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ABSTRACT. Let p be a prime number, F' a totally real number field unramified at places above p
and D a quaternion algebra of center F split at places above p and at no more than one infinite
place. Let v be a fixed place of F' above p and 7 : Gal(F/F) — GLx(F,) an irreducible modular
continuous Galois representation which, at the place v, is semisimple and sufficiently generic (and
satisfies some weak genericity conditions at a few other finite places). We prove that many of
the admissible smooth representations of GL2(F,) over F, associated to 7 in the corresponding
Hecke-eigenspaces of the mod p cohomology have Gelfand—Kirillov dimension [F, : Qp], as well
as several related results.
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1. INTRODUCTION

1.1. Torsion in cohomology and Gelfand—Kirillov dimension. Fix a prime number p, a
totally real number field F' which is unramified at places above p, and a quaternion algebra D of
center F' which is split at places above p and at exactly one infinite place. For V' a compact open
subgroup of (D ®@r A%)* denote by Xy the associated smooth projective Shimura curve over F.
Let v be a fixed place of F' above p and F a finite extension of I, (“sufficiently large”, as usual).
This paper is concerned with admissible smooth representations of GLay(F,) over F of the form

def ;. — -
(1) m = lim Homg /) (7, H, (Xvvy, xp F,F)),
Vo

where V7 is a fixed compact open subgroup of (D @p A%"")*, the inductive limit running over
compact open subgroups V,, of (D@pF,)* = GLy(F,) and 7 : Gal(F/F) — GLy(F) is a continuous
absolutely irreducible Galois representation such that = # 0. Understanding such representations
m of GLa(F,) attached to Galois representations is important, as it is hoped that they realize
a mod p Langlands correspondence. For instance, when F' = Q (and Xy is the compactified
modular curve), under weak assumptions on 7| Gal(@,/Qp) the representation 7 of GL2(Q)) is well

understood (see [Eme]).

This is far from being the case when F;, # Q,, despite a great amount of effort during the
past 20 years and we only have few guidelines from modularity lifting expectations. In particular,
the work of |[GN22|, which follows the heuristic of §3.1.1], shows how relevant geometric
properties of the “big” Hecke algebra are consequences of the Gelfand—Kirillov dimension of m
(a measure of the growth of the dimension of invariant subspaces under principal congruence
subgroups). For F, = Q, this dimension is known by [Mor13], thanks to the explicit description
of the supersingular representations of GL(Q,) [Bre03], but if F,, # Q, the (over-)abundance of
supersingular representations ([BP12], [Hul0]) makes it more difficult to obtain information, even
for the invariants under the first congruence subgroup ([LMS22|, [HW18], [Lel9], which are based
on the patching construction of [EGSTH)]).

The aim of this work is to lift a corner of the veil surrounding the smooth representations m
coming from cohomology, by establishing their Gelfand—Kirillov dimension. Besides applications
to the flatness of completed homology over a big Hecke algebra (Theorem below) and on
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the candidate of [CEG™16| for the p-adic Langlands correspondence (Theorem below), our
methods also lead us to an abelian subcategory of the category of smooth representations of
GL2(F,) that has desirable finiteness property, with further applications to a functor towards
Galois representations; cf. our subsequent work ([BHH a, BHH D).

We now describe in more detail our results.

1.2. The main theorem and its consequences. In order to state our main theorem, we first
give the precise definition of dimgy,,(f,)(7), the Gelfand-Kirillov dimension of 7 in the context of

smooth GLa(F),)-representations over mod p vector spaces We let f et [Fy:Qpl, K et GL2(Op,),
def

K, = 14p"M3(OF,) C K for n > 1, Z; the center of K, and we assume p > 2. For 7 a nonzero
admissible smooth representation of GLa(F,) over F with a central character, we set (see §5.1)

def

dimgp,(p,)(m) = 3f —min{d > 0 : Extf, 7 (x", F[K1/Z1]) # 0},

where F[K1/Z] is the Iwasawa algebra of K1/Z; and 7" is the algebraic dual of 7, considered
as a module over F[K/Z1] (note that Z; acts trivially on 7 and that 3f = dim(GL2(Fy)/Z1)).
Another equivalent and maybe more intuitive definition of dimgy,,(f,)(7) is the following: it is
the unique integer such that there exist a < b in R+ satisfying

dimp(ﬁ K") <b
pndlmGLQ(Fu)(ﬂ') -

for all n > 1 (see Remark [5.1.1)). (As alluded above, the dimension dimg,,(r,)(7) measures the
growth of 77 when n grows: for instance it is 0 if and only if dimp(7) is finite and nonzero.)

Theorem 1.1 (Corollary [8.4.6). Keep all the above assumptions on F', D, and assume that T is
generic and that F|GF(%) is absolutely irreducible. Let V¥ = T[], 4, Vi with Vi = GL2(Op,) if
neither D nor T ramifies at w, and V,y C 1+ pMa(Opr,) if w|p (w # v).

Then for ™ as in we have dimgr, (r,)(7) = f.

We also prove the same statement for the analog of m when D is totally definite. Although
we did not check it carefully, the same method should also work in other global settings in which
the group is GLgo(F,) at the place v, like for instance unitary groups which are forms of GLs.
Moreover, from exchanges with Koziol, we believe the same result applies when, in the global
setup, the unitary group is a nonsplit unramified unitary group at v. In a companion paper
(and the same global setup), Hu and Wang prove an analog of Theorem below and apply
our Theorem to deduce dimgr,(g,)(7) = [Fy @ Qp] when F!Gal@v /F,) is not semisimple and
sufficiently generic ([HW22]). The method of loc. cit. uses at several places that ﬂGal(FU /R, 18
not semisimple, but in fact the method of the present work extends more or less directly to the
non-semisimple case, see [Wan|. Finally, a variant of the strategy used in this paper was used by
Hu and Wang in [HW] to prove an analog of Theorem in the case of quaternion algebras over

Qp.

By work of Gee-Newton (see [GN22]), Theorem can be applied to obtain “big R equals big
T” results and flatness for the completed homology of towers of Shimura curves, when considered

1Stric‘cly speaking, this is not quite the Gelfand—Kirillov dimension of 7, see Remark in the text, but this
is the only dimension we will consider.
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as a module over the “big Hecke algebra”. More precisely let ¢ be the Teichmiiller lift of the
product of det(7) and the mod p cyclotomic character, let

mH vy hmlgH (Xyoy, xp F,W(F)/p")L "
n
be the 1)~ -isotypic subspace of the completed cohomology “localized at 7”, let T(V”)qﬁl be the
“big Hecke algebra” acting on it, and let Rw be the universal deformation rlng of 7 parametrlzmg
deformations r of ¥ which are unramified out51de of S and such that edet(r (see §8.5| for

precise definitions). Assume moreover that p is inert in F' and that Vj,, is sufﬁmently small at a
conveniently chosen place w; of F.

Theorem 1.2 (Corollary [8.5.1). There is an isomorphism R;{S = rﬁ‘(V“)g_l, the T(V”);f)_l-
module HomW(F)(ﬁl(V“)g_l,W(F)) is faithfully flat, and @(V“)?_l is a complete intersection.

We also prove the analogous result in the case of definite quaternion algebras. Note that the
isomorphism R% g = T(V”):f—l is related to a theorem of Allen (JAII19, Thm. 6.3.6]) building
on previous results of Gouvéa—Mazur and Chenevier (but without the determinant condition);
however, flatness is new. This flatness was known in the case of modular curves using the full
strength of the p-adic Langlands correspondence for GL2(Q)) and the local-global compatibility
result of [Eme].

As mentioned above, Theorem [I.1] also has important consequences for the existence of ad-
missible unitary Banach representations of GLa(F,) lifting the eigenspace of 7. From now on we
let

2) w Sl on] | o0, (@ o Homa, (v By (Xvey, x1 Fo))),
v b

where, for w|p, w # v, 0, is any Serre weight in the set W (7,,) of [BDJ10, §3], Vi, € 14+pM2(OF,)
is normal in GLQ(OFU,), and V,, is sufficiently small at a nice place w; where nothing ramifies.
(Note that by dévissage, we can always replace 7 as in . by . The representation 7 of
GLy(Fy) in . can be “patched” as in [CEG™16] or [DL21l §6] giving rise to a “big” proﬁnlte Reo-
module M, endowed with an R..-linear continuous action of GLy(F},) such that My, /my, = 7

Theorem 1.3 (Corollary . Keep the assumptions of Theorem |1.] n and let v : Roo — O be
any homomorphism of local W (F)-algebras, where O is the ring of integers of a finite extension
E’ of W(F)[1/p]. Then

Homcont (Moo ®Roo,a: O,, El)
is a (nonzero) admissible unitary Banach representation of GLa(F,) over E' with a GLy(Fy)-
invariant unit ball lifting m @r F’, where F' is the residue field of O'.

Note that = : R, — O’ gives rise to a Galois representation p, : Gal(F,/F,) — GLy(E’)
and that Homcom(M ®@p.. . O, E') is the natural candidate of [CEG™16] for the Banach space
representation of GLa(Fy) assomated to p by the hypothetical p-adic Langlands correspondence.
So far it was not known that this representation is nonzero in this generality.

To deduce this from Theorem by Schikhof duality (see [ST02), §1]), it is enough to prove
that Mo ®@p, » O is flat over O'. But an argument due to Gee and Newton in [GN22, Cor. A.30]
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(and usually called “Miracle Flatness”) shows that, when dimgy,, (r,)(7) = f, the Re-module M,
is indeed flat over R, whence the result by base change.

We also prove several variants and generalizations of Theorem For instance, without the
assumption V,, € 14 pM3(OF, ) for w|p, we still have dimgp,(,)(7) < f, see Remark We
can take V, = GL2(Op,) for w outside any finite set S containing the ramification places of D
and 7 provided Ry, is formally smooth for all w € S prime to p (see loc. cit.). It is likely that
other variants of Theorem can be proven, e.g. by fixing types at some places w prime to p
instead of assuming Ry, formally smooth. For instance, we have dimgr,(r,)(7p(7)) = f, where
Tp(T) is the “local factor” mp ., (F) of [BD14, (3.3)] and [EGSIH, §6.5] (see Remark [8.4.5)).

The notion of genericity for 7 appearing in Theorem is mainly dictated by the current
technology for studying potentially crystalline deformation rings (cf. [LLHLM23]). It is made
explicit as follows. For a finite place w of F, let I, be the inertia subgroup at w and wy,
11 e {f,2f} be Serre’s fundamental character of level f’. Then:

(i) for w4 p such that either D or 7 ramifies, the framed deformation ring Ry, of Ty &
7| Gal(Fo/F) OVer the Witt vectors W () is formally smooth;
(ii) for w|p, w # v, 7|z, is generic in the sense of [BP12) Def. 11.7];
(iii) 7|7, is semisimple of one of the following forms up to twist:

w(r0+1)+"'+17f_1(7"f71+1) 0
(a) f 0 ) 12<r; <p-—15,
w(70+1)+"'+l’f_1("'f—l""l) 0
(b) | 73 13<rog<p—14,12<r; <p—15fori>0.
0 wpf(same)
2f

Note that implies p > 23 and that |(i)| can be made explicit ([Shol6]).
1.3. The proof. We now sketch the proof of Theorem [1.1

1.3.1. Smooth representations. A key step in our method is to show that the representations
7w appearing in Theorem satisfy a “minimal multiplicity” condition, namely condition
of Proposition [I.5 below. It is this condition that plays a key role in our subsequent work
[BHH™a, BHH"b).

We describe these results in more detail. We let k(= F,s) be the residue field of F,, and for
each Serre weight o € W(7)), we define Dy, as the largest subrepresentation of the injective
envelope Injqy, ) o such that o only appears in the socle of Dy, and no other Serre weight of

W(rY) is a constituent of Do,. We set Do(rY) & Doewy) Doo as in [BPI2, §13]. We also
denote by mg, /7 the maximal ideal of F[K;/Z;1]. In order to get the above upper bound on

dimgy,,(r,)(m), we will apply the following theorem to m in .

Theorem 1.4 (Theorem [6.4.7)). Let m be an admissible smooth representation of GLa(F,) over
F with a central character. Assume that

(i) we have an isomorphism w51 = wlmy, /7] = Do(Ty)®"

somer > 1;
(ii) we have [ﬂ[m%ﬁ/zl] o] = [rlmg, 7] : o] for all o € W(T)).

of representations of GLa(k) for
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Then dimgr,(r,)(7) < f.

(In fact we prove in Theorem a slightly stronger statement.) Condition|(i)|in Theorem
is already familiar, for instance it is satisfied with = 1 by the representation 7p ,(7) mentioned
above (see [HWI18] and [LMS22], which build upon [BP12] and [EGS15]). Thus it is rather
condition which is important. Though it is purely local, the proof of Theorem is not at
all trivial, and it took us a long time before finding a proof (or even convincing ourselves that
the statement was true!). The key idea is to look at the action on 7 of the Iwahori subgroup I of
K instead of K itself. The proof of Theorem is divided into two steps. The first step is the
following result, where I; C I is the pro-p-Iwahori subgroup and my, 7, is the maximal ideal of
the Iwasawa algebra F[[I;/Z1].

Theorem 1.5 (Proposition [6.4.6). Let m be an admissible smooth representation of GLa(F)
over F with a central character and assume w satisfies and of Theorem 1.4 Then for all
continuous characters x : I — F* such that [w[mp, ;7] : x] # 0 we have:

(3) [W[mi/zl] : X] = [ﬂ—[mh/ZJ : X]'

Note that socle(r|r) = w[my, /7, ] = 7!t since p > 2. The proof of Theorem |1.5|is given in @ It
-.

is a bit long and technical, but is rather standard (to apply Proposition to 7 as in Theorem

one actually needs Corollary [6.3.13] and Lemma m see §6.4)).

The second step is the following key result which gives the sought-after upper bound on the
Gelfand—Kirillov dimension.

Theorem 1.6 (Corollary [5.3.5). Let m be an admissible smooth representation of GLa(F,) over
F with a central character and assume [x[m3 | :x] = [x[my, 2] : x] for all x : T — F* such
1/Z1 1/71

that [x[my, /7] : x] #0. Then dimgr,r,)(7) < f.

Let us sketch the proof of Theorem We view the algebraic dual 7V as a (finitely generated)
module over F[I;/Z;] and denote by gr, 7" the associated graded module over gr, F[I1/Z1]
for the my /7 -adic filtration. The graded ring gr, F[/1/Z1] is not commutative, as the pro-
p group I1/Z; is not uniform (see [Clol7] and . But the assumption [77[1'11?1 /Zl] c x| =
[7[my,/z,] : x] implies that the action of gr, F[[1/Z1] on w" factors through a commutative
quotient (gry, F[11/Z1])/1r, /7, where I /7 is an explicit 2-sided ideal of gr, F[[11/Z1] generated
by certain degree 2 elements (see Theorem . More precisely one has

(4) (gt FLI/Z0]) /11 7 Z Fles, f; 0 < i < f —=1]/(eifi; 0< 5 < f = 1),

where the (commutative) polynomial algebra Fle;, fi; 0 < i < f — 1] is itself the quotient of
groF[11/Z1] by a regular sequence (hg,...,hf_1) of central elements. By a general lemma
(Lemma , dimgp, () () is equal to the dimension of the support of gry, 7V in the poly-
nomial algebra

(grn F[11/Z1])/(hos - .- hp—1) = Fles, fi; 0 < < f —1],

which by is smaller or equal than dim(gry, F[I1/Z1]/11,,z,) = 2f — f = f. So we see that the
fact that gr, 7" (for an admissible smooth representation of GLa(F),) over F) is a module over
(gt F[11/Z1]) /11, /7, , and not just over gry, F[[1/Z1], turns out to be an important condition.
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1.3.2. Patching: the setup. We now apply Theorem [1.4] to 7 in . For this, we need to prove
that 7 satisfies conditions |(i)| and of Theorem We first sketch the proof of (ii), which is
the harder and more important one. We fix an arbitrary Serre weight o in W (7)). We need to
prove

(5) Homp (o, 7) — Homp ((ProjK/Z1 0)/m§(1/Z1,7r),

where Projg,, o is the algebraic dual of the injective envelope Injg /7, oV of ¥ in the category
of smooth representations of K/Z; over F.

We do not know any other way to prove than to “patch” (the dual of) both sides using
the patching functors of [EGS15]. This strategy is not new: it is initially due to Emerton, Gee,
Savitt in [EGS15] (generalizing work of Diamond, of Fujiwara, and using of course the work of
Taylor, Wiles and of Kisin) and has been generalized by Le, Morra, Schraen, by Hu, Wang, and
by Le in [LMS22], [HW1S], [Lel§] who proved (under various hypotheses) a result analogous to
but with mg, 7 instead of m%l 170 Recall that a patching functor is an exact (covariant)

functor M, from the category of continuous representations of K on finite type W (F)-modules
to the category of finite type Roo-modules satisfying several “Cohen—Macaulay” properties, see
[EGST5L §6]. Here Ry is the relevant patched deformation ring, a power series ring over Rloc
(using standard notation), see Note that one also has to be careful about determinants and
central characters, but we ignore this minor issue in the introduction.

Thus proving is equivalent to proving
(6) Moo ((Projc/z, 0) /¥, /7,) /Moc — Moo () /Moo,
where my, is the maximal ideal of Ro,. The strategy in the above references to prove (a “multi-
plicity one” variant of) @ with m%ﬁ 17 replaced by my, /7, is to use the isomorphism
Mo (Projgr, (1)0)/(p) = Moo(Projgry k) 0) = Moo ((Projk )z, 0)/Mi, /2, ),

where ﬁngLg(k)a is the unique projective W (F)[GLz(k)]-module lifting Projqr,, (x)0 = Injqr, ()0
and to determine the support of M (ﬂajGLQ(k)a) in Reo.

1.3.3. Lattices in locally algebraic representations. We apply a similar strategy in our case, which
means we first have to lift (Projg, o)/ m%ﬁ /7, to @ W (F)[K]-module. This is significantly more

complicated than to lift (Projg,z, o)/mg,/z,. It is easy to check that the K-representation
(Projg;z, o)/ m%ﬁ /7, 18 a nonsplit extension

0 — (Mg, )z, /Wi, /z,) O Projarym 0 — (Projxyz, 0)/m, ;7 — Projar,u o — 0.
For convenience, let us fix an embedding og : k = F,y < F and write all others as o¢ o o7,
j€40,...,f =1}, where ¢ is the Frobenius x + 2P on k. Then we have

f )
mKl/Zl/m%(I/Zl = (Sym2(IF2) QF det_l)(]),
0

I
—

<.
Il

where (j) means that GLa(k) acts via o9 o ¢/. Moreover, for each j, we fix a (non-canonical)
GLa(k)-equivariant embedding

b : Projgryg o < (Sym?(F?) @p det ™) @p Projar, 1) o-
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We set L_4 & P;rvojGLz(k)a and

def

Ro; & (Sym>(W(F)?) @y r) det )Y @yey Loy j€40,..., f — 1},

and we define a K-invariant lattice L; in the locally algebraic representation

i1/p @ (@jo [1/p])

as follows

j
L; = {(2, (zj)o<j<j) € L1 ® (€D Rayr) : (x5 mod pRy ) = (x mod pL_y)

§'=0
via it L_l/pL_l — RQ’j//pRQ’j/ v j/ S {0, ce ,j}}
Equivalently, we have for j € {0,..., f — 1} that
def
(7) LJ = Lj-1 XProjgr, R2J’

where Ry, = & {x € Ry : (x modpRy;) € Lj(L,l/pL,l)} (another K-invariant lattice in

Ry ;[1/ p])7 By explicit computations carried out in §@ we first prove that the lattice Ly lifts
(PrOjK/Zl U)/m%ﬁ/Zl.
Theorem 1.7 (Corollary [7.3.4)). We have a K -equivariant isomorphism

Ly /pLj_1 = (PI"OJ'K/Z1 U)/“‘%ﬁ/zl'

We then prove the following theorem.

Theorem 1.8 (Corollary|8.3.9). Forj € {—1,..., f—1} the Roc-module Mo (L;) is free of finite
rank over Roo/Anng (Mo (Lj)). Moreover this rank depends neither on j nor on the fized Serre
weight o in W(T))).

Denote by r > 1 the rank in Theorem[I.8] Applying Theorem [I.§to both j = —1and j = f—1,
and using Theorem [1.7) when j = f — 1, we see that the two F-vector spaces in @ both have
dimension r. Since the natural map from left to right in @ is surjective by exactness of M., we
obtain that @ is an isomorphism, and hence that m satisfies condition of Theorem

We now sketch the proof of Theorem which is by induction on j. We first prove the
following two statements for j € {0,..., f —1}:

(i) Mso(L—1) is free of rank r over Roo/Anng,  (Mso(L_1));
(i) Moo(R5 ;) is free of rank r over Reo/Anng, (Moo (3 ;).

Statement is proven in §8.2| (see Proposition by a refinement of the techniques in
[EGST5L §10] and [LMS22] §4] together with some commutative algebra. Statement is proven
in Theorem [8:3.4) using standard dévissage techniques and “elementary” properties of the functor
My (in particular [Lel9l Lemma 4.5] instead of [EGS15, Lemma 10.1.13]) and some results of
§8.2]

By exactness of M, @ implies
Moo(Lj) & Moo(Lj—1) X M (Projay, o) Moo(Ra ).
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We know that Moo (R ;) is free of rank 7 by above and that My (L;_1) is free of rank r over
Roo/Anng, (Moo (Lj-1)) by our induction hypothesis (which holds for j = 0 by [(i)). Hence, to
deduce the same statement for M (L), it is enough (in fact equivalent using Lemma [8.3.8)) to
prove

(8) Anng,, (Moo (Projgr, iy 0)) € Anng, (Moo(Lj—1)) + Anng, (Moo (R ;).

1.3.4. Deformation rings, and conclusion. Statement @ is the most subtle and the most technical
part of the paper and is ultimately proven in Theorem [8:3.9] though in a somewhat indirect way
as we explain now.

Recall that Rzv is the local W (FF)-algebra parametrizing framed deformations of 7. We let

RSV’O)’T, resp. R(F%’_l)j’T for j € {0,...,f — 1}, be the reduced p-torsion free quotient of Rz
pa?ametrizing those deformations which have inertial type 7 and parallel Hodge-Tate weights
(1,0), resp. Hodge-Tate weights (2,—1) in the embedding F, — W/(F)[1/p] induced by o¢ o
¢/ and (1,0) elsewhere. An explicit computation that builds on the recent advances of Le-Le
Hung-Levin—-Morra [LLHLMI1S§|, [LLHL19] (see Proposition shows that these rings are all

domains. It follows (see Proposition[8.2.6)) that Ro/Anng_ (Moo (L—1)) is a power series ring over

Ryv /[ Nr pQ’O), where p(Tl’O) is the prime ideal ker(Rzv — RSV’O)’T

types such that o is a Jordan-Holder factor in the mod p semisimplification of o(7) (here o(7)

is the usual irreducible smooth representation of K associated by Henniart to 7 in the appendix
to [BMO02]). Likewise, Reo/Anng, (Mx(R3 ;)) is a power series ring over Rgv /Ny p(Tz’_l)j, where
pl i = ker(Rzy — E,QV’_I)]"T) and 7 runs over the same tame types (see Theorem [3.3.4)).

) and 7 runs over the tame inertial

In the first version of our work, we tried to prove directly. For that one has to deal

(2)_1).7 X

with Annp (M (R, ;)) which is essentially (forgetting formal variables) N:p7 However,

computing elements in this intersection over the 2/ types 7 turns out to be very hard because
the ideals pg’fl)j do not have simple generators (this is mainly due to the technical monodromy
condition which appears as we have Hodge—Tate weights (2, —1)) and there was a gap in our
proof. To avoid this intersection, we use the following detour, which is inspired by the proof of

[HW22| Prop. 4.18].

Choose a tame inertial type 7y such that the set of irreducible constituents of o(79)/po(70)
coincides with the set W (7)) (such a type exists) and define for j € {0,..., f — 1}
def _ j
TQJ’ = (SymZ(W(F)Q) ®W(]F) det 1)(3) ®W(]F) 0'(7'0)0,
TQ”]- & image of the composition R’Q’j — Ry — 1o,

where o(7)? is the image of L_1 in o(7) (equivalently the unique K-invariant lattice in o(7g)
with cosocle ). Then the surjection Rj; — Tj ; induces a surjection

def

Lj —» Nj = L]—l ij T27j

where Yj is an explicit quotient of Projgp, k) o such that M« (Y;) = M (Ty ;/pT5 ;) (Lemma
8.3.5)). We first prove that My (L;) is free of rank r (over its schematic support) if and only if

M. (Nj) is free of rank r (see Proposition and the last paragraph of the proof of Theorem
8.3.9). To prove the latter, as for we have to prove for j € {0,...,f —1}

Annpg (Moo (Y;)) € Anng (Moo(Lj—1)) + Anng, (Moo (T3 ;)
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or equivalently since Anng, (Moo(Y;)) = (p) + Anng,, (Moo(T3 ;) and since Ty ; is a lattice in
To,3(1/pl,

2,—1);
(9)  peAmp, (Ma(Lj1)) + Anng, (Moo(T3 ) = Amnp (Moo(Lj—1)) + 9
Note that we have replaced the intersection rw?””j by just pg’fl)j ! It is then possible to check

@ by an explicit computation, which can be done entirely “by hand”, see Proposition and
the proof of Theorem We have compiled in Tables 1 to 5 all the explicit computations of
deformation rings that we use in the proofs (everything was checked “by hand”).

To apply Theorem to 7 in , it remains to show that 7 satisfies condition |(i)| of Theorem
But using @ together with standard injectivity properties of localizations of Hecke modules
at non-Eisenstein maximal ideals and (a lot of) representation theory of K (see Corollary ,
we actually obtain the complete structure of ﬂ[mﬁ{l /Zl] as a representation of K.

Theorem 1.9 (Theorem [8.4.2)). Let m be as in (2)), we have

(10) wimde 1= (@ D.)

ceW (T))

where r is the rank in Theor@m and Dy is the largest subrepresentation of (Injg/z, 0)[m%(1/zl]

containing o with multiplicity 1 (= its socle) and no other Serre weights of W(T.\). Moreover,
each irreducible constituent of ﬂ[m%ﬁ /Zl] has multiplicity r.

Condition |(i)| of Theorem then immediately follows from the isomorphism in Theorem
by taking Ki-invariants on both sides. In particular we finally obtain:

Theorem 1.10 (Theorem [B.4.1)). Let w be as in ([2)). Then dimgy,(p,)(T) = f.

1.4. Notation. We only give some very general notation here, more specific notation will be
given in each section. We fix an algebraic closure @Q, of Q,. All finite extensions of Q, will be

considered as subfields of @p. We let v, denote the valuation of @p such that vy(p) = 1.

We let E be a finite extension of Q,, with ring of integers O, uniformizer @ and residue field F,
and will always assume that E is sufficiently large. We let k be a finite extension of ), of degree

f L1k F,]. We fix an embedding o( : £ — [F and let o; oo 09 0 ¢/, where ¢ : x > P is the
P J
def

arithmetic Frobenius on k. Then the set J = Hom(k,F) is identified with {0,..., f — 1}.

We let € (resp. w) denote the p-adic (resp. mod p) cyclotomic character of the absolute Galois
group G r, where F' is any finite extension of Q or Q,. We normalize Hodge-Tate weights so that
€ has Hodge-Tate weight 1 at every embedding.

Given a profinite group G, we write F[G] for its completed group algebra with F-coefficients,
with augmentation ideal denoted by mg. We recall that Pontryagin duality M +— M" induces an
exact anti-equivalence between the category of smooth G-representations over IF, and the category
of pseudocompact F[G]-modules. Recall that given a pseudocompact F[G]-module M, we have

the radical radg M o mgM. Dually, given a smooth G-representation M we write socg M for
its socle.
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If G is a group and V' a representation of GG on a finite-dimensional E-vector space we denote
by V the semisimplification of a G-stable O-lattice in V. If V is a representation of G on a finite-
dimensional vector space, we let JH(V') denote the set of Jordan-Hélder factors of V. Also, if o is

an irreducible representation of G, we let [V : o] be the multiplicity of ¢ in the semisimplification
of V.
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2. PRELIMINARIES

Throughout this section K denotes the unramified extension of Q, of degree f with ring of
integers O and residue field k. Recall from that we have fixed an embedding o : kK — F,
hence an embedding K — FE which we still denote by the same symbol og. In particular we have
compatible identifications of J = Hom(k,F) with Homg, (K, E) and with {0,..., f —1}.

2.1. Group theoretic preliminaries. We consider the group scheme GL,, defined over Z, let
T C GL, be the diagonal maximal torus and Z its center. We write R for the set of roots of
(GL,,T), W for its Weyl group, with longest element w and let B C GL,, denote the Borel of
upper-triangular matrices. In particular, B determines the subsets RT of positive roots. We
identify the set of characters X*(T") = Hom(7, G,,) with Z" in the standard way. If n = 2, let
a € Rt correspond to (1, —1) € Z?2 so that Rt = {a}. If A is any ring, we write GLy, /4 to denote
the base change of GL,, to A.

Let G, be the algebraic group Resp, /7, GLn o, with T the diagonal maximal torus and
center Zy. Let G be the base change G Xz, O, and similarly define T and Z.
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There is a natural isomorphism G = [] 7 GLy, /o induced by the ring homomorphism O ®z,0 =
O7 defined by * ® 1 + (0j(z))jes. One has similar isomorphisms for 7, Z, X*(T), R, R,
where R (resp. RY) denotes the set of roots (resp. coroots) of (G,T). If u € X*(T), then we
correspondingly write 1 = (p;)je7. We define an automorphism 7 on X*(T') by m(u); o pi—1
(it is the automorphism coming from the descent data on T induced by T, and corresponding to
the arithmetic Frobenius on Of).

We identify X*(T) = @ 7 X*(T) with (Z")7 as above. Moreover, if (a1,...,a,) € Z" we write
(a1,...,an) to denote the element of X*(I") whose corresponding tuple equals (ay, ..., a,) at each

embedding j € J. We let nj be (n —1,...,1,0) in the j-th coordinate and 0 otherwise. We let
def

n=>;n=m=1,...,10).

Given A € X*(T) (resp. A € X*(T)), we let V()) o denote the algebraic Weyl module of GL;, /¢
(resp. G) with highest weight X as defined in [Jan03] I11.8.3]. If A is an O-algebra, we write V4 ()
to denote the restriction of V(A),0(A) to GL,(Ok) via the map GL,(Ok) — GLy(A) induced
by the ring homomorphism o¢. If j € J and A\ € X*(T'), we write V(A);j(% to denote the algebraic
representation of G obtained, by inflation from the j-th projection G = [[; GLy 0 it GLy 0,
from the algebraic Weyl module V/()),0 of GLy /0.

Let R C R (resp. RY"T C RY) be the subset of positive roots (resp. coroots) of G with respect
to the upper-triangular Borel in each embedding. If n = 2, let a; € R be (1,—1) in the j-th
coordinate and 0 otherwise, so that R* = {a; : j=0,..., f —1}.

Let X7 (T) be the set of dominant weights, i.e. the set of weights A € X*(T') satisfying 0 <
(\,a") foralla € RT. We denote by X1(T') C X* (I') the subset of p-restricted weights A € X (T)
satisfying 0 < (\,a") < p — 1 for all simple roots & € RT. Let X,eq(L) C X% (L) be the subset
of weights A\ € X (T) satisfying 0 < (\,a") < p — 1 for all simple roots a € R". Finally, we let
XO(I)+§ X% (T) be the subset of weights A € X*(T) satisfying (\,a") = 0 for all simple roots
a € RT.

The lowest alcove is defined as
CoENeX* (DOR:0< (A+n,aY)<pVae R}

Given N > 0 and p € C, we say that p is N-deep in Cy if N < (u+n,a") <p—N foralla € R*.
(Thus the existence of an N-deep weight in C|, implies p > 2N + 2.)

In particular, when n = 2, via the identifications above
Xi(T)={Ae(Z) :0< A1~ Nja<p—1Vj=0,....f—1},
Xeeg(T) ={N€ (ZH)T:0< N1 —Njo<p—1VYj=0,....f -1},
and Cy N X*(T') = Xyeg(T).

Let W be the Weyl group of (G,T), with longest element wy. It acts on X*(I) and we have
a compatible identification of W with [[;c, W. Given w € W, we write w; to denote its j-th
component via the identification above.

Let W, and W be the affine Weyl group and extended affine Weyl group, respectively, of G.
Concretely, W, =2 Agp x W and W = X*(T) x W, where Ap C X*(T) is the root lattice of G.
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The image of A € X*(T) in W is denoted by t5. Note that W = (Z" x b:ﬁ)f and we will also
write ¢, for the image of a € Z" in Z™ x S,,. We have the p-dot action of W on X*(T'), defined
as follows: if @ = wt, € W and we X*(T) then @ - u o w(p+n+pr)—n.

Let €2 be the stabilizer of the lowest alcove C in E One checks that E = W, x . Concretely,
when n = 2, it is the subgroup of W generated by X°(T) and {1, mt,(l,o)}j

Recall that the choice of Cy endows W, with the structure of a Coxeter group generated by
the reflections with respect to the walls of Cy (cf. [Jan03] 11.6.3]), and thus with a Bruhat order,

which is denoted by <. This induces a partial order < on W, namely w,w < w,w' in W, xQ =W
/\/\/ —~

if and only if w, < @/, in W, and w = &' in Q. We denote W the group W, endowed with the

Bruhat order induced by the choice of the antidominant base alcove, i.e.

cy d:ef{)\eX*(I)®R:—p< A+n,a")y <0Vac R}

We have an anti-isomorphism
Vo~
— W

w = 0F

<

defined by ((st,)*); = t/lfflfj‘s;ilfj such that w; < Wy if and only if w; < w] [LLHLI19, Lemma
2.1.3]. Given A € X*(T) we define Adm" () % {we W' w< tw(x) for some w € W}. Tt is the
A-admissible set in the sense of [KR00| relative to the Bruhat order defined above on Ev.

Let R be a commutative ring. If (z1,...,x,) € R™ we write Diag(x1,...,x,) for the diagonal
matrix of M,,(R) whose i-th diagonal entry is x;. If 4 € Z™ and = € R then we write z* for the
diagonal matrix Diag(z#1,... , x#") € M, (R).

~V
Sometimes it will be convenient to consider W as subgroup of GL,(F((v)))/ by the injective
homomorphism sending st,, to (§;0/7);, where §; is the permutation matrix associated to s; € .Sj,.

If w e S, we let sgn(w) € {£1} denotes its sign.

2.2. The inertial local Langlands correspondence and Serre weights. An inertial type is a
representation 7 : Ir — GL,(Q,) with open kernel which can be extended to W (or equivalently
to G K)'

When n = 2 a result of Henniart (see the appendix to [BM02]) shows that given an inertial
type 7, there is an irreducible smooth GL2(Ok)-representation o(7) over Q, associated to it.
We normalize it as in [BM02, §2.1.1] when 7 is non-scalar, and when 7 = x @ x is scalar we

let o(7) o det (via local class field theory). (This is often referred to as the inertial local
Langlands correspondence; the representation o(7) above is the same as the representation o(7)
appearing in [CEGT16, Thm. 3.7] where, in the notation of loc. cit., G = GLy(K).) We remark
that for any inertial type 7, the representation o(7) can be realized over E, up to enlarging E if
necessary.

A Serre weight of G x 7, is an isomorphism class of an (absolutely) irreducible representation
of Gy(Fy) = GLn(k) over F. If X € X1(T'), we write L(A)/p (or sometimes just L()\)) for the
irreducible algebraic representation of G X IF of highest weight A\, and F'(\) for the restriction of
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L(X) p to the group G(Fp). The map A — F(A) induces a bijection between X1 (T)/(p—m)X°(T)
and the set of Serre weights of Gy xz, F,, (cf. [GHSIS, Lemma 9.2.4]). A Serre weight o is regular
if 0 2 F(\) with A € Xye(T), cf. [Her09, Def. 6.1].

If n =2and p: Gk — GL2(F) is a tame Galois representation then we have a set W (p) of
Serre weights, defined by Buzzard-Diamond—Jarvis in [BDJ10], §3]. We recall that W (p) depends

only on plr .

2.3. Tame inertial types. Fix a pair (s,u) € W x X*(T), which we will use to define a tame
inertial type.

Writing s = (so,...,57-1) € W we set s, def 505f_15f—2 51 € Sy and let r denote the order of
sr. Let f' & rf o €pl' —1. Let K /K be the unramified extension of K of degree r with residue
field /. We fix an embedding o, : ¥’ — F extending op, so we can identify J’ = Hom(k',F)
with the set {0,..., f' — 1} via a;, & 0 © gaj/ — j'. We define the tame fundamental character

wyr o I — F* as the composition Ix = Igr — OF, — k' — F*, where the first map is the local
Artin map, normalized so that uniformizers correspond to geometric Frobenius elements, and the
last map is given by oj. We also let Wy : [x — O denote the Teichmiiller lift of wy.

Define o, , € (ZMHom* 0 = X*(T)" by

/ def _1 _—1 -1 y
Qs )y = S1 82 " Sy (nj +my) €Z", j' €L,

where the indices on the right-hand side are considered modulo f. In particular, a’(s W)k =

ST ka( s 1), showing that a( s 1), only depends on j’ modulo f’. Also define
(') def =
1(5' e i/ .
(11) a(S‘,j,UI) = Z a/(s’u)77j/+,i/pl € Zn, ], €.
i'=0

Definition 2.3.1. Given (s,p) € W x X*(T') define

/(O)
(s, utm) Y @ &, Ik — GL,(0).

1<i<n
Setting a0) & Z _0 a p7 we can also write it as

Z o a® pfk
(12) S M+77 @ w 0<k< 1 sk(z) ‘

1<i<n

From we see that 7(s, u 4+ n) is a tame inertial type, i.e. can be extended to Gx. Given a
tame inertial type 7(s, u + 1), we write 7(s, u 4+ n) for its reduction mod w.

Remark 2.3.2. Due to our choice of labeling of the embeddings of k in F, namely o; = o9 o ¢/,
our definition of 7(s, u+n) is not compatible with [LLHLI9L Def. 2.2.1]. This choice is motivated
by the fact that we do not think that the definition in loc. cit. is compatible with [Her09] and
[GHS18|. However we checked that it does not affect our further references to [LLHL19].

Definition 2.3.3. Let 7 be a tame inertial type and N € Z>.



GELFAND-KIRILLOV DIMENSION AND MOD p COHOMOLOGY FOR GL2 15

(i) We say that 7 is N-generic if there is an isomorphism 7 = 7(s, A + 1) for some s € W
and A € X*(T') which is N-deep in alcove C\.

(ii) A lowest alcove presentation of T is a pair (s,u) € W x Cy such that 7 = 7(s,u + n)
(which by definition exists exactly when 7 is 0-generic).

We also recall the following definition.

Definition 2.3.4. Let p : Gx — GL,(F) be a Galois representation and let N € N. Let
7|1, denote the restriction to Ix of the semisimplification of p. We say that p is N-generic if
751 = 7(s,p) for some s € W and p —n € X*(T') which is N-deep in alcove Cj. (We denote
here ;1 what was previously denoted p + 7 because we will rather use this notation in the sequel.)

Remark 2.3.5. Note that if a type 7 is N-generic and (s, \) is a lowest alcove presentation of T,
the weight A is not necessarily N-deep in C;. However by [LLHLI9, Prop. 2.2.16], we know that
Ais (N —1)-deep in C{. Similar comments apply to an N-generic p.

Below we will need the “orientation” s/ € (S, )HomE.F) > " of a’( ,y» Which is defined by

S,

/ def 1 —1

el -1 -/
Sor,j’ = 81 89 "'Sf/_l_j/ € S’I’L7 ] S Z,

where the indices on the right-hand side are considered modulo f. Hence s/ Jikf = sks!

T2or,j"
showing that sgr?j, only depends on j' modulo f’.

