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ABSTRACT
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Introduction

Let G be a finite group. The homotopy theory of topological spaces with an
action of G (where both maps and homotopies are equivariant) has provided
important applications in many parts of homotopy theory and geometry. One
important example is the seminal paper [22] by Hill, Hopkins and Ravenel,
where they solve the Kervaire invariant one problem by making essential use
of the properties of G-spectra (namely the norm functor and the slice spectral
sequence) to show that some elements in the classical Adams spectral sequence
are not permanent cycles. This shows that even if one is only interested in
nonequivariant results, the proof might require to briefly step into the equivari-
ant world. Doubtless, as time progresses many more examples will appear.

Another application of equivariant homotopy theory to “classical” phenom-
ena is in the study of algebraic K-theory. In fact, if R is a commutative ring
spectrum (for example the Eilenberg-MacLane spectrum of a commutative ring)
we can construct another commutative ring spectrum T'H H ( R) receiving a trace
map from K(R). But THH(R) has a much richer structure of K(R): it is in-
deed a cyclotomic spectrum, in particular a S 1—spectrunﬂ and this additional
structure allow us to get a more refined trace map K(R) — TC(R) which is
close to be an equivalence.

In the paper [1] it is shown that this important cyclotomic stucture can be
easily recovered from a different description of THH(R): it is simply N* 1(R)
where N5 is the norm functor, which was also one the main ingredients in [22].
It is therefore obvious that these “parametrized multiplications” are important
objects, with applications in different parts of homotopy theory.

It is thus disappointing that there is not any framework to construct and
develop the theory of norm functors and G-commutative rings similarly to how
symmetric monoidal model categories or symmetric monoidal co-categories can
be used to study commutative ring spectra. This is the reason why C. Bar-
wick, S. Glasman, E. Dotto, J. Shah and the author of this thesis decided to
start a project developing just such a framework ([7]). In doing so it became
increasingly clear that the same theorems, with the same proofs, show up not
only in the case of equivariant homotopy theory, but in many other examples,
among which the parametrized homotopy theory of May and Sigurdsson ([28])

Here by Sl-spectrum we mean relative to the orbit category of S'-orbits with finite sta-
bilizers.



and global homotopy theory ([30]).

The common generalization of all these example is an atomic orbital oco-
category (definitions and . In the case of a finite group G the corre-
sponding category is Og¢, the category of transitive G-sets (hence the name),
but there are many other co-categories that share just enough formal properties
with it to allow us to develop a fully fledged “parametrized homotopy theory”.

An important non-example of a homotopy theory not covered by orbital
oo-categories is the G-equivariant homotopy theory with respect to a complete
G-spectrum, when G is a compact Lie group. While this homotopy theory has
many features in common with the case of a finite group, there are other dif-
ferences that make our approach not working there. For example, the fact that
orbits are not self-dual anymore creates unexpected problems when one wants
to define G-commutative monoids.

The basic theory of orbital co-categories can be found in [5], [32] and [9]. For
the convenience of the reader we have summarized the most important results
in chapter [I, without proof.

When working with atomic orbital co-categories, modelling parametrized
spectra via Mackey functors becomes extremely convenient. This model has
been first suggested in [20] and then fully developed in [14] and [12], but there
is at the best of the author’s knowledge no reference when the elementary results
for G-spectra have been completely worked out in that context. Since we will
need some of them, we have decided to include in appendix @ the development
of stable equivariant homotopy theory using Mackey functors. This has the
double advantage of giving us some place to refer to and of reassuring the
perhaps uncertain reader that spectral Mackey functor are indeed as good as
orthogonal G-spectra in modelling G-spectra. We hope that, while no results
therein are original, appendix [A] can be a useful addition to the literature.

Stability

It is often said that spectra are the same as homology theories. This is strictly
speaking wrong when homology theories are interpreted as valued in graded
abelian groups, due to the presence of phantom maps. Luckily, Goodwillie
calculus provides us with an equivalence between spectra and linear functors
from finite pointed spaces to spaces (that is space-valued homology theories).
This allows us to state a universal property for the category of spectra: it is the
universal source of a linear functor to spaces ([25, Pr. 1.4.2.22]).

One would imagine that a similar statement should be true for G-spectra,
where G is a finite group. The category of G-spectra is not, however, the
universal source of linear functors to G-spaces (that would be spectral presheaves
over the orbit category of G). It has been an important insight in the solution
to the Kervaire invariant one problem by Hill, Hopkins, and Ravenel ([22]) that
in G-spectra one should ask for a stronger form of additivity: they should not
only turn coproducts into products, but also coproducts indexed by a finite G-
set into the corresponding product. This is merely a form of Atiyah duality for



finite G-sets, but a highly suggestive one.

In order to speak of indexed products and coproducts it is necessary to be
able to remember the notion of objects with an H-action for every subgroup
H of G. So we need to move from the notion of co-category to the notion of
G-oo-category, which is a presheaf of categories over O¢, the orbit category of G.
This sends G/H to the co-category of objects corresponding to the subgroup H
(e.g. H-spaces, H-spectra etc.) and encodes all the functoriality of restriction
to subgroups (corresponding to the map G/H — G/K for H C K) and of
twisting the action by conjugation (corresponding to the isomorphism of G/H
with G/gHg™! in Og). More generally, for any orbital co-category T one can
define a T-oco-category as a family of co-categories parametrized by the elements
of T. The general theory of (co)limits indexed by a T-oco-category has been
developed in [32]. The necessary results will be found in section

Once the notion of T-(co)limit has been set up, one can try to mimic
the whole theory of additive and stable oco-categories in this equivariant set-
ting. This works nicely and provides us with a universal property for the
T-oco-category of G-spectra: it is the universal recipient of a T-linear functor
from the T-co-category of finite T-spaces (cf. theorem [2.36)).

Theorem. For any T-co-category with finite T-colimits C' the T-functor Q°° :
87pT — TopT induces an equivalence

Funl"(C, @T) — Linp(C, Top,)

between the category of T-functors C — S7pT preserving finite T-colimits and
the category of T-linear T'-functors C — Top,..

This universal property is going to be one of the two crucial ingredients for
our construction of the norm, and the main motivation for this chapter.

Another important result in the same spirit is the identification of connective
spectra with group-like commutative monoids in spaces, as done in [31]. This
too has an equivariant analogue (cf. corollary . In fact it turns out that
G-commutative monoids are the same thing as product-preserving functors from
the effective Burnside category of [14]. This explains the ubiquity of Mackey
functors in equivariant homotopy theory and allows us to give an alternative
proof of [20, Th. 0.1], identifying orthogonal G-spectra with spectral Mackey
functors (see section [2.6]).

Two important predecessors of this chapter are [15] and [17]. In the first
a description of G-spectra as enriched functors from G-spaces to G-spaces is
provided for a general compact Lie group, while the second contains a charac-
terization of G-spectra as functors in term of an excisivity condition for a finite
group G. While the approach taken here is different, the intuition behind it is
very similar.

The results of this chapter can originally be found in [29].



Monoidality

We have seen that an important tool to describe T-stability is the definition of
coproducts and products indexed by a finite T-set. It is natural, therefore, to
try to define tensor products indexed by a finite T-set, that a “norm functor”
N¢:Cy — Cy for each edge e : V — V'’ in T. This has been done, in the case
of T = Og in [22], but the proof that the norm functors constructed there have
homotopical significance is very complicated and, in a certain sense, unnaturalﬂ

Norm functors are also inextricably linked to the notion of T-commutative al-
gebra, which is the spectral analogue of the notion of Tambara functor (see [33]).
Many commutative rings in G-spectra are naturally endowed with norm maps
N®R — R that represent the ability to “multiply a finite G-set of elements”.
The most famous model for G-commutative rings are the strictly commuative
rings in orthogonal G-spectra.

As for the norm, constructing a model for the category of G-commutative
ring spectra is rife with technical subtleties. For this reason we decided to
develop a notion of T-symmetric monoidal T-oco-categories, which encodes the
intuition of a family of symmetric monoidal co-categories parametrized by the
objects of T, equipped with norm functors for each edge of T. We believe that
our theory in the case T = Q¢ is fundamentally equivalent to the theory of No-
operads of Blumberg and Hill ([16]) and the theory of G-symmetric monoidal
categories of Hill and Hopkins ([21]), but we have no comparison result yet.

This chapter is dedicated to the presentation of this theory, allowing to
recover all important properties of norm functors and T-commutative rings from
the combinatorics of finite T-sets. In particular, we prove the following result

(corollary |3.28]):

Theorem. The moduli space of presentable T-symmetric monoidal structure
on the T-co-category of T-spectra where the sphere spectrum is the unit is con-
tractible.

This induces a norm functor that will automatically satisfy the properties
required to make the proof of [22] work (in particular it is a symmetric monoidal
and it is the left adjoint of the forgetful functor from G-commutative rings to
H-commutative rings). To prove the above theorem we will use an approach
similar to the one used in [25] to construct the symmetric monoidal category on
the co-category of spectra: we categorify the problem by putting a T-symmetric
monoidal structure on the T-oo-category of presentable T-oco-categories and we
study the T-commutative algebra structures on Sp’ .

One would be let to conjecture, then, that the T-co-category of T-spectra
could be constructed simply by norming up the oo-category of spectra. This is
known to be true when T' = O¢ (where it is equivalent to the statement that
G-spectra are obtained from G-spaces by inverting the regular representation).
It is the belief of the author that the statement is true in full generality, thus

2An useful insight told us by H. Miller is that proposition B.105 in [22] can be seen as a
strictification theorem, telling us that the “indexed point-set smash product” coincides, under
favorable conditions, with the “homotopically-correct indexed smash product”.



describing yet another sense in which the T-oo-category of T-spectra are canon-
ically obtained from the co-category of spectra, but we do not know a proof at
the present moment.

The generality in which these arguments have been developed here might
seem offputting, but have the advantage of allowing a wide range of applications.
For example in [3] these results allow to apply the methods of [4] to construct a
T-commutative ring structure on the K-theory of a Waldhausen T-oco-category
(which is, roughly speaking, a family of Waldhausen oco-categories parametrized
by the objects of T'). For example, when T is the category of finite separable
field extensions of a field F', this allows equip K (F') with a Gal(F')-commutative
structure.

The results of this chapter can be originally found in [6] and [13].
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Chapter 1

The yoga of orbital
oo-categories

In this chapter we will rapidly survey the basic theory of orbital co-categories,
as developed in [5], [32] and [9]. Many of these results are directly inspired by
analogues in equivariant homotopy theory, but the ability of treating very dif-
ferent cases with a unified formalism will be useful. For example the definition
of distributive functor (Df. is greatly simplified by using the same language
for talking about T-spaces and local systems of T-spaces.

1.1 Elmendorf theorem and orbital co-categories

The story begins with the following theorem by Elmendorf

Theorem 1.1. Let G be a finite grou;ﬂ and Topg be the co-category associated
to the simplicial model category of genuine G-spaces. Then the inclusion of the
orbits Og — Topg induces an equivalence

Topg — Fun(Og, Top) .

So we can identify G-spaces with presheaves over the orbit category of G.
Starting from this, it is possible to develop stable equivariant homotopy theory
using only the combinatorial properties of Og. An important result in this di-
rection is the Guillou-May theorem ([20, Th. 0.1]), stating that the co-category
of G-spectra (modelled e.g. by orthogonal G-spectra) is equivalent to the cate-
gory of spectral Mackey functors for G.

From this one could expect that the theory of G-spectra can be applied to
any category with properties similar enough to those of Og. This is indeed the
case.

11t is worth noting that the theorem is also true in the more general case of a compact Lie
group, although we are never going to use this fact.



Definition 1.2. Let T be a small co-category and let Fr denote its finite
coproduct completion, that is the subcategory of Fun(T°P, Top) spanned by finite
coproducts of representables. We will sometimes call Fp the co-category of finite
T-sets, since when T = Og Fr is equivalent to the category Fg of finite G-sets.
We say that T is orbital if Fr has all pullbacks and cartesian orbital if Fr
has all finite limits.

There are many examples of orbital co-categories, including some categories
playing important roles in homotopy theory.

Example 1.3. e If G is a profinite group, the category of transitive finite
G-sets is cartesian orbital;

o If G is a Lie group, the co-category of the transitive G-spaces with finite
stabilizers is orbital (but it is cartesian if and only if G is a finite group).

e As a special case of the previous ezample when G = S', the cyclonic
oo-category of [10] is orbital, but not cartesian.

o Let X be a space, seen as an co-groupoid. Then X is an orbital co-category
(but it is not cartesian orbital if X is not contractible). We will see that
parametrized homotopy theory with respect to X is exactly parametrized
homotopy theory in the sense of [2§].

e Combining two previous examples, let X : OF — Top be a G-space, where
G is a finite group. Then the co-category of points X (that is the total
category of the right fibration classified by X ) is orbital. More generally,
if U = T is a right fibration where T is an orbital co-category, then U is
also an orbital co-category.

e For a more exotic example, the category F, of finite sets and surjections
is cartesian orbital. The main result of [19] shows that parametrized
homotopy theory with respect to ¥ is strictly interrelated to the homotopy
theory of Taylor towers of functors from spectra.

