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Let G be a complex reductive group. The spherical Hecke category of G can be presented as the
category of G -equivariant constructible sheaves on the affine Grassmannian Gr,. This category
admits a convolution product, extending the convolution product of equivariant perverse sheaves. In
this paper, we upgrade the mentioned convolution product to a left t-exact E;-monoidal structure
in oco-categories. The construction is intrinsic to the automorphic side. Our main tools are the
Beilinson-Drinfeld Grassmannian, Lurie’s characterization of E,-algebras via the topological Ran
space, the homotopy theory of stratified spaces and the formalism of correspondences.
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1 Introduction

1.1 Main results

Let G be a complex reductive group, and R a commutative ring of coefficients. The aim of this paper is
to provide an extension of the convolution product in the Satake category of equivariant perverse sheaves
on the affine Grassmannian (MVO07, §4]) to the spherical Hecke category, and endow this extension with
an [E;-algebra structure in co-categories. This upgrade is the derived avatar of Mirkovic and Vilonen’s
commutativity constraint [MV07, §5]. We briefly illustrate the main results of the paper below.

Definition 1.1 (Affine Grassmannian). Let G be a reductive group. The arc group G (also denoted by
G[¢] or L*G) is defined as the functor

AffY — Grp
R — G(R[t]) =Hom(R[t], G).

The loop group Gy (also denoted by G((t)) or LG) is defined as the ind-representable functor

AffY - Grp
R — G((#)) = Hom(R(®), G)-

The affine Grassmannian Gr; is the fpqc quotient stack

Grg =[Gy /Gy].

When there is no ambiguity, we usually denote Gr; by just Gr.

Remark 1.2. The stack Gr is actually ind-representable. As such, it admits an underlying complex-analytic
space Gr™".
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Notation 1.3. Let € be a symmetric monoidal presentable stable co-category, and £ its stable subcate-
gory of compact objects. Let fPrE"X’ be the symmetric monoidal co-category of E-linear presentable co-
categories and left adjoint functors between them; let also iPrlg’® be the symmetric monoidal co-category
with the same objects but with right adjoint functors as morphisms (see Notation B.50, Remark B.51). Let
also Cat’_ o be the co-category of E“-linear small co-categories (see Notation B.52) with its cartesian
symmetric monoidal structure.

When R is a commutative ring and € = Mody, is the co-category of R-modules, we use the notations
fPr]LQ’®, fPrE’@’, Caty, g-

Theorem 1.4 (Main result, Theorem 4.13). Let G be a complex reductive group and € a symmetric monoidal
presentable stable oo-category. Then there exists an object

Sph(G; €)® € Algg (Pr,®)

whose underlying oco-category is

ConsGBn(Gran; ),
L.e. the unbounded derived oo-category of topological Gi'-equivariant constructible sheaves over Gr™", with
coefficients in E.

Corollary 1.5 (Corollary 4.14, Remark 4.17). In the same setting as Theorem 1.4, there exists an object

Sph(G; €)*““® € Algg (Cat, )

whose underlying oo-category is the small spherical Hecke category of G (see Definition A.22).

Let R be a discrete ring. For € =Mody, this Es-structure is left t-exact for the perverse t-structure (and
exact if R is a field). It canonically induces a symmetric monoidal structure on the abelian subcategory of
equivariant perverse sheaves, coinciding with the classical convolution product of [MV07, §4]

Remark 1.6. Let R be a ring. As explained in Section A.3, the category Sph(G;R)°“¢ = Sph(G;Mod%)
has several presentations.

One is the one that we use as definition, namely the co-category of G§'-equivariant constructible
sheaves over Grg,' with values in R, with bounded finitely presented stalks.

When R = C, then the Riemann-Hilbert correspondence implies that Sph(G; R)!°“¢ can be presented
as the subcategory of DMod; (Grg) spanned by objects whose underlying D-module is compact (i.e.
which become compact after forgetting the equivariant structure), which agrees with [AG15, 12.2.3], see
Remark A.25.

If R is finite, profinite or {-adic (i.e. an algebraic extension of Q;), then Sph(G; R)!°“< can be presented
as a category of étale sheaves over the algebro-geometric object Gr;, see Remark A.24.

Another direct corollary of Theorem 1.4 regards the renormalized spherical Hecke category:
Corollary 1.7 (Corollary 4.15). In the same setting as Corollary 1.5, there is also an object
Sph(G; €)™ € Algy, (Pry®)
whose underlying oo-category is the renormalized spherical oo-category
Sph(G; &)™ = Ind(Sph(G; €)"°°°)
appearing e.g. in [AG15, §12]

We are now going to provide some context and motivation for these results (Section 1.2) and an
outline of the paper (Section 1.3).
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1.2 Motivation: the Derived Satake Theorem

A classical problem in representation theory is the study of a reductive group G over a local field (e.g.
GL,,SL,, PGL, ) and its Langlands dual G (e.g. GL, =GL,,SL, =PGL,).

A celebrated result in the study of the Langlands duality is the Satake theorem [Sat63] which, given a
reductive group G over IF , establishes an isomorphism between the C-algebra of complex compactly
supported G(Z, )-biinvariant functions on G(Q,), called the (spherical) Hecke algebra of G, and the
(complexified) Grothendieck ring of finite-dimensional representations of G. Ginzburg [Gin95] and later
Mirkovic and Vilonen [MV07, (13.1)] provided a “sheaf theoretic” analogue (actually a categorification)
of this theorem, called the Geometric Satake Equivalence: here G is a complex reductive group, and the
statement has the form of an equivalence of symmetric monoidal abelian categories between the category
of equivariant perverse sheaves Pervg, (Grg) and the category of finite dimensional representations

of G. The key new object here is the affine Grassmannian Grg, whose definition we recalled above
(Definition 1.1). This is an infinite dimensional algebro-geometric object with the property that Gr(C) =
G(C((t)))/G(C[t]). The Grothendieck group of Pervg (Grg) is the analogue of the Hecke algebra

appearing in the original Satake theorem, but now for a reductive group over C.!

Theorem 1.8 (Geometric Satake Equivalence, [MV07, (1.1)]). Fix a reductive algebraic group G over C,
and a discrete commutative ring R, noetherian and of finite global dimension. There exists a symmetric
monoidal structure x on Perve (Grg; R), called convolution, and an equivalence of symmetric monoidal
abelian categories

(Perve, (Grg;R), ) = (Rep™(Gp, R), ®) (1.1)

where éR is the Langlands dual of G over R [MV07, Beginning of Sec. 12 ] and ® denotes the standard tensor
product of finite-dimensional Gy-representations with coefficients in R.

We recall the meaning of this statement, together with various theoretical recollections necessary for
this paper, in Appendix A. We refer the reader seeking for a complete survey to [Zhu16] and [BR18].

Theorem 1.9 (Derived Satake Theorem, [BF07, Theorem 5]). Let G be a complex reductive group and k a
field of coefficients of characteristic zero. There is a monoidal equivalence of triangulated categories®

hConsng (Grgs k)~ hPerfék (Sym(g,[—2])) (1.2)

where ék is the Langlands dual of G over k and @, is its Lie algebra.

Remark 1.10. Here ConsfgO (Gr; k) is the bounded derived oco-category of Gy-equivariant constructible

sheaves over Gr with coefficients in & and finitely presentable stalks. The category Perv, (Grg, k) is the

heart of a t-structure on Consfél (Grg, k) (and hence on the homotopy category). Indeed, this t-stucture
O

is inherited from the presentation of the equivariant constructible category a la Bernstein-Lunts, see
Remark 4.17. As explained in Remark 4.17, the Geometric Satake Theorem can be formally recovered
from the Derived Satake Theorem by passing to the heart, up to a detail: a priori, the induced statement

'A closer analogue to the original Satake isomorphism is given by the geometric Satake theorem in mixed characteristic, see
[Zhu17].

2For the sake of coherence with the rest of the work, we adopt the notation h— in order to refer to “the homotopy category
of a stable co-category”. Of course, in the original paper both sides are defined directly as triangulated categories.
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will only be a monoidal equivalence of monoidal abelian categories, and not a symmetric monoidal
equivalence.

Both the left and right-hand side, as triangulated categories, carry a symmetric monoidal structure
(for the left-hand-side, see [ AR23, Section 3.3]; on the right-hand-side, it is the tensor product described in
[BF07, 2.7]). However, the equivalence is 7ot symmetric (or even braided) monoidal (cf. [AG15, Remark
12.4.3)).

In the following, the notion of E,-center of an [E,-co-category we are referring to is [Lur17, Definition
5.3.1.6, Example 5.3.1.13], and generalizes the notion of Drinfeld center.

Theorem 1.11. There is a monoidal equivalence of co-categories
Mod. (Sym(g,[—2])) 2 Zg, (DRep(G; k)

where Zy, stays for “Ey-center” and DRep(CV;; k) is the derived oo-category of representations seen as an
E,-oco-category by forgetting its E _-monoidal structure ® along the map of operads E, — E .

One can make this result follow from [AG15, Proposition 12.4.2] combined with work of Ben-Zvi,
Francis, Nadler and Preygel on centers [BZFN10], [BZNP17]: see [BZSV23, (17.1.2)] for a discussion
on this matter. We stress that also this latter equivalence is only monoidal and not symmetric monoidal.

Note that the left-hand-side of Theorem 1.11 is the Ind-completion of the Perf & (Sym(g,[—2])), i.e.

of the co-category whose homotopy category appears in the right-hand-side of Theorem 1.9.

Remark 1.12. In recent work appeared after during the revision of the present paper, Campbell and
Raskin proved the following result [CR23, Theorem 6.6.1]. Assume £ = C (or more generally, that G
is a reductive group over a field & of characteristic zero). Then there is an equivalence of factorizable
monoidal co-categories

Sph(G; k)™ ~ Sph(G; k)P<e, (1.3)

where the right-hand-side is a suitable renormalization of the right-hand-side of Theorem 1.11.
This is the correct statement of a result announced by Gaitsgory and Lurie several years ago, and
originally conjectured by Drinfeld (see e.g. [ AG15, footnote 19]).

Remark 1.13 (Role of the present paper). The right-hand side of (1.3) has a natural E;-monoidal structure

coming from the fact that it is a renormalization of the E,-center of DRep(G,; k).

What we do in this paper is rather to endow the left-hand-side of (1.3) (which is also the left-hand-side
of Theorem 1.9) with an E;-monoidal structure: see Corollary 1.7. Our construction is intrinsic to the
automorphic side, i.e. it does not use (1.3). In contrast to [CR23], we need to assume that G is defined
over C (and not over an arbitrary field of characteristic zero): the reason for this will be evident from
Remark 1.14. However, this also gives us freedom in the choice of coefficients, see Remark 1.6.

Remark 1.14. Note that an E;-monoidal structure is a slightly stronger notion than being factorizable
monoidal. More precisely, by the Dunn-Lurie Additivity Theorem [Lurl7, Theorem 5.1.2.2] an E;-
monoidal structure decomposes into an E;-monoidal and an [E,-monoidal structure on the same oco-
category, which distribute with one another (a higher avatar of the Eckmann-Hilton principle). An
E,-monoidal structure is just a monoidal structure. An E,-structure is the same as a braided monoidal
structure. In the expression “factorizable monoidal”, the “monoidal” part corresponds to the E;-monoidal
structure mentioned above. The “factorizable” part is related to the mentioned E,-monoidal structure as
follows: the existence of an E,-monoidal structure implies the existence of a structure of factorizable
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category, but not vice-versa: the gap lies precisely in a notion of “local constancy”: a “locally constant”
factorizable structure induces an [E,-monoidal structure. Formally, this is exactly the constructibility
property appearing in Recall 1.17 below.

Remark 1.15. Our result is somehow in the same spirit of the Tannakian reconstruction principle used in
the proof of the Geometric Satake Theorem (Theorem 1.8), where the existence of a symmetric monoidal
structure on Pervg (Gr;R) is a part of the structure needed to apply the reconstruction machinery, and

Vv
only a posteriori it is interpreted as corresponding to the tensor product in Rep!d(Gpg; R).

