thus, up to the change of variable Y,, — Y, — pX, 41 if w,, = t, or Y, — X, 41,
Xop+1 > Yo, if W, =ty ), We have I = (Y5, ) and item holds.
Proof of item . Assume oy, is of type I and iy, is of type I1. As before we have (5.4.5) after replacing X, 11

by Zlik:BOkilplXokJrlJrl and hence? uSing again " and Table
ip—1

p—Y, X, ) ( 1 ) <p - YOk - X0k+1X0k>
54.6) M, Ty | Min, = oyt =
( ) out,o lzlo—kIJrl ! Mt ( Zok Yok —Xok+1 Zo;C - YOkXOk+1

Thus Zj, = (p — Yo, — Xop+1Xops Zop — Xop+1(P — Xop+1X0,,)) and item holds.

Proof of item . Assume oy and iy are both of type I. Since j is of type IT and i > 0, there exist i’ € [0,i—1]
such that og, = iy, is of type I for i <l1<i—1and ir, is of type I1. By item applied
to ky and noting that Ok, = iki,ﬂ we see that Mirl7z~k_/+1 equals:

(5.4.7)
Y;Jkilﬂ _XikiH»l _ ( 1 ><p X X X ) modulo T
- e 144 » T k-
_Ziki’Jrl P Y;ki’+1 _Xiki/+1+1 Wit T g eyt i

We conclude by (5.4.4)) and Table |5)) that the image T’Wﬂ of Iy, in R[jo,jl]/(Z}i/:O Ty,) is
generated by the equations

(5.4.8)
P Yor, . Ko, ! (p—X X X )=0
‘ ‘ By, Ok T2 o, —1 P—Xip 41Xy, =Ky, =U.
Zokz"+1 Yoki/+1 _( l:'0+1 +1 plXoki/+1+l+l _ pokq,/ Dku+1 Xiki,+l) kg +1 L5 +1 ’ kg +1
H £ he ch £ iable X iki,_H TOky g -2 ZX ok_,fok,,“le
ence, after the change ot variable Oki’+1+1 — Zl:o p oki,+1+1+l_p ¢ ¢ iy 410
. = . i . = . )
the image Iki/+1 of Iki,ﬂ in R[jo,jl]/(Zi:OIki) satisfies Ikl_,ﬂ = (fki,ﬂ,gki,ﬂ)(p,szilﬂ)
where fki’+1 = p_YO’%url _X"ki/+1X°’w+1+1 and Gk oy = Zokil+1 _X°k¢/+1+1(p_X°ki/+1X"’%-f+1+1)'

We now induct on I € {0,...,i — i — 1} the case | = 0 being covered above. Indeed,
assuming by induction that plilfki,ﬂ_l = plil(fkiurl_l,gki,H_l)(p, Xiki/+l—1) (note that
the term (p, Xiki’+l—1) only appears for [ > 1) we can repeat the same computations
above (multiplying bot side of equations , by plil) to show that the image
fki’u of Iki,H in R[jo,jﬂ/Z;TJO Iki,H, satisfies plfki’H/ - pl(fk¢/+z"gki’+l’)(p’Xi’%urz/)’ where

fki’+l’ - p_YO’%'H’ _XO’%’H' XO’%'H'“ and Gk = Zo’%'H’ _Xoki’+l’+1(p_Xoki’+l’ XO’%"H'“)’
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Proof of item . Assume iy, is of type I and oy is of type I1. Then k;_; satifies the hypotheses of or
Similar computations as in show now that the image of p"™*Zj in Ry, i,/ (Z;;(l) Zg,) is
generated by the equations

1

i — 0 — o op— p—Xi1X;,,—X;,) =0
(Z;k:OOk 2plX0k+1+l_p0kZ71 or 1Xik+1)>( - " W)

kaMout,ok (_

where

Mo = { (Yoka —p) %f ~wok =ty,
’ (0, 1) if Wo,, = two(n)’
Then (after exchanging and/or replacing the variables in the same way as we did for ),
we have 1, € N sucht that p™*Zj, = p™ (Y, )(p, Xi,)-
O