Remark 2.3.6. We remark that if p € X*(T) is 0-deep in C|, then s/ ., is the unique element

or,7
of W such that (s, j,)_l(aziju))) € X*(T') is dominant. Observe also that
(13> (Slor,—j’)_l<a,(s,p,),j’) = S;I(Mj' + nj')'

2.4. Combinatorics of types and Serre weights. Let n = 2. We collect results on Serre
weights for mod p Galois representations and Jordan—Hélder constituents of reductions of generic
Deligne-Lusztig representations, expressed in terms of the extension graph of [LMS22, §2]. We
caution the reader that we modify slightly the definition of the extension graph and translation
map appearing in loc. cit.

Let Ay & X*(T)/X°(T) denote the weight lattice of (Resp, /7, SL2/o,) Xz, O. We identify
Ay with Z7 in the usual way. For u € X*(T) we define
Ay d:d{w EAw : 0< (+w,a”)y<p—1Vae R},

where i denotes the image of p in Ay. The set A}y, is called the extension graph associated to pu.

We define below an injective map
tu s Ay = Xoeg(T)/(p — ™) X°(T)
whose image consists of the weights A\ € X,eg(Z') such that Az = pu|z modulo (p —7)X*(Z). (In

other words, the map w — F(t,(w)) defines a bijection between Af;, and regular Serre weights
with central character [z (r,).)

The map t,, is constructed as follows. Given w’ € X*(T) there is a unique @' € QNt_ -1 W,,.
Setting

6,() E @' - (n+o) mod (p—m)X(I)
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we thus obtain a map t, : X*(T) — X*(T)/(p—m)X°(T), which further factors through X*(T") —
X*(T)/X°(T) = Aw, by the definition of @' and since - is the p-dot action. We write t,, for the

restriction of such a map to Af;,, and note that t,, has image in X,eq(T)/(p—m)X°(T) by definition
of Ay,

Remark 2.4.1. In [LMS22, §2.2] the set A, above is denoted by A%, and the map t, above
by t,UrH?'

In terms of the identification Ay = Z7 the map t,, is described as follows: if u = (a;,b;); €
X*(T) and w = (2n; + 6;); € A}y, with n; € Z, §; € {0,1}, then a representative of t,(w) is given
by

(14) (t(w)); = {(aﬂ' + g+ 05,6 — ny) if §;41 =0,

(bj—l—nj,aj+nj+5j—p+1) if6j+1:1.

We now recall and slightly improve on a few results about t, which will be important in %
(for the combinatorics of tame inertial types and Serre weights) and in (for the structure of
certain GL2(Of)-representations with F-coefficients).

Given J C J we define 7y o Yjesni € X*(T) and write i, for the image of n; in Ay =
X*(T)/X%T). Define ¥ C Ay to be the set {5, : JC J}.

Proposition 2.4.2. Suppose that p : Gxg — GLa(F) is a tame Galois representation such that
Pl =7(s, 1) for some (s,pu) € W x X*(T') with p—n lying 1-deep in alcove C. Then

(15) W(p) = {F(ty—n(sw)) : weX}.

Proof. From the proof of [LMS22, Prop. 2.11] we see that the right-hand side of is Wobv(P),
which is the set of weights defined in [GHS18|, Def. 7.1.3]. By |[GHS18, Ex. 7.1.7] we have Wo,,(p) =
W ). O

Proposition 2.4.3. Suppose 7 < T(sw™ u — sw=l(v)) for some (s, ), (w,v) € W x X*(T)
such that pu — sw=1(v) —n is 1-deep in alcove Cyy. If v € n+ Ag, then

JH (o(r)) = {F(tyy(s07 (w-7)) : weT}.

Proof. Recall that, in the notation of [DL21, LLHLIY], we have o(7) & Ry, -1(u — sw=(v)) by
[LLHLI9, Cor. 2.3.5] (the deepness assumption on p — sw~!(v) — 7 ensures that 7 is 1-generic
in the terminology of loc. cit., hence regular, see [LLHLI9, Def. 2.2.9] and the comment after it;
thus [LLHLI9, Cor. 2.3.5] applies). Moreover, the deepness assumption on pu — sw~!(v) —n reads
1< {u—swt),a")<p—1fora € R and since (sw=(2),a") € {~1,0,1} we conclude that
0 < (+sw H(X-v),a") <pfora € RT. This is exactly the condition that sw™!($—v) C Af;"
and the statement is thus immediate from [DL21) Prop. 2.15] (keeping in mind that the translation
map in loc. cit. is an n-shift of ours). O

We recall the following “change of origin” formula for the map t,, obtained from [LMS22, Prop.
2.5]. For w € A}, let w’ € X*(T) denote a lift of w and define w,, as the image of the unique
element @' € QN t_ -1 nW, (as above) in W. By definition, w, does not depend on the choice

of lift w’ of w and in fact only depends on the image of w in Ay /Ag = (Z/27)7.
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Lemma 2.4.4. Let w € A}y, and let A € X*(T) be such that t,(w) = A mod (p — m)X°(T).
Then wy'(w') + w € A}, and t)(w') = tu(w; (W) +w) for all W' € A}y,. Equivalently t,(w') =
th(we (W —w)) for ' €AY,

Remark 2.4.5. Recall from that we have a natural inclusion Ar < Ay, which identifies
Ag with (2Z)7 via the isomorphism Ay = Z7. We remark the following facts:

i) Given J C J we let wq s 1T to; where to; € W is nontrivial exactly at the
; j+1eg W J

embedding j. Recall moreover the element n; =3_,c 71, € X *(T') associated to J. Then
Wy = wo, s if w=1n; mod Ag.

(ii) If v € AR, we have w, = 1 and Lemma implies that t,4,(w) = t,(w + v). (Note
that t,(v) = p+v mod (p — ) X°(T).)

iii) From the definition, t,(w) € Cy if and only if u + ' € Cy, where w’ € X*(T') denotes a

o 0 0

lift of w. In particular

tu(Zaiﬁi)EQO — 0< ()Y +a;<p—2 Vi.

(iv) Likewise, t,(w) is n-deep in C| if and only if y + w’ is n-deep in C.

We use the terminology of [LMS22, Def. 2.8]: two elements w, w’ of A}, are adjacent if w—w' =
+n; mod X°(T) for some j € J. This gives Al the structure of a graph. We have the following
slight improvement of [LMS22l, Prop. 2.9].

Lemma 2.4.6. Let w,w’ be elements of Afy,. Then

. 1 ifw, W are adjacent
d E tl F(t 7};\ t / ) _ ’ ]
1 ( X GLg(k)( (tu(w)), F(tu(w'))) {0 otherwise.

Proof. Let A % t,(w). By Lemma we have t,(w) = t;(w") with w” & w, (W —w) € A}

As w” and 0 are adjacent if and only if w and w’ are adjacent, we may replace u by A and assume
that w = 0. By letting 7, be 7; mod X°(T) we compute

tu(ﬁi) = mi—lt—m_l ’ (N + 77i) mod (p - W)XO(I)v
tu(_ﬁi) =ty W01 - (N - 772') mod (p - W)XO(I)

These are precisely the Serre weights that have a nonsplit extension with F(u) by [BP12, Cor.
5.6]. (Note that by assumption all Serre weights in this lemma are regular.) O

Remark 2.4.7. The “change of origin” map Ay, — Al sending o’ to wjl(w') + w (see
Lemma [2.4.4]) clearly preserves adjacency, i.e. is a graph automorphism. Under the identifica-
tion Ay = Z7 it is of the form (ag,...,ar_1) — (e0ao + no,...,ef-1a7_1 + ny_y) for some
g; € {£1} and n; € Z.

3. GALOIS DEFORMATIONS: BACKGROUND AND LEMMAS

3.1. Kisin modules with descent data and the monodromy condition. We keep the setup
of in particular K denotes the unramified extension of Q, of degree f, with residue field k.
For this section we will recall and slightly extend some relevant background and notation from
[LLHLM18], [LLHLM20], and [LLHLI9J.
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3.1.1. Kisin modules. From now on we fix a tame inertial type 7 together with a lowest alcove
presentation (s, ) for 7, and we assume throughout this section that p is 1-deep in alcove C|.
(The lowest alcove presentation fixes an ordering of the characters in 7. This will be important in
defining many of the concepts below, see Remark ) Recall that s, = spsf_157_2---51 € Sp,
and that r» denotes the order of s,.

As in §2.3| we let K'/K be the unramified extension of K of degree r with residue field &’. Fix
an ¢-th root (—p)/¢ of —p, let E(u) ¥ (@) +p & v + p denote the minimal polynomial of
(—=p)'/¢ over K', and let L' & K'((—p)'/<).

Let A/ & Gal(L'/K') C A o Gal(L'/K). If R is a complete noetherian local O-algebra with

finite residue field define &, p W) ®z, R)[u']. The isomorphism of R-algebras W (k') ®z,
R = Tljcq R, @71 — (0_j(x)r) ez induces an R-linear isomorphism &1/ g — @7 R[u].
Given a &/ g-module 9 we thus have an R-linear isomorphism 91 = Djcq om"), (We warn

. . . def i .
the reader that, due to our choice of normalization a;., = 040 ¢’, we need to use U’_j, in the

definition MU") in order to be compatible with the convention of [LLLHLI9] on Kisin modules, see

Remark above.)

Recalling from [LLHLM?20, §3.1] that &/ g is endowed with an action of A and that v = (u)°
we have

/

(&1,r)>"" = (W(k) ®z, R)[v].

Let h > 0 be an integer. We define the groupoid of Kisin modules over R of E(u’)-height
< h and descent data of type 7 as in [LLHLM?20, Def. 3.1.3] (with the caveat that we consider
modules of rank n as opposed to 3 in loc. cit.), and denote it by YIOM7(R). (By [LLHLM23,
Rk. 5.1.4(2)], Y17 (R) is given by the R-points of a p-adic formal algebraic stack Y%7 in the
sense of [CEGSH, Def. A.2].) Given an object (90, ¢on) (or, for short, just M) of Y047 (R) we
have the notion of eigenbasis 5 = (8U")) for M, as defined in [LLHLM20, Def. 3.1.6], [LLHLIY,
Def. 3.2.8).

In particular, given a Kisin module 9t € Y[O’hLT(R) and an eigenbasis § of 9 we can consider
the matrix of the Frobenius morphism ¢gn. In the definition below we let ¢ be the R-linear
endomorphism of R[u'] which sends v’ to (u')P.

Definition 3.1.1. We let 09(3]{)5 € M, (R[«']) denote the matrix of ¢*(MU)) — MU+ with
respect to the bases ¢*(8U") and U+ ie. B(j/+1)0%2)5 = qbgg)(cp*(ﬁ(j/))). We denote by

Ag;)ﬁ € M, (R[v]) the matrix

~—

-y def . _ —a/ (,j,+l) ,

Ag{,)ﬁ = Ad ((sgw‘/ﬂ) 1(ul) (s,1) )(ng)jt,ig

(see also [LLHLM23, equation (5.4)], where CE()thl)ﬁ in loc. cit. denotes the matrix of p*(9MU'~D) —
omU").

Remark 3.1.2. We caution that Ad(5(u/)*) denotes Ad(s) Ad((v/)*) and not Ad((u')*"), and
we remind the reader that $ is the permutation matrix representing s and that we have (u/)* =
Diag((u")", ..., (u")#~) for p € 2.



GELFAND-KIRILLOV DIMENSION AND MOD p COHOMOLOGY FOR GL2 19

Remark 3.1.3. We stress that the notion of eigenbasis and the definition of Ag;)ﬁ depend on
the choice of lowest alcove presentation (s, ) for 7. Moreover, as p is assumed to be 1-deep in
alcove (), the matrix Ag{)ﬂ only depends on j' modulo f and is upper-triangular modulo v (see
the discussion after [LLHLM?23| Rk. 5.1.7]).

FX=(Aj1,...,Ajn)j; € X*(T) is a dominant character such that X\;; € {0,...,h} for all j,1,
we have a closed p-adic formal substack Y <M of Y07 defined in [CLIS, Thm. 5.3], which is flat

over O and has reduced versal rings. It is characterized by the property that for any flat p-adically
complete noetherian local O-algebra R, a Kisin module M € Y(O"7(R) belongs to Y= (R) if

and only if all ¢ by ¢ minors of Ai%)ﬁ are divisible by (v +p)22:1 Ajnti-k for § € {1,2,...,n} and
j € Z (cf. [LLHLM23] the discussion after Warning 5.3.2, see also [LLHLM18|, Prop. 4.18]). This
definition does not depend on the choice of the eigenbasis for 91.

Definition 3.1.4. Let 9 € Y[OR:7(F). Write Z(F) for the Iwahori subgroup of GL, (F[v])
consisting of matrices which are upper-triangular modulo v. We say that M has shape W € E
with respect to 7 if for any choice of eigenbasis 5 of 9 the equality

I(F)A%)BI(IE‘) = Z(F),Z(F)

holds in GL,,(F((v))) for all j = 0,..., f — 1. This notion is independent of 3 by [LLHLMIS, Prop.
2.15, 2.16], but again depends on the choice of lowest alcove presentation of 7.

()
m,3
simple form [LLHLI19, Def. 3.2.23]. A gauge basis always exists and is unique up to scaling by
{(tj)jeqr € T(F)" :t; =ty for j =k mod f} (this is [LLHLI9, Prop. 3.2.22] in the particular
case h = n — 1, and the general case follows from [LLHLM23, Prop. 5.1.8, Lemma 5.2.2]).

Fix 9 € Y[O’h]’T(F) we recall that an eigenbasis 3 is a gauge basis if A has a particularly

We now fix M € Y1047 (F) together with a gauge basis B for it. Write @ = (wjty;); € Ev for
its shape with respect to 7.

The following result, generalizing [LLHLMIS8, Thm. 4.1, Thm. 4.16], [LLHL19, Prop. 3.4.3], is
a particular case of [LLHLM23|, Prop. 5.2.7].

Proposition 3.1.5. Let R be a complete noetherian local O-algebra with residue field F, and let
7 be an (h + 1)-generic tame inertial type (see Definition 2.3.9). Let M € YIOIT(R) together
with an isomorphism M Qg F = M.

Then there exists an eigenbasis B for M lifting B such that for all 1 < i,k < n and all
i=0,...,f—1 we have

(i) AY) € v Rlv + ),
(ii) deg,(AY)) < Vi — Gy, () with equality if (i, k) = (w;(k), k),

where AW & Aggg’ﬂ and 6;>y, € {0,1} equals 1 if and only if i > k (resp. djcw;x) € {0,1} equals
1 if and only if i < w;(k)). Furthermore, such a B is uniquely determined up to scaling by the
group {(t;)jes € (ker(T(R) — T(F)))f :t; =ty for j =k mod f}.
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Definition 3.1.6. Let R be a complete noetherian local O-algebra with residue field F, and let
m e yonr (R) together with an isomorphism M@ F = M. A gauge basis of M is an eigenbasis

B lifting B that satisfies conditions and of Proposition

3.1.2. Monodromy condition. Let R be a p-adically complete flat O-algebra that is topologically
of finite type. Define 0¥ as the inverse limit over n > 1 of R[u/, %]][1 /p], the transition maps
being the natural inclusions, so Ogg is a subring of R[1/p|[«']. The Frobenius ¢ : v’ — (u/)P on
R[u'] extends naturally to OR®. By letting

= E(u) vP"

)\d—eng0”< >:H<1+)eo“gc0§$
n=0 p n=0 p
we have the derivation Ny LYY (d ) of Orlg

Let 9 € Y[O’h]’T(R) and write 9178 for the base change M ® R[] (’)Eg, which decomposes as
orie — D, omrie.(i') — D, mU") ® R[] ore,

The following result builds on [Kis06, Cor. 1.3.15] and is stated in [LLHLM23, Prop. 7.1.3].

Proposition 3.1.7. Let 9 € Y_[OJZ]’T(R) for R a p-adically complete flat O-algebra that is topo-
logically of finite type. Then IM"[1/N] is equipped with a unique derivation Ngysig over Ny such
that

Ngﬁrigqsgﬂrig — E(u,)qurigNmrig
and Nopie mod u’ = 0.

We have a decomposition of Ngyrig into Nfg;)g mrieG[1/N] — MrieU)[1/)] and we write
Ngf:i}g’ 5 € Mn(Ogg[l /A]) to denote the matrix of the endomorphism Néﬁr?g with respect to the
basis 50" (short for 507 @ 1) of MIEUI[1/N], ie. BUING), o = Ngpd (8.

Definition 3.1.8. Let I € Y[O’h]’T(R) with eigenbasis 8. The monodromy condition is the
condition that A"~ 1Néﬁr?g 5 vanishes to order h — 1 at v/ = (—p)'/¢ for all j'.

We see as in [LLHLMIS|, Prop. 5.3] that the condition above is equivalent to Nyyis(98) C
e, As in the proof of [LLHLMIS, Thm. 6.14], the monodromy condition only depends on j’
modulo f.

As in [LLHLMIS, Thm. 5.6], [LLALI9, Prop. 3.4.12], given 9t € V(%" (R) with eigenbasis 3,

the matrix Néﬁrzg 5 can be expressed as

Y i > ,k 1 '—k—1
Néﬁﬁgﬁ:Nf’HZ(Hso s )> ( 1 ¢ Ew)Cg; ") 1)>,
i=1

k=i—1

where NV l(j ) satisfies

LN
Ad (8 0) 71 ()6 ) IV ) =

h
© A d s _ - . 0 _
=~ () (~ew A — [Ding((sin ) @D AG5] ) (04 ) A5
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] def

and [M,N MN — NM.

In what follows, define the leading term of the monodromy condition

. d i B . . o
(16)  Pu(af) ™ (ol aGD  [Ding((shey) (%)) 48] ) (0 + )" (A5 )
which again only depends on j modulo f.

Proposition 3.1.9 ([LLHLMIS]). Let M € YOI7(R) with eigenbasis 5. The monodromy con-
dition s equivalent to the condition that

d ~\t _ _/ 6"
(17) ()l [Ad ((Shr) )T ) (AR lzv;mﬁgﬁ)] =0

forallt=0,...,h—2,5 =0,...,f —1 and only depends on j' modulo f.

Assume that T is N-generic, where N > 2h —3 and (N —1)(p — 1) > h. Then the monodromy
condition has the form

(%)tlvzip (PN(AE(I{{BI))) + O(pN—(h—l)—t) —0

forallj=0,....f —1and all t =0,...,h — 2, where the terms O(pN*(hfl)*t) denote specific
but inexplicit elements of pN—(h—1-t Ms(R).

Proof. The proof is a slight generalization of the argument appearing in the proof of [LLHLI9,
Prop. 3.4.12] (which is the particular case where h =n — 1 and N = 2n — 1).

As in the proof of [LLHLI9L Prop. 3.4.12] the monodromy condition of Definition is equiv-
alent to condition (17)) for all ¢ =0,...,h—2 and all j/, as «’ is invertible in (R[u/]/(E(u)))[1/p].

Defining Zi(j,)7 MU) e M, (R[1/p][[v]) in analogy to Zi(j), MUY in loc. cit. (replacing n — 1
and j in loc. cit. by h and j' respectively) we see as in [LLHL19, Prop. 3.4.12] that ZZ»(j,) €

,U(N—l)pi ! ( )
T ith-1) M, (R[v]) for i > 1 and Zy’ p M, (R[v]) (as T is N-generic), hence that
prT
d N\t
(18) () e M9 € pN DML (R) for t =0, h—2 and all §.
(Note that

(L], o) 2

t -/
is contained in Y% _, Z, (dv) | 7). Here we use that (N —-1)(p—1) > h to deal with the

v=—p
terms for ¢ > 2.) From the definition of Zi(J ) and MU") we deduce from 1’ that the monodromy
condition is equivalent to

(o) oy [PV A5+ ] =0

for all j and all t = 0,...,h — 2 (note that (¢(\)/p)" does not vanish at v/ = (—p)'/¢"), which
gives the second part of the statement thanks to . ([
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3.2. Lemmas on mod p Galois representations. Given (s,u) € W x X*(T), consider the
reduction 7(s,u) : Ix — GLy(F) of the tame inertial type 7(s,u) of Definition (with p
instead of u + n). Typically, the length of 7(s, 1) as representation of Ix equals the number of
orbits of s; = sysy_1---51 € S,. The following definition gives the precise condition for this to
be true.

Definition 3.2.1. We say that (s,u) € W x X*(T) is good if

fd@-1 ¢4 — 1
S p(sit s (1) 20 (mod qdi_l) V1<i<nVd]|d(i),1<d<d®),

where d(i) > 1 is minimal such that sy sy *--- s;;(i)(i) =i (and where the indices are considered
modulo f).

Remark 3.2.2. Definition generalizes [Her09, Def. 6.19]. We see that 7(s, p) is the restric-
tion to Ix of an irreducible n-dimensional representation of G if and only if s; has order n and
(s, ) is good. Just note from Definition [2.3.1] “ that

fd() (s s )
@ W fd z) ‘
In this case, any extension of 7(s, ) to a G K-representation is irreducible.

Lemma 3.2.3. If u —n € C, then (s, ) is good for any s € W.

Proof. Fix i € {1,...,n}. Let v oo E;;épjsl_l-'-sj_l(uj) € Z" and let ¢, & (s-*v);. By

T

assumption, 0 < (u;, /) < p for all i, which implies that 0 < |cx —c,| < ¢ for all k # £ (mod d(i)).

It suffices to show that Zk -1 q*cp # 0 (mod q o 71) for all d | d(i),1 < d < d(i). This follows

exactly as in the proof of [Her09 Lemma 6.24]. (Alternatlvely one can check that Definition
is equivalent to the definition given in [LLHL19, §2.2] and invoke [LLHLI9l Lemma 2.2.3].) O

Definition 3.2.4. ([LLOLIO, Def. 3.1.1]) For @ € W and D € T(F), let M(w, D) denote the
étale p-module which is free of rank n over k((v)) ®F, F and such that Mat(p\W)) = Djw; €

GL,(F((v))) with respect to the standard basis (where ﬁv embeds into GL,,(F((v))f as at the

end of §2.1)).

Recall that Og¢ denotes the p-adic completion of W (k)[v][1/v]. For any complete noetherian
local Z,-algebra R with maximal ideal mg and finite residue field we let Og¢ g dof Og@sz where the
completed tensor product is with respect to the p-adic topology on Og and the mg-adic topology

def Yo . .
on R. Let Koo = Upen K (pn) where (pr)nen € (Q,)N satisfies pg = —p and pl, = pp—q if n > 1.
By [LLHLI19. §3.1] (building on the classical result of Fontaine [Fon90]), there is a rank preserving
exact contravariant functor Vi, from the category of finite rank projective étale p-modules over
O¢ . R to the category of continuous representations of G over finite rank projective R-modules.

Definition 3.2.5. For w € Ev and D € T'(F), let V(w, D) be the unique tame representation of
G over F of dimension n such that
V(HNJ, D)‘GKOO = V*K(M(wv D))

Its existence and uniqueness is guaranteed by [LLHL19, Prop. 3.1.2] and the equivalence for tame
representations in [LLHL19, §3.1].
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Lemma 3.2.6. For A € (F*)/ we have

f-1
V (i, \D) = V (&, D) @r ur ( [T A),
7=0

where nr(a) denotes the unramified character of Gk sending an arithmetic Frobenius to o € F*.

Proof. As M(w, AD) is the tensor product of M(w, D) and M(1,)) over k(v)) ®F, F and V7 is
a tensor functor, it suffices to show that
f-1
V(L) =Zar([] A))-
j=0

Note that M (1, A) is isomorphic to the rank one étale p-module with

) {1 if0<j<f—1,
P = f—1 e
ijzo)‘j’ ifj=f-1
in the standard basis. By the proof of [GLS14, Lemma 6.3], V}-(M(1, \)) = (Hf DY ek, O

Proposition 3.2.7. Let W € ﬁv, and suppose that w* = t s € W is such that (s', 1) €
W x X*(T') is good. Then

(19) {p: Gk — GL,(F) semisimple : |, =7(s',p )}/E ={V(@,D) : DeT(F)}.

Proof. By [LLHLI9, Prop. 3.1.2] we know that V(w, D)|r, = 7(s', /). It remains to verify that
V(w, D) is semisimple and that the left-hand side of is contained in the right-hand side
of (19). As in line 1 of the proof of [LLHLI9, Prop. 3.1.2] we may assume that (@*); = 1 for all
0 <j < f—1. Decompose {1,...,n} and X*(T) according to the orbits of (s*)f_1 = (s{)~! € S,
(i.e. find a minimal Levi subgroup contammg (s', ') and decompose it into a product of smaller
general linear groups). Correspondingly, s’ = [Jt_, &’® and p/ = 31, /@) with each (s'®), /)
good such that 7(s', /) = @i, 7(s'®, (/@) If p is semisimple with 5|7, = 7(s, '), then, since
each (s, /@) is good, we deduce that there exists a decomposition 7 = @!_; 5, such that
p; irreducible and 7;|r,, = 7(s'®, /@) for all 4. Likewise, from the definitions, there exists a
decomposition V (w0, D) = @'_, V(@®, D®) with w®* = tulms’(i) and D = [[t_; D®. In this
way we are reduced to the case where p is irreducible or equivalently s, has only one orbit. Then
V(w, D) is irreducible for each D € T'(F) (cf. Remark [3.2.2)). On the other hand, if 7 is as on the
left-hand side of (19)), we know that V(w, D)|, = 7(s', 1) = pl1, for all D € T(F). Since p is
irreducible, Lemma implies that p is contained in the right-hand side of (L9). O

Recall that p: Gx — GL,,(F) is cyclotomic free if p becomes upper-triangular over an unram-
ified extension K'/K of degree prime to p such that H°(G g, (Pla, )™ ®F w™ 1) = 0 [LLHLMIS,
Def. 3.8].

Lemma 3.2.8. If py,p, are finite-dimensional representations of Gk over F such that py QF py
s cyclotomic free, then the natural map

Homg (1, p2) — Homeay_ (P1lGk s P2lGi.,)

is an isomorphism.
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Proof. This follows from (the proof of) [LLHLM23, Lemma 7.2.10(3)]. O

Corollary 3.2.9. If p;,py are finite-dimensional representations of G over F such that p; is
2-generic, then the natural injective map

ISOHlGK (ﬁla pQ) - ISOIHGKOO (pl |GK<)0 s P2 ’GKOO)

s a bijection.

Proof. We first claim that p*|q,_ = (plgk, )* for any finite-dimensional representation p of
G over I, ie. that p*|q,_ is already semisimple. This follows as in [LLHL19, §3.1]: 7* is a
representation of G /I}, where I} is the wild inertia group and Gi_ /(Gk., NIE) = Gk /I,
as Koo /K is a totally ramified p-extension.

Assume Isomg,._ (p1|c > P2lck, ) # 0. By the previous paragraph and again by the beginning
of [LLHLI9, §3.1] we thus have p§® = p5°, hence (p) ®r p,)* = ad(p;)™. As ad(p,) is cyclotomic
free by the analog of [LLHLMIS, Prop. 3.9] (and noting that 2-generic in our context implies 2-
generic in the sense of [LLHLMIS| Def. 3.7], see [LLHLM20, Rk. 2.2.3]), we obtain that py ®p py
is cyclotomic free, and we can then conclude by Lemma [3.2.§] O]

3.3. A commutative algebra lemma. If A is a local ring we denote by m4 its maximal ideal.

Lemma 3.3.1. Let A & Olx1,...,zy,], where O is a complete DVR with uniformizer w and

n>2.If fe A* andd > 0, then x1$2+wdf is irreducible in A. Moreover the ideals (x1x2 —i—wdf)
and (z1) are distinct, and the ideals (x129 + wlf1) and (x122 + whfs) are distinct if f1 Z fo
mod my4.

Proof. By the O-automorphism of A sending x93 to x1 + x2 and fixing x; (i # 2), we may instead
consider 27 4+ z125 + wlg (g € AX), which is distinguished in the variable 21. By the Weierstrass
preparation theorem, if 2 4 z129 + w?g is reducible then it has a factor of the form x; — b for
some b € M[y,, . 5,]- Evaluating at 1 = b we see that b% + by + wilg(b, xa,...,2,) = 0, so
w? | b(b+ x3). Then one easily checks w? | b or @? | (b+ z2). In the first case, b = wlc and
whe? + cxy + g(wdc, x2,...,2y) = 0, which implies g € my4, contradiction. The second case is
similar.

For the last part, the first two ideals are distinct by the Weierstrass preparation theorem.
Suppose that 2?2 + 2129 + wlg = u(2? + x129 + wgs) for some u € A*. By working modulo
(w, z2) we deduce that u(0) =1 (mod w). On the other hand, g1(0) = ©(0)g2(0) in O, so g1 = g2
mod my4, as required. O

4. GALOIS DEFORMATION RINGS

4.1. Setup. From now on we consider the situation where n = 2.

Throughout this section we fix a semisimple Galois representation p : Gxg — GLy(F) and
(s,p) € W x X*(T) such that p|r,, = 7(s, p), where

(i) sj # 1 (hence, s; = to) precisely when j = 0 and p is irreducible;
(ii) p—mn is N-deep in C with N > 12.
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(The pair (s, i) is not uniquely determined by p|r, and depends on the choice of the embedding
00; however when p is 13-generic the conditions |(1)H(ii)| above can always be arranged by an
appropriate choice of s, see Remark and [LLHL19, Proposition 2.2.15].) Up to a twist by a
power of wy we can furthermore assume that pu; = (r; +2,1); € Z? with N <r; +1 <p— N for
all 7, and hence

f-1 j
)P
W} j=o (TP @ 1> R w if p is reducible,
Plie =00 St S e
! +1)p? : i+1)p’
(WQfJ—O (rj+1)p ® w2fJ:O (rj+1p ) QR w if p is irreducible.

In this section we will study various framed Galois deformation rings of p, for which 3/ tame
inertial types play a role, and we now introduce them. (These are precisely the tame inertial

types 7 such that JH (a(v‘) ®F (Ng/F, © det)) NW(p) # 0, cf. Lemma [4.1.2| below.) Given

W € Adm" (t21)) = {t(2,1), W21, t(1,2)}f
arbitrary, write w* = t,w for (w,v) € W x X*(T). Define the type
i € r(sw p— sw (v))
(or just 7 when there is no ambiguity on @), which we always consider together with its lowest
alcove presentation (s(7), u(7)) & (sw™, pu—sw=t(v) — 7).

Concretely, s(7); = wj_l except when 7 = 0 and p is irreducible, in which case we have

(7)o = wwy !, and

(T’j, 0) if (tujwj) S]) € {(t(2,1)7 1)7 (t(2,1)m7 m)7 (t(l,Z)a m)}7

p(T)j +nj = { :
T (rj +1,=1) if (t;wj,85) € {(t2,1), 1), (t2)0,1), (ta2), D}

Then
(0) (0)
~a ~a . Hf—l
fZ) {2) (0) (0) ! jOS()j 1’
0 0 0 0
~a, +pf ~ay’ +pf .
wg} P 8 D ng% P otherwise,

1

\]
il

where a(®) = (ago),aéo)) € 72 is defined to be a(® & Z;;Spj(]_[gzl w;) (1(1); 4+ nj)-

Recall from [LLHLIY, §3.2] that we have a functor 7%, from V<307 (F) to 2-dimensional
continuous representations of G over F.

Lemma 4.1.1. Up to isomorphism there evists a wunique (semisimple) Kisin module 9
in Y =GO (F) of shape w such that T (%) = Plak., -

Proof. Define a Kisin module 901 of type 75 by AU) = Djw; (keeping the notation of Defi-

nition [3.1.1 and setting AY) & A%)B for some choice of eigenbasis 3 on 91) for some D =
(Dj) € I(F). By definition it has shape @. As @ € Adm"(t(2,1)) € Adm" (t(3)) we know that
M € Y=BG0.7(F) ([LLHLLY, §3.2]). By [LLHLM20, Prop. 3.2.1] the associated étale @-module
is given by

Mat(p\) = (Da(sw ™) tusw1())); = (Ds™tr);
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FiGUure 1. Extension graph
T=tw(X)+1

-1 0 1 2

x-1 Y41

in some suitable basis. As u —n € C, we know by Lemma that (s,p) is good, hence by
Proposition we can choose D € T(F) such that T7,("M) = plg,_. The uniqueness of M
follows as in [LLHLMTS, Thm. 3.2], [LLHLI9, Prop. 3.2.18] (this uses that 3 < (u(7); +n;, ) <
p — 4 for all j). O

Lemma 4.1.2. There is a unique bijection 6 : W(p) — {t21), t(Lg)}f such that for o € W(p)
and w € Adm" (t( 1)) we have

(20) o € JH (o(rg) ©F (Ni/z, o det)) & (i) # 0(c); V).

Moreover, if T is any tame inertial type, then JH (0(7’) ®r (Ng/F, © det)) NW(p) # 0 if and
only if T =1y for some w € Adm (t(21))-
Proof. We note that o(73) ®r (Nyp, o det) = o(r(sw™, p—sw=(v) 4+ (1,1))), and as @ €
Adm"(t(51)) we see that v — (1,1) € n+ Ag.

Recall from that the map w +— F(t,_,(w)) induces a bijection between A}, " C Ay and
the set of regular Serre weights with central character (u — 7)] Z,(F,)- By Proposition this

map induces a bijection between s¥ C Af;, " and the set W (p) (see just before loc. cit. for ¥),
and by Proposition this map induces a bijection between sw™! (X — ) C Af;, " and the set
JH (m ®r Ny /F, © det) (note that v — (1,1) = 7 in Ay). (Note that Propositions [2.4.2} [2.4.3
apply as soon as p — 7 is 2-deep in alcove C, and we have N > 2.)

We conclude that the statement of the proposition is equivalent to: there is a unique bijection
6> : %Y — {te1); t(m)}f such that for w € ¥ and @ € Adm" (¢(y 1)) we have

(21) wew  (B-7)NT & (0%w); £ Vj).
We first consider the case f = 1. In that case,

w € Adm" (t(5,1)) = {t(2,1), Wt2,1), t(1,2)}
and note that correspondingly

(w,7) € {(1,7), (w,7), (1, =7)}

As v acts by —1 on Ay, we see from Figure (1| and that 6%(0) = t(19) and 6%(7) = t(g1) is
the desired unique bijection.

For general f, the existence follows from the case f = 1 by taking 0% (w); = ta) fwp1-5=0

and 6% (w); = t) if wp1-j =Np_q_;. For uniqueness, fix j and let w; oo 1oty 1y for all j" # j.
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Then (21) simplifies to

_ — > ~
w1 € Wity _;(Spo1-j = Tpo1-j) NEpo1y & 07 (w); # 0y,

where X7 1_; & {0,%¢_1_;}, which gives uniqueness by the case f = 1.

We now justify the final assertion. We already know the “if” direction by . Conversely,
suppose that ¢ € JH (0(7’) ®F (Ng/F, odet)) N W(p). By there exist 2/ elements @ €
Adm" (t(1)) such that o € JH (0(75) @F (Ni/r, o det)). As o € JH (0(7) @= (Ny/r, o det)), the

representation o(7) @ x is an irreducible constituent of P,[1/p], where y denotes the Teichmiiller
lift of Ny, o det and P, denotes the projective cover of o as O[GLa(k)]-module. It thus suffices

to show that P,[1/p] has length 27.

We prove that P,[1/p] has length 2/ for any Serre weight 0 = F()\) such that A\ € X*(T)

satisfies 0 < (\, ) < p—2for all i € J. We first treat the case dimp(c) > 2. Then we have

dimg(P,[1/p]) = dimp(P,) = (2p)! by the structure of P, ' B, ®o F described in [BP12, §3]

(as P, is isomorphic to the injective envelope of o as F[GLa(k)]-module), and dimg(V) > p/ — 1
for any irreducible constituent V of P,[1/p] (as [V : o] # 0). Hence, if P,[1/p] had length
> 2/ + 1 we would obtain a contradiction as (2f + 1)(pf — 1) > (2p)f (as p > 3). On the other
hand, since any irreducible E[GLg(k)]-module has dimension < p/ + 1, a similar computation
shows that P,[1/p] has length > 2/, which proves the claim. The case dimp(c) = 1 can be
treated in a similar way, noting that dimg(P,[1/p]) = (2/ — 1)p/ and that P,[1/p] contains a
unique irreducible constituent of dimension 1. Alternatively, using [BP12, Lemmas 3.4, 3.5 & 3.8]
one checks that [P, : o] = 2/ and concludes by noting that irreducible E[GLg(k)]-modules are
residually multiplicity-free ([Dia07, Prop. 1.1, Prop. 1.3]. This moreover shows that ﬁa[l /p| is
multiplicity-free. ([l

4.2. Deformation rings I: single type. We now compute some Galois deformation rings of p
for a single type 7 and Hodge—Tate weights < (3,0), meaning Hodge—Tate weights (3,0) or (2,1).
We suppose that p is as in Fix now @ € Adm" (t( 1)) and 9 € Y <(3:0)7a (F) semisimple

of shape @ such that Tj;(M) = p|q,_ (Lemma |4.1.1). By the proof of Lemma M is such
)

that the associated matrix A7) %' A%, equals D;w; for some D; € T(F) and some choice of

eigenbasis 3 for M.

We use the notation

- x(9)
e 0 o
. i Wp_1-j = t(2,1),
0 d;éj) J ( )
R B
Dy_y_j= 0 0 if wp1-j = wity),
a9 o
U] i =ty
0 €95

(See Tables where the superscript (j) is omitted for readability.)
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Let Rﬁg(&o),m denote the maximal reduced, O-flat quotient of R%‘ that parametrizes lifts of p
of Hodge-Tate weights < (3,0) in each embedding and tame inertial type 75. For each dom-
inant character A € X*(T) let R%’Tﬁ’ denote the maximal reduced, O-flat quotient of R% that
parametrizes lifts of p of Hodge-Tate weights A; in the j-th embedding o; for all j and tame
inertial type 7.

Proposition 4.2.1. We have an isomorphism

PO Xagl 2 (R IO Y
J

where R < @O,ogjgf—lR(j) and the O-algebras RY) and the ideals IU) of R are found in Tables

)7T1I1

ﬁ. The irreducible components of Spec Rﬁg(:%,o are given by the Spec R%’m, where A = ()\;) €

{(3,0),(2,1)}/.

More precisely, via the above isomorphism, for any choice of X = ()\;) € {(3,0),(2,1)} the
kernel of the natural surjection Rﬁg(:&,o),m [Xi1,..., Xof] — R%’m [X1,...,Xo¢] is generated by the
prime ideal Zf;& p@Ar-1-5 of R/, 19 | where the ideals p@)Ar-1-i of R/ > 19 are found in
Tables [TH3.

Remark 4.2.2. To obtain Proposition we cannot use directly the results of [LLHLM23]|,
namely Theorem 7.3.2(2) there. In fact, on the one hand we need the precise equations for the
ideals I\9) to perform the computations in Proposition m (where we check that p is contained
in suitably chosen ideals in multi Hodge-type deformation rings). On the other hand we need to
perform Elkik’s approximation theorem (used in the proof of [LLHLM23, Thm. 7.3.2(2)]) in an
effective way to have “explicit” generators of the minimal primes of the multi-type deformation
rings. As a byproduct, we have less stringent conditions on the tame inertial types appearing
in Proposition above, in that the genericity of 7 is the explicit requirement that pu(7g)
is 11-deep in C\, rather than a condition on an inexplicit polynomial P. € Z[X;, X3] such
that Pr, (u(7a);) #Z 0 (mod p) for all j € J (cf. the geometric genericity condition described in
[LLHLM23, §1.3]).

Proof. We let T oo Ty for short.

