Multiplicity theorems modulo p for GLy(Q,)

Stefano Morra,

ABSTRACT

Let F' be a non-archimedean local field, 7 an admissible irreducible GLo(F')-representation
with complex coefficients. For a quadratic extension L/F' and an L*-character x a classical
result of Tunnell and Saito establish a precise connection between the dimension of the
Hom-space Homy x (7r| L X) and the normalized local factor of the pair (m, x). The study
of analogous Hom-spaces for complex valued representations has recently been generalized
to GL,, in [AGRS] and their connections with local factors have been established by work
of Waldspurger and Moeglin ([MW]).

In this paper we approach the analogous problem in the context of the p-modular Lang-
lands correspondence for GL2(Q,). We describe the restriction to Cartan subgroups of
an irreducible p-modular representation m of GL2(Q,) and deduce generalized multiplic-
ity results on the dimension of the Ext-spaces EXt%; (7r\ 0% X) where 0 is the ring of

integers of a quadratic extension of Q, and x a smooth character of ;.
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1. Introduction, Notations and Preliminaries

Let F be a non-archimedean local field of characteristic 0, V' a finite dimensional F-vector space
endowed with a non degenerated quadratic form ¢. If F is a non isotropic line and W is the g¢-
orthogonal of F in V' we write GG, H for the special orthogonal group of V' and W respectively. Let
m, p be irreducible admissible complex representations of G(F'), H(F'). The Gross-Prasad conjectures
(cf. [GP1], [GP2]) predict a precise relation between dim(Hom gz (7| (), p)) and the epsilon factor
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of the pair associated to (m,p). In this direction, Aizenbud, Gourevitch, Rallis and Schiffmann
([AGRS]) proved a “multiplicity one” result:

THEOREM 1.1 (JAGRS], Theorem 1 and Theorem 1’). In the previous hypothesis we have
dim(Homp () (7|1 (), p)) < 1.

The multiplicity result of Theorem 1.1 recently allowed Waldspurger and Moeglin ([W1], [W2],
[W3], [MW]) to prove the Gross-Prasad conjecture in a large number of cases.

Let us consider the situation for GL2. The Gross-Prasad conjecture is then a particular case
of a result of Tunnell and Saito (cf. [Tun], [Sai]). More precisely, let 7 be an infinite dimensional
irreducible admissible representation of GLy(F') and o, the associated representation of the Weil
group W (via the local Langlands correspondence). For a quadratic extension L/F we fix an L*-
character x which extends the central character w, of 7 (as usual, x will be considered as a character
of the Weil group W, by local class field theory). Finally, we fix an embedding L* < GLy(F') and
an additive character ¢ of F, letting vy, S YoTryp.

The theorem is then the following (see also [Pra2], Theorem 1.1 and remark) :

THEOREM 1.2 (Tunnell, Saito). In the previous hypothesis, the conditions
Z) dim(HOHle (F’Lx s X)) 7é 0
it) e(orlw, ® X Yr)wn(~1) =1

are equivalent.

Indeed, the problem of looking for multiplicities of L*-characters in 7|;x goes back to a work
of Silberger ([Sil]) and has then been approached in the work of Tunnell [Tun] and Prasad [Pral].
In particular, the Tunnell-Saito theorem appears again in [Rag|, where Raghuram gives explicit
sufficient conditions for an L*-character to appear in 7| x for m supercuspidal.

In this paper we approach the p-modular analogue of such problems in the case F' = Q,, giving
a detailed description of the L*-structure for p-modular, absolutely irreducible and admissible
representations of GL2(Q,) and deducing certain mod-p multiplicity statements.

We rely on the works [Mol], [Mo2], where we established the Iwahori and GLgy(Z))-structure for
irreducible admissible GL2(Q,)-representations when p > 3. Hence, from now on we assume that p
is an odd rational prime.

The results when 7 is supersingular (§3 and §4) are summed up in the following theorem. Recall
that supersingular representations for GL2(Q,) are parametrized, up to twist, by the universal
representations m(r,0) where r € {0,...,p—1} (see §2 for the precise definition of the representations
7(r,0)).

THEOREM 1.3 (Corollary 3.10 and Proposition 4.2). Let L/Q, be a quadratic extension, m be a
supersingular representation and write w, for its central character.

i) Assume that L/Q, is unramified and write {n;},_, for the L*-characters extending wy. There
is an isomorphism

where each Z . o(1;), for ® € {0, 1}, is an infinite length uniserial representation of L™, with a
scalar action of p € L* and Jordan-Hélder factors all isomorphic to n;.
i) Assume that L/Q, is totally ramified. Let O}, be its ring of integers and w € L be an uni-

formizer. Then there is an O LX -equivariant exact sequence

0— W?— (%’?0@%0;1)2 = 7lgx >0

o0
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where, for € {0,1}, the 0] -representations U is uniserial, with Jordan-Holder factors
all isomorphic to wﬂ\zg and W is a 1-dimensional submodule of ?/0;0 <) @/og’l. Moreover, the

w-action on 7 is induced from the involution on % , © U, 4 defined by (z,y) — (y, ).

The techniques we used in the supersingular case can be adapted to deduce the L*-restriction
of principal and special series (§5). The behavior is very similar:

THEOREM 1.4 (Corollary 5.4, Proposition 5.6). Let L/Q, be a quadratic extension, m be a principal
or a special series and write w, for its central character.

i) Assume that L/Q, is unramified and write {n;},_, for the L*-characters extending wy. There
is an isomorphism

7T|LX = @fzoyw(m)
where each % (n;) is an infinite length uniserial representation of L*, with a scalar action of
p € L* and Jordan-Hélder factors all isomorphic to n;.

1) Assume that L/Q, is totally ramified. Let O, be its ring of integers and w € L be an uni-
formizer. If 7 is a principal series we have an O -equivariant isomorphism

Tl = ()" (1)

oo

where the O] -representation %, is uniserial, with Jordan-Hélder factors all isomorphic to
WW|Z,§' Moreover the w-action on 7 induces the natural involution (x,y) — (y,x) on the RHS

of (1). If w is a special series we have an O] -equivariant exact sequence

[e.9]

O—>W—>(02/_)2—>7r]ﬁLx—>0

where, moreover, the O} -representation W is 1-dimensional and stable under the natural
involution on (%05)2.

Although Theorem 1.3 and 1.4 give strong constraints on the L*-structure of an irreducible
GL(Q,)-representations 7, we remark that it is not clear a priori if the L*-restriction of 7 depends
only on its central character (at least, when 7 is supersingular).

The structure theorems 1.3 and 1.4 can be used to obtain generalized multiplicity statements.
More precisely, we deduce that there can not be a naive p-modular analogue of the Tunnell-Saito
Theorem, simply because in our setting the Hom-spaces Hom ox (m, x) are always zero. This behavior
has recently been established also in the p-adic setting by work of Dospinescu ([Dos], Théoréme
6.3.1): if II is a p-adic supersingular representation of GL2(Q,) and ¢ is a p-adic continuous L*-
character, then Homp x (IT1*", §) = 0, where II*" denotes the space of analytic vectors of II.

Nevertheless, if we pursue the analysis to the derived bifunctors ExtfoX (o, o) we find a new

phenomenology: the Ext-spaces are now non-zero and, moreover, let us distinguish between the
supersingular and non-supersingular case. The possibility of a connection with local constants, in
the spirit of a Tunnell-Saito result, remains at present mysterious.

THEOREM 1.5 (Proposition 6.12 and 6.13). Let L/Q, be a quadratic extension, O, its ring of inte-
gers and let e be the ramification degree. Let m be an infinite dimensional, admissible and absolutely
irreducible GL2(Q,)-representation and let x be a L* -character which extends the central character
of .

The dimension of the Ext-spaces Ext?ﬁLX (W!ﬁLX » X |ﬁ£<) is given by:

0 ifeitheri=0o0ri>3
dim (Ext?ﬁX (ﬂ]ﬁLx , X‘ﬁ;j )) =4 2e ifie {1,2} andr is supersingular.
t e ifie {1,2}andr is a principal or a special series.
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An immediate corollary is

COROLLARY 1.6 (Corollary 6.16). Let L/Q, be a quadratic extension and m be an admissible
GL(Qp)-representation of finite length, whose Jordan-Hélder factors are infinite dimensional and
absolutely irreducible. Then

HOHle (7T|L><,X) =0

for any L*-character x.

As a byproduct of the proof of Theorem 1.5 (cf. §6.3.1) we detected the Ext-spaces in the
“opposite order”. More precisely, we have

THEOREM 1.7 (Remark 6.17). Let L/Q, be a quadratic extension, Oy, its ring of integers and let e
be the ramification degree. Let m be an infinite dimensional, admissible and absolutely irreducible
GL>(Qp)-representation and let x be a L*-character which extends the central character of .

The dimension of the Ext-spaces EXt%Z (X\ o5 7| ﬁLX) is given by:

0 ifi>2
dim(ExtfﬁX (X]ﬁLx , ﬂ\ﬁLx )) =4 2e ifie{0,1} andr is supersingular.
t e ifie€ {0,1}andr is a principal or a special series.

The relation between the Ext-spaces of Theorem 1.5 and Theorem 1.7 and the recent develop-
ments in the Gross-Prasad conjectures remains at present largely open ([Har]).

We give a more detailed account on the organization of the paper. After fixing the notations
(§1.1), we introduce in §2 a self contained overview on supersingular representations of GL2(Q,),
recalling the structure theorems of [Mo2] (cf. Proposition 2.1) and the behavior of a certain uniserial
representation R ; of the Iwahori subgroup of GL2(Zj) (cf. Lemma 2.3).

Sections 3, 4 and 5 are devoted to the realization of the structure theorems for the L*-restriction
of absolutely irreducible admissible GL2(Q,)-representations.

We first deal with the supersingular, unramified case in §3. After recalling some elementary
results on the F;2—restriction of a finite parabolic induction (§3.2), we detect a crucial decomposition

result on the GL2(Zjp)-representation induced from R__ , (Lemma 3.3). More precisely, we use the
explicit description of R (giving the extensions of the Iwahori-characters appearing in its socle
filtration) to detect the extensions of the & -characters in the GLa(Z) induction of R__ .

Once Lemma 3.3 is established, we detect the structure theorem (Corollary 3.10) by standard
arguments of homological algebra (cf. Lemma 3.4, Proposition 3.5).

The ramified, supersingular case is considered in 4. The structure result (Proposition 4.2) is
in this situation an immediate consequence of the general theorems of §2. Finally, the behavior of
principal and special series is dealt in §5 and the proofs are similar to those of the supersingular
case.

The cohomological methods to detect the generalized multiplicity statements are developed in
§6. After a section of standard preliminaries on the cohomological functors Ext?; (o, o) (where H is
a p-adic analytic group), we determine some key dualities between Ext-spaces in §6.2.1. The first
statement (Lemma 6.6) recalls that & is a Poincaré duality group, while the second duality result
(Proposition 6.6) is a consequence of a work of Schraen ([Sch], §1.3) on Iwasawa modules over a
complete local Noetherian regular ring.

In §6.3 we compute the Ext-space for certain uniserial &} -representations. The key result is
Proposition 6.10, where we detect the dimension of the Ext-spaces by their explicit reslisation as
co-limits of finite dimensional linear spaces.
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The generalized multiplicity results (section 6.3.1) are now easy corollaries to the previously
established structure theorems (§3, 4 and 5) and the cohomology of certain Iwasawa modules de-
veloped in section 6.3.

