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The problem

Let E be a separable real Hilbert space.
We want to prove that a Borel probability measure p: on E, which
depends continuously on the time t € R and fulfills

Orp +div (v(t, x)u) =0 , =0 = po

equals
,Uft — ¢(t7 O)*/LO 9

when ®(t,s) is a well-defined flow on E, associated with the ODE

x = v(t,x).
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The problem

Finite dimensional case:

Assume that ®(t,s) is a diffeomorphism on E for all t,s € R.
The transport equation is

/R /E (Beot(u(t., ) . Vi) dpe(x)dt = 0, Vi € CF(RXE),

]
/ / (Ot (V(E.x) . Vo)) dpie(x) e+ / (0, %) dpio(x)
0 E E

—/E<p(T,X) dur(x) =0, Ve e X0, T] x E).
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The problem

Finite dimensional case:

The method of characteristics consists in taking
o(x,t) =a(®(T,t)x) aecCs(E).

We get

(90 + (v, T2))(@(t,0)x,8) = 5 [a(®(T, 0] = 0

and
/ a(P(T,0)x) duo(x) = / a(x) dur(x), VaeC(Cy°(E),
E E
which is

pr = S(T,0)xpi0-
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The problem

Infinite dimensional case:

The weak formulation
/ /(8t<p+ W(t) ) Vap)e) dpe(x)dt = 0,
RJE

is given for a class of test functions: the cylindrical functions

¢ € C5wy(R x E) or some polynomial functions on E.
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The problem

Infinite dimensional case:

The weak formulation
/ /(8t<p+ W(t) ) Vap)e) dpe(x)dt = 0,
RJE

is given for a class of test functions: the cylindrical functions

¢ € C5wy(R x E) or some polynomial functions on E.

Problem: A nonlinear flow does not preserve these classes.
We cannot take o(x, t) = a(®(T, t)x)!!!
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An example, the Hartree flow

The Hartree equation is given by
i0rz = —Az+ (V% |z|2)z , Zi—0 = Z9.

with V(—x) = V(x

= V(x).
Example : V(x) :l:i‘ in dimension 3.
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An example, the Hartree flow

The Hartree equation is given by
i0rz = —Az+ (V% |z|2)z , Zi—0 = Z9.

with V(—x) = V(x).
Example : V(x) = :l:ﬁ in dimension 3.

The equation can be written i0;z = 07€(z) with

8@ = [ V2P dxt g [ Vi n)izPlzOF dxdy

= (z,-Az)+ %<z®2 , Vix — y)z®2> )
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An example, the Hartree flow

Set Z; = e "Rz and the equation becomes

i@tft == 8;/7(2, t)

h(z,t) = (292, V,2%?)
Vt _ e—it(AX+Ay)(V(X o y)x)eit(AX—f—Ay)
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An example, the Hartree flow

Set Z; = e "Rz and the equation becomes

i@tft == 8;/7(2, t)
h(z,t) = (292, V,2%?)
V, = e—it(AX+Ay)(V(X _ y)x)eit(AX—f—Ay)

When V = 4+, d = 3, Hardy's inequality leads to

[x[
(z1, Viz®@ z3)];2 < Cafg'gg (Izo) | 11 |2o(2) 121 203) | 12)

(z1, iz ®@ z3)[jp < Co[g'é; (\Za(l)|H1’Za(z)\H1|Za(3)|L2)
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An example, the Hartree flow

Set Z; = e "Rz and the equation becomes

i@tft == 8;/7(2, t)
h(z,t) = (292, V,2%?)
V, = e—it(AX+Ay)(V(X _ y)x)eit(AX—f—Ay)

When V = 4+, d = 3, Hardy's inequality leads to

[x[
(z1, Viz®@ z3)];2 < Cafg'gg (Izo) | 11 |2o(2) 121 203) | 12)

(z1, iz ®@ z3)[jp < Co[g'é; (\Za(l)|H1’Za(z)\H1|Za(3)|L2)

More generally it works if V satisfies V(—x) = V/(x) and
V(1 - A)"Y2 e £(L2(RY)).
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An example, the Hartree flow

Assume V(x) = V(—x) and V(1 — A)~1/2 € L(L*(R?)). The
equations

i0rz = 0:E(z) et i0:Z2=0zh(Z,t)

define flows ®(t) and ®(t,s) on H'(R?; C).