As AY = D, the standard basis /3 is a gauge basis of 901 in the sense of [LLHLI9, Def. 3.2.23].
(There, MM € Y7 (F) but 1 plays no role.) For R’ a complete noetherian local O-algebra with

residue field IF define D%%O)’T(R’) to be the groupoid of triples (M, 3, 7), where M € Y=EG0.7(R),

B is a gauge basis of 9 (Definition D and 7 : MRpF = M sending B to B. From the definition

of a gauge basis, for any lift (9, 3,)) € D%(%O)’T

row 1 of Tables where the entries c%), c%) ... are in R, subject to AU/~179) reducing to our

fixed Z(f_l_j) modulo mp. By the analog of [LLHLM20, Prop. 3.2.1], the étale p-module over
Og¢ r corresponding to Tj,(9M) is given, at embedding (f — 1 — j), by row 2 of Tables

(R) the corresponding matrices AU) are given in

By the analog of [LLHLMI8, Prop. 4.18] the finite height conditions are given by

det AV=179) ¢ R* (v +p)3 V3,
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giving rise to the generators of the ideal 1\7)-=(3:9) in row 4 of Tables As in [LLHLMI8, Thm.

4.17, %(%70),7 is represented by the maximal reduced p-flat quotient of @O,ogjgf,lR(j)/I(j)é(?’vo),
which we also denote by %(%0)’7

By the second statement of Proposition (applied with h = 3 and noting that 7 is (N —1)-
generic) the monodromy conditions are given by

d t
(@)
forall0 <t <1,0<j< f—1. (Recall that the O(p"¥ =37 denote specific but inexplicit elements

of pN 3=t My(R).) Note that

PN(A(f—l—j)) = [_e/UdA(f—l—j) +A(f_1_j) (b(j) O,)
dv

[P (AU L 0N ) =0

Vv=—p

(v +p)* AV

0 W
_ o o a1 _ g1 (@9 0V s atm1y
N dv 0 0
def —q
modulo (v4p)® Ma(R[v]), where (b0), 1)) = (st ) Ha (i{ﬂ];m)) € 72 (see for aEi{T)’Jz(T)))
and o) & M € Zp)- (Note that the “other” term (b(OJ) c&)A(f*l*j)(v + p)3 (AU 1=yt

from the Lie bracket in equation is in (v + p)® Ma(R[v]).) We emphasize that the constants
a?,b0) and ¢\9) depend on the whole f-tuple @ € Adm" (tg).

Combining this, the monodromy condition is

d \! d , . 0 0
- L AU _q (1) [ @
(dv) U:_p{[vdvA 4 ( 0 0)

forall0 <¢<1,0<j<f—1 The entries of the left-hand side give rise to the eight generators
in row 5 of Tables where we denote al) by a1, ag, ag respectively (j being omitted in the
tables).

By equation in Remark we have
(b(j), c(j)) = (sgnf,j)*l(a’(S(T)7M(T))7j_f) = S(T)j_l(,u(T) +n); = (ws™ () — v); (mod p),

recalling that (s(7), u(7)) = (sw™, p—sw= (v) —n). As e =p! —1, we get al¥) = —((ws™ () —
v)j,af) (mod p). As p; = (rj +2,1), this gives us the explicit formulas for a9 (mod p) listed
below Tables [TH3l

Let R—(B )7V be the maximal reduced and O-flat quotient of R/ Zj(I(j)’S(?”O) +10V). Asin
[LLHLMI8, §5], using that ad(p) is cyclotomic free we get

(22) REPOTIX, L Xog] NRff OmVIvy, . L Y]

(v+ p>3<A<f”>>1} +0(N ) =0

(See in particular Thm. 5.12, Cor. 5.13, and Diagram (5.9) in [LLHLMIS§]|, noting that for us
n = 2, so the addition of the gauge basis requires 2f instead of 3f variables and the framing
of the Galois deformation requires 22 = 4 instead of 32 = 9 variables. Note also that Ts should
be Ty in [LLHLMIS8, Cor. 5.13], cf. the errata in [LLHLM20, §6]. Finally note that we allow
deformations with any Hodge-Tate weights < (3,0), so we do not have a restriction on the shape
as in [LLHLMIS, Cor. 5.13].)
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We now compute “explicit” generators of

def (3,0),7,V

I = ker (R—»Rﬁﬁ )
and show that Ioc =3, 1 (@) where the ideals IU) of R are given in row 6 of Tables (Note
that the O(p"™~8) tails in Tables involve variables of all embeddings. In particular, the tails

depend on %@ and not just on wy_q_;, and I () is not an ideal of RU) in general!)

We first define a dense polynomial sub-O-algebra Rggly of RY) for each 0 < j < f—1 by

def C12 doq e~

Réjo)ly = O[Cll, dllv :cn, ,C21y 71— d* , C29, 1‘22] if wf_l_j = t(271) (See Table ,
efy

) det d11 doo -

Rl(fo)ly & Olerr, —— o , C12, X9, C21, T, €22, o —] if Wy 1 =Wty (see Table ,
12 21

def d12 021 -

Réjo)ly = O[Cll, 1‘11, C12y, —— d , C22, d22, 1‘22] if Wf_1—5 = t(LQ) (see Table .

Note in fact that the subspace topology on Réjgly

ideal generated by all the polynomial variables above as well as w. (Note that the polynomial
def ( ) def (@)

4 ' ®O ,J ~ 'poly and IPOIY Z] Ip]oly7
where Iéi)ly is the ideal of Rl(fo)ly generated by the elements in row 6 of Tables without their
O(pN=8) tails.

is the m-adic topology, where m is the maximal

variables above are power series generators of R7).) Let Ryoy =

We first show that Ipoy C (1o, pN=9).

In the following, we will focus on Table [2| (the other cases being similar). Let us label the
elements on the rlght side of row 4 by (H;) (1 <1i < 3), of row 5 by (M;) (1 <i < 8), and of row
6 without their O(pN~8) tails by (G;) (1 <14 <5). Then, omitting superscripts (j) for simplicity,

(23

~—

1 * * * * 7k —
—(M7) + E(Ms) = diyc91 + (a2 — 2)(c12d5; + dipea1) + (diidas + pdiadyy) + O(p™ °)

"=

= —c1ady; + (az — 1)(crads; + diyear) + (diidan + pdipdsy) + O(p™ ),

so replacing c1adsy; + diyco1 by di1dag —l—pdad 1 using (Hp) we see that (G1), (G2) € ( Ino,pV77)
23

(noting that the left-hand side of equation (23)) is in the p-saturation of the ideal I( 7),=(3,0) 4 1(6).V
so is in particular an element of I.,). From (M3) and (G2) we get (G3) € (I, pV7°), as ag £ —1
(mod p).

From l[—(Mg,) + 1( 6)] and (G1) we get (G4) € (Ino,p™V°), as az # 2 (mod p). Replacing
c12, €21, €11 in (Mg) by using the elements (G1), (G2), (G3) and as az # 0, —1 (mod p) we get

(a2 —2)(az +1) .
az(ag — 1)

(d11da2 + pdiadsy) (d11d22 +p ds > +0(pN7?) € I,

hence (G5) € (I, p™5). Thus we have Ipoly € (Ioo, pV 7).
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For any 0 < j < f — 1 we can then consider the commutative diagram of O-algebras

@)

R/(IOO7pN75> -~ Rpoly/ poly
(24) T
R/L. O

where ¢9) is induced by the inclusions Rggly s RU) < R. Let HU) be the ideal of the polynomial
ring Ré‘{))l defined in [EIk73, §0.2] (and denoted there by 3, ,, K(a)A(a)) for the finitely presented
algebra O — RY) /I(])

poly/ “poly*

Lemma 4.2.3. We have p® € HU) + I[()]o)ly

Proof. We give detail for the case Wy 1_; = tt(y) (Table , the others being simpler. To ease
notation, we set z & 41 4 ¢ 332 and q & (@2=2a2t)) o x4 thay (G5) = a Y ay+p)(zy+ap).

diy’ az(az2—1)
It follows directly from the definitions that HU) contains the 5 x 5 minors of the Jacobian matrix
of I}()O)ly ((G1),...,(Gs)) (i-e. the ideal M,y with o = (1 ,...,q = 5) in the notation of [EIKT3,

§0.2]), in partlcular by direct inspection, contains the element (G5) =a 122y + pla + 1)y).
Thus, the ideal H) + Iéz))ly contains

(2(a+ Day + pla - 1)?)(Gs) - ((a + Doy + pla® + 1>)xa%<as> =p*(a— 1)

Asa—-1= —ﬁ and as — 1 = &(r; + 1) (mod p), we conclude that (a — 1)? € O* and
hence p? € HY + I(O)ly The cases where wy_1; € {t(1,9),t(2,1)} are similar, giving actually
p?e HO +19) . 0

def

We apply Elkik’s lemma analogously to [LLHLM23, Prop. 3.3.9]. Let A = R/I» = R%(%O)’T’V

which by definition is p-torsion free and p-adically complete. Write Rgo)ly = O[Xy,..., Xg] (re-
labeling the generators above) Let Hy U) ¢ A[Xq, ..., Xg] denote the Elkik ideal for the finitely

oo Rl(fo)ly/lp‘z))ly = [Xl,...,Xg]/II()JO)ly, so that Hl(gj) contains

the image of HU) via R}()o)ly — A[Xl, ..., Xg]. Diagram gives a surjection B — A/(p™V7?)
of A-algebras and taking lifts in A of the images of the X; gives a = (ay,...,ag) € A® such

that II()JO)1 (a) € pVPA. By Lemma 4.2.3| we get p® € Hp(a) + (o)ly( ) C HB( )+ pV A, so

p3 € Hp(a). As N —5 > 2 x 3 we may apply [EIk73, Lemme 1] (with I = A, t = p, k = 0,
n = N —5 and h = 3 in the notation of the reference) to find @ € A® that is congruent to a

modulo p?¥ =8 and such that Iéo)ly

presented algebra A — B

(@) = 0. In other words, we deduce the existence of an O-algebra
— R/I, such that ¢() agrees with ¢U) (i.e. the natural map)

. By takmg a tensor product of the 5(7) for 0 < j < f—1 we get an O-algebra
N-8

homomorphism gb 7)
N—8

poly/ poly
modulo p
homomorphlsm ¢ : Rpoly/Ipoly = R/Is such that gg agrees with the natural map modulo p
Since N > 8, ¢ is continuous and hence induces ¢ : R/I,0y — R/I that agrees with the natural
map modulo pN 8. As N > 10, the map ¢ : R/I,0y — R/Ix has to be surjective.
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By Lemma [3.3.1| and the explicit description of I}E{))ly = (G1,...,Gs5) (cf. row 6 of Tables

, one easily gets that R(j)/ Iégy is reduced, O-flat, with two irreducible components that are
geometrically integral and of relative dimension 3 over O. By [Call8, Lemma 2.6] and [BLGHT11,
Lemma 3.3], R/Iyoly = @OJRU ) / Ié{))ly is reduced, O-flat with 27 irreducible components, each of
relative dimension 3f over O. Hence the surjection

7 ~ p<(3,0),7,V
(25) & : R/Ipoty — R/Ioc = RS2
is an isomorphism, provided that R%(%O)’T’V, or equivalently Rﬁg(&o)’T by , has at least 27

irreducible components. To see this, it suffices to show that for any choice of A € {(3,0), (2,1)}/,
p admits a potentially crystalline lift p of type 7 with HT;(p) = A; for all j. This in turn follows
from [GHLS17, Thm. D], provided

(26) TH(o(7) 85 @ VE( — (1,0)) N W (5) # 0.
E.j

The left-hand side contains JH(o(7) ®p Qg ; Ve((1,1))9)) N W (p) using L(a,b) @r L(2,0) =
Lia+2,b)® La+1,0+1)® L(a,b+2)if 2 <a—b < p—3 when \; = (3,0). (Note that
the highest weights of the elements of JH(o (7)) are 7-deep, as follows from Proposition and
Remark [2.4.5(iv)}) Hence follows from Lemma

As (25) is an isomorphism and induces the natural map modulo p™—
I N—-8\ _ I N-—8
( poly, P ) = ( 0oy P )

Lemma 4.2.4. There exists an automorphism of local O-algebras v : R — R such that

8 we conclude that

R—Y R

o

®
R/Ipoly < R/Ioo

commutes and such that v induces the identity modulo p™¥=8.

Proof. Let us write R = O[X;,..., X;]. As gg induces the identity modulo pV~% we see that for
cach z € R there exists e(z) € R such that ¢(z + Looly) = = + pNV78¢(2) + I. Define ¢ by
demanding that (X;) = X; + pV8e(X;) forall 1 < i < k. As N > 10 (in fact, even N > 9
suffices) it follows that 1 is an automorphism of complete noetherian local O-algebras, and the
lemma, follows. U

In particular, ¢ identifies Il With Ioo. Thus oo =32, 1 (@), where I is the ideal of R given
by the explicit generators in Tables (by applying 1 to the generators of Iely). Moreover it
follows that the ideals p & > p)Ar—1-i of R for A € {(2,1), (3,0)}/, where the p)Ar-1-5 are
defined in Tables are the distinct minimal primes containing /.

By the above argument that is an isomorphism, we know that the irreducible compo-

nents of Spec Rﬁg(:&,o),m are in bijection with the set {(3,0),(2,1)}, explicitly given by sending

a component C to the labeled Hodge—Tate weights of the framed deformation corresponding to
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any closed point of the generic fiber of C. So the components are indeed given by the Spec R%’T’E,
where A = () € {(3,0),(2,1)}/.

It remains to establish the final claim identifying irreducible components. For any A = (};) €
{(3,0), (2,1)}/ consider the kernel of the composition

. ~ §(370)7T»v S)VT?V
or: R~ R/Ic = RS — RSV

By above we know that ker(¢y) is of the form (y,cx p* for some subset X of {(3,0),(2,1)}/ of
cardinality 2*, where k et #{j : \j = (3,0)}. For the identification of components it suffices, by
induction on A, to show that \; = (2,1) implies that \; = (2,1) for all X € X. If this is false,
then there exists 0 < j < f —1 and X' € X such that Ay_;_; = (2,1) and X} _;_; = (3,0). By the
same argument as above for row 4 of Tables (as Ap—1—j = (2,1), the finite height conditions
imply that each entry of AU~179) is divisible by v + p), we deduce that cgi) € ker(¢y) C pV for
all 1 <4,k <2 and moreover dgjl dgé) + pdigj )d;y ) € ker(¢y) C pV in case of Table (using row
4). From the additional assumption that )‘lfflfj = (3,0) it is now easy to see, using row 8 of
Tables that p € p", which is a contradiction. (In the notation of Remark we have
p e gD 4 p0)30) € pN | where q7)(21) denotes the ideal defined there.) O
Remark 4.2.5. Suppose that A € {(3,0),(2,1)}/ is such that A;_1_; = (2,1) and let p dof
g pU A1y (an ideal of R). As observed at the end of the proof of Proposition we see

that cgi) € p*. Using row 4 of Tables we can even say that

A

(11, c12, a1, C22,d11) C p if wy1-j = %21

d11d22

(611,012, 21, €22, +p) Cp? if wy_1-; =10l@)),

* *

12051
A e~

(c11, €12, €21, €22, d22) C P if w15 =112,

as ideals of R, where we omit the superscripts (j) for readability. Moreover, the sum of the ideals
on the left equals p* if A f—1—j = (2,1) for all j (by dimension reasons or since the monodromy
condition is vacuous in this case).

Corollary 4.2.6. For each A = (};) € {(3,0),(2,1)}/ and @& € Adm" (t(y1)) the special fibre of

Spec R%’m is reduced and all its irreducible components are formally smooth over F.

Proof. Referring back to the proof of Proposition as well as Lemma we have an iso-

morphism R%(%O)’T’V = R/I,0ly and

—

Tw ~ j ) Af—1-5
(27) R%’ [[Xla---,X2f]] = <®070§j§f1R(j)/p1()Jo)lyf 1 ]> [Y1,...,Yd],

where p(j)’)‘f ~'77 is the ideal of Rggly generated by the elements of rows 7 and 8 in Tables
without their O(p™N~8) tails.
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From and right exactness of completed tensor products we obtain

—

(R%:Tﬁ;/w)[[Xl,,,.,XQfﬂ = ((®0,0§j§f ) /p(J Af—1- ]) /(w)) [D/l”n]]
<®F,0§j§f—lR(j)/< 7p1(ao)1;\f " J)) [Y1,...,Yq].

By Tables [1]]3] we sce that R(J)/( DNy 2 B2, Dyl (217, Do Do) for

some m < 1. It follows from (28) and Lemma that

R%’m/w = F[UL, .. Uprarm]/(UrUz, . . ., Us—1Uzpm)

for some m < f. O

(28)

I

4.3. Deformation rings II: multiple types. Inspired by the techniques of [Lel9, §3.2] we now
compute some multi-type deformation rings.

We suppose that p is as in For o € W(p) let Rﬁg(s,o),a

quotient of Rg that parametnzes lifts of p of Hodge—Tate weights < (3,0) in each embedding and

denote the maximal reduced, O-flat
tame inertial type 7 for some 7 such that o € JH ( (7) ®F Nisr, © det) Letting w, def 0(o) via
the bijection 6 of Lemma [£.1.2] and
def ~ ~ .
X(0) = {w € Adm" (t(2,)) : Wj # (05); Y j},

we see that Spec RZ is the flat closure of Ue x () Spec Rﬁg(?”o)’ﬂD [1/p] inside Spec R%. Also,
define a bijection i : Adm" (t(2,1)) = {1,2, 3}/ by letting i(w) be the f-tuple given by

(3 0)7

1 lf ’UN)] == t(271)
2 lf ’LZ)J — mt(Q’l)
3 lf 1I)] — t(172)
forall 0 <5< f—1.

Proposition 4.3.1. We have an isomorphism

REPDXy, .. Xop] & (5/ N Z 19 )[[Yl,...,n]],
weX (o) J
where S %< @Ovogjgf_ls(ﬂ and the O-algebras S and the ideals I,L(bj) of S are as in Table
if (Wg)f-1-j = t(1,2), whereas SU) and the ideals I,L(Dj) of S are as in Table@ if (Wg)f-1—5 =

<(3,0),0

t2,1)- The irreducible components of Spec R, are given by the Spec R%’m, where X = (\j) €

{(3,0),(2,1)} and w € X(o).

More precisely, via the above isomorphism, for any choice of A = ()\;) € {(3,0),(2, 1)}/ and
w € X(o) the kernel of the natural surjection R, [[Xl, . ngﬂ — Rﬁ’m [X1,...,Xoy] is
generated by the prime ideal Z] 0 pw) M1-i o S/ Naex(o) 2 [ ) where the ideals Pfy) i
S/ Naex(o) 22 ij are found in Tables Iﬁ
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Proof. Recall that p|r, = 7(s,u). The proof of Lemma shows that the étale p-module
associated to p|g,__ is given by Mat (W) = (Ds*t,+); in some ba81s for some D = (D;) € T(F).

Define 5%), 65]1') € O* to be the Teichmiiller lifts of the diagonal entries of Dy_1_;. Also let

def
ug- =pj—(1,1) = (r; +1,0).

Let § & S/ meX Z I . Consider the étale p-module M over (’)g,g given by

Mot ) = (<v+p><5§9+x1§>>+c<” W N+ p)d) + o) ()) s
b]
(v +p)dsh + ) (04 p)EE + 250) + ) + :

in a suitable basis, where béji) 0 if (W5)f-1-j = t(1,2) and b%) L0 if (W5)f-1-j = t(2,1)- Write
def

S[Y] o S[Yi,...,Yy] for short and define the p-module My = M@5S[Y] over O, 3y

Let Mg M ®gF. As every variable in SU) gets sent to zero in F and pi = (r;+2,1), we see

that Vi (Mr) = plg,_ . Fix an F-basis yp of Vi (Mr) = plg,__. If p is reducible, we demand
moreover that vp 1, yr 2 each span G -stable lines.

Fix an S-basis v of Vi (M) that lifts yg. Then the Gk_ -representation V*K(Mg[[yﬂ) together

with the basis (1 + G; g) )(y ® 1) gives rise to a homomorphism ) : R%GKOO — S[Y].

For notational convenience, rename the variables (X7i,...,Xy) as X' & (X0s -, X}_1) and
(Xf41,...,Xop)as X" e (X0, XF_1). Extend ¢ to a homomorphism ¢ : EL [[X’ X" —
S[Y] as follows:

) = xigj) if 0 <j < f—1orpis irreducible;
Y1 if j = f — 1 and p is reducible;

" o ifo<j<fo1;
Y, ifj=f—1.

Claim 1. The map ) : R%;G [X', X"] — S[Y] is surjective.
Koo

We will check it is injective on reduced tangent vectors, i.e. on F[g]/(?)- points. Pick any
continuous homomorphism ¢ : S[Y] — F[e]/(?), let ty : S[Y] — F — Fle]/(c?) be the zero
G

vector, and suppose that t o ¢ = tg o 1. Abusing notation, we will write t(b ) = sbfg ) for some

ik

b%) € F on the right, and similarly ¢(c (])) = sc%), t(d(])) = sd%), t(:n;‘,gj)) = sx%), t(Y;) = ey;.

From the definition of ¢ (and ¢t o ¢ =t 0 1) we deduce x%) = xgjl) =0for0<j< f—1,9y4=0,
and

(29)

xg*l) =0 if p is irreducible,
y1=0 if p is reducible.

Also, since a fortiori t o 1y = tg o Yy, we see that there is an isomorphism

(30) Xt Mgy &y, Flel/ (€%) ™ Mgy @spy.Flel/ (€9)



GELFAND-KIRILLOV DIMENSION AND MOD p COHOMOLOGY FOR GL2 36

such that V7 (\) sends the basis (1 +¢ <Zy/1 32) )(y®1) to v ® 1. In particular A\ mod ¢ is the
3 Y4
identity of Mp.

Hence, as Og pl)/(c2) = H;;& F((v))[e]/(€?), the isomorphism A is realized by change of basis
matrices of the form

1+eMy 1 € GLa(F((0)[e]/ (),
for some My_;_; € Ma(F((v))). In other words,

(J)
(1 +8Mj—1) (5 5(J)> -1 “J(l — ECP(M )) —
(31) 21

(e el e el e\
e(dgjg) + cgjg)v_l) 5&1) + 5(:17( 7 + cgjl)v_l + bgjl)v_z) J

where we have divided by v, and j is considered in Z/ fZ, as usual.

Let k; € Z be minimal such that v*i M; € Ma(F[v]). Consider

o 5(]) -1
1—5()0(Mj) =v uij 5(]) (1—8Mj_1)'
21

'(5(])—|—s(x§”2)+c(2)v_1+bg)v_2) | (d() -1 (J) ) )3_10%.
v el st i)

Then multiplying the right-hand side by v 1 - v%i-1 . v? makes it v-integral, hence pk; < kj_1+

rj +3 < kj_1 +p — 1 by genericity. This implies pmax; k; < max; k; +p — 1, so max; k; < 1,
meaning M; € My(F[v]) for all j.

From we get by multiplying on the right by v " st

59 55]2) 1,15 —
Mj— ROy sty ) 55 Ve (M)v sy =
21 21

_ :U%)+c§]2)v*1+b(j) -2 dgj) *1+c§j)vf2
de)—i_ng) -1 x(l)—i-cgﬁ)v*l—l-bgjl)v”

(32)

Recall that we assumed sj=1forall 0 <j < f—1and sy=1if and only if 5 is reducible (see
the beginning of .

As the (1,1) and (2,2)-entries of the left-hand side of (32| are v-integral, we deduce that
c%) = b(]) = 0(231) = b(l) = 0. From the (2, 1)-entry of when s; = 1 (resp. the (1,2)-entry of
When sj # 1) and from 2<rj+1<pwe deduce that v | (Mj)21 for all j. This implies
that the left-hand side of (32)) is v-integral and its (2, 1)-entry is d1v151b1e by v. In particular,

dﬁ) = ng1) = déjg) = Cég) =0 for all j.
If s; =1 (e.g. if j # 0) we have by (32)) and the previous paragraph

{:ng) = 5(])((Mj71)11 — (M;)11)|v=0,

(3 25 = 85 (Mj—1)22 — (M;)a2) |=o-
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If s; # 1 then we have by (32]) and the previous paragraph

(34) {1.52) - 5§]2)((M] i — (Mj)QQ)’v:(L

257 = 057 (Mj-1)22 = (M;)11)|o=o.
Recall that x%) = xgjl) =0forall0 <j < f—1. If pis reducible (i.e. sp = 1) we deduce by
that >, (5%) x%) =2 ((5(3)) méjl) =0 and hence that :c%) = xé]l) = 0 for all j. Otherwise
(i.e. so # 1), we deduce from that 3= (( ) 1xg]2) ((5(])) xél)) = 0 and hence by that

xgjg) = :ng]l) =0 for all j. As a result, the right-hand side of vanishes and we conclude that

(My_1—_5); € Endymod(Mr). Denote this endomorphism by &. From the properties of A (see

and the line after) we have (14 eV3(€))(1+¢ (Zl ZQ) YJ(Yy®1) =v®1, 50 Vi (&) = — @1 i@
3 3

with respect to the basis yr. On the other hand, Endg.mod(Mr) = Endg,__ (plk..) = Endg, (p)
by Lemma [3.2.8

If p is (absolutely) irreducible, then End,.moa(Mr) = F. As y4 = 0 we conclude from the
formula for V7 (&) that y; = 0 for all 4.

If p is reducible, then Endg meq(Mr) = F x F. By our condition that g1, yr2 each span
Gk -stable lines, we conclude that yo = y3 = 0. Using we also have y; = y4 = 0.

We have shown that ¢ = tg, completing the proof of Claim 1.

We consider now the surjections

O <(3,0),0
RY — R; — R3

Plok.,

(For the first, see [LLHLMIS| Prop. 3.12] and use that ad(p) is cyclotomic free.)

<(3,0),0

Claim 2. The map 1 : R — S[Y] factors through the surjection RY
plGKoc P|GK P

By O-flatness it is enough to check that any closed point = of Spec S[Y][1/p] is sent to the closed
<(3.0), ?[1/p] of Spec Rl [1/p]. Let p, be the maximal ideal of S[Y][1/p]

corresponding to x. Its residue field k() is a  finite extension of E.

subscheme Spec R—

By definition, ‘
N -0
weX (o) J

in S, hence there exists some @ € X () such that >, Ig) C pa.

We now observe that we have a canonical isomorphism
(35) S/ ng) ~ R/ Z 19,

where the right-hand side is the ring of Prop081t10n 1| (for the type 7), using the change of
variables in Figure [2[ (where we omit the superscripts ( ) for readability). (We caution that the
constants a; and the O(p™~®) tails in Tables depend on w and not just on wy_;_;. Moreover,
recall that the O(p™¥—%) tails in Tables involve variables of all embeddings, so the change of

variables of I() really depends on @ and not just on ws_;_;.)
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F1GURE 2. Change of variables between the tables
Table 1 6>{1 d11 C11 d21 C12 C21 ;2 C29
Table 4| | dis | c12 — pdiy | bio — pcio | doo | di1 | coo | d3y | co1

Table (3 ’1K1 C11 dlg C12 | C21 632 d22 C29
Table To | c12 | di1 | ci1 | doo | d3y | co1 — pd5y | ba1 — pear

@1

Importantly, under the isomorphism the p-module in Tables becomes identified with
the ¢-module described in Tables Thus the p-module ME[[X]] ®§[[ﬁ]/<;(x) is one of the -
modules described in Tables |13 for the type 74, at least after replacing O by O(,). In particular,
by the proof of Proposition we know that V7. (/\/lg[m] @gﬂﬂn(x)) is the restriction to G, of
a potentially crystalline representation p, of Gx over k(x), of inertial types 75 and Hodge—Tate
weights < (3,0). Together with the basis v ®; 1, pz|ay_ is a framed deformation of p|g,_ . By
Corollary pe is a framed deformation of p, completing the proof of Claim 2.

Claim 3. The ring S is reduced, O-flat, and has 4f irreducible components, each of relative
dimension 3f over O.

For short, let Iy < >, I,L(Dj) for any w € X (c). Recall that #X (0) =2/. As S =5/ Noex (o) L
and each S/Iy is, by construction, identified with the ring R/ 3, I (@) of Proposition (for the
type T), we deduce that S is reduced and O-flat and that, in order to establish the claim about
irreducible components, it suffices to show that the ideals I are pairwise relatively prime in S[1/p).
Pick w0 # @' in X (o) and choose j such that @y_;—; # @} ; ;. Assume (i@,)s-1-j = t(1,2), SO

we are in the setting of Table (4| at embedding j. Hence by Table [4| the ideal Ig ) + 1 g,) contains
an element of the form (recall we omit the superscripts (j))

" di1d . rdid _
<012 —pdis + (a1 — 2) 2* 22) - (012 - anlQ(ﬁ +p)) + O(PN 8)
21 12%21

dy1d
= p(az — 1)djy + (a1 + a2 — 2) =22 + O(p™ ).

As ag # 1 (mod p), a1 + az = 2 (mod p) (see the explicit formulas below Tables [I}H2]), and
N > 10 we deduce that p € I,g) +19)

& » which in turn is contained in Iz + Iz. The case where
(Ws)f-1-j = t(2,1) is analogous, checking that p € Ig) + I(~J,) by using the two elements of the

form co1 + ... from Table 5] This establishes Claim 3. “

Conclusion of the proof. By Claims 1 and 2 we have a surjective morphism Rﬁg(?),o)p [X', X"] —
S[Y]. By [Kis08, Thm. (3.3.8)] the ring Rﬁg(?),o),a is reduced, O-flat, and each irreducible com-
ponent is of relative dimension f + 4 over O. By Proposition it has precisely 4/ irreducible

components. By Claim 3 and as (f +4) +2f = 3f + 4 we deduce that Rﬁﬁ(?”o)"’[[g,g’]] ~ S[Y].

The identification of irreducible components follows from Proposition as for any w € X (o)
the isomorphism Rﬁg(:&,o),o [X', X"] = S[Y] factors through the isomorphism Rﬁg(:&,o),m [X', X"] =
S/13[Y] of Proposition (keeping in mind the change of variables discussed in the proof of
Claim 2). ]
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Lemma 4.3.2. If (W,)f-1-j = t(1,2) let

).(2 def
qg-])v( s ) (bl — PCi12,C11, C12 —pd127021,c227d11)

)21 det di1da2
qé])( ) <b127611a61270217622’d* d* +p)
12021

and if (Ws)f-1-j = t(2,1) let

Cléj)’(z’l) « <521,C11,012,021,C22, ZEZ? +P),
12421
Clz(),j)’(z’l) L (by1 — pear, e11, 12, a1 — pdsy, a2, dag),
where we omit the superscripts (j) for readability and we consider these as ideals of SG) . Let
we X(o ) Then q(()(21 e Zf' opg))\f " whenever A\f_1_; = (2,1) cmdzf ())(fzi)J =

Zf Opw 2.1) (as ideals of S).

),A
Proof. We can check the containment after reducing modulo I n Z Z L 0 pw f-1-d!
Hence this follows from Remark (and the identification (35)) in the proof of Propos1t10n 4.3.1.
The final equality follows by dimension reasons. O

Recall that p : Gxg — GLa(F) is such that 5|7, = 7(s, i), where p — n is N-deep with N > 12
(see item in §4.1).
Proposition 4.3.3. Keep the hypotheses of Proposition[{.3.1] and the definitions of Lemmal[{.3.9
Then for any 0 <j < f—1and any w € X (o) such that i(0)s_1—; = 2 we have p € q( fkeay N

gD L DGO 5y o and p e gD Ag@ED L DGO ey s

Proof. Suppose that (i0y)7—1-j = t(1,2). We will systematically omit superscripts (j) and write

pg3’0) instead of pg‘),(&o) for readability. From rows 4 and 8 of Table [4| note that the following
(3,0),

elements are in pg

 (dud B
C21 + ((12 - 1) 21 <dildi2 +p> + O(pN 8)7
12421

d11d22 (az —2)(az + 1) N_8 <d11d22 ) 2p N_8
+0 - +p) - —L LoV
R e I A Vv A B e VI

By eliminating d11d22 + p using the last element we get

21+ ajd& +O(pN®) e pi?.

Noting that c; is in q§2’1) N qg’l) we deduce that

2
p( )+q(2 1) ( 1) =) ;Zdzl_FO(prS)

2 B
= p<d21 +0@pY 9))-
a
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As N > 10, the factor in parentheses is a unit in S, so we obtain p € pgg’o) + qf’” N q§2’1).

The case (Wy)f—1-j = t(2,1) is completely analogous, using from rows 3 and 6 of Table |5 that

cra — —2—diy + OV %) € p,
as — 1
e1r € gV (g8,

1
(Alternatively, we mention that the element (2 0) normalizing the Iwahori interchanges shapes

t(2,1) and t(; o) and preserves 1t 1). It can then be seen that Tables 1 and 3, and likewise Tables
4 and 5, are interchanged under the transformation sending c;, d;, ... to c3—i3—k, d3—i3—k, - - -
and a; to 1 —ag—;. In this way we can reduce the second case of this proposition to the first.) O
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. ox 2
TABLE 1. Shape Wy 1 ; =t(91), i.e. ZU=1=0) (61111 0 >

%
0 590

41

AU-1-9) ((U +p)%efy + (v+p)du +en €12 )
’U((U + p)dgl + 621) (U + p)dSQ + co2
¢p-module at the (i((v +p)?efy + (v +p)du + i) c12 ) g1 (UWH 0>
(f =1 — j)-th embedding (v 4+ p)da + c21 (v+p)ds5y + ca2) 7 0 1

R

Ofei1, dir, @31, c12, €21, dat, €22, T35

1(),<(3,0)

C11€22 + pc12c21,
*
d11¢c22 — 12021 + €11d59 + De12do1,
* *
el1c22 + di1dyy — ci1ada

7))V

(a1 — 1)dy1caz + arcridsy + p(duidsy + 2€f1c2) + O(p ™4,
coo(arerr + pdir) + O(p™ 2),

c12((ay — 1)dyy + 2pel;) + O(pN =),

ci2(arcir + pdin) + O(PN%)’),

(a1 — D)earcas — p((a1 — 3)darcaa + (a1 + L)eadsy) + O(p™N 1),
p((a1 — 1)earean + pldarcas — condiy)) + OV 3),

(a1 — V)eracan + cridyy — p((ar — 3)ciadar + diidyy) + O ™4,
p((a1 — L)erzean + cridsy + peiadar) + O(pN )

70

d
di1 + (a1 — 2)012 21y O(pN~8),

*

22

d
ea2 — (a1 — 1) 220 L O(pN 8,
€1
a1 — 1)(a1 — 2) ¢12(doq)?
021+( 1— (a1 —2) 12*( 2*1) L oYY,
ai €11022
01;:121 ((a1 —1)2(a; — 2) 012(;31 —p) O,
22 a1 €11%92

(c12+ 06" (a1 = 1ar =2 BE — 29+ 06 ))

C11 —

p(j),(Q,l)

1) + (12 + O ))

p(j)7(370)

. d
10) + ((a1 —1)(a1 — 2);26;1 —2p+ o(pN8))
1122

Here, a1 € Z(p) and a1 = —(sj_l(p,j) —-(2,1), oz;-/> = —sgn(s;)(r; + 1) + 1 (mod p). For readability we write

ai, ¢ik, etc. instead of a

()
1

; d — def —
¢ ete. Also, note that i = el; — [ef;] and z3, = d3y — [d3,].

’ Vik

Note that both a; and the O(prS) tails depend on the whole f-tuple @ and not just on wy_1_;. Also, the
O(pN_S) tails involve variables of all embedding and 16V @) p<j)’(2’1) and p(j)’(s’o) are not ideals of R
in general. A similar comment applies to Tables below.
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(-1 _ [ 0 diyw
TABLE 2. Shape wy_1_j =Wt ), i.e. A <d§1v 102 )

42

Af=1=4)

( (v+p)di1 + cin (v+p)dis + 612)
v((v+p)d3 +ca1) (v+p)daa + e

p-module at the
(f —1—j)-th embedding

((v +p)diy + c12 %((v +p)di + Cn)) 1 (vm‘+1 O)
(v+p)dae+c2  (v+p)ds +cn J 0 1

RU) Olei1, di1, €12, 79, c21, T3, €22, do2]
di1daz — (cr2ds; + digca1) + pdiadsy,
106),=(3,0) c12¢21 — di1c22 — ci1daz — p(ciads; + diaca1),
C11C22 + pciacal
(az — 1)dy1can + ageridag + pldiidag — 2digcar + pdiadiy) + O™ ),
asericn + p(direas + pdipcar) + O(p™ —3),
(ag + 1)endiy + (ag — 1)diyein + O(p™N 1),
azericrz + p(direr — cnndiy) + 0PN 73),
10V (CLQ - 1)621622 - p((CLZ - 3)d§1022 + (a2 + 1)C2ld22) + O(pN_4)7
p((ag — 1)carcan + p(ds oo — co1daz)) + o(pN~?),
(a2 — 1)cracar + cridaa — p((az — 3)ciady; + (ag — 1)diqen
+ di1das + pdjydy,) + O(p™ 1),
p((az — 1)erzean + ciidos + perady;) + O(p™ —?)
di1d
cor (a2 = iy (92 ) + 06",
12021
. (dud )
C12 — a2d12<dildi2 +p> + O(pN 8)7
12021
. — 1) di1das
(&) poala2=l), ( +>+0 N8y,
“u as +1 diad3y P v
as(as — 1) <d11d22 > N-8)
€22 42 Tty +p ) +0@(P"°),
dy1da2 ) ( az(az — 1)  diida N_8 )
+p+0 +p+0
<d1<2d* ( ) (az —2)(az + 1) diyds, b v )
NOXERY 19 + ( s |yt o 8))
diydsy
p(0).30) 16) 4 < as(az — 1) dyidas tpat O(pN8)>

(CLQ — 2)(@2 + 1) d’{2d§1

Here, a2 € Z) and a2 = 7<ms;1(pj) —(2,1), o)) =sgn(s;)(r; +1) +1 (mod p). For

- . . * f o« 5
readability we write az, ci, ete. instead of a’, ¢%), etc. Also, note that z7, def g, — [df,] and

def
o = db — [ * 1.
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*
0 e3v

~ . —(f—1—j dF v 0
TABLE 3. Shape wy_1_j =1(1 ), i.e. A(f ) _ ( 11 2>.