1.1 Notations

Let p be an odd prime. For a p-adic field F', with ring of integers Or and (finite) residue field kp, we
write & — T for the reduction morphism Op — kp and T — [z] for the Teichmiiller lift k; — O

(we set [0] £ 0).
We consider the general linear group GLy and we write B for the Borel subgroup of upper

triangular matrices and T for the maximal torus of diagonal matrices. This paper is focused on

certain properties of p-modular representations of the p-adic group G £ GL2(Qp). We write Z e
def

Z(G), K = GLy(Z,), respectively for the center and the maximal compact subgroup of G, and
Z for the Bruhat-Tits tree associated to G (cf. [Ser77]). We recall that the Iwahori subgroup of
K, which we will denote by Ky(p), is defined as the inverse image of the finite Borel B(F,) via
the reduction morphism K — GLy(F,). The pro-p Iwahori, i.e. the pro-p Sylow of Ky(p), will be
denoted by Ki(p).

For notational convenience, we introduce the following elements:

def 0 1 def 0 1
w0 ]eq =] <o

Let E be a p-adic field, with ring of integers &' and finite residue field k (the “coefficient field”).
A representation o of a closed subgroup H of G is always understood to be smooth, with coefficients
in k. If h € H we will sometimes write o(h) to mean the k-linear automorphism induced by the
action of h on the underlying vector space of ¢. Similarly, an irreducible G-representation will always
understood to be admissible (i.e. the space of fixed vectors under any compact open subgroup of G
is finite dimensional).

Let Hy < Hj be closed subgroups of G. For a smooth representation o of Hy we write indg;a
to denote the compact induction of o from Hy to Hy. If v € 0 and h € H; we write [h,v] for the
unique element of indgéa supported in Hoh ™! and sending h~! to v. We deduce in particular the
following equalities:

h'- [h,’l)] = [h/h,’l)], [hk,U] = [h,U(k‘)U] (2)
for any h' € Hy, k € Hs. The previous constructions will be mainly applied when H; = G and
Hy; = KZ (cf. [Bre], §2.3) or when Hy = K and Hy = B(Z,).

A Serre weight is an absolutely irreducible representation of K. Up to isomorphism they are of
the form

ory = det! ® Sym"k? (3)

where r € {0,...,p—1} and t € {0,...,p—2} (this gives a bijective parametrization of isomorphism
classes of Serre weights by couples (r,t) € {0,...,p — 1} x {0,...,p — 2}). Recall that the K-
representations Sym”k? can be identified with k[X,Y]?, the linear subspace of kr[X,Y] described
by the homogeneous polynomials of degree r, endowed with the K-action defined by

[ ‘c‘ Z ] XY E (@X +¢Y) DX + dY)

for0<i<r.
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We usually extend the action of K on a Serre weight to the group K7, by imposing the scalar
matrix p € Z to act trivially.

A k-valued character x of the torus T(F),,) will be considered, by inflation, as a smooth character
of any subgroup of Ky(p). We will write x* to denote the conjugate character of x, defined by

X°(8) = x(sts)
for any ¢t € T(F)).

Similarly, if 7 is any representation of Ky(p), we will write 7° to denote the conjugate represen-
tation, defined by

7%(h) = 7(IIRII)
for any h € Ko(p).
Let r € {0,...,p — 1}. The following characters of T(F,) will play a central role in this paper:

T E o [55]) e

For any | € Z we define () to be the F -character (resp. F;2-character) described by A — Al and
w: Q) — F to be the mod-p cyclotomic character.

If H < K is a closed subgroup and 7 is an H-representation we write {SOCi(T)}i €N for its socle

filtration (we set soc®(7) < soc(r)). We will use the notation
soc? (1)—soc! (1) /soc® (1)—. . . —soc" (1) /soc™ (1) —. ..

to denote the sequence of consecutive graded pieces of the socle filtration for 7. In particular, each
soct1 (1) /soct(1)—soc!T2(7) /soc'T1(7) is a non-split extension.

Let L be a quadratic extension of Q,. The choice of a Z,-base of 0}, gives an embedding of
groups:

L* = Auty (L) GL2(Q))

ﬁ; = AutﬁL(ﬁL)C—> GLQ(ZP)

The aim of this paper is to describe the L*-restriction of absolutely irreducible admissible G-
representations. The results presented here are independent on the choice of the Z,-base of Oy,
since the subgroups obtained by different choices are all conjugate in G.

We finally recall the Kronecker delta: if S is any set, and s1,s9 € S we define

def{ 0 if s1#s2

1) = .
51,52 1 if s =so.

2. Reminders on universal GLy(Q,)-representations

The aim of this section is to recall the structure theorems for universal GL2(Q))-representations

([Mo2], Corollary 3.5 and Proposition 3.8). The main statement is recalled in Proposition 2.1.
Since these result will be of crucial importance in the rest of this work, and in order to make the

present paper as self-contained as possible, we will shortly describe the construction of universal

GL(Qp)-representations and the realization of the structure theorems. The reader is invited to
refer to [Mo2], §2 and §3 (or, [Mo4]) for the omitted details.
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Let r € {0,...,p — 1} and write 0 = 0, for the associated Serre weight described in (3). In
particular, the highest weight space of o affords the character x,. We recall ([Ba-Li], [Her|) that

the Hecke algebra % z(o) o Endg(ind% ;o) is commutative and isomorphic to the algebra of
polynomials in one variable over k:

Hcz(0) = k[T).
The Hecke operator T is supported on the double coset KITKZ and completely determined as a

suitable linear projection on o (cf. [Her], Theorem 1.2); it admits an explicit description in terms
of the Bruhat-Tits tree of GL2(Qj) (cf. [Bre], §2.5).

The supersingular representation 7(r,0) for GL2(Q) is then defined by the exact sequence
0 = ind% ;o 5 ind$ ;o — 7(r,0) — 0.

Let n € N. We consider the element A\, (p) € G defined by

1 0
and we introduce the subgroup

Ko(p") & (An(P)EX (p) N K = { [ pffc Z ] €K, ce Zp}.

The element [ Z?n (1) } normalizes Ko(p™) and we define the Ko(p™)-representation o™ as the

Ko(p™) restriction of o endowed with the twisted action of Ky(p™) by the element [ 01 ]

p" 0
s a b XTIy d ¢ XTIy
pc d p"b a

Finally, for n > 1 we write

By (o) = indio7), (o), Ry 2 cosocy ) (o).

If the Serre weight o is clear from the context, we set R,, = R,, (¢). For notational convenience, we
will write Y for a linear basis of R, .

Explicitly,

We have a K-equivariant isomorphism (deduced from Frobenius reciprocity)
indf, ) Bn — KK (p) K Z] @2y 0 (4)
[1,0] — Ap(p) ® s -0

which lets us realize the Mackey decomposition for ind?(ZU:

(ind%’;ZU) lkz =~ @ @ @indﬁo(p)Rn
n=1
Here, k[K\,(p)KZ] is the k-linear space on the double coset K\, (p)KZ, endowed with its
natural structure of (k[K], k[K Z])-bimodule.

The interpretation in terms of the tree of GL2(Q)) is clear: the k[K]-module R;, maps isomor-
phically onto the space of elements of ind%za having support on the double coset Ko(p)A\,(p)K Z.
In particular, if o is the trivial weight, a linear basis for R, is parametrized by the vertices of .7
lying at distance n from the central vertex and lying in the negative part of the tree.

The Hecke morphism 7T induces, by transport of structure, a family of Ky(p)-equivariant mor-

def

phisms {Tn}n>1 defined on the k[Ko(p)]-modules R, by the condition T}, = T'[ .
7
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More precisely, one shows (cf. [Mo2], §2.1) that for any n > 1 the Hecke operator T;, admits a
decomposition T,, = T,5 @ T,; where! the morphisms 7% : R, — R, are obtained by compact
induction (from Ky(p™) to K) from the following morphisms:

th o < indgggﬂl)a(“ﬂ)
.y ) 1 0
XTIV WA 1, X");
Py 7 by 10
t=, . s indBol") S(nt1) _ 5()

n+1 Ko(pr+1)?
(1, X" Y] s 65, Y
and, for n = 0, we have the natural epimorphism
T, : Rl_ —- Ry
XY = 05, Y"
(this shows that T, are monomorphisms and T, epimorphisms for all n > 1).

The Hecke operators T.F can be used to construct a family of amalgamated sums, in the following
way. We define R, © RT R5 as the push-out:

. _
Iy R,

Ty i pra

Y

and, assuming that we have inductively constructed pr,—1: R, _| = Ry ©p----®p- R, _; (where
1 n—2

n > 3 is odd), we define the amalgamated sum Ry @, -+ ®,— R, . by the following co-cartesian
0 VYR; Ry “'n+1 g

diagram:
_ T _
Rn ¢ RnJrl
—prn—10Ty P41
¥
RO @Rf R?, @Rg e @R;_Q Rn—lC B ”>Ra @R; RQ_ @Rg @R; R;-H-

The amalgamated sums R, @ Ry PRy R, (for n odd) form in an evident manner an inductive

system and we define

— def . _ _
Ryo= h_n} R, @R; DRy R

ne2N+1
We can repeat the previous construction for n even, defining an inductive system of K (p)-representations
Ry @R; @ R, | and we write

— def . _ —
Roop = lm Ry ©p - Op; Ry

ne2N+2

1é[ccording to [Mo2], the morphisms T;¥ should be written as (T:F)"°8. We decided to use here the lighter notation
T,
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The relation between the representations R

~.» and the universal representation 7(c,0) is de-
scribed by the following structure theorem:

THEOREM 2.1 ([Mo2], Theorem 1.1 and 1.2). The KZ restriction of the universal representa-
tion w(r,0) decomposes as 7(r,0)|kz = Rooo ® Roo,1 and we have short exact sequences of K-
representations

0 —= Sym”'""k* @ det” — ind, () (Rag) = Rooo — 0
0 — Sym"k? — lndKo(p)(R ) — Roo,—1 — 0.
Moreover, we have Ky(p)-equivariant exact sequences
0—Wo—(Ry1)” @Ry o= Rooo — 0
0— Wi —(R, o) @R 1= Roo1 =0
where Wy, W1 are appropriate 1-dimensional spaces affording the Ky(p)-characters x, and x; re-
spectively.

Finally, the action of Il on m(r,0) induces a k-linear isomorphism Rs o — Roo,1 which extends
to the natural involution (R D) e Ry o0~ (B ) @R

Proof. Omissis. This is Corollary 3.5, Proposition 3.7 and 3.8 in [Mo2]. O

Thanks to Theorem 2.1, the precise understanding of the Ko(p)-modules R o, R, ; gives
us a complete control on the supersingular representation m(r,0). The following result is the key
phenomenon which lets us describe the phenomenology of the representations R__ ,, R__,. It relies

00,07 co,1"
crucially on the fact that we are working with the Qp-points of GLo:

PROPOSITION 2.2. Let n > 0. The k[Ko(p)]-module R, is uniserial, of dimension (r 4 1)p", and
its socle filtration is described by

s s s .2 s (r+1)p™—1
Xp—Xpa—Xpa —. . .—Xﬂa( LA

The k[Ko(p)]-modules R, , and R_ ; are uniserial, of infinite length and their socle filtration is
described by

— . S 7‘+1 s r+2
Roo70 . Xra —Xra —Xra -

— 2
Roo,l : XT7Xra7Xra
respectively.

