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1. Background

One of the most important results in homotopy theory in recent years is the
solution to the Kervaire invariant one problem by Hill, Hopkins and Ravenel ([12]).
While it is always pleasing when an old conjecture is put to rest, probably the most
important contribution of that paper is the method by which they arrived at the
solution. A method similar to that of the solution by Ravenel of the odd Kervaire
invariant one problem [19] brings quickly one to the study of a commutative ring
spectrum with an action of a finite group G (in fact it suffices to take the group
G = C8). At this point instead of considering it just as a spectrum acted by G
(what is becoming know as a Borel G-spectrum), the study it as an element of
the bigger category of G-spectra (that is homology theories on G-spaces) and they
decompose it in terms of objects that only lie in this bigger category (its “slices”).
The resulting spectral sequence is the key tool to prove a vanishing result that
concludes the proof.

This has brought to the forefront the importance of equivariant homotopy theory
as a tool not only to study genuine G-spaces, but everywhere there is an action by
a (pro)finite group, for example the action of the Galois group on the algebraic
K-theory of a field. It is probably safe to say that this idea will have an enormous
impact on the future development of stable homotopy theory. In addition to this
S1-equivariant homotopy theory has always had a fundamental role in the study of
topological Hochschild homology. However the construction of many of the basic
tools of the subject (in particular the all-important norm functor) has always been
extremely technical and complicated1. My thesis work is part of a project with
C. Barwick, E. Dotto, S. Glasman and J. Shah that aims to simplify and extend
equivariant homotopy theory (see [3] for an introduction to the whole work).

Language and notation. In this document I will use freely the language of 8-
categories as developed in [14] and [15]. I will denote the wedge product of two
spectra with the direct sum symbol ‘ and the smash product with the tensor
product symbol b. I will freely use the theory developed by J. Shah in [23] when
talking about limits and colimits indexed by a finite G-set.

2. Past and Current Projects

While the collaborative project that comprise of the bulk of my thesis started
as an attempt to write a different formalism to study equivariant homotopy theory

Date: October 31, 2016.
1The unconvinced reader is encouraged to read the proof of the homotopy invariance of the

norm in [12, App. B5] and the construction of the model structure presenting G-commutative
algebras.
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(and in particular in giving an alternative definition of the norm functor), it nat-
urally evolved in a much more general approach, that highlighted some surprising
similarities between different homotopy theories. In fact all the proofs of the main
results use only very few properties of the orbit category of a finite group G:

(1) Fiber products of representable presheaves are finite disjoint unions of rep-
resentable presheaves (this is a restatement of the fact that the category of
finite G-sets has pullbacks);

(2) The triviality of retracts (that is every retraction is an equivalence).
Any 8-category satisfying these two properties will be called atomic orbital. A lot of
objects studies in homotopy theory are controlled by an atomic orbital 8-category.
Examples of such homotopy theories are

‚ Equivariant homotopy theory of (pro)finite groups, as shown by Elmen-
dorf’s theorem (although the profinite group case studies only spaces for
which every point has an open stabilizer, this has proven sufficient so far for
the study of Galois actions on spaces arising algebraically, like the K-theory
spaces or topological Hochschild homology);

‚ Parametrized homotopy theory in the sense of May and Sigurdsson ([17]),
that is the homotopy theory of local systems of spaces or spectra over some
space X;

‚ Combining the previous two examples, we can study the homotopy theory
of local systems of G-spaces (or G-spaces) over a G-space X;

‚ Global homotopy theory in the sense of [20] when restricted to finite groups;
‚ The homotopy theory of n-excisive functors from spectra (thanks to the

main result in [9] these can be identified with a kind of Mackey functors);
‚ Cyclonic homotopy theory in the sense of [4] that is homotopy theory of S1-

spaces or spectra where equivalences are detected by fixed points for finite
subgroups. This is particularly important because this kind of equivariance
arises naturally in the study of topological Hochschild homology (specif-
ically in the definition of cyclotomic structure as provided in [4]).

