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The model

o We want to minimize the energy

G
&) = [ VR + Vabalof + S 1ol
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The model

@ We want to minimize the energy

G
&) = [ VR + Vabalof + S 1ol

X
40, M(5} ke)d)ce duadx

° 9= <2;E))3> c C? and ‘¢‘2(X) — ’¢1|2(X) + ‘¢2’2(X)

M(x1, x2) = Q(x1) ( cos(0(x1)) eiv(x2) sin(9(x1))> |

e #0)sin(0(x1))  — cos(B(x1))

Francis Nier, IRMAR, Univ. Rennes 1 and INRIA project-team M Artificial gauge and adiabatic Ansatz for Bose-Einstein condensat



The model

o We want to minimize the energy
_ 2 2 E 4
&) = [ IVoR+Vallof + 5 1o
+/€<¢, M(%, kX2)¢>(C2 dX1dX2
o o= (9109) € €2 and 6(x) = 101 P(x) + [02P ()

$2(x)
B cos(6(x1)) e™#(2) sin(0(x1))
M(x1,x2) = Q(x1) (e—i(p(xz) sin(19(X1)) —cos(0(X1); > '

Q(x1) = /1 +x2,

cos(f(x1)) = A , sin(f(x1)) = #
() =x.
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The model

o We want to minimize the energy

G
&) = | |v¢|2+vﬁ(x)\¢|2+5|¢\4

<¢a ( kX2)¢>(C2 dxidx

o 0= (0209) € € and 1000 = 0P (x) + 02 ()

cos(f(x e?0x2) sin(f(x
M) = 209 (5000 o)

@ Example of numerical values

k~10 |, G~600 , ¢~25 ., k~50,
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The model

@ We want to minimize the energy

G
E) = [ V0P + Villiof + F ol
o, M(%, kxo) ) 2 dxydx
@ The eigenvalues of M(x) are £Q(x1) with the eigenvectors

0 = (i) -0 = () C=cos(3). s =sin3).

Vi, is a scalar external potential to be adjusted.
One may think of taking ¢(x) ~ u(x)y_(x).
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Remarks about Born-Oppenheimer Hamiltonians
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Remarks about Born-Oppenheimer Hamiltonians

o Consider first the quadratic part of the energy

/ L9oP + LVilof + (6. M(x)) dadx,
R2 K K
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Remarks about Born-Oppenheimer Hamiltonians

o Consider first the linear part of the energy

/ CIVOP + VIO + (6, M) dxydxy
R2

He = —€2A + V(x) + M(x)
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Remarks about Born-Oppenheimer Hamiltonians

o Consider first the linear part of the energy

[ @196 4 VI + (0, M) dadse.
R2

He = —2A 4 V(x) + M(x)
@ Set ¢(x) ~ u(x)Uo(x) <(1)> with

C  Selv
UO(X) - (Se—hp C ) :

) (Ak(x) Xi(x)
Up (0%, o) = —i (XI;(X) —&(X))
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Remarks about Born-Oppenheimer Hamiltonians

@ Born Oppenheimer Hamiltonian: There exists a unitary
operator U(x, eDy) = Up(x) + €Ui(x, €Dy) + €2 Ua(x, €Dy, €)
such that

« _(Hye O 2
U*H.U = ( 0 H_}g) + ER(e).
Hie=€ |—(VFi AX) P+ [X)P |+ V(x) £ Q).
~—— N——

ad.connection Born—Huang
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Remarks about Born-Oppenheimer Hamiltonians

@ Born Oppenheimer Hamiltonian: There exists a unitary
operator U(x, eDy) = Up(x) + €Ui(x, €Dy) + €2 Ua(x, €Dy, €)
such that

* _ HJr,e 0 2
U*H.U = ( 0 H_ﬁ) + ER(e).