43

A-1-3)

((U +p)di; +ecn (v+p)di2 + c12 >
ve21 (v +p)2esy + (v + p)daz + ca2

p-module at the
(f =1 — j)-th embedding

(

(v+p)diy +cn %((v + p)di2 + c12) 1 (Urjﬂ
veal L((v+p)Pesy + (v + p)daz + c22) | 7 0

0
1

)

RY)

Olcir, x5y, 12, di2, €21, c22, d2g, T3]

1().<(3.0)

€11€22 + pc12c21,
sk
c11da2 — c12¢21 + djjca2 + pdiacal,
* *
c11€99 + diydoe — digea

71UV

agcidaz + (ag — 1)dj coo — p(di das + 2c11€35) + O(p 1),
c11((as — 1)caz — pdaa) + O™ ~3),

co1(agdaz — 2pesy) + O(pN 1),

co1((az — 1)eaa — pdag) + O(p™72),

azericiz — p((az + 2)enndiz + (a3 — 2)diye12) + O(p™ %),
plasciiciz — penndiz — dipci2)) + O(pN=3),

azciacar — dijcas — p((as + 2)dizcay — diydas) + O(p™ %),
p(ascizcar — dijcan — pdiacar) + O(p™ )

709

di2c21
*

11

do — (a3 + 1) +0(pN8),

d12c1 _
c11 +az——— 4+ 0(p™V78),

€39
as(az + 1) (d12)3c _
ey - WD Doy o)

az —1 dij es,

dy2c1 <(a3)2(a3 + 1) di2ean
c22 —

* * *
11 az—1 11622

- p) +0(" %),

disc _
(car + 06" %)) (ms(as + 1) 22 — 2+ 00"
11622

p@-2)

19 4+ (021 + O(pN_S))

p(]) ,(3,0)

| d
o (a3(a3 Loy O(pN_S))
11622

Here, a3 € Z() and a3 = —<sj_1(uj) —(1,2), ) = —sgn(s;)(r; +1) — 1 (mod p). For

0) @)

. . def
readability we write as, cik, etc. instead of ag’’, ¢;;/, etc. Also, note that x7; = di, — [d%,] and

def —
T30 = €3y — [€5,).
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TABLE 4. Multi-type deformations: shapes wy_1_; =) and

Wp_1—j = wt(g 1)

Multi-type ¢-module at
the (f — 1 — j)-th embedding

(U er)dfg +c12 + 17172
(v+ p)daz + c2

?1;((“ +p)di1 + Cn)) g1 (U
J

7‘]'+1 0
(v +p)ds; + e 0 1)

S@)

Oleci1,di1, bia, c12, 279, €21, 51, C22, d22]

ci1 + pdit,

d
c12 — pdis + (a1 —2)——=

di1d
ca1 — 1) L 0N,

*

12

(a1 —1)(a1 —2) du*(dz*z)z + OV,
a diads,

dqi1d a1 — 1)2%(ay — 2) dy1d
bia — pers — 11* 22(( 1 ) (a1 ) ild?
21 ai 12021

_ (CLI

co9 +

~p) + OGN ),

(du + O(pN_S)) <(a1 —1)(a1 — 2)3;3; —2p+ O(pN_S))

b1,

co1 + (a9

di1d
1>d§1( 11022 +p) + oY),

12d;1
. /dud B
C12 — a2d12< ild22 +p> + O(pN 8)7
12721

az(ag — 1)d11 (d11d22 —f—p) + O
az + 1 &yl

-1 di1d
as(as )d22( 11d22 +p) L0

i >>(<

c11 +

C22 —

<d11d22
diad3y

1 di1d
as(ag — 1) 11d22 +p+0(pN_g))
12021

tp+ 0 @+ 1)

(9):(2,1)

Py (W) -

1—5=1

Ig) + (d11 + O(pN_S))

pI B0 i@y =1

d11da2
diads,

19 + ((m —1)(a1 —2) — 2+ O(pN—8>)

(9):(2,1)

i dird
P (W) 1y =2 17+ ( 11d22 +p+ 0" ))
12
(),(3,0) o 10 4 ( as(az — 1) diidao 4ot O(pNS )
b 7 o =2 1) gy, TP

For readability we write a;, c;k, etc. instead of a;

23 def a5,

. £ J—
) C£]~>7 etc. Also, note that x7, d:e di, — [df,] and

[d21] where d12, d21 € FX. Note that the constants aj, az and the O(pN 8) tails coming from

Tables (by the change of variables in Flgure. depend on the whole f-tuple @ € X (o).

44
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TABLE 5. Multi-type deformations: shapes wy_1_; = wt(y;) and
'[Df_l_] = t(172).

Multi—type‘ p-module at. (v + p)diy + c12 %((U +p)diy + 011) 1 (UTj+1 0>
the (f — 1 — j)-th embedding (v + p)das + oo (v + p)ds; + co1 + 13271 j 0 1
S0) Oleir, din, 12, 279, bat, €21, 31, €22, d22]]
6215
di1d _
car + (a2 = Dy (92 +9) + OGN ),
12021
di1d _
C12 — a2d12< il 22 +p) + O(pN 8),
G) “12%
I y i(lb)f_l_j =2 CLQ(CLQ — 1) (d11d22 )
w + +p)+O0(p
RN | diydy, 7
ag(ag — 1) (d11d22 )
c22 — d +p)+0
. az —2 diadyy P
d11d22 N_g ) ( az(az — 1)  diida N_8§ )
. TP+ O +p+O(p
( 12d3, ( ) (a2 — 2)(ag + 1) diyd%; ( )
co9 + pdag,
di1d
o1 — pdy; — (a3 + 1) =22 + O(pN %),
12
di1d _
c12 +as .- +0(p"N?),
21
i i(W0)f-1-j =3 ag(as + 1) (d11)%d2 N_8
w —_ O
ci1 w1 dipds, +0(" ),
di1das ( (a3)?(ag + 1) di1dae N_g§
ba1 — pea1 — —; ( —— —p>+0(p )s
12 az—1 diadsy
di1d
(d22-+ 06" ) (astos + 122 — 25+ OGN )
12021
@21) .- (), (duda2 N-8
Po (@)1 =2 Lit + g g P H007)
12021
(4).(3.0) ) ag(az —1)  dyidar N_s )
P By (0~ 2 + 1) digdy P HOP)
o i) =3 15+ (do2 + OGN )
(7).3.0) _ () dirdao N-8
P (W) po1-j =3 I’ + | aslas +1) = =20+ O™ )
1221

i def —
For readability we write a;, c;k, etc. instead of a“) C£]~>7 etc. Also, note that z7, = dj, — [d},] and

def
x5, = ds, [d21] where d12, d21 € F*. Note that the constants az, as and the O(p”™ ~%) tails coming from

Tables (by the change of variables in Flgure. depend on the whole f-tuple @ € X (o).




GELFAND-KIRILLOV DIMENSION AND MOD p COHOMOLOGY FOR GL2 46

5. GELFAND—KIRILLOV DIMENSION AND REPRESENTATIONS OF THE IWAHORI

We introduce an analog of the Gelfand—Kirillov dimension for smooth modulo p representations
of p-adic analytic groups and prove Corollary which gives an upper bound for this dimension
in the case of representations of the Iwahori subgroup of GLg(L), L unramified, satisfying a
“multiplicity one” assumption in the first three layers of their socle filtration.

Let F be a finite field of characteristic p. If H is a compact p-adic analytic group, we define
def def

Zp[[H]] - 1£1 ZP[H/H/]7 IFIIH]] = F®Zp Zp[[H]]v
H'CH
for H' varying among open normal subgroups of H. If H is moreover a pro-p-group, F[H] is a

complete noetherian local ring whose maximal ideal is denoted by mgy. We let gr,, F[H] be the
graded ring of F[H] for the mpy-adic filtration

gr, FIH] & @ m /myL.
n>0

5.1. Review of Gelfand—Kirillov dimension. We recall the notion of Gelfand—Kirillov dimen-
sion of an admissible smooth F-representation of a p-adic analytic group. General references for
this part are [Ven02] and [ABO6]. We recall here some useful definitions and results for the reader.

Let H be a compact p-adic analytic group and let M be a finitely generated F[H]-module. Its
grade j (M) is the smallest integer d such that EXt%[[Hﬂ(M, F[H]) # 0 (with the convention that
the smallest element of the empty set is +00). Moreover, if M # 0, we have

0<ju(M) < dim(H),

where dim(H) is the dimension of H as a Qp-analytic variety. This is a consequence of the
following two facts:

(i) if H' C H is an open subgroup of H, the F[H']-module M is finitely generated and we
have jg (M) = jg/ (M), as follows from [Ven02, Prop. 2.7];

(ii) if H is p-torsion free, F[H] is of finite injective dimension equal to cd,(H) [Ven02,
Thm. 3.30(ii)] and cd,(H) = dim(H) [Ser65), Cor. 1].

We also define a dimension function by dimg (M) & dim(H) — jg(M).

When H is a uniform pro-p-group, the graded F-algebra gr,, F[H] is commutative isomorphic
to the polynomial algebra in dim(H) variables over F (see the paragraph after Remark 3.31 in
[Ven02]). If M is a finitely generated F[H]-module, its graded module gr,, M for the mpy-adic
filtration is a finitely generated gr,, F[H]-module and dimg (M) is equal to the dimension of the
support of gr,, M in Spec(gr,, F[H]) (see [Ven02, Thm. 3.21.(ii)]).

Let G be a p-adic analytic group and 7 an admissible smooth F-representation of G. For each

compact open subgroup H of G, the dual 7V & Homp (7, F) of 7 is a finitely generated F[H]-

module. Its grade does not depend on the choice of H and is denoted jg (7). The dimension, or

Gelfand—Kirillov dimension, of 7 is then dimg(7) < dim(G) — jo(7V) = dimpg (7V).

Remark 5.1.1. Let H be some open uniform subgroup of G. Then dimg(7) is the Gelfand—
Kirillov dimension of the graded module of 7" for the my-adic topology (see [AB06, §5.4]) but
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it does not coincide in general with the Gelfand-Kirillov dimension of 7V as an F[H]-module
[loc. cit., §5.6]. However we have the following description of dimg(7) (see [EP20), Prop. 2.18]).
For n > 1, let HP" be the subgroup of p"-th powers of elements of H. There exist real numbers

a>b> m such that

(36) bpndimG(W) + O(pn(dimg(w)—l)) < dimp (WH””> < apndimc(ﬂ') + O(pn(dimc(ﬂ)—l))'

For this reason, the integer 0 < dimg(7) < dim(G) (or —oo if 7 = 0) is also called the Gelfand-
Kirillov dimension of .

Lemma 5.1.2. Let G be a p-adic analytic group and N a closed normal subgroup of G. Let w
be an admissible smooth F-representation of G such that N acts trivially on m. Then we have

dimg () = dimg /N (7).

Proof. By replacing G by an open subgroup and N by the intersection we may assume that G
is uniform [DASMS99 Cor. 8.34]. Then by Exercise 14 in [DASMS99| §4] there exists an open
uniform pro-p-group H C G such that H N N is uniform. The result is then a direct consequence
of the characterization given by . O

Lemma 5.1.3. Let G be an analytic pro-p-group without p-torsion. Assume that the graded ring
gro F[G] is Auslander-reqular (see for example [LvO96), §II1.2.1, Def. 7] for the precise defini-
tion). Let I be a two-sided ideal of gry, F[G] generated by a sequence of r central elements which
is gry F[G]-regular (where gry, F[G] is considered as a module over its center) and such that
gr, F[G] /I is isomorphic to a polynomial ring in dim(G) —r variables. Let M be a finitely gener-
ated F[G]-module such that gry, M is annihilated by I. Then dimg(M) is equal to the dimension
of the support of gry, M in Spec(gry, F[G]/I).

Proof. For a ring A and a left A-module IV, we recall the notation

ja(N) € min{n € N : Ext’y(N, A) # 0}

(with the usual convention that the minimum of the empty set is +00). Let A o gr., FIG].

It follows from [LvO96, §III.2.5, Thm. 2] that jo(M) = ja(gr, M) if M is a finitely generated
F[G]-module. (Note that F[G] is a left and right Zariski ring by [LvO96, I1.2.2, Prop. 1].)

As A/I is a polynomial ring in dim(G) — r variables, it follows from [LvO96), §I11.4.1, Thm. 7|
that j/r(gry, M) is equal to dim(G) — r — dimg, (Suppspec( a/n) (8t M )), where dimg, denotes
the Krull dimension.

Since gr,, M is annihilated by I, there is a spectral sequence

Ey? = Ext!) (gt M, Ext’(A/I, A)) = Ext["(gr,, M, A).
Let (hq,. e h;) be an A-regular generating sequence of central elements in I. For all i € Z, we
have Exty(4,A) 2 Aif i = 0 and 0 if ¢ # 0. By induction on r, we can use the long exact
sequence of cohomology to prove that Ext(A/I, A) = A/I if i = r and 0 if 4 # r. This implies

that the spectral sequence degenerates and that Ext”, J1(gre M, A/T) = Ext! " (gry, M, A) for all
p € Z. We deduce that j,,7(gry, M) = ja(gry, M) — r. Consequently we have

jA(grm M) = dlm(G) — dimgy ( SUPpSpec(A/I) (grm M))
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and we deduce

dimg (M) = dim(G) — jo(M) = dim(G) — ja(gry, M) = dimi, (Suppspec(a/n) (86n M) ). O

5.2. Recollection of results of Lazard. Let G be a group with unit element eq. A p-valuation
[Laz65l I11.2.1.2] on G is a map

w: G — RygU{+o0}
such that, for all z,y € G,

e o o o
€

e e e e e
8

°
(S

A p-valuation w on G is saturated [Laz65, 111.2.1.5] if, for all z € G,

w(w)>L1 — Jyed, y¥ =ux.
p_

Now we assume that there exists, and we fix it, a saturated p-valuation w on G. For v € R+,
we define
def def def
G, ={reG:wx)>v}, G+={reG:wlx)>v}, g,G=G/G, .
The sets G, and G+ are normal subgroups of G. They form a fundamental system of neigh-

borhoods of eq for a structure of topological group on G. The direct sum gr G def @D, gr, G is a
graded Lie algebra [Laz65, I11.1.1.7]. If x € G \ {eg}, we define gr(z) as being the image of x in
8,(z) G € grG. We assume that the topological group G is compact so that w(Q@) is discrete in
R>o U {400} [Laz65, Prop. I11.2.2.6].

Let Z,[G] o lim Zp|G/G,] be the completed group algebra of G. Note that when G is a

compact p-adic analytic group, the topology induced by a p-valuation is the profinite topology of
G [Laz65| I11.3.1.4].

The map gr(z) — gr(z?) from gr, to gr,,, induces an endomorphism of degree 1 of the graded
Lie algebra gr G. Let Fp[e] be the graded polynomial algebra in € with ¢ in degree 1. Then there
is a unique structure of graded F[e]-Lie algebra on gr G such that € acts via gr(z) — gr(z?). The
graded Fp[e]-module gr G is then a graded-free Fy[e]-module [Laz65l I111.2.1.3]. If G is a compact
p-adic analytic group, this Fy[e]-module has finite rank d = dim(G) [Laz65, Prop. 111.3.1.3].

From now on we assume that G is a compact p-adic analytic group (and still that it has a
saturated p-valuation). We fix a family (x;)i1<i<q of elements of G such that (gr(x;))i<i<q is a
basis of the Fp[e]-module gr G (so that x; # 1 for all ). We call the family (z;)1<i<q an ordered
basis of G.

Let o = (a)1<i<q € N%. We define 2 & [T (z; — 1) € Z,[G] and 7(a) & S aiw(x).
Following Lazard, we define a valuation w : Zy[G] = Rso U {+00} as the (pointwise) infimum
of the set of all Zy-algebra valuations w such that, for all # € G, w(z — 1) > w(z). Actually
Lazard takes the (pointwise) infimum of all filtrations [Laz65), 111.2.3.1.2] but in our case this last
infimum is a valuation, so that our definition is equivalent [Laz65, Thm. I11.2.3.3, Cor. 111.2.3.4].
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Moreover by loc. cit., the Zy-algebra Z,[G] is isomorphic to the completion of Z,[G] for w. We
have the following description of Z,[G] and w [Laz65, 111.2.3.8.8, 111.2.3.9]:

Zp[G] = { Z Aaz® 1 Mg € Zp};

a€eNd

w ( Z )\azo‘) = inf{v,(Aq) + 7() }.

a€eNd

The valuation w extends immediately to Q,[G] and we define D¢ as the completion of Q,[G]

for the valuation w (or equivalently for the multiplicative norm ||| = p~*()) which extends
canonically to Dg. This is the Q,-algebra named Sat Z,[G] in [Laz65) IV.1.2.7]. We deduce from
the previous description that:

Dg = { Z Aaz® 1 Ag € Qp, vp(Aa) + T(a) = +00 as () — +oo}

a€eNd

and that the closure of Z,[G] in D¢ is isomorphic to the completed group algebra Z,[G].

Let U, (gr G) be the enveloping algebra of the Fy[e]-Lie algebra grG. As grG is graded,
the Fplel-algebra Uy, )(grG) is canonically a graded Fp[e]-algebra. Namely the tensor algebra
Tr,[s)(gr G) of the Fy[e]-module grG inherits a grading from gr G (see [Laz65| 1.3.3.2]) and, for
x,y € grG two homogeneous elements, the element z ® y — y ® © — [z, y] is homogeneous in
Tr, ) (gr G). Consequently U, .)(gr G) is a quotient of a graded algebra by an homogeneous ideal
and is a graded algebra (see [Laz65, IV.2.1.4]).

Let grZ,[G] be the graded algebra of Z,[G] with respect to the valuation w which is naturally
a graded F)[e|-algebra [Laz65) 1.2.3.2, 1.2.3.11]. By definition of w, there is a morphism of graded
[F,[e]-Lie algebras gr G — grZ,|G| given by gr(g) — gr(g — 1) for g € G [Laz65, 111.2.3.2]. In
particular, we have gr(g”) — egr(g — 1) for ¢ € G. By the universal property of the enveloping
algebra, it extends to a morphism of graded algebras U, (gr G) — grZy[G]. It follows from
[Laz65, Thm. II1.2.3.3] that this morphism is an isomorphism. As Z,[G] is the completion of
Zp|G] for the valuation w, we can identify grZ,[G] and gr Z,[G].

Let w be the quotient filtration (in the sense of [Laz65, 1.2.1.7]) on F,[G] = F, ®z, Z,[G]. It
is defined by w(x) & sup{w(z) € RU{+o0} : Z € Z,[G], £ =2 mod p}. We have

w ( Z )\azo‘) = inf{7(a) : Ao # 0}.

a€eNd

If z € Zy[G], we have w(pz) = w(x) + 1 so that gr(pzr) = egr(z) and finally gr(pZ,[G]) =
e gr(Z,[G]) inside gr(Z,[G]). This implies that the short exact sequence of filtered modules is
strict [Laz65, 1.2.3.8.2]

0— (pr[[G]]’w|pr[[G]]) — (Z;D[[G]]vw) - (Fp[[G]]v@) — 0.

Combined with the isomorphism Uy, j(gr G) = gr Z,[G], this implies the existence of an isomor-
phism of graded algebras

Ule [e] (gr G) ®]Fp[s] Fp =gr ]Fp [[G]]
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Let gr G be the graded Lie algebra gr G ®p, ;] Fp. We deduce an isomorphism of graded algebras
(37) Ur, (gr G) = grFp[G].

We now give a convenient way to compute gr G. Actually we rather compute gr G and deduce
gr G after quotienting by e.

Let £ be a Z,-Lie algebra. A p-valuation on L is a map w : £ — R U {+o00} such that for all
A€ Zyand z,y € L:

o w(Az) = vp(A) + w(x);
o w(x +y) > inf(w(z),w(y));
o w([z,y]) > w(z) + w(y).

If (£,w) is a p-valued Lie algebra, the set gr £ has a canonical structure of graded Lie algebra.
Moreover the map gr(z) — gr(pz) extends to a degree 1 morphism gr £ — gr £ and to a structure
of graded I, [¢]-Lie algebra on gr L.

If x € G, the series
def (-1t
logp,, (#) = ) ~———

n>0

(z —1)"

converges in Dg. The associative algebra Dg with its valuation w is a p-valued Lie algebra for the

commutator bracket. The subset L {logp,,(z) : ¥ € G} of Dg is then a p-valued sub-Z,-Lie
algebra of Dg. Moreover there is canonical isomorphism of graded F,[¢]-Lie algebras gr Lo = gr G
(this is a consequence of [Laz65, Thm. IV.3.2.5 and IV.1.3.5)).

5.3. The case of the pro-p-Iwahori of GLs. We compute the graded ring of the completed
group algebra of the pro-p-Iwahori subgroup I; of GLy(L) for unramified L and introduce an
interesting ideal which allows us to control the Gelfand—Kirillov dimension of representations of
1.

Let L be an unramified extension of Q, of degree f with ring of integers Oy, and residue field
k. We are interested in the particular case of the group I /Z; which is the quotient of the (upper)

pro-p-Iwahori subgroup of GLy(Op) by its center. This group is isomorphic to the subgroup

G« I N SL2(Op) of I; since p > 2. The following results can also be deduced from [Clo17].

However we prefer to follow [Laz65] in order to emphasize that the graded ring naturally has the
structure of an enveloping algebra (see (43)).

We follow [Laz65l I11.3.2.7] to define a saturated p-valuation on G. We assume that p > 3. Let
L' = L(\/p) and v : Ma(L') = R+ U {400} be the valuation defined by

Let D be the diagonal matrix (é \%) in M2(Op/). We define, for z € G:

w(z) = v(D7aD — I).
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It follows from [Laz65, 111.3.2.7] that w is a saturated p-valuation on G (here we are using that
p > 3). Explicitly, for a,b,c,d € O, such that (1 + pa)(1 + pd) — pbc = 1:

w((l -;Cpa X —fpd)) = min{1 + v,(a), % + vp(b), % +vp(c), 1 + vp(d)}.

Let gz, be the sub-Z,-Lie algebra of sly 7, defined by

def [ (pa b\ 3
9z, = {<pc —pa) : (a,b,¢) € Zp}.

Lemma 5.3.1. We have an isomorphism of p-valued Lie algebras Lo = O ®gz, 9z, with valuation,
fora,b,ce Op,

(38) w((Be 0 ) = min{1 4 uyla). 5 + 0) 5 + o))

pc —pa 2

Proof. Let G’ be the subgroup of GLg (L) defined by
1
G = {ac e My(L) :v(x — L) > 2}.

As p—1> 2, it follows from [Bou72| I1.8.4, Prop. 4] that logy,(./)(G’) is the sub-Lie algebra of
My(L') defined by
1
log, (1) (G') = {x € My(L') : v(z) > 2}.
For z € G', we have logyy, (1) (Ad(D)z) = Ad(D)logy, (1 (). As G = Ad(D)(G') N Ma(L), we
have

(39) logMQ(L/)(G) = {x € My(L) : U(Ad(D)flx) > ;} = 0L @z, 9z,,-

We use the notation to denote the valuation on D¢ associated to w as in section Let logp,,
be the logarithm map on Dg:

{xeDg:w(x—1)>pil}H{xEDg:w(x)>pil}.

The inclusion G C M»(Oy/) is continuous and extends to a continuous morphism of Z,-algebras
h : Zy|G] — M2(Oy/) and a morphism of Qp-algebras Q,[G] — Ma(L'). By definition of w, we
have the inequality w(z) < v(Ad(D~!)h(z)) for z € Z,[G], since v o Ad(D™1) o h is a valuation
w' on Zp|G] such that w'(x — 1) = w(z) for € G and w is defined as the pointwise infimum of
valuations w” with w”(z — 1) > w(z) for x € G. As w and v are valuations of Q,-algebras, we
deduce that this inequality is true for all z € Q,[G]. As My(L') is complete, we can extend h to a
morphism of valued Q,-algebras (Dg,w) — (Ma(L'),v 0 Ad(D)~1). Now, by continuity of h, the
composite

1
G 226, pi Iy My (L)

is the logarithm computed in Ma(L’). This implies that the restriction of h to logp, (G) is an
isomorphism of Lie algebras

(40) Lg =logp,(G) = logy, 1) (G)-
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Finally both valuations w and voAd(D) ! take value w(z) at x—1 for x € G. By [Laz65|, I11.1.1.5]
the condition w(z) > -1 for z € G implies then
P
w(logp,, (¢)) = w(z) = v(Ad(D ™) logag, (1 (7)),

proving that is an isomorphism of valued Lie algebras. The conclusion follows from and
from the fact that the valuation v o Ad(D~!) restricted to loga, (1) (G) = OL ®gz, 9z, is given by

B3). O

We endow the Lie algebra gz, with the restriction of the valuation w and we let g def grgz,. The
Lie algebra Lq is an Op-Lie algebra and, for a € O, and = € L, we have w(az) = vy(a) + w(z).
Hence the graded F,[¢]-Lie algebra gr G = gr L has the structure of a k[e]-graded Lie algebra
and is isomorphic to k ®p, g. Consequently the graded F)-Lie algebra grG = gr G ®p, ;) F) is

isomorphic to k ®p, g, where g oef Fp ®r, [ 9, and has a natural structure of graded k-Lie algebra.
We want to show that gr F),[G], defined by the valuation w associated to w, and gr,, F,[G] (the

graded ring for the mg-adic filtration of F,[G]) are isomorphic up to rescaling indices. We will
need the following lemma:

Lemma 5.3.2. Let G be a pro-p-group. Then for g and h in G, we have
gh—1=(@g—-1)+(h—-1) modm?, (¢9'—1)=—(g—1) modm%
in Fp[G]. Moreover if g € G, (¢gP — 1) € my,.

Proof. The first two assertions are consequences of the equality (¢ — 1)(h —1) = (gh — 1) — (g —
1) — (h—1) and from the fact that g — 1 € mq. The last one comes from (¢ — 1) = (¢ — 1)P. O

Proposition 5.3.3. We have, for j € %N,
m¥ = {z € F,[G] : w(x) > j}.

Proof. Let a € Of, such that F,[a] = k, hence O, = Z,[a]. Using Lemma (and its proof) we
see that we can choose an ordered basis (x1,...,23f) of G whose elements are

_ i - _ (1.0 _ ((=a’p)=t 0
Ei= ((1)al)’ Fi= (Wl)’ Hi = ( 0 kaip)
for0<i< f—1.
For j € %N, {z € F,[G] : w(x) > j} is the ideal generated by monomials 2z = H?il(xl — 1)

with 7(a) = Zf’il w(x;)ay > j. For 0 <i< f—1, we have E; —1 € mg, F; — 1 € mg. Let’s prove
that H; — 1 € m%. We have

ERE'F = H, (é —(1 —1pal)a22)P <pa,»(1 jpai)_l (1)>p‘
Using Lemma [5.3.2] this implies that
EFRE'Fy' —1=H; —1 mod m%
and finally that
H—1=E ~1+Fy—1—(E;—1)—(Fy—1) mod m%

=0 mod m%.
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Since w(E;) = w(F;) = 1/2 and w(H;) = 1, this proves that z* € mg when 7(a) > j, ie.
(z € F,[G] : w(x) > j} C my.
Noticing that mg = {z € Fy[G] : w(xz) > 1/2}, we have, conversely,
m, C {z € F,[G] : w(2) > 1/2) C {z € F,[G] : w() > j/2},

the last inclusion being deduced from the properties of a valuation. O

Proposition [5.3.3] suggests that we should rescale the gradings of g and g by replacing the
valuation w on gz, with 2w, and this is what we do from now on. Therefore, the multiplication
by € on g now has degree 2. We deduce from Proposition and isomorphism that we
have an isomorphism of IF,-Lie algebras

(41) gty Fp[G] = Ur, (k ®F, 8)-

We now determine g explicitly. The Z,-Lie algebra gz, has a Z,-basis given by
(0 1 (0 0 _(p O
6_<0 0)’ f_<p 0)’ h_(O —p>

e, f)=h, [h,e] =2pe, [h, f]=—2pf
and valuations 2w(e) = 2w(f) = 1, 2w(h) = 2. Hence the graded FFy[e]-Lie algebra g = grgz, is

g =TFplele @ Fple]f @ Fple]h
with e and f in degree 1 and relations
le, fl="h, [h,e]=2¢ce, [h,f]=—2¢f,
and the graded F,-Lie algebra g is

with relations

g=FedF,f ®F,h
with e and f in degree 1, h in degree 2 and relations

(42) le, fl="h, [he]=[h, f]=0.

Let H be the (prime-to-p) torsion subgroup of the diagonal torus of GL2(Or). Then H is a
finite subgroup of the “upper” Iwahori subgroup I of GL2(Op). It normalizes I; and G. Therefore
the group H acts on every object considered so far: F,[G], Lg, ¢, 8, ... and the isomorphism
is equivariant for this action of H. Note that the action of H on L, g and g is k-linear.
More precisely, we have, for g = (29) € H, and « € k:

gla®e) = (adla)®e, gla®f)=(ad ) a)®f, gla®h)=a®h.

Let IF be a field of characteristic p. Recall from the introduction that if F is an extension of
[F,, such that k£ embeds into F, we label the embeddings o; = 09 0 ¢/, so the set J of embeddings

k — F is identifed with {0, ..., f —1}. In this case, for 0 < j < f —1, we define g; d:efIF®Uj,k er G

and g, 'F ®o; .k g8 G. Then we have a decomposition

f—1
F ®F, orG = @ﬁj
§=0
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and canonical isomorphisms g; = F ®p, g as well as g; = F ®p, g. Using also (41) we deduce an
isomorphism of graded F-algebras

f-1
(43) gt F[G] = F @5, gr, Fo[G] = Q) Ur, (3;) = Ur, @)5” -
j=0

For 0 <j < f—1let ey, fj, h; € g; denote the images of 1 ®e,1® f,1® h under the isomorphism
F ®r, § = §;. Then we have, for g = (§9) € H, and for 0 < j < f —1,

gej = aj(ad_l)ej, gfj = Jj(ad_l)_lfj, ghj = hj.

Let Ig be the left ideal of gr, F[G] generated by the elements (1 ® e)(1 ® f) and 1 ® h (of
degree 2). We easily see that I is in fact a 2-sided ideal of gr, F[G]. If k embeds in IF, then I
is the left ideal generated by (e; f;, hj; 0 < j < f — 1) via the isomorphism .

Theorem 5.3.4. Let F be a field of characteristic p. The graded ring gr,, F[G] is Auslander-
regular and (gr, F[G])/Ic is a commutative Cohen—Macaulay F-algebra of dimension f. More
precisely, if we assume moreover that k embeds in F, then

(i) the sequence (ho,...,hf_1) is a regular sequence of central elements of gr,F[G] and
gro F[G]/(ho, ..., hy—1) is isomorphic to Fle;, f;; 0 < j < f — 1], a polynomial ring in
2f variables;

(ii) we have an isomorphism

(grn FIG])/Ic = Flej, fj; 0 < j < f—1]/(ejfj30<j < f—1).

Proof. By [LvO96l, §I11.2.4.4], the graded ring gr,, F[G] is Auslander-regular since it is isomorphic
to an enveloping algebra. Assume now that k embeds in F.

(i) It follows from that ho,...,hy_1 are central elements of gr,, F[G]. For 0 <i < f -1,
the ring (gr,, F[G])/(ho,...,h;) is isomorphic to the enveloping algebra of the quotient of the
Lie algebra F @, gr G' by the ideal generated by hy, ..., h; and is therefore a ring without zero
divisors by the Poincaré-Birkhoff-Witt Theorem. This proves that h;iq is a regular element

of (gr, F[G])/(ho,...,h;) and that (ho,...,hs_1) is a regular sequence of central elements of
g F[G]. The last assertion is clear by (42).

(ii) Using the isomorphism of F-algebras
(e FIGD/Ic = Q) (Ur,(8;)/(¢ifj: 7)),
0<j<f-1
the assertion is a consequence of (i). The sequence (e;fj; 0 < j < f — 1) is a regular sequence in
Fle;, fj; 0 < j < f — 1], so the ring (gr, F[G])/Ig is Cohen-Macaulay of dimension f.

In general (if £ does not embed in ), we can find a finite extension F’'/F such that k& embeds in
F’. By what precedes, the ring F' @ ((gr,, F[G])/Ic) = gr(F'[G]/(F' ®@F 1)) is Cohen-Macaulay
of dimension f, hence so is (gr, F[G])/Ic |Gro65, Cor. (6.7.8)]. O

Corollary 5.3.5. Let m be an admissible smooth representation of I/Zy over F. Assume that for
each character such that Homy(x, ) # 0, the natural injection

Homj(x, ) < Hom (W, 3,7)
is an isomorphism, where W, 3 is defined in below. Then dimj(m) = dimy,z (1) < f.
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Proof. By increasing F we may assume that k& embeds in F. As 7 is an admissible representation
of I/Zy, it is an admissible representation of G = I1/Z; and wV is a finitely generated F[G]-
module. Moreover the socle filtration on 7 coincides with the socle filtration on 7|g and with the
dual of the mg-adic filtration on 7V so that (soc; 7/soc;_1 7)Y = gré V. Moreover the graded

gr, F[G]-module gr,, 7V is generated by its homogeneous elements of degree 0.

Let I be the graded ideal of gr,,, F[G] defined above and let I g ) be its homogeneous component

of degree 2. Note that H acts trivially on Ig). If Hom;(x, grd ) # 0, then by assumption

Hom;y(x,gr3 7V) = 0, so we have Ig) (grd V) = 0. As gr, 7" is generated by grd 7V

and Ig by
Ig), we deduce that Ig(gr, 7¥) = 0 and that gr,, 7" is actually a gr,, F[G]/Ig-module. Theorem
[.3.4] implies that the dimension of its support is < f. We can therefore apply Lemma [5.1.3
(with I = (ho,...,hs 1)) to conclude that dim;,z (7) = dimg(7) < f. The equality dim(7) =

dimy 7, () follows from Lemma[5.1.2 O

Using and the Poincaré-Birkhoff-Witt Theorem, we can write down explicitly the structure
of the first three graded pieces of gr,, F[I1/Z1] as I-representations, assuming that k& embeds in
F:

f—1
g0 F[11/Z:] =F, g FlI1/Z1] = P (Fa; & Fo; ),
(44) i=0
gr? F[1,/2,] = F¥ & @ Fo;o; @ @ Fai_laj_l ® @ Faiaj_l,
0<i<j<f-1 0<i<j<f-1 0<ij<f—1

where o is the character (¢ 9) — oj(ad™1). As a consequence, each nontrivial character appears

with multiplicity at most one as a Jordan-Holder factor of F[I;/Z1]/ m?l 171

6. ON SMOOTH REPRESENTATIONS OF GLo

The aim of this section is to prove Theorem [6.4.7] below which provides a useful criterion for
bounding the Gelfand—Kirillov dimension of an admissible smooth representation of GLa(L).

We keep the notation of L is a finite unramified extension of Q, of degree f with ring of

integers Oy, and residue field k, I (resp. I1) is the upper (resp. upper pro-p) Iwahori subgroup of
def

K = GL2(Op) and Z; is the center of I;. We set K3 &efy +pM2(Op) C L.

If H is a compact p-adic analytic group and if V' is an admissible smooth F-representation of H
we denote by Inj V' an injective envelope of V' in the category of admissible smooth representa-
tions of H; it is unique up to nonunique isomorphism. As an F[H]-module, the dual V'V is finitely
generated and we denote by Proj; V'V a projective cover of V'V in the category of pseudocompact
F[H]-modules. The radical rad M of a pseudocompact F[H]-module is the submodule mz M.

If G is a p-adic analytic group, H a closed subgroup of G and V a smooth H-representation
over F, we denote by IndgV the F-vector space of smooth functions f : G — V such that
f(hg) = hf(g) for all g € G and h € H. The group G acts on Ind% V by translation on the right.
If H is cocompact in G, the representation Indg V' is smooth and if moreover V is admissible, it
is admissible.
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If A\ € X*(T') we use the notation x) to denote the character T'(k) — T'(F) 2 F*, where the
first map is the inclusion. We use the same notation x, to denote the character of I obtained by
composition with I — T'(k). Equivalently y, is the character of I acting on F(\)!1.

In this section, we always assume that p > 3.

6.1. On some representations of the Iwahori.

Let a; : T(k) — F* denote also the character xa,, i.e. the character sending (29) € T'(k) to
oi(ad™1). In particular, o;; = ozgl as characters of T'(k) for 0 <i < f — 1.

Let x : I — F* be a smooth character. For any n > 1, we set
def .
(45> WXJL = (Pro.]]/Zl X)/m?l °
(Note that via the natural map F[I/] — F[I/Zi] the actions of m} and m7 /7, coincide on
Proj,z, X; similar comment will apply later on for pseudocompact F[//Z;]-modules.)

Let xo be the trivial character of I. As any smooth character x : I — F* is trivial on I7, there
is an isomorphism of F[I/Z;]-modules

Projr 7z, X = x ®r Projr,z, xo

and an isomorphism of F[//Z]-modules Proj;,; xo = F[I1/Z1]. (Note that the decomposition
I =1, x H with H as in gives a natural left action of I on F[I;/Z;], where I acts by left
translation and H by conjugation.) Consequently for any n > 1, we have an isomorphism of
I-representations Wy, = x ®r (F[I1/Z1]/m},). From the description of gry, F[11/Z1] in (44)), we
can deduce the following result.

Lemma 6.1.1. We keep the above hypotheses.

(i) For any X' # x, [Wy,3:x'] < 1.
(ii) Suppose that x,x’ : I — F* are smooth characters such that EXt}/Zl (x,X') #0. Then

X € {xaf' : 0 <i < f—1} and we have dimg Ext}/z1 (x,X') = 1. Letting E,s, denote
the unique nonsplit I-extension

(46) 0=>x = Ey,—x—0,

the group K1 acts trivially on E\ , if and only if X' = xou for some 0 <i < f —1.

Proof. Part|(i)|follows from equation by twisting and part follows from [Hul0, Lemma 2.4]
(i) and (ii). ]

Now, let ' be a character such that Ext}/Zl(X,x’) # 0. Since [W, 3 : X'] =1 and x’ occurs

as a subquotient in rady, (W 3) which is killed by m7 , there is a unique (up to scalar) nonzero
I-equivariant morphism W,s o — W, 3.

Lemma 6.1.2. If Ext}/zl(x, X') # 0, then any nonzero I-equivariant morphism Wy o — W, 3 is
injective.
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Proof. By twisting, it is sufficient to consider the case where x is the trivial character x¢. In this
case, there is an [-equivariant isomorphism F[I1/Z1] = Proj;,z, xo. Let e € gri F[I1/Z1] be an
eigenvector of weight x’. There is a unique degree 1 morphism of graded gr,, F[I1/Z:]-modules
frgraFlL/Z1] — gro F[11/Z1] sending 1 to e. As gr, F[I1/Z;] is isomorphic to an enveloping
algebra over a field by , the Poincaré—Birkhoff-Witt Theorem implies that it has no zero
divisor so that the map f is injective. Let & € my, /z such that gr,(é) = e. We define a degree
1 morphism of filtered F[I;/Z;]-modules f : ]F[[Il/Zl]] — F[I1/Z1] sending x to zé. Obviously
we have f = gr,.(f ) Moreover, if we choose for € a x’-eigenvector for the action of the group H,
then f induces an H- equivariant map f X' @p F[I,/Z1] — F[I,/Z1]. As I = I, x H, the map
f" is I-equivariant. Since f’ is injective on graded modules for the my, -adic filtration, it induces
an [-equivariant injective map

Wy 2 = Projy/z, X' /mi, < Projr,z, Xo/m$, = Wy, 3.

Since Homp(W,/ 2, Wy, 3) has dimension 1, this finishes the proof. O

For an integer 0 < ¢ < ¢ — 1 we let ¢; denote the i-th base p digit of ¢, so £ = Zf:ol lipt.

Lemma 6.1.3. Let 7, def Injgpy x- Then Iy has socle and cosocle isomorphic to x, and its

remaining Jordan—Hélder factors xoy ., 0 < j < q—1, occur with multiplicity 1. Its submodule
structure is determined by the following property: the unzque proper submodule of I, with cosocle

xag? (0 < j < q—1) has Jordan—Hélder factors XOéo , where 0 < ¢ < q—1 and ¥; < j; for all i.

Proof. The claim about socle and cosocle are true for injective envelopes of any finite group.

We first observe that Z, = Ind (( ))X The latter representation is injective by Frobenius
reciprocity (as any 7'(k)-representation is injective). It has the correct socle and cosocle by

Frobenius reciprocity, hence indeed Z, = Ind?((,’z)) X-

As the kernel of B(k) — T'(k) is a normal p-subgroup, every irreducible B(k)-representation
is trivial on it. To determine Jordan Hé’)lder factors we may thus restrict to 7'(k). By Mackey’s

formula, (Ind )|T(k = xd (IndZ(k X)|z(k), where Z is the center of GLz. Thus the irreducible
constituents of I are all the characters x" of T'(k) such that x'|zx) = X|z@), or equivalently

X = xozaj for some 0 < j < g — 1, as well as one more copy of .

As in [BP12, §2] we define f] Z/\ek M(§ )¢, where ¢ € Ind?((,]:)) X is some function whose

support equals T'(k). It follows that f; is a T'(k)-eigenvector with eigenvalue yc a,

Assume now that j < ¢ — 1. An explicit calculation shows that (§%)f; = ‘: (j ) (=)~ f.

Hence the B(k)-representation W generated by f; has basis f, for £ such that (3 ) = 0 or equiva-
lently ¢; < j; for all 7. In particular, W # Z, since j < ¢ — 1. On the other hand, W i is a quotient

of IndT((k)) X~ , so W is the unique proper subrepresentation of Z, with cosocle xay”. ]

The element (g (1)) € GLa(L) normalizes I and its square is central. Let x* denote the conjugate
of x by (94) € GLa(L). By conjugating Z, by () §) € GLz(L) we obtain the following corollary.
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Corollary 6.1.4. Given x : T(k) — F* there is a (finite-dimensional) smooth representation
Jy of I with the following properties. The socle and cosocle of J, are isomorphic to x*, and

the remaining Jordan—Hélder factors of J, are Xso% for 0 < j < q—1, each occurring with
multiplicity 1. The unique proper submodule of J, with cosocle Xsag (0<j<q—1) has Jordan—
Holder factors Xsaé, where 0 < € < q—1 and {; < j; for all i. Moreover, J, admits a central
character.