An important non-example, where one has the feeling that the present methods
should apply but they do not, is the homotopy theory of G-spaces for G a compact
Lie group.

All the theorems in this document will be true for any atomic orbital 8-category
T . It is my belief that atomic orbital categories are the expression of a recurring
pattern in homotopy theory, and that the significance of the fact that so many dif-
ferent examples can be unified will be great. In the following sections I will use the
notation of equivariant homotopy theory not to clutter it with unfamiliar notation
and terminology, but it should be remembered that even when reproving theorems
already known, my results will have a much wider range of applications.

2.1. Equivariant stability and Mackey functors. The results of this section
are contained in [18].

One of the natural questions arising while learning equivariant homotopy theory
is: are G-spectra just spectra with a G-action, similarly to how G-spaces are spaces
with a G-action? Another way to formulate this question could be: is the 8-
category of G-spectra the stabilization of the 8-category of G-spaces? The answer
to this turns out to be no: a G-spectrum has some additional structure, namely
transfer maps EH Ñ EK for every pair of subgroups H Ď K, as can be seen by
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intepreting them as spectral Mackey functors ([11] for the proof of the equivalence
and [2] for some striking applications to algebraic K-theory).

In the literature there are several approaches trying to provide models for G-
spectra that better reflect the presence of this additional structure. A. Blumberg
in [6] provides a model for G-spectra as enriched functors from pointed G-spaces to
pointed G-spaces satisfying a form of the Wirthmüller isomorphism, reminescent
of the identification of spectra as linear enriched functors from pointed spaces to
pointed spaces provided by Goodwillie calculus ([10] rm. 1.3, [15] pr. 1.4.2.24). In
[8] E. Dotto and K. Moi provide a description of G-spectra as functors from pointed
spaces to pointed G-spaces satisfying a linearity condition with respect to cubical
diagrams where the group G permutes the vertices of the cube. A key advantage
of my approach over both of these descriptions is that it allows to state a universal
property (theorem 3) that it is going to be crucial in the study of the space of norm
functors, as well as providing a simple proof of a theorem by Guillou and May.

Both of these approaches seem to indicate that to get a good description of
G-spectra it is important not to consider only the 8-category of G-spectra, but
also the categories of H-spectra for all subgroups H of G. Similarly, Elmendorf’s
theorem shows that the homotopy theory of G-spaces is equivalent to the homotopy
theory of presheaves of spaces on the orbit category of the group OG. Hence we
define a G-8-category as a presheaf of categories on OG or, equivalently2, as a
cocartesian fibration over Oop

G . So we can define the G-8-category of G-spaces
Top

G
, where the fiber over G/H is the 8-category of genuine H-spaces TopH , and

the G-8-category of G-spectra SpG, where the fiber over G/H is the 8-category
of H-spectra SpH . Emboldened by this approach we pose the following question:

Question 1. Is there a universal property of the G-8-category of G-spectra, similar
to the universal property of spectra (that is as the universal source of linear functors
to spaces)?

Of course one necessary condition is that all fibers of SpG are stable 8-categories.
Analyzing the definition of the model structure in [6] (although this idea was
around before) we can find another necessary condition. We say that a pointed
G-8-category is G-semiadditive if the canonical map from finite indexed coprod-
ucts to finite indexed products is an equivalence

ž

iPI

Xi
„

ÝÑ
ź

iPI

Xi .

It should be mentioned that the definition of this map is nontrivial and its existence
is the point where we use the key properties of orbitality and atomicity of OG. This
map being an equivalence is, moreover, equivalent to the fibers of the G-8-category
being semiadditive categories such that the restriction maps satisfy the Wirthmüller
isomorphism (that is induction and coinduction coincide). More generally we can
say that a functor is G-semiadditive if it sends G-coproducts to G-products. We
call a G-functor linear if it is linear and G-semiadditive, and a G-8-category G-
stable if it is stable and G-semiadditive. It is known classically that semiadditive
functors to D factor through the category of commutative monoids in D. Perhaps
unsurprisingly the analogous statement is true here too.