Inspired by Elmendorf’s theorem we define a T-space as a presheaf of spaces
over T'. We will denote the co-category of T-spaces with Top,. But we will go
a step further. We say that a T-oco-category is a cocartesian fibration over T°P
p: C — T°P. That is, for every t € T we have a category C; and for every edge
e:t —t' in T we have a restriction functor res, : Cpx — C;. When there is no
possible ambiguity, I will denote the restriction functor by res!,.

Example 1.4. Let G be a finite group. Then a Og-0o-category (or G-oo-category
for short) is the datum of

e For each subgroup H < G a category Cy;

o For each inclusion of subgroups H' < H, a restriction functor res, :
Cy — CH/,‘

10



e For each g € G and each subgroup H < G a conjugation map c4 : Cg —
C

gH971 .

And resg/ and cq are required to satisfy the relations that come from identifying
them as arrows in the orbit category. For example the presheaf

G/H — Topy

form a G-oco-category that we will call the G-0o-category of G-spaces and that
we will denote TopG. Similarly for pointed G-spaces, G-sets and G-spectra, that

we will denote by TopG " F. and @G respectively.

In fact, as we will see, there are analogues of all the categories in the example
for any orbital co-category T

Example 1.5. Let X : T°? — Top be a T-space. Then the associated left
fibration is a T-oo-category, that we will call the category of points of X. We
will often denote it with a bold version of the name of the space (in this case
X). It will used mainly when X is a finite T-set (that is a T-space which is a
finite coproduct of orbits).

If C is a T-oo-category and e : V' — V' an arrow in T, we will denote the
pushforward functor e : Cy» — Cy by res, or resY, when there is no ambiguity.

1.2 Constructions on T-oco-categories

If C, D are two T-oco-categories, we will say that a T-functor is a map C' —
D of cocartesian fibrations, that is a map of simplicial sets over T°P sending
cocartesian arrows to cocartesian arrows. The oco-category of T-functors will be
denoted by Funy(C, D). Moreover the co-category Cat r has finite products,
given by the fiber product over T°P.

Theorem 1.6. The oo-category of T-oco-categories is cartesian closed, that is
for any pair of T-oco-categories C, D there is a T-0o-category Fun,.(C, D) such
that

Funy (E,Fun,(C, D)) = Fung(E Xgep C, D)

Many other construction from oco-category theory can be carried on in this
more general setting. We will need only three more of them: the fiberwise
opposite category, the relative join and the relative slice category.

Definition 1.7. Let C' be a T-oo-category. Then the fiberwise opposite is the
cocartesian fibration CV°P — T°P obtained by applying the construction of [11)
to the cartesian fibration C°P — T.

Definition 1.8. Let C, D two simplicial sets over T°P. Then the relative join
C x1 D is the simplicial set over A' x T°P such that

Homygey/atxror (K, Cxr D) = Homgger/oar xror (K X a1 xor QAT x TP, C11D) .

If C, D are T-oo-categories, so is C *p D.

11



Definition 1.9. Let C' be a T-co-category and ¢ : T°? — C' be a cocartesian
section (that is a T-functor from TP to C). Then the slice T-oo-category C).,.
is the simplicial set over T°P such that

Homssct/Top (K7 C/TC) = HOmSSCt/Top (K *T TOP, C) .
and similarly for C.,,.. Both C.;, and C,,. are T-oco-categories.

Definition 1.10. Let C be an co-category. Then the T-co-category of T-objects
is the cocartesian fibration p : Cp — T°P defined by

Homgget /7o (K, Cp) = Hom(K Xper Fun(A', T°P), C).

It is the T-oo-category that sends t € T to the oo-category Fun(Ty,C). In
particular the T-0o-category of small T'-0o-categories is just Cat,, .

Example 1.11. Since taking the fiber over eH induces an equivalence (Og),q/m =
Oy, we see that both definition we gave of TopG coincide.

The T-oo-category of T-objects has a very convenient universal property:

Theorem 1.12. Let C' be a T-co-category and D be an co-category. Then there
s a canonical equivalence

Fungy(C, Dy) = Fun(C, D).

In particular by the straightening-unstraightening theorem we have that the oco-
category of T-functors from C to Cat, r is equivalent to the co-category of
cocartesian fibrations over C'.

Proof. See theorem 7.8 in [5]. O

1.3 Relative limits and colimits

Definition 1.13. A T-adjunction between two T-oco-categories C' and D is an
adjunction FG : C < D between the two total categories such that F' and G are
T-functors (that is they send cocartesian arrows to cocartesian arrows) and unit
and counit lie above the identity natural transformation of the identity functor
on T. This is the same thing as a relative adjunction in the sense of [25,
Sec. 7.8.2] such that both functors are T-functors. Note that the left adjoint in
a relative adjunction is is automatically a T-functor, but this is not true for the
right adjoint.

Definition 1.14. Let C be a full T-subcategory of D. If the inclusion C C D
has a left T-adjoint, we say that C is a reflective subcategory of D. The left
T-adjoint Le : D — C is called the localization onto C and arrows that are sent
to equivalences by Lc are called C-equivalences or Lo -equivalences.

12



Definition 1.15. Precomposition with the structure map C — T°P induces a
diagonal T -functor

A: D = Fun, (T, D) — Fun,(C, D).

When this T-functor has a left T-adjoint we say that D has all C-indezed
T-colimits. Similarly, if it has a right T-adjoint we say that D has all C-indezed
T-limits. If a T-co-category D has all C-indexed T-colimits (respectively T-
limits) for every small T-category C we say that D is T-cocomplete (respectively
T-complete).

A T-colimit indexed by a T-category of the form pry : K x T°P — T°P for
K an oo-category is called a fiberwise T-colimit. A T-colimit indexed by the
category of points of a finite T-set (e:mmple 1s called a finite T-coproduct.
A T-co-category is said to be pointed if it has both a T-initial and a T-terminal
object (that are cocartesian sections of the structure map that fiberwise select the
initial and the terminal object respectively) and the canonical comparison map
s an equivalence.

The following proposition summarizes the results on 7-(co)limits from [32]
that will be needed in this paper.

Proposition 1.16. Let C' be a T-oo-category.

e C has all T-colimits indexed by K x T°P if and only if for every b € T the
fiber Cy has all colimits indexed by K and for every edge e : b — b inT
the pushforward functor res, : Cyp — Cy preserves colimits indexed by K.

o C has all (finite) T-coproducts if and only if the following two conditions
are satisfied

1. for every b € T the fiber Cy has all (finite) coproducts and for every
edge e : b — b’ the pushforward res. preserves (finite) coproducts;

2. For every edge e : b — bV the pushforward res, has a left adjoint
L. satisfying the Beck-Chevalley condition: for every pair of edges
e:b—=b and e : bV — b the canonical base change natural trans-
formation of functors from Cyr to Cy

ws. [[-  I1 Ilres
e/

0€0rbit(bx,/b"") PT1

is an equivalence, where pri : o — b and pry : 0o — b are the
restrictions to o of the two projections from b Xy b”.

o C has all T-colimits if and only if it has all fiberwise colimits and all finite
T'-coproducts.

Similar statements hold for T-limits. When T-products exist the right adjoint
of res. will be denoted by [],.

13



Proof. See [32]. O

Example 1.17. Let Cp be a T-co-category of T-objects @ Then the
diagonal functor

Fun(7T°?,C) = Funy(T°?,Cr) — Funyp(I,Cr) = Fun(Z, C)

is just precomposition by I — T°P. Hence, we can compute T-colimits (resp.
T-limits) just via the ordinary left (resp. right) Kan extension. It is instructive
to check that in categories of T-objects T -coproducts and T-products behave as
expected.

Definition 1.18. There is also a notion of T-Kan extension, defined exactly
as for the T-(co)limit: if we have a T-functor j : I — J there is a T-functor
induced by precomposition with j:

j* : Fun,(J, D) = Fun, (1, D).

If 7% has a left T-adjoint we denote it by jiy and call it the left T-Kan extension
along j. Similarly, when j* has a right T-adjoint we call it the right T-Kan
extension j,.

The T-Kan extensions behave exactly as one would expect from the theory
of ordinary Kan extensions.

Proposition 1.19. Let C' be a T-oco-category with all T-colimits. Then for
every map of small T-oco-categories j: I — I' the left Kan extension along j

gi: Funy(1,C) — Fun,(I',C)
exists. Moreover for each F € Funy(I,C) the value of jiF ati € I is given by
the T, -colimit
JF(i) = T/t—COIim (I/t X[;t (I;t)/T/ti — I}t — C/t)
where 1y, I;t and C, are the base change of I, I' and C' along (T;)°P — T°P.
Similarly for T-limits and the right Kan extension j.
Proof. See [32). O

Notation 1.20. A T-functor is said to be fiberwise left exact, T-left exact,
fiberwise right exact, T-right exact if it preserves finite fiberwise limits, finite
T-limits, finite fiberwise colimits and finite T-colimits respectively. We will
denote the full T-co-subcategories of Funy(C, D) preserving certain (co)limits
will be denoted as in the following list:
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e Funl~'*(C, D): finite T-colimits;
@#_IGX(C,D): finite fiberwise colimits;
Fun(C, D): finite T-coproducts;
Funl"(C,D):  finite T-limits;
Funl’™™(C,D):  finite fiberwise limits;

e Funy (C,D): finite T-products;
e Fun%(C, D): all T-colimits;
« Funf(C, D): all T-limits.

1.4 The Yoneda embedding and
presentable T-co-categories

Let C be a small T-oco-category. Then the T-oo-category of presheaves is
Pr(C) = Funy (CV°?, Top, )
There is a T-functor j : C' — Pp(C) adjoint to the standard pairing of [11]
C Xpop CV°P — Top
that we call the Yoneda embedding.

Proposition 1.21. The Yoneda embedding is fully faithful. Moreover the left T -
Kan extension j1j of the Yoneda embedding along itself is the identity of Pr(C).
Finally, precomposition by the Yoneda embedding induces an equivalence for all
cocomplete T-co-categories D

§* : Funk(Prp(C), D) = Fung(C, D).
Proof. See [32). O

Let F': C'— D be a T-functor between T-cocomplete T-oco-categories. Then
we say that T is accessible if it preserves all k-filtered fiberwise colimits for
some regular cardinal k. A T-co-category C' is presentable if it is equivalent to
an accessible localization of a presheaf category. That is, there is a fully faithful
T-functor C — Pr(Cy), for some small Cy, that has an accessible left T-adjoint.
If C' is presentable it is T-complete and T-cocomplete, and for all V' € T the
fiber Cy is presentable.

Let S C C be a small T-subcategory of C. Then an S-local object is an
object x € Cy such that for every W € Ty the functor

Mapcw(—,rest‘//‘/ z) : Oy — Top

sends all morphisms of Sy to equivalences. We will denote the T-subcategory
of S-local objects by LgC. If C is presentable, it is an accessible localization
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of C' and so in particular it is presentable. Then we can express presentable
T-oo-categories as those that admit a small presentation by generator and rela-
tions:

Proposition 1.22. Let C' be a presentable T-co-category. Then there is a
small T-co-category Coy and a small T-subcategory S C Pr(Cy) such that C' is
equivalent to the T-subcategory of S-local objects in Pr(Cy).

Proof. See [32]. O
Finally we will need a universal property of LgC.

Proposition 1.23. Let C, D be presentable T-0o-categories and S C C' a small
T-subcategory. Then the functor

Funk(LsC, D) — Funk(C, D)

given by precomposition with Lg is fully faithful with essential image those
functors sending every arrow in S to a cocartesian arrow.

Proof. See [32]. O
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Chapter 2

Parametrized additivity and
parametrized stability

In this chapter we will explain the important notion of T-stability (defini-
tion . This will allow us to describe spectral Mackey functors as the
universal T-stable category. Important applications of this property will be
a construction of the Guillou-May comparison map between spectral Mackey
functors and orthogonal G-spectra (theorem and the construction of norm
functors (proposition [3.27)).

The results of this chapter originally appeared in [29].

2.1 Fiberwise stability

Recollection 2.1. Recall that if C' is an oco-category with finite colimits and
D is an co-category with finite limits a functor F : C'— D is called linear if it
sends the initial object of C to the terminal object of D and pushout squares in
C' to pullback squares in D (this functors are called pointed excisive in [25]).
In [23, Pr. 1.4.2.15] it is proven that a pointed functor is linear if and only if
the natural transformation F — QFY is an equivalence. The full subcategory
of Fun(C, D) spanned by linear functors is denoted Lin(C, D).

Definition 2.2. Let C,D T-co-categories and assume that C has all finite
fiberwise colimits and D has all finite fiberwise limits. We say that a T-functor
F : C — D is fiberwise linear if the restriction on the fiber Fy : C, — Dy is
linear for every b € T. We denote the full T-subcategory of Fun,(C, D) spanned
by fiberwise linear functors with Ling(C, D).