Proof. The first statement concerning the structure of R, ; is well known: see for instance [Mo2],
Proposition 3.9 or [Pas|, Propositions 4.7 and 5.9.

The second statement is obtained by passing to co-limits. More precisely, from [Mo2], Proposition
3.10, one has forn > 1

n+ —1 .
o 1+ (r+1)2 ife=0
dim (Ry & - R p" ’
im (R, @R. - Op- 1) = { (r+1)f ;Jrlpl+1 ife=1 )

which uniquely characterizes R, @ Ry, -@p- R, as a quotient module of R, (since the latter
is uniserial).
One deduces that the socle filtration for Ry © re, ' ORs R, ., is described by

_ _ o xgam g da —x5a"  ife=0
R PR PRy R s { Xe—xSa—xsSat—. . . —xia” if e =1.
9
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The structure of R__ ;, R, is now obtained by passing to co-limits (noticing that the transition

morphisms are injective). O

For e € {0,1} let {yj7.}j€N be the Ko(p)-socle filtration for R, ,. For notational convenience

def
we set F_1 .4 = 0.

From [Mo3], Lemma 2.6 one deduces a linear basis %, for R, ;, endowed with a total order.
Explicitly, we have a bijection
{0,...,p—1}"x {0,...,r} = B, (6)
(oo lgn) — FE™ ()

where the element F((llf,?,ln)(l”“) € R, is defined by

(l’n) d_ef ll 1 0 ln 1 O T_ln+1 ln+1 -
F(llv--wln)(ln“) B ,\Z A [ plA1] 1 } Z An [ P An] 1 1, X Yirttle R
1€F, M €Fp

The total ordering on %, ,; is then induced from the order of N via the injective map

B, —N

n
1, ;
FEM ) = Y Pl
j=0

One checks (cf. [Mo3], Proposition 4.10, or an elementary computation) that the linear filtration on
R, | induced from the linear order on %, is the Ko(p)-socle filtration for R, ;.

LEMMA 2.3. There exists a linear basis PBso = {ej, jE N} for R;o,o such that ey € %y and such
that for all m > 1 we have

a b _ .
<[pc d]—l)-emenmcem_1+<ej€,%’oo,j<m—1>k (7)

where [ @
pc

} € Ki(p) and ky, € k* is an appropriate nonzero scalar depending only on e,,. In

d
particular the linear basis B, is compatible with the K(p)-socle filtration on R;),O.

Similarly the k[Ko(p)]-module R_ | admits a linear basis B, ={f;, j € N} compatible with
its socle filtration and verifying the analogous property to (7).

Proof. Let n > 0. An immediate manipulation (or [Mo3], Proposition 4.10) shows that we have a
linear basis {ej, 0<ji<(r+ 1)p”} for R, | which is compatible with the socle filtration for R,

: In) (ln+1) € B4

)

and which verifies (7): indeed, it suffices to define e, as the unique element F, ((llln
such that Z;L:Opjlj+1 =m.

The statement can now be deduced by passing to the quotients ...& R R, ., and, then, to
co-limits.

O]

3. The unramified case

Throughout this section, we assume that L/Q,, is unramified. The main result is Proposition 3.10,
which gives the L*-structure for the representation m(r,0).

After fixing the notations and conventions (§3.1), we deal in §3.2 with the finite situation, i.e.
with the F;Trestriction of finite parabolic inductions (cf. §3.2).

10
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This will be needed in §3.3, where we study in detail the ¢/ -restriction for the induced rep-
resentation indgo(p)R;o,O' The k[Ko(p)-filtration {Fjo}jen on R , induces a K-filtration on
indgo(p)R;o’0 (whose graded pieces are finite parabolic induction) and we give the key technical
lemma (Lemma 3.3) which describes the ¢ -extensions between two consecutive pieces in the in-
duced filtration on indgo(p) 0.0

We are then able to describe the &} -socle filtration for indilg0 (») Boo0 (Corollary 3.6) hence the
L*-structure for supersingular representations (Corollary 3.10).

3.1 Preliminaries and notations
Let a be a generator for the cyclic group F;2. In particular, « is a primitive element of F 2 over

F, and write X? — XTr(a) + N(«) for its minimal polynomial (where Tr, N denote respectively the
trace and norm of F2 over Fp).

Hence, we have a Z,-linear isomorphism
O =7y ® Zp|a]

p
0

If x,y € Z, are such that

and, since t(p) = [ ] acts trivially on 7(r,0), we are left to study the restriction m(r,0)] ox

[0?] = [-N(a)] + [a][Tr(a)] + p(z + [a]y)

we have

| a b[-N(a)] + pzbd

S| b a+b[Tr(a)] +pby |
for any a,b € Z, verifying a + [a]b € O] .

t(a + [a]b)

3.2 The finite case
For I,m € Z we define the GLy(F,)-representation V} ,,, by

def . GL:(F
Vim = 1ndB(F2p() p)xf ® det™.
The object of this section is to give a detailed description of the F;2—restriction of Vi, where FZQ
is considered as a subgroup of GL2(F,) via the embedding induced from the choice of the primitive
element «. This is of course equivalent to the study of the & -restriction of indﬁo(p) X] ® det™.

By Mackey decomposition, we have an isomorphism of F;Trepresentations
~ T 1 gmt
W7m|Fx2 — 1ndF§ ()@ N (8)
p

The following explicit realization of the isomorphism (8) will be useful.
Define the permutation 7 on {0,...,p — 1,00} as follows. For A\g € {0,...,p — 1} we set

T(ho) & S f(;?(a) if \g # —Tr(a),
(M) ¥ oo if Ao = —Tr(«)
and
7(00) =0

In other words, we are considering the projective transformation on Pl(Fp) associated to the matrix

11
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F*,

F;

and recall that a F,-basis for ind_% (-)~/ @ N™*+ is described by

B = {[)\o—i—a,e] for Ao € Fy; [l,e]}.

The next lemma is elementary

LEMMA 3.1. We have an F;2 -equivariant isomorphism defined by:

X

~ F
Vz’m]sz — indF;;2 (,)—l ® N™H
p

H 0 (l)]e] s o + s e):

H(l) (l)]e] N

Proof. The Fp—linear morphism of the statement is clearly an isomorphism and we claim it is F%,-
equivariant. It is enough to check the compatibility of the isomorphism with the a-action on a fixed
base of V},m|Fx2. A direct computation gives

P

~N(a a))m(—7 Tho) L —Tr();
R R R R
) Jna=oseresay| [ 5]
. 6o + ar¢] = (N(@)™ ((00)) [ (o) + at €]
The conclusion follows. O

; F:2 l
3.2.1 Study of ind_% ()
p
Let [ € {0,...,p — 1}. As the order of the abelian group FZQ is prime to p the representation

FX
imdF’;2 (-)! decomposes into a direct sums of (p-+1)-characters, which are precisely the (p+1) possible
P

extensions to F;2 of the F; -character \ — M.
Let (so,51) € {0,...,p— 1}? be such that (sg,s1) # (p—1,p—1). The F;2—character defined by

o= a50+P31

extends the F -character A M if and only if
(50 + 51) +p(so + s1) = 1+ plmod (p* — 1)
i.e. if and only if the couple (sg, s1) verifies one of the following relations:
so+s1 =1, so+si=p—1+1.
12
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T>~’1 . : N bt A1 AN EEead s sasommas i AH AN AT 125 a3 (g('wi PLpi

™ . D
N 10'(;.,\/'71'.2;5:\/ with | to 0y

Xttt ™

)(,+)(,i=7: -4+t

=

FI1GURE 1: The combinatoric of admissible couples for [. The integer points in the square correspond
to characters of F; and the admissible couples for [ are then the integer points on the lines Xg+ X1 =

LXo+X1=@p-1)+L

We will say that (sg, s1) is an admissible couple for I. The admissible couples for [ can be visualized
as in Figure III.1.

FX
Let (s0,51) be an admissible couple for I. We define the element v(%-51) ¢ indeXZ(-)l to be a

p
X

F
linear generator of the F;2—character a = o®9TP31 gappearing in the semisimplification of indFﬁ2 ()l
p

Hence, if we let e be a linear generator for (-)!, we have

ol = 37 Do + e ] 4+ pl (L e
Ao€F,

for a (p + 1)-tuple ((ug\?’sl))xoepp, ,ugio’sl)) € kP*! which is moreover uniquely defined modulo k*.

We will write v(%051)(e) instead of v(*0-*1) if we need to emphasize the choice of the linear basis e.

The following lemma describes the scalars u&?’sl), ugio’sl):

LEMMA 3.2. Let (so,s1) be an admissible couple for | and let n € {0,...,p}. Then
S0,8 S0,S n(s S — —-n -1
) = g @ o) (o (7 (0)) - (r(0))

13
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Proof. Tt is enough to study the action of a on v(50:51) A computation gives:

o - (5051 — Z Mf\iom) ([L'()\O))Z[T()\O) +a,e] +
Aog{—Tr(a),oc0}

!
) (2(=Te(@)) 1, €] + p&o o e]
and since v(5051) is an eigenvector of associated eigencaracter (-)%0FPs1 we get the equations:
g™ () = @ PSR i ¢ {=Tr(a), o0}

B (2~ Tr(@)))' = a7 o)

30,8 _ _.8so+ps
Mgoo ) = g% PS1 0.

The result is now clear for n = 0 and it follows immediately for n = 1 (as 771(0) = oo, and
x(00) = 1). The general case follows by induction. O

3.3 Extensions inside irreducible representations

We are now able to describe the & -structure for the supersingular representation (r,0). Thanks
to the intertwining 7(r,0) = 7(p — 1 — 7,0) ® w” it will be enough to study the summand R o
appearing in the decomposition of Theorem 2.1 (cf. [Mo2], Proposition 4.1) and hence the &} -socle
filtration for the induced representation indﬁo(p)

00,0"
The main result will be Proposition 3.5, from which one easily deduces the & -socle filtration
for the supersingular representation 7(r,0) (Corollary 3.10).

Recall (cf. Proposition 2.2) that the k[Ko(p)]-module R_ , is uniserial with socle filtration

def

{,95]- }jeN = ffj,o}jeN described by

Xi ar_Xiar+1_Xi ar+2_anar+3_‘ B
We get the induced filtration {indﬁo ) Fj }j en On indgO () R, whose graded pieces are described
by
indgo (p) Xf, ar—indllgo (p) Xf, a7’+ 1—indll§0 (p) Xf, ar+2—ind§0 (p) X,'Sn ar+3—. .. (9)

Furthermore (Lemma 2.3) we have a linear basis %o = { ej, J € N} for R , which is compat-
ible with the filtration .%;, i.e. for any integers h > i > —1 the set % ; & {ej €A, i<j< h}
is mapped to a a linear basis of the k[K((p)]-subquotient %y /.%;. We will commit the abuse to
employ the same notation for the elements e; € %, and their images in the subquotients of R
this should cause no confusion.