Lemma 5.4.9 (the AB-part of a cluster). Let k adf k.
(1) If the type of £ — 1 is I then the image Ty of Iy in Ryjo i/ Zfl:_ol Ty, satisfies the following
property: there exists v, € N such that
{ T = (frook) if ix is of type I1,
PR L = P (fi, 96) (s Xiy,)  if ik ds of type I,

with [y d:efp Yo, — Xo+1Xop, Gk = Zop — Xop+1(0 — Xo,+1X0, ). Moreover there ezists

Thy,, € N such that prk5’+1fks,+1 is generated by the equations

-2

T

p S/JrlMout,ok H T | Mp—1 =0
l=0k+1

where,
— X, .
Moy = 2£_1<P—X/Xel_1) U X117 = A,
—-1 = X, .
woXe-1(,_x,%, ) o Xe—11f =B

(2) If the type £ — 1 is 0, then the image Iy of Iy, in R[jo,jl}/Zf/:_ol Ty, satisfies the following
property: there exists r, € N such that p"™I}, is generated by the equations

-2
prkMout,ok H ﬂ M[,1 =0
l=o0+1
where
3 — —X,_ e
M def gwo) Kot Bzg_l)gpf)(gil{x[) if i1, 18 of type I1,
(wo) ™+ 801 (, ", x,) (Xew1,p)  if i is of type I,

(3) If the type of £—1 is II, then the image Iy of Iy, in Rijo.in/ Zf:ol Ty, satisfies the following
property: there exists r, € N such that

{ B i = (hg) if i is of type 11,
P Ty = p"*(he)(p, Xi,)  if ig is of type I,

where hy, = (p + Xo,+1Yo,)-
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Proof. If the type of £ —11is I or 0, then £ —1 > jo (as jo is of type II) and (Xy_1,Xp_14f) €
{(AB,A), (AB,B)}. By Proposition [5.3.68

(@g_l, type of £ — 1) € {(tn, I), (wotn, I), (wotn, 0), (two(n)7 0)}

Proof of Item (). If ¢ — 1 is of type I, then o, = ¢ — 1. Using 2)-(3) to describe
R[jo,jl]/ le:_ol Ty, and performing the reasoning of the proof of loc. cit. (replacing the final ma-
trix at oj, in equations (5.4.6)), (5.4.8) with the final matrix associated to either (t,,I) or (woty,I)

according to w,, ) there exists 7 € N such that the image Z of Z in Rijo i1/ le;ﬁ T, satisfies

{ o fk = (fk;gk) if Zk is of type II,
Pk = " (fro 1) (0, Xip,)  if 4y is of type I,
where

def
(5.4.10) { e =p- K’k - XOkXOk-I-l’

def
gk = Zok - XOk-f—l(p - XOkXOk—‘rl)

Again, note that the above equations are obtained by replacing X, +1 by —X,,+1 and, more
importantly in what follows, exchanging X, and Z,, (resp.replacing Y,, by p—Y,, ) when w,_; = t,
(resp. wy—1 = woty).

Letting Thy be ry, + 1 if i is of type I and be 0 if i) is of type I1, we furthermore claim that

p Esr jkgq , 1s generated by the equations

=2
Tk
P Mouso,, | II T | Meea=0

l:0k5’+1 +1

where,
def 5 _ — X1
Mz_ = wo (Xf+g,1_B) EZ— < >'
1= (wo) "\ - Xe X
Indeed, keeping in mind the change of variables X,, + Z,, (resp. Y, <> p—Y,, ) when w,_1 =1,
(resp. we—1 = wot,) we obtain from row I of Table (vecall iy, = o, = ¢ —11is of type I) and
(5.4.10)

ko A _ re, p—Xe 1 Xy —Xy(p— Xp1Xy) -1
p HMm’”“s'H =P e < —X¢1 Xo-1Xy et
rE p— Xé—lXe> ~1
=P s'+1 ]-7 _Xf wy_

( —Xr1 ( Jwecy

in Ry 1/ Zl‘io Ty,, where wy_; is the permutation part of wy_;. As ik, ., is of type I we deduce
from Proposition that wy_1 = (11)())6Xf+‘»’—1:B Y¢—1 and the claim follows noting that the term
(1, —Xg)wz_ll can be ignored when imposing condition (4.6.5]).