Remark 1.16. In the light of Remark 1.13, it is natural to expect an E;-monoidal equivalence between
the two sides of (1.3), refining the factorizable monoidal equivalence proved by Campbell and Raskin.

1.3 Outline of the work

Let G be complex reductive group. Recall Definition 1.1.

In Section 2 we recall that, for any choice of a smooth complex curve X, there exists a presheaf Ran(X),
defined as the colimit in PSh(Sch) of the diagram

Fin® . —IndSchg

>1,surj

I— X!

where Finy { i is the category of nonempty finite sets with surjections between them, and the diagram
sends a surjection I - J to the corresponding diagonal X/ — X7.

We also recall that there exists a presheaf Gry,, called the Ran Grassmannian, living over Ran(X)
and such that for any choice of x, € X(C) the singleton map {x,} : Spec C — Ran(X) induces a pullback
square

Gr — Gry,,

l l . (1.4)

SpecC ﬂ) Ran(X)

P of the Beilinson-Drinfeld Grassmannians

Such a presheaf arises as the colimit in / € Fin_}|
>1,surj

Gr[ = {x] EXI,EFE BunG(X),a : ?lx\x[ l) T|X\x1} (1.5)

Here T is the trivial G-bundle, see Definition 2.3. The so-called “moduli interpretation” of the affine
Grassmannian (Proposition A.10) implies the existence of the pullback diagram (1.4).

The point of view involving Ran(X) is already used for instance in [Zhu16], [GL] and [ Ta020]. We
consider an equivariant version of this phenomenon: first of all, recall that Gr admits an action of G, by
left multiplication (see Recall A.1). We define

Hck

as an ind-pro-stack whose realization is the fpqc quotient

[Go\Gr],
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see Definition A.11, Definition A.17. Just like in the case of Gry,, in (1.4), there is an object Hckg,,
fitting in a pullback square

Hck — Hckg,,

l l . (1.6)

SpecC LO}) Ran(X)

Here Hck and Hekg,, are objects of the category StrStk%ét, a suitable pro-completion and free cocom-
pletion of the category of stratified stacks (see Definition B.5): this is the right environment for our
constructions since we want to keep track of the fact that our objects can be approximated by finite-
dimensional objects at various levels. In particular, this will allow later to define categories of constructible
sheaves in the right way (e.g. as a colimit along the coweight filtration on the affine Grassmannian). Also,
all objects in sight have natural stratifications, ultimately coming from the fact that the classical stratifica-
tion in Schubert cells of the affine Grassmannian (Recall A.1) can be extended to the Beilinson-Drinfeld
Grassmannian. Stratifications are crucial in this work because of the stratified-homotopy-invariance
features enjoyed by the procedure of taking constructible sheaves with respect to a given stratification (as
opposed to some stratification, cf. Recall B.7, Recall B.37 for the distinction). For this reason, we always
work with stratified stacks and variations thereof.

There exists a span
Hck,
?/ % (1.7)

Hck x Hck Hck

which we call “convolution diagram”. This span admits a “Ran version” of the form

HCkRan,Z
y \ﬁf; : (1.8)
Hckg,, X Hekg,, Hckg.,

The main reason for the existence of this Ran version of the convolution diagram is the fact that the
so-called convolution Grassmannian admits a Ran version (see Section 2.3), allowing to define the upper
vertex of this diagram. From this, we prove that Hcky,  carries a nonunital E -algebra structure in
correspondences, i.e. there exists an object

Hcky € AIgE(Corr(StrStkg) ) (1.9)

whose underlying object is Heky,,. The target it the 1-category of correspondences on StrStkgét in the
sense of [GR17], [Man22], together with the monoidal structure induced by the Cartesian monoidal

—

structure on StrStk}ét. Associativity ([E,) here is a consequence of the existence of n-fold convolution
Grassmannians, see Section 2.3.

The reason we are interested in extending (1.7) to (1.8) is the following. Informally, push-and-pull of
perverse (or, in our case, constructible) sheaves along (1.7) induces the convolution product of [MV07,
§4], which corresponds to an E,-algebra structure on the chosen category of sheaves over Hek. As we
will see, the existence of the Ran version (1.8) allows to add an additional “E,-direction”, corresponding
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to the commutativity constraint appearing in [MV07, §5] (which itself uses the existence of the Beilinson-
Drinfeld Grassmannian). However, in order to carry out the latter step, we choose to pass to the
complex-analytic world: this allows to use Lurie’s characterization of factorization algebras [Lurl7,
Theorem 5.5.4.10]. Note that this latter ingredient is absent in [MV07], where the properties of perverse
sheaves allow to establish the commutativity constraint “on the nose”.

More precisely, in §3.1 we apply the stratified analytification functor (—)*" of Corollary B.46 to the
objects constructed in the previous section, with the goal of deducing the existence of an E;-algebra
structure on the category of topological constructible sheaves over the resulting complex-analytic objects.’
The functor appearing in Corollary B.46 is an upgraded version of Raynaud’s original analytification
functor [Ray71], which takes into account stratifications and the formation of pro-objects and free
colimits. In particular, the analytification of the object

Hckg,, € StrStkgt
belongs to the category St/rﬁk, which arises in a totally similar way to StrStkgt as a pro-completion and
free cocompletion of the category of topological stratified stacks, see Definition B.25.
The algebra structure in correspondences (1.9) is transferred via this procedure to an object

Hck:® € Algﬁ?(Corr(Sﬁk)). (1.10)

an

Ran> 10 the sense that there is a

Additionally, we are able to build a factorization algebra structure on Hek
map of operads (Theorem 3.13)

Hek®™* : Fact(R?) — Algﬁ?(Corr(Sﬁk))x. (1.11)

Recall 1.17. Here Fact(R?) is a certain operad whose algebras correspond include nonunital [E,-algebras
under Lurie’s criterion [Lur17, Theorem 5.5.4.10]; the needed conditions in order to obtain a nonunital
[E,-algebra are essentially three (see [Lurl7, Theorem 5.5.4.10] for the meaning of the words in italic):

® factorizability, corresponding to the factorization property of the Beilinson-Drinfeld Grassmannian
Proposition 2.11;

* constructibility up to stratified homotopy, corresponding to the fact that the analytification of
Gryg,, is homotopy invariant under dilation of coordinates of A, ((NP24b]);

* codescent with respect to the euclidean topology of R? (i.e. wrt the complex-analytic topology
on Ap). This condition is “almost” satisfied: the defect is due to the presence of pro-objects in the
story, an issue which is completely solved after taking constructible sheaves: see Remark 3.11.

Let now € be a presentable stable stable co-category, which will be our category of coetficients. We
want to give a meaning to the expression

Cons(Hckg;,; €).

*Topological” here is to be understood as opposed to “algebraic”. It is actually an interesting question whether an E,-
structure can be established on a category of constructible étale sheaves over Hck without using the theory of topological
factorization algebras. One should however keep in mind that this would only make sense for finite or £-adic coefficients, since
we would be looking at étale sheaves. In this case, the category of algebraic constructible sheaves on Hck and the category
of topological constructible sheaves on Hck™ coincide (see (A.8)), so it is really a matter of techniques used, not of the result.
For other coefficients, the topological model is less replaceable: in the case of complex coefficients, for instance, one looks at
Cons(Hck™; C), which corresponds to DMod(Hck), see Remark 1.6.

This point of view is also underlined in [MV07, end of page 2].
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The idea is to define this by colimits and limits from the finite-dimensional terms involved in the
construction of Hcky .. To this end, we ideally would like to build a symmetric monoidal functor

Cons(—; &): Corr(S;r’T§k) — C’/at:),

the target being the category of large categories. Such a functor would transfer all the desired properties
in one go. However, the functorialities needed to build such a functor are somehow only understood for a

strict subcategory of StrTStk, built out of what are known as conically stratified spaces (Definition B.14):
these are spaces with some mild topological conditions and the crucial requirement that the stratifica-
tion satisfies a certain equisingularity condition (called the conical stratification condition). Whitney
stratifications are a standard example of such, and indeed we use the fact that the analytification of the
Beilinson-Drinfeld Grassmannian (1.5) is Whitney (due to David Nadler in his PhD thesis) to prove that
it is conical.

This construction is performed in Appendix B. More precisely, there is a functor

L
StrTop,,, — Prg

(1.12)
(X,s)— Cons(X,s;&)

where StrTop,,, is the category of conically stratified spaces, Pry is the category of &-linear presentable
stable categories, and Cons(X,s; &) is the category of E-valued constructible sheaves on (X,s). This
functor also carries a symmetric monoidal structure, see Corollary B.56. The existence of (1.12) relies on
the formalism of exit paths as developed in [Lur17, Appendix A] and later in [PT22].

This functor can then be extended to StrTStk_ , which is the subcategory of StrTStk built out of
StrTop,,, instead of Str'Top (Definition B.25). The resulting functor further extends to a category of
correspondences via the formalism of [GR17, Part III] and [Man22]. Again, the category of correspon-

dences appearing in the result is a strict subcategory of Corr(StrTStk
we are looking at

con)> 10 that it has less morphisms:

Corr(StrTStk

con)all,subm’

whose morphisms are spans
Y
7N
X Z

of morphisms in StrTStk  , where the arrow b belongs to a certain class of “smooth submersions”
(Definition B.28). This restriction is necessary in order to have the necessary base change properties
(also known as Beck-Chevalley conditions) for the extension to correspondences. The final output is a
symmetric monoidal functor

Corr(StrTSthk )2 cubm = Trg"g,

see Theorem B.66. Here fPr};"X’ is the symmetric monoidal co-category of E-linear presentable oco-
categories with right adjoint functors (Remark B.51).

—_

In Section 3.2 we prove that the analytification of the Hcky, | and its variations do belong to StrTStk

and that the analytification of the left leg in (1.8) belongs to subm. This implies that the functor Heck™*
from (1.11) factors via the subcategory Algp (Corr(StrTStk

X

con)all,subm ) 35 desired.
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In Section 4 we study the categories of sheaves Cons(Hckg, ; €) and Cons(Hck; €). By composing
Hek™* with Cons(—; €), we can apply Lurie’s criterion [Lurl7, Theorem 5.5.4.10] mentioned above
(whose conditions are now completely satisfied) and obtain a map of operads EJ* — (Algﬁ‘:(ﬂ)rg’@’))
whose underlying category is Cons(Hcky, ; €) : see Construction 4.7. In other words, there are two
nonunital monoidal structures on Cons(Hckg},,,; €), one of which is braided, which distribute one with
the other.

Section 4.2 is devoted to transfer these two structures from

Cons(Hckg;,; €)

to
Cons(Hck™; &),

which is done by specializing to any chosen point x, € A, (cf. (1.6)). This procedure amounts to
some base change verifications, enabled by the fact that the right leg of the convolution diagram (1.8) is
ind-proper and the left leg is pro-smooth.

We prove that, after this specialization, both the EJ"- and Ej"-structures gain units, and therefore
the Dunn-Lurie Additivity Theorem [Lur17, Theorem 5.1.2.2] can be applied, thus combining the two
algebra structures into an E;-structure on Cons(Hck™; €).

The latter category is precisely Sph(G; &), i.e. the co-category of Gij'-equivariant constructible
sheaves on Gr*" with coefficients in €. We obtain obtain Theorem 1.4. When € = Mody, for a discrete
ring R, this structure is left t-exact (t-exact if R is a field) and therefore restricts canonically to a symmetric
monoidal structure on perverse sheaves, which is the classical one used in [MV07]: see Remark 4.17.

Remark 1.18. Note that Gr™ is homotopy equivalent to the loop space QG ~ Q*B(G*"), which carries
a standard E,-algebra structure in spaces. This is not sufficient to derive the E,-algebra structure on the
spherical category though (at least not with our techniques), because the functor taking constructible
sheaves is stratified homotopy invariant but not homotopy invariant (for example, constructible sheaves
on R and on the point are not the same). For recent developments on the loop space perspective, see
[CN18, CN24], which also take stratifications into account.