00,07

We deduce, by restriction from (9), a &} -equivariant filtration on ind%0 (p)R(:O,O given by
F* 20 FX F* A .
inngz (.)T—indF:; ()2 N—l—indF;;"’ (e N_Q—...—indF? ()T @NT—..
Fix j > 1. The 0 -subquotient indgo(p)(ﬂj/ﬁj,g) of indg()(p)]%<;>70 determines a ¢/ -extension
: F:Q r+25—2 —j+1_ F:2 r+2j —J
ind 2 ()" @NT —ind 2 ()Y @ N7V
F) F)
induced by the extension of Kj(p)-characters
ﬁj/ﬁj_g : Xs_r_2j+2detr+j_1—xir_2jdetr+j. (10)

Recall that the characters in (10) admit the elements e;_1, e; as linear generators; moreover, given

14
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F* . .
an admissible couple (so, s1) for 7 + 27, we defined the elements v(*051)(e;) € indF’;2 ()T @ N,
p

We will commit the abuse to employ the same notation for 0(50’31)(ej) and its canonical lift in
K
The following lemma is the key technical tool to prove Proposition 3.5. It describes the action

of the pro-p part of & on the elements v(SO’Sl)(ej) in the subquotient indfo(p) (fj/ﬁj_g).

LEMMA 3.3. Let j > 1 and (sg, s1) an admissible couple for r 4+ 2j. If a,b € Z,, then

t(1+ pla+ [a]h) ol (ej) = v () + N(a)brjo =117V (e 1) (11)

where r; € k> and for e € {0,1} the integers (s¢ — 1) € {0,...,p—1} are defined by the conditions
(so—1)+p(s1—1) =89 +ps; — (p+1)mod (p?> — 1) and (sg — 1) + p(s1 — 1) # p> — 1.

In particular, the subquotient indﬁo(p)(ﬁj/fj_g) decomposes into a direct sum of (p + 1)
uniserial representations (one for each admissible couple (sg, s1) for r + 2j).

Proof. We have, by Lemma 3.1,
50, 50,S A 1 —r—27 (S0,
oCo(e) = 3y )H S ] ,ej] + (=) I )]
)\()EFp

and an elementary computation gives

1+ pa pb[—N(a)] + p?bx } [ o] 1 } _ [ o] 1 ] [ - 1 0 ]E
pb 1+ pa+ pb[Tr(a)] + p2by 1 0 1 0] | p[-b(A3 + AoTr(a) + N(a))] 1

where £ is an appropriate element in the pro-p part of Ko(p?). Hence, a simple manipulation using
Lemma 2.3 gives the following equality in indﬁo(p) (ﬁj / ﬂj,g):

(1 + pa+ [a]b)) o0 (e;) — w5051 (¢;)
_ blij( Z Hg\soo,sﬂp()\o) [ |: [)‘10] (1) :| ’€j1:| + (_1)—7“—2]'#((3500,81)[1’ €j1]>~

def

where we have defined P(X) =
P(Xo) #0).
We have

X2 + Tr(a)X + N(a) and k; € k* depends only on j (notice that

P(0) = N(e);
(—1)_T_2jﬂ(oio’sl) = (—1) T Hgsotra = (_1)—r—2ja80—1+p(81—1)N(a) - (—1)_T_2ju§°_1’51_1)N(04)

and by Lemma 3.2 we are left to prove that

pCo P (0) = Nl

where 2 < n < p.

This will be done by induction on n, the case n = 1 being proved; for notational convenience,
we put P(co) & 1. Assume the result is true for n — 1; letting ¢ = 7~ (=1 (0), by Lemma 3.2 and

15
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the inductive hypothesis we have:
pos) P (0)) = o P(r1(0)
_ Hgso,ﬁ)a(so—l—psl)P(T—l(i)) (CC(T_l(Z))) —r—2j
= u* T TIN(@) (P(0) T P () (o (@) ()

= N(a) g~ Va(r =1 (i) P 200 PO D N(@) (P() T P (@) (o(r ()

(so—1,s1-1)
L)

-2

To conclude the induction is then enough to show that for any ig € {0,...,p — 1,00} the following
equality holds true:

N(@)(@(i0))*Plio) = P(r(io)).
The cases 7(ig) € {0,00} are formal and a direct computation gives, for 7(ig) ¢ {0, 00}:

o (~ _N@ \*_ Tr(@)N(e)
Plrti)) = ( 5) n

- N(a) =N i0) 2P (ig).
T e+ N(@) = N(@)x(io) 2 P(io)

This ends the inductive step and the proof of the first statement.

The assertion on the direct sum decomposition of indﬁo(p)(ﬁj / yj_g) is now clear, since 1 +
pOy, acts trivially on the subrepresentation indgo(p) (ﬂj_l / ﬁj_Q), hence the equality (11) does not
depend on the choice of the lift for the element v(*0:51)(e;) € indgo(p) (Fj)Fj-1).

O]

In terms of Figure 1 the meaning of Lemma 3.3 is clear and illustrated in Figure 2.

We can now use Lemma 3.3 to prove that the whole representation indgo(p)R;},O admits a
direct sum decomposition into uniserial pieces. First, we need the following elementary result on
the cohomological bifunctors Ext)_ . (0,0) (cf. §6.1.1).

L

LEMMA 3.4. Let x1 # X2 be smooth O} -characters and let T' be an uniserial O} -representation of
finite length, having all its Jordan-Hélder factors isomorphic to x1. Then

EXt?)’LX (x2,T)=0= EX‘E%LX (T, x2)
for all n € N.

Proof. For i € {0,1} let e,, be a generator for the linear space underlying the character ;.
As the characters x1, x2 are distinct, it exists go € &} such that x1(go) # x2(go). As the group

7 LX is commutative, the maps
Jiix1—xa
x1 7 90 - €1 — X1(90)exy

and

f2 X2 = x2
€xs 7 90 €xs — X1(90)exs
are O} -equivariant morphisms and it is immediate to see that f; is the zero morphism while fo is

an isomorphism.
By functoriality, the maps f;, fo induce natural morphisms

(f1)s (f2)!
Ext?. (x1,x2) = Ext?.(x1,x2)  and  BExt”.(x1,x2) — Bxt”. (x1,x2)
L L L L

16
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A

Xtz am-r

K’X»f&m.o,
X,+X4-]>~f1 +2m-r

X+ X, = pod + QUMY T

FIGURE 2: A graphic gloss of Lemma 3.3. Given the admissible couple (sp,s1) on the line Xy +
X1 = r + 2j, we have a nonsplit extension with the admissible couple (sop — 1,1 — 1) on the line
Xo+X1=r+2j—-2

17
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and we check that (f1). = (f2)*. Thus Ext? . (x1,x2) = 0. By dévissage on the length of T" we get
L
Ext? . (T, x2) = 0. The result on Ext? . (x2,T) follows analogously. O
L L

We deduce the desired result:

PROPOSITION 3.5. Let j > 1 and write {n;}\_ for the set of the (p+ 1)-characters ofF;2 extending
the F-character x — x".

The O] -restriction of indﬁo(p)ﬁj admits a direct sum decomposition
(iInd%, ) Z5) o = B Fs0(m)
where each representation .%j(n;) is uniserial, of length j, having all its Jordan-Hélder factors
isomorphic to n;.
Proof. The proof is an induction on j. For j = 0 the result is clear since %y = x, is a character.
Assume the result for indgo(p)gzj_l where 7 > 1. The exact sequence
0= Fj_1— Fj = xa =0
and the exactness of compact induction show that the &} -restriction of indﬁo(p)ﬂj defines an
element in EXt}};j (®F_omi, imdg0 )T i-1)-

By the inductive hypothesis indgo(p)ﬁj,l decomposes into a direct sum of & -representations
which are uniserial and with constant Jordan-Holder factors. Hence by Lemma 3.4 we have

Exty, « (&F_gmi» indig, ) Fj 1) = Bxcty (1o, @ F5-1,0 (1)) = DBt (03, Fj1,0(0i))
which shows precisely that indﬁo(p)ﬂj decomposes into a direct sum
indy, () F; = S_oFj0(1m:)

where each .%;o(n;) has all its Jordan-Hélder factors isomorphic to 7;.

This implies in particular that the natural injection indﬁo(p)ﬁjq — indllgo(p)gij induces (p+1)
injections .%;_1,0(n;) — Fj0(n:), one for each i € {0,...,p}.
The fact that % (n;) is uniserial is deduced immediately from Lemma 3.3. O

We deduce

COROLLARY 3.6. The O] -representation indgo(p)Rgo o admits a direct sum decomposition

indf, () Roo.o = B Foo0 (1)
where each representation F.(1;) is uniserial, of infinite length, having all its Jordan-Hélder

factors isomorphic to n;

Proof. We remarked, in the proof of Corollary 3.5, that for each j > 1 the natural injection
indﬁo(p)ﬂj,l — indﬁo(p)ﬁzj induces (p + 1) injections .#;_10(n;) — %;0(n:), one for each i €
{0,...,p}.

Since
. K - e K .
nd g, (p) oo 0 = lim indie, )7
JEN
the statement follows from Corollary 3.5 by passing to co-limits. O

18
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.1 1-e. one has

REMARK 3.7. The statement of Corollary 3.6 holds true if we replace R , with R
a decomposition

indgg(p)RgOJ = @fzoyoo,l(ni)
where each representation %o 1(n;) is uniserial, of infinite length, having all its Jordan-Hélder
factors isomorphic to n;. This can deduced either from [Mo2], Proposition 4.2 if p > 5, or by a
direct argument (which holds for p > 3), replacing the basis %, with 8., (cf. Lemma 2.3).

3.4 Conclusion
It is now easy to deduce the decomposition result for the supersingular representation m(r,0): from
Corollary 3.6 and the structure Theorem 2.1 we are left to describe the F;Trestriction of a Serre
weight.

This is worked out in the following lemma.

GL?(FP)

LEMMA 3.8. Let r,m e {1l,...,p—1} and let V d:er_nm = indB(Fp)

x° . det™.
i) The F;;Q—restriction of the socle soc(V') (resp. detm|Fx2 if r = p — 1) decomposes as the direct
P

sum of the characters (-)%0TP51 where (sg, s1) are the admissible couples for r lying on the line
Xo+ X1 =(p—1)+7 (resp. (s0,51) = (0,0));
i1) the F;z -restriction of the cosocle cosoc(V') (resp. St ® detm|Fx2 if r = p—1) decomposes as the
p

direct sum of the characters (-)*0"P%1 where the (so, s1) are the admissible couples for r lying
on the line Xg+ X1 =7.

Proof. Up to a twist we may assume V = indg(LP?Zf)F” ) X‘;,_l_rdetr. It is now enough to show that

cosoc(V) \FXQ >~ Sym" k>
p

decomposes as the direct sum of the F;2—characters (-)%0FPs1 for the admissible couples (sg, s1) on

the line Xy + X1 = r (which implies that soc(V)\Fx2 decomposes as the direct sum of the FZQ—

p
characters (-)%07P51 where sg +ps; = (p — 1) + 7).

For 7 = 1, the action of GL(F},) on Sym'k? = k? is the natural one and the action of a € F;Z
has spectrum . = {a, a?} (indeed with the appropriate choice of a linear basis for k2, the matrix

—N(a)
1 Tr(a)

Let now {v1,v2} be a linear basis of eigenvectors for the a-action on k?. We define, for j €
{0,...,7}, the following element of Sym”k?:

associated to the a-action is [ ]) This gives the case r = 1.

,Ujd:°fvl\/vl\/...\/vl\/UQ\/UQ\/-H\/UQGSymTki2.

j-times (r—j)-times

It follows by the definitions that {v;, 0 < j < r} is a linear basis for Sym”k? and each element v;
is an eigenvector for the a-action on Sym” k2, having o/ TP("=9) as an associated eigenvalue.