Proof of item (2). A similar reasoning as in the proof of Lemma [5.4.3shows that there exists r, € N
and a change of variable for X, such that we have the following equality in Rj;; ;,;/ Zf:_ol Tk,

(5.4.11) p”c( I1 Tl) - _1X€

=t Py > (p — X 1 X, —Xik> if iy is of type I
l

1
in—1 pE > if 7, is of type I1
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Moreover if £ — 1 of type 0, then (w¢_1, type of £ —1) € {((woty,0), (tw,(y),0)} and by Table |5 we
have

(5.4.12) Tg_l = Wy—-1 <]5 _)iél)

where wy_1 is the permutation part of wy_1. B
As in the previous item, we now claim that there exists r, € N such that p"*Z; is generated by
the equations

-2
prkMout,ok H Tl Mﬁ—l =0
l=0k+1
where 5 . XX, -
My, — { (ng) fe-1= Eg_l( ok ) if 4y, is of type 11,
(wo) ™1 +-17 84 (p’_)ﬁﬁgjf(f)(p, Xop1) if ig is of type 1.

But this is clear from (5.4.11)), (5.4.12) noting that from Proposition [5.3.6|[3)) we have w;_q =
(wg)sfo—l:BEg_l and that, when iy, is of type I, we can replace (p—X;, 11X, —Xi,) by (p, —Xi,)
to obtain a system of equations equivalent to (4.6.5)).

roof of item . — 1 1s of type then £ — 1 = 50 = 0 an k = . e argument in
Proof of item (3). If ¢ — 1 is of type II then £ — 1 = j d (") = (5). Th i
Ok

the proof of Lemma [5.4.3((T)) and shows that there exists rp € N such that p™*Z; is generated
by the equations (after an adequate change of variables)

{ P*Moutop (_x- ) =0, =0 if iy, is of type I1,

ok+l

P"F Mout, oy, (_Xiwl)(p - X, +1X4,,—X;, ) =0 if iy is of type I
where Mout,0, = (—p, Yo,) (since w,, = wot, by Proposition [5.3.6{|2))). The result follows. O

Lemma 5.4.13 (the A, B-part of a cluster). Assume jo # ¢ — 1.
(1) There exists 1, € N such that

prks,fk _ prks’j;gs, if type of iks, is 11,
O T, (0 Xer)  if type of ik, is T,

where TS, is an ideal of Ry;, 1/ Zf/:_ol Ty, generated by elements which do not depend (up
to an automorphism induced by an explicit change of variables at oks,) on the choice of
(w, s, ) in the fiber above X of the map (5.3.1).

(2) For all s" € {s' +1,...,s}, Iy, is an ideal of R[]-O,jl]/zls;allkl generated by elements
which do not depend on the choice of (w,s, ) in the fiber above X of the map .

Proof. Since jo # ¢ —1, X1 = AB, Xy_14¢ € {A,B} and X;,X;;; € {A,B} for all j € {jo +
1,...,£ —2}. By Proposition the triple (sj4+1,Sor,j, type of j) are determined by X, for all
je{jo+1,...,0—2}).
Proof of item (1). The case o, = ¢ —1 follows from Lemma .

Assume of , < £ — 1. By Lemma , there exists r, € N such that pr’“s/fks, is generated
by the equations

-2
(5414) prkS' Mout,ok.sl H ﬂ Mé—l =0
l=0+1
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where
é = — X e
My, gwo) Xfto-1 BZ[*l)Sprgil{Xz) if 4y, , is of type I1,
(wp) 1 +e-172%,_; (p:X/i_llXe)(X@H’p) if iy, is of type I.

We first prove, by decreasing induction on j € {Oks/ +1,...,0—1}, that in ((5.4.14]) we can replace
(I3 1) Moo by

Eijf(p, Xpy1)  if iy, is of type I,
X M; if iy, , is of type I1,

where M depends only on X.