)

Hi = |—(VFi Ax) P+ [Xx)P | + V() +Qx).
—— ——

ad.connection Born—Huang

@ If one wants to produce the effective potential of an harmonic
trap a|x|?, in the lowest energy band, one must take

V(x) = €2alx|* + Q(x1) — 2| X(x)|?.
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Remarks about Born-Oppenheimer Hamiltonians

@ Born Oppenheimer Hamiltonian: There exists a unitary
operator U(x, eDy) = Up(x) + €Ui(x, €Dy) + €2 Ua(x, €Dy, €)
such that

s (Hre O 2
U H.U = ( ; H_) + ER(e).

Hio= |—(VFi AKX) P+ [X)P? | + V() +Q(a).
—— ——

ad.connection Born—Huang

e Without the correcting terms in U there are O(e, eDy)
off-diagonal terms.
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Remarks about Born-Oppenheimer Hamiltonians

@ Born Oppenheimer Hamiltonian: There exists a unitary
operator U(x, eDyx) = Up(x) + €Ui(x, €Dy) + €2 Ua(x, €Dy, €)
such that

x _(H+e O 2
UHEU—(O HE>+6R(E).

)

Hio = |—(VFi Ax) P+ [XX)P | + V() +Qx).
~—— N——
ad.connection Born—Huang
@ The diagonal remainders have actually the form
D €Gj(x)(eDy)(eDy;) + € Ra(x, €Dy €) .
ije{1,2}
The approximation is valid for low frequencies (or
wave-vectors).

Necessity of pseudodifferential calculus.
Consider wave vectors of order < 1/e.
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Remarks about Born-Oppenheimer Hamiltonians

o If one starts with
He(x,p) = f(p) + M(x) with p <> eDy = Eﬁx.
i

One finds
0% _f(p
Hi (x,p) = iQ(x1)+f(p)$8pf(p).A(x)—i—p";e()AkAg
05 pf(P), — | €(0p F)(Op,f)\ +
PkPe Pk Pe
t— XXt 20(x)1 XiXe
+E0F(p) + -
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Remarks about Born-Oppenheimer Hamiltonians

o If one starts with
He(x,p) = f(p) + M(x) with p <> eDy = Eﬁx.
i

One finds
0% _f(p
Hi (x,p) = iQ(x1)+f(p)$8pf(p).A(x)—i—p";e()AkAg
05 pf(P), — | €(0p F)(Op,f)\ +
PkPe Pk Pe
t— XXt 20(x)1 XiXe
+E0F(p) + -

o Take f(p) = €2°fi(p). In the region where fi(p) = |p|?
Ha (. p) = %00+ (pFeA(x) >+ 2 X P+O(H9)+ O(e%)
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Remarks about Born-Oppenheimer Hamiltonians

o If one starts with
He(x,p) = f(p) + M(x) with p <> eDy = Eﬁx.
i

One finds
0% _f(p
Hi (x,p) = iQ(x1)+f(p)$8pf(p).A(x)—i—p";e()AkAg
05 pf(P), — | €(0p F)(Op,f)\ +
PkPe Pk Pe
t— XXt 20(x)1 XiXe

+ 630(8£23)f(p)) + -
o Take f(p) = €2°fi(p). In the region where fi(p) = |p|?
Ha (. p) = %00+ (pFeA(x) >+ 2 X P+O(H9)+ O(e%)
o Rather take
k=22 550 (l=1,k=1,6=0).
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G
&) = [ V0P + Vilaliol + 5ol

X
+r(0, M(5} ke)d)ce duadx
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]
G
&) = [ IVoR+ Valalof + 5 1ol

(g, M k))ca dxidxe

@ Change of scale ¢(x, y) \/>¢ f Ex(9) = KE(V)

with
E.(1) = / 22Ty + Ve (Gl +

+ (1, M(V/x, \i}

)) dxidxz

ai2s K 1
€ =—<<1 , 0>0 , 7=—x1
K Lk

14
G.r = Gre?t?» | Ver(x) = K Vﬁ(\/;X).
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]
G
&) = [ IVoR+ Valalof + 5 1ol