2This is the higher categorical analogue of the trick due to Grothendieck of replacing pseudo-
functor with categories fibered in groupoids in the definition of stack.
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Recall that a Γ-space in the sense of Segal ([22]) is just a semiadditive functor
from finite pointed sets to spaces. Using this definition as a guide, let FG,˚ be the
G-8-category of finite pointed G-sets (that is the presheaf on OG that sends G/H
to the category of finite pointed H-sets). Then if D is a G-8-category with finite
G-products, we define a G-E8-object in D as a G-semiadditive functor from FG,˚

to D. We denote the G-8-category of G-E8-objects with G -E8(D). This comes
equipped with a forgetful G-functor to D (evaluation at the one point set).

Theorem 1. Let D be a G-8-category with finite G-products. Then for every
G-8-category C with finite G-coproducts and for every G-semiadditive G-functor
F : C Ñ D the space of lifts to G -E8(D) that preserve finite coproducts is con-
tractible.

G -E8(D)

C DF

A perhaps more surprising result is the fact that G-E8 objects have a more fa-
miliar description as Mackey functors. I find this fascinating: it completely encodes
the idea that G-commutativity should consists only of ordinary multiplication and
transfer maps.

Let the effective Burnside G-8-category Aeff (G) be the G-8-category whose
fiber over G/H is the effective Burnside category of finite H-sets. This is equipped
with a G-functor j : FG,˚ Ñ Aeff (G) which, over every H, is given by identifying
the category of finite pointed H-sets with the category of finite H-sets and partially
defined maps (that is with the subcategory of Aeff (H) where the left legs of the
arrows are inclusions). It is very easy to see that j is a G-E8-object. In fact it is
the universal one.

Theorem 2. Let D be a G-8-category with finite G-products. Then precomposition
with j induces an equivalence between G-functors from Aeff (G) to D that preserve
finite G-products and G-E8-objects in D.

Let us now call a G-functor F : C Ñ D G-linear if it is G-semiadditive and
every component is linear in the sense of Goodwillie. Putting together the universal
property G-E8 objects and the universal property of spectra as proven in [15,
Pr. 1.4.2.22] we finally obtain the desired universal property for G-spectra:

Theorem 3. The G-8-category of spectral Mackey functors SpG is the universal
source of a G-linear functor to Top

G
. Precisely for every every G-8-category C

with finite colimits and for every G-linear functor F : C Ñ Top
G

, the space of lifts
along the functor Ω8 : SpG

Ñ Top
G

that preserve finite G-colimits, is contractible.

This universal property allows us to give an alternative proof the Guillou-May
theorem characterizing G-spectra as Mackey functors.

Corollary 3.1. There is an equivalence between the G-8-category of orthogonal
G-spectra (as developed in [16]) and the G-8-category of spectral Mackey functors.

Sketch. Since orthogonal spectra are G-stable with a G-limit preserving functor to
G-spaces by the Wirthmüller isomorphism, there is a canonical comparison map
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sending the suspension spectrum of an orbit Σ8
+G/H to the Mackey functor corep-

resented by the same orbit. Since the tom Dieck splitting holds in both settings this
map is fully faithful when restricted to the subcategory spanned by the suspension
spectra of orbits. But orbits generate both categories under homotopy colimits
and we can apply the Schwede-Shipley theorem [21] to conclude that it must be an
equivalence. �

2.2. The uniqueness of norms. The results of this article will appear in [5].
For every 8-category C, a G-8-category

ś

G C, called the coinduction of C,
such that the fiber above G/H is just the product of C with itself G/H-times, with
the obvious permutation action by WH = NH/H, the Weyl group of H. We want
now to turn our attention to the space of “multilinear” G-functors

ś

G Sp Ñ SpG.
An important example of these “multilinear” functors (and in fact in a sense,

the universal example) is the G-functor N :
ś

G Sp Ñ SpG defined by

NH(tXiuiPG/H) =
â

iPG/H

NH(Xi) ,

where NH is the Hill-Hopkins-Ravenel norm. We see immediately that the fact
that this is a G-functor encodes the behaviour of the norms under restriction,
namely resH1

H NHX = (NH1

X)bH/H1 . This is the functor for which we will prove
a uniqueness statement. In fact, having such a G-functor we can recover the Hill-
Hopkins-Ravenel norm by taking its component over G/G, which is a functor from
spectra to G-spectra.