First we want to show that, if C' is T-pointed, Liny(C, D) is a localization of
the subcategory Funy . (C, D) of functors sending the zero object to the terminal
object in each fiber. To do so we introduce two additional functors X : C — C
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and Qp : D — D which are the pushout (respectively pullback) of the diagrams

ido — * *
l and l
* * —— idp

Since fiberwise linearity can be checked fiberwise it is clear that a functor F' €
Funy . (C, D) is in Lin(C, D) if and only if the canonical map F — QpFYp is
an equivalence.

Lemma 2.3. Suppose that C is a pointed T-category. Then the oco-category
Ling(C, D) is stable.

Proof. Tt is clear that Ling(C, D) has finite limits and that it is pointed. If
we show that (2 is an equivalence we are done by proposition 1.4.2.24 of [25].
But Q is just postcomposition with Q27 : D — D and then it is obvious that
precomposition with X : C' — C' is an inverse. O

Definition 2.4. We say that a T-co-category D with all finite fiberwise limits
and colimits is fiberwise stable if all fibers Dy are stable.

Construction 2.5. If C' is a T-co-category we want to construct a fiberwise
stabilization, that is the universal source of a fiberwise linear T'-functor to C'.
Let £(D) be the simplicial set over TP such that

Hom /7or (K, (D)) = Hom pen (K x Top!™, D)

(this is an instance of the pairing construction of [24, Cor. 3.2.2.13]). The fiber
over b € TP is the category Fun(Top!™, Dy).

We let SQT(D) be the simplicial subset of E(D) consisting of all simplices
whose vertices are linear functors Top*m — Dy. This is the same simplicial set
denoted by Stab(D) in [25, Cn. 6.2.2.2]. It comes equipped with a natural map
of simplicial sets Q°° : SQT(D) — D over T°P that on vertices is evaluation at

SO,

Proposition 2.6. The map Sp (D) — T°P is a fiberwise stable T-co-category.
Moreover the natural functor Q> Sp (D) — D is a fiberwise left exact T-
functor and for every pointed T-0co- category C with finite T-colimits the induced
map
Fun/’~**(C, 8p,,(D)) — Ling(C, D)

s an equivalence of categories.

Proof. From [24, Cor. 3.2.2.13] it follows immediately that £(D) is a cocartesian
fibration whose cocartesian edges are those maps (A!)* x (Top!™)” — D that
are marked. So to prove that Sp (D) — T°P is a cocartesian fibration we
need only to prove that it contams all cocartesian edges whose source is in it
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(that is, that Sp (D) is closed under pushforward). But, by our description of
cocartesian edges the pushforward functor along an edge e : b — b of £ is given
by

(rese)« : E = Fun(Top!™, Dy) — &, = Fun(Top!™, Dy),

that is postcomposition with the pushforward in D. Since the pushforward in
D preserves finite limits by definition, (res.). preserves linear functors and so
Sp,, (D) is a T-oco-category.

Note that the fiber of Sp,, (D) over b € T is exactly the stabilization of the
fiber D and that the pubhforward functors between fibers of Sp (D) are the
functors induced by the pushforward between the fibers of D. So th the cocartesian
fibration Sp,. (D) has all finite fiberwise limits and colimits and is fiberwise
stable. Moreover the functor SpT( ) — D is a T-functor preserving T-limits.

Finally let us prove the universal property. Since the fibers of

Funf’~'*(C, Sp,,.(D)) and Liny(C, D)
over b € T are
Funﬂ/) leX(C X op Tbo/p’ SjT/b (D X Top T;/p)) and LinT/b (C X Top T;/p, D X Top Tl:)/p)

respectively, up to replacing T' by its slice Ty, it is enough to prove that the
functor

(Q%), : Fun}’~'(C, Sp,.(D)) — Ling(C, D)

is an equivalence of categories (since being an equivalence can be checked on ev-
ery fiber). Observe that ]F‘um%;b_lex(C7 Sp,.(D)) and Sp(Ling(C, D)) are the same

subcategory of Funy (C x Top/™™, D), because both are spanned by the functors

F : CxToph™ — D whose restriction to Cj, x Top™ lie in Fun'®®(Cy, Sp(Dy)) =
Sp(Lln(Cb7 Dy)) for any b € T. Then the thesis is obvious because Lin(Cy, D)
is stable. O

2.2 Categories of finite T-sets

Definition 2.7. An orbital oco-category T is atomic if there are no nontrivial
retracts, that is if every map with a left inverse is an equivalence. All the
ezamples of orbital co-categories in example [I.3 are atomic. For the remainder
of this chapter, T will be a fixed atomic orbital category. We will now construct
T-co-categories of finite T-sets that will be used to parametrize the various
multiplications composing the structure of a T-commutative monoid.

Definition 2.8. We want to construct the T-category classified by the func-
tor T" — Cate sending V to Fr,, . We contemplate the arrow oo-category
Fun(Al, Fr) of the co-category Fr of finite T-sets. Since Fr admits all pull-
backs, the target functor

Fun(AY, F7) — Fun({1},F7) 2 Fr
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s a cartesian fibration. We may pull it back along the fully faithful inclusion
T — Frp to obtain a cartesian fibration

T: Fun(AI,FT) XFun({l},FT) T—1T.

It is classified by the functor T°P — Cat, that carries an orbit V to the oco-
category Fr,, .
We now write
p: Ep — T°P

for the dual cocartesian fibration TV (constructed in [I1]) to the cartesian fibra-
tion 7. This is now a T-oo-category, called the T-co-category of finite T-sets,
and once again it is classified by the functor T°P — Caty, that carries an orbit
V' to the merve of the oo-category Fr,, . Its objects are arrows I = [U — V]
with U € Fp and V € T and an arrow [U — V] — [U" — V'] is a diagram

U—W —U

[

VeV =V

where the left square is cartesian. Composition is then defined by forming
sugtable pullbacks. The target functor

U—-=V]—V
is the structure map p: Ep — T°P.

Example 2.9. If T = Og is the orbit category of a profinite group G, then
F. — OF is the cocartesian fibration classified by the functor sending an orbit
G/H to the category of finite H-sets (under the canonical identification that
sends a finite G-set over G/H to the fiber over eH ).

Example 2.10. Suppose V is an object of T'. Then there is an object
I(V)=[id: V = V]

of ., which enjoys the following property. For any object J = [g: X — Y] of
F ., one has an equivalence

Mapg (J,I(V)) = Map,(V,Y).

In particular, the assignment V — I(V) defines a fully faithful right adjoint to
the structure map p: Ep — T°P.

In what follows it will be convenient to have at our disposal more general
categories whose objects are finite T-sets. They will be all more easily manip-
ulated as subcategories of the Burnside category of finite T-sets. The latter is
the dual version of the main construction in [8], but we will repeat it here both
because of its simplicity and because we will need to use some details in our
main results.
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Construction 2.11. Let again us consider the cartesian fibration
T: ST := FHH(AI,FT) XFun({l},FT) T—T1T.

It is also, for much easier reasons, a cocartesian fibration.

With this in mind, we now proceed to define triple structures on these oco-
categories. Denote by (T C T the subcategory consisting of the equivalences of
T. Then we can contemplate the triple structures

(T, LT, T) and (ST, St X LT, ST)

It is a simple matter to see that these triple structures are adequate in the sense of
|14, Df. 5.2]. We may therefore construct their effective Burnside oco-categories,
and the projection induces a functor

t': AM(Sp, Sp xp 1T, St) — AT, T, T).

An object of A (St, St x7 T, S7) is a morphism [U — V] of finite T-sets
in which Ve T. If

I=[U=V] and J=[X Y]

are two objects, then a morphism I — J of A (S, Sy x 1T, St) is a commu-
tative diagram

in which the morphism Z =Y is an equivalence in T.

Lemma 2.12. The functor t' above is both a cartesian and a cocartesian fibra-
tion. Furthermore, any morphism of A*®(Sy, Sy x1 (T, St) represented as a
commutative diagram

18
o t'-cartesian if the morphisms W = U and W = X are equivalences;
o t'-cocartesian if the left square is cartesian and = WX is an equivalence.

Proof. This follows immediately from (the opposite of) the “omnibus theorem”
for effective Burnside oo-categories [14, Th. 12.2]. O
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Definition 2.13. We have an inclusion TP — A®(T T, T), which is a weak
equivalence. Write

AT == A(Sp, St X7 LT, Sr) X pcte(r,.1) T

the projection Aeff(T) — A (S, Sy x 71T, St) is thus an equivalence, and the
projection
t: AN(T) — T°P

is a cartesian and cocartesian fibration, so it is a T-0o-category.
It is classified by the functor sending V. € T to the Burnside category
AEff(FT/V)-

Note that F is naturally a T-subcategory of AEH(T), consisting of all objects
and all morphisms such that the left square is cartesian. This is the analogue
of the classical inclusion of the category F of finite sets inside the Burnside
category of finite sets A°®(F) by considering only the egressive maps.

This can be extended to an inclusion of pointed finite sets F, inside A (F)
as the subcategory containing all objects and as maps the spans [I « I — I']
such that the “left leg” is an inclusion (f under this identification corresponds
to the preimage of I’ under the map I, — I’ so that we can identify F, with
the category of finite sets and partially defined maps. It will be convenient for
us to turn this into the definition of finite pointed T-sets.

Definition 2.14. We’ll say that a map U — U’ of finite T-sets is a summand
inclusion if there is U"” — U’ such that the map ULLU" — U’ is an equivalence.

Consider the subcategory of A (T) containing all objects and whose mor-
phisms are those diagrams

Ue—1U—1U'

L]

VeV =V

such that the arrow U — U xv V' is a summand inclusion (this is a condition
of the left square of the diagram and does not depend on the particular choice
of pullback U xy V'). This subcategory contains all cocartesian morphisms of
Aeff(T) — T°P and so it is a T-subcategory. We will call it the T-oco-category
of finite pointed T-sets and denote it by Fr .

An edge of Er , is inert if the map U — U’ in the above diagram is an
equivalence.

Notation 2.15. We will often decorate an object I = [U — V] of Ep, with a
subscript +, to remind ourselves that we see it as living in Fr , rather than of
F, or A(T). The + does not have any real meaning (in our construction there
are no “basepoints”) and it is only a mnemonic aid. The canonical inclusion
Fr — FEr, will be indicated by (—)4: I+ 1.
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Lemma 2.16. The cocartesian fibration Fp , — TP is classified by the functor
sending V' to the category of pointed objects in (Fr)y,.

Moreover the canonical inclusion (—)1: Ep — Fr, has a right T-adjoint
sending [U = V] to ULV — V].

Proof. The fiber of F , over V' consists in the Burnside category of Fr,, where
the egressive morphisms are the summand-inclusions. We can identify this with
the category of pointed objects by sending a span

Ue«U—=U
where U = U II W to the map
vnv —-uv'nv

where the central map is UIIV = UILI(W V) — U'ILV, given by U — U’ on
the first component and the structure map to V on the second component.
Now it is clear that the functor

ULV = V] ULV = V]

is the right adjoint to the inclusion of Fr,, into pointed objects. So in order
to have a T-adjunction we need only to verify that the right adjoint provided
by [25, Pr. 7.3.2.6] is a T-functor, but this follows from the universality of finite
coproducts in Fr and the fact that coproducts therein are disjoint. O

2.3 T-semiadditive functors and 7T-semiadditive
categories

Notation 2.17. Let I = [U — V] € Fp and W € Orbit(U), then the canonical
map W — U xy W must be a summand-inclusion, since it factors through an
unique orbit, of which W is a retract. So we can define the characteristic map

xweoy: Iy = I(W)4

(where I1(W) is the construction of example as the map of pointed finite
T-sets described by the following diagram

U—W=—=W

[ ]

Vee—W=—Ww

Note that this map is in Fr, due to the fact that, thanks to the atomicity of
T, the map W — U xy W is a summand inclusion, since the orbit it factors
through retracts onto W.
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Construction 2.18. Let C be a pointed T -oco-category with all finite T'-coproducts,
I=[U—>V]eF; and X € Funp(U,C) be a diagram. Then there is a map
induced on the colimits

(Xpwecu)« : Tesw v HX = Xwcu] -
7

above xjwcu), where []; is the left adjoint to Ay : Cy = Funp(V,C) —
Funy (U, C) and Xywcy) is the value of X at [W C U] € U. We can describe
it as follows: by the base change condition in proposition [I.16] we have

res‘v}/HX% H resh VW X
1 [UxvW/W]

As before, the atomicity of T implies that we can write
Uxy W=WIIU

where W on the right hand side is the diagonal copy. Hence

I'QSW/VHX = X[W%U] II H X.
I [U—U]

So we can define a map

(Xwcv))« : Tesw v HX — Xwcuy)
7

which is the identity on the first summand and the zero map on the other.
If D is a T-oco-category with finite T-products and F : C — D a T-functor
we will denote by (xjwcu))« also the natural transformation

F (L[X) - [ Fx)

w/v

obtained by adjunction on F(xiwcu))«, where HW/V is the right adjoint of
restV .