This implies the required result. O

Combining Corollary 3.6, Remark 3.7 and Lemma 3.8 we get the main result
PROPOSITION 3.9. For e € {0,1} we have a direct sum decomposition
Ry = @:f:o?oo,o (ni)

where each representation .7« o(1;) is uniserial, of infinite length, having Jordan-Hélder factors
isomorphic to n;.
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Proof. This follows immediately from the exact sequence (Theorem 2.1)

0 — Sym? ' "k* @ det” — indj, ) Ry 9 = Rooo — 0

and the direct sum decomposition for the &/ -restriction of SymP~17"k? and indﬁo(p)Roqo, given
by Lemma 3.8 and Corollary 3.6.

The result on Roo1 can be either deduced from the intertwining m(r,0) — 7w(p — 1 —7,0) @ w"
(which maps isomorphically R 1 in the source onto Ru o in the target, cf. [Mo2], Proposition 4.1),
or from Remark 3.7.

Notice that if we define .%;(7;) to be the image of .7} ¢(7;) via the epimorphism indﬁo(p)quo —
R0 (cf. Proposition 3.5 for the subrepresentation .%; o(n;) of indgo(p)Rgop), then
Fooe(i) = lim % (1:)
JEN
and each .%; o(n;) is uniserial, having Jordan-Hélder factors isomorphic to 7; and its length is j + 1

(resp. j) if n; corresponds to an admissible couple lying (resp. not lying) on the line Xo+X; =r. O

In particular

COROLLARY 3.10. Let m be a supersingular representation and write w, for its central character.
The L*-restriction of m admits a splitting

Tlpx = ©_oFr0(mi) @ Do Fr1 ()

where 7; are the (p + 1) smooth L*-characters extending the Q, -character w, and, for e € {0,1},
each F o(ni) is an infinite length uniserial representation of L*, with a scalar action of p € L*,
having all its Jordan-Hélder factors isomorphic to n;.

Proof. Omissis. O

4. The ramified case

We assume now that L/Q, is totally ramified. As &} injects into an Iwahori subgroup of GL2(Qy),
the structure of 7(r,0)|;x is easily deduced from Theorem 2.1, as we outline in the following para-
graphs. The main result is Proposition 4.2, giving the L*-structure for supersingular representations.

Let w € 0}, be a uniformizer. With the choice of the Z,-base {w, 1} for 0}, we see that

W(a + wb) = {;b 2} (12)

for any a,b € Z,. In particular, «(0;) is a subgroup of Ko(p) and ¢(w) = IL.
Thanks to Theorem 2.1, we deduce easily the &} -restriction of the supersingular representation
7(r,0).
PROPOSITION 4.1. We have the following ﬁLX -equivariant exact sequences:
0—= Wy — ?/0;1 &) %0;0 — Roo70|ﬁg -0
0= Wi = U o ® Uy — Roo’1|ﬁ£< -0

where % , are infinite length, uniserial representations of & 7 whose Jordan-Hélder factors are all

isomorphic to the F-character x — z" and W, are one dimensional.
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Proof. We consider the first exact sequence (the other case being analogous) and use the notations
of §2.

Recall that we have detected, in Lemma 2.3, natural linear basis %.,, %, for R

00,07 00,1

respectively such that for any e; € Boo (vesp. f; € BL)) and x € Of, we have
L(l + wac) -ej €ej —xej—1 + 5‘};270 (resp. L(l + wa:) . fj S fj — ffj_l + fj_gyl). (13)

X . — def — def L .
Hence the & -representations %, = ROO,0|5LX, o1 = Bl ox are uniserial. Their Jordan-

Holder factors are described by the F-restriction of the characters x;a™, for m € N, i.e. by the
F-character =+ z".

00,8

Moreover, by (12), we have (R, ,)’| ox = R .| o which shows that the exact sequence of the

statement are obtained, by €/ -restriction, from the exact sequences of Theorem 2.1. O

We recall (cf. Theorem 2.1) that the IT-action on 7(r, 0) induces a linear involution Re g — Roo1,
which lifts to the natural involutions Rygo— (R;O’O)S, (Rgo?l)s — R ;.

If we define, for m € Z, the L*-representation U,, to be the two dimensional k-linear space on
which € acts by the character z — Z™ and w acts by a nontrivial involution, we therefore obtain

the following structure result:

PROPOSITION 4.2. We have an L*-equivariant exact sequence
0—=>U, > %> — n(r,0)|px — 0 (14)

where the k[L*]|-modules %, have infinite length, and the graded pieces of their socle filtration are
all isomorphic to U,.

Proof. For e € {0,1} we define % = (%057,)2 and we endow %, with the w-action defined by the
natural involution (z,y) — (y,x).

The exact sequence (14) is immediately deduced from the description of the II-action on 7 (r,0)
given in Theorem 2.1 and by Proposition 4.1 the graded pieces of the socle filtration on %, are all
isomorphic to U,. O

5. The case of Principal and Special series

The aim of this section is to investigate the L*-restriction for principal and special series; the main
results are the structure theorems given by Corollary 5.4 and Proposition 5.6. We first recall general
structure theorems for tamely ramified parabolic inductions (cf. Proposition 5.2); this lets us reduce
the investigation to a certain uniserial k[K((p)]-module (cf. Proposition 5.1) and therefore one can
apply the techniques already seen in §3.3 and §4.

Prelimiraires on Principal and Special series. We recall (cf. [Ba-Li]) that, up to unramified
twist, the irreducible principal series for GL2(Q,) are described by the parabolic induction

(ES indg(%i?p)(unu ® w'un,-1)

where p € k", un, is the unramified character of Q) verifying un,(p) = u, r € {0,...,p — 1} and
(Ta ,U’) ¢ {(Oa :l:l)a (p - 17 il)}
On the other hand, the special series are described (up to twist) by the short exact sequence

0—1— indgféi?% — St — 0. (15)
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We fix, once and for all, an integer r € {0, ...,p—1} and we define the following k[K(p)]-module
_ def 4. . 1Ko(p)
R, = h_T>H(1DdKZ(pn+1)Xi)'
n=1
In analogy to the supersingular case, the module R lets us control the representation theoretic

properties of principal and special series, thanks to appropriate structure theorems. We remark that
the structure of R is particularly simple:

PROPOSITION 5.1. The k[Ky(p)]-module R is uniserial, of infinite length and its socle filtration
{Z;}jen is described by

D L
Moreover, we have a linear basis # = {ej, j € N} for Ry, such that ey € soc(Ry,) and for all
m > 1 there exists a nonzero scalar k,, € k* verifying

a b _ .
<{pc d } —1) -emenmcem_1+<ej, 0<y <m—2>lC
b
d
filtration on R

for any [ ;c ] € Ki(p). In particular the linear basis % is compatible with the Ky(p)-socle

Proof. This is well known. Cf. for instance [Mo2], Proposition 3.9 or [Pas|, Proposition 4.7 and
5.9. O

The relation between the k[Ky(p)]-module R and the tamely ramified principal series is de-
scribed in the following

PROPOSITION 5.2. Let u € k* andr e {0,...,p—1}. We have a K-equivariant isomorphism

(mdB(Q() )(unu ®w'un,-1)) |k = indﬁo(p)Rgo (16)
and a Ky(p)-equivariant isomorphism
(indg (Q() )(unu ®w'un, 1)) ko) = R ® (R’ (17)
Moreover the Tl-action on the LHS of (17) induces the natural involution
R, — (Ry)®
v —> [0.

Proof. The K-isomorphism (16) is an easy consequence of Mackey decomposition theorem (cf. for
instance [Mo2], §5, Lemma 5.1). Concerning the isomorphism (17), the Bruhat-Iwahori and the
Mackey decompositions give a k[Ky(p)]-equivariant isomorphism

(mdg(L(;(?”)(unu ® w'un _1))|KO = k[Ko(p)] ®k[ko(p>)] n@k Ko(p)sKo(p)] @iy (pee)) M(18)

where we set 7 = unu ®w'un, -1 and Ko(p™) o B(Z,).

The second part of the statement follows by a direct manipulation (the action of II on the LHS
of (18) induces an involution which exchanges the two direct summands on the RHS). O

5.1 The unramified case

We assume that L/Q,, is unramified and we adopt the notations already used in §3.
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By Proposition 5.2 and 5.1 the tamely ramified principal series 7(r, ) is endowed with a K-

equivariant filtration {indﬁo (p)yj}j en described by

ind® ind K . K 2 . K 3
ind g, () Xp—ind () Xra—ind ) X7 —indy, ) xra"—...

As we did in §3.3 we consider, for j > 1, the subquotient indﬁo(p)(ﬁj/ﬁj_g). Recall that
Fj|Fj—o is linearly generated by the elements e;_;,e; € # and that we defined, for an admissible
couple (sg,s1) for 2j, the element v(%0:51)(e;) € indﬁo(p) (Fj]Fj-2).

We then have:

LEMMA 5.3. Let j > 1 and (sg, s1) be an admissible couple for 2j. If a,b € Z,, then
L(1+pla + [ab)) 01 (e5) = 0101 (e5) + N(a)brjo 117 (e;4) (19)
where k; € k* and (s; — 1) € {0,...,p — 1} are defined by the conditions (so — 1) +p(s1 — 1) =
so+ps1 — (p+1)mod (p? — 1) and (so — 1) +p(s1 — 1) # p* — 1.
In particular, the subquotient indgo(p)(ﬁj/fj_g) decomposes into a direct sum of (p + 1)

uniserial representations (one for each admissible couple (sg, s1) for 2j).

Proof. The only property of .%;/.%;_o which was used in the proof of Lemma 3.4 was the cocycle
relation (7). Such property holds true also for the graded pieces of the socle filtration for R, as
stated in Proposition 5.1, and the argument of the proof of Lemma 3.4 applies line by line. O

Having Lemma 5.3, we see that the arguments of Corollaries 3.5 and 3.6 apply, hence:

COROLLARY 5.4. Let w be a a special series or a principal series and write w, for its central character.
The L*-restriction of m admits a splitting
7"'|LX = @?:()gw(m)

where n; are the (p + 1) L*-characters extending the Q) -character w, and each F.(n;) is an
infinite length uniserial representation of L™, with a scalar action of p, having Jordan-Hoélder factors
isomorphic to n;.

5.2 The ramified case
We assume now that L/Q, is totally ramified. We use the notations of §4.

Thanks to Proposition 5.2 and 5.1 one deduces the &/ -restriction for the tamely ramified prin-
cipal series m(r, p):
PROPOSITION 5.5. There is an O} -equivariant decomposition for the tamely ramified principal
series (T, p):

(1)l g > (%)

where % is an infinite length, uniserial representations of 0} whose Jordan-Hélder factors are all
isomorphic to the F}f -character x — x".

Proof. Omissis. O

We recall that by Proposition 5.2 the IT action on 7(r, 1) induces an involution on the direct
sum decomposition (17). Defining the L*-representations U, as in §4 we hence deduce

PROPOSITION 5.6. The L*-restriction for the tamely ramified principal series m(r, ) is described
by:
(v, )| px = Yoo
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where the k[L*]-module % has infinite length, and the graded pieces for its k|L*]-socle filtration
are all isomorphic to U,.