Remark 6.1.5. On J, the action of I does not factor through its quotient B(k), contrary to the

case Z,, (cf. Lemma|6.1.1)).

6.2. On some indecomposable representations of K.

We will use again the notation of section In particular, recall that we have identified
J = Hom(k,F) with {0,1,..., f — 1} and that 7, def Yicgni for J C J. Also, for A € X*(T)

recall the injective map

Ay = Xeeg(T)/ (0 — 1) X (D).

Let o’ be a Serre weight appearing in Injgr,, () F'(A). It follows from [BP12, Cor. 3.12] that there
exists a unique subrepresentation of Injgr,, ) F'(A), denoted by I(F()),0’), with cosocle o' and
such that [I[(F(\),0’) : F(A)] = 1. Moreover, I(F(\),oc’) is multiplicity-free. As a consequence,
if W is a subrepresentation of Injgr,,x) £/(A) such that [W : o] # 0, then W contains I(F'(A),0”)
as a subrepresentation. Dually, we have similar statements for quotients of Projgy,, ) £(A).

Lemma 6.2.1. We keep the above hypotheses.

(i) Suppose that 0 < (\,a)) < p—1 for alli. Then Ind¥ x3 is multiplicity-free with Jordan—
Hoélder factors {F(tx(—7;)) : J C J}.

(i) Suppose that 0 < (A, o) < p —2 for alli. The Jordan-Hoélder factors of Injgr,, ) F/(A)
are the {F'(tA(X;cr aml)) (a;)ics € {0, 21} }, up to multiplicity.

(i) Suppose that 0 < (N, /) < p—2 for alli. Let o' = F(t\(X;c7 @iTl;)) for some (a;) €
{0,+1}7. The Jordan— Holder factors of I(F'(N),0") are {F(tx(X;c5ain;)) : J C J}. As
a consequence, the length of I(F(\),0’) is equal to 2111€T:@i#0}

By Remark the condition on A in [(i)|is precisely that all weights t)(—7;) lie in Cp.
Also note in part |(iii)| that the Jordan—Holder factors correspond via ty precisely to the weights
lying on geodesics between 0 and ;. 7 a;7;.

Proof. Part is almost a special case of Propositionm (with sw™t =1, v =n,and u—n = \),
but the hypothesis is weaker here.

If v € XOT), then from the definition, F(ty\,,(w)) = F(t\(w)) ®F F(v). (Note that F(v)
is one-dimensional.) We may therefore assume that \; is of the form (a;,0) for some integers
0<a; <p-—1.

Recall from Remark the notation wo,; = [[;;1c; i € W, where tv; denotes the Weyl
group element which is nontrivial exactly in the i-th embedding. We first calculate t)\(—7j;) = us
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mod (p — ) X%(T), where puy = (tr1(n,wo,1) - (A —mny) € X*(L). We have

o Ai —d5(4)(1,0) ifi+1€&J,
PR Lwo - (N + (0,p) = 85(5)(1,0)) if i+ 1€ J,
((ai,0) = 8,(5)(1,0) ititlgJ,
T lp—1a;+1) = 6,(i)(0,1) ifi+1€.,

where 0 is the characteristic function of J (cf. equation ) Replacing J by the set K & {i e
J :i+1¢ J}, we obtain precisely the formula for the composition factors listed in [Dia07, Prop.
1.1].

Part follows similarly from [BP12, Lemma 3.2], and part follows from [BP12, Cor.
4.11]. 0

Proposition 6.2.2. Fiz A € X*(T'). Suppose that integers B; € Zx>o and signs ¢; € {£1}
(0 < i< f—1) satisfy the following conditions:

(i) B; = =5 (mod 2);
(ii) if e; = —1, then B; < (A, a;/> <p-—2-— Ha%;
(iif) ife; =1, thenBiSp_2_</\7a2/>§p_2_1+e%.

Then there exists a multiplicity-free representation V of K/Zy with Jordan—Hélder constituents

Oq dof F(t\(>oeiaim;)), where 0 < a; < B; and whose submodule structure is determined as follows:

the unique subrepresentation with cosocle o, has constituents oy, for all b such that 0 < b; < a;
for alli. In particular, the socle of V is isomorphic to F()\).

Proof. As a first step we consider the case where ¢; = —1 for all i. Let b; def B¢2— L ¢ Z>q for

0 <i < f—1. Note that t\(— >, a;7};) € Cp for all 0 < a; < B; is equivalent to condition

(cf. Remark . Let x oof Xx. Corollary gives us a representation W C J, of I

with constituents x*of), where 0 < j; < b; for all 7, and such that the unique subrepresentation

of W with cosocle Xso% has constituents x*af§, where 0 < ¢; < j; for all i. Let V & IndX W,

By Lemma and Remark [2.4.5((ii), this representation is multiplicity-free with constituents
F(t\(— > ¢im;)), where 0 < ¢; < 2b; + 1 = B; for all 1.

To determine the submodule structure, by Lemma [2.4.6] it is enough to show that for any
(ci)i as above and any j such that ¢; < 2b; + 1 there exists a length 2 subquotient with socle
F(tx(—= > ¢im;)) and cosocle F'(t\(—7; — > ¢i7;)). To see this, write ¢; = 2d; +r; with 0 <r; < 1.
Observe that

F(ta(— Z cin;)) = F(ta(— Zriﬁi - Z dicv;)) = F(fxfz dior; (— Z 7i7;))
by applying Remark By Lemma this is a constituent of Ind% y’*, where x"* =
> dip®

S — S
XA dja; — X0

If rj = 0, then F(t\(=7; — > ¢i7);)) is a constituent of Ind¥ x’* as well, and we are done by
Lemma as V admits Indf{ X'® as subquotient.
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If r; = 1, then F(t\(=7; — X ¢7;)) is a constituent of Ind¥ X’sagj. Letting the other r;
vary in {0,1}, we need to check the existence of the 2/=1 nonsplit extensions inside V between

constituents of Indf( X’SO/SJ and Indf( X'® given by Lemma When f = 1 this is obvious,

as we can compute the cosocle of Ind¥ (EX,S X/Sapj) by Frobenius reciprocity (cf. Lemma |6.3.1)).
) 0

When f > 2 then [Hul0, Lemme 2.12(i)] confirms there are 2/~! nonsplit extensions, as required
(in the notation of that reference the condition is J(A) = J(0) U {j — 1}).

Finally we treat the general case. Let J o {0<i< f—1:eg1 =1} Set p = t\(wos(7y)).
Using Lemma and Remark we compute t\(3 g;a:7;) = t,(— > (a; + 65(i))7;) for
integers a;. Note that d;(i) = IJFETZ*

We apply the first step of the proof with the weight u, the bounds B; + (i) and all signs
—1. We obtain a representation V' with socle F(u) satisfying the desired hypotheses with signs
—1 for all 4 and B; + d;(7) in place of B;. We note that its unique quotient with socle F'(A) has
the desired properties with signs €; and bounds B;. We just have to check that we can apply the
first step in this case. Namely it suffices to check that t,(— 3 a;7;) € Cp for 0 < a} < B; + 04(i),
noting that B; +d;(i) = B; + HST“I is odd for all i. Equivalently, we need that t\(}" €;a;7;) € Co
for —;(i) < a; < By, ie. 0 < (AN, o)) +¢ea; < p—2for —0;(i) < a; < B; and all 4. This is
equivalent to conditions (ii) and (iii) that we assumed. O

Assume that A is 1-deep in alcove Cy, ie. 1 < (A, af) < p— 3 for all i. Let V be the
representation of Proposition with B; € {0,1} for all i. Let a be such that 0 < a; < B; for
all . Then the subrepresentation of V' with cosocle o, of Proposition @ is isomorphic to the
representation I(F(X),o,) of [BP12, Cor. 3.12].

Lemma 6.2.3. Suppose that V is a finite-dimensional smooth representation of K that has irre-
ducible K -socle 0 = F(\) with 2 < (A, o)) <p—3 for alli. If [V : 0] =1 and all constituents of
V' occur in Injgy, k) 0, then V' is Ki-invariant.

Proof. By writing V' as a quotient of Projz (cosock V') and decomposing cosock V' as a direct sum
of irreducible representations, we see that V' is the sum of all subrepresentations with irreducible
cosocle. We may thus assume that V itself has irreducible cosocle 7, and we argue by induction on
the length £(V) of V. If £(V') = 1 there is nothing to show. By induction, radg V' is K;-invariant,
so V[m%, ] = V. By [HW22, Thm. 2.23] we know that V is Kj-invariant. O

Proposition 6.2.4. Fiz A € X*(T). Suppose that integers B; € Z>o and signs ; € {£1}
(0 <i < f—1) satisfy the following conditions:

(i) B; = 5= (mod 2);
(ii) ife; = —1, then 3+ 2[B;/2| < <)\,Oé;/> <p-—4;
(iii) if e; =1, then 3 < (N, o) <p—4—2[B;/2].
Let V' be the K -representation defined by this choice of \, B;, &; in Proposition[6.2.9,

Then for 0 <n—1< 37| B;/2] we have that V[m% | is the unique subrepresentation of V' with
cosocle @ o,, where the sum runs over all a such that 0 < a; < B; and

(i) a; is odd or a; = B;,
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(ii) Y lai/2] =n—1.

Proof. We proceed by induction on n > 1 and denote by V,, the unique subrepresentation in
the statement. For convenience let Vj = 0. We need to show that V,/V,_ 1 = (V/V,_1)K.
The constituents of V,,/V,,—1 (resp. V/V,,_1) are all Serre weights o, with 0 < a; < B; and
Ylai/2] = n—1 (resp. Y.|a;/2] > n —1). Using the submodule structure of V given by
Proposition we see that V},/V,,_1 is a direct sum of indecomposable representations W,
where the index set is the same as in the statement of the proposition and the constituents of W,
are all o, with 0 < b; < B; and |b;/2] = |a;/2] for all ¢ (and the submodule structure is described
by the usual partial order). Note that socx W, = o}, where b; = 2|a;/2].

By Lemma Vi /Vin—1 is Ki-invariant (the given bounds guarantee that the lemma applies
by Remark see also Lemma. On the other hand, (V/V,,_1)%* has to inject into
the injective envelope Injgy,, (z) (sock (V/Vi-1)). By Lemmawe deduce that (V/V,_1)K1 C
Vn/Vn—1. (Note that our genericity bounds are stronger.) O

6.3. A result on maximal representations of K with prescribed socle. In this section,
we prove a structure result for certain representations of K killed by m%ﬁ.

We begin with some preliminary lemmas concerning Jordan—-Holder factors of subrepresenta-
tions of some parabolically induced representations. Recall from the representation E, , for
two characters x, x’ of I such that Ext} 171 (X X') #0.

Lemma 6.3.1. Assume \' = Xai_l for some 0 <1i < f—1. The cosocle of Indf( Ey . is equal to
the cosocle of ITnd¥ x.

Proof. Let o be a Serre weight and assume there exists a surjection f : Indf( E,, — o. Then
Frobenius reciprocity induces a nonzero I-equivariant morphism f’ € Homp(E,/ ,o|r). Since K
acts trivially on o but not on E/ , (see Lemma [6.1.1}(ii))), f’ cannot be injective. In other words,

f’ factors through E,/, — x < o, i.e. f factors through Indf( E, — Indf X- g

Remark 6.3.2. For the explicit structure of Ind¥ E,,, when ' = ya; ' (resp. X' = xo), see
[BP12, §18] or [HW22, Lemma 3.7] (resp. [HW22, Lemma 3.8]).

Given x satisfying x # x°, we denote by o, the unique Serre weight such that I acts on ail

via x. Recall that in this case Indf x has irreducible cosocle o, and irreducible socle o, (see e.g.
[BP12, Thm. 2.4]). Given a Serre weight o, we denote by X, the character of I acting on o1,

Lemma 6.3.3. Assume that 0 < (\,af) < p—3 for all0 <i < f—1. Then the K -representation
Indf{ E\a, x s multiplicity-free for any i. Suppose moreover that x = x with 2 < (A\, o)) <p—3
for all 0 < i < f —1. Then the K-representation Indf{ Wy 2 is multiplicity-free, where W, o is

defined in .

Proof. This is a direct check using Remark and Lemma [6.2.1(i)l The assumption that
0<(N\ay)<p—3foral0<i<f—1ensures that the hypothesis of Lemma applies

to Ind¥ xa; and Ind¥ x. If furthermore X satisfies the stronger condition 2 < (\,aY) < p — 3

for all 0 < ¢ < f — 1 then again the hypothesis of Lemma applies to all Ind¥ y/ with
/

X' € JH(W, 2). O



GELFAND-KIRILLOV DIMENSION AND MOD p COHOMOLOGY FOR GL2 62

From now on we fix x = x with A € X;(T') such that 0 < (\,/) <p—3forall 0 <:< f—1.
Let x/ & x¢y. Lemma [6.3.3| implies that Ind% E, . is multiplicity-free.

On the other hand, K7 acts trivially on Indf( E,/ , by Lemma | Hence there is a unique
(up to scalar) nonzero map f : Projgr, k) ox — Indf E, . Observe that the composite map

Projar, i 0y 2 IndK By, — Indk x
is surjective, since it is surjective on K-cosocles.

Lemma 6.3.4. Suppose that x = xx with 0 < (A, o)) < p—3 for all0 < i < f—1. Assume
X' = xa; for some i € J. We have

(47) JH(Im(f)) = JH(Indf* Eys ) N JH(Projar, k) x)-

Proof. Observe that the K-socle of Ind E,. . is isomorphic to o,/ @ 0,5, i.e. the direct sum of
the socles of Ind¥ ¥’ and Ind¥ y. Indeed, it is clear that

oys C SOCK(Indf( Eyiy) C oys @ oys,

so it suffices to prove that Hom g (o=, Ind¥ B,/ ) # 0, or equivalently Homy(oy |7, By ) # 0, by
Frobenius reciprocity. This can be checked directly, by writing down the standard basis of oys.

Let V & Im(f). We claim that V N Ind¥ y/ # 0. Otherwise, the composite morphism V <

Ind& Ey\ — Ind¥X y would be injective, and also surjective as remarked before the lemma.
Thus, we would have a K-equivariant decomposition Indf By = Indf( X@Indf( X', which is not
possible (see for example [AIp86, §8, Lemma 6(5)]). As a consequence of the claim, o,/s appears

in V' (as a subobject), and therefore V' admits a quotient isomorphic to I(oss,oy) (we recall that
this representation was defined in §6.2)).

Now we prove . The inclusion C is obvious. Let o be a Serre weight lying in the right-hand
side of ([47). If o € JH(Ind¥ x), then clearly o € JH(V) because Ind} y is a quotient of V. So
we may assume o € JH(Ind¥ x’). Then, by Lemma and Remark 2.4.a(ii)|7 o is of the

form F(txia,(=77,)) = F(tA(27; — 7)) for some J C J. It follows from Lemma |6.2.1{(ii)}, |(iii)
and Remark that such a Serre weight is a Jordan-Hoélder factor of Projgr, ) oy if and

only if ¢ € J, if and only if it is a Jordan-Hélder factor of I(oyss,0y). (Note that o, = F()) and
oys = F(6\(27; — 7 7)).) Since I(oys,0y) is a quotient of V, this finishes the proof. O

Lemma 6.3.5. Suppose that x = xx with 0 < (A, o)) < p—3 for all 0 < i < f—1. Assume
X' = xai for some i € J. Let Q be a quotient of Indf* E\s, such that [Q : a,] = 0, then
Extl(0,0,) =0 for any o € JH(Q).

Proof. Let M be the kernel of Indﬁ( E,\ — Q. By Lemma Indfy E,  is multiplicity-free.
Since [Q : 0| = 0 by assumption, we have [M : o] = 1. As a consequence, the natural morphism
M — Ind¥ y is surjective (as oy is the cosocle of Ind¥ x), and therefore Q is a quotient of Ind’ y/
by the snake lemma. By Lemma the Jordan-Holder factors of Ind¥ x/ are of the form
F(trta,(—75)) for J C J. It follows from Lemma [2.4.6] that the existence of o € JH(Q) such that
Extl (o, 0,) # 0 implies the existence of J C J and j € J such that o = F(t\ya,(~7,)) € JH(Q)
and tyqq,(—7) = tA(£7;). By Remark [2.4.5(ii)| we get 27; —7; = 47;, i.e. we must have J = {i}
and j =4, and hence o = F(t\(7;)).
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Consider again the unique (up to a scalar) nonzero map
[ Projar, k) ox — Ind¥ E, .

By Lemma we have F(t\(7;)) € JH(Im(f)). However, o, € JH(M), thus by uniqueness of
f, we must have Im(f) C M. Then the Serre weight F'(tx(7;)) is a subquotient of both M and
(. This contradicts the fact that Indf( E, . is multiplicity-free. O

We fix ¢ € {~1,0,1}7 and define
(48) Dae = I(FO), P> =my)).
ieJ
Its Jordan-Holder factors are given by F(t\(>_;c;&i7;)) for J C J. by Lemma where

def

J§: {iEj:Ei%O}.
In particular, Dy . has length ol el
Remark 6.3.6. Keep the previous hypotheses and setting.

(i) We have
Ind? Xi = D/\,;l?

as follows from Lemma [6.2.1{i)]

(ii) Let p be a 2-dimensional semisimple Galois representation which is 2-generic (see Defini-
tion [2.3.4). Then the GLqa(k)-representation Dy(p) attached to p as in [BP12l §14] is a
direct sum of such D, ., where € € {£1}7; see Theorem 14.8 in loc. cit.

We want to understand the structure of D)y . ®p F'(«;).

Lemma 6.3.7. Suppose that x = x\ with 2 < (\, o)) <p—4 for all0 <i < f—1. The Jordan—
Holder factors of Dy ®r F(ay) have multiplicity one and are given by F(tx(2¢'T; + X ;e 5 i)
for JC Je and ¢ € {—1,0,1}.

Proof. First note that we have F'(A) ®r F(aj) = @.c(-1,0,1} F(A + e ) by [BP12, Prop. 5.4] or
[LMS22, Prop. 3.3(1)]. We then obtain the Jordan—Hoélder factors using Remark [2.4.5(ii)l The
multiplicity one property then follows from the injectivity of ty. Namely if 25&@ + D ies, €Ml =
25’2ﬁj + > e, €iM; for some subsets Ji, Jo of Jg, then J; = Jy by passing to Aw /2Aw, so also
gl = é&b. O
Lemma 6.3.8. Suppose that x = x) with 2 < (\, o)) <p—4 for all0 <i < f—1. We have

S0CGLy (k) (Dae ®F F(ay)) = P F2en)),

e'e{-1,0,1}
cosocGLQ(k)(DAé Qr F(oj)) = @ F(tA(Qalﬁj + Z £i;))-
e'e{-1,0,1} i€Je

Proof. Let I, & Injgr, k) F'(A). We have inclusions F'(A) C D . C I, which induces inclusions

F(N) @ F(aj) € Dye ®F F(ay) C I\ ®F F(aj),
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and also inclusions of the corresponding K-socles. It follows from [LMS22, Prop. 3.3(2)] that, if
I<(\o/y<p—3forall0<i< f—1when f>2 or2<(\af)<p—3when f =1, then

I, ®r F(aj) = @ I)\+e’a]~-
e'e{-1,0,1}
In particular, the K-socle of I\ ®F F'(ay;) is isomorphic to @.rcq_1,0,13 £'(tr(26'7;)), which itself
is isomorphic to F'(A\) ®r F(a;). This proves the result in these cases.

The assertion on the cosocle follows by a dual argument, using surjections Ptx(z. e Dy —

F(X), where B, = Projar, g F(1) (2 1,). By [LMS22, Prop. 3.3(2)],

(49) Pos ey @ F@) = @ Biaony,cmy

e’e{-1,0,1}
unless there is some ¢ € {—1,0,1} such that (tx(2¢'7; + >, &7;), ;) = 0 for all /. This
exceptional case can only happen when f = 1, in which case the condition is equivalent to

(A + 2Ty + 0y, o) = p — 2 (by Remark the element @' in the definition of t, is not a
translation). Combined with our genericity condition we obtain (\,a) =p—>5 and gy =&’ = +1.
In this case, by [LMS22l Prop. 3.3(2)] an extra direct summand that is irreducible of dimension p
appears on the right-hand side of , and we conclude as there is no p-dimensional constituent
in JH(D/\’E QF F(a0)> ]

Lemma 6.3.9. Suppose that 0 < j < f — 1 and that x = x», where \ is 4-deep in Cy, i.e.
3<(Nay)<p—5forall0<i< f—1. Let e € {—1,1} and write V for the unique nonsplit
extension of F(t\(e7;)) by F'(\):

0— F(\) =V = F(ta(en;)) — 0.

Then V @r F(o) has a 3-step increasing filtration whose successive graded pieces are Vi, Va, V3,
where

e V1 is a nonsplit extension of F(t\(3e7;)) by F(t\(2e7;)),
e Vs is a nonsplit extension of F(t\(en;)) by F(\) (i.e. Vo=V ), and
e V3 is a nonsplit extension of F(tx(—em;)) by F(tx(—2¢7;)).
As a consequence, F(tx(en;)) is not contained in the socle of (V ®r F(a;))/F(t\(2e7;)).

Moreover, the corresponding extensions of Vo by Vi, and V3 by Va, are nonsplit.

The structure of V ®p F(a;) can be illustrated by the extension graph

F(tx(3¢7;)) F(tx(em;)) F(tx(—em;))
(50) / /
F(t\(2e7m;)) F(N) F(tA(—2em;))

where the bottom (resp. top) row corresponds to the socle (resp. cosocle) of V ®p F(c;).

Proof. We note that V' = D, ., where ¢; = ¢ if i = j and &; = 0 otherwise. By Lemmas
and we see that V @p F(a;) has the 6 Jordan-Hélder factors listed in (50, and that its
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socle (resp. cosocle) is given by the bottom (resp. top) row of . In particular, V ®p F'(«;) is
multiplicity-free and has Loewy length 2.

Let us begin with the case where ¢ = —1, and we will only assume 3 < (A, o) < p—4
for all 0 < ¢ < f — 1. We define V; as the image of the unique (up to scalar) nonzero map
Projar, ) F(tA(=37;)) — V ®r F(aj). Since F(t\(—37;)) does not occur in the K-socle of
V ®r F(a ), V1 also has Loewy length 2, and each Serre weight occurring in radg (V1) must have
a nonsplit extension with F'(t\(—37;)). Comparing Jordan—Hélder factors of V @ F'(;) and using
Lemma we find that V4 has length two with socle F'(t\(—27;)) and cosocle F'(t\(—37;)).
We define V5 C (V @r F(a;))/V1 as the image of a nonzero map Projar,a F/(tA(=7;)) = (V ®F
F(c))/V1, and V3 as the quotient of (V ®@r F(«;))/Vi by Va.

Using the fact that ¢ = —1 and Lemma [6.2.1(i)| and |(iii)|, we know that V is a subrepresentation
of the principal series Indf( x with x = x3. Therefore, V ®r F(c) is a subrepresentation of

(Ind7* x) ®F F(aj) = Indf* (x ©r F(a;)]r).

We deduce from the exactness of induction that Ind% (y ®p F(a;)|;) has a 3-step increasing
filtration whose successive graded pieces are

Ind¥ X0, Ind¥ y, Ind¥ onj_l.
We claim that
JH(V1) = JH(V @F F(aj)) N JH(Ind¥ xa;).
Indeed, recalling x = x3, the Jordan-Hélder factors of Ind¥ Xoj = Ind¥ (X,\a]ﬂ)S are of the
form F(t\x—o,;(~7;)) = F(trA(=27; — 7)) for J € J, and the claim is checked by comparing with
JH(V ®p F(a;)) given in the first paragraph of the proof. Since (Ind¥ ) ®r F(a;) is a subquotient
of Indf( Wy 2, it is multiplicity-free by Lemma so we deduce that

(51) Vi = (V @F F(a;)) N (Indf xa;)
and hence an embedding

(V @k Flay)/Vi = Indf (x 9 F(og)|1)/ ndf x5 = Indf B, 1,

where the isomorphism holds because (x®w F'(;)|1)/x«; is isomorphic to E| | -1 as I-representa-
X%

X
tion.

As in the proof of Lemma [6.3.4, the K-socle of Ind¥ E, -1 is equal to F'(A) & F(t\(27;)).
X

In particular, F'(t\(—7;)) is not a subrepresentation of V2. As F(tx(7;)) and F'(t\(27;)) are not
Jordan-Holder factors of Projar, k) F/(tx(—7;)) (cf. Lemmas|6.2.1(ii) and [2.4.4), this implies that
the socle of V3 is equal to F'(\) and hence V5 is a nonsplit extension of F'(tx(—7;)) by F()), as
desired. We deduce that JH(V3) = {F(t\(27;)), F(tr(7;))}. Since V3 has cosocle F(t\(7;)) by
the first paragraph of the proof, V3 has to be a nonsplit extension of F(t\(7;)) by F'(tx(27;)) as
desired.

Now we prove the last assertion (still when ¢ = —1). We only prove that the extension of V5 by
V1 is nonsplit, the other case being analogous. It suffices to prove that V@ F (o) admits a subquo-
tient isomorphic to the (unique) nonsplit extension £ of F'(tx(—17;)) by F(tx(=27;)). As V@rF(«;)
embeds in (Ind}* x) ®r F(«;), which is multiplicity-free, we are reduced to prove that (Ind¥ x) ®p
F(cj) admits a subquotient isomorphic to €. It follows from the proof of Lemma that
I(F(t\(=27;)), 0y) is isomorphic to a subquotient of Indf* Eya, . Note that o = F(t\(-77))
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by Lemma i) so F'(tx(—7;)) is a Jordan-Hélder factor of I(F(tx(—27;)), F(tr(=77))) by

This finishes the proof in the case ¢ = —1.

To deal with the case ¢ = +1, assume first f > 2. As ¢ = +1, we know that V is a quotient of
Ind¥ x,,, where p & tA(7;) (use Lemma [2.4.4) and note that A = t,(—7;)). As A is 4-deep in C
we have 3 < (u,af) <p—4foral 0<i< f—1, and we can use a similar argument as in the
case ¢ = —1 (this is where we need the assumption that X is 4-deep rather than just 3-deep).

The case € = +1 is a little subtler when f =1 (i.e. kK = F)), because V is neither a subrepre-
sentation nor a quotient of any principal series. To handle this case, we note the following exact
sequence (see [BP12, §3])

0=V = Injgr,m,) F(\) = V' =0,
where V/ = Ind¥ y, is a principal series, and the decomposition ([LMS22, Prop. 3.3(2)])
(Injar,r,) £(A) ®@F F(ao) = Injgr,r,) F(81(200)) & Migr,r,) F1(A) & Iigr,e,) £ (—27))-
By tensoring with F'(c) we obtain
(52) 0=V &r F(ag) = (Injgr,r,) £F'(A) @r F(ao) — V' @F F(ap) — 0.

Like in the case ¢ = —1, let V; denote the image of the unique (up to scalar) nonzero map
Projar, k) F(t2(3M9)) = V ®r F(ap). Dually, we define V3 as the image of the unique nonzero
map V ®f F(ao) = Injgr, ) F (A (—27))) extending F(trx(—27)) = Injgr,w) F(tr(—27)) (and
using that F(t\(—27,)) — V ®F F(ap)). Comparing Jordan—Holder factors and using again the

first paragraph of the proof, we see that Vi and V3 are as in the statement of this lemma. Let R

denote the kernel of V @ F(ag) — V3 and let V5 &of R/Vi. Tt remains to show that three nonsplit

extensions occur as subquotients of V ®p F(ap), namely the nonsplit extensions of F'(tx(7j))
by F(tx(27,)), resp. F(tx(77g)) by F(N) (i.e. Vo is nonsplit), resp. F(tx(—T7)) by F(A), cf. the
extension graph .

If the nonsplit extension of F(t\(—7,)) by F(\) does not occur in V ®p F(ayg), then the image
of the composition

V @ F(ao) < (Injar,r,) F'(A) ®F F(ao) - Injar,,) F'(A)

is contained in the unique subrepresentation isomorphic to V, so by we get an induced sur-
jection V'@p F'(ag) = (Injgr,,) F'(A))/V, where the latter representation is a nonsplit extension
of F(\) by F(tx(—T7)), which contradicts the case e = —1. (Note that V' satisfies the relaxed

genericity condition assumed in the case ¢ = —1 above, as (t\(—m0), o) =p—1— (N, qf).) A
similar argument applies to show the other two nonsplit extensions £ occur, using always (52)
and the projection (Injgr,r,) () ®r F(ao) = Injgr,r,)(s0car,(F,) €)- O

Proposition 6.3.10. Suppose that x = x», where X is 4-deep in Cy, i.e. 3 < (A, o)) <p—>5 for
al0<i<f—1. Letee{-1,0,1}7 and0<j < f—1. If ej # 0, then there is an increasing
3-step filtration of Dy . ®r F(c) whose successive graded pieces are:

(53) D/\+6jaj,§v Dixe D/\—Ejaj,é'

As a consequence, there is an embedding Dxic.a,e > Dxe ®F F(cj) whose cokernel has socle

F(X) @ F(ta(—2¢;7;)).
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Assume moreover that X is 5-deep in Cy. If o, o' are irreducible constituents of Dy . ®r F ()
such that Ext%;LQ(k)(a, o') # 0, then either the nonsplit extension of o by o' or the nonsplit
extension of o’ by o occurs as subquotient of Dy . ®r F (o).

We remark that if ¢; = 0, then the arguments in the proof simplify and show that D). ®p
F(a;) = Dtaje ® Dre ® Dr-aje-

Proof. By Lemma we know what are the socle and cosocle of Dy . ®@r F(c;).

During this proof, we will use the notation 77{7 & > ic7 €M (note that 77:7 depends on the sign
g). We recall that t\(2¢;7; + 77) = tate;a,(77) by Remark By Lemma m there
exists a unique (up to scalar) nonzero map

Projar, k) F(0A (267 +717)) — Dac @F F(y);
let W1 be its image. The socle of W7 is contained in the socle of D) . ®r F(a;). But F(t\(2¢;7;))
is the only constituent of this socle which is also a constituent of Projqr,, ) F'(t\(26;7; + 7)),
cf. Lemmas [6.2.1f(ii)| and [2.4.4] This implies that W is a quotient of Projgy,, ) £'(tr (2257, +77))
with socle F'(t\(2¢;7;)) and such that [W7 : F(tx(2¢,7;))] = 1. We conclude that W; is isomorphic
t0 Diyeja,,e- Let Q be the quotient of D). ®p F(a;) by Wi. Then @ has cosocle isomorphic

to the direct sum of F(t\(7'7)) and F(t\(—2¢,7; +7'7)). Let W2 be the image in @ of the

unique nonzero map Projgp, ) F(tA(77)) — Q and let W o Q/Ws. Then W3 is a quotient of

Projar, k) F(tA(—2¢;7; +77))-

We claim that F'(\) is in the socle of Wy. Let’s assume it for now. As Ws is multiplicity-free,
it has a unique quotient with socle F'(\), namely W5 has a quotient isomorphic to Dy ..

We can check that the Serre weight F'(t\(—2¢;7;)) is not a subquotient of Projgr,, k) F'(tA(777))
(again, by Lemmas [6.2.1f(ii)| and [2.4.4]) so that F'(t\(—2¢,7;)) is a constituent of the socle of Wj.
As above, we can conclude that W5 has a quotient isomorphic to D¢, ¢. It follows from length
considerations that we must have Wy = Dy . and W3 = Dy_¢q, ¢-

We still have to prove that F'(\) is contained in the socle of Wy or equivalently that F'())
is a subquotient of Wy. Assume it is not the case. Let Wj be the image in D). ®r F(aj)
cif;the unique nonzero map Projar, k) F(tA(77)) = Diz @ F(aj). Then Wy is a quotientA(/)f
Wy and the kernel of Wy — Wj is contained in Wj. Thus F()A) is not a subquotient of Wy
(as g5 # 0). The socle of W, is contained in the socle of Dy ®r F(a; ), which itself is equal
to F'(tA(2e;7;)) ® F(A) @ F(t\(—2¢;7;)) by Lemma W (as €; # 0). However, F'()\) does not
appear in the socle of W by hypothesis, neither does F'(t\(—2¢;7;)) since it is not a subquotient
of Projar, k) F(tA(7'7)). The socle of W is then equal to F(tx(2¢5m;)). By multiplicity-freeness,
we have Wa = I(F(t\(2¢;7;)), F(t:(7;))). Consequently Wa/F(t,(2¢;7;)) contains F(t\(e;7;))
in its socle by Lemma This contradicts Lemmal[6.3.9] Namely if V' is the unique nonsplit
extension of F'(t\(g;7;)) by F()\) (using &; # 0), then V C D). and V ®p F'(a;) C Dy ®F F(a;)
and Lemma shows that F(tx(g;7;)) occurs in V ®p F(a;) but is not contained in the socle
of (V @p F(a;))/F(t\(2¢;7;))-

The assertion about the socle of cokernel of D Mejaje = Dac@pF (cy) is a consequence because
we get the lower bound from Lemma and the upper bound from the filtration (53).
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We now justify the final assertion of the proposition. Recall that J. = {i € J : &; # 0}, which
contains j by assumption. We first note that the irreducible constituents of Dyi¢;qa, ¢, Tesp.
Dy, resp. Dy _c.q; ¢ are given by F(t\(2 ;e €iaim;)), where 0 < a; < 1 for all i # j and where
2<a; <3,resp. 0 < a; <1,resp. =2 < a; < —1. By Lemmawe deduce that o and ¢’ occur
either in the same or in consecutive graded pieces in . If they occur in the same graded piece,
a nonsplit extension between ¢ and ¢’ has to occur in D) . ®p F(o;) by definition of Dy . (48).
If they occur in consecutive graded pieces, we may assume by symmetry and by Lemma [2.4.6
that o = F(t\(X ;. ciai;)) and o' = F(t\(X,e . €iaill; — €57;)), where 0 < a; < 1 for all 4 # j
and where a; € {0,2}. Let V' be the unique nonsplit extension of F'(t\(3;c .\ ;) €iaiT; + €57;))
by F(tx(Xics\(j3 €i@iM;)) (using € # 0), which is a subquotient of D) .. By Lemma (in
particular, the extension graph below it), we deduce that the nonsplit extension of ¢’ by o
occurs in V ®p F(c ) and hence in Dy @ F'(¢; ). O

Theorem 6.3.11. Fiz A\ € X1(T) which is 7-deep in Cy and ¢ € {+1}7. We set
Wee EAF((= D ey) T € T}

JjeJ
There exists a largest subrepresentation W of (Injy;7, F(N))[m¥%,] satisfying (W : 7] = 6p(x) + for
T € W_.. Moreover it has the following properties:

) WK1 — D)\,g;

) the representation W is an extension of @o<i<f—1 Datesase by Dag;
(iii) the representation W is multiplicity-free;
(iv) the cosocle of W is isomorphic to @o<;<r—1 F(t\(2657; + Xo<i<f—1€M:));

) its submodule structure is determined by: for 0 < a; < 3 such that o, = F(t\(> €5a,7;))
is a subquotient of W, the unique subrepresentation of W with cosocle o, has constituents
oy for all b such that 0 < b; < a; for alli.

Remark 6.3.12. The proof shows that A only needs to be 4-deep in C| for W to exist and
for part |(i)| to hold. In particular, in this case W51 = D, . is the largest subrepresentation of
(Injg/z, F'(N)[mE, | = Injgr, ) F(A) satisfying WKL 7] = ), for T € W_.

Proof. Let I, & Injar, ) F/(A) and let LY (Injg /7, F(X))[m%,], which is finite-dimensional by
dualising and using Nakayama’s lemma. We have I, = I, (Mg, ].

The existence of a largest subrepresentation W C I, satisfying the desired hypothesis follows
exactly as in [BP12) Prop. 13.1]. As the representation D) . satisfies [W : 7] = dp(y) , for 7 € W_

by Lemma | we have D). C WHEL Conversely, note that W1 is a subrepresentation
of " = I,. As WKt : F(\)] = 1 it follows by [BP12, Prop. 3.6 & Cor. 3.11] that WXt is
multiplicity-free. By Lemma|6.2. and our hypothesis on multiplicities, JH(W 1) C JH(D Ae)-
Hence W1 = D, _, proving (i)

Consider the short exact sequence:
0—= Dy, =W —=W/Dy.—0.
The long exact sequence of K1/Z;-invariants gives an injection

W/Dy. = (W/Dy )" < H'(K1/Z1,D).) = Dy, @ H'(K1/Z1,F),



GELFAND-KIRILLOV DIMENSION AND MOD p COHOMOLOGY FOR GL2 69

where the last isomorphism holds because Ki acts trivially on D).. Using the isomorphism
H'(K1/Z1,F) = @!-) F(a;) (see [BP12, Prop. 5.1]), we have:
f—1
W/Dxe = D (D ®F F(ay)).
j=0
For each 0 < j < f — 1, we have a decomposition:
0= Dxieja;e = Dae ®@r Faj) = Qj — 0
with socqr, k) @ = F'(A) © F(ta(—2¢;7;)) by Proposition [6.3.10
The assumption [W : F(\)] = 1 implies that

socg(W/Dy.) = socy (W/WHE) — @F(t,\(j:%jﬁj)).

(2

For 0 < j < f—1, Lemma implies that the representation F(t)(—2¢;7;)) has no extension
with Jordan-Holder factors of Dy ., consequently the Serre weights F(t\(—2¢;7;)) are not in
the socle of W/D) .. We conclude that the image of W/D, . in Q; is zero and that W/D, . C

-1
EB;;i)l)A+€jajé'

Let V be the representation of K constructed in Proposition [6.2.2] Note that the deepness
assumption on A allows us to apply it with B, =4 if ¢,y =1 and B; = 3 if ;1 = —1. Let
W’ = V[m% ]. By Proposition we have [W' : 7] = dpy) » for 7 € W_. so that W' C W by
maximality of W’. It follows from Proposition with n = 2 and n = 1 that

cosock (W') = @ F(tx(2e5m; + Zeim))

0<j<f-1 i
and WK1 = D). = W1, By what precedes we have an inclusion

-1
W /W C W/WHEY C €D Diseja, e
j=0
However, the outside terms have the same cosocle, so these inclusions are equalities. From W1 =
W't and W//W'Kr = W/WHL we deduce that W' = W. This also proves that W/D, . is

isomorphic to @;;& Diicja,e and gives We then deduce properties to from the
J O

properties of V' given by Proposition
Corollary 6.3.13. Let p: G, — GL2(FF) be a tame Galois representation such that p|;, = 7(s, )
such that p —n is 8-deep in C,.

(i) Let T be a finite-dimensional semisimple representation of K over F of the form 1 =
— oMo with me > 1 for all 0. Then there exists a largest K -subrepresentation
oeW(p)

V' inside (Injg 7, T)[m{f}(l] with socx V' =1 such that for all o € W (p),
[V :o]=[1:0] =m,.

Moreover V- = @ ez Voo™, where Vo C (Injg gz, o)[m%,] denotes the largest K-
subrepresentation of (Inj 7, o) [m%, ] such that [Vy : '] = 0.4 for all o' € W (p).
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(ii) Fiz o € W(p) and choose A € X1(T) such that o = F(\). There exists ¢ = (g;) € {£1}7
such that W (p) = {F(tx\(— Xie ;) : J C T}. Then V, is multiplicity-free and VX1 =
Dy .. Moreover the Jordan—Hélder constituents of V,, are the g = F(\(3 €;a:7;)), where
a; > 0 and Y ;|a;/2] < 1, with submodule structure determined as follows: the unique
subrepresentation of Vy with cosocle o4 has constituents oy, for all b such that 0 < b; < a;
for all 1.