The application of Lurie’s [Lur17, Theorem 5.5.4.10] to the affine Grassmannian also appears in
[HY19], though in that paper the authors are interested in a purely topological problem and do not
take constructible sheaves. Up to our knowledge, the formalism of constructible sheaves via exit paths
and exodromy has never been applied to the study of the affine Grassmannian and the spherical Hecke
category.
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2 Convolution over the Ran space

Throughout this whole work, G will be a complex reductive group and X a complex smooth curve.

Notation 2.1. When defining a presheaf over the category of complex affine schemes, we will usually
drop the dependance on Spec R when it does not cause confusion. A point x € X (R) will just be denoted
by x € X, and its graph in X x SpecR by T...

Two R-points of X will be declared “equal” if they coincide as maps Spec R — X, “distinct” if they
do not coincide (but their graphs may intersect nontrivially inside Xz), and “disjoint” if their graphs do
not intersect.

Let I € Finy, i and x; € X/(R). Let pr; : X’ — X be the projection on the i-th coordinate and
denote by x; the composite pr; ox;. We denote by I, C X the closed subscheme given by the graph of x;.
We denote by I, the closed (possibly nonreduced) subscheme of Xy corresponding to the composition

SpecR — X! — Symll| o~ Hilb';|

X
where the last isomorphisms comes from the fact that X is a curve. This subscheme is supported at the
union of the graphs I', . For instance, if R =C, I ={1,2} and x; = x, is a closed point of X, then I, is
the only closed subscheme supported at the point and of length 2.

The definition of the affine and punctured formal neighbours of a closed subscheme I of a scheme §,

denoted by §r and §r respectively, is recalled in Recall A.4. When there is no risk of confusion about the

ambient scheme, we will also denote them by T and T respectively.

A G-torsor F € Bung(Xy) will just be denoted by F € Bun(X), and the trivial G-torsor over a
scheme § will be denoted by T.

Finally, the symbol PSh(—) denotes groupoid-valued presheaves, whereas P(—) denotes space-valued
presheaves.

2.1 The Beilinson-Drinfeld setting

The following definitions also appear, in various forms, in [Reil12], [Ric14] and [ CvdHS22], and are
natural generalizations of the characterizations recalled in Proposition A.10.

Definition 2.2. Let /,1;,1, be nonempty finite sets. We recall the following definitions.
¢ The Beilinson-Drinfeld arc group

Gy, ={x,€X’,g€GX, )}

Note that G(X. o) = Aut(Tg ).
xJ

¢ The Beilinson-Drinfeld loop group

_ I EIRT . EIRT . 4
Gy s ={x; €X*,F € Bung(X),  trivialization of F on X \ x, u trivialization of ¥ on X }

11



2 CONVOLUTION OVER THE RAN SPACE

with its “decoupled version”

Gy g1, =% €X', € X", F € Bung(X),

a trivialization of F on X \ x; , u trivialization of F on X, },
1y XL

Definition 2.3. The Beilinson-Drinfeld Grassmannian is defined as

Gr; = {x; € X!,F € Bun(X),  trivialization of F on X \ x;}.

Remark 2.4. The objects Gy ;, G ; 1, Gr; are ind-schemes over X ' by [Zhu16, Theorem 3.1.3, Propo-
sition 3.1.9 and variations thereof]. The object Gy ; is representable [Zhu16, Proposition 3.1.6], and has
the structure of an infinite-dimensional group scheme relative to X’. The object Gr; is often denoted
by Grg x1,Grg 1, Gryi. The notations Gy x> Gy x> Gry, respectively for Go,{1}’ ny{l}, Gr{l}, are also
common and we will use them often.

The group scheme Gy, ; acts on Gy relatively to X’ by modification of y, and there is an equivalence

Gr; ~ GSK,I/ GO,I

where the right-hand-side is the fpqc quotient relative to X’. Analogously, there is an action of G, 5, on
Gy 1, 1, relative to X 5 and the quotient is Gr; x X b,

Notation 2.5. We denote Let x : Spec C — X be a closed point. We denote by
Gr, =Gry xx . SpecC
and similarly Gy ., G .-
Proposition 2.6 (Translational invariance). Let X = Ag. Then any choice of a closed point x € Af. induces
splittings
Gryy ~Gr, x Ag
Gy a1 = Gy, X AL

Proof. The case of Gr is proven as follows. The definition of Gry is functorial in X, and hence the
translation action on Af, lifts to Gry, as a map

GrA(}: X(C A(lc — GrAé.
The choice of any point x induces a map
1 1
Gr, XcAr — GrA}C XcAp — GrA(lC

which provides the splitting.
The case of Gy is straightforward from the definition. O

Warning 2.7. Such splittings only hold for 7 = {1}.

Definition 2.8. We denote by Finy, ; the category of nonempty finite sets and surjections between
them.

12



2.1 THE BEILINSON-DRINFELD SETTING

Remark 2.9. Fix I € Finy | g,;. The group G ; acts on Gr over X I as follows:
(1) (5052 = (e T8l ol )

This is definition is well-posed thanks to the Beuville-Laszlo theorem (cf. Construction A.7), which
implies that the datum of a trivialization on the punctured affine formal neighbourhood is equivalent to
one on the complement of the point. We will implicitly use this argument in the rest of the paper while
writing similar expressions.

Suppose I = I; UI,. The relative group scheme G ; acts on Gy ; ; relatively over X I again by
modification of a. Note that « is a trivialization away from x; , and we are modifying it at all points of
x; (not just those of x; ).

Let now 1;, 1, I; be nonempty finite sets. The relative group scheme G, ; actson Gy ; 1 X xn G f, 1.
by simultaneous modification of y in the first component and & in the second one, respectively over
Xr and er[ . The same relative group scheme acts on Gy ; ; X y1, Gr in a similar way.

2

XIZ

Construction 2.10. Let /,] € Finy, s and [¢ : I - J]a J-partition of /, i.e. the equivalence class of a
surjection ¢ : I - J modulo autobijections of J. Following [Nad05, §4.2] and [CvdHS22, (4.2)], let

X? = {x;=(xpoxy) €XT B(1) = $(i') = x; =1,

¢(i)# p(i) =T, NI, =@,i,i'el}c X",

This partition of X! forms a stratification which is called the incidence stratification of X! ((Nad05,

§4.2]).

Proposition 2.11 (Factorization property). With the above notation, there is an isomorphism

Gr %y X? = ([ [Gry) %y X?
J

where the map [, Gry — X T is induced by the diagonal X! — X' associated to ¢. Note that the right-
hand-side is also isomorphic to (T]; Gry ) xxs X idid being the partition induced by the identity of | and

X4 < X7 being the associated stratum, i.e. the open stratum of pairwise distinct coordinates in X

Proof. See [Nad05, Proposition 4.2.1] or [CvdHS22, Proposition 4.6] (which refers directly to [Zhu16,
Proposition 3.1.13]). To be precise, the proof in [Zhu16] is performed for X = Al (see Corollary 2.45),
but it is literally the same in the general case. O

Proposition 2.12. With the above notations, there is an isomorphism

J

and the right-hand side is in turn isomorphic to [']; Go x X x1 X i 45 above.

Proof. Straightforward from the definition. O

13



2 CONVOLUTION OVER THE RAN SPACE

Remark 2.13. Under the identifications of Proposition 2.11, we note the following. Let x € X(C). Then
( PR ) .. .
we can perform pullbacks along Spec C <% X < X! and obtain isomorphisms
SpecC x y; Gr; ~ Gr
SpecC xx1 Gy ; ~ Gy
SpecC X x1 Gy j ~ Gy

and the actions appearing in Remark 2.9 become the ones from Recall A.1 and Construction A.9.

Remark 2.14. The stratification in Schubert cells of Gr (Recall A.1) naturally induces a stratification on
Gry with the same stratifying poset X,(7)", as showed in [Zhu16, (3.1.11)]. If (x,F,2) € Gry(C), we
denote by

Inv, (F,2)e X (T)*

the associated coweight (we will often abbreviate this by Inv, (2)). We also denote the stratum with
coweight u by
GrX, w

and set

GI‘X’S[M = U er,v.

v<u

Remark 2.15. The notion of Inv, (@) admits the following generalization. Let x € X(C),5,,F, €
Bung(X)(C), and let 7: T |\, = Fo|x - Fix a trivialization A of F; on the formal neighbourhood of x.
Such a trivialization always exists because all G-torsors are trivial on Spec C[¢]. Then one can compute

Inv, (A¢ only ) €X(T)"

and check, by uniqueness of the Cartan decomposition, that this coweight is independent of the choice
of A. We denote it by

Inv, (7).

Recall 2.16. There is a well-defined stratification on Gr; whose explicit description is provided in [ Nad05,
§4.2] or also [ CvdHS22, Definition 4.18]. We recall it here, just to fix notations for the generalization to
the convolution Grassmannian. The indexing poset of the stratification is

{{¢: 1> J]partition of I, u; = (puy,..., yyy)) € (X, (T)"Y}

where the order relation is given by:
(¢, ) < (P, )

if and only if there exists a refinement [¢ : ]/ - J ] such that for every h €]

U DL My

bel gh)=h

The stratification is then defined by setting

S
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2.1 THE BEILINSON-DRINFELD SETTING

where the embedding is induced by Proposition 2.11.
For [¢:1 - J] partition of I, u; € (X,(T)*Y, we consider the Zariski closure

Gr[,sé”u/.

By [CvdHS22, Lemma 4.20], this is a union of strata.
Let (¢, u7) < (¢, ‘u},) as above. Then we have a natural closed embedding

(SN .
Gr[,qﬁ,,u] GI‘]’¢/)#}/

Recall 2.17. We recall the definition of the standard filtration of the Beilinson-Drinfeld Grassmannian
((Zhu16, Theorem 3.1.2], [Ric14, Lemma 3.4]). Let ] € Finzl,surj’ n,N € N. Define

N n n
G#GL)”J ={(x;,F,2)€Grg;_; | O%(—NT, ) C F C O%(NT, )}

(here we are implicitly identifying GL, -torsors with locally free sheaves of rank 7). Then this is a
projective scheme relative to X7, and Grgy, ; is filtered by the Gr(GNL) ;
(N)
G,/
Beilinson-Drinfeld Grassmannians induced by p (cf. [Zhu16, Propositions 1.2.5, 1.2.6]). Finally, one

checks that the ind-scheme structure of Grg ; does not does not depend on p.

’s. For the case of a general G,

one chooses a faithful representation p : G — GL,, and defines Gr_; ; via the closed embedding between

Remark 2.18. Note that Grgvl) is a union of strata of Grg ; by a principle similar to Remark A.8.

For instance, let G = GL’n,I € Finy g, and N € N. Choose T = (G,,)" given by the diagonal
matrices in G,. This induces an embedding of posets X,(7)* < N” whose image is spanned by those
n-uples (uy,...,u4,) where ;> --- > u and v, € (X,(T)*)! given by v in all components. Via this
identification, it makes sense to define v=(N,...,N) € X (T)*. Then

N _&
Gr ;= Grl,id;1—>1,v,-

Remark 2.19. Let I € Finy ;. Then the pullback X x y, Gr(]N) along the principal diagonal X — X7/

. . N-|I
is isomorphic to Gr), .

Recall 2.20. Recall now from Recall A.1 that the action of Gy on Gr restricts to Gr_, for each u € X (7')*
and that this restriction factors through a quotient

Gy - G

for a sufficiently large natural number j,,, where

(i)

Gy

.= G(C[[¢t]/t') ~ G(C[¢]/tx)

is now a group scheme of finite type. In a totally similar way, the action of G, on Gr restricts to Gr™)

for each N € N and that this restriction factors through the quotient
Gy > GgN )

for a sufficiently large 7. In what follows, we will privilege the filtration by Gr™)’s in that it extends in
a slightly simpler way to the Beilinson-Drinfeld Grassmannian.
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2 CONVOLUTION OVER THE RAN SPACE

For j a natural number, and Z C X a closed subscheme, let Z( i denote the j-thickening of Z, i.e. the
scheme (Z, OX/J]%).