Proof. Omissis. O

6. Cohomological methods

This section is devoted to prove the multiplicity statements on the dimension of the Ext-spaces
Ext’ﬁLX (W! o5 X) for an irreducible GLy(Qp)-representation m and a smooth &} -character x. The

main results are Proposition 6.12 and 6.13, which are deduced from the structure theorems of §3.4,
84 and §5 via the cohomological methods developed in this section.

More precisely, after recalling some generalities about the cohomological functors ExtiﬁLX , Torf L
(cf. §6.1), we determine in §6.2 a key duality statement for the Ext-spaces of certain uniserial
O -representations (Proposition 6.7).

The next crucial result is obtained in 6.3, where we determine the dimension of the Ext-spaces
for certain uniserial & -representations (Proposition 6.10). At this point, the required multiplicities
for absolutely irreducible GL2(Qj)-representations follow easily from the previously established

structure theorems.

6.1 Preliminaries

The content of this section is essentially formal: we define precisely the categorical setting we work
in, introducing the cohomological and homological functors which will be needed in §6.3. We recall
the statement of Pontryagin duality and list some elementary properties of the previously introduced
functors with respect to the duality. The main references will be [Bru] or [RZ], §5 (for a complete
treatment of the categories of compact and discrete modules over profinite rings) or [S-W], §3 (whose
results generalize line to line for mod p-Iwasawa algebras for compact p-adic analytic groups).

Let H be a compact p-adic analytic group (in the applications we will have H € {0}, 0, 1})
and write k[[H]] for the associated Iwasawa algebra. We recall (cf. [AB], Theorem 4.1) that k[[H]]
is a complete Noetherian semilocal ring (and indeed local if H is a pro-p-group). We consider the
following categories:

—) the category Mod® k[[H]]) of discrete k[[H]]-modules of finite length;

—) the category Mod® (k[[H]]) of discrete k[[H]]-modules;
I

(k]
—) the category ModP™ (k[[H]]) of profinite k[[H]]-modules (the homomorphisms being continuous
and k[[H]]-linear).

Then the category Mod®(k[[H]]) admits fully faithful embeddings both in Mod®(k[[H]]) and
ModP™ (k[[H]]) and it is well known (cf. [RZ] Proposition 5.4.2 and 5.4.4 or [Bru], §1) that Mod™* (k[[H]])
has enough injectives and exact co-limits while ModP™ (k:[[H ]]) enough projectives and exact limits.

We can embed the previous categories in the Pontryagin category Pont(k[[H]]), which is de-
scribed as follow (cf. [S-W], §3). The objects of Pont(k[[H]]) are topological k[[H]]-modules which
are either profinite or discrete; moreover, if A, B € Pont(k[[H]]), we define the associated Hom-space

as follows:
def

Homy (A4, B) = {4 ER B, f is k[[H]]-linear, continuous and strict }.

We recall that a morphism A 4, B between topological k[[H]]-modules is strict if the quotient topol-
ogy on im(f) coincides with the subspace topology induced from B. The k-linear space Hompg (A, B)
will be endowed with the compact-open topology.
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It is clear from the definitions that the categories Mod®® (k[[H]]), ModP™ (k[[H]]) admit fully
faithful embeddings in the Pontryagin category Pont(k[[H]]); moreover a projective object P €
ModP™ (k[[H]]) remains projective in Pont (k[[H]]): this follows from the fact that objects of Mod”™ (k[[H]])
are filtrant co-limits of objects in Mod! (k[[H]]), the transition morphisms being surjective (cf. [S-W]
Proposition 3.4.1 or [Bru|, Lemmas 2.2 and A.3). Similarly, an injective object in Mod®* (K[[H]])
remains injective in Pont (k[[H]]).

For an object M € Pont(k[[H]]) we define
M"Y < Homy (M, k)

where k is endowed with the discrete topology and the morphisms are understood to be continuous
and strict (other than k-linear). We endow the module M with the compact-open topology and the
H-action defined by

(h-9)(t) = ¢(h™" - 1)
forany he H,p € MY, t € M.
The Pontryagin duality asserts the following:
THEOREM 6.1 (Pontryagin duality). The assignment M s M" defines an involutive, exact and con-

travariant functor on Pont (k[[H]]), which exchanges the subcategories Mod"™ (k[[H]]) and Mod®* (k[[H]])
and preserves the length of the objects in Mod! (k:[[H ]]) Moreover, we have a canonical isomorphism

Hompy (M, N) = Homy (N, MY). (20)

Proof. This is well known. See for instance [Bru], Proposition 2.3, [S-W] Proposition 3.4.2 or [Eme],
Lemma 2.2.7. O

6.1.1 Cohomological functors and their properties. In section 6.2 we will be interested
in the left exact cohomological bifunctor Homg (o, o) defined on Pont (k[[H]]). It takes values in the

category of k-linear topological spaces and since Mod®® (k[[H]]) (resp. ModP"® (k[[H]])) has enough
injectives (resp. projectives) we can define its left derived bifunctors Ext; (o, o) on the product

categories? (Moddis (kz[[H]]))Q, (ModPr® (k:[[H]]))2 and ModP™ (k[[H]]) x Moddis (K[[H]]). It is easy
to see (cf. [Brul, §2) that Ext’; (A, B) € Mod®¢(k) if (A, B) € ModP™ (k[[H]]) x Mod®® (k[[H]]).
We notice that:
LEMMA 6.2. Let M, N € Mod" (k[[H]]). Then Extl; (M, N) is a discrete k-module of finite length.
Proof. Since k[[H]] is Noetherian, M admits a free resolution of k[[H]]-modules of finite type. It is
therefore enough to prove that
Homy (K[[H]], N)

is finite dimensional. Since N is of finite length its annihilator N is an open ideal of k[[H]], and the
conclusion follows as k[[H]] is compact. O

In particular, we deduce
COROLLARY 6.3. Let M € Mod®® (k[[H]]), N € Modﬁ(k:[[H]]). For all i > 0 there is a natural
isomorphism
i ~o i ,
ExtH(M,N) — {El ExtH(M],N)
MjEJ

%if we work with the categories of profinite k[[H]]-modules of finite type and discrete admissible k[[H]]-modules, the

cohomological bifunctors Ext’; (o, o)7 Tor!! (o, o) can be defined on the whole associated Pontryagin category. See for
instance [S-W], Theorems 3.7.2 and 3.7.4.
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where J is the filtrant category of finite length submodules of M.

Similarly, if M € Mod®* (k[[H]]), N € Mod®°(k[[H]]), there is a natural isomorphism for any
12 0:

i ~oo i ‘
Extyy (N, M) — lim Exty (N, M;)
Mj eJ

where J is the filtrant category of finite length submodules of M.
Proof. Since each Ext’; (Mj,N ) is finite by Lemma 6.2, the first statement follows from [Jen],
Théoreme 4.2 and 7.1.

Concerning the second isomorphism, we recall that if H is a compact p-adic analytic group then
the functor Extl; (N, o) is continuous (cf. [S-W] Theorem 3.7.2 or [RZ] Proposition 6.5.5). O

One easily checks, using the standard realization of a derived functor via projective/injective

resolutions that the isomorphism (20) induces for any i > 0 an isomorphism
Extly (N, M) = Ext}y (MY, NY) (21)
which is natural in M € Mod® (k[[H]]) and N € ModP™ (k[[H]]).

Assume now that H is commutative. We can define the right exact bifunctor o@k[[H”o on the
product category Mod” (k[[H]]) x Mod”™ (k[[H]]) (the completed tensor product of two profinite
k[[H]]-modules). It takes values in the category profinite k-modules ModP™ (k[[k]]) and we write
Tor! (o,0) for its i-th left derived bifunctor.

By formal arguments of homological algebra (cf. [Bru], Corollary 2.6) we have, for any ¢ > 0, a
natural isomorphism of profinite k-modules

Torf (MY)*P, N) = (Extiy (N, M))" (22)
where M € Mod" (k[[H]]), N € ModP™®(k[[H]]) and (M) is the (right) k[[H]]-module obtained
from M" via the anti-isomorphism of k-algebras k[[H]] = k[[H]] induced by the involution h + h~*
on H.

Moreover, similarly to Lemma 6.2, we have

LEMMA 6.4. Let M, N € Mod" (k[[H]]). Then, for any i >0, the k-module TorH (M, N) has finite
length.

Proof. Omissis. O

6.2 Reduction to local regular rings and dualities

The aim of this section is to specialize the constructions of §6.1 to the case H € {0}, Op},
for a p-adic field F. More precisely, we recall a canonical isomorphism between Extfﬁ>X (o7 o) and
Ext] | oo, (o, o) and we deduce in §6.2.1 a key duality result for the cohomological bifunctor Exty; | (o, o) ,

restricted to an appropriate subcategory of Mod®* (k‘[[ﬁ 71]) (cf. Proposition 6.7). We crucially rely

on the ring theoretic properties of the Iwasawa algebra of &'}, using previous work of Schraen [Sch].

Set d < [F - Q,] and let @w € F' be an uniformizer. The following result is formal:

LEMMA 6.5. Let x be an irreducible k[[0}]]-module and M € Mod™ (k[[0}]]). Assume that the
Jordan-Hoélder factors of M are all isomorphic to .

Then we have the following natural isomorphism:
Exty, (M,x) = Bxtly oo, (M14mop, k)

EXtif)’; (X’ M) = EXtZi-i—wﬁp (ka M‘l—l—wﬁp)
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Proof. By Corollary 6.3 it is enough to prove the statement when M € Mod (kz[[ﬁ’ ;H)
We recall that the category ModP*® (k:[k:;]) is semisimple, in particular Ext’ (T , X) = 0 for any

ki
T € Mod”° (k[k}]) and any i > 0.
def

Consider the first isomorphism. We write A = k[[1 + wOF]] (which is a local ring with residue
field k, as 1 4+ @wOp is pro-p) and we remark that for any 7' € ModP™ (k[[€}]]) one has a natural
isomorphism:

Homﬁ; (T, X) ; HOmk; (k ®A T’A) X)

We deduce the Grothendieck spectral sequence associated to the functors kR 4 (O) |4 : ModP*® (k’ 4 ;H) -
Mod®® (k[kf]) and Homyx (o, x) : Mod” (k[kz]) — Mod™™ (k), i.e.

ity (Torj "% (k, M|4), x) = Ext,"/ (M. x) (23)

(notice that the restriction functor (o ) |4 is exact and sends projectives into projectives, hence the
i-th left derived functor of k ®4 (o )| coincides with Tor} =" (k,M|4)).
Using again the fact that Ex‘cj€X (T ; X) = 0 for i > 1, the spectral sequence (23) yields the
F
isomorphisms
I+wd ~ J
Homk; (Torj “OF(k,M|a),x) — Extﬁ; (M, x).

We claim that the k[kj]-module Tor}JFWWF (k,M|4) has constant Jordan-Hélder factors, all
isomorphic to x. Indeed, we have a decomposition

K[[Op]] = klkp] @k A = ©eer- A
where the elements ¢; € k[kj| are orthogonal idempotents parametrized by the set of irreducible

k[[0]]-modules, and each e;A is a projective k[[0}:]]-module with constant Jordan-Holder factors.

Since M has constant Jordan-Holder factors, we deduce that M = e, - M (where e, € k[[0}]]
is the idempotent corresponding to x) and, similarly, we can refine a free resolution of M in
ModP™ (k[[0}]]) to a projective resolution formed by k[[€}]]-modules with constant Jordan-Holder
factors, all isomorphic to x.