(i) If o and o’ are both in W (p) and nonisomorphic, the sets JH(V,) and JH(V,/) are disjoint.

Remark 6.3.14. In Corollary [6.3.13(ii)| the condition a; > 0 and >;|a;/2| < 1 means exactly
that a; € {0,1,2,3} and that at most one of them is > 2.

Proof. Part follows by the same argument as in the proof of [BP12, Prop. 13.1]. For the
existence of V' we have to prove that, if V4 and V; are two subrepresentations of (Injg/z, 7)[m% ]
such that Homg (0, V;) = Homg (Proj, o, V;) for all o € W(p), then V;+ V3 has the same property.
This follows from the exactness of the sequence
0 — Homg (Projg 7, 0, V1 N V2)
— Homg (Projg 7, 0, V1) ® Homg (Projg 7, 0, V2)
—_— :[’IOHIK(PI‘OjK/Z1 g, i+ ‘/2) — 0.
By assumption, we have
dimp (Hom g (Projg 7, 0, Vi)) = dimp (Hom g (Projg 7, 0, V1 N V2)) = m,
so that
dimp (Hom g (Projg 7, 0, V1 + V2)) = my = dimp (Homg (0, V1 + V2)).
As T = Byew(p) oMo there is a K-equivariant inclusion
Ve @ (Injg/z, o)me [m%ﬁ]
€W (p)
and, by maximality of V', we have
@ VEme CV C @ (Injg/z, 0)ome [m%q]-
€W (p) €W (p)

By definition of V;,, the socle of (Injg/z, o)[m%,]/ Vs contains only Serre weights of W (p). Hence
the socle of V/ (@er(ﬁ) V™Mo ) has the same property. However it follows from the exactness of
Homg (Projf/z, 0, —) that we have for all o € W (p)

Hom g (ProjK/Z1 o, V/( @ VJEBm”)) =0,
oW (p)

so that sock (V/(@gewz) Vo ")) = 0 and

V= vim.
oW (D)

Now we prove part By Proposition the elements of W (p) are of the form F'(t,_,(s7;))
for J* C J and we let J C J be such that o = F(,(0)) = F(t,—,(s7;)). In particular, all
elements of W (p) are 7-deep in C (for example, by Remark [2.4.5(iv)). By Remark there
exists € = (g;) € {£1}7 such that W (p) = {F(tr(— ;e &) : J' € JT}. The properties of V,
are then immediate consequences of Theorem [6.3.11)(1)} and
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For part [(iii)] let A\, \' € X1 (Z) be such that ¢ = F()), o (XN) and € such that
W(p) = {F(t\()_ —em;)) : J S T}
icJ
Then

H(V;) = {F(’u(z giain;)) : a; > 07ZLCL¢/2J <1}

Choose J C J such that F(X) = F(t\(— >_;cs€iT;)). Then by part and Remark we see

that
JH(V,) = {F(t\(— Zszb + 1M+ D Ebi)) b >0, [bi/2] <1}
VAV i
(Note that W (p) is obtained by putting —1 < b; < 0.) If JH(V,) and JH(V,/) are not disjoint,
then J =0 (as b; + 1 > 0), contradicting o % o’. O

Corollary 6.3.15. Let p, m, and V be as in Corollary[6.3.13. Then

@m
Vimg,]= & Dol ’,
ceW(p)

where Dy »(p) is the representation of GLa(k) constructed in [BP12, §13].

Proof. This follows from Corollary |6.3.13{(i)| and as well as Remark [6.3.12 O

6.4. Multiplicity one result for the pro-p-Iwahori. The aim of this subsection is to prove
that some multiplicity one assumption on the first two layers of the Ki-socle filtration implies a
multiplicity one result on the first three layers of the I;-socle filtration of an admissible smooth
representation of GLa(L).

Proposition 6.4.1. Suppose that x = x» with 2 < (A, o)) <p—3 forall0 <i< f—1. Let W
be a smooth and finite length representation of I over F satzsfymg the following conditions:

e both the socle and cosocle of W are irreducible and isomorphic to x;
e we have socr(W) C rad;(W) and rad;(W)/socr (W) is semisimple; in other words, the
Loewy length of W is equal to 3.

Let Q be a nonzero quotient of Indf( W such that [Q : o] = 1. Then the composition

x =soc; (W) =W i) Qlr

is zero, where f is induced by Frobenius reciprocity.

Proof. Assume that f|g.c, () is nonzero, or equivalently f is injective, for a contradiction. Then
the 1mage of Tnd¥ soc; (W) — @ is nonzero and has cosocle o, (recall that o, is the cosocle
of Ind X). Since [Q : oy] = 1 by assumption, we may replace @) by the image of the unique
(up to scalar) nonzero morphism @ — Injg 171 Oxs and therefore assume sock (Q) = oy. Indeed,
letting Q" be this image we have [ker(QQ — Q') : 0] = 0. Since oy is a Jordan-Hélder factor
of the image of Ind¥ soc;(W) in Q, the map from Ind¥ soc; (W) to Q' is nonzero and hence the
composite soc; (W) — @ — @' is nonzero. From now on we suppose that sock(Q) = o,. Note
that, the image of the map
Ind¥ soc; (W) — Q
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is then exactly socx @ = o,. Also note that Q/o, # 0, otherwise f could not be injective because
(W : x] =2 while [o|r : x] = 1.

Using Lemma [6.1.1] we deduce that rad;(W)/soc;(W) is isomorphic to a direct sum of char-
acters of the form Xafl, each appearing at most once. Let Sy (resp. S_) be the set of characters
appearing in rad;(W)/socr(W) and of the form ya; (resp. xa; '). Also let W/ C W be the
subrepresentation defined by

0=-x—>W = @ ¥ =0,
x'€S—
and W"” = W/W' so that
0> @ ¥ =W —=x—0.
X' €Sy
Note that both W/ and W are fixed by K71, see Lemma

We claim that f(W’) is contained in oy. This is equivalent to showing that the morphism
Indf( W' — @ (induced from f by Frobenius reciprocity) has image contained in (and hence
equal to) oy. Let Q" denote the image of IndX W’. Clearly, @' is contained in Q¥', which itself
is a subrepresentation of Injgr, ) oy. If 0 C @', then, as f(soc; W) C oy, we would obtain

=

a nonzero morphism Indf (W’/x) — Q'/ay — (Injgry k) 0x)/0ox- However, one checks that no

Jordan-Holder factors of Ind¥ y/ for x/ € S_ can appear in Injgr, (k) Oy, using Lemma
Hence we have Q' = 0.

We obtain a surjective morphism
IndX W - Q" ¥ Q/o, #0.
Since [Q" : o] = 0, Lemma implies that no Jordan—-Holder factors of Q" have nonsplit

extensions with o,. However, as @ has irreducible socle o, we obtain a contradiction. ]

Definition 6.4.2. Let V be a semisimple smooth representation of I over F. We say V is
connected if the following condition is satisfied: for any two smooth characters xy # x” of I
occurring in V' such that x” € soc;(W, 3), there exists a character x’ occurring in V' such that

Ext}/zl(x’, X") # 0 and Ext}/z1 (x,x') #0.

The motivation of the above definition comes from the following result.

Lemma 6.4.3. Let p: G, — GLo(FF) be a 6-generic representation, not necessarily semisimple.

Let Do(p) be the GLa(k)-representation constructed in [BP12, §13]. Then Di(p) o Do(p)"t is
connected in the sense of Definition[6.4.3. As a consequence, if V is a semisimple representation
of I such that JH(V') = JH(D1(p)) up to multiplicity, then V is connected.

Proof. We first note the general fact that up to multiplicity
JH(Do(p)) =JH( €@ igr,m o)
oeW (p)

Indeed, the inclusion “C” is trivial and “O” follows from [BP12, Lemma 12.8, Prop. 13.4]. As a
consequence, we have

JH(Do(p)) € JH(Do(p™))-
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We write p**|;, = 7(s, ) such that p — 7 is 6-deep in C. As in the proof of Corollary m ii
we know that W (p*) = {F(t,—,(>_;e:im;)) + J € J} for some choice of ¢; € {£1}. By using
Remarks [6.3.12 and [2.4.7| we see that JH(Do(p*)) = {F(t,—,(>_€ia:7;)) : —1 < a; < 2},

Suppose x and x” are as in Definition m for V= D1( ). By Lemma X" has the form
Xailaﬂ for some 0 < iy,i9 < f—1. Say x = o't and x” = (¢”)"* for some o, 0" € JH(Dy(p)). By
the discussion in last paragraph, we may write o = F(t,—, (> €;4;7;)) and 0" = F(t,_, (3 €;a{7;))

for some —1 < a;,a < 2.

First suppose that i; = i5. Recalling that F'(A\)t = y, and tyt24, (w) = t\(w +47;) we see that
YT, = Yo eia;7; £ 47;, for some —1 < a4, af < 2; contradiction. (The 6-deepness of u — 7
guarantees that we are staying inside Af;, ")

Now suppose i1 # i2. As in the previous case we know that |a; — af| = 2 if i € {i1,i2} and
a; = a] otherwise. We let o] &y, for i # iy, a;, def aj, o' = =y u—n(>-€ia}7;)), and x’ L (o)h,
We claim that x' € Di(p )Il Equivalently we need to show that the unique principal series
with cosocle o’ contains an element of W (p) as constituent (then the principal series admits a
quotient that contains precisely one element of W (p) and that as its socle). By Lemma [6.2.1)(i)]
and Remark the principal series with cosocle o has constituents F(t,—,(> a:7; + > 7 €.7;))
(J C J) for certain signs €; € {£1}. By Remark the same is true for the principal series
with cosocle o’ (resp. 0”), by replacing a; by a (resp. a}). The claim follows, since the condition
of containing a Serre weight of W (p) is checked separately for each embedding. (Use Proposition
if 5 is semisimple and [Lel9l Prop. 3.2], as well as [LMS22| Def. 3.5], otherwise.)

The last assertion immediately follows from the first one, because by definition the connected-
ness of V' depends only on JH(V') up to multiplicity. O

We now consider an admissible smooth G-representation 7 satisfying the following properties:

(a) m[m% ]|k is isomorphic to a subrepresentation of a direct sum

@ D
ag
oceWw
for some set of Serre weights W, some K-representations D, with socg Dy & o, and

some integers m, > 1;
(b) the K-representation

def@D

oeWw

is multiplicity-free and for each Jordan—Holder factor o’ of D we have Xo' 7 X5 (equiv-
alently, 1 < dimp(0’) < q).

In our application below we will have W = W (p) for some tame mod p Galois representation
p. Note that if y € D!, then Frobenius reciprocity induces a nonzero morphism Indf{ X — Dk,
By condition . Ind¥ x has irreducible cosocle oy, so there is a unique o € W such that o,
occurs in DK1 (or equivalently, such that y occurs in Dll) In particular, o, does not occur as a
subquotient of D/D*1.
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~Y

We also note that D s multiplicity—free: for a character x of I we have Homj(x, 511) =
HomK(Ind T X ) If x € D', then Ind¥ x has an irreducible cosocle as seen above. As moreover
D is multiplicity-free, we deduce that Homg (Ind ¥ y, ) is one-dimensional.

Lemma 6.4.4. Let m and D be as above satisfying the conditions@ @ Suppose x € 7 is of
the form xx with 2 < (\,a)) <p—3 for all 0 <i < f — 1. Then the natural quotient morphism
W2 — X induces an isomorphism

Homy(x, 7) = Hom(W,y 2, ).

Proof. Since W, 5 is killed by m%l, any morphism W, o — 7| has image contained in

m[m7,] € 7[mi, .

Let f : Wy2 — |1 be an I-equivariant morphism. For ¢ € W, consider the map f, :

Wyo — ﬁ?ma |7 obtained by composing f with the projection to the corresponding direct factor
in condition @

Let X’ be a character in soc;(Wy2). By Lemma there exists i € J such that x' = Xoezil
and the x’-isotypic subspace is 1-dimensional.

We first consider the case where x’ is of the form ya; ! for some i € J. Assume for contradiction
that f is nonzero on the (one-dimensional) x’-isotypic space of W, 5. Then there exists at least
one o € W such that f, is nonzero on the y/’-isotypic subspace of W, 2.

As a consequence of Lemma (and Frobenius reciprocity), no character v of socr(Wy 2)
other than Y’ can occur in E{,l, otherwise o would be a common irreducible subquotient of both
Indf{ X and Indf 1. Hence, the map f, factors through the quotient E,,, of W, o and induces
an embedding E,/, < DZ™|;. Let

fo : Ind¥ Ey\ — DEme

be the induced morphism by Frobenius reciprocity. Lemma [6.3.] implies that the cosocle of
Indf E,/ , is equal to that of Indf* y, i.e. oy, hence so is the cosocle of Im( f»). Since E, is not
Ki-invariant, neither is Im(f,) because the morphism Ey\ — Im( fs)|1 is injective. We deduce
that o, occurs in D,/DE1. This contradicts |(b)} as remarked just before this lemma.

We conclude that the map f is zero on all x’-isotypic subspaces of W, o for x' = xa; Lied.

The general case can be reduced to the above case, using the fact that = carries an action of
t d_Ef (0
tof. As f is I-equivariant, the map f’ is I-equivariant. As W 5 = Wys o and as the x/-isotypic
subspace of W, o coincides with the x’*-isotypic subspace of Wf(’z, it follows from the first case
that ¢ o f, and hence f, is zero on the y/-isotypic subspace of W, o for x' = xa; with i € J. As a

consequence, f is zero on socy(Wy 2). O

(1)). Namely let f’ be the map from W;;Q (conjugate representation by t) to m defined by

We will not use the following corollary of Lemma but we state it since the result can be
useful.
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Corollary 6.4.5. Let m and D be as above satisfying the conditions @L @ Suppose x € w1 is
of the form xx with 2 < (\,a)) < p—3 for all0 < i < f — 1. Then for any character x' € 7!t
such that Ext} 17 (x,X') # 0 there exists no I-equivariant embedding

EX,’X ‘—)71"[.

We now make an additional assumption on 7:

(c) 7!t is connected (cf. Definition [6.4.2)).

Proposition 6.4.6. Let m and D be as above satisfying the conditions @, @, . Suppose
x € w1 is of the form xx with 2 < (\, o)) < p—3 for all0 <i < f—1. Then the natural quotient
morphism W, 3 — x induces an isomorphism

Homy(x, ) = Hom(W, 3, ).

Proof. Let f : W, 3 — 7|1 be a nonzero I-equivariant morphism. It suffices to prove that f factors
through the cosocle W, 3 — x. Let’s assume this is not the case and derive a contradiction. Note
that this implies that f[sc,w, 4) is nonzero by Lemma W

Step 1. We first show that f is zero when restricted to X” % @y, where the direct sum is
taken over all characters x” in soc;(W, 3) which are different from x (recall that [W, 3 : x"] =1
for such a x”). Indeed, if there exists such a x” such that f is nonzero when restricted to x”,
then in particular x” € w1, Since 71 is assumed to be connected by we can find ' € 7t as
in Deﬁnition By construction, x" occurs in the second layer of the socle filtration of W, 3
and Lemma shows that x” occurs in the socle of the image of any nonzero morphism

WX/72 — vag.

But, the composition Wy, o — W, 3 L gives a morphism that does not factor through its cosocle
X', which contradicts Lemma, As a consequence, f factors through the quotient W, 5/X".
Note that W, 3/X" is killed by m%ﬁ, because we may define a suitable subrepresentation W’
of W, 3/X", with quotient W”, such that both W’ and W" are killed by mg, (cf. the proof of
Proposition . Hence, Im(f) is contained in m[m% ].

Step 2. Since flsoc, (. 5) 18 nonzero, combining with Step 1, we deduce that x occurs in the soile
of Im(f). By |(a) W[mﬁ(l] C @B, cyy D™, so there exists a projection pr : @, ¢y DE™e — D,
such that pr o f remains nonzero on the x-isotypic part of soc;(W, 3). By Frobenius reciprocity
oy occurs as a subquotient in D,[mg,]. Consider the composite morphism

fo: Wys b ximZ ]l 2 Dyl

Let W & Im(f,) and Q be the image of the induced morphism Ind¥ Wys — D,. By Lemma
any X’ with Ext} 17 (x, X") # 0 cannot occur in 15(51, otherwise o would be a common Jordan—
Holder factor of both Ind¥ x and Ind¥ x’. Combining with Step 1, we deduce that socy(W) is
x-isotypic (being a subrepresentation of ﬁgl) Since ﬁc{l is multiplicity-free by @ (as observed
above), we must have soc;(W) = y. Since [Q : o] = 1 (as D, is multiplicity-free by m,
Proposition [6.4.1] provides the desired contradiction. O



GELFAND-KIRILLOV DIMENSION AND MOD p COHOMOLOGY FOR GL2 76

We can now prove the main theorem of this section. Let p : G, — GLa(F) be a tame Galois
representation such that p|;, = 7(s, u) (cf. Definition [2.3.1) with @ — 1 being 8-deep in Cy (§2.1)).

Theorem 6.4.7. Let m be an admissible smooth GLo(L)-representation over F with a central
character. Assume that:

(i) we have JH(sock (7)) = W(p) (up to multiplicity);
(ii) for all o0 € W(p), we have [W[m%ﬁ] o] = [sock () : o];
(iii) we have JH(wt) = JH(D1(p)) (up to multiplicity).

Then dimgr, ) (7) < f.

Proof. As m has a central character, the group Z; acts trivially on w. Therefore, by Corollary

6.3.13] Corollary [6.3.15| and Lemma [6.4.3] the representation 7 satisfies hypotheses @7 @,
above. Then Proposition [6.4.6| shows that Hom;(x,7) = Homj(W, 3,7) for all characters x

occurring in /1. We can then apply Corollary |5.3.5| to conclude that dimj(n|;) < f and thus
that dimgr,,()(m) < f (since I is open in GLa(L)). O

7. CONSTRUCTION OF A LATTICE

In this section we construct a GLa(Op)-stable lattice with simple cosocle in some particular
locally algebraic representation of GLa(L).

We keep the notation of section @ Hence, L is a finite unramified extension of @, of degree f,
ring of integers Oy, residue field k. Recall that we have set K % GL2(Oy1), Ky Ll pMa(Op)
and Z; & Z(0p) N K.

Let o be a Serre weight for Gy xz, Fp. We write P oo Projgry, ) o for the projective cover

of o in the category of F[GLa(k)]-modules and we let P, be the projective O[GLz(k)]-module
lifting P,. Then P, ®o E is a (semisimple) finite-dimensional representation of GLa(k) over E.
By inflation, we view it as K-representation on which the subgroup K acts trivially.

The space sly 1, of 2 x 2 matrices of trace zero with coefficients in L is endowed with the adjoint
action of GLg,r, which is isomorphic to V(a),;, & Sym?(L?) @ det™!. In particular it has an
action of K. The goal of this section is to show the existence of a K-stable lattice V° in the
locally Q,-algebraic representation sl 1, ®q, P, such that (V°/wV°)g, is isomorphic to P, (and
hence such that o is the K-cosocle of V°) under some mild genericity assumption on o.

As P, is defined over W (F), and since Homg,-alg (L, W(F)[1/p]) has [L : Q] elements, we may
assume that E is unramified over Q,.

Throughout this section, E is assumed to be unramified over Q,. We recall that, as before, we
assume p > 2.

7.1. Locally algebraic lattices. Let V° be some K-stable O-lattice in some continuous finite-
dimensional representation (V, p) of K/Z; over E. We assume that the group Kj acts trivially on
Ve /pVe.
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As p > 2, the map = — exp(pr) induces a bijection sly 0, — K1/Z; (note that since p > 2,
the map Ky N SLo(L) — K1/Z; is an isomorphism) and a group isomorphism

(54) 5[270L/p5[27OL 1) (Kl/Zl)/(Kl/Zl)p
(See [Laz65, 111.1.1.4, TIL.1.1.5, I11.1.1.8].)
By assumption, we have p(k) € Idye +pEndp(V°) for k € K. For x € sly;, and v € V°/pV°,
we choose lifts Z € sly o, of z and © € V° of v and we define:
Bie(x,v) = p~* (p(exp(p)) — 7) mod pV°.

Note that {.(z,v) does not depend on the choices of  and v and is Fp-linear in = and F-linear
in v. The independence and linearity in x is a consequence of and of the fact that if g € K1,
we have [gP] — 1 € m% in F[K1].

Therefore there exists a unique F-linear map
Byo 35[2,k X, (VO/pVO) — VO/pVO

such that fye(z®v) = B0 (z,v) for z € sly, and v € V°/pV°. (Alternatively, one can verify that
the natural Lie algebra action of slp 0, on V preserves V° and gives rise to Sy- upon reduction
modulo p.)

The map Sye measures the defect of exactness of the functor (—)x, on finite quotients of V°.
It is a particular case of a Bockstein homomorphism in some homology long exact sequence. More
precisely, we have the following lemma.

Lemma 7.1.1. The following sequence is exact:

sly, @, (V°/pV°) Bvey yro Ve B (VO /p? Vo), — VO /pV° — 0,

where the last map is the reduction mod p (recall that (V°/pV®) g, = V°/pV°).

Proof. As the functor of Kj-coinvariants is right exact and since (V°/pV°)g, = V°/pV°, it is
sufficient to check that the kernel of the second map coincides with the image of Byo.

Let z € sly, and v € V°/pV*° and choose & € sly o, and ¢ € V° lifting  and v. By definition
we have:

pBye(z @ v) = p(exp(pz))v — o mod p?V° € ker((V°/p*V°) — (V°/p*V°)K,).
This implies that the composite pSBy- is zero.

Conversely let v € V°/pV° be such that pv is zero in (V°/p?V°)g,. This implies that there
exist kq,..., k- in K7 and 94,...,0, in V° such that

T

po = (p(ki) = 1)&; mod p*V°.
=1

Then there exist Z1,...,&, in slp o, such that k; = exp(pZ;) and we have Syo(>; z; ® v;) = v in
Ve/pV®, where z; € slyj, v; € V°/pV° are the images of Z;, ;. O
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Recall that the group K acts by the adjoint action on sl ;, and induces a Qp-algebraic E-linear
representation of K on sly 1 ®q, F. There is a decomposition

f—1
5[27]4 ®Qp E= @5[2,E7
1=0

where K acts on the i-th summand by the adjoint action via the embedding K <— GLy(FE) given
by 0; : L < E on the coefficients. The sub-O-module sly 0, ®z, O is a K-stable lattice and the
action of K on (sly,0, ®z, O)/p(sl2,0, ®z, O) = slyp ®r, F factors through GLa(k) so that K
acts trivially on this quotient.

Now we compute Byo in the case where V° is the lattice sly o, ®z, O in the locally algebraic
representation sly  ®q, F.

Lemma 7.1.2. Assume that V° = sly 0, ®z, O. Then V°/pV° = sly @, F and the map By is
given explicitly by

Bre(z@y®z) =2,y ® 2
forx,y €slyy, and z € F.

Proof. Let & and 7 in slp o, lifting  and y. We have:
exp(pZ)j exp(pZ) ' — § = pi§ — pjE  (mod p’sly0, )

so that Sy, o, @,,0(r ®y ® 1) = [z,y] and we conclude by F-linearity. O
Remark 7.1.3. By construction of 8y we can check that 5V1°@V2° = ,Bvlo @ 5\/20 and, if W° is
another lattice on which K acts trivially, Syeg,we = Bre @ Idyo /ppo.

We leave to the reader the task to verify the following lemma along the lines of the proof of
Lemma 7171
Lemma 7.1.4. Let W C V°/pV*® be a sub-F-vector space stable under K and let V> C V° be the

inverse image of W in V°. We have a commutative diagram with exact rows:

Byelsty &p, W

sy @, W ————F— Vo /pV° — L (VP /p?V°)k, 144 0

J | | |

slyy @g, (VO/pV°) —2X% s Vo fpve — 2 (VO /p2V°) e, —— VO pV® — 5 0.

7.2. Preliminary computations. In this technical subsection, we make some explicit computa-
tions with sly p-representations and deduce that a certain endomorphism of a direct sum of Serre
weights is actually an automorphism.

If G is an algebraic group over F, we use the notion of G-module M as defined in [Jan03|
1.2.7]. Such an object has an underlying structure of an F-vector space. It has moreover a natural
structure of a module over the Lie algebra Lie(G) such that the structure map Lie(G) @p M — M
is a morphism of G-modules, where Lie(G) is considered as a G-module for the adjoint action
([Man03, 1.7.11 & 1.7.18(1)]).
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Given A € X*(T) (resp. A € X*(T)), as in we let L(A)/r be the irreducible algebraic
representation of GLg/p (resp. of G) of highest weight \. We write L(A) instead of L(A)/p in
order not to overload notation.

If A= ()\i)ogigf—l with \; € Xl(T), we have
f-1 '
L) =R LD,
=0

where L()\i)(i) is the inflation of the GLg /p-module L();) to G via the map G = [[ 7 GLo = GLo
corresponding to the i-th projection.

Moreover L(A) inherits an action of the group G(F) = GLa(k ®p, F) and F(X) = L()\)|gr, k)
via the inclusion GLa(k) < G(F) = GL2(k ®p, F) corresponding to the ring homomorphism
k—kep,F,a—a®1l (see.

We fix the following F-basis (e, h, f) of sl p:

e=(§ o). n=(p 2) s=(0 D).

Recall that the space sy is a GLg jp-module for the adjoint action and if p > 2 we have o € X1(T')
and sly p is isomorphic to L(«).
Let A € X (T). We recall that L(\) has a structure of sly p-module. Let vy be a highest weight

vector of L(A). Then the F-vector space L(\) has a basis given by (fivy)o<i<, with 7 & I\ aY)
and the action of GLy(F) is given, for v € L()), by

1 a\ ne” 1 0y nf"
(0 I)U—Za il <a 1>U—Za 2
n>0 n>0
(See [Jan03, 11.1.19(6)] and note that here the sum over 0 < n < p — 1 suffices.)

Assume from now on that A is 2-deep in the lowest alcove, i.e. 2 < r < p —4. Then we have an
isomorphism of GLz r-modules (see [Hum89, Lemma]):

(55) slop @ L(N) = L(a) ®p L(A) 2 L(A\) & LA+ a) & L\ — a),

noting that the weights A+« and A —« are p-restricted. We note that the vector 2(e® fvy)+r(h®
vy) is annihilated by e and is a weight vector of weight A, it therefore generates the submodule
isomorphic to L()) in sly p@p L(A). The vector e®@uy (resp. e® f2oy+(r—1)h® foy—r(r—1) f@uv))
is annihilated by e and is a weight vector of weight A4+« (resp. A—«) and generates the submodule
isomorphic to L(A + «) (resp. L(A — «)).

We denote by dy the unique map of GLj p-modules L(\) — slyr ®r L(\) sending vy to
2(e ® fuy) + r(h ®wvy). Note that this is the unique (up to scalar) nonzero map between these
GLg2 /p-modules.

Lemma 7.2.1. The composite map of GLga p-modules

Idsy, - ®dx [——l®ldr
-

Py 5[2,15‘ XE L()\) _ 5[2,IF XE 5[2,15‘ RE L()\) 5[2’[5‘ (S L()\)

is an isomorphism.
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Proof. As both sides have the same dimension, it is sufficient to prove that this map is injective.
As a GLg jp-module, sl r @p L(A) is a direct sum of distinct simple modules by , it is therefore
sufficient to prove that the map v is nonzero on some well chosen vector of each direct summand.
We will check this for each of these modules.

The submodule isomorphic to L(A + «) contains the vector e ® vy. We have
Pale®@uy) = ([= -] @ldyp))(e® (2(e @ fur) +r(h @ v))))
=2[e, €] @ fux + rle, h] @ vy
=2re@uy #0
since 2r # 0 in F.

The submodule isomorphic to L(A) contains the vector dy(vy) = 2(e ® fuy) + r(h ® vy). Note
that

dx(fuy) = f(2e® foy +rh ®vy)
=2[f, €] ® for 4+ 2e @ fruy +r[f,h] @ vy + Th @ fuy
= —2h® fuy+2e® fPur+2rf @uy+71h® fuy
=2e® fPur+ (r —2)h @ fuy + 2rf @ vy.
We have
Ua(da(va)) = ([= =] ®@1dp) (2e @ da(fva) + rh @ da(vy))
= 4le,e] @ froy + 2(r — 2)[e, h] ® fux + 4rle, f] @ vy + 2r[h, €] ® fux + r2[h, h] @ v
= —4(r —2)e® fuy +4rh @ vy + 4re ® fuy
=8e® fuy +4rh®@vy #0

since, for example, 8 # 0 in F.

The submodule isomorphic to L(A—a) contains the vector e® f2vy+(r—1)h® fuy—r(r—1) fQuy.
We first check that
dr(f20)) = 2e @ fPor+ (r —4)h @ 2o\ +4(r — 1) f @ fu.
Then we have
Ur(e®@ fRoy+ (r—Dh@ foy —r(r —1)f @ vy)
=2(r4+2)e® fPun+2(r — 1)(r +2)h @ foy —2r(r —1)(r +2)f @ vy

and this is nonzero, since 2 < r < p — 4. This proves the lemma.

O

Let o be a Serre weight for G xz,Fp. It is an absolutely irreducible representation of G (IF})
GLa(k). There exists a p-restricted weight A € Xi(T) such that o = F(\) = L(\)|gryx)

®zf;01 L()\i)(i)|GL2(k) (See .

Assume from now on that A is 2-deep in Cj. Then the weights A\, A £ «; are p-restricted, hence
we have an isomorphism of GLg(k)-representations

slog Qo FA) X FN) @ FA+ ;) ® F(\ — ay),

where the summands on the right-hand side are irreducible and pairwise nonisomorphic. For
each i, we choose a nonzero map dy; € HomGLQ(k)(a,slg,k ®k,o, 7). By comparing with it

P
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follows that that the map d,; is a nonzero multiple of the map Id® )6) ®dE\) and we define

d, & (ds,;) which is a GLa(k)-equivariant map from o to sly ) ®p, 0 = EBZ (slox ko, 0). (Note

that slyy @, o is isomorphic to the GLg(k)-restriction of (slyr ®p L(A;))® &,z L(A\)Y) or,
equivalently, of L(a;) ®p L()\).)
Proposition 7.2.2. Assume that X is 2-deep in Cy. Then the map of GLa(k)-representations

ldsiy j, @d, (- —]®lds
U sl ®p, 0 ——— sly ), @, slox @R, 0 ——— sl @, 0

s an tsomorphism.

Proof. As the map [—, —] is k-bilinear, the map [—, —] ® Id, factors through
sly k. ®F, slo g O, 0 — sy R slo A, 0
Therefore, the map V¥ is the direct sum of the maps V¥;, where W, is the F-linear composite map

Id[2k®daz [ ]®d
sl g Qp.gy, 0 ———— slo , ®p 8lof Ok g, 0 ——— 8ly f; Qpg, 0.

First of all we remark that all the modules involved in the statement are actually restrictions to
GLa(k) of G-modules. Namely, o = L(\)|gr,(x) and the action of GLa(k) on sly y ®j o, F is the
restriction to GLa(k) of the action of G on ﬁlé% Moreover the maps dy; and [—, —] are maps of
G-modules. As L(\) = ®; L(\;)® and slyj, ®p, o, 0 = > Qs LM\ )Y @5 (slyr @ L(N;))®, we have
U =Q, wg), where ; ; is the identity of L()\;) when j # i and ;i is a nonzero scalar multiple

of the endomorphism 1y, (where 1y, is defined in Lemma |7 . By Lemma [7.2.1} - the map U; is
an isomorphism, hence so is W. ([l

7.3. Construction of the lattice. Let o be a Serre weight. We recall that we denote by P,
the projective cover of o in the category of F[GLa(k)]-modules and P, the projective O[GLa(k)]-
module lifting P,. Then P, @0 E is a (semisimple) finite-dimensional representation of GLa(k)
over F. By inflation, we view it as a K-representation on which the subgroup Kj acts trivially.

We set Ry dof ]5(, and we recall that we have the Q,-algebraic action of the group K on slp 1, ®q, £
by the adjoint action. The O-module Rs et sly o, @z, P, is a K-stable lattice of Rs[1/p] such
that Kj acts trivially on Rs/pRo. As the group K; acts trivially on P,, Remark implies
that Sr, = Bst, o, ®2,0 ® Idp,. From Lemma we deduce that

Br, = [, —| ®@1dp, : slox ®F, sl @, P — slak @F, Po.

Let Ry ; dZEfs[ZoL ®0y .0 P, so that Ry = @, R2i. Let A € X 1(T) be such that ¢ = F(\) and
assume that A is 3-deep in . For 0 <7 < f—1, there exists an isomorphism of K -representations
(see for example [LMS22 Prop. 3.3(2)]):

(56) Rai/pRo; = sly ) @k, Po = Py @ Pyy , © Py,
where 01; = F(A — ;) and 02; = F(\+ ;). We fix such an isomorphism and use it to define a
K-equivariant injection ¢; : Py < Ra;/pRa;. We let ¢« denote the “diagonal” embedding of P,:
-1
t:x v (1i(z)); € Ry/pRe = @Rg,i/pRM.
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As a first step, we consider a modification of the lattice Ry. We define a new lattice in Ra[1/p]
as follows:
R, % {2 € Ry : (x mod pRy) € u(P,)}.
Note that pRy C R). As K acts trivially on P,, the map R)/pR}, — P, sending z to ¢~ (x mod
p) factors through R5/pRy — (R5/pR5)k, and gives rise to a K-equivariant surjective map

(Ry/pRy) e, — Fo

Proposition 7.3.1. For z € R, we can find elements ky,..., k. € K1 and x1,...,2, in Ry such
that

r

Z(kzZ — Dz; =pz  (mod p*Ry).
=1
Hence the K -equivariant map (Ry/pRS) Kk, — P, is an isomorphism.

Proof. By Lemmas and we have a commutative diagram with exact rows:

slyj, ®r, Py ——— Ra/pRy —'— (Ry/p*Ro) K, P, 0

a1 \ | | J

slos @5, (Ro/pRa) 25 RofpRy —"— (Ro/p*Ra)i, —— Ra/pRy — 0.

We will prove that the diagonal map is surjective (equivalently, an isomorphism, for dimension
reasons). This is equivalent to the first statement of the proposition, and the second statement
immediately follows.

As Ry/pRs = slyy @, Py and fr, = [—, —] ® Idp,, we need to prove that the composite map
([=, =] ®1dp,) o (Idst, , ®¢) is surjective:
Idsy, , @t [—,—]xldp,

sly  ®p, Po ——— slo @, slok ®F, Po sy @, Ps.
For dimension reasons, it is equivalent to prove that it is injective. This can be checked on the
socle.

The socle of P, is isomorphic to o and the nonzero map (unique up to scalar) o < P, induces a
K-equivariant map sl ®p, 0 < sl ®F, P> whose image is the socle of sl @, Py (see Lemma

below).

To summarize, we have a commutative diagram

Idﬁ[2 & ®tlo [—,—]®lds
slyp ®p, 0 ————— sly}, ®F, slox O, 0 ——— slyp Qp, 0

j dsty , @1 [ j

®Id
slok ®p, Po ——— slyx ®F, slox ®r, P ololde sly k ®r, Po.
We need to prove that the composition of the maps of the top row is injective and we will be
done.

In the decomposition sl ®p, 0 = @Zf;ol (sla.x ®k,0, 0), the map ¢, corresponds to (ti]e)o<i< f—1-
As 1; is injective and o is the socle of P;, we have that ¢;|, is nonzero. We can apply Proposition
to conclude that the composite map in the top row of the diagram above is an isomorphism.

O
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Lemma 7.3.2. The GLa(k)-equivariant map o — P, (resp. P, — o) induces a GLa(k)-equiva-
riant map slp j @, 0 > sl | QF, Py (resp. sla ®r, Po = slok ®r, o) whose image is the socle
(resp. cosocle) of slax ®r, Py

Proof. As the map sl j, ®F, 0 <= sy, @, Py is k ® F-linear, it can be decomposed as the direct
sum of the maps sly , ®k 5, 0 — Slo j Q4. 5, Pr. Therefore it is sufficient to prove that the image of
the map sly j, ®p o, 0 — slo 1 @, Ps is the socle of the right-hand side for each 0 <7 < f—1. We
observe that the left-hand side is semisimple (by ), the map is injective and the socle of the
right-hand side has the same dimension as the left-hand side (by ) This implies the result.
The case of the cosocle is similar. O

Using Proposition we identify (R5/pR5) K, with P, and we define the lattice R by “glue-
ing” Ry and R} along P,:
2
RY {(z1,72) € Ry ® R} : (x1 mod p) = (image of x3 mod p) in P, = (R,/pR5) K, }
= {(z1,72) € R1 ® Ry : (x2 mod p) = (21 mod p) € Ra/pRa}

(equivalently, R = Ry xp, RS). This is a K-stable lattice in R1[1/p] ® R2[1/p]. We define r to be
the map R — P, sending (x1,z2) to (z1 mod p).

(57)

Theorem 7.3.3. There exists a short exact sequence of K -representations
(58) 0—>R2/pR2—>R/pRL>PU—>O.
Moreover the map r : R/pR —» P, induces an isomorphism (R/pR)k, — P,.

Proof. As pRy C ker(r) C R we have p?Ry C pR and the inclusion of pRs in ker(r) induces a map
pRy/p? Ry — ker(r)/pR. This map is actually a K-equivariant isomorphism

pRg/p2R2 = ker(r)/pR.

Namely these two representations are finite-dimensional over F and have the same dimension. It
is therefore sufficient to prove that pR N pRy = p?Ry. The right-hand side is clearly included
in the left-hand side. Conversely let (pxi1,px2) be some element in the left-hand side. We have
t(x1 mod p) = (z2 mod p) in Ry/pRe. As z1 = 0, we have x9 € pRo, which proves the assertion.
This gives us the short exact sequence .

Now we prove the second assertion. We define 7 : R/pR — P, as the factorization of r by
R/pR. As K, acts trivially on P, and 7 is K-equivariant, the map 7 factors as (R/pR)x, — Ps.
We need to prove that the kernel of 7 is contained in the kernel of R/pR — (R/pR)k,, i.e. that
each element of ker(7) can be written as a finite sum >_,(k; — 1)y; with k; € Ky and y; € R/pR.

Let x € ker(7). By what precedes, there exists y € Ry such that py reduces to  modulo pR.
By Proposition we can find kq,...,k, in K7 and x1,...,z, in R) such that
Py = Z(k] —1)z; (mod szg).
j=1
Let z1,...,2 in Ry be such that ¢(z; mod p) = (z; mod p) for all 1 < j <. Then (zj,z;) € R
for all 1 < j <r. Since K acts trivially on Ry, we have (k; — 1)(z;,z;) = (0, (k; — 1)x;) so that

(59) > (ki —1)(2,75) = (0, py + p*u)
j=1
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for some u € Ry. Let y; be the image of (z;,z;) € R in R/pR. Reducing modulo pR, we

obtain
,

> (kj—1y; =z,

j=1
proving that 7 induces an isomorphism (R/pR)x, — P. O

Corollary 7.3.4. The K-cosocle of R/pR is isomorphic to o. Moreover the K -representations
(Projy /7, 0)/m%, (Projy,z o) and R/pR are isomorphic.

Proof. As K is a normal pro-p-subgroup of K, the group K acts trivially on every semisim-
ple representation of K. Therefore the K-cosocle of R/pR is the GLy(k)(= K/Ki)-cosocle of
(R/pR)k,. As (R/pR)k, is isomorphic to P, by Theorem we obtain

cosocy (R/pR) = cosocgr, k) ((R/pR)K;) = cosocgr, k) (Psr) = 0.

Note that Z; acts trivially on Ry and Rs, and hence also on R. This implies that there exists a
K-equivariant map 6 : Projg /7 o — R/pR which is surjective on cosocles and is hence surjective.

Note that Re/pR3 is killed by mg, so that Theorem implies that R/pR is killed by m%ﬁ. The
map ¢ factors through the quotient (Projy 7, o)/my, (Projg, /7, o) and gives rise to a surjective
map
(Proj, 7, 0)/mi, (Projk, /7, ) - R/pR.