Definition 2.19. Let C be a pointed T-co-category with all finite T-coproducts
and D a T-co-category with all finite T-products. Then a T-functor F': C' — D
is said to be T-semiadditive if for every I = [U — V] € Fp and X € Funp(U, C)
the map

II Gaweops: F (HX> = I Il F&weo) =][FX)

W €Orbit(U) WeOrbit(U) W)V
(2.1)
is an equivalence. We will denote the T-oco-category of all T-semiadditive
T-functors with Fun® (C, D).
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We say that a pointed T-co-category with all finite T-products and T -coproducts
1s T-semiadditive if the identity functor is T-semiadditive. That is, if the map

[Ix-1Ix (2.2)
I I

is an equivalence for every I-uple X.

It is clear that if F': C' — D preserves finite T-coproducts and G : D — E
is T-semiadditive then the composition GF is T-semiadditive. Similarly if F' is
T-semiadditive and G preserves finite T-products.

Example 2.20. Let C be a pointed T-co-category with all finite T-coproducts
and D an oco-category with all finite products. Then the category of T-objects
D has all finite T-products and a T-functor C — Dy is T-semiadditive if and
only if the associated functor F : C — D is such that for every [U — V] € Frp

the map
r (HX) — H F(Xmwecuw)

W e Orbit(U)

is an equivalence. In particular if D is semiadditive (i.e. it has biproducts),
then Dp is T-semiadditive.

Example 2.21. The T-oo-category A®(T) is T-semiadditive. In fact every
fiber is semiadditive by proposition 4.3 of [1])], so it is sufficient to observe that
for any arrow W — V in T the functor

ves)) : AM(T)y) — A (T)w)
has well behaved left and right adjoints and the canonical comparison map is an
equivalence, with the same proof as .

Construction 2.22. Let C be a pointed T-oo-category with finite T-products.
Then if I = [U — V] € FT and X : U — C, let us consider for every
W € Orbit(U) the map of Cy

w/v I I
This can be described as the adjoint to the map in the fiber over W
Xweu) — resy HX = H H Xw—ul,
Iw W’ e€Orbit(Uxv W) W' /W

given by the identity map Xw — HW,/W Xw when W' is the diagonal copy W
in U xy W and the zero map on the other components.

Then C being T-semiadditive is equivalent to the fact that {nw }wecorbit()
assemble to an equivalence

[Tx= I I *ween 222 x.
I

W eOrbit(U) W/V I
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The previous remark immediately yields the following criterion for deter-
mining when a category is T-semiadditive

Lemma 2.23. Let C be a pointed T-co-category with finite products and suppose
that for every I = [U — V] € FT there is a natural transformation

,uI:HAX—>X
I

of functors Cy — Cy, where A : Cy — Funp(U, C) is the functor of definition
such that for every W € Orbit(U) the composition

uI oNwcy] : H res{//VX —- X
WV

is homotopic to the counit of the adjunction HW/V . res{/,v. Then C is T-
semiadditive.

Proof. We need to prove that for every [U — V] € F, X € Funy(U,C) and
Y € Cy, the map

H (mwcu))” : Mapg,, (H X, Y> — H Mapg,, H XwecvpY
i

W €Orbit(U) W €Orbit(U) w/v

is an equivalence. But using the ! we can construct an inverse

(:u{’)* © H : H Mapcv H X[WQU]a Y|= MapFun(U,C) (Xa AY) —
I W eOrbit(U) w/v

— Mapg,, <H X, 11 AI) — Mapg,, (H X, Y) .
I I I

O

Proposition 2.24. If C is a pointed T-oco-category with finite T -coproducts and
D is a T-co-category with finite T-products then Fun® (C, D) is T-semiadditive

Proof. First let us note that by I to be empty in every T-semiadditive
functor must send the zero object of C' to the terminal object of D. Then for
any additive functor F' the left T-Kan extension of the restriction to the zero
object of C' is the constant functor at the terminal object, since the T-colimit
of a constant functor at the zero object is the zero object. So, if i : {0} C C' is
the inclusion of the zero object

Mapy,,e (+, ') = Map(iy(F|o), ') = Map(Fo, Flo) = *

Hence the constant functor at the terminal object is the zero object of Fun$ (C, D).
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Then we need to prove that Funé‘,?(C’7 D) satisfies the hypothesis of the pre-
vious lemma. But this is easy: for F' a T-semiadditive T-functor remember that
(II; F)(—) = F(I1; —) so we can choose

o)) o

given by precomposition with the canonical map idc — []; provided by the
universal property of the coproduct of C. Since the required identites are easily
verified we are done. O

Definition 2.25. Let C' be a T-oo-category with finite products. Then a T'-
commutative monoid is a T-semiadditive functor F , — C'. We will indicate the
T-0co-category of T-commutative monoids in C' with CMonT(C’). Precomposition
with the cocartesian section I(—)y : TP — Fr, induces a T-functor

CMon,(C) = C'.

In order to prove the universal property of CMon,.(C) we will need the
following lemma

Lemma 2.26. Let C be a pointed T-oco-category with finite T'-coproducts. Then
the map
Fun%(ET’*, c)—C

given by precomposition with I(—)4 is an equivalence

Proof. We can construct an inverse by sending every ¢ € Cy to the left Kan
extension of its cocartesian section V.— C along I(—)4 : T°? — Er . O

Proposition 2.27. Let C be a T-0o-category with finite T-products. The func-
tor
CMon,(C) — C'.

induced by precomposition with the cocartesian section I(—); : T — FTL is an
equivalence if and only if C is T-semiadditive.

Proof. If the map is an equivalence then C' is T-semiadditive, since CMon,.(C)
is. Vice versa if C is T-semiadditive then

CMon,(C) = m%(ET,*v C)= Mg (ET,*a C)—C
is an equivalence by lemma [2.26 O

Corollary 2.28. Let C be a T-oco-category with finite T-products and D a
pointed T-co-category with finite T-coproducts. Then the map

Fun’? (D, CMon,(C)) — FunZ (D, C)

is an equivalence of categories.
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Proof. Observe that
Fun} (D, CMon,(C)) = Funf (D, CMon,(C)) = CMon,(Fun$ (D, C))

where the first equivalence comes from the T-semiadditivity of CMon,.(C).
Since Fun? (D, C) is T-semiadditive the thesis follows by the previous proposi-
tion. O

2.4 T-commutative monoids and Mackey func-
tors

The notion of T-commutative monoid, while being the natural generalization of
I'-space to the parametrized setting, might seem abstract and difficult to work
with. The aim of this section is that in fact T-commutative monoids are just
objects very familiar in equivariant homotopy theory: Mackey functors.

Lemma 2.29. Let Fi”T be the T-subcategory of Er , containing all objects and
all the maps represented by spans in St

J gy gy

where the right arrow is an equivalence. Then a functor M : Fp, — Top is
a T-commutative monoid if and only if its restriction to L?T is a right Kan
extension along I(—)4: T°P — FT.

Proof. Obvious from the limit description of right Kan extensions (see [24]
Pr. 4.3.2.15]). O

Lemma 2.30. The inclusion j :ET7* — Aeff(T) is a T-commutative monoid.

Proof. Clear from the fact that Fp, contains all T-coproduct diagrams of
A°™(T) and example O

Lemma 2.31. Let C be an co-category and let E, F, D subcategories of C such
that (C, E, D) and (C, E, F) are adequate triples in the sense of [14|]. Consider
the diagram of categories

A(C, B, D) —— A°(C, B, D)

s 3

A(C B, F) s A0, E, F)

Then if a right Kan extension along g' exists so does the right Kan extension
along ¢’ and the natural transformation

g = g.f*

s an equivalence.
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Proof. Let us fix I € C. We need to prove that the functor
AN(C,LE, D)X pers (0,1, 7y A (CLLE, F) 1) — A™N(C, E, D)X gett (0., 1) AN(C, E, F)
is coinitial. This is equivalent to the fact that for every J € C' with a map from

I the category

eff eff
(A (C, LE, D) XAeff(C}LE,F) A fl (07 LE, F)I/) X (Acff(caEyD)XAeff(c 5 F)ACff(C7E7F)I/)

(A°(C, E, D) % gex(0. 1) A (C, E, F) 1)) /g
is weakly contractible. Let us start naming names. We have a fixed map I — J
in A°(C, E, F). This correspond to a span

1E 75 g,

where we decorate every arrow with the subcategory it lives in. Now an object
of our category is T' € T together with an arrow in A*®(C,.E, F) from I and
an arrow in A°®(C, E, D) to J. These correspond to spans

1E 7 Ep and TETE .

The last piece of data needed is an homotopy of their composition with the
given map I — J, that is a diagram

N— <,
N
o]

o]
'ﬂ?ﬂl%k

<

1

s
F

where the central square is cartesian. But this is equivalent to the map J=>T
being an equivalence. Summing up, an object of our category is a factorization
of J» 1T

VR Y
Moreover a similar analysis on higher simplices shows that this is the opposite
of the category of factorizations. It is easy to see that J —» J — I is a terminal
object for this category, which is then weakly contractible. O

Theorem 2.32. Let C be a T-co-category with finite T-limits. Precomposition
with the inclusion j : Ep , — A™(T) induces an equivalence

Funs (A°(T), C) = CMon,(C) .
We denote the category on the left hand side by MackT(C) and call it the
T-oo-category of T-Mackey functors valued in C'.
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Proof. Let Psh,(C) be the T-presheaf T-oco-category of C. Then, by the full
faithfulness of the T-Yoneda embedding (see [5, Th. 10.4]) we have a pullback
square

Funy (A7), 0) CMon(C)

|

CMon,(Psh,.C)

Fun; (CvomFun; (A (T), TopT)> s Fun, (CVOP, CMonT(TOpT))

Funj (A°(T), Pshy(C))

where CV°P is the fiberwise opposite of [11], so it is enough to show the thesis
for C = Top,,..

We claim that sending every T-commutative monoid to its right Kan exten-
sion is the inverse of the restriction map. The first step is showing that the
natural map

jsMoj— M

is an equivalence. By applying 2.31] with C' = F = Sp, E the subcategory of
fiberwise arrows and D the category of summand inclusions (that is the egressive
maps in the definition of ET7*) we see that it is enough to prove that the map

ko (M

Fin ) ok — M Fin
PR o —T
is an equivalence, where k is the inclusion of E°P in F°P. But this follows im-
mediately from the fact that M|g:» is the right Kan extension of its restriction
to T°P. -

Hence j.M must be a product preserving functor (since the image of j
contains all product diagrams in Aeff(T ). Viceversa let suppose that N is a
product preserving functor from ACH(T) to C. Then there is a natural map

N = ju(Noj).

But since j is essentially surjective we can check that this is an equivalence after
precomposing with j, which follows immediately from the previous case. O

With a similar proof it is possible to prove that if D is an co-category with
finite products there is an equivalence

Fun® (A°(T), D) = CMony (D7) .

2.5 T-linear functors and T-stability
Recall the definition of fiberwise linear functor and fiberwise stable cocartesian

fibration from section 2.11
The following definition is inspired to hypothesis (A) of [15].
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Definition 2.33. Let C be a pointed T-oco-category with finite T-colimits and
let D be a T-0o-category with finite T-limits. Then a T-functor F : C — D isT-
linear if it is fiberwise linear and T-semiadditive. A T-oo-category with all finite
T-limits and T'-colimits is T-stable if it is fiberwise stable and T'-semiadditive.

We will denote the T-subcategory of Fun,.(C, D) which on the fiber above V
is spanned by Ty -linear functors from C Xgov (T )% to D Xoo (T)y)°P with
Lin”(C, D).

Lemma 2.34. Let D be a T-semiadditive T-oo-category. Then SQT(D) is T'-
semiadditive (and hence T-stable) and the functor Q> : Sp, (D) — D preserves
T-products (and so all T-limits).

Proof. Recall that Sp,(D) is the cocartesian fibration classified by the functor
V +— Sp(Dy ) so it is clearly fiberwise semiadditive and we just need to show
that for every arrow W — V in T the pushforward functor

Sp(Dy) — Sp(Dw)

has a coinciding left and right adjoints that satisfies the Beck-Chevalley condi-
tion. But since the left and right adjoint are clearly given by postcomposition
of those of Dy — Dy, the thesis follows. O

Definition 2.35. Let D be a T-co-category with all finite T-limits. Then the
T-co-category of T-spectra is

Sp” (D) = Sp,.(CMong(D)).

By the previous lemma the latter category is T-stable

Note that there is a natural T-functor Q> : SipT(D) — D given by the
composition

(=)

Sp” (D) = Sp,,.(CMon, (D)) 2= CMon, (D) = D.

It is immediate by the previous lemma that it preserves all T-limits.

Theorem 2.36 (Universal property of T-spectra). Let C' be a pointed T-0o-category
with finite T-colimits and D be a T-co-category with finite T-limits. Then the
functor

(©).: Funp™"(C, Sp" (D)) — Lin" (C, D)

1s an equivalence of T-oco-categories, where the source categories is the full
subcategory of those functors preserving finite T-limits. In particular

SjT(D) = @T(Top*g", D) ’

and the functor Q% is given by evaluation at the cocartesian section I(—)4 :
TOp — ET,* .
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Proof. Since the map is clearly a T-functor we just need to check that it is an
equivalence fiberwise. But, remembering that finite T-colimits are generated
by T-coproducts and finite fiberwise colimits, we can apply and and

conclude
Funl.—"(C, Sp,.(CMony(D))) = Linz (C, CMonr (D)) = Lin” (C, D).
O

Corollary 2.37. Let D be an oco-category with all finite limits. Then there is
an equivalence

LinT(Top*?”,QT) =~ Fun®(A4%/(T),Sp(D)) .