This shows that k[kj]-module Tor]1-+WﬁF (k,M|4) has Jordan-Holder factors isomorphic to x,
and, since the category ModP™® (k[k;]) is semisimple, one has

Homk; (Tor}+WﬁF (k7 M|A) ) X) = Homy, (Tor}+WﬁF (k7 M|A) ) k) = (Torjl‘-i_WWF (kv M’A))v'

The conclusion follows now from the natural isomorphism (22).

The second isomorphism is proved in a completely analogous way: the details are left to the
reader. O

The statement of Lemma 6.5 will be particularly useful as the Iwasawa algebra k[[1 + w?]] is a
complete Noetherian and regular local k-algebra, and its Krull dimension equals the dimension of
1+ w0 as a p-adic analytic group (cf. [AB], Theorem 3.6, 4.1 and 5.2).

6.2.1 Dualities. For a compact p-adic analytic group H, there are important duality results
for the associated cohomology. In our situation, a classical duality statement specializes as follows:

LEMMA 6.6. Let x be an irreducible k[[0};]]-module.
For any i € {0,...,d} there is a natural isomorphism of Mod"(k)-valued functors defined on
Mod®® (k[[07]]):

Excty, (X" (0 )) = (Ext? (x,0)) " (24)

F
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Proof. As the functor o ®j, x defines an exact self-equivalence on Pont(k[[€]]) we can assume,
without loss of generality, that x is the trivial k[[¢/:]]-module.

Since 0 is a p-adic analytic group, which is p-torsion free, we deduce from [Laz] Théoréme 2.5.8
(see also [S-W], Theorem 5.1.9) that & is a Poincaré duality group. Therefore the isomorphism (24)
follows once we have shown that the dimension of & as a compact analytic group is dim(&5) = d
(see [S-W], Proposition 4.5.4 or [NSW] Chapter III §7).

This is clear: for any n > 1 the subgroup 1+ @" @ is an open pro-p subgroup of ¢ which is

isomorphic, if n is large enough, to the additive group O (for instance, via the logarithm map).
The conclusion follows from [DDMS], Theorem 8.36. O

From the results of [Sch], we can moreover deduce another useful duality for the functor Ext?ﬁX (o, X) ,
F
for an irreducible k[[€}]]-module y:
PROPOSITION 6.7. Let y be an irreducible k[[0}]]-module and M € Mod®®(k[[0}]]) be a discrete
module with constant Jordan-Hélder factors, all isomorphic to x.

For any i € {0,...,d} we have a natural isomorphism of discrete k-modules:
. Vo~ I
(Bxtl,. (M,x))" = Bxtl (x, M). (25)

Proof. By Corollary 6.3 we can assume M € Mod" (k[[€}]]), with constant Jordan-Hélder factors.

Hence, by Lemma 6.5, it will be enough to establish the natural isomorphism of discrete k-
modules
(Bxt i, (M. F))” =5 Bttt (k. M)
for M € Mod" (k[[1 + w0r]]). Write A for the Iwasawa algebra associated to 1 + wp. Since the
latter is a compact uniform pro-p group of dimension d, we deduce that A is a complete regular
Noetherian local k-algebra of dimension d. We write m for its maximal ideal.

In this situation we have, by [Sch] Proposition 1.8, a natural isomorphism of discrete k-modules:
(Tor; =7 (k, M))" =5 Tor [T 207 (k, MY). (26)

Let P*® be a resolution for M by free A-modules of finite type. By exactness of Pontryagin duality
we have

(Exti, ., (M,k)) =H <(Hom A(P*, k))v> (27)
=H"(k®a P*)
= Tor} *®7" (k, M)

where the second equality follows from (Hom 4 (P*, k))v = (Homy(k®4 P*, k))v =k®a P* (notice
that k ®4 P*® is, component wise, finite dimensional).

Combining (26), (27) and (21) we finally get
Y Y
(Bxthan, (00.0)) = (Torb? 277 (6,00) ) = Bxtd L, (01", 8) = Bl (5, 01),
as required. O

REMARK 6.8. We notice that we could have used Lemma 6.6 in order to obtain a generalized version
of Proposition 6.7 and hence of [Sch], Proposition 1.8.

More precisely, if x is an irreducible k[[0;]]-module, we have a natural isomorphism of Mod”™ (k)-
valued functors defined on Mod®® (K[[ef):

Ext?ﬁ; (0,x) — (EXt(ii_;i (x, o))v;
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for this, it suffices to use Lemma 6.6 together with the continuity of the Ex‘c?ﬁX (XV, o)—functor (cf.
F
[S-W], Theorem 3.7.2) and the isomorphism (21).
In particular one deduces from (22) an isomorphism of ModP*°(k)-modules

(Tor]™ (x, M))" = Torg?, ((MY), )
which is natural in M € Mod® (k[[0'}]]), generalizing [Sch], Proposition 1.8.

6.3 Applications

If F = L is a quadratic extension of Q, and M is a uniserial k[[0]]]-module with constant
Jordan-Holder factors, the results of §6.2 can be sharpened, in order to obtain the dimension of
some FExt-spaces. The main result is Proposition 6.10, giving the dimension of the Ext-spaces
ExtiﬁLX (soc(M ), M ) Therefore the duality established in Proposition 6.7 and the structure the-

orems of sections 3.4, 4 and 5 let us determine the multiplicity of the Ext-spaces Ex‘ciﬁX (7T| 0% X)
L
for an irreducible GL2(Qp)-representations 7 and a smooth ¢/ -character x (§6.3.1).

We start from the case when M is an irreducible k[ ]]-module:

LEMMA 6.9. Let x be an irreducible k[[€]']]-module. Then

' 1 if ie{0,2}
dim(Ext’ﬁLX (x.x)) = (2) 1§ z>: ;
1 1= 90.

Proof. The result is clear for i > 3 (since & has cohomological dimension 2, cf. [Ser65], Corollaire
(1)), for i = 0, hence, by duality, for i = 2.
Consider the case i = 1. As for the proof of Lemma 6.6 we can assume that x = k is the trivial

k([0 ]]-module.
Exté,LX (x,x) = HY(OF k).
The result follows since dim(&}) = 2 as a compact p-adic analytic group. O
We are finally able to determine the Ext-spaces for uniserial discrete modules:

PROPOSITION 6.10. Let M be a uniserial discrete k[[0}]]-module of infinite length and x an irre-
ducible k[[0]]]-module. Assume that the Jordan-Hélder factors of M are all isomorphic to x.

Then

. . 1 if i€{0,1
dlm(ExtﬁLx(XyM)):{ 0 if 2;2}

Proof. Let {M;}jen be the socle filtration for M and consider, for j € N, the exact sequence of
discrete k[[€]']]-modules

0—M; = Mj1 —x—0. (28)
Since €] has cohomological dimension cd(€}) = 2 we have the following exact sequence in coho-
mology
1
0 — Hom gy (x, M;) = Hom g (X, Mj1) — Homyx (x, x) = Ext (x, Mj) — (29)

1 1 2 2 2
— Ext (x, Mj41) — Ext, (. x) = Exty, (x, M;) — Ext, (x, Mj41) — Exty,. (x,x) = 0.
As M is unserial with Jordan-Hélder factors isomorphic to x we have
dim (Homﬁg (My, X)) = dim (Homﬁz (x, Mp)) =1
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for any n € N and hence, by Proposition 6.7, we have dim (Ext?ﬁX (X, Mn)) =1 for any n € N.
L

It follows that HomﬁLX (x, M) — HomﬁLX (x; Mj11), E}(‘c?ﬁLX (X, Mj+1) — EXt?ﬁz (X, X) are respec-

tively an isomorphism and the zero morphism and (29) simplifies to the following exact sequence
0; ¥
0— HomﬁLx (X, Xx) — Ext(lﬁLX (x, M;) = ExtlﬁLX (. M) = Extng (x,x) = Ext?ﬁLX (x, M;) — 0. (30)

We therefore obtain the required statement for i € {0,2}, from Corollary 6.3. Moreover, we deduce
from (30), together with Lemma 6.9 and an immediate induction, that for any n € N the linear
space Extlﬁ,X (X, Mn) is 2-dimensional.
L

We claim that for all n € N we have a linear space decomposition EXt}),E (X, Mn) = (Mp41) B
(un41) such that for any j € N the natural morphism 6; decomposes into the direct sum of the zero
morphism (m;41) RN (mj42) and an isomorphism (u;4+1) = (uj42). By Corollary 6.3 this will imply
the statement for i = 1.

Let n > 1. Using the Yoneda interpretation of Ext, the morphism ,,_ is defined by the following
commutative diagram

0 M, A X 0

| |

0——=X—>1¢, 1(A) = A/M,  —>=X—>0.

Since M;,+1 (which defines an element in ExtgX (x, My,)) is uniserial, we deduce that ¢, —1(My,11) #
L

0 and therefore, if u,41 is a fixed linear generator for im(6,,—1) the couple (M, 41, un+1) defines a
linear basis for Ext}X (X, Mn) For n = 0 we simply consider a linear decomposition Ext(lﬁX (X, X) =
L L

(M) @ (u1) where u; is any nonzero element in a linear complement of (Mj).

Let j € N. Again by the Yoneda interpretation of Ext, we see that the image of the mor-
phism HomﬁLX (x,x) — Ext;LX (X, Mj) can be identified with the (class of the) element M; ;. Hence

the transition morphism 6; (which has rank 1) is characterized by the conditions 6;(M;11) = 0,
0j(ujt1) = Kj+1ujy2, for an appropriate k1 € k*.

This proves the claim and the result follows. O

By duality (Proposition 6.7) we obtain

COROLLARY 6.11. Let M be a uniserial discrete k[[C}]]-module of infinite length and x an irre-
ducible k[0 ]]-module. Assume that the Jordan-Holder factors of M are all isomorphic to .

Then
. 0 ifeither i=0o0ri>3
: ) _ =
dim (Ext (M, x)) _{ 1 f ie{1,2}.

Proof. As noticed above, the result for i € {0,1,2} is deduced from Proposition 6.7 and 6.10.
Concerning the case i > 3, the long exact sequence in cohomology associated to (28) and Lemma
6.9 yield a natural isomorphism

EXt?ﬁZ (Mj, X) = EXt?ﬁE (Mj_H, X)

for any j € N. The result follows now from Corollary 6.3, noticing that Ext?ﬁX (Mo, X) =0fori>3
L
by Lemma 6.9. O
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6.3.1 Multiplicity results. Let L/Q, be a quadratic extension, 7 an irreducible, infinite di-
mensional GLy(Qp)-representation and x a smooth L*-character. We are now able to determine
the dimension of the Ext-spaces ExtlﬁX (7r| 0% X), thanks to the structure theorems of sections 3, 4

and 5 and the cohomological methods developed in §6.3.
We start with the unramified situation:

PROPOSITION 6.12. Assume that the quadratic extension L/Q, is unramified. Let = be an infinite
dimensional, absolutely irreducible GL2(Q,)-representation and let x be a smooth L*-character
which extends the central character of .