Definition 2.21. Let ; be a natural number, and I € Finy; ;. We define

()
Goy

as the group scheme, relative to X/, classifying

{x;eX’, g€ G((T, )i}

1

Remark 2.22. Let / € Finy g, X — X I be the diagonal morphism, and j € N. Then we have
isomorphisms

GY) xx1 X ~GI)
Gy *x1 X (G ) s X4,

Proof. The first part follows from the fact that, if x; = (x,...,x) € X7 for some x € X, the subscheme I,

is defined as the sum of |/| copies of the divisor {x} C X. Hence, its ideal of definition is 9!l and thus

Fg ) is the closed subscheme supported at x and with structure sheaf

(x, O /1)

The second part is straightforward from Proposition 2.12. O
Remark 2.23. It is easy to see that ‘
Gy ~lim G((‘)])I
i o

The functor Gg )1 is a smooth group scheme of finite type over X’ (by [Ras18, Lemma 2.5.1]). Smoothness
may seem a bit counter-intuitive, since the fiber of G, ; (say I = {1,2}) over a point in the diagonal
X C X? is given by a copy of G, while for instance the fiber over a point in the disjoint locus of X? is

iven by G, X G,4. However, one cannot argue that this contradicts flatness, because we are dealing with
5 Y S0 o 8 8
(7)

o 7> the following happens. The fiber

infinite-dimensional objects. And in fact, when one truncates to G
of Gf{ )1 at a point (x,x) on the diagonal is

G(C[t]/(t7)
by Remark 2.22. On the other hand, the fiber at a point (x;, x,) outside the diagonal is

() ()
G xGJ'.

Therefore, the dimensions of these fibers are
dim G(C[¢]/(t¥)) = (dim G)¥

and

dim(G(C[¢]/t7))? = (dim G)¥.
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2.1 THE BEILINSON-DRINFELD SETTING

Remark 2.24. Let / € Finy,,;, N € N. The action of Gy ; on Gr; over X T described in Remark 2.9
(N)

restricts to each Gr . By the same proof of [Ric14, Corollary 3.7], the restriction factors through a

quotient G U N ) fora sufficiently large natural number jy,. Note also, again by the same proof, that 7y, is
1ndependent of I.

The following definitions are inspired by [AR23, 2.4.3]:
Definition 2.25. Let / € Finy i, N €N, ] > jy. We define

5 i N
Hck< 1) = g}\Grg ),
as the fpqe quotient stack in the category Stk /.

Since the action of Gg )] respects the stratification of Gr ) each Hck ) is a stratified étale stack

over X7, locally of finite type, in the sense of (B.1). Also, its structure map to X/ is stratified when we
endow X/ with the incidence stratification. Therefore, for j > j;, we obtain a well-defined object

Hek{™) € Stk 1.

Note 2.26. From now on we will fix a function N — N, N — j,,, witnessing a choice of index such that

)

the action of G, ; on Gr ) factors through G(] N/, As remarked above, we can fix a uniform choice which

works for every 1.

Definition 2.27. We define, for j > j;,
() _ (L7)
Hck[ _HckI

and
Hck; =“lim” Hck Je Pro(StrStklft).

JZh

Proposition 2.28. For j' < j, the transition maps Hckgl’j ) Hck(ll’jl) belong to the class uni defined in
Definition B.3.

Proof. First of all, the maps are smooth by [SPA, Tag 02K5] (see also [ Wed22, 2.3], [Ras18, Lemma 2.5)).
More precisely, they are smooth quotients relative to X7, in particular they are representable.

Note then that that the kernel K;; , of the map of group schemes G(] ) G( 7 is unipotent. Moreover,
the Beilinson-Drinfeld version of Kl j» 1.e. the relative kernel of Go, 7 o ], sphts as K; V' , Xyt X ¢
over each stratum X ? of X!. Hence, by factorization Proposition 2.12, over each stratum X ¢ the map
G(j ) G(j Visa quotient map with fiber K V' ,» which achieves the proof. Note that the pullbacks of Gg’ )I

and G(] ) to strata of X7 are themselves strata 1n31de G ;and G respectively (i.e. their stratification is
trrvral). 0

Hence, the object Hck; belongs to the full subcategory

Prouni(StrStkg) C Pro(StrStk%ét)

from Definition B.3.
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2 CONVOLUTION OVER THE RAN SPACE

2.2 The Hecke stack over the Ran space
Definition 2.29. The Ran presheaf of X is the colimit

Ran(X)= colim X'’

- op
]Eszmurj

in the category Fun(Affi?, Set), where the diagram is the one that associates to a map / — ] the induced
diagonal map X/ — X’.

The formation of this colimit loses any kind of descent, see e.g. [GL, Warning 2.4.4].

Remark 2.30. The functor of points of Ran(X) can be described as
Ran(X)(SpecR) = {S C X(R) nonempty unordered finite subset}.

Notation 2.31. For § € Ran(X)(R), we denote by I's the divisor 3, T .

We now want to promote the association 7 — Hck; to a functor Fin" oy Pro(StrStkg:t .

Lemma 2.32. A surjection © : I — ] in Finy g; induces a closed immersion Gr}1> — Gr([1>, and this
determines a functor
- _op Ift
Fle’wrj — StrSche
I—GdY
whose colimit
Grg,, = colim Grgl)EPSh(StrSchgf)

- op
]eszLsurj

lives over the algebraic Ran space of X and classifies the datum of
(§ CX(R),F €Bung(Xg),a: Flx a1, = Tlxr)-
Proof. Let % be the diagonal X/ — X7 induced by 7. We define the sought-after closed embedding as
(x,F,a) = (Tox,T,a). 2.1)

One can easily see that this is stratified. To prove the functor-of-points description, let us define the
following category J:

J={I €Finy, ,;,,N e N}

Hom((I,N),(J,M)={¢:] »I|N;< > M;Yiel}
1€ll9(j)=i

For (I,N)€ 3, let Gr(lﬁ) be the closed subscheme of the ind-scheme Gr; defined by setting

Grgm ={x; €X', F,a | O?{(_ZNirx) c¥c Oﬁ(ZNirxi)}

el i€l
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2.2 THE HECKE STACK OVER THE RAN SPACE

for GL,, and then proceeding as in Recall 2.17. There is a functor

Jop — StrSchg:t

I— Grgm

sending a map in J to the restriction of (2.1) to Gr ) (the condition that N; <3¢j\p(j)=i M, ensures that

this restrictions takes values in Gr ). One can see that the functor of points appearing in the statement
is equivalent to the colimit

N)

colim Grg

(I,N)eger

Now, the functor

F :Fle,wrj —J

I — (I,const,)

is initial. Indeed, for any (/,N) € J we can consider the object /] = LI;;N; and the canonical surjection
J — I induced by the definition of J. This induces a morphism in J between (/, const,) and (1, N), hence
the overcategory F/(I,N) is nonempty. For any other morphism % : (J/,const;) — (I,N) in J with
underlying surjection 7 : /' — 1, we have that for every i € I then N; < 37cy/,(j)=; 1. Hence there
exist surjections v, : T~ 1(i) — N; for each i € I, which assemble to a surjection v : | — LI, ;N;. By
construction, 7 factors through the image of v under F.

Therefore, we have an induced isomorphism at the level of colimits, which concludes the proof. [

Construction 2.33. Observe now that, given a surjection / — J, for any j € N there exists ;’ and a map
of relative group schemes

(") (/)
G(‘)J — Gy
over the diagonal X/ — X’. The index j’ need not be the same as j: for instance, take I = {1,2},] = {1}.

Then we are looking at the map

G =GV xyap X = GUL .

(
0,x = Jo,x2

We thus obtain a map of pro-relative group schemes

« llm ”G } <« lim ”G(j

)
jEN jeN Ol 22)

over the diagonal X/ — X7, This, together with Lemma 2.32 and the fact that the map Gr}l) — Gr(ll)

from Lemma 2.32 is equivariant relatively to the map (2.2), induces a map

“Jim "HckY) ] “lim ”Hck

IZh IZh

in Pro(StrStkgt). We therefore have a well-defined functor

FinP Pro(StrStklft)

>1,surj

I— “lim ”Hckgj )

JZh
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2 CONVOLUTION OVER THE RAN SPACE

We can now consider the colimit

Hckg,, = colim “lim’ Hck

I€F1n>1 ,surj ] ]1

in the category PSh(Prouni(StrStkl&)) which we denote by StrStklft (Definition B.5). We have a natural
map Hcky,, — Ran(X) in StrStk!ét.

2.3 The convolution Beilinson-Drinfeld Grassmannian

Our goal now is to transfer the convolution diagram from Remark A.13 to the “Beilinson-Drinfeld”
setting.

Definition 2.34. Given I}, 1, € Finy i, [¢ : [; - J] a partition, y; € T)*Y,N,j € N. We define

G\ = {x, € XD, x, € XD, T €Bung(X),a: Ty iziuw,yzyk
b/ b/

K10
() — (00,])
Kol Dysbotty Gy Il X Gry Gr11,¢,y]

(N.j) _ ((o0,)) (N)
Gyl 11, = G, Xcr, Gy s

Lo 7|(er2 !

(7)

where the map Gy 1,

— Gr; is the one that only remembers (x; , F, a). We also define

GK’[1>12’¢’H] = GKJl’[z ><G‘fl Gr[1a¢>#]

) (N)

500, = Ot XGn, G1,

Definition 2.35. Let k> 1,1,,...,1, € Fin21,surj’N > 0. We define the scheme

as the quotient of

chNI)l,lz Xxh o+ Xyn, Grzw
with respect to the action of [ ];_, . 1 Go ;. described as follows. For i =2,...,k —1, each Gy ; acts on
GS?’[])HJ X yl; Ggu)”]m, relatively to X, as in Remark 2.9. For i =k, G, , acts on G§< I)k RS Gr(li\[)
again like in Remark 2.9.

In particular, this is an fpqc quotient, but it is also a schematic quotient.
Remark 2.36. For any j > j,, the expression above can be rewritten as

. ) )
(N.j) o[ (N L Gor Go (N)
B, A
GK,[J2 X ch L, X Ok % Gr[/e

(cf. [Zhu16, Discussion after Lemma 5.2.3]).

Definition 2.37. We define the convolution Grassmannian as
Con =G Coy Gy o x 90 ... x“00 Gy
onvy . XK1, < XKL, 1; I,

where the notation with the superscripts has the same meaning as in Definition 2.35.
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2.3 THE CONVOLUTION BEILINSON-DRINFELD GRASSMANNIAN

(N)

Remark 2.38. This object is filtered by the Convl1 "

ind-scheme.

’s, hence the convolution Grassmannian is an

Remark 2.39. The convolution Grassmannian classifies the datum

{(x]],...,x[k),xlj ex’i foreachj=1,...,k,F,..., T,

@ F il =Ty, o7 15tj|X\x,], o ?j—llX\xll_J =2,....k}

Notation 2.40. Let us fix the following notation. A general element of Conv; _; will be denoted by

Tt F, g >
< \X\xll 1 \X\xlz 2 \X\xlz >(\ka k

Of course this is just a symbolic notation, in that each of the arrows drawn here is defined over a
(potentially) different open set.

Letnow k>1,1,,....0, ] =1, U---UI,,] EFinZl’sur]-, and [ : I - J] a partition. Define X% asin
Construction 2.10.

Proposition 2.41. There is an isomorphism

COI’IVIP'",]/e Xxl )(¢ ~ | | COHVA,Mj Xxl )(¢
jel

where:

o mi=#h|1<h<k,¢7'(j)NI, # o}

. ConvA,m], i= Convy,, o Xxm X (the map from X to X™/ being the diagonal)

. m; times ...,{

® the ma - Convy .. — XU s induced by the diagonal map X! — X119 Y gssociated to .
P 7€/ A,m; Y 8 P

Proof. (Sketch). This proof has been suggested to us by Robert Cass. We treat the case k =3,1, =1, =
I; = 1. We have three essentially distinct cases:

e | ={1,2,3}, ¢ =id. The isomorphism (adopting Notation 2.40) is given by

Convy 11 %x3 X 2 (Gry x Gry x Gry) x s X?