We now prove that this map is an isomorphism. Namely, since R is a lattice of Igo[l/p] o
@{;01 (sla,r, ®0, 0, f’g), we have

f—1

dims(R/pR) = dimg (P,[1/p] ® P (sl @0, 0, Pr))
i=0

= (3f+1)dimg (B,[1/p]) = 3f+1)dimg(P,).
On the other hand, the isomorphism (Proj,, o)/mg, (Projk,z, 0) = P, induces an exact se-
quence

0— (mKl/Z1/m§(1/Zl) QF Py — (ProjK/Z1 J)/m%(1 (ProjK/Z1 o) — P, — 0.

(Note that Proj K/z, 0 1s projective in the category of pseudocompact K /Z1-modules, since
K, is an open subgroup of K.) As the group K;/Z; is uniform of dimension 3f, we have
dimp(mg, /7, /mi(l/zl) = 3f, and hence

dimp ((Projgz, o)/mi, (Proj/z, o)) = (3f + 1) dimg (Fy).
This implies that dimp((Projg,z, o)/mi, (Projg/z, o)) = dimp(R/pR), so the map 6 is an iso-
morphism. ]
7.4. Projectivity. We prove several results which will be used in the gluing process in
Proposition 7.4.1. Assume 0 = F(\) where A € X*(T) satisfies 2 < (\, ) < p —4 for all

i € J. The endomorphism ring Endk (Projg 7, J/m%(1 (Projg/z, 0)) is commutative.

Proof. By Corollary it is equivalent to show that Endx (R/pR) is commutative.

Note that P, ®¢ E is isomorphic to a direct sum of 27 absolutely irreducible pairwise non-
isomorphic K-representations, see the last paragraph of the proof of Lemma Thus, RRp F
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is semisimple and isomorphic to a direct sum of 27(f + 1) absolutely irreducible and pairwise
non-isomorphic K-representations. We conclude that End g (R ®0 E) is a commutative ring of

dimension 2/(f + 1). Since Endpg)(R) ®0 E = Endgg)(R ®o E) and Endpg)(R) is p-torsion
free, Endpx(R) is also a commutative ring and is a free O-module of rank 2/(f 4+1). The exact

sequence 0 — R RaliNy - JEN R/pR — 0 induces
0 = Endo(g](R) —% Endpg)(R) - Homeyx (R, R/pR) = Endgix)(R/pR).

From the construction of R, see and (57), and using the fact that [P, : 0] = 2/ and [P, :
o] = [Py, : 0] = 0 (the latter justified by Proposition and the assumption on \), we get
[R/pR : 0] =2f(f + 1), and so

dimp Endpg(R/pR) = dimp Homp(g (ProjK/Z1 o,R/pR) = 2f(f +1)
by Corollary Hence 7 is surjective, and the result follows. O

We assume from now on that 5 < (\, o) < p — 7. Letting 7 be a Serre weight occurring
in JH(R/pR), we denote by R, the object R constructed in with o replaced by 7. Then
Endg (R:/pR;) is also commutative by Proposition and the assumption on .

Lemma 7.4.2. As an Endg(R;/pR;)-module, Homg (R /pR;, R/pR) is cyclic.

Proof. By [HW22, Thm. 2.30] (which generalizes [BP12, Cor. 3.12]), there is a unique quotient
of R/pR, denoted by I(7,0), such that sock I(7,0) = 7 and [I(7,0) : o] = 1; moreover I(T,0)
is multiplicity free. The projectivity of R,;/pR; in the category of F[K/Zi] /m%l—modules then
gives a morphism ¢, : R;/pR; — R/pR which makes the following diagram commutative

R:/pR;
I

T

6o |
\
R/pR — I(1,0).

We have [coker(¢;) : 7] = 0, because any quotient of R/pR in which 7 occurs must admit I(7, o)
as a quotient by [HW22, Thm. 2.30]. We deduce the result and also the fact that ¢, is a generator
of Homg (R, /pR., R/pR) over Endgk (R, /pR;). O

Proposition 7.4.3. Let Q be a quotient of R/pR. Then Q satisfies the following property: for
any subquotient Q" of Q, the projection R/pR — Q induces an isomorphism

Homg (Q, Q") — Homg (R/pR,Q").
In particular, if cosock (Q') = o, then there exists a K -equivariant surjection Q@ — Q.
Remark 7.4.4. Proposition [7.4.3| can be interpreted as saying that @) is a projective object in
the smallest abelian subcategory of F[K/Z]/ m%ﬁ—modules which contains all subquotients of Q.
Proof. Let 7 € JH(R/pR). The projectivity of R;/pR, implies a surjection
Homp (R-/pR;, R/pR) — Homg (R /pR-, Q),
so that Homg (R;/pR+, Q) is a cyclic Endg (R;/pR;)-module generated by the composite map

60 : R /pRr 25 R/pR — Q
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where ¢ is as in the proof of Lemmal[7.4.2]and the second map is the natural projection. Moreover,

the annihilator ideal
def

arQ = {h S EndK(RT/pRT) : QST,Q oh= 0}
is identified with Homg (R, /pR-, ker(¢-,q)). By the projectivity of R,/pR;, Homg (R /pR;, Q")
is a subquotient of Homg (R, /pR-, Q) as Endg (R;/pR;)-modules, so it is also annihilated by
arq. Here we use the commutativity of Endg (R./pR;) in Proposition This means that
any fr € Homg (R, /pR:, Q') is zero on the image of the evaluation map

Hompg (R;/pR:, ker(¢-q)) ® R:/pR; — ker(¢-q).

The projectivity of R;/pR; shows that the above image is identified with the largest submodule
of ker(¢;.g) whose cosocle is T-isotypic; we denote it by ker(¢,g)".

Let f € Homg(R/pR, Q). We need to prove that f factors through @, equivalently that f is
zero on kerq oef ker(R/pR — Q). The snake lemma gives the following exact sequence

0 — ker(¢,) — ker(¢r.0) 2= kerg — coker(¢y).

By the last paragraph (applied to f; = fo¢;), f is zero on the image of ker(¢, )" in kerg. Since
[coker(¢-) : 7] = 0 (see the proof of Lemma [7.4.2), any morphism R;/pR, — kerg must factor
through ¢, hence the image of ker(¢, )" is equal to the largest submodule of kerg whose cosocle
is T-isotypic. Since 7 is arbitrary, f must be identically zero on kerg.

The last assertion is obvious, because under the assumption on @’ there exists a K-equivariant
surjection R/pR — @' which must factor through @ by the first assertion. O

8. GLOBAL APPLICATIONS

We prove our main global results: Theorem [8.3.11] Theorem Theorem Corollary
and Corollary

8.1. Patching functors. We introduce the global background and the patching functors that
we will use (following [EGS15, §6.2]). We assume p > 5 (for the main theorem, we will in fact
need p > 23) and F unramified, i.e. O = W(F). We use the notation and conventions of

We fix I a totally real number field, and denote by OF its ring of integers and S, the set of
places of F' above p. We assume F' is unramified at each place in S,. For each place w of F' we
denote by F,, the completion of I’ at w, Of, its ring of integers and Frob,, a geometric Frobenius
element at w. We denote by A7 the finite adeles of F'. For any finite place w of F', let ¢,, denote
the cardinality of the residue field of F,.

We fix D/F a quaternion algebra of center F' which is split at all places in S, and at no more
than one infinite place of F' (in the sequel we call the two cases the “indefinite case” and the
“definite case”). In the indefinite case we assume (F, D) # (Q, GLg) (our main result is already
known in the case (F, D) = (Q, GL2)). We denote by Sp the set of finite places where D ramifies.

We fix a maximal order Op in D and isomorphisms (Op),, — My(Op,) for w ¢ Sp, where

(Op)w € Op ®0, OF,.

We fix 7 : Gp — GL2(FF) a continuous representation and set 7, dof |y, for each finite place

w of F'. We assume that ?]GF @ is absolutely irreducible and 7, is generic in the sense of [BP12,
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Def. 11.7] (or [EGSIH, Def. 2.1.1]) for w € S,. We let S be the set of (finite) places where 7 is
ramified (hence S, C Sy by the previous genericity) and we moreover assume that the universal
framed deformation ring Ry, of 7, over W (F) is formally smooth over W (F) if w € (Sp U S7)\Sp
(see Remark below). We let ¢ : Gp — W(F)* be the Teichmiiller lift of wdet7 and set

def

¢w = w|GFw

Assume first that we are in the indefinite case. For a compact open subgroup V of (D®p A¥)*
let Xy be the associated smooth projective algebraic Shimura curve over F' (see e.g. [BD14] §3.1]
and the references therein). We choose the convention ¢ = —1 as in [BDJ10] to define Xy . This is
not the convention of [BD14], but we point out that the results of [BD14] that we will use below
do not depend on this choice. We assume that there exists V' such that

(60) Homg,, (7, H (Xv xr F,F)) # 0.

Then one can always take V of the following form: V = [[V,, with Vi, C (Op); for all w,
Viw = (Op)ys for w ¢ SpU Sy and Vi, = 1+ pMy(Op, ) for w € S, (see e.g. [BD14, Thm. 3.2.2] or
the proof of [BD14, Cor. 3.2.3]). For Serre weights (0 )wes, and any V' = [[V,, such that (60)
holds and Vi, € 1+ pMy(OpF, ) is normal in (Op),s for w € S, we have by |[GK14, §5.5]:

(61)  Homgr,(0p@.2,) (@ 0w, Homg, (F, He,(Xyv x ¢ F, IF))) #0 <> 0, € W(T,,) Yw € S,
F,w

where we recall that W (7)) is defined as in [BD.JI0, §3] (with p there being 7)), cf.

We now fix

(i) a finite place v € Sy such that 7, is semisimple of one of the following forms up to twist:

(ro+ 1)+ +pf ~H(rp_1+1) 0
(a) FU‘IFU = wf 0 1 12§Ti§p_157
w(ro+1)+~--+pf*1(rf_1+1) 0
(b) Tolrp, = | (same) | 1B =70 <p—14,12 <7 <p—15 for
0 wg}
1> 0,

(equivalently, 7,/ satisfies the same hypothesis; note that, up to twist, 7, is of the form

described at the beginning of ;
(ii) a finite place w; ¢ Sp U Sy such that
(a) Norm(w;) is not congruent to 1 mod p,
(b) the ratio of the eigenvalues of 7(Froby, ) is not in {1, Norm(w;), Norm(w;)~'},
(c) for any nontrivial root of unity ¢ in a quadratic extension of F, wy { (¢ + (7! —2)
(such a place wy exists by [EGS15, §§6.2, 6.5]);
(iii) a finite set of finite places S such that
(a) S contains Sp U Sy but not wy,
(b) for w € S\, the framed deformation ring Ryv of 7y, is formally smooth over W (F);
(iv) a compact open subgroup U = [],, Uy C I],,(Op). such that
(a) Uy = (Op)y = GL2(OF,) for w ¢ SU{w} or w € Sp,
(b) holds for V= (Tlugs,us. (Op)w) (Tispusins, Uw) (Tlwes, 1 +pM2(OF,)),
(¢) Uy, is contained in the subgroup of (Op)y, = GL2(OF,, ) of matrices that are
upper-triangular unipotent mod ws.

Remark 8.1.1. Using [Shol6l, §5] one can make assumption |(iii){(b)| above completely explicit.
For instance, if Norm(w) is not congruent to 1 mod p, then Ry (or equivalently Ry, , the two
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rings are isomorphic by duality) is always formally smooth, except when 7, = (L(‘)) (1]> up to

twist.

The following lemma due to Hamann [Ham75, Thm. 4] will be convenient below.

Lemma 8.1.2. Suppose that R, S are local rings. If R[z] = S[x], then R = S.

For each w € S,\{v} we fix a tame inertial type 7, such that JH(o(7,)Y) = JH(o (7))
contains exactly one Serre weight in W (7)) (JEGS15, Prop. 3.5.1]) and we fix a GLy(Op,)-
invariant lattice (1Y) in o (7)) = o(7w)" (so, increasing F if necessary, o(7.Y) is a free W( )-

module, see the last statement in [EGSI5, Lemma 3.1.1]). As any Serre weight in W (7,,) has
central character (w™ det7y)|1, = @/}]I_FI and 7, is tame, the central character of o¥(7,) is @/}]I_FI

)

and det 7, = 9|1, . We define a representation o, of [Twes\ (v} Uw over W (F) by

(62) = QR ),

weSp\{v}

with HwES\{U} Uw acting via HwES\{v} Uw - HwGSp\{'U} Uw == HwESp\{U} GLQ(OFM) As in
[EGST5, §§6.2, 6.4] using K = U, we then define a patching functor (depending on o))

MP : oy — My (0, @w () ov)
from the category of continuous representations o, of GLy(OF,) on finite type W (F)-modules with
central character 1/J\I_Fl to the category of finite type Roo-modules, where (see |[GK14] §5.4.1])

def
R Rloc[[Xla : an—[F:Q]—HS\—l]]'

Here ¢ is an integer > [F': Q] and

Rlee = (@weS\SpR%‘))@W(F) (®w65p\{v}R(0 v Tw’%)) W )Rd}v

where the exponent 1), means framed deformations of 7,, with fixed determinant e ~'4),, and where
R(O ~Dme%u i the reduced p-torsion free quotient of wa parametrizing those deformations which
have parallel Hodge-Tate weights (0, —1) and inertial type Tw (by local-global compatibility and
the inertial local Langlands correspondence, for w € S,\{v} the action of wa on Moo (o) @y (1) 0v)
factors through this quotient). By assumption |(iii)|(b)| above (with [GK14, Rk. 5.2. 2] and Lemma
) we have R}{:” = W(F)[ X1, X2, X3] for w € S\S,, and by genericity of 7, we have R;/}: =
W(F)[Xy,..., X3 13[F: Qp]]] Taking the duals of representations induces a canonical isomorphism

R( )T’w’ww ~ R£1 0) waww

Tw

, where the ring on the right-hand side is the more familiar quotient

of Ryv parametrlzlng potentially Barsotti-Tate deformations of 7, with inertial type 7,0 and

determinant eyl By [EGSI5, Thm. 7.2.1(2)] (with [GK14, Rk. 5.2.2] and Lemma we
have BL( O’ o = W(F)[Xy,. .., X34(r,:0,]], so that we finally get

(63) Reo 2 RE[X1, ..., Xu(is)-1)+a-(mo0p)] = WXL, ., Xajsjrq-142(m0,)]-

Remark 8.1.3. Here are several remarks on the definition of Mo (o) @ ) 0v) in [EGS1H].



GELFAND-KIRILLOV DIMENSION AND MOD p COHOMOLOGY FOR GL2 89

(i) One needs to extend the action of U on o, @y () 0 (Which acts via U — [],,cg, Uw) to
an action of U(A%¥)* with (A%)* acting via
00\ X co\x / ox Artin ab ! X
(AT = (AF)/F* — Gal(F*"/F) — W(F)*.
Note that we believe this action of (A%)* in [EGSI5], §6.2] should also be via 1»~1, not v
(as it is there), otherwise there is a contradiction with (at least) det 7 = 1|, in [EGS15]
§7.1], since the normalization of o(7) in [EGSI5, §1.9] is dual to the one in [BM02, §2.1.1].
(See also [CEGSal, Rk. A.1], as was pointed out to us by David Savitt.)

(ii) Accordingly, we need to modify the maximal ideal m associated to 7 in [EGS15, §6.2]
as follows: m is the maximal ideal generated by T, — Sytr(7(Frob,)), Norm(w) —
Swdet(7(Froby,)) for w ¢ S U {w;} (this is the maximal ideal of [BDJI0| §4]).

(iii) For any V' C U the finite group V(A%)* /VF* acts on Xy without fixing any geometric
point (see e.g. part (iv) of the proof of [BDI14, Lemme 3.6.2], replacing wy there by wy).
In the definition of S(¢) in [EGS15) §6.2] in the indefinite case, one should replace the
Shimura curve by its quotient by this finite action (which is still a smooth projective curve
over F'), analogously to the definite case of loc. cit., where S(o) is defined as functions
f:D*\(D®p A¥)* — o(0)* such that f(gd) = d1f(g) for d € U(A¥)* (not just d €
U). Note that replacing Xy by its quotient does not change Homg,, (7, H3 (Xv X g F, F))
(arguing as in the proof of [BD14, Thm. 3.7.1]).

Denote by ms, the maximal ideal of Ry and for w € S,\{v} let o,, be the unique Serre weight
in W (7)) that appears in JH(o(7,Y)). By a standard Hochschild-Serre spectral sequence (see e.g.
the proof of [BDJ10, Lemma 4.11] or of [BDI14, Lemme 3.6.2]) we have isomorphisms of finite-
dimensional F-vector spaces for any representation o, of GLa(Op,) over W (F) as above such that
V, acts trivially on o, (see also [LMS22| (5.3)]):

oy 1 _ \Y
M () [moe = Homg, (7, Homyyy (- Q) 0w) ® 00, Hy(Xy xp F,F)))
weSp\{v}
— Y
= Homyy (( Q) ow) ® 00, Homg, (7, Hy (Xv xp F,F)))
weSp\{v}
~ R — v
(64) = Homy, v, (0, Homyopvo (@) 0w, Home, (7, Hy (Xv xp F, F)) ))
weSp\{v}
for any V' = [[ Vi, such that Vi, = U, if w ¢ S, and V,, € 1+ pM»(Op,) with V,, normal in
GL2(Op,) if w € S, (and, as usual, U” o [T.y20 Uw and likewise for V*). In particular, it follows
from and the exactness of the patching functor Mgé; in [EGSI5| §6.2] that Mgf(av) # 0 if
and only if JH(7,) N W (7)) # 0.
The definite case is analogous to the indefinite one. We have the equivalence , replacing
Homg,. (7, H: (Xv xp F,F)) by S(V,F)[m], where S(V,F) o {f : D\(D®rA¥)*/V — F} and

(as in Remark [8.1.3(ii)) m is generated by T3, — Sy, tr(7(Frob,,)), Norm(w) — Sy,det(7(Frob,,)) for
w ¢ SU{wp} such that V, = (Op)y, with Ty, S, acting on S(V,F) (via right translation on

wr
functions), respectively, by V (wow ?) V.,V (wow wO ) V', where w,, is any uniformizer in F,.
w

In the definition of M (0, @ () 0v) in [EGSI5, §6.2] one again modifies the maximal ideal m as
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in Remark |8.1.3{(i1)l Finally becomes

fogd \Y,
(65) M () [ioe = Homgy 0y, ) (70, Hompe o (@) 0w, S(VF)m]) )
weS,\{v)

For convenience, we consider the following admissible smooth representation 7w of GLy(F,) over

F with central character

(66) 7 = lim Homye jyo( R 0w, Home, (7, Hy (Xyoy, xp F,F)) ) in the indefinite case,
Vi

weSp\{v}
(67) = oo thOmUv/Vv( ® ow, S(V'V,,F)[m]) in the definite case.
Vv wESp\{v}
Then and both become
(68) Mgg (UU)/mOO = HomGLz(OFv)(O-’Ua 7.[.)\/‘

8.2. Freeness for types. We prove some freeness results for MoZ (o) and M2 (o)[1/p] for various
representations o.

We now set K < GL2(OF,), K e pMa(OF,) and we freely use the notation of éa (with

L = F,, k the residue field, etc.) and of In order not to overload notation, we now just

write Mo for MS?. If A is a commutative ring and M is an A-module, we call scheme-theoretic
support of M the quotient A/Anny4(M).

Lemma 8.2.1. Let A be a commutative ring and N C M two A-modules. We assume there is
an integer r > 1 such that

(i) N and M/N are free of rank r over their respective scheme-theoretic supports;
(ii) M can be generated as an A-module by r elements;

(iii) there is an isomorphism of A-modules Anny(M/N)/Annyg(M) = A/Anng(N).
Then M 1is free of rank r over its scheme-theoretic support.
Proof. Replacing A by A/Anna(M), we can assume Anng(M) = 0. Let [ & Anny(M/N) and

f i+ A" - M an A-linear surjection by Then the composition of f with M — M/N factors
through (A/I)" and we deduce a commutative diagram of A-modules

0 Ir AT (A/T)" —— 0
Lol
0 N M M/N —— 0.

By [(i)] we have an isomorphism of A-modules M/N = (A/I)" and it follows from e.g. [Mat89,
Thm. 2.4] that the surjection on the right is an isomorphism. The snake lemma then shows that
the vertical map on the left is surjective. Since I = A/Ann,(N) by (recall Anny(M) = 0)
and N = (A/Anng(N))" by [Mat89, Thm. 2.4] again shows that the vertical map on the left
is bijective, and hence all vertical maps are bijective. ([
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Recall that a finite type module M over a noetherian local ring A is called maximal CM over A
if it is Cohen-Macaulay and if its Krull dimension (which is the Krull dimension of A/Ann(M))
is equal to the Krull dimension of A. In particular, A/Ann4(M) has no embedded associated
prime.

Lemma 8.2.2. Let o be any smooth representation of K on a finite length W (F)-module. Then
the finite type Roo-module My (o) is mazximal CM over its scheme-theoretic support.

Proof. We can assume My (o) # 0. For each Serre weight o, such that My (o,) # 0, it follows
from [EGS15| Def. 6.1.1] that the Krull dimension of My (o,) does not depend on o, call it d,
and that My (o,) is Cohen-Macaulay. By exactness of the functor M., the Krull dimension of
Moo (o) is the maximum of the Krull dimensions of the My, (o,) for the constituents o, of o, hence
is also d. In particular, each nonzero such My (o,) is maximal CM over Ro/Anng,  (Ms(0)).
But being maximal CM over a given noetherian local ring A of residue field F is preserved by
extensions of modules (as can be checked from the characterization of Cohen-Macaulay modules
using Ext?y(F, —)). Hence My (o) is maximal Cohen-Macaulay. O

If 7 is a tame inertial type and A\ = ((a;,b;)) eqo,....,f—1}, Where a; > b; are integers, we set
ef
(69) Ry R @n,, R,

where R;"VT parametrizes (framed) deformations of 7y of inertial type 7 and Hodge—Tate weights
(aj,bj) in the embedding o; : F,, < E. Note that from the determinant condition (see (63)), one
must have a; +b; = 1 for all j in order for RAT to be nonzero. When a; = a and b; = b for all j,

we write RZ"7. We finally write Roo < Rog /(p) and 72:: & RYT/(p).

Proposition 8.2.3. There exists an integer r > 1 such that

(i) for all o, € W(T)) the module Moo (0y) is free of rank r over its scheme-theoretic support,
which is formally smooth over F;

(ii) for all tame inertial types T such that JH(o (7)) N W (7)) # 0 and all K -invariant W (F)-
lattices o°(7) in o(7) with irreducible cosocle, the module My (c®(7)) is free of rank r
over its scheme-theoretic support, which is a domain.

Proof. Note first that the last assertions in (i)| and are a consequence of [EGST5L Def. 6.1.1],
[EGST5L Thm. 7.2.1(2), (5)], and [EGS15] Prop. 3.5.1]. The strategy of the proof is very close to
the one of [EGS15, Thm. 10.1.1] (which proves the case r = 1), and we freely use some notation
from loc. cit. (it would be too tedious to recall everything). By [EGSI5L §5.1] there is a set P
of subsets of {0,..., f — 1} and a unique J € P, such that ¢°(7) = ¢9(). The constituents of
JH(cY(7)) N W(T)) are indexed by a certain subset W of P-, and for certain subsets J C W
called capped intervals (see [EGSIH], Def. 10.1.4]) there exists a subquotient @7 of 6%(7) such that
the irreducible constituents of 37 are exactly the constituents of JH(c'(7)) N W (7)) indexed by
the elements of 7. We first prove by induction on | 7| that the module My, () is free of rank r
over its scheme-theoretic support for an integer r which depends neither on 7 nor on 7.

By the argument in the proof of [LLHLM20, Lemma 3.6.2], the ring Roo/Annﬁoo(Moo (7)) is
reduced. Indeed, it is generically reduced by dévissage, since the scheme-theoretic supports of
M (a,) for Serre weights o, € W (7)) are reduced, irreducible, and pairwise distinct (of dimension
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independent of ¢,) and since 7 is multiplicity-free; it also has no embedded associated prime,
since M. (@) is Cohen-Macaulay by Lemma Let I 7 be the ideal of Ry defined in [EGSI5|
§10.1], it follows that

(70) Anng (Myo(@7)) =17.

If | 7| < 2, then by [EGS15 Prop. 3.5.1], [EGS15L Prop. 10.1.11] and the very last paragraph
in the proof of [EGS15, Lemma 10.1.12] there is a tame inertial type 7" and a W (F)-lattice o°(7")
in o(7') such that JH(a0(7")) N W (7)) = JH(G7) and M (00(7')) & Moo (7). By [EGSTH, Thm.

7 =1 !
7.2.1(2)] (and [GK14, Rk. 5.2.2]) the local ring BSV’O)’T v is regular, and hence also RO by

(63) and . By [EGS15, Lemma 6.1.4] it follows that My, (c%(7')) is free of finite type over
RO Hence My (09(1")) =2 Mo () is also free of finite type over R()i’o)’T ~ Reo/17.

If |J| = 2, then @/ has two distinct constituents oy, o2 and the freeness of M. (37) over
Ro/I7 (which is a power series ring over F[X1, X5]/(X1X3)) easily implies that Mo, (1) and
My (02) have the same rank over their schematic support (which is a power series ring over,
respectively, F[X1] and F[X3]). Using [EGS15, Prop. 10.1.11] and the fact that all Serre weights
in W(F)) can be “connected” by nonsplit extensions (as follows e.g. from [EGSIH, Prop. 3.5.2]
applied to a semisimple p), we obtain for a certain integer r > 1.

If | 7] > 2 and J has a unique minimal element .Jy (for inclusion inside {0,..., f — 1}), then
exactly as in the analogous case of the proof of [EGS15, Thm. 10.1.1] but using [Lel9, Lemma 4.5]
instead of [EGS15, Lemma 10.1.13], we deduce that the Ro.-module My, () is generated by r
elements. Then one applies Lemma to M = My (7) and N = M, (57} (the hypotheses
of the lemma are satisfied, as M/N = M, (77 \{Jo}), Ingior/I7 = Reo/Ip ;) and using )
together with the induction hypothesis on | 7| to deduce that My, () is free of rank r over
Ry/I17.

If |[7| > 2 and J has at least two distinct minimal elements Jy, Ja, let J; et 7 \{Ji},
i = 1,2. Then by the induction hypothesis My (G71), My (772) and My (71772) are all free
of rank r over (respectively) Roo/l7,, Reo/I7, and Rs/I7,n7,- Hence so is the fiber product
Moo (39) X Moo (39102) My (791) 2 Moo (7)) over Ry /14, X oo /Ly, Roo/I7, = Ry /17 (see the
analogous case in the proof of [EGSI5, Thm. 10.1.1]).

It remains to finish the proof of By the previous proof, M (09(7)) & M (3"V) is free of
rank 7 over Ro. /Iy = E(l’o)’T. By Nakayama’s lemma, we deduce a surjection of Rg;o)’T—modules
fa( S)};O)“)T — Moo (09(7)) which is an isomorphism modulo p, hence satisfies p ker(f) = ker(f)
since Moo (09(7)) has no p-torsion. By Nakayama’s lemma again we deduce ker(f) = 0, which
finishes the proof. O

o)

Corollary 8.2.4. Let 0 & mion Ig

5, where m,n; > 1 and the o; = Ufmo"th RF O'? are pairwise
nonisomorphic absolutely irreducible locally Qp-algebraic representations of K over E satisfying
the following hypothesis: ameOth RF @p lies in the image of the inertial local Langlands correspon-

dence T+ o(7) (after extending scalars to Q,, see §2.9) and \J; JH(o7) "W (7)) # 0. Let o° be
any W (F)-lattice in o preserved by K. Then
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(i) Myo(c®) is mazimal CM over its scheme-theoretic support S o Roo/Anng, (Moo (a)),
which is reduced;

(ii) MOO(UO)®W(F)E is locally free over its scheme-theoretic support S[1/p|, which is formally
smooth over E.

Proof. Fori € {1,...,m} let 0 be any K-invariant W (F)-lattice in o;. It easily follows from the
exactness of the functor My that there is an isomorphism of R [1/p]-modules

(71) Moo (a9)[1/p] = @ Moo (a)[1/p] o™i

From the Taylor-Wiles—Kisin method, we know that the action of Re, on My (0¥) factors through
a reduced equidimensional p-torsion free quotient of R,, and that the support of MOO(O'?) is a
union of irreducible components of that quotient (see e.g. [CEGT16, Lemmas 4.17, 4.18]). Hence
the scheme-theoretic support of M (O',LO) is also a reduced p-torsion free quotient Ry, /I; of R
It follows from that the support of M. (c°)[1/p] is S[1/p] = (Reo/N; 1:)[1/p] (as there is no
p-torsion). Since the Spec (Roo/I;)[1/p] for 1 < i < m correspond to disjoint closed subschemes
of Spec R [1/p] (as the locally algebraic representations o; are pairwise distinct), one has by the

Chinese remainder theorem
m

(72) S[i/p) = oo/ﬂ[ [1/p] = [T (Reo/10)[1/p),

i=1
which is thus reduced and formally smooth over F by [Kis08, Thm. (3.3.8)], hence regular by
[Mat89, Thm. 28.7]. Since S has no p-torsion (as S acts faithfully on M (c) which has no
p-torsion by exactness of M), we deduce that S is also reduced.

The module M., (0°)/(p) = My (00) is a Cohen-Macaulay-module by Lemma and p is a
non-zero-divisor on My, (0), hence My, (0?) is also Cohen-Macaulay, hence maximal CM over S.
Moreover applying [Mat89, Thm. 17.3(iii)] to Mu.(c”) we see that M., (c%)[1/p] is also Cohen—
Macaulay as an S[1/p]-module. The Auslander-Buchsbaum formula applied to the localizations
at prime ideals of S[1/p] of the Cohen-Macaulay module My, (c°)[1/p] over the regular ring S[1/p]
implies Mo (09)[1/p] is locally free over S[1/p]. O

smooth :

The following remark shows that the assumption on o} is often satisfied.

Remark 8.2.5. If ¢ is any irreducible smooth representation of K over F that is tame (i.e. the
action of K factors through K — GLg(k)) and that is not a twist of the Steinberg representation
of GLy(k) (equivalently, is not of dimension ¢,), then ¢ ® g Q,, lies in the image of the inertial local
Langlands correspondence 7 — o(7), after extending scalars to @p. (To see this, first note that
o is absolutely irreducible by (the proof of) [EGSI5, Lemma 3.1.1]. If o is one-dimensional, then
it is clear that o lies in the image; otherwise, o is a principal series or cuspidal representation of
GL2(k), and the claim follows from the case a = 1 in [BM02, Th. 2.1.1.4] or alternatively [EGHI3|
Prop. 2.4.1].)

For any Serre weight o, recall that we have defined in the two GLo(k)-representations
Py, = Projgr, k) 0v and Py, over, respectively, F and O = W(F).

Proposition 8.2.6. If o, € W (), then Moo (P,,) is free of rank r over Rso /Ny Py, where T runs
(1,0),7 7).

over the tame inertial types such that o, € JH(o (7)) and p, is the prime ideal ker(Roo — Reo
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Proof. (i) We first prove that the Ro-module My (P,,) can be generated by r elements. By
Nakayama’s lemma, it is enough to prove the same statement with My (P;,), or, equivalently,
that dimp(Mso(Ps,)/Mmeo) < 7. By it is enough to prove

dimp Hom g (P, , ) = dimp Homgy, i) (Po,,, W)= 1,

where 7 is the admissible smooth representation of GLy(F,) defined in or and W & 7K1,
By Proposition 82] we have dimp Homgy,, k) (0w, W) = 7. Let Do(7,]) be the representation
of GLa(k) over F defined in [BP12, §13] (see also Lemma [6.4.3)) and recall that by construction

Homgr, (k) (P, Do(Ty)/ s0cgry k) Do(Ty)) = 0.
Hence it is enough to prove that there is a GLy(k)-equivariant injection

W — Do(7.))®"

(which is necessarily an isomorphism on socqr, k) W = (socgr, k) Do (T))®"), or equivalently a
GLy(k)-equivariant surjection (Do(7y)Y)®" — WVY. But this follows exactly as in the proofs of
[LMS22| Lemma 4.5] and [LMS22, Prop. 4.6] (plus Proposition|8.2.3|). More precisely, one replaces
the integer 1 by the integer r in the statements of loc. cit., and the proofs are basically the same,

replacing the surjection @,, P, — D{ by a surjection @, P¥" — Dy (for [LMS22], Lemma 4.5], one
gets at the end of the proof dimp Homg (Dy,5°(7)) > 7 instead of dimp Homg (Dy,3%(7)) > 1).

(ii) We now prove the proposition. Let S = Ro/Anng_(Ms(P,,)) be the scheme-theoretic
support of My (P,,). The representation P, [1/p] over E is the direct sum of the (tame smooth)

representations o(7) for all the tame inertial types 7 such that o, € JH(o(7)), and each such
o(7) occurs only once. It follows from (71) (with all n; = 1), (72) and Proposition |8.2.5(ii)| that

Moo (P,,)[1/p] is free of rank r over S[1/p]. By (i), we have a surjection S — My (P,,) which
is thus an isomorphism after inverting p ([Mat89, Thm. 2.4]), hence is also injective. Finally we

obtain S = R/ N; p, from , from My (Py,) < Moo(Ps,)[1/p] and from the fact the rings
i

RO are all domains (Proposition ii)), as then the support of each My (co(7)?)[1/p] in
is exactly Roo/pr O

8.3. Freeness for projective covers. We prove that My (R) is free over its scheme-theoretic
support, where R is the lattice defined in of
We keep all the notation of and we fix a Serre weight o, € W(F)). We start with the

following lemma.

Lemma 8.3.1. If Q is a quotient of Projg Uv/m%{1 (Projg/z, o) satisfying the following con-
ditions

(a) JH(sock(Q)) € JH(Projg /i, 00) up to multiplicity,
(b) [Q/s0ck(Q) : 0] =1,

then both radk (Q) and Q/S are fized by K1, where S denotes the largest submodule of sock(Q)
which is oy-isotypic. If furthermore @ satisfies

(c) JH(sock (Q)) C W(TY) up to multiplicity,
(d) JH(radg (Q)/sock (Q)) NW () =0,

then @ has Loewy length < 3.
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Proof. Note that cosock (Q)) = 0,. Fix a decomposition of sock (Q) as @, 0, with o; irreducible
(with 0; = o0; allowed). For each i, ) admits a quotient, say Q,, with socle o; (via 0; — Q —
Qs,)- Then the natural morphism Q — @;-; Qo, is injective and

n n
(73) I"adK(Q) - FadK(@ QCH) = @ radK(QUi)'

i=1 i=1
Moreover, since taking radical preserves surjective morphisms, see [AIp86l §1, Prop. 4] (applied
to a suitable finite-dimensional quotient of the ring F[K]), we have an induced surjection

(74) rad (Q)/ sock (Q) - radx (Qo,)/ sock (Qo;)-

Assume first that @ satisfies conditions (a), (b). To prove that radx(Q) is fixed by K, using
we may assume sock (Q) is irreducible (replace @ by some @,,). We have two cases.

— If sock(Q) # o0y, then [Q : 0,] = 1 by (b). By [HW22, Thm. 2.30] @ is isomorphic to
I(sock(Q),0,), and @Q is itself fixed by K by (a).

— If sock (Q) = 0y, then [Q /0y, : 0] = 1 and @ /0, is multiplicity free by [HW22, Cor. 2.26].
Then @ fits in an exact sequence 0 — o, - Q — Q/o, — 0 (analogous to [HW22
(4.9)]), and the end of the proof of [HW22l, Prop. 4.18] shows that radx (Q)/sock (Q) =
radx (Q)/o, is semisimple and embeds in @ o/, where the sum is taken over all Serre
weights o), such that Ex‘c}(/K1 (0!, 0,) # 0. Hence, radg (Q) € Q% by (the dual version
of) [HW22] Cor. 2.31]. We also deduce that @ has Loewy length 3 in this case.

We prove that Q/S is fixed by Kj. Using the exact sequence 0 — S — @ — @Q/S — 0,
we deduce that if Homg(o,@Q/S) # 0 for some Serre weight o, then either o € sock(Q), or
Ex‘c}(/z1 (0,04) # 0. In either case, we have o € JH(Proj i, (0v)) (use [HW22, Lemma 2.10(ii)]

in the second case). Noting that [Q)/S : o,] = 1 by the construction of S, the conclusion follows
from [HW22|, Cor. 2.31].

Assume now that @ also satisfies conditions (c) and (d). Again using and (74)), we may
assume socg (Q) is irreducible. The case sock(Q) = o, is treated above. Assume sock(Q) 2
oy. As seen above, Q = I(sock(Q),0,). Since sock(Q) € W(T)) by (c), it follows from
[HW18| Prop. 2.24] that any Jordan-Holder factor of @ lies in W (7). Hence, we must have
radg (Q)/sock(Q) = 0 by (d), and @ has Loewy length 2. This finishes the proof. O

For j € {0,...,f — 1} let V(a;) & V((1,— 1))%@) ~ (Sme(W( )2) ® det™ 1)) be the
algebraic representation of K over W (F) as defined in As in §7.3| we define the locally
algebraic representation jo = V(a]) Qw (F) P,, of K over W(IF) (so Ry = €D, Ra j). We set

/ def

={z € Ry : (x mod pRy ;) € P, }

using the fixed embedding ¢; : PJU — Ry j/pRy; from This is a K-invariant W (IF)-lattice
in Ry j[1/p] such that pRgﬂ- C R’QJ C Ry ; and R’QJ/pRg,j = P,,. Comparing the constructions
of Ry ; and of R5 (in § , it is direct to see that the natural map Ry — Rj; (induced by the
projection Ry = @ RQl — RQJ) is surjective, hence Ry /pR)y — Ry ;/pR; ; is also surjective. By
Proposition we deduce (Ry;/pRy ;)k, = Ps, (hence cosocK(R’ij/pR’Zj) = 0,) and (using
(56)) a K-equivariant short exact sequence

(75) 0— P,,,®P,,; — Ry ;/pRy ; — P,, — 0.
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Lemma 8.3.2. Forall j €{0,...,f —1} the Ro-module MOO(R’Z]-) is minimally generated by r
elements.

Proof. We prove by induction on the length of @ (as a representation of K) that if @ is a
nonzero quotient of Rj ;/pRy ;, then M (Q) is minimally generated by r elements. If g(Q) = 1,
then @ = o, (as (R ;/pR) ;)k, = Py,) and M (0y) is minimally generated by r elements by
Proposition Now assume that the result is proved for all quotients of R’QJ / pR’27 ; of length
< n. Let @) be a quotient of R’ij/pR’Qyj of length n + 1. If the socle of ) contains a Serre weight
o which is not in W (7)), then M (Q) = M (Q/c) and M (Q/c) is minimally generated by r
elements by induction. Hence we can assume that all the Serre weights in the socle of ) are in
W (Ty).

Assume first that [radx (Q)/sock(Q) : 0] # 0 (in particular [@ : 0,] > 2 as cosock (Q) = ay).
Then we may find a submodule Q' € @ such that cosockg(Q') = o, and Q' is not contained
in sockx Q. By Proposition @' is isomorphic to a (proper) quotient of @, so My (Q') is
minimally generated by r elements by induction. On the other hand, let ¢’ be a Serre weight
in sock(Q'). Then My (Q'/o’) and Mo (Q/0’) are also minimally generated by r elements by
induction. The conclusion follows from [Lel9, Lemma 4.5] with M, M’ and M"” taken to be
Mo (Q), Ms(Q') and My, (0”) respectively.