The result is true for £ — 1. For the inductive step, using the relation M} = EJ._ITJE]-HM JERPRL

is enough to prove that up to sign the matrix E;lTjEjH = E;lTjEjsz only depends on X for
j € (Oks/ +1,...,£—2). This is a casewise check using Table 8| and Table [5| Indeed, as j is of type
0 for all j € (o, +1,...,¢—2) we have from Table that

((wo) ™ r+1=%3;, @, 2j11) € {Gd, twy (- 1d), (wo, ty, wo), (wo, ty,id) }

(The factor (wo)éxfﬂ' =% is justified by Table EI) and an elemetary computation from Table |5| shows
that

ST 2 = () (wo) <g _f(j> (wo) r+5=",

We conclude that pr’“s’fks, is generated by the equations

(5.4.15) P Moo, Moy, =0
where
M - Eoks/JrlM(I)k ,H(P:XKH) if ik, 1s of type I,
Oky Yop 1Moy oy if iy, is of type I1,

and M! depends only on X.

0k5,+1

We now perform a casewise analysis according to the type of j f Ok,
&1 Assume 7 is of type I. Then by Tables |§| and |8 we have (ngf ) € {(ﬁ), (g)} The system of
J
equations (5.4.15)) is equivalent to

6i =I
kas, ZjMout,jzj+1M],+1(p7 XE—H) ks =0.

A direct check on Table[§land Table [5|shows that X, Mous,,%,2,41 only depends on whether
Wj = tyyy OF Wi € {t,, woly} up to the change of variables X, «<— Z,, Y, «+— p—Y, (change
of variables which happens exactly when ¥, = wp). By Proposition we conclude
that the system of equation only depends on X up to the the change of variables
X, «— 2, Y, «—=p-Y,

#2 Assume j = o, is of type I1. By definition of cluster and the fact that ox, < ¢ —1, we
conclude that j is of type I1. A direct check on Table|8| (which provides the possible choices
for (w,,,, z,)) and Table [5| shows that Mgy ,%,2,41 only depends on whether w; = tygy,
or wj € {t,,wot,}. We conclude from Proposition that the system of equation

(5.4.15)) only depends on X.
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Proof of item . In this case we necessarily have s’ < s. Starting from case (#1) above, we
inductively analyze, for s > s” > s/, the system of equations

Tk gy -1

Mout7ok5” H ﬂ Eok5,,71 ]\4-in,();CS,,71 Eok5”71 = O
l:Oks/,-Fl

where the presence of the ¥, . l—conjugation on the matrix My, o, . (defined in Table is
explained by the change of variables X,, L Z

Ok s Yoks”—l —p— Y%u when X

Dks”—l -
wp. Since the expression My, ) is independent of X, we can now perform the same argument
appearing in the proof of item (where we replace M;_; by Miy,, v in the initial inductive

argument there). m

Proof of Proposition[5.4.3. . Let (X;,X;1¢)jes be a gene satisfying (dol)—(d3). If there exists
i € J such that (X;,X;;r) = (0,0) then the deformation ring is zero and the result is obvious. In
what follows we assume that (X;,X; ¢)jecs satisfies (1))~ (o).

Proof if item . Assume that there exists i € J' such that X; = 0 and let X = Ul_ (X}, X,/ )ji<j<ji
be the decomposition of X into clusters. By Lemmas applied on each fragments of X
we have

2™ (2) = Spec (®0R, i)/ T i)
and each Zj;, ;.1 is a sum of the ideals described in
e Lemma so that after p-saturation we can solve the variables Y;, Z;, while the variable
X, is free,
° Lemma and Lemma so that after p-saturation these ideals produce equations
which do not depend on the choice of (w, s, ) in the fiber of the map at X.
e Lemma , and these ideals admits generators which do not depend on the choice
of (w, s, p) in the fiber of the map at X.
We concude that the p-saturation of Z™7(Z) depends only on X.
Proof of item . The proof is similar to the proof of Proposition . If X;» € {A,B} for all
j' € J' then either s;j11 or sor; is determined by X/, for all j' € J. If there exists jo € J such that

(inf) € {(g), (ﬁ)} then sj,41 is uniquely determined (cf. Table . As Sop -1 = id by Lemma
we conclude that (Sj41, Sor,j)jes is uniquely determined by (X, X ¢)je7.