The norm | |2 and the energy £ are invariant under ® . The norm
[2(R?) is invariant under ® and the velocity field

v(z,t) = Y0zh(z, t), satisfies

v(z, )| < Clzf3ulz]p2 -
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An example, the Hartree flow

The mean field analysis for bosons interacting via a pair

potential V/(x — y), leads to Borel probability measures on
H' = HY(R9; C) which verifies

/ 1(8tgp + i(0zh.0zp — 0,0.0zh) du(z)dt =0
RJH

forall p € C

Oyt (R X HYR).
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An example, the Hartree flow

The mean field analysis for bosons interacting via a pair
potential V/(x — y), leads to Borel probability measures on
H! = HY(R9; C) which verifies

/ (atSO + ’(8zh&zS0 - 82906?,7) th(Z)dt =0
R JH!
for all v € C5o,(R X HY; R).

For a cylindrical function f € C
Vzf by

0 cy/(Hl;R) on H, we define

Yu € Hl(Rd), (u, Vzfym = (u, 0:f).

Its gradient for the real structure on H* = H1(RY; C) with the
scalar product (uy, uz>,_,ﬂ§ = Re (u1, up)pn is given by
V =2V3z
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An example, the Hartree flow

The mean field analysis for bosons interacting via a pair
potential V/(x — y), leads to Borel probability measures on
H! = HY(R9; C) which verifies

/ 1(8t<p + i(0zh.0zp — 0,0.0zh) du(z)dt =0
RJH

for all ¢ € C5%,(R x HY: R).

The above equation is the weak version of
. 1
O+ div (vep) =0, v = 782h(z, t)
with cylindrical test functions on R x Hi, HY = H1(R9;C)

being the real Hilbert space with the scalar product (u, v),_,]%{
and |Z’Hn1§ == |Z|H1.
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An example, the Hartree flow

Remark : With good assumptions (on the initial mean field data),
one verifies that the measure u; is continuous w.r.t the
Wasserstein distance *

1/2
Wa(pr, p2) = | inf / |20 — z1|3ndp(z1, 22),  Njap = p
HLx HY

R R

Also, forall t ¢ R

| Ieltnlzl dutz) < €

R

and

)
| [ e duday < cr
o JH!

*This strong continuity property requires intermediate steps
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Solving a transport equation in Prob,(E)

E real separable Hilbert space.
Proby(E) is the space of Borel probability measures on E, i, such

that
/ X2 dpu(x) < +oo
E

The Wasserstein distance W, on Proby(E) is given by

W3 (1, p2) = inf{/Ez o —xalPdu(xi, x2),  (Mj)up = HJ} :
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Solving a transport equation in Prob,(E)

For T >0, set [+ =CO([~T, T]; E) endowed with the norm

Voo = maxeep—7,77 [7(1)]

or the distance

d(7,7") = maxee-7. 71 (Zpen-
(en)nen ONB of E

For a Borel probability measure 7 on E x 't define the
evaluation map at time t € [~ T, T] by

(4(8) = 7/ (t), en)227") " with

/ o dull = / o(1(1)) dn(x.n), Vi € Cu(E).
E rr
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Solving a transport equation in Prob,(E)

For T >0, set [+ =CO([~T, T]; E) endowed with the norm

1Y|oo = MaXte[-T,7] [v(t)]
or the distance

d(3,7) = maxeer—1.1) (Soen- (1(8) = 7/ (1), en)2277) /2 with
(en)nen ONB of E

For a Borel probability measure 7 on E x 't define the
evaluation map at time t € [~ T, T] by

/ o dull = / o(1(1)) dn(x.n), Vi € Cu(E).
E

rr

Actually, pf = (e¢)«n with

er:(x,y) € ExTt —=(t) € E.
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Solving a transport equation in Prob,(E)

The following result is the infinite dimensional version of a result
by Ambrosio-Gigli-Savaré.