Using this language I proved the following existence and uniqueness theorem for
the Hill-Hopkins-Ravenel norm which, among other things, implies all the usual
properties of the norm (e.g. symmetric monoidality or compatibility with suspen-
sions), thus providing a construction of this important functor3.

Theorem 4. The space of G-functors F :
ś

G Sp Ñ SpG such that
‚ F preserves sifted colimits;
‚ F sends the sphere spectrum to the sphere spectrum;
‚ For any H ă G and finite H-set I, F satisfies the multinomial identity

FH

(
à

iPI

Xi

)
=

à

f :HÑI

FStH(f)

(
â

iPI

Xbf´1i
i

)
where on the right hand side H acts on the functions by conjugation;

is contractible.
A complete discussion of the norm cannot, of course, ignore the relationship with

the symmetric monoidal structure on G-spectra. One of the key observations that
sparked this project was the fact that the norm fits in a more refined version of a
symmetric monoidal structure, that we called a G-symmetric monoidal structure,
where it makes sense to take the tensor product indexed not only on a finite set,
but on a finite G-set. In this sense, finding a description of the norm can be more

3Of course this approach is backwards compared to the historical development of the theory,
where the focus was very much on proving that the “naïve” norm on some model for G-spectra has
homotopical significance. However it is my opinion that there is value in finding a construction
of the norm that has automatically homotopical significance. This can be seen as analogous to
the difference between proving that the Gauss curvature, defined geometrically, is an isometric
invariant and giving an obviously covariant definition of it.
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naturally attacked by studying the space of G-symmetric monoidal structures on
the category of G-spectra. The approach I chose was to mirror that in [15, Sc. 4.8.2],
where a similar study is performed for the space of symmetric monoidal structures
on the 8-category of spectra. So the first step was to categorify the problem and
construct a G-symmetric monoidal category of G-presentable G-8-categories.

Proposition 4.1. There is a G-symmetric monoidal structure on the G-category of
G-presentable G-8-categories such that the G-commutative algebras for this struc-
ture are the G-symmetric monoidal structures on presentable G-8-categories where
indexed tensor products distribute indexed colimits4.

Now the theorems 3 and 4 turn out to be exactly the missing pieces to prove that
SpG, together with the map Σ8

+ : Top
G

Ñ SpG, has the structure of a G-idempotent
(that is an object X such that the map X Ñ NHXbX is an equivalence). The rel-
evance of this fact is that, as in the classical case, idempotents admit a contractible
space of algebra structure with the given unity.

Theorem 5. The moduli space of presentable G-symmetric monoidal structures on
the G-8-category of G-spectra having the sphere spectrum as the unit is contractible.

An analysis of the combinatorics underlying a G-symmetric monoidal structure
immediately implies the following corollary, which establish the missing properties
of the norm.

Corollary 5.1. The functor of theorem 4 has an unique symmetric monoidal en-
hancement, and it is left adjoint to the forgetful functor from G-commutative alge-
bras in SpG and commutative algebras in Sp.

2.3. Rationalization and equivariant algebraic K-theory. A recent result
I proved in collaboration with C. Barwick, S. Glasman, M. Hoyois and J. Shah
provides a geometric description of the rational algebraic K-theory of an exact
8-category. Using the fact that the rationalization of any spectrum E can be
computed as a colimit over the divisibility poset (that is the poset of integers with
the divisibility ordering) we are able to prove the following result.