If (Xigif) € {(ﬁ), (g)} for all j € J then (sor;)jes is determined by X. By there exists
j € J" with Xj» # X;41. By Table |8 we obtain sj ;1 = (12) and by induction (41, Sor,j)jes are
determined.

As (Sj41, Sor,j, type of j) are determined for all j € J, Z™7 (%) is determined by X. O

Theorem 5.4.16. Let 7 be a regular tame inertial type of niveau f with small presentation (s, 1)
and assume that either p > max{16f + 3,16f — 12 + max;(uj,a")} or p > 17 and K = Q,.
Let p : Gk — GLa(F) be absolutely irreuctible and such that det(p) ®F w = det(7) ®o F. Then
R%’T depends only on X(7,p|r,). Moreover, there exists an integer r > 0 and a decomposition
X(7, 0l ) = Uieo (X, Xy p)ji<i<iops such that

RI™ = ®;_ R
where R; is a complete local Noetherian O-algebra depending only on (in,Xij)jigjngl.

Proof. This follows from Theorem 4.6.3| and Proposition [5.4.2 g

it+f
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5.5. Examples. We collect some examples computing potentially Barsotti—Tate deformation rings
using the techniques of this article.
In what follows, given T € F* we denote by unz the unramified character of Gi sending p to 7.

5.5.1. Ezamples when f=1. We assume p > 5. By Proposition [3.2.10], we see immediately that if

(u,a¥) > 2 then R}" is formally smooth over O or O[X,Y]/(XY — p). This leaves the following
cases

(1) Case 1: 7 =7((12),(1,0)) and w € {t,, wot,} (thus 7 = wy ® wh, Z € {wot( 1), t(1,1)} and

(Plig,)* € (@, oy " w e w}).

(2) Case 2: 7 =7(id, (1,0)) and w = ¢

wo() (thus 7= 1@ w, Z=tq 1) and (plr,)* =20 S w).

We analyze the p-saturation of Z™7 (%) in those cases.

We start with case 1. Since the two subcases give isomorphic spaces, we will work with w = wot,,
so that 2 = #(; ;). From Table gnV’T(E) is presented as the quotient of O[B, C, D, «, /3,7, §] subject
to D(p — D) = BC, ad — [ invertible, and the relation

(% o20) G (5 o) =0

Using D(p — D) = BC, a simple manipulation shows that the above matrix equation is equivalent
to DF = BF = CF = (p— D)F = 0 where F' =B + C —aD — §(p — D). It follows that the
p-saturation Z™°47 (%) is given by the equations

D(p—D)=BC,vB+C =aD+(p—D)

We check on Macaulay 2 that the ideal Hy for the above relations together with the relations
themselves contains p?, and has radical (p, B, C, D). Thus the non-smooth locus of Z™°47(%)/0O
isp=DB = C = D = 0, which correspond to p ® ! unramified. Running through the proof of
Theorem we see its conclusion holds if p —2 — 1 —1 > 4. Thus for p > 11, after twisting p,
we see that R%T is isomorphic to the completion of

O[B,C,D,«,,7v,6]/(D(p— D) — BC,vB+ C — aD — §(p — D))

at either (p, B,C, D,a—1,6—1,8,7), (p, B,C, D,a—s,6—t,3,7) (withs #t € F*) or (p, B,C, D, a—
1,6—1,8—1,7).

We note that the second ideal correspond to the point p = ung€ @ unsg with s # ¢, and after
eliminating D using the fact that o — 4 is unit, and making a change of variable on B, C, we see
that the completion of Z™°47(Z) at p is a power series ring over O[X,Y]/(XY — p?).

We now move to case 2. Reading off from Table (4| like in case 1, Z~HV’T(5) is presented as the
quotient of O[B,C, D, a, 3,7, 0] subject to D(p — D) = BC, ad — 37y invertible, and the relations

BCa+ DCB+ DBy —BCé —pCp =0,

DCa — C?B— BC~y—DCS§+pDy =0

DBa — BCB — B>y — DB — pBa — pD + pBd + p*8 = 0.
One can check that 2“"”(5) is already p-saturated, hence agrees with Z~m°d’7(2). We check on
Macaulay 2 that the ideal H for the above relations together with the relations themselves contains

p°, and has radical (p, B, C, D). Thus the non-smooth locus of Zm°47(3)/Qisp=B=C =D =0,
which correspond to p ® ~! unramified.
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Running through the proof of Theorem [3.3.11] we see its conclusion hold if p —2 —-1—1 > 10.
Thus, if p > 17, after twisting p, R%T is isomorphic to the completion of