Proposition

If e - [=T, T] = Proba(E) is a Wa-continuous solution to the
equation
Orp + div (v(t, x))u) =0
on (=T, T), for a Borel velocity field v(t,x) = v+(x) on E such
that |ve|i2(g ) € L'([= T, T1), then there exists a Borel
probability measure n on E x [t which satisfies
» 1) is carried by the set of pairs (x,y) such that
v € AC?([~T, TJ]; E) solves #(t) = v+((t)) for almost all
te(—T,T) and~(0) = x.

> pue=py forallte[-T,T].
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Solving a transport equation in Prob,(E)

Corollary

If for all x € E, the Cauchy problem

(t) = ve((8)), 2(0) =x

is well posed and defines a flow ®(t,s) on E, then

e = d)(ta 0)*”0 .
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Solving a transport equation in Prob,(E)

Corollary

If for all x € E, the Cauchy problem

() = ve(7(t)),  (0) = x

is well posed and defines a flow ®(t,s) on E, then

e = &J(ta 0)*“0 .

Proof:

/E o dpe = /E 01 dnlx) = / [pod(t.9)|(1(5)) di(x.)

EXFT

:/QOO&)(t,S) dus .
E
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Why a probabilistic trajectory picture ?

Notations:
(en)nen+ Hilbert basis of E .
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Why a probabilistic trajectory picture ?

Notations:
(en)nen+ Hilbert basis of E .

d pdT ad_ 1dT

T o9 are defined by

E>x—79x) = ((en,x),n < d) €RY,

d
Rd > (}/17"'7yd) = ﬂ'd’T(y) = Zynen € E7
n=1

d
E>x—79x) = Z(en,x>e,, €E.

n=1
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Why a probabilistic trajectory picture ?

Notations:
(en)nen+ Hilbert basis of E .

d pdT ad_ 1dT

T o9 are defined by

E>x—79x) = ((en,x),n < d) €RY,

d
Rd > (}/17"'7yd) = ﬂ'd’T(y) = Zynen € E7
n=1

d
E>x—79x) = Z(en,x>e,, €E.
n=1
pd = mdp, ¢ =29, = pd ® 5 when E:Fd@Fj,FdwRd.
{,ut,y WY E Rd} is the disintegration of i w.r.t ud.
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Why a probabilistic trajectory picture ?

Notations:
(en)nen+ Hilbert basis of E .

d pdT ad_ 1dT

T o9 are defined by

E>x—79x) = ((en,x),n < d) €RY,

d
Rd > (}/17"'7yd) = ﬂ'd’T(y) = Zynen € E7
n=1

d
E>x—79x) = Z(en,x>e,, €E.
n=1
pd =7, ¢ =7 = pnd ®6o when E = Fy@ Ff, Fg ~R?.
{,ut,y WY E Rd} is the disintegration of i w.r.t ud.

i(y) = / 79 (ve(x)) dpey(x) for a.ey € RY,
(7))

W(y) = / 7#9(ve(x)) dptgqay(x) for aey € E.
(7) 1(57y) ’
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Why a probabilistic trajectory picture ?

Oty + div (vepe) = 0.
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Why a probabilistic trajectory picture ?

d
Vi(y)
y:nd(X) Fd

Vi(%,)

Oepd 4 div (v@pd) =0.
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Why a probabilistic trajectory picture ?

y:nd(X) - Fd

denf + div (07pd) = 0.
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Why a probabilistic trajectory picture ?

Properties:

\Vfl\p(g,gg) = ’th’LQ(Rd,ug’) < \Vt’LZ(E,m)-
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Why a probabilistic trajectory picture ?

Properties:
\Vfl\p(g,gg) = ’th’LQ(Rd,ug’) < ‘Vt’LZ(E,pt)-
t: t;
W2(N‘tilvu?2) < ftlz ‘th|L2(Rd,uf)dt < ftf !Vt\L2(E,ut)dt-
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Why a probabilistic trajectory picture ?

Properties:
197112608y = IVE 2@ gy < Vel 2B pur)
Wa(ug, 1) < [ Vel i2qra oy dt < [ |vel (gt
The sequence (1i¢)gen+ converges weakly narrowly to p; with
the estimate

Wa(piey, ) < liminf Wa(fig,, ;) -
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Why a probabilistic trajectory picture ?