((J~<(Z 371<772 ?/773 3-«3)._)

X\x X\x, 2 \X\xs
aly oy aly omly onsly
X2 X2 X3 X3 X3
TE— T, Te—F, , T
( X\y, 17 X\x, 27 X\xs 3

whose inverse is given by gluing sheaves (which can be done since the points are distinct).
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2 CONVOLUTION OVER THE RAN SPACE

* | ={1,2},¢(1)=p(3) =1,(2) = 2 (we treat this case and not the case (1) = $(2) =1,$(3) =3
since we want to show that our argument works even when the two equal coordinates are not
adjacent to one another). The isomorphism is given by

Convy 1 1. X x> X%~ (Convyp 5 X Gry) X x3 Xx?

, , N2 , s
( 7 \X\xl 3:1 \X\xz 3:2 \X\xl 953 )._)

T a 5 ’72|;}‘x1 °’73|j(’xl 5 T 0‘|;2x2°’72|;}x2 5
Z Z <—
( Y X\x; LA X\x; 30 X\x, 2 )
with inverse
7 B
T2 F, ¢ Fo, T<+—F, )—
( \X\xl 1 \X\x1 30 X\x, 2 )
al ! ofl; nlg oal !t 0By
( "J’ , a ? , sz X 97 /x] XX1 xlg? )
S X\x LY Xy 20 X\x 3

e ] ={1}. The isomorphism is the identity.

Definition 2.42. Let x € X be a closed point. We define
Conv, ;, =Convy j X x {x}.
Remark 2.43. The object Conv, ,, is isomorphic to

k—1

Convy = Gy x50 .. x% Gy x“oGr
(notation as in Construction A.9).
In a similar fashion as Proposition 2.6, one can prove:

Proposition 2.44. Let X = AL,k > 1. With the notations of Proposition 2.41, the choice of a point x € X
induces a splitting
Convy ;, ~ Conv, ;, x A

Corollary 2.45. In the case when X = AL, Proposition 2.41 specializes to

Grylx¢ z(HGr>XX¢

J
Conv[1 ..... L | = (l_[ Convm]_) x X%
i€l
for any chosen point x € X.
Proof- It suffices to apply Proposition 2.6 and Proposition 2.44 respectively. O

22



2.3 THE CONVOLUTION BEILINSON-DRINFELD GRASSMANNIAN

Construction 2.46. One can define a stratification of Convy 4, (the case & = 1 being Gry), as follows. The

stratifying poset is (X,(7')*)k. First of all, Gy.n = G 1,14} XGrpy i Gry,y (the map Gry,, — Gry,y oy

${x *
being induced by the diagonal of X?) inherits a stratification over X (7)* from Gry,y = Gry. This

induces a stratification on the product
GK,A XX cee X GU{,A XX GrX
and one can check that this stratification passes to the multiple quotient
G G G
GIK,A X 70X GfK,A X 70X ... 70X GrX'

In other words, let uy,..., u, € X, (T)". The set

is the subset of Conv (C) where one imposes the condition that (with the notations of Remark 2.39)
Inv (@)= uy,Inv, (n;) = u; for every 1 > 2.

Let x € X be a closed point. Then each stratum of Conv, ; can be identified with Gy , x Go
.- x% Gr 4> Where Gy is the preimage of Gr , along the quotient map. This definition is the direct

generalization from k = 2 to arbitrary k of [MVO07, after Lemma 4.3].
These strata are not orbits for a group action, but they are smooth.

Proposition 2.47. Each stratum
Go ... xGo Go
Gj{) . X X G:K’/uk . X Gr#k

is a smooth locally closed subscheme of Convy,.

Proof. The following proof has been suggested to us by Mark Macerato. First of all, we note that for ;
sufficiently large, then
()

1 () i j
XGO...XGO GfK XGO Gr :G(]) XGO .--)(GO G(]) XGO Gr
M1 I

Gy K,y Kt Mk

»M1

(with the same argument as Remark 2.36). Now,

() () ()
GK,N1 X Gﬂ@#z X ee X GK)/%_1 X Gr#k — Gr#1 X GrH2 X ee X Grﬂki1 X GrMe

is a torsor with fiber (Gg ))Xk_l, which is a smooth group scheme. Since the base is smooth ((Zhu16,

Proposition 2.1.5 (1)]), the total space is smooth as well. Now, the map Gég)#l X Ggg )Hz
) ) 9

i (7 ; G ) . . . .
GY) xGo' GY) xGo'...xG0 Gr, isthe fpqc schematic quotient of a smooth scheme with respect
Ky K, u He

2
((Df))x/e—l

X---XGer—>

to the group (G . In particular, it is an fpqc covering, and therefore by [SPA, Tag 02VL] we
conclude. O

.....

tion 2.41. The stratifying poset will be

b{ bg"f +\7;
CW11,...,1k:{[Qé:]ﬂ—'“'u}k ‘”]]’/1]:(/“]' SEY S )EH(X.(T) )"}
i€l
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2 CONVOLUTION OVER THE RAN SPACE

where “Cw” stays for “coweight” and, for each j €], the hlj ’s are those indexes for which ¢—1(;)N1 h +@.
The stratification for Conv; ; isthen defined as

COHV11,...,Ik,¢,y] = | | Conv S X y1 X Convy 1
i€/ A,m]-,/ujl,...,,u/. 1

where the embedding is induced by Proposition 2.41.

Remark 2.49. Let,...,I, € Fing g,/ =L U--UL,NEN,j > jy. There is an action of G, ; over

1,» relative to X I, which modifies the first trivialization at all points x Lo X,

) k
This factors as an action of Gg )] on Conv™)

T relative over X7.
5 1oeees 13

Remark 2.50. Let us inspect the behaviour on different strata of the action of Gg >[ on ConvgN) L defined
, -

above. For simplicity, we look at & =2, = I, = {x}, and we distinguish the two cases of equal points

x; = x, = x and of two distinct points x,y. In the first case, the action is just the action of Gé] ) on
2N . :

the first component of GSC ) %Go Gr®), In the second case, with the notations of Remark 2.39, the

modification of @ at y propagates to n = 7, through factorization: more precisely, up to the isomorphism

Conv, , ~ Gr, x Gr, induced by Proposition 2.41 the action splits as the canonical componentwise left

action

(7) (/) (N) (N)
GO],x X Go],y OGr, ' xGr, .

This follows directly from inspecting the proof of Proposition 2.41.

In particular, the action at y is not trivial: this may seem in contradiction with the principle applied
for instance in the proof of Lemma 2.57, where it is said that modifying a trivialization away from its
“critical points” (x in this case) does not change the datum up to some isomorphism ®. The point here
is that this isomorphism @ need not be compatible with the rest of the datum, specifically with the
isomorphism 7, in the notations of Remark 2.39, which is defined on X \ {y}.

Definition 2.51. Let k> 1,1;,..., 1, € Finy g,/ =1 U+ U1y, j > j;. We define

Remark 2.52. Definition 2.51 is functorial in (1},...,1,) € Fin’ wurf? in the sense that given surjections

Iy =]y, I — ], we have a map of pro-objects “lim; ; ”Hck}j ) P “lim ”Hckgj ) % exactly as in
> - > -
Construction 2.33.
This yields a functor

(FinZ® Sur].)X/e — Pro,; (StrStk!ét)

(Iys.. s 1) — “lim ”Hck(lj)

B A
Definition 2.53. For k£ > 1, we define
_ : “Tim *H k)
Hekg,, = coh.rnOP lim ”Hck;'” L
Iyl €Find o 72T R

as the colimit in the category PSh(Prouni(StrStkgt)) = StrStk!ét.
We also define Hekg,, o = SpecC.
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2.3 THE CONVOLUTION BEILINSON-DRINFELD GRASSMANNIAN

Let k € N,x € X. We define Hck, ;, and Hek, ;, in a similar way to Definition 2.42.

Notation 2.54. Let £ > 1. We denote by (Ran(X)** )disj the subfunctor of (Ran(X )**) spanned by
k-uples of systems of points §;,..., S, C X such that Iy N Iy =02 forall1<i#;<k.

The results regarding the convolution Grassmannian imply the following:

Proposition 2.55. In the notation of Proposition 2.41, we have stratified equivalences

Heky g, xxr X? =] [Heky,, xy X7,
J€]
If X = Al we also have
Hcky 4, >~ Hek, , x A
HCkll ..... I, XX1X¢ ~ (l_[ HCkx,m]-> X (A<1c)¢~
7€l
Finally,

HCkRan XRan(X) (Ran(X)Xk)disj = HCkRan,k XRan(X)Xk (Ran(X)Xk)disj = HCk}ifm XRan(X)X/’e (Ran(X)Xk )disj
where in the first fiber product the map (Ran(X)** )aisi — Ran(X)) is the union map.

Proof. The first three points are straightforward from Proposition 2.41. The third point follows by

passing to the colimit in the other ones and in Proposition 2.11, Proposition 2.12, but not immediately,

since Finl® qur is not filtered. The following argument, suggested by Emanuele Pavia, circumvents this

problem (we explain it with & = 2 for simplicity). Let /;,1, € Finy .,/ = I; U1, and denote by

(X1 x Xlz)disj the open subscheme {(x; ,x; ) eXhx X% | I, NI, =@Vael,bel}. Note that
colim (X' x XIz)disj = (Ran(X) x Ran(X)) ;-

- op
1,1, eFm2 Lsurj

Now, in the diagram

HCkll’]Z Xxl1U]2 (Xll X XIZ)dlSJ % ]:_Iclil1 X HCkIZ

l !

(XN x X2) g > X1 x X%

l !

(Ran(X) x Ran(X))g;j — Ran(X) X Ran(X)

the top square is Cartesian by the first part of the proposition (one has to assemble the statements
for various partitions of ¢ of ), whereas the bottom square is Cartesian by straightforward verification.
Therefore, the outer square is Cartesian for every I;,1, € Finy; g4, and by universality of colimits we get

(HCkRan x HCkRan) ><Ran(X)XRan(X) (Ran(X) X Ran(X))disj =
HCkRan,Z ><Ran(X)xRan(X) (Ran(X) X Ran(X))disj :

The other equivalence is proven in the same way. O
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2 CONVOLUTION OVER THE RAN SPACE

2.4

The BD-convolution diagram as a 2-Segal object

Remark 2.56. Let k&, N € N, 1j,....,I; € Finy g,/ =1, U--- U1, j > jy. We have a diagram

. . q . () Gun) . Gun)
(N,j) (N,f) (N) M ’/;5 (NN o Co, .. S0, NN o, V)
Gﬂ(,ll,lz Xxh XXIk% GK’[k_],Ik XXIk Gl‘]/e GK,Il,IZ X 2 X 1 G:K’[k—l’lk X Gr[k
(N.j) (N)
by, Ikl \L’”]l ,,,,, A
k (N) (N)
H1:1 Gr[l_ Grl

2.3)

where:

the left vertical map is the projection to the quotient of the action of Hf”:z Gy, (relative to
X1HU-Uley induced by Remark 2.4;

the horizontal map is the quotient map by the actions defined in Remark 2.9 (see also the definition
of Definition 2.35);

the right vertical map arises as follows. Let 1}, 1, [y € Finy o5,/ = ;UL UL, j > j;. Then there
1s a map

Gy 1,1, Xxt Goc 1,1, = G u g, (2.4)
which sends the datum

(xlla XL, x,},?, §€Bung(X),a: rﬂX\rxl1 = (‘T|X\Fx11 B rf|)(\rxl2 = ‘T|X\rxl2 )

y . fﬂ)?rx]z —_— (Ilirxl

,V!?li ;(‘T|)~(' )
H rx13 F)C

I3

to the datum

(27, +xp, %, 3,y i]'C|X\rxl1 T, {‘T|X\Fx11 T, )

where H is the G-bundle obtained by gluing ¥ and G along | % © u % (this makes use of the
XIZ XIZ
Beauville-Laszlo theorem, cf. Proposition A.6), and y is the trivialization inherited from a via the

gluing procedure.