D(p — D) — BC, BCa + DCB + DB~ — BC§ — pCB,
O[BvcaDaavﬁa’Yaé] DCa — C*8 — BCy — DC§ + pD~y,

DBa — BCj — B%*y — DBS — pBa — pDf + pBé + p*3

at either (p, B,C, D,a—1,6—1,8,7), (p, B,C, D,a—s,6—t,3,7) (withs #t € F*) or (p, B,C, D, a—
175_175_177)

Remark 5.5.1. (Bounds on p for f = 1) Our explicit computations in this section allows us to
slightly relax the requirement on p in Theorem |3.3.11} Specifically, the improvement in the proof
of Theorem [3.3.11] comes from two sources

e We can get a map out of O[X,Y]/(XY — p¥) as soon as we have a map modulo p**+1,
instead of using the general Elkik bound which would have required a map modulo p?*+1,
This shows that our above models are valid for p > 7, unless (up to twists) p ® ! is
unramified and has scalar semisimplification and 7 = we ® wh, or p®& ! is unramified and
7 =1@® w. We remark that these computations justify the claims made in [EGH] §7.5.13].

e In the remaining cases, we get a small saving in the bound required to apply Elkik’s approx-
imation theorem compared to the general bound of Proposition [4.4.2] This in particular
shows that our models for these cases are valid for p > 17.

5.5.2. Ezamples with f = 3. Tables[11] [10]record several examples of deformation rings correspond-
ing to the examples of the left column (resp. right column) of [CDMI8b| Table 4] (by completion at
the ideal generated by the variables X¢, X1, X9,Y)...). In particular, contrary to the expectations
of [CDM18Db), §5.3.2], the deformation rings extracted from the first three rows of Table [11| are not
all of the form “XY + p?”, despite the fact that these examples share the same stratified Kisin
variety and the type 7 is non degenerate in the sense of [CDMI8b|. This gives a counterexample to
[CDM18b, Conjecture 5.1.5] when the coefficient ring Of of loc. cit. is absolutely unramified (but
not after enlarging it).

TABLE 10. Examples from [CDMI8bl §5.3] for f =3

40 B B R = 0[Xo, Yy, X1, X3]
A A AB ¥ (II" ’LUotn), <0’ t“-’O(U))’ ([)’ two(n)) v — Ip-sat — (XOX/O + p3)
R = O[Xo, Yo, X1, Y1, Z1, X3]
A0 A B v (Yl(prl)*XlZl-, P+ Yoy, pX1+Yo(p*Y1),>
5 4 Y (I1,woty), (I, woty), (0, woty) Y1 Xo + Xa(p + XoX2), Z1Xo+ (p—Y1)(p+ XoX2)
YoZ1 +pY1, YE+ X120 — p1h,

YoY1 — pYo — pXi, )

p-sat _ .
I (Xoxlxz +XoYi+pX1,  XoYiXp — XoZy — pXoXs + p¥i — p?

R = O[Xo, Yo, Zo, X1, X2, Y2, Z2]

(p = Y2)Yo + ZaZ,
ES XoYo + ZpY,

(p = Y2)Xo + Za(p — Y0)
X2 Xo + Ya(p — Y0),

4 I, woty), (0,1, L(1,t . .
(I, wo n) (0, uo(n)) ( 17) Y — psat _ Yo(pYa + X122) + XoZo,
Yo(pXa + X1(p — Y2)) + Xo(p — Y2),