Properties:

~d —_ |,,d

108 [ 12(e, 8y = IVE | 2o gy < Vel 2(E e -
d ,d ) d to

W2(Mt17ut2) S ftl |Vt |L2(Rdaﬂtd)dt§ ftl ’Vt‘L2(E,ut)dt'

The sequence (/19)gen+ converges weakly narrowly to iy with
q Kt )de g y y to p

the estimate

Wa(pt,, ) < lim inf W2(/A‘?z’ﬁgl)‘
d—o0

Similar properties hold for the families 7, /9 after projecting the
trajectories.
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Why a probabilistic trajectory picture ?

Properties:
198 12 pg) = V8 12 gy < Vel i2(E ) -
Wa(ug, 1) < [ 1vE | i2(ma oy dt < [ |vel (gt
The sequence (/i¢)gen+ converges weakly narrowly to p; with

the estimate

Wa(piey, 1) < lim inf Wa (45, ;)

Similar properties hold for the families 19, 79 after projecting the
trajectories.

In this approximation process, the finite dimensional vector field v
may be (is) singular — no uniqueness of trajectories.
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Improvements by Q. Liard and C. Rouffort

If iy - [T, T] = Proby(E) is a Wh-continuous solution to the equation
Oepr + div (v(t,x))p) = 0

on (—T,T), for a Borel velocity field v(t,x) = v¢(x) on E such that
Vel i2(€,ue) € LY([=T, T]), then there exists a Borel probability measure
1 on E x [t which satisfies

> 1) is carried by the set of pairs (x,~) such that v € AC*([-T, T]; E)
solves 4(t) = v¢(~y(t)) for almost all t € (—T, T) and v(0) = x.

> u=py forallt e [-T,T].

z1, Viz® z3)],. < C([neig (IZo) 1 2o(2)] 1] Zo(3)] 1)
(z1, Vizo ® z3)| < C;nelg (IZo@) | H|2o2) |12 1Zo(3)|12)
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Improvements by Q. Liard and C. Rouffort

Replacing the exponent 2 by 1:

Working with probability measures y such that [ [x|% du provides
compactness, for a family of probability measures p (tightness),
and relies on estimates of [, |v¢(x)|% dpu¢(x) once this is known at
timet=0.

Assuming simply fo Jeve(x)|e dpe(x) dt a priori provides

Jg Ix|e dpt which is not sufficient.

Dunford-Pettis (or de la Vallée Poussin) argument about
equiintegrability allows to prove the existence of a strictly convex
function ¥ (with superlinear asymptotics as |x| — o) a

fE (Jve(x)]) due . This provides the required tightness especially
in the I|m|t d — oo, when we consider the convergence ¢ — 7.
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Improvements by Q. Liard and C. Rouffort

A weak formulation of the
nonlinear evolution problem makes sense in the framework of the
rigged Hilbert triple H* C L2 ¢ H™! where the velocity field v,(z)
only belongs to H~(RY) .

The corresponding estimate is

(21, Viza @ z3)] < Cmin (o1 1t |22 |11 1203) 112)
or [{u1, Viwp)| < Cluy|pgee)| 2|y (rady
Handling weak solutions to the boundary value problem
Ox=vi(x)eH aet , x(t=0)=xyeH

requires to verify some weak uniqueness property.
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Improvements by Q. Liard and C. Rouffort

Result:
General statement with rigged Hilbert spaces £y C E C E_4

Proposition

Consider v : R x E; — E_1 a Borel vector field such that v is
bounded on bounded sets. Let | be a bounded interval containing
0. Ift — u € Prob(Ey) is a probability measure weakly narrowly
continuous in Prob(E_1) solving the Liouville equation with

f i g [ve(x)|e_, dpe(x)dt, then therere exist a probability measure

If add/t/onnally Oex = vi(x), x(t = 0) = xo has a weak uniqueness
property then pie = ¢(t)«pto -

Application: In R3 it allows to consider potentials with singularities
like o5 0 < B <2.
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