It is easy to see that this map passes to the quotient
GO I
Go1,,1, X2 Goe g, -

Analogously, there isa map Gy ; ; x Gr;, which also passes to the quotient Gy ; ; x Gry,. These
maps induce a map

. Gor Go,r
my g G, X0 X Grp = Grp -
Tt is easy to check that this restricts to a map m\")  like in (2.3).
Y P ™My I
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2.4 THE BD-CONVOLUTION DIAGRAM AS A 2-SEGAL OBJECT

Note that q[ and m K do not depend on j. Note that, for x € X, the pullback of this whole

.....

diagram along the dlagonal Spec(C Sx B xTis isomorphic to a diagram

Gglmw,f) o G<|1k N S Gy N 4 Gl (LN L) Gl G G§|<1k,1 N o GIEY = (1IN
pﬁj{?,],el .,
Hi:l G5IN) G1IN)
(2.5)
naturally generalizing (A.2).
We also have a diagram of groups, relative to X7,
G((DJ)I XITe, X% I G((aj,)]i — G((DJ)I
l ‘ 2.6)

k (/) (/)
IT:- GO],I- GO],I

1

where the left map is induced by the map Gg; )1 — Gé )I X 1, X! associated to the embedding Fxll =T,

and the horizontal map is the projection.

Lemma 2.57. The vertices of (2.6) act respectively on the vertices of (2.3), and the maps in (2.3) are equivariant
with respect to the maps in (2.6).

Proof. The only part that requires some work is equivariance of the leftmost vertical arrow. The proof is

an application of the Bauville-Laszlo theorem: in a few words, modifying a trivialization a defined on

X \I around some points not included in x; produces an equivalent datum in Gr;. We provide all the
1

details of the proof here below.

First of all, by definition of the various actions, it suffices to prove the claim for N = oo and without
the index j. Equivariance in the last £ —1 components is straightforward, and witnesses the phenomenon
that allows to “shift” the right multiplication action of G on Gy to the “antidiagonal” action of G, on
Gy X Gy

We are left to check equivariance of the quotient map Gy ; ; — Gr; X1 X I with respect to the

.« . I I ~ . ~
restriction map G ; — Go; X xn X'. Let thus x; € X(R)', g € G(I, ), F € Bung(Xg), a 9:|XR\F —
T] Xp\T,, - . We want to compare the modification of the datum (&, @) by g and the modification of the same
datum by g |Tx . Equivalently, let us assume that g restricts to the identity element on rx11 , so that the

second modification is trivial.
Let thus G be the first modification, arising as the gluing of the data

I o T,

along the isomorphism g |i o a|fx . Let 3 be the inherited trivialization on Xy \rx11' Let also can be the

canonical isomorphism between §|x \r and Ty \r , and can be the canonical isomorphism between
*1 *1
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2 CONVOLUTION OVER THE RAN SPACE

9z and Jlz . Note that by construction
JC[ )CI
canl., ~gl. al. ocan|s . 2.7
can|rx1 g|rx1a|rx1 ocan|rx1 2.7)

We want to exhibit an isomorphism @ between J and §, commuting with o and § on Xz \ I, . We
1

define it bia the Beauville-Laszlo theorem, by assigning isomorphisms ¢, ¢, & between the restrictions of
F and G to the schemes

~

rx, ’ rxl \rle’ XR \rx[

1

respectively, and by checking that they are pairwise compatible.
We define

can|Z!
)C]l
PR
1 1

oal=!

-1
°g I oal;
l"xl \Fx]I er \rxll rxl \rx11

¢: T \I. 9|fx] \L,

a1
g ? a|XR\rx1 7 Can|XR\rx1
. |XR\rx1 |XR \Fxl 9 XR \rxl

Note that, in the definition of ¢, we have used that o is defined outside of Fxl and not just outside of
1

X7 °
By using that g|x is the identity by assumption, and the identity (2.7), one checks that these three
Xy

1
isomorphisms are pairwise compatible.

The verification that the resulting ® commutes with a and 3 can be done along the same lines. [

Lemma 2.58. In the notations of (2.3), the map qu’j }k induces an equivalence after passing to the quotient
-
by the actions of (2.6).

Proof. Tt suffices to check this after pulling back to the strata of X% x --- x X, and therefore by
factorization it is sufficient to prove it over the diagonal, hence over a single point x € X. But in that
. N,j .
setting, q} ! )Ik restricts to the map
-

GUAINIEI o e GU-IN) o GIIN) _, GUANABI) G327 Gy Gk N GUEV) o (N

(V]
s
which exhibits the target as the quotient of the source with respect to the action of Hf’:z Gg]i ) inducing
the twisted product on the right-hand-side. The map (2.8) is therefore equivariant with respect to the
morphism of groups Gg”j ) x H/f:z Ggli 2N GSIU ) given by projection on the first component, which
concludes the proof. O

Remark 2.59. Let N >0,/ > jn, 1y, 1} € Fing g0 As a consequence of the observations made in
Remark 2.56, by passing to the quotient in (2.3) with respect to the actions listed in Remark 2.56, we
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2.4 THE BD-CONVOLUTION DIAGRAM AS A 2-SEGAL OBJECT

obtain a diagram of quotient stacks

Hck(Na])
—(N,j) Iy, N)
1)’11/ \’”1:..,1,e
(N.j) (N.j) (N.j)
Hckl1 X +ee X HCk[k HCkllleLJIz'

Definition 2.60. We define (Ran(X)xRan(X))g;; as the open subfunctor of Ran(X ) xRan(X ) parametriz-
ing

{(§,T)eRan(X) x Ran(X) | T, NIy = @}
More generally, we define Ran(X)fiij ={$p-- .8 Tyse ., Ty €Ran(X) [Ty NIy, =@ Vi=1,....k} C
Ran(X )%.

—_

Remark 2.61. Recall that we have a natural map in StrStk!ét from Hekg,, , to Ran(X )* (the one that
only “remember” the systems of points).

We will now establish a semisimplicial structure on the collection of the Hekg,, 4’s.

Construction 2.62. Let £ > 1,0 < <k, and let d; be the injective ordered map [k — 1] — [k ] missing
the index i. For each I,,..., I, € Finy i, 7 2 j;, we have maps

i=0) & é] 1)1 L I—Ickg ) L Hckg ) L induced by the projection
() () (1 (7) (1
Gﬂé,ll,lz Xxh Gﬂé,lz,@ Xxh s Xyl Gr[k - jé,[zyls Xxh tt s Xy, C;I‘]/e

that forgets the first component.

i=k) S g 31 L Hck(lf ) L Hck(I{ ) . induced by the composition of the projection

G(]A)]1 L, Xxh G(]')I2 L Xxh T Xyl G 5 GV x e x

)
x x I, K11, G

X%t VK1, 0,
() (1) (/)
T Gr]/e (recall that, as usual, GJC’ L

with the map induced by the quotient G stays for

' —ilp
(1,7) )
K1, _y,0,7"

1 #0,k) é\l(]l)l]k : Hck%,)m’[/e — Hck({) o, induced by the maps

(7) (7)
G X Gy rpdi ~ G,

(fori<k—1)or
(/) (1)
GK’ o, X er, A ery I Ul,

(for i = k — 1) defined in (2.4) and following.

We can thus define a map

8;= colim “lim”¢8 V) ;. +Hekgo,p — Hekpop oo

. op 1,05y
11,...,],€EFle)5uri 1= 1reeolp
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2 CONVOLUTION OVER THE RAN SPACE

Remark 2.63. The maps defined in Construction 2.62 are stratified. Ultimately, this can be reduced to
the following statement: for any point x € X, the map

S :Hck — Hck

1,X,1; x,m; x,m]-—l
which glues the data in the places 7,7 + 1 is stratified. This is implied by [MV07, Lemma 4.4].

Proposition 2.64. Construction 2.62 defines a semisimplicial object, i.e. the given maps satisfy the simplicial
identities.

Proof. We need to prove that, for every & > 1,0 <i < b <k, there are isomorphisms
8,8, ~8,_,38;.

Equivalently, we prove that the statement is true for the 3 ’s, and moreover, it suffices to prove

A
it after pulling back to strata of X!, where I = I, I--- U 1,. This last reduction step is not completely
obvious, since for instance, the equality of two morphism of schemes which are not reduced cannot, in

general, be checked on strata. However, by [ Ta020, Theorem 1.2.1], Gry,,, can be written ad

colim GrreGl

op
]€F1n>1 ,surj

and therefore passing to reductions does not change the object at the Ran level. The same argument
holds for the Hekyg,,, 1., because we have a map Hekyg,, , — Gr ~ which is a relative G g, torsor, in
particular a smooth map. In other words,

® For [ € Finy, g, Gy ; is smooth by Remark 2.23, hence reduced.

® For I,,1, € Finy g, Gy 1, 1s a Go -torsor over Gr; X X1, relative to X%2. If we pull this

red

torsor back along Grj*® — Gr; , we obtain another G ; -torsor, whose source is now reduced

by étale-localness [SPA, Tag 06QM], smoothness of the fiber and reducedness of the base. By the
universal property of the reduction, we get that

Gy ATy XGY] Grr&d 5531,12'
® By asimilar argument,
Conv; ; ~Conv; « %Gy Gy, Grred - X Grred.
More precisely, we use the previous point to deduce the statement for
Gx’11)12 XXIZ cee XX]k Gr]k,

and then again étale descent for reducedness to obtain the statement for the convolution Grassman-

nian.
e We have
HCk I,,. ,Ik)redw Gg,)11u g, \Convy red G((‘_))I 5, \(Convy 4 XGry, x-xGry Grred - X Grred
NHCkD gy X Gy xexGr, Grred ><Grred

where we used étale descent for reducedness for the first equivalence, the previous point for the
second equivalence, and universality of quotients for the last equivalence.
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2.4 THE BD-CONVOLUTION DIAGRAM AS A 2-SEGAL OBJECT

e Finally, we apply the previous point, the fact that the functor € — Pro(C) preserves finite limits,
that limits commute with limits, and again universality of colimits to obtain

Hekg,p=  colim  “lim’ (Hck(]

)red
1], €Fin® I T

I,

>1,surj

’s, and this statement can be
red

We can thus prove that the statement is true for the reduction of the & U ]) N
1>

checked on strata. Moreover, by [Ta020, Lemma 4.2.2], the factorization property holds for Gry
well (and with a similar proof for its variations), which allows us to use factorization also in the reduced
setting.

By factorization, we reduce to two cases:

* proving the statement over the stratum
S 1yl odi = {21 | Vi',h' <k,x, #x,Na €l b el ).
This case follows again by factorization.
* proving the statement after pullback to the diagonal X — X?. This case follows from [NP24a].
g

Definition 2.65. We denote the semisimplicial object established in Proposition 2.64 by

. AOpP Ift
Hekg o : Ag— StrStke.

The crucial property of this structure, in order to encode the associativity of the convolution product,
is the following:

Proposition 2.66. The semisimplicial object Hcky,, , enjoys the 2-Segal property, that is the equivalent
conditions of [DK19, Proposition 2.3.2 ]

Proof. We will prove the case k = 3, for simplicity. First of all, we prove that we can reduce to proving
that we can reduce to proving that the map

() ( ()
HCkGJzJ; — Hck X e km HCk11,12u13 2.9)

is an equlvalence for every I;,1,,1;,j > j;, where the maps in the pullback are respectively (& U)o

L1,,0;
0 11,12,13) and é\2 I,
check the statement at the level of pro-objects (i.e. before passing to colimits in I, 1,1, € FinX’

Indeed, since limits commute with limits, we only need to prove that we can

>1 surj)
Consider the square

HCkRan,Iz,13 — HCkRan,IZUI3 — HCkRan,Z

l l l (2.10)

Hek; ;, —— Hck;;,, ——— Hckg,,
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2 CONVOLUTION OVER THE RAN SPACE

where Hekg,, ; ;. = colim; Fin? Hck; ; ; and similarly for Hekg,, 7,/ . If we assume the statement

about (2.9), then the left-hand square is Cartesian by universality of colimits. The right-hand square is
also Cartesian, because front, bottom and back faces of the commutative cube

HCkRan,Iz Uz > HCkRan,Z

— —

Heky, l > Hekg,y

Ran(X) x X215 ‘ > Ran(X) x Ran(X)

- l /
> Ran(X

are Cartesian. Hence the outer square in (2.10) is Cartesian, and by universality of colimits in a
category of presheaves we conclude.

x LUl

Let us thus prove the statement for the é‘ ’s. By factorization (and the workaround including

.....

passing to reductions explained in the proof of Proposition 2.64), it suffices to:
® prove the statement after restricting to the stratum
8]1,12,13,di5j = {x[1,x12,x13 | xﬂ # vaﬂ E ]2, b E IZ ora E 12, b E 1301‘ a E 11, b E ]3}.

