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T f Morse function (liminfx—oo |[VF(x)|? — |Af(x)| = ¢ > 0 when M =R").

(p=0) . . - (p)
Generic Assumption: The critical values f(U;

distinct.

The differences f(Uj(l)) — f(ULEO)), 1<j<m, 1< k< mg, are distinct.

Witten Laplacian: Af p = (df p + d;‘_h)2 = @A(fp/{

), p=0,1Tand 1< i< mp, are

Result :(REFHelffer-Kiein-N.)

k — j(k): specified below.
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Decrease A until the number of connected components f* is increased by +1.
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Decrease A until the number of connected components > is increased by —+1.
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Pairing of local minima with saddle points: Dirichlet B.C.
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Reorder the k; according to the decreasing order of f(UJ((lk))) - f(U‘((O)).
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Sta_ble after change of two b“ases: with almost orthogonal transformation,
[cO]+cl) = Idgi) + O(e™ 7)) (particular case of Fan inequalities).
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) - F(U)
. (0) _ o7 HE D)
Quasimodes for A"} Take (e, h) = C(k, h)xk,c(x)e B
The normalisation factor C(k, h) : Laplace method.

F)—r(ul®

)
d,g?,),lbk,g = Cx,pe” h (hdxk,e) -

The cut-off xy . is modelled on the connected component of U,EO) in {f < f(Uj((lk)))}

with
supp Vxk,e C {‘f(x) - f(U;(lk)))‘ < E}'

(see picture).
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e of In a ball B(Uj(l),2£-:1), €1 > 0 independent of ¢, consider the Dirichlet realization
Laplgzc'ans AfD’h(l) and its first normalized eigenvector o,
Functions ?

(p=0)

1 1

- P (h) = x5 ()uf”

Vier

AGA . . 3

g with Xj € C0°°(B(UJ.(1),251)), xj =1 in B(U;l), 551).
Paris 13

o (x)
In B(Uper) 029 (x)| = O(e™ )

_ek)
o2 () — u) ()| = o(he= ).

‘P(X) = dAgmon(X, L/J(l)) > ‘f(X) — f(Uj(l))‘

with equality only along the stable manifold V4 (1D) and, depending on the case,
the unstable manifold V_ of Vf;

or the boundary OM N B(U'Y, 2¢;) (Dirichlet BC).

This part relies on Helffer-Sjstrand (86), see also Helffer (Lect. Notes in Math. 1336)
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The support of dx . is localized around the dashed curve.



eigenval-
ues of
Witten
Laplacians
2.

Functions
(p=0)

Francis
lier
LAGA
Uni
Paris 13

Final computation

G # (k) = (@ (h) | drwpi¥ (e, h)) = 0).
Jj =j(k) : For a good choice of xy .,

WO (k) | de (e, b)) =
) —F(Ul®)
Ck,h/B o W (h) | hdxpee)(x)e™— B dx+ O(e~</M).

(Ujhy)-e1)

Replace wj‘l) by uj‘.’""b.

Reduce the integration domain to a neigborhood of V..
Integration along V. : Stokes Formula.

Integration transverse to V4 : Laplace method.