Proof. Both of those are equivalent to the global sections of SipT (D). O

2.6 A proof of the Guillou-May theorem

Let G be a finite group. In this appendix we will prove that our notion of
G-spectra coincides with the orthogonal G-spectra developed in [27], thus re-
proving a theorem by Guillou and May (|20]). Fix once and for all a com-
plete G-universe U (that is an isometric G-action on R> such that every finite-
dimensional representation can be isometrically embedded in R* countably
many times) and note that its restriction to a subgroup H of G is an H-universe,
which we will take with indexing set given by the G-invariant subspaces. The
category of orthogonal H-spectra with respect to U (|27, Df. I1.2.6]) will be
denoted by Spg).

Definition 2.38. Let (Og). be the category of G-orbits with a distinguished
basepoint but with any possible mapEL We will write an element of (O¢g). as G/H
where the distinguished basepoint is eH . It is clear that the functor (Og). — Og
that forgets the basepoint is an equivalence of categories. A map G/H — G/K
is the datum of gK € G/K such that g~*Hg C K. We have a functor from
(0g)5? to categories sending

o A pointed orbit G/H to the category Spg) of orthogonal H-spectra with
respect to U;

e A map G/H — G/K the composition of the functors
—1
Spg) — Sp{)y Ha _, Spg)

where the first functor is the restriction along the inclusion ¢”'Hg C K

and the second functor is induced by the isomorphism ¢ ' Hg = H given

by conjugating by g~ '.

L Another way of thinking of this category is as the category of G-orbits together with an
explicit isomorphism with an orbit of the form G/H. This is of course purely bookkeeping
and has nothing to do with the use of basepoints when defining G-spectra.
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If we equip every category Spg) with the family of w.«-isomorphisms ([27, Df. I11.5.2])
this becomes a functor from (Og)s¥ to the category of relative categories (since
[27, Lm. V.2.2] implies that change of groups preserve my-isomorphisms). By
precomposing with the equivalence OF = (0g)¥ and postcomposing with the
localization functor from relative categories to oco-categories we finally obtain a

functor
OF — Catoo

that classifies a cocartesian fibration @ith — OF. We call this cocartesian
fibration the G-oco-category of orthogonal G-spectra. It comes equipped with a
natural G-functor
o . G
0= @orth - L‘OpG

induced by the natural transformation obtained by sending every orthogonal H -
spectrum to its 0-th space.

Lemma 2.39. The G-co-category Si)ith is G-stable

Proof. Since the fibers are obtained by localizing a stable model category at
the weak equivalences Sp<.,, is fiberwise stable. So we just need to check G-
semiadditivity. But after unwrapping the definitions this is equivalent to the
Wirthmiiller isomorphism ([23, Th. I1.6.2], which holds for orthogonal G-spectra
by [27, Th. 111.4.16]). O

We can now give a very simple proof of |20, Th. 0.1] along the outline in
section 11 of [12].

Theorem 2.40 (Guillou-May). The functor Q°° : SpS.,, — Top,, lifts to an

equivalence of G-co-categories @fﬁh = SQG.

Proof. Since the functor &ith — Top,, preserves all finite G-limits (it has
a left G-adjoint by proposition [25, Pr. 7.3.2.1]) it lifts uniquely to a functor
= :8p&,, — Sp°.

For every orbit V the fibers (SpS.,;,)v and (Sp®)y are both generated by
suspension spectra of orbits. Moreover = sends suspension spectra of orbits
to suspension spectra of orbits and is fully faithful when restricted to those
subcategories, since Map(XG/H, X°G/K) is just Q> (L°(G/H x G/K))G
and the tom Dieck splitting holds in both categories by corollary and [23]
Th. V.11.1] respectively. Hence it is an equivalence by the Schwede-Shipley
theorem [25] Th. 7.1.2.1]. O

From this description of G-spectra we immediately obtain a recognition prin-
ciple for G-connective G-spectra

Corollary 2.41. There is an adjuction
B 40>: CMong(Top,,) & Sp“

such that
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e the unit X — Q®°BX is an equivalence if and only X is a group-like
monoid for every subgroup H < G;

e the counit BQ®E — E is an equivalence if and only if E¥ is connective
for every subgroup H < G.

Proof. After our identifications this is just the adjunction
Fun* (A°"(@), Top) = Fun®(A4°"(G), CMon(Top)) = Fun®(A4°%(G), Sp)

given by postcomposition with the adjunction for ordinary spectra, and the
thesis follows from the classical recognition theorem. O
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Chapter 3

Parametrized monoidal
structures

The following chapter deals with the notion of parametrized multiplication. In
the same way a symmetric monoidal oo-category has an operation ® : C° —
C for each finite set S, a T-symmetric monoidal T-co-category has one such
operation for every finite T-set. This attempts to captures the intuition of [22],
but in a way that is manifestly homotopy invariant, thus sidestepping the hard
proofs required to show that the Hill-Hopkins-Ravenel norm can be left derived.
This material (except for section [3.1] which is a brief review of [6]) will form part
of [13].

The main result of this section is proposition showing that the space
of norm functors in Sp® is contractible and so that there is essentially only one
way to define a homotopy invariant multiplicative norm in spectra.

3.1 Parametrized co-operads

We define a T-symmetric monoidal T-oco-category as a T-commutative monoid
in the T-oo-category of T-oco-categories. Using ... we can identify it with a
cocartesian fibration C® — Fr , such that for each I = [U — V] € Fr the map

I[I (ocw),:cf = II CHo.
O€O0rbit(U) O€O0rbit(U)

is an equivalence.

In order to have more flexibility in our construction, it will be useful to have
a good notion of parametrized multicategory. The following definition is similar
in spirit to definition 2.1.1.10 of [25]. Following the terminology that is now
quickly becoming standard we will name our notion T-co-operad.

Definition 3.1. A T-co-operad is an inner fibration p : 0% — Fr . such that
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o For every inert morphism (definition e: Iy — Jy in Fr, and every
T € O% there is a cocartesian morphism above e starting at x;

e For one (and so any) choice of pushforward functors along inert mor-
phisms, and every I = [U — V] € F the functor

[T Gwew):cf = I Chw,
WeOrbit(U) WeOrbit(U)

is an equivalence of categories.

e For one (and so any) choice of pushfoward functors along inert morphisms
and for every map f: I — Jy in Ep, and every x € O% and y € O%
the map

f
Mapé@,(m,y) - | I Map’gévg”] (z, (xpweuv)w)
WeOrbit(U)

is an equivalence, where J = [U — V] and Map’ (z,y) is the fiber over f
of the map
Mapos (2,y) = Mapg, (11, J4).

Letp: O® — Fr . be a T-cc-operad. We say that an edge e is inert if it is
cocartesian and pe is inert. If O° and E® are two T-oo-operads, a map of
T-0co-operads is a map of inner fibrations g : O® — E® sending inert edges
to inert edges. A map of T-co-operads f : O — E® is also sometimes
called an O®-algebra in E® (especially when E® is a T-symmetric monoidal
T-0c0-category).

Example 3.2. Fvery T-symmetric monoidal T-co-category is a T-co-operad.

Example 3.3. The identity Fp , — ¥, is a T-00-operad. In fact it is the ter-
minal T-oco-operad and it is called the T-commutative T-co-operad. Algebras
over Fp . are called T'-commutative algebras.

Warning 3.4. One might imagine that if C® — F, is a symmetric monoidal co-
category, the T-co-category of T-objects Cp inherits a natural T-oo-symmetric
monoidal structure. This is not in general true. For example, let T = O¢g be the
orbit category of a finite group and let us consider the symmetric monoidal co-
category of spectra Sp. Then the associated G-0co-category %G is the G-oo-category
of naive G-spectra. As we will see the presence of a G-symmetric monoidal struc-
ture would equip naive G-spectra with norm functors and so S? = N¢(S') would
be invertible. But this is well-known to be false for naive G-spectra.

If p: 0% = Fp, is a T-oo-operad, we will call the pullback O® Xg,, T°P
along I(—)y : T°" — Fr, the underlying T-oo-category of O® and denote
it by O. As the name suggests, it is a T-co-category since the image of I(—)
lands in the subcategory of inert arrows.
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Note that if C® is a T-symmetric monoidal T-oco-category, we can form
the fiberwise opposite (C®)V°P, which will still be a T-symmetric monoidal
T-oco-category with underlying T-oco-category the fiberwise opposite of C', CVOP,

Let us now see some of the structure that a T-symmetric monoidal T-co-category
possess. For every V€ T'let I = [VIIV — V] € Fr and let us consider the
fold map V : It — I(V); given by the diagram:

vav — ViV — YV

| L

1% v, v

Then the pushforward along V induces a functor
®:CVXCV20%—>C}®(‘/)+20V (xvy)’_)x(@ya

which will be called the tensor product.
If we instead start with an arrow ¢ : V. — W in T, we can consider the arrow
in Fr, given by the diagram

v
le
W

}

|

v
le
W — W

Pushforward along this arrow induces a functor

Ne€: CV = CE%%WH — C}@(W)+ =~ CW

which we will call the norm along e. When there is no ambiguity we will also
denote this functor N“;V and call it the norm from V to W.

The following proposition explains the behaviour of multiplicative structures
under localization.

Proposition 3.5. Let O® — F,, be a T-oco-operad and let E C O be a
reflective T-subcategory (definition . Define E® to be the full subcategory
of O® spanned by those objects x € O+ that lie in the subcategory [y Erow).,

under the identification O% =IIw Orew),. Then E® - Fr . is aT-oo-operad.
If O% is a T-symmetric monoidal T-co-category and the localization E C O
satisfies the following condition:

o For every V € T and every object x € Oy the functor x ® — : Oy — Oy
preserves Ey -equivalences;

e For every arrow e : V. — V' in T the functor N¢ : O, — Oy sends
By -equivalences to Ev -equivalences.

37



Then E® is a T-symmetric monoidal T-0o-category and the localization functor
C — E is T-symmetric monoidal. In this case we say that the localization is
compatible with the T-symmetric monoidal structure.

Proof. The fibration E® — Fr . satisfies the conditions in the definition of
T-oc-operad, since it is a full subcategory of O®, contains all inert arrows and
the following square is a pullback square

f
Map (2,5) —— [T eomiw) Mapye <7 (z, (xwer)w)

| !

f
MaPJ];Qb (z,y) —— HWEOrbit(U) Map)ﬁé@] (5& (X[WgU])!y)

So now let us assume that O® is a T-symmetric monoidal T-oco-category and
that the localization is compatible with the T-symmetric monoidal structure.
We need to prove that p: E® — Fr . is a cocartesian fibration. By lemma [25]
2.2.4.11] it is enough to see that for every f: I, — Jy in Fr, the pushforward
functor

fi: Og — O%
sends Eg -equivalences to E% -equivalences. First of all, we can assume without
loss of generality that J. = I(V),. This is because O?Jr =11y O?(V)Jr and we

can check the F-equivalences on each component separately. So now let f be
represented by the diagram

|
|

Vv

—

And let 7 be the arrow

S+—9q
<N
<N

T

n be the arrow
—— Orbit(T) x V

< <+—
<<+—HX
<
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where the top right map is the coproduct of O — V where O runs through the
orbits of T, and m be the arrow

Orbit(T) x V. —— Orbit(T) x V —— V
|4 |4 |4

where the top right map is the fold map. Then f = mni, so fi = mynii;. Now 4,
preserves E-equivalences since 7 is inert and so 4, is just a projection onto some
factors, m, preserves the equivalences since it is a composition of functors of the
form z ® — and n, preserves the E-equivalences since it is a product of functors
of the form N¢€. O

We will need the following technical result, the proof of which can be found
in [29].

Theorem 3.6. Let C be a T-0o-category. Then there is a T-oo-operad C such
that for all f : Iy — I(V)y inFp, and z € C’IH+, yeCy

Maplu(ey)= [ Map(aw,oliy).
W €Orbit(I)

Moreover if C has all finite T-coproducts, C is a T-symmetric monoidal
T'-co-category.

We will call C! the cocartssian T-oo-operad of C'. If C has finite T-products
we can form C* = ((CVor)H) P and call it the cartesian T-symmetric monoidal
structure.

3.2 Idempotents

Recollection 3.7. Recall ([25, Df. 4.8.2.1]) that if C® is a symmetric monoidal
oo-category, an idempotent is an object (n: 1 — A) € Cy, such that the map

A9 Ao A

1s an equivalence. A commutative algebra A is idempotent if and only if the
multiplication map A @ A — A is an equivalence. Then the forgetful func-
tor from idempotent algebras to idempotent objects is an equivalence and both
oo-categories are equivalent to posets (that is the mapping spaces are either con-
tractible or empty) (|25, Pr. 4.8.2.9]). This poset is obviously equivalent to the
poset of smashing localizations in C' (that is those localizations L : C — C' such
that L1 ®@ X — LX is an equivalence)
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We want to find a suitable notion of smashing localization for T-symmetric
monoidal T-oo-categories.

