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Assumptions and results

(M, g) compact (oriented) manifold (or Rn) .
f Morse function (lim infx→∞ |∇f (x)|2 − |∆f (x)| = c > 0 when M = Rn) .

Generic Assumption: The critical values f (U
(p)
i ), p = 0, 1 and 1 ≤ i ≤ mp , are

distinct.
The differences f (U

(1)
j )− f (U

(0)
k ), 1 ≤ j ≤ m1, 1 ≤ k ≤ m0, are distinct.

Witten Laplacian: ∆f ,h = (df ,h + d∗f ,h)2 =
⊕

∆
(p)
f ,h .

Result :(REFHelffer-Klein-N.) The m0 first eigenvalues of ∆
(0)
f ,h satisfy λ1(h) = 0 and

λk≥2(h) =
h

π
|λ̂1(U

(1)
j(k)

)|

√√√√√
∣∣∣det(Hess f (U

(0)
k ))

∣∣∣∣∣∣det(Hess f (U
(1)
j(k)

))
∣∣∣ (1 + ck (h)) exp

−2(f (U
(1)
j(k)

)− f (U
(0)
k ))

h


with ck (h) ∼

∑
`=1 ck,`h

` , λ̂1(U) negative eigenvalue of Hessf (U) .

k → j(k): specified below.
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Assumptions and results

Boundary Witten Laplacian (Neumann, Dirichlet): replace critical points by
generalized critical point (∇f does not vanish on ∂M)

Result(Dirichlet):(REF Helffer-N.)

λk (h) =
h

π
|λ̂1(U

(1)
j(k)

)|

√√√√√
∣∣∣det(Hess f (U

(0)
k ))

∣∣∣∣∣∣det(Hess f (U
(1)
j(k)

))
∣∣∣
(
1 + hc1

k (h)
)

× exp

−2
(
f (U

(1)
j(k)

)− f (U
(0)
k )
)

h

 , if U
(1)
j(k)
6∈ ∂M ,

λk (h) =
2h1/2|∇f (U

(1)
j(k)

)|

π1/2

√√√√√
∣∣∣det(Hess f (U

(0)
k ))

∣∣∣∣∣∣det(Hess f
∣∣
∂Ω

(U
(1)
j(k)

))
∣∣∣
(
1 + hc1

k (h)
)

× exp

−2
(
f (U

(1)
j(k)

)− f (U
(0)
k )
)

h

 , if U
(1)
j(k)
∈ ∂M ,

with c1
k (h) ∼

∑∞
m=0 h

mck,m .

Variation: Neumann B.C. (REF Le Peutrec) 4 cases. k → j(k): specified below.
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Pairing of minima with saddle points.

U
�
0 �

1

U
(0)
1 = Global minimum.

M = S1.
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Pairing of minima with saddle points.

U
�
0 �

1

Consider the sublevel set f λ = {x ∈ M, f (x) < λ}.
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Pairing of minima with saddle points.

U
�
0 �

1

Decrease λ until the number of connected components f λ is increased by +1.
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Pairing of minima with saddle points.

U
�
0 �

1

Decrease λ until the number of connected components f λ is increased by 1.
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Pairing of minima with saddle points.

U
�
0 �

1

U
�
0 �

2

U
�
1 �

j
�
2 �

U
(0)
2 : global minimum in the new connected component. U

(1)
j(2)

: splitting point.
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Pairing of minima with saddle points.

U
�
0 �

1

U
�
0 �

2

U
�
0 �

3

U
�
1 �

j
�
2 �

U
�
1 �

j
�
3 �

f (U
(1)
j(k)

)− f (U
(0)
k ) is strictly decreasing.
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Pairing of local minima with saddle points: Dirichlet B.C.

Dirichlet B.C.: f = −∞ outside M
Neumann B.C. f = +∞ outside M .
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Pairing of local minima with saddle points: Dirichlet B.C.

S1Ω

f̃ =−∞f̃ =−∞

Consider the level set f̃ λ =
{
x ∈ M, f̃ (x) < λ

}
.
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Pairing of local minima with saddle points: Dirichlet B.C.

S1Ω

f̃ =−∞f̃ =−∞

Decrease λ until the number of connected components f̃ λ is increased by +1.
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Pairing of local minima with saddle points: Dirichlet B.C.

S1Ω

f̃ =−∞f̃ =−∞
U (0)

k1

U (1)
j(k1)

U
(0)
k1

: highest “global” minimum of f̃
∣∣
f λ)

.

U
(1)
j(k1)

: splitting point.
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Pairing of local minima with saddle points: Dirichlet B.C.

S1Ω

f̃ =−∞f̃ =−∞
U (0)

k1

U (0)
k2

U (1)
j(k1)

U (1)
j(k2)

U
(0)
k2

: highest “global” minimum.

U
(1)
j(k2)

: splitting point.
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Pairing of local minima with saddle points: Dirichlet B.C.

S1Ω

f̃ =−∞f̃ =−∞
U (0)

k1

U (0)
k2

U (0)
k3

U (1)
j(k1)

U (1)
j(k2)

U (1)
j(k3)
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Pairing of local minima with saddle points: Dirichlet B.C.