Theorem 6. Let S be a set of primes, ΩS =
ś

pPS Zp be the S-adic Cantor set
and TS = S´1Z/Z be the S-adic torus. Then there is an action of TS on ΩS such
that for any presentable stable 8-category E

K(E)[S´1] » K
(

ShTS

E (ΩS)
)
.

where the right hand side is the algebraic K-theory of compact objects in E-valued
TS-equivariant sheaves on ΩS. In particular, if X is a quasi-compact and quasi-
separated scheme

K(X)[S´1] = K (X ˆ ΩS/TS) .

4This condition replaces the condition of preserving colimits separately in each variable. It is
slightly technical to state but it boils down to asking that the following map is an equivalence:

colim
tkjuP

ś

I Kj

â

jPJ

Xkj
Ñ

â

jPI

colim
kjPKj

Xkj
.
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This result is especially remarkable since it provides us with a categorification
of Q, thus answering two problems posed by Khovanov [13, 2.3 and 2.4]. Moreover
it opens a possible line of attack for the many conjectures about rational algebraic
K-theory via a study of the geometry of the non-separated algebraic space ΩS/TS .

3. Future Directions

3.1. Norm maps in algebraic K-theory. One interesting consequence of the
theory developed above is that it gives the algebraic K-theory spectrum of a field
L a natural structure of ΓL-commutative algebra, where ΓL is the Galois group
of L. The construction is remarkably explicit (we can really represent these maps
at the level of spaces, for example using Quillen +-construction) and it would be
interesting to see what constraint this puts on K(L) given ΓL. Even a computation
of the Ẑ-E8 structure on K(Fp) could be of interest.

More abstractly, commutative algebras in Borel G-spectra embed into G-commutative
algebras in G-spectra and the difference between these two is precisely the differ-
ence between algebraic K-theory and étale K-theory (that is, the universal Borel
ΓL-spectrum with a map from K(L) is exactly K ét(L)), so one would expect to be
able to read the Bott element as part of this multiplicative structure.

3.2. Real motivic homotopy theory. A recent paper by Bachmann [1] proves
that the Bousfield localization of the stable motivic category SH(S) at the map
ρ : S0 Ñ Gm picking up -1 is equivalent to sheaves of spectra over the realification5

Sr of S. This is a more refined version of the real realization x˚ : SH(S) Ñ Sp
arising for every real point x P S(R). However, for any real point x there is also a
C2-equivariant real realization x˚ : SH(S) Ñ SpC2 sending every smooth S-scheme
X to the C2-suspension spectrum of complex points Σ8

+X(C) with the Galois action.
A natural question is whether there is an enhancement of Bachmann’s functor that
takes this structure into account. In fact it can be shown, using techniques from
semialgebraic geometry, that the following is true:

Proposition 6.1. There is a colimit-preserving symmetric monoidal functor from
SH(S) to sheaves of C2-spectra over Sr sending every smooth S-variety Y to a
sheaf whose stalk at SpecR Ñ S is the suspension spectrum of the C2-space given
by the diagram of fixed points

Y (R) Ñ ReR[
?

´1]/RY (R) ý

where Re is the Weil restriction.

I do not know how to prove that this functor is in fact a Bousfield localization
(that is that its right adjoint is fully faithful), although I believe it to be the case.
It would be interesting to see how much of the stable motivic category can be
reconstructed from the topology of Xr (for example this would give rise to many
exotic elements in the Picard group). A tantalizing sign in this direction is given
by the fact that the algebraic K-theory of semialgebraic vector bundles over Xr is,
up to 2-torsion, the Witt spectrum of the scheme X ([7]).

5This is a topological space whose points are equivalence classes of maps SpecR Ñ X where
R is a real closed field
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One could also construct a “complex realification” Src, which is a topological
space with C2-action whose C2-fixed points are precisely Sr, as the space of equiv-
alence classes of maps SpecR[

?
´1] Ñ S for a suitable equivalence relation6. It

would be really interesting to see if “C2-sheaves” of C2-spectra on this space could
be embedded into the stable motivic homotopy category as a Bousfield localization.
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