There, by Proposition 2.11, Proposition 2.12 and Proposition 2.55, the statement is equivalent to
proving that the square

(Hck(lf ) x Hck(l X Hck )|81 (Hck([{ ) % Hck( X Hck )
1

1,13, disj |811 b, I3, disj
(Hek x Hek{)))[s (Hek x Hek{/))[s
1,13 disj 1,13 disj
1s Cartesian, which is of course true.
® prove the statement after restriction to the diagonal. We can as well assume || = |L,| = ||,

up to considering suitable surjections I — I;,i = 1,2,3. Then we need to prove that, for any
N eN,j > jy, the diagram

G(])\G(N’]) XGg) G(N:]) XGg) GI‘(N) 5 G(])\G(NJ) XGg) Gr(ZN)
X mys3 V] X

(V)
P pzl

. N,' () .
GUNGI) x %6’ GrN) ”‘ > Gy \GrV)

is Cartesian (note that here we do need N to be arbitrary, since pulling back to diagonals takes into
account the cardinalities of the 7;’s). This latter claim is true by [NP24a, Proposition 2.3] with
H = G:K,K = Go.
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Theorem 2.67. Let G be a complex reductive group and X a complex smooth curve. The object

Hckg,, € StrStkt:

from Construction 2.33 carries a nonunital associative algebra structure in Corr(StrStk%ét)X, extending the
convolution diagram (2.59).

The fiber of this algebra structure at any singleton {x} € Ran(X) encodes the convolution diagram for the
Hecke stack (Remark A.13) and its associativity.

Proof. It suffices to apply [DK19, Proposition 8.1.5] to the 2-Segal semisimplicial object Hekg ,, , (Con-
struction 2.62, Proposition 2.66). O

3 Topological factorization of the Hecke stack

3.1 Consequences of analytification

Definition 3.1. Let M be a topological manifold of dimension m. The Ran space of M is the set of
nonempty finite subsets of M, endowed with its so-called metric topology, i.e. the topology induced by
the following base:

k
{1_[ Ran(D;) | {D;} finite family of pairwise disjoint disks in M}.
1=1

Note that the given family is actually a family of subsets of Ran(A), in the sense that the union map
Hf’:l Ran(D;) — Ran(M) is injective whenever the disks are pairwise disjoint. We denote by x;Ran(D,)
the image of this map.

Remark 3.2. The set Ran(/) can be equivalently presented as the colim;cp;, M T in Set. This carries
>1,sur)

a natural colimit topology, which is finer than the one presented above. For a thorough comparison
between those, and many further considerations, see [CL21] and [DL23]. When unspecified, by Ran(#/)
we will always mean the Ran space with its metric topology.

One of the main features of the Ran space is to encode the notion of factorization algebra in a
particularly efficient way. Actually, a theorem by Jacob Lurie says even more, showing that a family over
the Ran space with some conditions induces a “sheaf of E, -algebras” over M (m being the dimension of
M),

Theorem 3.3 (part of [Lur17, Theorem 5.5.4.10]). Let M be a topological manifold of dimension m, and
C® a symmetric monoidal co-category where the tensor product preserves colimits separately in both variables.
Any constructible factorizable cosheaf over Ran(M) with values in C induces a nonunital E, -algebra
structure on its stalk at any singleton {x} € Ran(M).

Recall 3.4. We refer to [Lur17, Section 5.5.4] for the definitions. Here we just recall that:

® two open subsets U,V of Ran(M) are declared to be independent if for every S € U, T € V,
then SNT = @. For example, for any two open subsets D, D’ of M, Ran(D) and Ran(D’) are
independent if and only if DND’ = @. For U, V independent open subsets of Ran(M), one denotes
UxV={SUT|SeU,T € V}. Again, this is homeomorphic to U x V.
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3 TOPOLOGICAL FACTORIZATION OF THE HECKE STACK

e there is an operadic structure Fact(M)® over the category of open subsets of Ran(M), encoding the
“partial operation” U * V for independent U, V.

® a factorizable cosheaf over Ran(M) is a map of operads
A® :Fact(M)® — C®
satisfying the following conditions:

- the underlying functor A : Open(Ran(#)) — € is a cosheaf;

— for any two independent open subsets U, V of Ran(M), the map A(U) ®° A(V) — A(U « V)
induced by the fact that A is a map of operads is an equivalence in C.

* such a functor is constructible if, as a cosheaf over Ran(M) with values in C, it is hypercomplete and
satisfies the following (cf. [Lur17, Proposition 5.5.1.14]). Let {D; };;, {D:};¢; be finite sequences
of disks in M such that D; N D; = D;N D; =@ fori# jand D; C D!. Then A sends the induced
map

x;Ran(D;) < x;Ran(D?) (3.1)

into an equivalence in C.

Recall the definition of the functor

—_—

(=)™ : SerStklt — SerTStk,

from Corollary B.46. By construction, this functor preserves finite limits. By composing the semisimpli-
cial object Hekg,, , from Definition 2.65 with (—)*" we obtain a semisimplicial object Hekg},, ,, which
is again 2-Segal because (—)* preserves finite limits. This object comes with a natural map towards
Ran(X )™ with the colimit topology (by functoriality) and therefore towards Ran(X ") with the metric
topology described in Definition 3.1. For instance, if we consider Hekg,, {, this is given by

colim “lim”
T
I GFmZ Lsurj

(Gy)"\(Grg) )™
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Note that the single terms appearing in this formula are quotients in the category of stratified topological
stacks (Notation B.16).

From now on, when proving a property for Hekg;, . , we will always argue as “we prove the property
for each term and the property is stable under the relevant colimits and formal limits”.

Definition 3.5. For any U C Ran(X®") open subset, and & > 1, let

ConVU,k = COI‘IV‘;{;H kX Ran(Xan)k U* € St/r:I'gk
I_ICkU,/e = HCki{r;n,/e X Ran(Xan)k U* e Sﬁk.
We define functors

Open(Ran(M)) x AES > StrTStk
(U,[k]) — Convyy g
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3.1 CONSEQUENCES OF ANALYTIFICATION

and
Open(Ran(M)) x A?YS — StrTStk
(U,[#])— Hcky

on objects, and in the natural way on morphisms.

Indeed, an inclusion U C V naturally induces embeddings

Convy; , < Convy
HCkU,/e — HCkV,k

which are clearly natural in k.

Remark 3.6. Note that by universality of colimits

: an
Convy ; ~ colim Convy

k
I, XRan(Xa“)k U”.
1oeeesdp

.....

resp.

: an k
Hekyp = 3101“1? Hek7' 1, XRan(xany U

,,,,,

..........

X g Iu-ul, DU

ey XX

resp.
an Lu--ur,
Hck[1’m,]k XXIILI"'u]k D .

Definition 3.5 is the first step in the direction of building a factorization algebra out of Hekyy,, - The

following step is to upgrade Hek™ to a functor
Fact(M)® x A - SuTStk
suitably encoding the “factorization property” of the Beilinson-Drinfeld Grassmannian.
Notation 3.7. Let M be a topological manifold. We denote by
(Ran(M)* x Ran(M)*)
the topological space
(StreeisSps Ty oy Ty | ;N T, =@,i =1,...,k} CRan(M)F x Ran(M).

Remark 3.8. Consider two independent open subsets U and V' of Ran(X®"). We have the following
diagram
HCkU,k >< Hckv’k H (HCkRan,k X HCkRan,/e)Z? % Hck%[;n,k

Sj

! | e

U* x VE —S—5 (Ran(X*)* x Ran(X*)*) g 2% Ran(X*"),
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3 TOPOLOGICAL FACTORIZATION OF THE HECKE STACK

where the left hand square is by definition a pullback in StrTStk, and the right top horizontal map is
induced by Construction 2.62 and factorization with & = 2, and then by applying (—)*". In concrete, this
map is induced by the maps

Gr11 X Gr12|(X11 xX2)gi Gr11u12

(xll’?’mxlz’g’/g) = (x7, +x7,H,y)

where H is the gluing of 5 and § along the isomorphism 57| X\L oalyr . and y is the trivial-
X x[l X]Z

I L
ization inherited from @ and [ via the gluing procedure. L

Note also that the bottom composition in (3.2) coincides with U X V' — U x V < Ran(X?*"), the
first map being the one taking unions of systems of points; hence, by the universal property of the fibered
product, Heky; , x Heky, , admits a map towards Heky, v, which we call yy; 1.

Proposition 3.9. Let k € N. There is a well-defined map of operads

fact ® X
Hck,* : Fact(M)® — StrTStk
assigning
(Ul’ ceey Um> — HCkUl,k X oo X HCkUm,k'
(U - V) — [HCkU,k — HCkV,/e]
(U, V)= (U V)= yyve:Hekyp xHeky p —Heky,y g

Proof. To prove that this is this association is functorial, it suffices to prove that the diagram

Convyy,y, X Convy,

X U‘V XUV, Wk

Convy, ;, X Convy, , X Convyy, Convy, vowk

idxm XU, V+W,k

Convy, g, X Convy,,

(notations as in Definition 3.5) commutes in Str'TStk. Now this is true because the operation of gluing is
associative, as it is easily checked by means of the defining property of the gluing of sheaves.

Finally, to prove that the functor Hckfg1Ct is a map of operads, we use the characterization of inert
morphisms in a Cartesian structure provided by [Lurl7, Proposition 2.4.1.5]. Note that:

® An inert morphism in Fact(M)® is a morphism of the form

(Ul" ooy Um) — (U¢71(1),. .. U¢71(n))

covering some inert arrow ¢ : (m) — (n) where every i € (n)° has exactly one preimage ¢~(z).

® An inert morphism in StrTStk isa morphism of functors @ between f : 22 ({m)°)°P — StrTStk
and g : 2 ((n)°)°P — StrTStk, covering some @ : (m) — (n), and such that, for any § C (n), the
map induced by @ from f(a~'§) — g(S) is an equivalence in StrTStk.
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3.1 CONSEQUENCES OF ANALYTIFICATION

By definition, Hckim( U,...,U,) is the functor f assigning

T C(m)°— l_IHCkU,k’
jeT !

and analogously Hck%Ct(Uqg,l(l), <os Ug=1(,n)) is the functor g assigning

Sc(n)°— HHCkU¢—1<,~

1§

p

But now, if « = ¢ and T = ¢~1(S), we have the desired equivalence.
O

For the following result, we specialize to the case X = Al.. Consider the class Ball(C) of metric balls
in A, i.e. open subspaces of the form
{ze(Ap)" |z —2| < 7}

for zy € (AL)™, 7 € Ryy. Let D! C D;,1 € I nonempty finite set, be elements in Ball(C). There is an
inclusion

*;e/Ran(D)) C x;;Ran(D;) (3.3)
which in turn induces a map

HCkRan(D’ )y HCkRan(D)

in StrTStk. N
Recall the notion of stratified homotopy equivalence (she and she) from Definition B.28.

Proposition 3.10. Let X = AL, k € N. The functor HckfgICt from Proposition 3.9 satisfies the factorization
property (see Recall 3.4) and sends maps of the form (3.3) to she in Mor(StrTStk).

Proof. The fact that the analytification functor preserves finite limits, together with Proposition 2.55 for
k =2 and the consideration that the diagram

(Ran(X)™ x Ran(X)™)g; — Ran(X)*

l l

(Ran(X™") x Ran(X ™)) 3;; — Ran(X™")

(where in the first row we are considering the colimit topology and in the second row we are considering
the metric topology) is Cartesian, achieves the factorization property by pulling back everything along
U* x VE — (Ran(X*)F x Ran(X*)F) .