Ya(p — Y2) — X229,

Zo(pY2 + X122) + Z2(p — Yo),
Zo(pX2 + X1(p — Y2)) + (p — Yo)(p — Y2),
Yo(p — Yo) — XoZo
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TABLE 11. Examples from [CDMI8bl §5.3] for f =3
Gene (type of j, Wj)j=0,1.2 Equations for Z™7(Z) and (277 (3))Psat
40 B A R = O[Xo, X1, X2, Y]
L (T ty), (0, woty), (IT,ty) v _ rpesat _ 5
A AB O I™ = [Pt = (X, + p7)
P B e o 7 R = 0lXo, X1, X, 1)
A AB OF ( stn): ((au70t7])a( stwu(n)) v pesat (X2Y0 +p2)
40 B B ) (O (0wt R = O[Xo, X1, X2, Yo
B A ¥ (11, ), (0, 77)7( > Wo n) v = ppesat (X0Y0+P3>
R = O[Xo, X1, X2, Y0, Zo)
e ((Zo+ 9" Yo+ (0= Y0)X1),  Zo(Zo+ Yo + (0 = Yo)X1), Xo(Zo —p*Xo + (p = Y0) X1),
5 5 (p = Yo)(Zo — P*Xo + (p — Y0) X1), (p = Yo)Yo — XoZo
| L (wty), (0,), (0, woty) ‘ ‘
A A A Y3 + XoZo — pYo,  pXoYo — X1Yo —pXoZo — p*Xo +pX1 +p*Yo + Zo
et _ pX1Yo + XoZo + YoZo + p*Xo — p* X1 — pZy,
. . X2Yy + qug + X1 Y0 + 2pXoZo +P2X0’*PX1 - p*Yo — Zo )
PX§ — X3X1 +pYoZ3 + pPX3 — pXoX1 + (0" — 20°) X0 Zo + (0" + 1Yo Zo + Yo
R = 0[Xy, X1, X3, Yy, Z
(PZo(p = Yo) + (Xo — Xa(p — Y0))(—pYo — ZoXa).  —p(p — Y0)* + (Xo — X1 (p — ¥5))(pXo + Xa(p — Y0)),
5 ™= P2+ (= ZoX1 +Y0)(=pYo — ZoXa2),  —pZo(p — Yo) + (=ZoX1 + Yo) (pXo + X2(p — 0)),
4 »— Yo)Yo — XoZ
o] ULt Ot 0.ty (b= Yol = X%
Y$ + X0Zo — pYo, X1XoZ2 + pX1YoZo — XoYoZo + pXoZo + pZ¢ - p*Yo,
psat _ X1 X2YoZ0 — pXoX1Zo + XoX2Zo — pX1X2Z0 + pXoYo + pYoZo — p*Zo, )
XoX1X0Z0 + pXoX1Yo — XoXaYp + pX1XoYo + pX§ — p? Xo X1 + pXoXa — p? X1 Xs + pXoZo + p*Yo — p*
R = O[Xo, Yo, X1, Y1, Z1, Xo]
E— m— (YOY1 +pZ1, YoXi+p(p—Y1), Xi(p+ XoX2) — Xo(p—Y1),
E - Yi(p+ XoX2) — XoZ1, (p—Y1)V1 - X172
A B ABY¥ (11, tn), (I, twyn), (0, woty)
st Y +_X121 - pY1, YoY1 + pZi, YoX1 — pY1 + p?
XoYp + pXoXs +p?, XoY1 X2 — XoZ1 + pY1, XoX1 X2 + XoY1 — pXo + pXy
40 A B (1T, woty) (TT, ), (00t 1) R = O[Xo, Yo, X1, Y1, Xo]
L S woty), Jtn), (0, Ty, . )
a8 o ap¥| ORI e I = [P = (p 4 Yo X, XoXaVi + p(Xo + V1))
O B 060, 0, tugg), (0, 0ty) R = OlXo, ¥o, X3, Xo]
L L (0, wot, . .
A B ¥ s tn)s WY g () (2 v = ppesat (PX(JYO+ (p+X|Y0)(p+XOX2))

In the third column we express Z™7(Z) as Spec (R/I™), where R = ®?:0Rj and
I™, (Rj)j=0,, are extracted from the data of the second column and Table




[CDM18a]
[CDM18b)]
[CDM23a]
[CDM23b)]

[CEGSa]

[CEGSb]
[EGH]
[EGS15]
[EIk73]

[Ham?75]
[HP19]

[Kis09]
[Kov]
[LLHLM18]
[LLHLM23]

[LLHM"]

[Sta22]
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