Definition 3.8. Let C® be a T-symmetric monoidal co-category. Then a T-
commutative algebra A € CAlg,(C®) is idempotent if for every V € T the
commutative algebra Ay € CAlg(C’g’) is an idempotent algebra. Moreove a
weakly idempotent algebra is strongly idempotent if for every f:V — V' in
T the norm map N¥f Ay — Ay is an equivalence.

The previous definition captures the intuition of what a smashing localization
should look like in the parametrized setting, but it is hard to specify. Luckily
the correspondence between idempotent algebras and idempotent objects carries
through in our setting.

Definition 3.9. Let C® be a T-symmetric monoidal co-category and let A :
T°P — C be a cocartesian section with a map from the cocartesian section
1:7T°P — C. Then we say that A is a idempotent if for every f:V — V' in
T°P the map

1AV’ ®Nf’f] : AVI — AVI ®NfAV

is an equivalence. Moreover a T-idempotent (n:1 — A) is a strong idempo-
tent if for every f:V — V' the map

n®1NfAV ZNfAV —>AV/ ®NfAV gAV/
s an equivalence.

Example 3.10. If A is an idempotent T-commutative algebra, the unit map
1 — A is an idempotent. Moreover this is a strong idempotent if and only if A
s a strongly idempotent T -commutative algebra. As we will see all idempotents
arise this way.

Lemma 3.11. Let (n: 1 — A) be an idempotent. Then the T-functor A ® — :
C — C is a T-symmetric monoidal localization, whose local objects are those
B € C such that B — A ® B is an equivalence. In particular A has a natural
T-commutative algebra structure and the inclusion of A-local objects into C is
T-symmetric monoidal.

Proof. Since ny : 1y — Ay is an idempotent object for every V' € T°P, then
A ® — is a localization by [25 Pr. 4.8.2.4]. We only need to check that it is
T-symmetric monoidal. The only nontrivial part is to check that if Ay ® g is
an equivalence, then Ay @ N7g is an equivalence. But

Aw @ NTg= Ay @ NTAy @ N g= Ay @ N/ (Ay @ g)

and so it is an equivalence.
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Theorem 3.12. The forgetful functor from idempotent algebras to idempotent
objects is an equivalence and both categories are equivalent to posets. Under
this equivalence an algebra is strongly idempotent if and only if the underlying
idempodent object is a strong idempotent. Moreover any T-idempotent object
n:1— A has a unique T-commutative algebra structure where n is the unit,
which is given by the corresponding T-idempotent algebra.

Proof. By the previous lemma we know that the forgetful functor is essentially
surjective, so it is enough to prove that it is fully faithful. We will prove that
both co-categories are posets (that is the mapping spaces are either empty or
contractible) and that in both categories there exists a map from A to A’ if and
only if A’ -+ A® A’ is an equivalence.

Let A, A" be two idempotent objects and assume Map, , (A, A’) is nonempty.
That is we can find a commutative diagram

, A
1/,7/&.
\A/

If we tensor the diagram by A’ we get that A’ is a retract of A® A’ hence it is
A-local. But the map n: 1 — A is an A-equivalence and so

Mapg,, (A, A Mapcl/(LA’) = %

as required.

Now let A, A’ be two idempotent algebras and suppose that there is a map
f: A — A'. Then, as before, A’ is an A-local object (for the T-symmetric
monoidal localization induced by A). So A’ is a T-commutative algebra in the
T-symmetric monoidal T-oco-category of A-local objects and so the space of
maps from the unit is contractible.

Finally let A be an idempotent T-commutative algebra, and let us suppose
that A’ is another T-commutative algebra structure with the same unit. But
A’ is clearly an A-local T-commutative algebra, and so it is a T-commutative
algebra in the T-symmetric monoidal T-co-category of A-local objects where the
unit map is an equivalence. So it has to be equivalent to A as a T-commutative
algebra. O

3.3 Distributive functors

Recollection 3.13. Let U € Fr be a finite T-set. Then the category of points
(emample of U is the left fibration U — T°Pclassified by U seen as a functor
T°P — Top. Now taking opposite we obtain a right fibration U — T over an
orbital co-category. But then U°P is again an orbital co-category (example .
Moreover, by theorem[1.13 there is an equivalence of oco-categories

Cateo, yor = Fun(U, Cate,) = Funy (U, Cat 1)
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We will often write Catoo i instead of Catoo yor for simplicity.

Construction 3.14. Let f : U — U’ be a map of finite T-sets. Then there is
a functor

f*: Cateo v = Fung (U', Cat, ) — Funp (U, Cat ) = Catoou -

Since Cate 1. is a T-00-category with finite T'-products, proposz'tion implies
that this functor has a right adjoint ]_[f, That is for every U-oco-category C
there is an U'-co-category [[; C such that for every U’-co-category D

Funy, | D,[]C | 2 Funy (Dly, C)
f

This is an U’-0o-category with fiber over V given by

Funu(Uv,C) = H Co
OEOrbit(Ux V)

where Uy is the model for the category of points of U Xy V' whose fiber over
[W — U] is given by the space of commutative squares in Fr

W ——U

|

V — U

For example if T = O¢ and f : G/e — G/G for any oco-category C, the fiber
of the G-oo-category Hf C over an orbit V is CV, that is the product of #V
copies of C.

Recall that a functor F' : [[;c; Ci — D between oo-categories is said to
preserve colimits separately in each variable, if for every collection of colimit
diagrams {p; : K — C;};cs the diagram

>
(H Ki> - L) 2 e 5 o
iel el iel

is a colimit diagram. That is, if

li F(pi(ki))icr = F lim p; (k; '
(mc)ce)ll[r?m (pilki))ies (i?elgjp( )>i61

The following definition attempts to capture the same behaviour for indexed
products.
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Definition 3.15. Let f : U — U’ be a map of finite T-sets and let C — U
and D — U’ be respectively an U-co-category and an U’-co-category. Then an
U'-functor F : [[; C — D is said to be distributive if for every [V — U'] € U,
every Uy -oo-category K and every Uy -colimit diagram

ﬁ:K*UV Uy — C|Uv

the diagram

[15) +v V= [[K xuo, Uv) 25 [ Clu, £ DIv
7 i 7

is a V-colimit diagram. We will denote the full subcategory spanned by distribu-
tive functors with Fungy, (II;C.D)

Example 3.16. Let T = A°. Then a functor F : [l.co Cu — D is distributive
if and only if it preserves colimits separately in each variable.

Example 3.17. Let T = O¢, and let C be an co-category, D be a Cy-00-category
and F : HC2/6_>02/C2 C — D be a distributive Ca-functor. Then its component

over Ca/Cs is a functor Fe, o, : C — De, /e, such that
FCQ(XHY) gF‘C'2/02(‘Xp)]:[I_-[F‘Cz/e(‘)(,yp)]‘—V[FVC'z/Cb(YP)'
Cy

Lemma 3.18. Let C be an co-category with finite products such that the products
commute with colimits separately in each variable. Then the product functor

T H cY oY
f
s a distributive functor.

Proof. Thanks to the universal property of the category of U’-objects u can be
identified with a functor
[[c¥—c

!
that, when restricted to the fiber above [W — U’] € U’ is the functor

[ Fwvol™ I c¢>c.
VEOrbit(U x ;1 W) VEOrbit(U x /W)

In the proof of the distributivity we can assume without loss of generality that
U’ is an orbit and choose an U-colimit diagram

p: KxyU—=C
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Remember that such a diagram is U-colimit if and only if for every [V — U] € U
the restriction to the fiber py : K'[>V Sup C is a colimit diagram. Then we
need to prove that the diagram

[[5]| U =][cY-cC
! f
is a colimit diagram. But the restriction to the fiber above [W — U’] € U’ is
>
I =|- I =& J coc>c
VEOrbit(Ux /W) V EOrbit(Ux /W) VEOrbit(Ux /W)

which is a colimit diagram since the cartesian product in C' commutes with
colimits separately in each variable. O

Proposition 3.19. Let f : U — U’ be a map of finite T-sets, C be a small
U-co-category and D a cocomplete U’-co-cateqory. Then the precomposition
with the normed-up Yoneda embedding [[;j: I, C — [, Pr(C)

Fun‘SU HPU(C),D — Funy/ HC,D
f f

is an equivalence.

Proof. We claim that the left Kan extension along [] ;J 1s an inverse. Since
proposition implies that [] §Jis fully faithful (since that can be checked
fiberwise), the restriction of the left Kan extension is the original functor.

First let us show that if F': [[, Pr(C) — D is a distributive functor, it is
the left Kan extension of its own restriction. In fact if z € [[, C' we can write,
thanks to proposition and proposition [T.21

IIi| F) = colim F(y) =
Ve

vell; X114 Py (o) (Hf PU(C))/U/jm

& colim Fly)=2F colim =
yell; (CXpu(C)PU(C)/UJw) YECX Py (o) PulC)/ye
~ (F o jij)(x) = F(x).

So we are done if we show that for every functor F : [[,C — D the left Kan
extension ([]j), F is distributive. We will first show it when F' is the Yoneda

embedding j : [[,C — Pr (H f C). Since colimits in presheaf categories are
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detected by the evaluation functors, pick X € (Hf C) —— = Funy(Uw, C),
— ’
and consider the functor

evx o (H]) j (H]) Map(X HPUw (Cluw) — Top

Since every distributive functor is the left Kan extension of its restriction it is
enough to exhibit a distributive functor whose restriction is Map(X, —). This
is the following composition:

H Pr(C)luw Hevx, H Top”™ £ Top"

The composition is distributive since evx is colimit preserving and p is distribu-
tive.

Now let us treat the case of a general functor F': [] 7€ — D. Since colimits
are detected by representable functors, it is enough to show that for every
d € Dy the functor

o ((T11), P-4 > (IL4), Moo T P €l To”
fw

is distributive. Again it is enough to exhibit a distributive functor whose re-
striction to [, Cluw is Map(#'—,d). This is the composition

(H )1J Nat(—,Map(F—,d "\Vo
fw

This is distributive because ([[j),j is distributive by what shown above and
Nat(—, Map(F—, d)) is representable, hence colimit preserving. O

In order to study how distributive functors interact with Bousfield localiza-
tions we will need an auxiliary definition.

Definition 3.20. Let ' : [[; C — D be a functor. Then for every [V — U] € U
we say that an arrow e in Cy is an F-equivalence if for every diagram

V— U

]

W — U’

such thatV — U Xy W is a summand inclusion and every c € HV¢Oeorbit(UXU/W) Co

the arrow (e, 1c) of [locormitw =, w) Co = (Hf C’)W is sent to an equivalence
mn DW by Fw.
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Example 3.21. If S C C is the U-co-subcategory of C generated by the F-
equivalences, then F' sends every arrow of [[; S C [[; C to a cocartesian arrow
of D. In fact every arrow of HfS can be written as the composition of a
cocartesian arrow and a sequence of arrows of the form (e,1.) where e is an
arrow of Sy for some V.

Lemma 3.22. If F is a distributive, F-equivalences form a strongly saturated
collection in the sense of [24, Df.5.5.4.5].

Proof. We need to prove that F-equivalences are closed under colimits, pushouts
and that they satisfy the 2-out-of-3 property. The latter fact is obvious.

Now let suppose that e = colim;cx e; for some diagram p in Fun(A'l, Cy/),
where e; is F-good for every i € K. Fix W and ¢ as in the definition of F-
equivalence. We need to prove that F(e,1.) is an equivalence in Dy knowing
that F(e;, 1.) is one. We can form two Uw-diagrams in

C’|Uw = H Clo
O€Orbit(UX /W)

indexed by K = (K x V) II (Uw \ V) that is a cocartesian lift of p|y and pl|y
over K XV and the constant diagram at ¢ on the other component. Then e can
be seen as a natural transformation between those two Uwy-colimit diagrams
such that over every component it is an F-equivalence. Then, by applying the
definition of distributive functor, we see that F'(e, 1.) is the component over the
cone point of a natural transformation between two V-colimit diagrams such
that all other components are equivalenes. Hence F(e, 1.) is an equivalence.