Assume now that [radx(Q)/sock(Q) : o,] = 0, so that [Q/sock(Q) : o,] = 1. Moreover,
if S denotes the largest submodule of sock(Q) which is o,-isotypic, then @/S is a quotient of
P, = (Ry;/pR5 ;) K, by the first part of Lemma note that condition (a) of that lemma
holds by our assumption on sock(Q) above and the fact W (7)) C JH(Projg k, o) (see [BP12)
§11]). Using (73)), this means that the composite morphism Py, ; ® Py, ; — R ;/pRj ; — Q has
image contained in S. Since S is o,-isotypic (and o, % 01 j,092), this image must be zero and
Q is a quotient of P, . As My (P,,) is generated by r elements by Proposition it follows
that M (Q) is also generated by r elements. As My (0,) is minimally generated by r elements
by Proposition [8.2.3(i)] and My (0,) is a quotient of M (Q), we finally have that M (Q) is
minimally generated by r elements.

We conclude that the Ro-module Mo (R ;/pRs ;) is generated by r elements, from which the
result follows by Nakayama’s lemma. 0

Proposition 8.3.3. Suppose that 70 is a representation of K /K, = GLa(k) on a finite free W (F)-
module such that T°[1/p] is (absolutely) irreducible and cosocyk 70 = o,. Fiz j € {0,...,f—1}. If
L is any K-stable lattice in (V(aj) @y 7°)[1/p] such that cosock L = oy, then My (L) is free
of rank r over its schematic support, which is a domain.

The proof shows that such a lattice L exists and is unique up to homothety.

Proof. We write 0, = F()) for some A € X;(I) that is 8-deep in C, by Proposition and
our genericity assumption. By Remark and Proposition m (and Lemma here
exist u € X1(T) and signs € € {1} such that JH(70) = JH(D,,.) (with multiplicities!), where
F(t, (> &;)) = 0y and D, is defined in (48). We deduce that F(a;) @ 70 is multiplicity-free,
as F(oj) ®F Dy is multiplicity-free by Lemma m
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0

As cosock 7° = 0, we have a surjection pr : ]5% — 70 and we let Ly denote the image of the

composition
b < V() @wy Pr, = V(ay) @ ™°

where the second morphism is id ® pr. By the paragraph before Lemma [8.3.2] we see that Lo is a
lattice as in the statement of the proposition, and that it moreover contains p(V (o) Qw (F) 7).
Since (V () @w () 79)[1/p] is irreducible and residually multiplicity-free by the preceding para-
graph, up to homothety Ly is the unique lattice in (V (a;)®y m)7°)[1/p] such that cosock (Lo) = oy
by [EGSI5, Lemma 4.1.1]. Therefore, we may assume that L = L.

We first show that M. (L/pL) is free of rank r over its schematic support. We have a short
exact sequence

0— Wy 2 L/pL — Wy — 0,

where W, & (V(ey) @wwy 7°)/L and Wy & L/p(V(aj) @wwy 7). We will show that (i)

Mo (W1) = 0 and (ii) there exists a latticel’o in a tame type with cosocle o, and a surjec-
tion Wa — 7/ such that My (Wa) = My (7). We then conclude by Proposition that
My (L/pL) = M (7") can be generated by r elements.

We will use repeatedly in this proof that if V; and V5 are multiplicity-free representations of
GLa(k) over F having cosocle oy, then JH(V;) C JH(V2) implies that V; is a quotient of V5. (The
reason is that the V; are quotients of P, , hence factor through the largest quotient of P, that is
multiplicity-free [BP12, Prop. 3.6, Thm. 4.7].) Using notation as in §2|locally at the place v we
will also use that if a weight \ is 7-deep in Cjy and ¢ € {1}, then the submodule structure of

D) is known by Theorem [6.3.11, parts and (where the integers a; are now restricted by
0 <a; <1). (It is also known by [BP12, Thm. 4.7], but using different notation.)

As 70 and D,,. are multiplicity-free with cosocle o, (see the beginning of the proof for D, .),

we deduce by the previous paragraph that 70 = D, .. As X is 8-deep in C; we know by Re-
mark 2.4.ai iv) that p and +¢ja; are T-deep in Cy. By the beginning of the proof F(a;) ®r D, ¢
is multiplicity-free, hence W5 is (by its definition) the unique subrepresentation of F'(a;) @ D, ¢
with cosocle o, = F(t,(>"¢€;7;)). Therefore, the irreducible constituent of Wy are given by the
set {F(t,(>"eia:7;)) 10 <a; <1forallij, 0<a; <2} (This is a consequence of Proposition
6.3.10 which combined with Lemma [2.4.6] completely determines the submodule structure of
F(o) ®r D, .. We leave the details as a pleasant exercise to the reader.)

By Proposition[6.3.10/and since we know the constituents of Wa, the constituents of W; have the
form F(t,(>"e;a:7;)), where 0 < a; <1 for all i # j and a; € {—2,—1,3}. As 0, = F(t,(>€i7;))
is modular, we see by Proposition [2.4.2] that any other modular Serre weight is of the form
F(t,(>"eibim;)) with 0 < b; < 2 for all i € J. We conclude that M (W7) = 0.

For short let v & > ¢ein;. Using again Proposition we write the modular Serre weights as
F(t,(v + Y elb;)) for some signs €' € {£1}Y and integers 0 < b; < 1 (with b = 0 corresponding
to 0,) and note that the constituents of Wy are given by F(t,(v — > ¢7;)), 0 < ¢; < 1fori #j
and —1 <¢; < 1.
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By Proposition (and Lemma [2.4.4)) we can find a representation 7" of GLa(k) on a finite
free W (FF)-module such that 7/°[1/p] is irreducible and such that

IH(E) = {F(t (v — Y+ <}dgi,)) 0 < ds < 1 for all ).
i#]

We may assume that 70 has cosocle g;,. As 70 and Ws are multiplicity-free, have cosocle oy,
and JH(70) C JH(W>) we see that 7/ is a quotient of Wa. By the above definition of ¢, the

Serre weights in the complement JH(Ws) \ JH(7/0) are not modular, so My, (Ws) = My (770), as
desired.

We have shown that My (L/pL) is free of rank r over its schematic support. To deduce that

My (L) is free of rank r over its schematic support S, we first observe that S = RV ’T,
where (2,—1); is (2,—1) in the embedding o; : F;, — E and (1,0) elsewhere, as REVIT g

a domain (apply Proposition 4.2.1] and [GK14, Rk. 5.2.2] to p = 7,/ after a suitable twist).

Therefore, My, (L/pL) is an S/pS = RV _module that is (set-theoretically) supported on all
of Spec(S/pS). By Corollary S/pS is reduced. Hence S/pS is the schematic support of
Mo (L/pL). By the argument in the last paragraph of the proof of Proposition we deduce
that My (L) is free of rank r over its schematic support S. O

Theorem 8.3.4. Let j € {0,...,f —1}. Then My 'QJ) is free of rank r over R/ N: pr,
where T Tuns over the tame inertial types such that o, € JH(o(7)) and p; is the prime ideal
ker(Roo — Rg’_l)j’T), where (2, —1); is (2, —1) in the embedding o; : F,, — E and (1,0) elsewhere.

Proof. By Lemma W the Roo-module My ( ’Qj) is generated by r elements, i.e. there is a
surjection f: 8" — Moo (R5 ;), where S ' Roo/Anng._ (Masof 5i))-

Note that R; ;[1/p] = R ;[1/p] over E is the direct sum of the representations V(a;)g @ o(7)

for all the tame inertial types 7 such that o, € JH(o(7)), and each such o(7) occurs only once.
In particular, it is as in Corollary where for all ¢ we have n; = 1. Arguing as in the last
sentence of the proof of Proposition it follows from and the fact that all the rings
Rg’_l)j’T for 7 such that o, € JH(o(7)) are domains (apply Proposition and [GK14, Rk.
5.2.2] to p =T after a suitable twist) that S = R/ N; p, for p; as in the statement.

By Proposition for each type 7 as in the previous paragraph the module My (V (o) Qw (F)
o(1)Y)[1/p] is free of rank r over Rg;*l)jﬁ[l/p]. Thus by and the S[1/p]-module
Moo (R4 ;)[1/p] is locally free of rank 7, i.e. the localization of M (Rj ;)[1/p] at each prime ideal
of S[1/p] is free of rank r. Hence (using again [Mat89, Thm. 2.4]), we see that (ker(f)[1/p]), =0
for all prime ideals p of S[1/p], which implies ker(f)[1/p] = 0, and hence ker(f) = 0 since S has
no p-torsion. This finishes the proof. (|

Set L_; & P,, and for j € {0, ..., f — 1} define a K-stable W (F)-lattice L; in

Py, [1/p) @ (D V(ay) @ww) Po,)[1/p] = Py, [1/p] @ (€D Ray)[1/p)
7'=0 §'=0
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by induction by

def

(76) L] = Ljfl XPD'U R,2

7j’

or equivalently

o~ J ~
Lj = {(21, (z25)o<jr<j) € Po, ® (P Rayr) : (w27 mod pRy ) = (21 mod pF.,)
1=0

in Pav — RQ,j’/pRQ,j’ A j, S {07 cee 7]}}
Note that Ly_; = R (see .

Let 7 be a tame inertial type such that o, € JH(o(7)). Then o(7) is a quotient of Py, [1/p],
and the image of P,, is a W (IF)-lattice in o(7) with cosocle o, which we denote by o(7)". Let

Ty; = V(ay) @) o(r)°

and let Ti ; € T3,; be the sublattice constructed in the second paragraph of the proof of Proposition
which satisfies cosock Ty ; & 0,. Then by the proof of loc. cit., Ty ; is identified with the
image of the composite morphism

/
RQ’]- — RQJ‘ —» TQJ‘.

In particular, we have pTy; C 77 ; (as pRa; C Ry ;). Set Y; & T3 ;/pT2,5, so Yj is a quotient of

P,, and hence of L;_1. For 0 < j < f — 1, define

def

de! . /
N] - L]_]_ XY? T2,,]

Lemma 8.3.5. With the above notation, the surjection T2’7j/pT2”j — Y} induces an isomorphism
MOO(TQ/,j/pTé,j) = Moo (Y5).

Proof. Note that the representations T2’7j /pTé’j and Y; are exactly the representations denoted
by L/pL and W5 respectively in the proof of Proposition and that Mo (L/pL) = M (Wa)
follows from M, (W71) = 0, see the second paragraph of this proof. O

For a smooth K-representation V' over F of finite dimension, we denote by (rad% (V))i>o its
radical filtration: rad% (V) = V and inductively rad’ (V) = radg(radi'(V)) for i > 1. As
remarked in the proof of Lemmam taking rad (—) preserves surjective morphisms (see [Alp86),
§1, Prop. 4]).

Lemma 8.3.6. The surjection Ry; — Ty induces a surjection Lj — Nj, which induces an
isomorphism

(Lj/pLy)/ vadj(L;j/pLj) = (N;/pN;)/ radic (N /pN;).
Proof. As seen above, we have ker(TQ’J — Yj) = pT5 ;, which implies a short exact sequence

0T ~BNj = Lj 1 —0
and consequently

0 — Tb;/pTa; —% Nj/pN; — Lj—1/pLj—1 — 0.
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Since ker(Rj ; — Py,) = pRa,j, we have a similar exact sequence for L; which fits in the following
commutative diagram

X
0 — Ry /PRy ; AL Lj/pLj —— Lj_1/pLj—1 ——0

<”> A

X
0 ——Tb,;/pTs,; ——= Nj/pN; — Lj—1/pLj—1 —0.
It is direct to check that the morphism ~ is identified with
F(aj) ®k (Py, /pPs,) = F(az) @ (o(7)°/po(7)°)

and is induced from the quotient morphism ]5% — o(7)Y. In particular, v is surjective, hence so
is # from which the first claim follows.

To prove the second claim, it is enough to show ker(3) C rad} (L;/pL;). Observe that if M is
a quotient of (Projgz, oy) /M, (Projg/z, 0v) which admits Py, as a quotient, then the induced
morphism

M/rads (M) — P, /radi(P,,)

is an isomorphism for ¢ = 1,2. Indeed, this is clear for ¢ = 1, and can be deduced using
[HW22, Lemma 2.10(ii)] for ¢ = 2. Thus, noting that both L;/pL; and N;/pN; are quotients of
(Projg/z, av)/m%(l (Projg /7, 0v) (using Corollary D and both admit P, as a quotient, we get

ker(53) = ker(rad%(f)), and hence it is enough to prove
ker(rad (8)) C radyc(rad% (L;/pL3).

Since Lj_1/pLj_1 also admits P, as a quotient, we again obtain from the observation above a
commutative diagram as in (77)), but with L;/pL;, N;/pN; and L;_1/pL;j_1 replaced by their
rad% (—) and the left column in unchanged, from which we obtain ker(rad% (3)) = ker(7y).
Hence it is enough to prove ker(y) C radx (R2;/pR2;), equivalently v induces an isomorphism
on cosocles. But this follows from the proof of Lemma [6.3.§] (taking duals there). O

The reason for introducing N; is as follows.

Proposition 8.3.7. For j € {0,..., f — 1}, the following statements are equivalent:

(i) Mso(Lj) can be generated by r elements over Roo;
(il) Mso(Nj) can be generated by r elements over Ru.

Proof. Let 7 be the admissible smooth representation of GLa(F;,) over F defined in or (67).
Then by we see that (i) (resp. (ii)) is equivalent to saying that dimp Hompg (L;,7) = r
(resp. dimp Homg (Nj, ) = r). Moreover, since N; is a quotient of L;, we clearly have (i)=(ii).

The proof of (ii)=-(i) is motivated by that of [HW22, Prop. 4.18]. Assume dimy Homg (L;, 7) >
r. Then, since dimp Homg (0, 7) = f by Proposition there exists a nonzero morphism
h : Lj — m which does not factor through cosock L; = o,. We choose h such that [Im(h) : o,] is
minimal; denote by @ the image of h. We must have [Q/sock(Q) : 0,] = 1, otherwise @) contains
a submodule Q" with cosocle o, and such that [Q'/sock (Q') : 0,] = 1, so there exists a morphism
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Lj — 7 with image @' by Proposition [7.4.3| (applied with @ = L;), which contradicts the choice
of h. By the proof of Proposition |8.2.6| we have 781 = Do(7Y)®. Tt in particular implies
sock (Q) C sock (Do(T,))¥") = @ o
aeW(rY)
Note that W(7,) C JH(Projg i, 0v) (see [BP12, §11]), so @ satisfies conditions (a), (b) in
Lemma m Thus, by the (first) part of loc. cit. we have radg(Q) C Q%' C 7K1, Since
sock(Q) = Q N sock(m) (in particular JH(sock(Q)) € W(T,) up to multiplicities), we also
have radgx(Q)/sock (Q) — 751/ sock (7) which implies that @ satisfies conditions (c) and (d) of

Lemma and hence ) has Loewy length < 3. Lemma then shows that h : L; — @Q
factors through N;, hence gives a contradiction to (ii). g

Lemma 8.3.8. Suppose that R is a commutative noetherian local ring. Suppose that My, My, M
are nonzero R-modules that are free of rank r over their respective schematic support and that we
are given surjections M; — M for i =1,2. Then Anng(M; X Ma) = Anng(M;) N Anng(Ma).
Moreover, the following are equivalent:

(i) My xpr My is free of rank r over its schematic support;
(i) Anng(M) = Anng(M;) + Anng(Mz);
(iii) Anng(M) C Anng(M;) + Anng(Ms).

Proof. The first assertion is clear, since the M; surject onto M. We now prove the equivalence
between and By assumption we can write M; = (R/I;)®" and M = (R/I)®" for
(proper) ideals I; C I. Without loss of generality we may assume that the given surjections are
the natural maps (R/1;)®" — (R/I)®". Then My xy My = (R/Iy x /1 R/I2)®" and by Nakayama
we are reduced to the case r = 1, which is [HW22, Lemma 8.11]. O

From now on, we choose the tame inertial type 7 in the discussion above such that W (7)) C

JH(o(7)); this is always possible by [EGSI5, Prop. 3.5.2]. Since T,/ is assumed to be semisimple,

this forces W (7)) = JH(o (7)) and 7 is uniquely determined. We will denote it by 7y in what
follows.

Theorem 8.3.9. Let j € {—1,...,f —1}. Then M (L;) is free of rank r over Roo/ Nxr Prrs
where Py ; is the prime ideal ker(Ry — Régf) with T running over the tame inertial types such

that o, € JH(o(7)) and X = (A\j)o<ji<f—1 rTunning over the Hodge—Tate weights such that Ay €

Proof. Twisting all the Galois deformations by e, we can replace 7,/ by 7y (1), {(1,0), (2,—1)} by
{(2,1),(3,0)} and oy, € JH(o(7)) by 0y ® (Ng/r, © det™) € JH(o (7)) (all the deformations now
have determinant €3¢, !). Note first that all the rings R)7 are domains by Proposition
(and [GK14, Rk. 5.2.2]) applied to a suitable twist of 7,/ to get p =T, as in The proof is
by induction on j > —1. If j = —1, this is Proposition Assume the statement is true for
Moo (Lj—1) and let us prove it for Mo (L;).

We first prove that the R,-module M, (IN;) can be generated by 7 elements. From the exact-
ness of M, and we deduce
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Note that the maps Moo(Lj—1) — Moo(Y)), Moo(T3;) — Moo(Y;) are surjective. These three
modules are free of rank r over their schematic supports by induction hypothesis, Proposition|8.3.3
and Lemma [8.3.5] By Lemma [8.3.8| it is enough to prove

(78) Annp (Mxo(Yj)) € Anng_ (Moo (Lj-1)) + Annp, (Moo(T5 5))-
By Lemma we have My (Y;) = Moo(T5 ;/pT5 ), SO
Anng (M (Y;)) = Anng_ (Moo(TQI,j/pTQI,j)) = (p) + Anng_ (MOO(TQI,J'))’

where the second equality holds because MOO(TQ’J) is free of rank r over its schematic support.
Hence, to prove it is enough to prove

(79) p € Anng (Muo(Lj-1)) + Anng (Moo(Ty ).

Consider the ring

REO(S’O)JU d:ef Roo ®R?V R§;370)70U = ROO/ ﬁ)\ﬂ' p/\vT’

where RFSV(&O)’U” is as in Proposition 4.3.1{and where py , = ker(Roo — RYT) with 7 running over

the tame inertial types such that o, ® (Ny/p, © det™) € JH(o(7)) and A = (\j)o<jr<f—1 Tunning
over {(2,1),(3,0)}/. By Proposition and (63)), and increasing q if necessary, we have for
some integer h > 1 and a certain explicit ring S = (®070§jgf_15’(j))/,] that

Rgo(&o),ov ~ ?[[Xh - ,Xh]]

(using again [GK14, Rk. 5.2.2] and Lemma as we have conditions on the determinant here).
For each A € {(2,1),(3,0)}/ and k € {1,2}/ in Proposition an “explicit” prime ideal of S is

defined that we denote here simply by pg =3 p,(f )i and that we consider as an ideal of R;@(&O),ov
via S — R;o(g’o)’a“. In other words, the ideals pg A from Proposition [4.3.1|are relabeled as pg@)}‘ I

and any value of i(w); equal to 3 is changed to 1 here, to simplify notation (see the beginning of
for the notation). Moreover there is a bijection

ti{7 10y ® (Nyp, odet) € JH(o (7))} = {1,2}/

such that py , = pf‘(T). From Lemma we also have prime ideals of S\ that we relabel here as

qgj)’@’l), qgj)’@’l) such that q,(gi)’(2’1) - pg whenever A\; = (2,1) and such that >, q](é)’(ll) = p(;%l)

for all k € {1,2}7.

We note that by Lemma % l 2 we have 79 = 7, where w; = tot(y 1) for each 0 < j < f —1, so
—_ A =
Par = P3. Then by Proposition (8.3.3| and Theorem we deduce

Amng, (Mwo(T3,)) = Y,
Anng, (Ms(Ry;)) = [op”,
k
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where A(j') ' (2,1) if j” # j/ and A" 4 (3,0). From the definition of L;j_1 as an iterated

fiber product we have using the first part of Lemma and Proposition that

Annp  (Mso(Lj-1)) = Anng_ (Moo(-ﬁav)) N ( n Anan(Moo(RIQ,j'))>

0<j'<j—1

N0 N e
k

0<j'<j—1 k

By above we get that qgj)’@’l) N qgj)’@’l) C Anng_(Moo(Lj—1)) (note that A(j"); = (2,1) for
0<j <j—1)and péj)’(&o) C Anng_ (Mx(T5 ;)). Hence to prove it is enough to prove that

pe qgj),(ll) n qgj)7(2,1) + p(gj),(&o)

, which is a special case of Proposition 4.3.3

We have shown that M (NN;) can be generated by r elements, so the same is true for My (L;)
by Proposition [8.3.7 Let S = Ro/Anng, (Moo(L;)). Now we can argue just as in part (ii) of
the proof of Proposition [8.2.6] to see first that My (L;)[1/p] is free of rank 7 over S[1/p] and
then deduce that any surjection S” — My (L;) has to be an isomorphism. This completes the
proof. O

Corollary 8.3.10. The module M (R) is free of rank r over Ros/ Nxr Pa,r, where py ; is the

prime ideal ker(Ry, — RXT) with T running over the tame inertial types such that o, € JH(o (7))
and A = (\j)o<j<f—1 running over the Hodge-Tate weights such that \; € {(1,0),(2,—1)} for all
j. In particular, dimp(Moo(R)/Mso) = 7.

Recall that we have defined the K-representation (Projg,z, ov) Jm%, with cosocle o, (see e.g.

§7.3]). From Corollary|8.3.10) Proposition|8.2.3(i)|and the isomorphism R/pR = (Proj o,)/m2
K/Z Ki
de g result.

of Corollary [7:3:4] we deduce the followin

Theorem 8.3.11. The surjection
(ProjK/Zl O—’U)/m%{1 — Oy
induces an isomorphism of (nonzero finite-dimensional) F-vector spaces
M ((Proj ez, o) /M, ) /Mog — Moo (0) /Moo

Remark 8.3.12. The exactness of the functor My, shows that the isomorphism in Theorem
[8:311] is of course totally wrong without quotienting by me.

8.4. Gelfand—Kirillov dimensions. We prove our main global results.

We keep all our previous notation. We recall our assumptions: F' is a totally real number field
unramified at p, D is a quaternion algebra of center F' split above p and at not more than one
infinite place, v is a fixed place of F' above p and 7 : Gp — GL2(IF) is a continuous representation
satisfying the following conditions: F|GF(P/T) is absolutely irreducible, 7, is generic in the sense of

[BP12, Def. 11.7] if w|p, w # v, T, is semisimple generic in the sense of (the latter implies
p > 23) and Ry, is formally smooth over W(F) if w € (Sp U S7)\Sp.

We choose wy, S and U = [[U, as in and consider the admissible smooth represen-
tation 7 of GLy(F}) defined in or (67). Recall we defined the Gelfand-Kirillov dimension

dimGLg(Fv) (7T) in
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Theorem 8.4.1. We have dimgy,,(p,)(7) = [Fy : Qp).
Proof. (i) By [GK14], §5.5] 7 satisfies assumption (i) in Theorem (for p = 7/). It follows

from and Theorem [8.3.11| (choosing M., = Mgf as in for oy asin with JH(o (7)) N
W (ry,) = {ow}) that for all o, € W(7)) we have

[Tr[m%ﬁ] s 0y] = [sock () 1 0],

so that 7 satisfies also assumption (ii) in Theorem Finally, we prove that JH(z") =
JH(D:(7)))) (up to multiplicity), and so by Lemma 7 satisfies assumption (iii) in Theorem
We only give the proof in the definite case, the indefinite case can be treated similarly (see
e.g. below). The K-equivariant embedding @, cw rv) oy °" < 7, where m,, = [socg () :
oy], induces a K x (U"/V")-equivariant morphism

(@ or)er( @ ou) om0 VeBn

v €W (TY) weS,\{v}

which is injective because @, g\ {v} 0w is irreducible. By [Breld, Lemma 9.2], the last embedding
extends to an embedding

( B D@ )or( @ ow) = limSVV,,F)m]

o €W (TY) weSp\{v} Vo

and gives in turn an embedding

P Doo,(p)mer — .
o €W (TY)

In particular, we have JH(D;(7))) C JH(7™). But using [BP12, Lemma 14.1], we actually have
JH(D;(7))) = JH(xt) (up to multiplicity), and so 7 satisfies assumption (iii) in Theorem
We can thus apply Theorem which gives dimgr,(r,)(7) < [Fy @ Qp).

(ii) By the arguments of [DL21) §6], replacing K" in [DL21l §6.1] by U", the representation
V = QueSwto Vw of K¥ in loc. cit. by the representation o, of U” in and forgetting the
Hecke operators T, at places w € S’ (since we do not care about multiplicity 1), the same patching

process as in [DL21], §6.2] (which is a variant/special case of the main construction of [CEG™16]

and [Sch18| §9]) produces a “big” patched module My, over Ry [GL2(OF,)] (with a compatible

action of GLg(F})) which is finitely generated free over the local ring S [K1/Z1], where Sy &

W(F)[x1, ..., 74 5+q-1] (see for ¢). Moreover we have My, /ms = ¥ and for any continuous
representation o, of GLa(Op,) over a finite type W (F)-module with central character ¢|I_F1 we

n def n .
have My (0y) = Hom%o/(]tF)ﬂGLZ(OFv)H (Moo, o), where ()" = Homip{g (—, E/W (F)) and M is
endowed with its natural profinite topology. It follows from [GN22, Lemma A.16], Lemma
and that we have (where the grade j4 is as in

(80)  JRra[K:1 /7] Moo) = Jrpi, /7:] (Moo /Moo) = dim(K7/Z1) — dimgr,(f,) ()
= 3[Fv . Qp] — dimGLQ(Fv)(ﬂ').

Since Ml is free of finite type over Soo[K1/Z1], we have js_[x,/2,](Me) = 0. It then follows
from [GN22, Lemma A.19] (together with [GN22l Def. A.2] and |[GN22, Prop. A.4(1)]) that

(81) Jno 1 /) (Moo) = (dim(Roo) + dim(K1/Z1)) — (dim(Suc) + dim(K1/Z1)) = 2(F, : Q)
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where the last equality follows from and the definition of So,. Combining and , we
deduce 2[F, : Q] > 3[F, : Qp] — dimgy,(r,)(7), ie. dimgr,(r,)(7) > [Fy @ Qp], which finishes the
proof. O

Recall that for any Serre weight o, we have defined in §§| the injective envelope Injg /7 o, with
socle oy.

Theorem 8.4.2. There is an integer v > 1 such that wlmj ] = (Do, ew ) ]_N)UU)@T, where Dy,
is the largest subrepresentation of (Injg /7, ov)[m%ﬁ] containing o, with multiplicity 1 (= its socle)
and no other Serre weights of W (7). In particular, each irreducible constituent of w[m¥% | has

multiplicity r.

Proof. The existence of Dy, is proven in Corollary [6.3.13(i)l It follows from its construction in
[DL21], §6.2] and |[CEG™16] that My, (see part (ii) of the proof of Theorem is projective of
finite type over So[K]z, where S [K]z is the largest quotient of So[K] on which the center
of K = GL2(OF,) acts by 9|1, . In particular, Moo /(p, 21, . . ., 4)5|4¢—1) 18 finite projective over
F[K]z. Noting that

con

Homptiy i Moo/ (9, 1, Zai511g-1), 03 ) = Moo(00)/(Dy 21, -+, T4i5)1q-1)
which is nonzero if and only if o, € W (7)), we deduce
Moo /(P 1, - -+ Tai8|4g—1) = @ (ProjK/Z1 o)) &me
€W (7))

for some integers my, > 1 (in fact m,, > r, where r > 1 is as in Proposition [8.2.3(i)}). This
implies by the definition of D,,

cont cont

Hompyy (Mm/(p, T1y- oy Ty S|4q—1)5 D;/U> — Hompypy (Moo/(p, Tl Ty|S|4q—1)5 JX)

and hence taking on both sides the subspaces where my, acts by 0 (ms acts through the action
of Roo on Moo /(p, @1, -+ -, Ty g 4q—1)) We get

Hom§ht) (Moo /moc, DY, ) = Hom§ity (Moo /moc, 7).

Using My, /Moo = 7 this last isomorphism can be rewritten

Homp (D, ,7) = Hom (D,,, m[m%,]) — Homg (0y, 7) = Hom (0, sock 7).

Since sock m = (B, ew ) 0v)®" by Proposition we deduce an inclusion

(82) ( @ D) Calmk,).

But it follows from Corollary 6.3.13'(1) (using w[m¥, ] € (Injg /7, 7o) [m%, | for 7, & Do e ) od”)
and Theorem [8.3.11] that = mﬁ(l] cannot be (strictly) larger, whence the isomorphism of the
statement. The last sentence in the statement then follows from Corollary [6.3.13(ii)|and |(iii), O

Theorem 8.4.3. The Ro.-module My is faithfully flat.
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Proof. Since M, is free of finite type over Soo[K1/Z1], it follows from [GN22, Cor. A.29] applied
to M =Moo, A = Soo[K1/Z1] and B = Roo[K1/Z1] (using (63)) that My, is a Cohen—Macaulay
R[K1/Z1]-module. By Theorem (80), and we have

IR [K1/21] Moo) = Jrpic, /21] (Moo /Moo) = 2[Fy, + Qp),

and it then follows from [GN22, Cor. A.30] (“Miracle Flatness”) that M is flat over Ro. As R
is a local ring and M, /ms # 0, it follows that M is faithfully flat over Roo. ]

Corollary 8.4.4. Let x : Ry — O’ be any homomorphism of local W (F)-algebras, where O is
the ring of integers of a finite extension E' of E, and set

V(z) € Hom%" (Mo @p.. . O, E').
Then V(z) is a nonzero admissible unitary Banach representation of GLa(F,) over E' with a
GLay(F,)-invariant unit ball (given by Hom&S" (Me @, O, 0')) lifting m @ F', where F' is the
residue field of O'.

Proof. The fact that V' (x) is an admissible unitary Banach representation of GLy(F,) follows from
ICEGT16, Prop. 2.13]. We need to prove V(z) # 0 (note that we know My, ®p, . O # 0, as
My /Mmoo # 0, but it could be p-power torsion). By Theorem the R,.-module M, is flat,
hence My ®pr__ » O is flat over O’ by base change, and the result easily follows by [ST02, Thm.
1.2]. O

Remark 8.4.5. Under slightly more general hypotheses on 7, one can prove Theorem [8.4.1
Theorem and Corollary with 7 replaced by the “minimal local factor” of [BD14) §3.3]
and [EGS15, §6.5]. The strategy is completely similar using Theorem the patching functor
MDn of [EGSI5, §6.5] (and the “big” minimal patched module of [DL.21], §6]), and the variant of

Corollary [8.3.10| with ]\40““0in instead of M., = Mgé; , where we now have » = 1. Details are left to
the reader.

Corollary 8.4.6. For any compact open subgroup

vi= ] ©p)s II Ve < ]J]©On)

wéSpUSH we(SpUS7)\{v} wF#v
such that Vi, is a subgroup of 1 +pMs(OpF, ) for w € Sp\{v} and such that ™ # 0, where

o def limy Homg;, (7, HY (Xvvy, xp F,F)) in the indefinite case,
\Z
def

T = ligS(V”VU,F) [m] in the definite case,
Vo
we have dimgr, (g, (7) = [Fy : Qp].

Proof. Note that the ideal m in the definite case is as in Remark [8.1.3(ii)| for S big enough (the
resulting eigenspace does not depend on S by [BDJ10, Lemma 4.6(a)]). We prove the indefinite
case only, the definite case being similar. We can and do choose a place w; as in

(i) We first prove dimgr,, (5, )(7) < [F, : @p]. Since the Gelfand-Kirillov dimension of a subspace
is at most as big as the one of the space, it is enough to prove this upper bound for a smaller
V¥, In particular, we can assume that V,,, is a subgroup of the group of matrices that are upper-
triangular unipotent mod w; and that Vi, is a subgroup of 1 + pMs(Opf,) which is normal in
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def

GL2(Op,) for w € Sy\{v}. Let S =

def

SpU Sy and U = [[,, Uy with U, <V, if w ¢ S, and

Up = (Op)y = GL2(OF, ) if w € Sp, then S and U satisfy all the conditions in and we have
. GL2(Op, _ —
83 o« ZhQHOHlUv/Vv< ® (Indy ") 1), Homg, (7, Hy(Xvoy, xr F,F))),
Vo weSp\{v}
where (IndeQ(OF w) 1)z is the maximal quotient of Indgjz(oF ») 1 on which the center of GL2(Op,)
acts by E_1| I, - Writing each (IndSIEQ(OF w) 1)z as a successive extension of Serre weights for

GL2(OpF,), an obvious dévissage shows that it is enough to prove that for all Serre weights
(Ow)wes,\{v}, We have

dimgr,(r,) (thHomUv/vv< & ow, Homg, (7, Hy (Xvvy, x5 F, F)))) < [Fy: Q).
g weSp\{v}

But this follows from and Theorem In fact, using

Homgo jyro (—, Home,, (7, H (Xvvy, xp F,F))) = Homg,, (7, Homge o (—, Hy (Xvoy, xp F,F)))
together with

Homg,, (7, Homy o (—, Hiy (Xyoy, x o F, F))) = Homg,, (7, Homgre jyo (—, Hé (Xvov, X p F, F)m))

(for m as in Remark |8.1.3{(ii)]) and the fact that H} (Xywvy, X p F, F)y is an injective representation
of UY/V? over F (since m is non-Eisenstein), we easily deduce that, in the above dévissage, 7 as

in contains

lim Homygrv /v ( Q) ow Homg, (7, Hy (Xyvy, xp F, F)))
v, weSy\(v}

for at least one tuple (0w)wes,\ (v} With o, € W(Ty,) for all w € S,\{v} (since m # 0). (We also
use that Hompo jye (Ques,\ v} Tws H}:(Xvvy, xp F,F)y) # 0 if and only if o, € W(7y,) for all
w, by [BDJI10, Lemma 4.10].) This implies dimgy,,g,)(7) = [Fy : Qp] by Theorem (for 7 as
in (83)).

(ii) We now prove dimqr,(r,)(7) = [Fy : Qp] for m as in the statement. Set V" =[], ., Vi,
with V,;, = Vi, if w # wy and V,; = subgroup of (Op);;, of matrices that are upper-triangular
unipotent mod w;. By Ihara’s Lemma at the place w;, which is easy here thanks to all the
assumptions on wi, we have for sufficiently small V,, that

— = 2 o _ =
Homg,. (7, Hy (Xvev, xp F,F))®* 2 Homg, (7, H (Xyny, xp F,F))
and hence a GLa(F},)-equivariant isomorphism

71.692 ~

o lim Home,. (7, Hy (Xywy, xp F,F)).

Vu
In particular, dimgy,(p,)(7) = dimgr,(p,) (7). Replacing V' by V', we can thus assume that V,,
is the subgroup of (Op);s5, of matrices that are upper-triangular unipotent mod wy. It is enough
to prove dimgr, (g, (7) = [Fy : Qp] when V,, = 1+ pM2(OF, ) for w € S,\{v} (as dimgr,(p,) ()
for the subgroup Vi, of 14+ pMas(OF, ) can only grow, but is anyway bounded by [F, : Q,] by (i)).
But this follows from the last assertion in part (i) above. O
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Remark 8.4.7. If V¥ = [[,¢5(Op)y [lwes) {v} Vo for some finite set S containing Sp U S such
that Ry, is formally smooth for w € S\, the same proof gives dimgy,(r,)(7) = [Fy : Q).
Without assuming V,, € 1+ pMs(Op, ) for w € Sp\{v}, the above proof still gives the bound
dimgr, (r,) (1) < [Fy : Qp).

8.5. Flatness for the dual of completed cohomology. We give an application to the flatness
of the dual of completed cohomology.

In this section we assume moreover that p is inert in F, so that S, = {v}. Let V" be as in the
final part of iLe. V¥ = [lysy Vo = [ty Uw (as p is inert, Vy = Uy, for all w # v).

For each compact open subgroup V, C 1+ pMaz(Op,) and for each n > 1 we define the ¢~ !-
isotypic subspaces

HL (Xyoy, xp F,W(F)/p")¥" (resp. S(V'V,, W(F)/p™)¥" in the definite case)

€
for the action of the center (A)* of (D ®@p A%)*, where ¢! is viewed as a character of
(A%)* via the global Artin map (sending uniformizers to geometric Frobenius elements). Let
T(VV,,, W (F)/p")¥"" be the W (F)-subalgebra of Endy m) (Hg (Xvey, X F, W (F)/p™)¥™") (re-
spectively Endyy g (S(V*V,, W (IF) /p™)*"")) generated by the endomorphisms T,, and S, for

w ¢ SU{w;} and T(V”%,W(F)/p”);ﬁ_l its localization at the maximal ideal m generated by
the elements T,, — Sy, tr(7(Froby)), Norm(w) — Sy, det(7(Froby,)) for w ¢ S U {w1} (see Remark

. Let T(V”)gﬁl be the “big Hecke algebra”

TVL ™ & lim TV, W(E) )Y
n,Vy

We define respectively

- =1 def,, .. — =1 v =1
H' (V)Y = Jim ling (Hl(XVvVv < FW(E) /)Y @poye iy jpye—t TV Vo, W(E) /p")E )
n V,

— =

~ —1 def .. . ) -1 ” -1
SV < limlim (S(V”Vv, WE)/P")" Spoy, wmpmye— TV Vo, W (E)/p")% )
n V,

1

so that .FAll(V”):fil and its dual HornW(Ig)(lLAII(V“);/r ,W(F)) (resp. g(V’”):fl and its dual) are

naturally T(V”):f ~ -modules.

-

Let Rlp

7,SU{w1
formations r of 7 such that r is unramified outside of S U {w;} and ¢ = edet(r). It follows from
the construction of My, in [CEGT16, §2], [Schi8, §9] and [DL21], §6] that we have a sequence of

surjective morphisms of local rings

~ —1
(84) Roo @5, W(F) = Roo/(21, .., Ta5|1q-1) — fLﬁSU{wl} — T(VY)¥
and a compatible isomorphism

~ —1
Moo @50 W(F) = Moo/ (21, - .., Tajs|1g-1) = Hompy e (H (V)Y W (F))

y be the universal deformation W (F)-algebra of 7 parametrizing (unframed) de-

~

(resp. Mo ®s,, W(F) = HomW(F)(S(V”);fil, W(F)) in the definite case). Note that among all
choices involved in this construction, there is a choice of basis of the universal deformation over

)
'R7,SU{’[U1} )
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Corollary 8.5.1. All the maps in are isomorphisms. Moreover Homyy () (ﬁl(V”);f_l, W(F))

(resp. HomW(F)(S(V”)gil, W(F))) is a faithfully flat T(V“)gil—module and V/IJ'(V'“):f?1 is a com-

plete intersection.

Proof. This is |[GN22 Prop. 4.3.1]. However, since our setup is slightly different, we reproduce
the proof in our case. We only prove the case of Shimura curves, the definite case being identical.

We first notice that Homyy () (]’;TI(V”);W1 ,W(F)) = Moo/ (@1, - - Ty §]4q—1) 18 a faithfully flat
Roo/(%1, - - - T4 8] 4q—1)-module, since M is a faithfully flat R-module by Theorem Asa
consequence, the composite of the maps

~ —1 -~ -1
Reo/ (w1, 21514q-1) = B gy = TOVO)E = Bndyy ) (Homy e (H' (V)Y W(F)))

is injective. This proves the first claim and the faithful flatness of HomW(F)(}AI I(V”):f 71,W(IF))
as a T(V”)?il—module. As M, is a faithfully flat Ro- and S,o-module, R, is a faithfully flat

Soo-module. As (71, ...,%y54+¢q—1) IS a regular sequence in Se, it is Roc-regular and therefore
Reo/(T1, -+ T4)S|4q-1) = leSU{wl} = '/]I\'(V”);Z’_1 is a complete intersection. O

Remark 8.5.2. We expect the statement of Corollary to hold without assuming that p is
inert in F: one should extend the results of to include all places above p, or use a non-
constant coefficient system at all places w € S,\{v}. This is somewhat beyond the purpose of
this work, and we decided not to pursue it here.
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