S1Ω

f̃ =−∞f̃ =−∞
U (0)

1

U (0)
2

U (0)
3

U (1)
j(1)

U (1)
j(2)

U (1)
j(3)

U (1)
j′

Reorder the ki according to the decreasing order of f (U
(1)
j(k)

)− f (U
(0)
k ).
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Singular values

A0(h) = B(h)∗B(h) ,

B(h) : F (0) → F (1) dim F (i) = mi

B(h)A0(h)
≥0

= A1(h)
≥0

B(h) ;

ψ
(0)
k = ψ

(0)
k (ε, h), 〈ψ(0)

k |ψ
(0)
k′ 〉 = δk,k′ + O(e−

α
h ) ,

ψ
(1)
j = ψ

(1)
j (ε, h), 〈ψ(1)

j |ψ
(1)
j′ 〉 = δj,j′ + O(e−

α
h ) ;

h log |〈ψ(0)
j(k)
|B(h)ψ

(0)
k 〉|

h→0∼ −αk |〈ψ(0)
j′ |B(h)ψ

(0)
k 〉| ≤ e−

αk+α
h ;

α1 > . . . > αk > αk+1 > . . . > αm0 > 0 .

The eigenvalues of A0(h) satisfy

λk (h) =
∣∣∣〈ψ(1)

j(k)
| B(h)ψ

(0)
k 〉
∣∣∣2 (1 + Oη(e−

η
h )) (η > 0).

( λ1(h) < . . . < λm0 (h) .)

Stable after change of two bases: with almost orthogonal transformation,
[C (i)]∗C (i) = IdF (i) +O(e−

α
h )) (particular case of Fan inequalities).
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Reduced complex

d
(p)
f ,hχ(∆

(p)
f ,h) = χ(∆

(p+1)
f ,h )d

(p)
f ,h . (0.1)

Witten complex : Set F (p) = Ran 1[0,h3/2)(∆
(p)
f ,h) and β

(p)
f ,h = d

(p)
f ,h

∣∣
F (p) .

dim F (p) = mp

0→ F (0)
β

(0)
f ,h→ F (1)

β
(1)
f ,h→ . . .

β
(n−1)
f ,h→ F (n) → 0

0← F (0)
β

(0),∗
f ,h← F (1)

β
(1),∗
f ,h← . . .

β
(n−1),∗
f ,h← F (n) ← 0

exact.

Take

A0(h) = ∆
(0)
f ,h

∣∣
F (0)

A1(h) = ∆
(1)
f ,h

∣∣
F (1)

B(h) = β
(0)
f ,h = d

(0)
f ,h

∣∣
F (0) .

Works as well for Dirichlet or Neumann realization ((0.1) still holds).
F (p) = 1[0,h6/5](F

(p)) , mp number of generalized critical points.
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Quasimodes

Quasimodes for ∆
(0)
f ,h Take ψk (ε, h) = C(k, h)χk,ε(x)e−

f (x)−f (U
(0)
k

)

h .

The normalisation factor C(k, h) : Laplace method.

d
(0)
f ,hψk,ε = Ck,he

−
f (x)−f (U

(0)
k

)

h
(
hdχk,ε

)
.

The cut-off χk,ε is modelled on the connected component of U
(0)
k in

{
f < f (U

(1)
j(k)

)
}

with
supp∇χk,ε ⊂

{∣∣∣f (x)− f (U
(1)
j(k)

)
∣∣∣ ≤ ε} .

(see picture).



Exponentially
small

eigenval-
ues of
Witten

Laplacians
2:

Functions
(p=0)

Francis
Nier,

LAGA,
Univ.

Paris 13

Quasimodes

Quasimodes for ∆
(1)
f ,h

In a ball B(U
(1)
j , 2ε1), ε1 > 0 independent of ε, consider the Dirichlet realization

∆
D,(1)
f ,h and its first normalized eigenvector u

(1)
j .

ψ
(1)
j (h) = χj (x)u

(1)
j

with χj ∈ C∞0 (B(U
(1)
j , 2ε1)), χj ≡ 1 in B(U

(1)
j ,

3

2
ε1).

In B(Uj , ε1) |∂αx ψ
(1)
j (x)| = Õ(e−

ϕ(x)
h )∣∣∣∂αx (ψ

(1)
j − uwkbj )(x)

∣∣∣ = O(h∞e−
ϕ(x)
h ).

ϕ(x) = dAgmon(x ,U
(1)
j ) ≥

∣∣∣f (x)− f (U
(1)
j )
∣∣∣

with equality only along the stable manifold V+ (1D) and, depending on the case,

the unstable manifold V− of ∇f ;

or the boundary ∂M ∩ B(U
(1)
j , 2ε1) (Dirichlet BC).

This part relies on Helffer-Sjstrand (86), see also Helffer (Lect. Notes in Math. 1336)
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U (1)
j(k)

U (0)
k

B(U (1)
j(k),2ε1)

V+

V−or ∂Ω

The support of dχk,ε is localized around the dashed curve.
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Final computation

(j 6= j(k))⇒ (〈ψ(1)
j (h) | df ,hψ

(0)
k (ε, h)〉 = 0).

j = j(k) : For a good choice of χk,ε,

〈ψ(1)
j (h) | df ,hψ

(0)
k (ε, h)〉 =

Ck,h

∫
B(U1

j(k)
),ε1)
〈ψ(1)

j (h) | hdχk,ε〉(x)e−
f (x)−f (U

(0)
k

)

h dx + O(e−cε/h).

Replace ψ
(1)
j by uwkbj .

Reduce the integration domain to a neigborhood of V+.
Integration along V+ : Stokes Formula.
Integration transverse to V+ : Laplace method.