It is only left to prove that F-equivalences are closed under pushouts. Let
P : (A3)> — Cy be a pushout square such that p([0,1]) is an F-equivalence.
Fix W and c as in the definition of F-equivalence. We can identify p with its
cocartesian lift (A2 x V) %y V — C and let us consider the diagram

pllc: (A3 x VII (Uw ~ W)) *uy Uw — Cluy, -
This is an Uw-colimit diagram, so, since F' is distributive, the diagram
H(A?J x VII (Uw \ W)) xw W — D|w
f

is a W-colimit diagram. Note that the fiber of the indexing diagram over
W’ —= W1is [ocomiovxww) A3. Moreover all arrows whose components are
copies of A0, 1] times identities are sent to equivalences in Dy by hypothesis.
So the inclusion of the vertex (2)oecorbit(vxyw wr) is right marked anodyne. This
means that the diagram

Woaw W — [] (A§ x VII (Uw ~ W) »w W = D|w
f

is still a colimit diagram. But this is exactly the arrow that we wanted to prove
to be an equivalence.
O
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Proposition 3.23. Let f : U — U’ be a map of finite T-sets and let C and D
be presentable U-co-category and U’-oo-category respectively. Let S C C be a
small T-oo-subcategory and LsC' the associated Bousfield localization of C (that
is the T-co-subcategory spanned by the S-local objects). Then precomposition
with HfL where L is the localization functor L : C — LgC, induces a fully
faithful embedding

Fung, | [[LsC.D | = Fungy, | []C.D
! !

whose essential image are those distributive functors sending all arrows of Hf S
to cocartesian arrows of D.

Proof. Let i : LgC — C be the inclusion. Since ¢ and L form an U-adjunction
such that the counit Li — 1 is an equivalence, it can be verified fiberwise that
[I;iand [[g L form a similar U’-adjunction. Then, since [ is fully faithful,
it follows that precomposition by [] sLis fully faithful with image those functors
that send the unit 1 — [],(iL) to an equivalence. It is immediate to verify that
those are exactly the functors F' for which over every orbit V' Ly -equivalences
are F-equivalences. But since the collection F-equivalences is strongly saturated
and Ly -equivalences are the strong saturation of Sy this is equivalent to asking
that Sy is composed by F-equivalences. O

3.4 Tensor products of presentable T-oco-categories

Definition 3.24. Let us consider the cartesian T-symmetric monoidal structure
on T'-co-categories (Catgo)x. It is a cartesian fibration over FT such that
the fiber over [U — V] is the co-category of U-co-categories and such that if
[U <+ gW — fU'] is an arrow in FL the mapping space of arrows above f is

Map/ (C, D) = Map | [[Clw, D
f

where the mapping space in the right hand side is in the category of U’-
categories. We let Pr% be the subcategory of (Catzo)>< whose objects are pre-
sentable U-T-categories for all [U — V] € FL and whose mapping space is
the subspace of those functors Hf C|w — D that are distributive. We call Pr?
(together with the restriction of the projection to FT' ) the T-symmetric monoidal
T-co-category of presentable T-co-categories.

In order to justify the name we have to check that it is in fact a T-symmetric
monoidal T-oco-category. Let’s start by checking that it is a T-oo-operad. Since
it is a subcategory of the source of an inner fibration the projection is still
an inner fibration. Moreover the cocartesian arrows above inert arrows are
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contained in the subcategory (since the identity functor is colimit-preserving).
Finally the square

Mapljir(c’ D) = Mapy,, (Hf C, D) — HWEOrbit(U/) Mapy (wa C‘UwaD|W)

[ [

Mapf.,,(C, D) = Mapy: (IT; C. D) — Tweomiwn Mapw (11, Cluw: Dlw)

is cartesian, since a functor is distributive if and only if all its components are.
Hence since the bottom arrow is an equivalence, so is the top. Checking that
Pr? — FT is a cocartesian fibration will be a bit more elaborate.

Proposition 3.25. The projection Pr% — FT is a cocartesian fibration.

Proof. We will show that it is a locally cocartesian fibration and that compo-

sition of locally cocartesian arrows is locally cocartesian. Fix [U + W ENY L ]
arrow in FT and a presentable U-oco-category C. Then we need to find a pre-
sentable U’-oo-category NC' and a distributive functor p : [T, C'lw — NC such
that for every presentable U’-co-category D precomposition with g

Funfy, (NC, D) — Fung,, | [[Clw, D
!

is an equivalence. Since C is presentable we can find Cy small U-oco-category
and S C Pr(Ch) small U-subcategory such that C' can be identified with the
category of S-local objects in Pr(Cp). Then we can choose NC to be the

category of [ [, Slw-local objects in Pr (Hf C’0|w). In fact there is a cartesian
square

Funk, (NC, D) «— Funk, (PT (Hf Co|w> ,D)

| |

Funl;, (Hf C|W,D) & Fund, (Hf PTCO|W,D>

where both horizontal arrows are the inclusion of those functors sending all
arrows of J[, Slw to cocartesian arrows. Since the right vertical arrow is an
equivalence, so is the left vertical arrow. Now the transitivity of Bousfield
localizations shows that the composition of two locally cocartesian arrows is
locally cocartesian and so the Pr? is a T-symmetric monoidal T-oco-category. [
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Example 3.26. Ezactly with the same proof as in [25, Pr. 4.8.1.16] the tensor
product of presentable T-co-category has a very concrete description:

C® D = Funf(C¥°?, D).

However, the norm functor is much more opaque in this context. For erample
if G is a finite group N&(Sp) = SipG.

3.5 Idempotence of spectra

Proposition 3.27. Let D be an U-stable U-co-category. Then the evaluation
at the sphere spectrum

Fung, [ [[Sp”, D | = Funu(U, D).
;

Proof. Since SpY = LinY (Top?+/™, Top) we can identify it with the Bousfield

localization of presheaves on (TopY/")*°P at the collection of arrows S com-

posed by (j here indicates the Yoneda embedding)
o T — J%;
e Yj(XX) — jX where ¥j(XX) is the pushout in the category of presheaves

of the diagram
JEX) —— jx

| ;

VES

o [[,7(X) — j(V;X) where the map is defined as in the definition of
B-additivity.

Hence

Fun%, H spY, D
!

is equivalent to

Fungy, | LsPr l_I(TopJ:i"’I’T)”Op ,D
!
But since D is U’-stable this category remains the same if we replace the
source with the category of spectral presheaves on ] f(Topf: in, Uy,
But the explicit description of this Bousfield localization tells us that this is

just the category of distributive functors [ f Topf:m’U — SpU/, that is equiva-

lent to SpY by O
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Corollary 3.28. The T-co-category SipT together with the functor
e Top,. — SipT

1s a weak idempotent in the T-oco-category of presentable T-oco-categories. In
particular the space of T-symmetric monoidal structures such that the sphere
spectrum is the unit is contractible.

Proof. We need to prove that for every map f: U — U’ the map
@U/ —>SipU/ ®Nf(S£U)

is an equivalence. But the right hand side can be identified with
Vop

SpY @N/(8pY) = Funf, (N/(SpY), (Sp¥")Y°?) VP = Fung), [ []Sp", (Sp¥")V°P
f

Now the thesis follows immediately from the previous proposition, by noting
that (SpY )VoP is T-stable. 0
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Appendix A

Equivariant stable
homotopy theory via
spectral Mackey functors

Spectral Mackey functors as a model for stable equivariant homotopy theory
were first introduced in [20], where Guillou and May proved that they can be
used as a model for G-spectra. This idea has been further developed in [14] and
[12] where they have been used to extend the notion of G-spectrum to profinite
G and to construct algebraic K-theory G-spectra for Waldhausen categories with
a suitable action of G (for example the category of F-vector spaces equipped
with a Galois action).

It became soon clear that stable equivariant homotopy theory can be de-
veloped in the framework of Mackey functors, and this approach makes many
results clearer (for example the tom Dieck splitting reveals itself as yet another
instance of the Barratt-Priddy-Quillen theorem). This appendix wants to be a
demonstration of this fact. None of the results here are original (in fact, one
could say that all of them are classical), but hopefully this presentation will
show that it is possible and maybe even simpler to develop the whole theory of
G-spectra from the perspective of spectral Mackey functors.

A.1 The effective Burnside category of finite G-
sets

Let G be a finite group and let F be the category of finite G-sets and Og C Fg
be the full subcategory spanned by transitive G-sets. The objects of Og are
called orbits and O¢ is the orbit category.

We let the effective Burnside category of G AH(@) be the co-category
whose n-simplices are functors X : O(A™)°P — F¢ such that, for every pairs
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1 < j and k < the square
Xik —_— lec

L

Xil Em— le

is cartesian. That is the objects of A°(G) are finite G-sets, a map from I to .J

in A°(G) is a span
K
I J

and composition is given by pullbacks

SN SN

The mapping spaces in A°f(G) are easy to describe

Lemma A.1. Let I,J be finite G-sets. Then Map perr(c (I, J) is equivalent to
the groupoid of finite G-sets above I x J.

Proof. Let us use the model for the mapping space whose n-simplices are func-
tors o : A"t — A°®(@Q) such that o(0) = I and olf,...,nt1] is the degenerate
simplex at J. Then in this case n-simplices are diagrams of the form

Ky
7N
% /N
Ky
N /N
Ky J - J
T T R G

where the maps K; — K;_1 are equivalences because the underlying square
needs to be cartesian. Then it is immediate to see that this simplicial set is
isomorphic to the nerve of the groupoid of finite sets above I x J. O
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The oo-category AH(G) is self dual via the obvious isomorphism of sim-
plicial sets that reflects the n-simplices across the vertical axis. Moreover
this isomorphism fixes the O-simplices and acts as the obvious isomorphism
t(Fa)/ixg = t(Fa)/sxs on mapping spaces.

Proposition A.2. The co-category A (G) has direct sums, given by the dis-
joint union of G-sets.

Proof. From the description of the mapping spaces we can see that the empty
set @ is a zero object. Let I, J, K are finite G-sets

Mappeir(y({ L J, K) = u(Fa) /(< x =
= L(Fg)/[XK X L(Fg>/!]XK = MapAeff(G«) (I, K) X MapAeff‘(G«)(J, K) s

and, in the same way,

Map pete(qy (I T ILT) = U(Fa) /xeox (r1r) &
= 1(Fa)/rx1 X U(FG) rxs = Map pete(q) (K, I) X Map gerr (i (K, J) -

So I'1I J is both the coproduct and the product of I and J in A°#(G) (as it
should be, since A°®(G) is self dual by a duality that fixes the objects). It is
now an easy exercise to see that the comparison map I 11 J — I II J from the
coproduct to the product is the identity. O

Warning A.3. The co-category A (G) is not additive. In fact the set of maps
[1,J] in the homotopy category is just the set of isomorphism classes of finite
G-sets above I X J. This is a commutative monoid under disjoint union but it is
not a group. The co-category obtained by group-completing all mapping spaces
is called the Burnside category of G and denoted A(G). As we will see, it is
equivalent to the subcategory of G-spectra spanned by the suspension spectra of
finite G-sets.

Proposition A.4. The co-category A (G) has a symmetric monoidal structure
such that the functor Fg — A°(Q) is symmetric monoidal when the source has
the cartesian monoidal structure. That is, I ® J is the cartesian product I x J
in the category of finite G-sets. In particular the one point set x is the unit for
the symmetric monoidal structure.

Proof. This is a special case of [12], Pr. 2.14]. O
Corollary A.5. The unit and counit maps in A (Q)

I
N '
IxI . A \ a
* I x1T
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exhibit every element I € A°(G) as dualizable with dual equal to itself.

Proof. The verification of the identities in the definition of dualizable object is
left as an exercise to the reader. O

Remark A.6. This is not true if the category Og does not have a terminal
object, as it is the case, for example, for the category of cofinite orbits of a
compact Lie group.

A.2 (G-spectra

Definition A.7. Let G be a finite group. Then a G-spectrum, or spec-
tral Mackey functor, is a product-preserving functor from A°H(G) to the
oo-category of spectra Sp. We will denote the co-category of G-spectra as SpG.

Since ¥ and (2 are product-preserving functors on Sp, they are computed
pointwise in SpG. In particular SpG is a stable oco-category by [25, 1.4.2.27].
Moreover it clearly supports a t-structure, where the connective objects are those
G-spectra E such that E(I) is connective for every finite G-set I. The heart
of that category is the classical category of Mackey functors ([34, 2.9], [35]).
Additionally, thanks to [12, Lm. 3.7], we can equip it with the localization of
the Day convolution symmetric monoidal structure.

There is a functor Q> : SpG — Topg . sending a G-spectrum E to 2o Eoj,
where j : OF — A°H(G) is the obvious functor. Since limits are computed
pointwise on Sp%, Q> preserves all limits and so it has a left adjoint

¥%: Topg . — SpG.
Lemma A.8. For every finite G-set I there is an equivalence
MapSp(X5°1, E) = E(I)

Proof. Since both sides are product preserving, it suffices to prove the thesis for
I an orbit. Then

Map(X1, E) = Map(I,Q°E) = Q*E(I)
Since the G-space I is the presheaf represented by I. But then both sides of
MapSp(X°1, E) = E(I)

exact functors from G-spectra to spectra that coincide after applying Q°°. So
the thesis follows from [25] 1.4.2.22]. O

Notation A.9. Let H be a subgroup of G and E € SpG a G-spectrum. Then
we will denote with E™ the spectrum

E(G/H) = MapSp(X°G/H, E)
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and call it the Lewis-May fixed points at H (or fized points for short) of E.
Note that
(Q*E) = 0>(B"),

but (L X)H #£ ¥°°(XH) (see corollary .