Then
‘ 0 ifeitheri=0o0ri>3
. i _ s . .
dlm(EXtﬁLX (W|ﬁLX ’ X|ﬁ;)) - ? L{i E J{Li 2{ Zﬁgz ;Z Zuglif;fauz]ii a special series.
Proof. This is an immediate application of Corollary 3.10, Corollary 5.4 and Corollary 6.11. O

In the totally ramified setting the result is similar. Precisely, we have:

PROPOSITION 6.13. Assume that the quadratic extension L/Q, is totally ramified. Let m be an
infinite dimensional, absolutely irreducible GL2(Q,)-representation and let x be a smooth L*-
character which extends the central character of .

Then
‘ 0 ifeitherti=0o0ri>3
dim(ExtzﬁX (Tl g, xlgpx)) =4 4 ifi€{1,2} andr is supersingular.
L L
v 2 ifi € {1,2} andr is a principal or special series.

Before giving the proof, we nevertheless need two preliminary lemmas.

LEMMA 6.14. Assume that L/Q,, is totally ramified. For e € {0,1} the k[[0[]]-socle of ROO’.|@>1>‘< is

2-dimensional. The k[[0]]-socle of St|ﬁl>,< is 2-dimensional.

Proof. We consider the case of Ry o (the others being analogous) and use the notations of §4.
Recall (cf. (13) in the proof of Proposition 4.1) that the uniserial representations % o, % ;
admits linear basis %o, #., which are compatible, in the evident sense, with the socle filtration

and verify in particular:

(14 wx) - (/\61 + /Lf1) = Xe1 + pfi — T()\eo + ,ufo) (31)
for any x € O, A\, € k.

The short exact sequence of Proposition 4.1 easily implies the following exact sequence of discrete
k([0 ]]-modules:
0 = (€0, fo) = Roo,o = U/ {€0) & U1/ (fo) = 0
where we wrote €y, f, to denote the image in R0 of the elements ey € SOC(%OZ,o)a fo € soc(?/o;l).

Notice that (g, f,) is a one dimensional subspace of Ru .

Hence, by taking the (1 + wd)-invariants and recalling that %

o,e are uniserial, we deduce a
monomorphism:
s0¢(Roo0) < (0, fo, €1, f1)-

It follows from (31) and Proposition 4.1 that the space of (1 + w0, )-fixed vectors of R is
2-dimensional. O
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LEMMA 6.15. Let L/Q, be totally ramified and let N, M € Mod™ (k[[6[]]).
Assume that M is uniserial with constant Jordan-Hélder factors, all isomorphic to an irreducible

k([0 ]]-module x. Assume moreover that N has a 2-dimensional socle and fits in an exact sequence

0=x—Me&M-—N-—=D0. (32)

Then ExtiﬁX (x, N) is 2-dimensional if i € {0,1} and is zero dimensional otherwise.
L

Proof. It is an elementary computation of the dimension of the Ext-spaces appearing in the the
long exact sequence in cohomology associated to (32), using Lemma 6.9, Proposition 6.10 and the
hypothesis on the k[[€]]]-socle of N. O

We can now give the proof of Proposition 6.13:

Proof. We can assume that w is either supersingular or a special series: indeed for a principal series
the statement follows immediately from Proposition 5.5 and Corollary 6.11.

Assume first that 7 € {0,1,2}. In this case, by Proposition 6.7 it is equivalent to study the space
Ex‘clﬁX (X| o 7| 0% ) Moreover, as the dimension of the Ext-spaces does not change by taking twists,
L

we can assume that either 7 = 7w (r,0,1) (supersingular case) or m = St (Steinberg case).
By Proposition 4.1 and Lemma 6.15 we deduce that for e € {0, 1} the space ExtfﬁX (X|ﬁ[>j , Roo,.\/jo)
L

is 2-dimensional if ¢ € {0,1} and zero dimensional if 7 > 2 and we obtain an analogous statement
in the Steinberg case by (15) and Proposition 5.5.

We are therefore left with the case ¢ > 3 and this is now an elementary computation: it suffices
to count the dimension of the Ext-spaces appearing in the long exact sequences in cohomology
associated to the exact sequences of Proposition 4.1 and (15), using Lemma 6.9, Corollary 6.11
(and the known results for i < 2). O

In particular, we see that

COROLLARY 6.16. Let L/Q, be a quadratic extension and m an admissible GL2(Q,)-representation
of finite length, whose Jordan-Hoélder factors are absolutely irreducible and infinite dimensional.

For any smooth L*-character x we have
HOmLX (W’Lx s X) = 0.

Proof. An immediate dévissage on the length of 7, using Proposition 6.12, Proposition 6.13 and
left exactness of the functor HomﬁLX (o, X]ﬁLx) shows that HomﬁLx (W!ﬁLX ) X\ﬁLX) = 0. Hence, a fortiori
the required statement. O

REMARK 6.17. We notice that, during the proof of Propositions 6.12, 6.13, we implicitly have
proved the statement of Theorem 1.7, i.e. we have detected the Ext-spaces ExtfﬁX (X| o5 7| ﬁLx) (the
L

notations being the same as in the statement of Proposition 6.12, 6.13).

More precisely, for L/Q, unramified, the statement of Theorem 1.7 follows immediately from
Corollary 3.10, Corollary 5.4 and Proposition 6.10. Similarly, if L/Q,, is totally ramified and 7 is a
principal series, the statement follows from Proposition 5.5 and 6.10.

Finally, the case where L/Q,, is totally ramified and 7 is either a special series or a supersingular
representation has been obtained in the proof of Proposition 6.13.

32



MULTIPLICITY THEOREMS MODULO p FOR GL2(Q))

REFERENCES

AGRS

AB

Ba-Li

Bre

Bru

DDMS

Dos

Eme

GP1

GP2

Har
Her

Jen

Laz
MW

NSW

Mol

Mo2

Mo3

Mo4

Pas

Pral

Pra2
RZ

Sai

A. Aizenbud, D. Gourevitch, S. Rallis, G. Schiffmann, Multiplicity one theorems, Annals of Math.
172 (2010), 1407-1434.

K. Ardakov, K.A. Brown, Ring-theoretic properties of Iwasawa algebras: a survey, Doc. Math., Extra
Volume Coates (2006), 7-33.

L. Barthel, R. Livné, Irreducible modular representations of GLo over a local field, Duke Math. J. 75
(1994), 261-292.

C. Breuil, Sur quelques représentations modulaires et p-adique de GL2(Q,) I Comp. Math. 138
(2003), 165-188.

A. Brumer, Pseudocompact algebras, profinite groups and class formation, J. of Algebra 4 (1966),
442-470.

J.D. Dixon, M.P.F. Du Sautoy, A. Mann, D. Segal, Analytic pro-p groups, Cambridge studies in adv.
math. 61 (1999), Cambridge University Press.

G. Dospinescu, Actions infinitésimales dans la correspondance de Langlands locale p-adique, Ph.D
thesis (2012), Ecole Polytechnique, Paris.

M. Emerton, Ordinary parts of admissible representations of p-adic reductive groups 1. Definitions
and first properties Astérisque 331 (2010), 355-402.

B. Gross, D. Prasad, On the decomposition of a representation of SO, when restricted to SO, _1,
Canad. J. Math. 44 (1992), no. 5, 974-1002.

B. Gross, D. Prasad, On irreducible representations of SOay41 X SOay,, Canad. J. Math. 46 (1994),
no. 5, 930-950.

M. Harris, Personal communcation, (2012).

F. Herzig, A Satake isomorphism in characteristic p. Comp. Math. 147 (2011), 263-283.

C. Jensen, Les foncteurs dérivés de lim et leurs applications en théorie des modules, Lect. Notes in
Math. 254, Springer. -

M. Lazard, Groupes analytiques p-adiques, Pub. Math. IHES 26 (1965).

C. Moeglin, J-L. Waldspurger, La conjecture locale de Gross-Prasad pour les groupes spéciaux or-
thogonauz : le cas général, preprint (2009), available at http://www.math.jussieu.fr/ moeglin/gp.pdf

J. Neukirch, A. Schmidt, K. Wingberg, Cohomology of number fields, Grundlehren des mathematis-
chen Wissenschaften 323, second edition (2008), Springer

S. Morra, Ezxplicit description of irreducible GL2(Q,)-representations over F,, J. of Algebra 339
(2011), 252-303.

S. Morra, Invariant elements for p-modular representations of GL2(Q,), Transaction of the Am.
Math. Soc., to appear.

S. Morra, On some representations of the Iwahori subgroup J. of Number Theory 132 (2012), 1074 -
1150.

S. Morra, Iwasawa modules with extra structure and p-modular representations of GLsg, preprint
(2012)

V. Paskunas, Extensions for supersingular representations of GL2(Q,), Astérisque 331 (2010), 317-
353.

D. Prasad, Trilinear forms for representations of GLg and local e-factors, Compositio Math. 75
(1990), no.1, 1-46.

D. Prasad, On an extension of a theorem of Tunnell, Comp. Math. 94 (1994), 19-28

L. Ribes, P. Zalesskii, Profinite groups, Ergebnisse der Mathematik und ihrer Grenzgebeite Vol. 40,
Springer

A.  Raghuram, Quadratic reciprocity  for root numbers of GLg, available at
http://www.math.okstate.edu/ araghur/

H. Saito, On Tunnell’s formula for characters of GLa, Compositio Math. 85 (1993), no.1, 99-108.
33



Sch

Ser77
Ser65
Sil

S-W

Tun
W1

W2

W3

Wil

MULTIPLICITY THEOREMS MODULO p FOR GL2(Q))

B. Schraen, Sur la présentation des représentations supersinguliéres de GLy(F'), preprint,
2012, availble at  http://lmv.math.cnrs.fr/annuaire/benjamin-schraen/travaux-de-benjamin-
schraen/article /travaux-et-publications

J-P. Serre, Arbres, amalgames, SLo, Astérisque 46 (1983).

J-P. Serre, Sur la dimension cohomologique des groupes profinis, Topology 3 (1965), 413-320.

A. Silberger, All algebras of spherical functions defined on the two by two linear group with entries
in a locally compact p-field are commutative, Proc. Amer. Math. Soc. 21 (1969), 437-440.

P. Symonds, T. Weigel, Cohomology of p-adic analytic groups New Horizons in pro-p groups, Du
Sautoy, Segal, Shalev ed., Birkhauser (2000), 349-416.

J.B. Tunnell, Local e-factors and characters of GLy, Amer. J. Math. 105 (1983),n0.6, 1277-1307.
J-L. Waldspurger, Une formule intégrale reliée a la conjecture locale de Gross-Prasad, preprint (2009),
available at http://www.math.jussieu.fr/ waldspur/formule-integrale-finale.pdf

J-L. Waldspurger, Une formule intégrale relice a la conjecture locale de Gross-Prasad,
28me  partie : extension aux représentations tempérées, preprint (2009), available at
http://www.math.jussieu.fr/ waldspur/formule-spectrale-03072009.pdf

J-L. Waldspurger, Calcul d’une valeur d’un facteur ¢ par une formule intégrale, preprint (2009),
available at http://www.math.jussieu.fr/ waldspur/epsilon-03102009.pdf

J.S. Wilson, Profinite Groups Oxford University Press, 1998, New York.

Stefano Morra stefano.morra@univ-montp2.fr

Laboratoire de Mathématiques de Montpellier, place Eugene Bataillon, Case courrier 051, 34095
Montpellier cedex 5, France

Current address: Department of Mathematics, University of Toronto, 40 St. George St., Toronto,
Ontario M5S 2E4, Canada

34