(g, M k))ca dxidxe

@ Change of scale ¢(x, y) \/>¢ f Ex(9) = KE(V)

with
E.(1) = / 22Ty + Ve (Gl +

+ (1, M(V/x, \i}

)) dxidxz

2405 K 1
T - <l , §>0 , T=-—<x1
K Lk

14
G.r = Gre?t?» | Ver(x) = K Vﬁ(\/;X).
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@ Choice of the external potential:

£2+26
Ve (x) = Tv(ﬁxl, VTx2) + 1)1+ 7xF
v

_g2+28 [ 7 + 1 ]
(1+7x2)2  (L+7x3)

) = () + @) 0 ={ 5 i S,
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@ Choice of the external potential:

£2+26
V.- (x) = Tv(ﬁxl, VTx2) + 1)1+ 7xF
v

_g2+28 [ 7 + 1 ]
(1+7x2)2  (L+7x3)

1 fort<1
Iy 2 - 2 = >
v(x) = [x["xv([x]7) + (1 = xo(Ix]7))  xu(t) { 0 fort>2
o Born-Oppenheimer Hamiltonian (¢ — 0): H._ = e2t207H_
with
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@ Choice of the external potential:

£2+26
V.- (x) = Tv(ﬁxl, VTx2) + 1)1+ 7xF
v

_g2+28 [ 7 + 1 ]
(1+7x2)2  (L+7x3)

1 fort<1
Iy 2 - 2 = >
v(x) = [x["xv([x]7) + (1 = xo(Ix]7))  xu(t) { 0 fort>2
o Born-Oppenheimer Hamiltonian (¢ — 0): H._ = e2t207H_
with

1
) +

. g g
2«/1—1—7'x12 vT

(V7x)
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Three nonlinear energies have to be considered

o E(v) = (¥, Herth) + CE22T [ g4,

H., = -7 A + V.. (x) + M(x),
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Three nonlinear energies have to be considered

o E(v) = (¥, Herth) + CE22T [ g4,
H., = -7 A + V.. (x) + M(x),

o & ()= (¢, Hoy + § [|)*,

1
Ho= =02 — (0 — i— e + ——v(\/7)
R N -
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Three nonlinear energies have to be considered

o £(¢) = (¢, Herth) + S557°T [ )%,
H., = -7 A + V.. (x) + M(x),

o & ()= (¢, Hoy + § [|)*,

Ho= =02 — (0 — i— e + ——v(\/7)
LT 2 1 e%ﬂ
o En() = (W, Hetb) + $ 5 [t
X1 |x|?
Hgv = —8§1 (8X2 — IE) + @
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Three nonlinear energies have to be considered

o £(¢) = (¢, Herth) + S557°T [ )%,
H., = -7 A + V.. (x) + M(x),

o & ()= (¢, Hoy + § [|)*,

Ho= —02 — (8, — i— )2 + 5= v(V/7)
LT 2 1 e%ﬂ
o En(¥) = (¥, Hov) + 5 [ []*,
X1 [x[?
He, = —0% — (O — ’5)2 + -

@ Definition: min E=minimal value of £
Argmin £ set of ground states.
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Result

Theorem

Fix the constants £\,, G and take § = % . Assume ¢ < CoT% and 7 < 719
with 19 small enough.

Let x = (x1, x2) be a pair of cut-off functions such that x? + x3 = 1,
x1 € C°(R?) and x1 =1 in {|x| < 1}. There exist vy = vy, € (0, 3],
C=C(lv,G), C, = C(ly, G,x) and a unitary operator U such that

° |€6,min - E%TSH,min‘ < C59/27-5/3 — O(T14/3)

o Ify) € Argmin &, ¢ = U (j*) with

laslliz < Ce¥27%2 = O(r13) , Jayllew < C¥/477H0 = O(7473)
(72 )a |2 < G712
di2(x1(7Y°.)a_, Argmin &) < CXT% )
die(x1(7Y%.)a_, Argmin &) < CX’T? .
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