Since the category A°f(G) has direct sums, there is a canonical homomor-
phism

AH(@) = Fun* (A°H(G), Top) = Fun* (A°(G), CMon(Top))

where the last equivalence is given by arguing as in remark C.1.5.3 of [26]. Since
the group-completion functor CMon(Top) — Sp preserves finite products, we
can use it to get a functor

L: A“(@) = Fun* (A°"(@), Sp) = Sp©.

Moreover this functor preserves the direct sums (since it is a composition of
functors that do so). The functor H is not fully faithful, but we want to prove
that it is very close to be so. First let us notice that L is essentially a version
of ¥9°.

+

Lemma A.10. There is a commutative diagram

FG,* ‘ TOpG,*

| >

A(G) —E— Sp“

where the left vertical map is given by the identification of Fq . with the subcat-
egory of A°™(G) given by the morphisms where the “wrong way leg” of the span
s an injection.

Proof. Recall that X is characterized by the equivalence
Maps,c (E%(I1 ), E) = Mapr,, (I, Q¥ E) = Q% E(I)
as a functor F7, x Sp“® — Top. It suffices to show that Li satisfies the same
property. In fact
Mapg,c (L1, E) = Mapp,  (actt(c),Top) (L1, QT E) = Q¥ E(I) .
where the last equivalence is just the Yoneda lemma. O

So from now on we will denote the functor L by ¥5° without fear of ambi-
guity.

Corollary A.11. For any finite G-set I, the G-spectrum X°1 is canonically
self dual.
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Proof. Since I is self dual in A°f(G) and the functor £ : A°(G) — Sp®
symmetric monoidal by [12] Pr. 4.5], the thesis follows. O

Remark A.12. Note that X*° : Topg , — SpG is symmetric monoidal since it
is just the left Kan extension of a symmetric monoidal functor Fg . — SpG.
Our description allows us to completely understand the full subcategory

of SpG spanned by suspension spectra of finite G-sets in terms of suspension
spectra of finite sets.

Lemma A.13. Let I,J be finite G-sets. Then the map
MapAeff(G) (L J) — Mapspc; (Ei_of, Eio J)

is a group completion map, when the source and target have the canonical F
structure given to mapping spaces in a category with direct sums.

Proof. Since
Mapg,c (231, 25°J) = (X))

this follows immediately from our description of ¥3°J as the group completion
of the functor corepresented by J. O

Corollary A.14 (tom Dieck splitting). Let X be a G-space. Then

(22 X)° =P X hwa
(H)

where the sum is over the conjugacy classes of subgroups of G and WH =
NH/H = Autg(G/H) is the Weyl group of H.
Proof. First let us prove it in the case of a finite G-seet I. By lemma and
the spectrum

(25°1)¢ = MapSp(X5°%, 25°1)
is the group completion of the space ((Fg)/r. Let (Fg);{[ be the subcategory of
(Fg),r consisting of those G-sets for which all orbits are isomorphic to G/H.

Since we can write every finite G-set over I is a disjoint union of orbits, we can
decompose

UFa)r =[] uFa)}}
(H)

as Fo-spaces. We claim that the category (Fg)’/q[ is equivalent to the action
groupoid of WH on Fru. In fact we can identify both with the category whose
objects are G-equivariant maps

G/HxS =T

where S is a finite set, and maps are G-equivariant maps G/H x S — G/H x S’
making the obvious triangle commute. So it follows that

(22D = ((Fa) )" = [[CF )i i
(H)
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and the thesis follows from the fact that, for every finite set J, the group com-
pletion of (.F ;) is ¥5°.J, which is proven in [31].

Finally, the general case follows from the fact that every G-space is a filtered
colimit of finite G-sets and both sides of the identity commute with colimits as
functors from G-spaces to spectra. O

A.3 Change of groups and the Wirthmiiller iso-
morphism

Let H be a subgroup of G. Then there is a restriction map resg :Fg — Fy,
that comes with a left adjoint indfl :Fyg — Fq given by

ind%(I) =G xy I = (GxI)/H,

where in the last formula H acts by h(g,i) = (gh™!, hi).
Since both res% and ind}; preserve pullbacks, they induce maps

resf : AH(G) = Af(H) and  ind§ : A(H) — AT(@).

Moreover, since for every maps I — I’ of H-sets and J — J' of G-sets the
squares

I —— res§ inng indg res§ J —— J
l l and l l
I' —— resG ind§ I ind§ resG J —— J'

are cartesian, it follows that the unit and counit are natural transformations of
functors between the Burnside categories. That is, there is an adjunction

ind% 4 res§ : A(G) = AT(H).

Moreover, under the canonical identification of A®(G) and A®(H) with their

opposites, we have (res)°P = res§ and (ind$)°P = ind%. So ind% is also the

right adjoint of res$, when seen as functors between the Burnside categories.
Let then now define resg as precomposition by indg and indg as precom-

position by resg so that
(res§; E)(H/K) = E(G/K)  (Le. (res§; E)X = EX)

(this is defined so that for every K < H, the K-fixed points of E and resg FE are
the same). From this explicit description we can extract the following important
result

Theorem A.15 (Wirthmiiller isomorphism). The left and right adjoint to res$
are canonically equivalent
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Remark A.16. From [J], res$ is a symmetric monoidal functor. Since corol-
lary implies that SpG is rigidly-compactly generated in the sense of [2,
Hp. 1.2] we can apply all the results of that paper to the adjunction indg - resg.

A.4 TIsotropy separation and geometric fixed point

Let F be a family of subgroups of G that is closed under conjugation and taking
subgroups or, equivalently, a sieve in the orbit category Og. Then we can define
a G-space E'F' such that

(EF)K — * %fKGF.
g itK¢F

In fact E'F is the presheaf on O¢ corresponding to the sieve F' under the equiv-
alence between sieves and —1-truncated presheaves. Then we can form a cofiber
sequence in Topg ,

EF, —»5° - EF

where the first map is just obtained by applying (—)4 to EF — *. That is EF
is the unreduced suspension of EF. It follows that

_ if K ¢ F
(ER)K={" Hnen
S ifK¢gF

When F is the family consisting only of the trivial subgroup, the G-spaces EF
and EF are denoted EG and EG.

Example A.17. Let G = Cp the cyclic group of prime order p. Then it is easy
to see that EG is just S(ocop), the unit sphere in the infinite sum of copies of
the reduced reqular representatz’o, So EG = §°,

Lemma A.18. Let E be any G-spectrum then, if K € F
(EAS®EF)X =0.
Viceversa, if K € F, the canonical map
EX & (EAS®EF)K
induced by SO — EF is an equivalnece.
Proof. We have

(EAXXEF)K = MapSp(E°G/K, E AS®EF) = (E ANXX(EF A G/K4))°

n fact, instead of 5 we could have used any real representation that does not contain
copies of the trivial one
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So it suffices to prove that

* ifKelF

EFANG/K, = ;
/Kt {G/K+ if K¢ F

as a pointed G-space. But that can be easily checked on the fixed points. [

We say that a G-spectrum F is concentrated away from F' if its fixed points
for any subgroup in F' are contractible. From the lemma it is clear that this is
equivalent to say that the map

E— EAX®EF
is an equivalence. The fiber sequence
EAYTEF — E — EAXYEF

is called the isotropy separation sequence.

The following result shows that for every family of subgroups we get a smash-
ing localization (and so a recollement). In [9] this is generalized to every left
orbital functor between orbital co-categories.

Theorem A.19. Let F be a family of subgroups of G closed under conjugation
and subgroups. Then there is a smashing localization such that the local objects
are the G-spectra concentrated away from F.

Moreover if Fpe denotes the subcategory of ¥ consisting of those finite G-
sets whose stabilizers are not in F', then the category of G-spectra concentrated
away from F is equivalent to

Fun* (A“(F ), Sp),

and the inclusion is precomposition with the map v : A®(Fg) — A (Fpc)
that sends every finite G-set I to the subset of points with stabilizers in F'.

Proof. The fact that it is a smashing localization is obvious from the previ-
ous discussion and the fact that EFF A EF = EF. Since Fpe is closed under
pullbacks, we have a product-preserving functor

¢: A(G) — A (Fp.)
and it is clear that the image of
¢* : Fun™ (AEff(FFC),Sp) — SpY

consists exactly of those spectral Mackey functors concentrated away from F.
So it is enough to provide an inverse functor from the category of G-spectra
concentrated away from F'. But such an inverse is the left Kan extension along

0. O
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Note that the localization functor
Uy : Sp¥ — Fun* (AT(F ), Sp)

is given by the left Kan extension along 1, which sends product-preserving
functors to product-preserving functors by [18, Lm. 2.18].

Example A.20. Let H be a subgroup of G and F be the family of subgroups
that do not contain a conjugate of H. Then the functor

Uy : Sp¥ — Fun* (A(Fp.), Sp)
is called the H-geometric fized point functor and denoted ®7 or (—)?H.
When H is a normal subgroup the category Fre is simply the subcategory of
finite G/H-sets and so (=) has values in Sp®/* .

When E = XX is a suspension spectrum the geometric fized point have a
particular nice form: they are equivalent to X°°(XH) as a G /H-spectrum. This
is because both (X°—)*H and £°(—f) are colimit-preserving functors from
Topg that coincide on Og by the definition of 1.

A.5 Borel-complete G-spectra

In this section we will describe the completion corresponding to the smashing
localization given by EG. This will turn out to have a very pleasant answer.

Lemma A.21. Let H be a subgroup of G, and let it act on the finite G-set G/e
by right multiplication. Then the projection map

G/e —» G/H x EG

is H-equivariant, where H acts trivially on the right hand side, and identifies
the homotopy orbits of G /e with G/H x EG.

Proof. The fact that the map is equivariant is obvious, so it is enough to see
that it induces an equivalence of G-spaces (G/e)pgy = G/H x EG. To check
that this is an equivalence, it suffices to check it for all fixed points. But the
fixed points of both sides for nontrivial subgroups are empty, so it is enough to
check that the projection

(G/e)hH — G/H

is an equivalence of spaces. Since we can choose a splitting of H-sets G/e =
G/H x H, this is equivalent to prove that Hj gy = *, but this is a well known
fact. O

Corollary A.22. For any G-spectrum E and every subgroup H there is an
equivalence
F(XYEG,E)" = (uE)"®

where ull = MapSp(XYG/e, E) is the underlying spectrum of E.
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Proof.
F(XYEG,E)" = MapSp(XYG/H, F(EYEG, E)) = MapSp X°(G/HxEG), E) =
= MapSp(S5°(G/e)nu, E) = MapSp(S3G/e, E)"™ = (uE)"™ .
O

We say that a G-spectrum E is Borel-complete if the map
E — F(XTEG,E)

is an equivalence. Note that this is equivalent to be complete with respect to
the smashing localization associated with the family of subgroups F' = {e}. The
category of Borel-complete G-spectra has a very pleasant description:

Theorem A.23. The functor sending every G-spectrum to its underlying spec-
trum induced an equivalence of the category of Borel-complete G-spectra with
the category Sth of spectral presheaves over BG

Proof. Tt suffices to exhibit an inverse i : Sth — SpG. Let us consider the
composition
i A(G) = sp© & sph@

and choose 7 to be

iB(I) = Sp"“ (I, E) = Sp"“ (ux1, F)

(so that ¢ is the right adjoint of w : SpY — Sth). Since uX¥G/e is the
object of Sth corepresenting the identity it follows that ui = 1g,ne. Moreover
since uX°G/H corepresents the functor £ — E™ (since the presheaf of spaces
uG/H on BG is equivalent to (uG/e)np), it follows from the previous corollary
that iull = F(XYEG,iuE) = F(XTEG, E), so i is the inverse we were looking
for. O

Lemma A.24. Let FE be a G-spectrum and H be a subgroup of G. Then there
is a canonical equivalence

(EPEGAE)! = (uE)hn
Proof.

(EPEGAE)" = MapSp(SG/H, £ EGAE) = MapSp(X5°%, 5°°(G/Hx EG)\E) =
= MapSp(X5°+, X (G/e)na AN E) = MapSp(ETG/e, E)ng = (uE)np -

where we have used that finite G-sets are canonically self dual and compact
objects (in particular fixed points commute with colimits). O
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Example A.25. Let us fixr F € Sth and let 1FE € SpG be the corresponding
Borel G-spectrum. Let us consider the isotropy-separation sequence

iE NSYEG —iE — iE NS EG
and let us take fixed points. The sequence becomes
Eng — E"® = (iE AP EG)C

and the first map is just the norm map from homotopy orbits to homotopy fixed
points. So the last term

(iEAXTEG)E = B¢

coincides with the Tate construction. This is sometimes taken as the definition
of the Tate construction. If G = C,, is a cyclic group of prime order moreover
we can identify the left hand side with the geometric fized points (iE)*“». So

(iE)*C» = E'Or

Applying the previous result to the case of the underlying spectrum uE of a
G-spectrum E, the map E — F(EG4, E) induces a pullback diagram

EG E¢G

| |

(uE)"¢ —— (uE)*¢

since the fibers of both rows are equivalent to (uE)pg.
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