As for the second property, by using factorization we reduce to the case of a single inclusion of disks
i : D' C D. That is, we need to prove that the induced map

HCkRan(D’),k - HCkRan(D),k

is a stratified homotopy equivalence in StrTStk. This amounts to proving that for each I;,...,], €
Fing o N €N, the maps

(N) — Conv(N)

COHV(D/)Il oDk D,.. D%

GO,(D/)Il — GO,DII
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3 TOPOLOGICAL FACTORIZATION OF THE HECKE STACK

are resp. stratified homotopy equivalences and homotopy equivalences, and in a compatible way (i.e. the
homotopy inverse of the first map is equivariant with respect to the second one, and one can choose
homotopies which are compatible with respect to the actions on source and target). A sketch of the proof
for the first one, in the case k£ =1, is given in [HY19, Proposition 3.17]. The full statement is proven in
[NP24b]. O

Remark 3.11. From the properties of Recall 3.4, we did not prove that the association U — Hcky; , is a
hypercomplete cosheaf. This property becomes true after taking categories of constructible sheaves, that

is after applying the functor Cons from Theorem B.66: see Proposition 4.5. Note that for I;,...,I, €
)

.....

Fing s>/ 2 J1» the functor U — Hck%

.....

with sifted colimits and hence one cannot formally transfer descent to the level of pro-objects.
Note as well that we only proved that maps of the form (3.3) are sent to stratified homotopy equiv-

alences, which are not equivalences in StrTStk. However, stratified homotopy equivalences are sent
to equivalences of co-categories under Cons(—; €), the functor which takes constructible sheaves with
coefficients in a symmetric monoidal presentable stable co-category € (Proposition B.57). Also, proving
the property for maps of the form (3.3) instead of (3.1) is sufficient for our purposes, as we will see in the
proof of Theorem 4.6.

Remark 3.12. The constructions performed in the proof of Proposition 3.9 are compatible with the face

maps of Heky} , defined in Construction 2.62, since for any k € A% i =1,...k, the square
, inj
(HCkRan,k X HCkRan,k )disj E— HCkRan,k
\Lé\i x&; \Lgi
(HCkRan,/e—l X HCkRan,k—l)disj 7 HCkRan,/e—l'
commutes.
Therefore:

Theorem 3.13. Let G be a reductive complex group and X = Af.. Proposition 3.9 induces a well-defined
map of operads

Hek™ : Fact(M)® x ET" — Corr(StrTStk)*
such that:

® in the first variable, it satisfies the factorization property in the sense of Recall 3.4, and sends maps of the
form (3.3) to stratified homotopy equivalences;

* for every open U C Ran(X™"), the restriction to {U} x EM" yields the map of operads defined in
Theorem 2.67, analytified and pulled back from Ran(X*") to U.

Proof. Remark 3.12 yields a functor
o — X
Fact(M)® x A fj — StrTStk
which is a map of operads in the first variable. This in turn induces a functor?

Agﬁ — Mapg,, (Fact(M)®, S;ﬁkx).

“The notation Mapg,,  follows [Lur17] and stays for “maps of co-operads”.
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3.2 SETUP FOR TAKING CONSTRUCTIBLE SHEAVES

By invoking [DK19, Proposition 8.1.5] we obtain a map of operads
E7* — Corr(Mapg,, (Fact(M )%, StrTStk ).
Note that the target admits a map of operads to
Map,, (Fact(M )%, Corr(Sﬁk)x )<

(it is easy to provide a map towards the category of functors, and then one can check that it actually takes
values in the full subcategory spanned by maps of operads). Finally, we get a functor

Fact(M)® x E™ — Corr(StrTStk)*

which is a map of operads separately in both variables. The verification that the claimed properties hold
is straightforward by restricting to the two separate variables. O

3.2 Setup for taking constructible sheaves

In the next section we will take constructible sheaves over the geometric objects introduced up to now
and prove that this induces the sought-after E;-algebra structure on Sph(G). The first step, carried out in
the present subsection, will be to check that the mentioned geometric objects (and maps between them)
indeed belong to the source category of Theorem B.66.

Remark 3.14. For G=GL,,k > L1},..., I, € Finy, ;.. N € N fixed, the stratifying poset of Conv(l?[‘)_. L

is given, with the notations of Construction 2.48, by

{ qS Lu-- I_IIk—»]]( ']. ]ejl N El_[ )m]| Z ]}’S( ,,_,,N)Vh:L.-.,k}

j€] 1571 (GINL £

which is finite, the bounds being induced by N and the cardinality of 7, LI -- LI, . For the case of a general
G, choose a faithful representation G — GL,: the bounds on coweights will be induced by the bounds
inherited from the case of GL,,.

Proposition 3.15. Let I € Finy g, N € N. The stratified space (Gr(IN))""“ belongs to StrTop, ..

Proof. Tt suffices to prove that the stratification is Whitney. Indeed, this implies that the stratification
is conical, since strata are smooth manifolds and possess tubular neighbourhoods. From this, we also
obtain that the conical neighbourhoods of each point can be chosen to be contractible: hence, the space is
locally of singular shape. The existence of tubular neighbourhoods has been proven by Mather [Mat70].
Together with Marco Volpe, we provided an explicit reformulation in the language of conically stratified
spaces [NV23, Construction 3.4].

The fact that (GrgN))"m is Whitney is proven in [Nad05, Proposition 4.5.1]. O

Lemma 3.16. Let (X,s) — (Y, t) be a map of stratified spaces embedded in RN for some N. Suppose that the
map is surjective, and that it is a smooth stratified submersion in the sense of Definition B.21. Then (X,s)
satisfies the Whitney conditions if an only if (Y, t) does.
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3 TOPOLOGICAL FACTORIZATION OF THE HECKE STACK

Proof. Since the Whitney condition is local, and the map is surjective (hence any point in y admits a
neighbourhood which is the image of a trivializable neighbourhood in X) we can reduce the problem to
the case of a product of a space Y C RN with a stratification s and a euclidean space R” (considered with
its trivial stratification), with projection 7w: Y x R” — Y. If (Y, s) is Whitney, then the product ¥ x R”
with the trivial stratification on R” is Whitney. Conversely, suppose that Y x R” is Whitney with the
trivial stratification on R”. Pick two strata W,Z C Y, and two sequences (w;) C W CY,(y;)CZCY
both converging to some y € Z, such that also w;y; — v,T,, W — 7 for some line v and some vector
space 7. We can define liftings of the w;, y,’s by (w;,0),(y,,0), where 0 is the origin of R”. The sequences
of the secants and of the tangent spaces of these new points converge respectively to v x 0 and 7 x 0:
therefore, we obtain that v C = by applying the hypothesis that Y x R” is Whitney. O

Lemma 3.17. Let I € Finyy,,7 € N. The stratified space (Gg)l)an belongs to Str'Top, .

(/)

oy — X" is smooth (Remark 2.23) and surjective, by Example B.43

Proof. Since the structure map G

the map (Gg)l)"‘“ — (X is a stratified smooth submersion. Since the incidence stratification on X7 is
Whitney, we can apply Lemma 3.16. O

Proposition 3.18. The stratified space (Conv(N)

Lo, )" belongs to StrTop,, ..

Proof. The following proof has been suggested to us by Robert Cass.
First of all, strata are smooth by factorization (Proposition 2.41) and Proposition 2.47. Note then

that (Gr(liv))an X +ee X (Grg) )*™ and (Conv(]i\i? g )*™ admit a common smooth cover

(N,jn) (Nsjn) (N)
Gﬂ<,11,12 Xxh Xyl GK:Ik—l)Ik Xyl Gr[k ,

which projects onto each of them as a smooth bundle having as fiber the smooth unstratified relative

group scheme Gglj) X +ee X Ggfjk) If we pass to analytifications, (Glr(IN))an X eee X (Gr([:[))am is Whitney by
iEy) > 1

Proposition 3.15, and by Example B.44 the two covers become surjective topological submersions. It

now suffices to apply Lemma 3.16 twice, one in each direction. O

Corollary 3.19. For any k, the object Heky, , , lies in StrTStk .

Proof. We need to prove that each term in the formula

colim  “lim”

) 1
COllm (Gan ’( '))Xxl” XXI (COI’IV§ ) Ik )311
11,...,]/€€F1n21,surj 1

12 [njedor:  OLG)/ — TXEAEEL,
(where the inner colimit is the colimit along the usual simplicial diagram encoding the action, and is taken
in StrTStk) belongs to StrTop, . This statement is a formal consequence of the previous ones: the map

G(j) Xx1 Conv(l) — Conv(l)

is a smooth stratified submersion, hence the source is Whitney. [J
0.1 jAA jAA

Recall now Definition B.21. We need to prove that:

Proposition 3.20. The functor Hck™ from Theorem 3.13 takes values in the subcategory

—_

Corr(StrTStk

)><
con/all,subm’

that is, that we have the right class of horizontal morphisms in order to apply Theorem B.66.
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Proof. We need to describe the image of an arbitrary morphism (o, @) : (Uy,..., U,,, (k) = (V},..., V,,, (b))

b m>

in Fact(M)® x E* under the functor Hck™ . Suppose first that ¢ is of the form ¢ : (2) — (1) (either
one of the two “projections” or the “multiplication” map). Since the image of (@, ¢) can be factored, by

definition, as the composition of the image of (a,id) under Hek™(—, (2)) and the image of (id, ¢) under

HckfaCt((Vl, ..., V,)),—), let us inspect what happens on each component.

any pair (@, 1d) will be sent to a vertical morphism.

.....

the two projections

(Heky, x -+ xHeky ) x (Heky x -+ x Heky ) —Heky, x -+ x Heky, .

suppose finally that ¢ is the active morphism. There is the following list of progressive simplifica-
tions:

- We can assume that 7 = 1. Indeed, since the object Hcky, , is 2-Segal, any other case can

be recovered via pullback from the cases treated above (in the same spirit, see the definition
before [DK19, Proposition 8.1.7 of the arXiv version]), and since our classes of vertical and
horizontal morphisms are stable under pullbacks we conclude.

We are thus dealing with the correspondence

Heky,

N

Hck,; x Heky, Hck,,

and we want to prove that the left leg belongs to subm.
It suffices to prove the claim for U = Ran(X*").
It suffices to prove that the map

HCkRan,Z — Hekg,, x Hekg,,

is representable and smooth, i.e. its pullback to any X € Pro(StrStkgt) is a pro-smooth
map of pro-stacks, in the sense of algebraic geometry. By definition (Definition B.28), the
combination of this and Corollary 3.19 will ensure that its analytification is in subm.

It is sufficient to prove that for every I, 1, € Fingy g,/ =L UL, 7 >y
=) . (1) (1) (1)
Pi, 'HCkll,lz - I—Ick[1 X Hckl2 (3.4)

(notations as in Section 2.3) is smooth. Indeed, let X be any object in Pro(StrStk!é‘) together

with a map X — Hckg, x Hekg,, in StrStkgg. Then there is a map
X — Ran(X) x Ran(X),

which will factor via some X7t x X2, I,,I, € Finy s, because any representable object in a
category of presheaves is atomic. Hence, the map X — Hckg,, x Hckg,, factors as

X — Hck; x Hck;,
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4 THE E;-STRUCTURE

and therefore we have an equivalence
X X ek, xHeky . Hekg,,, > X X Hek;, xHek, HCkl1 A

Note that this fiber product belongs to Pro(StrStk%ét) as wanted, and the projection from it to
X is pro-smooth whenever the map (3.4) is a smooth map of stacks for every ;.

- Recall that there is a morphism of schemes

G(lyj)

(/) (1) (1) (1)
Pror, G Xxn Grl2 - Grl1 X Grl2

which takes the right Gg >] -quotient in the first component and is the identity in the second
oo

one. This fits into a commutative square of stacks

()
1,/ 1) P 1 1
Gyy) ) xxn Gl —2 Gri!) x G

X1,
L 1
Hcky )1 — Hcky ) % Hckgj )
142 1 2

where the leftmost vertical arrow exhibits the target as the quotient of the source, relative to
X7, with respect to the action of Gg’ )[ from Remark 2.56), and the rightmost vertical arrow
exhibits the target as the quotient of the source, relative to X7, with respect to the action of
Ggy )[1 X Gg, )[2 Now, the map p;lj ,)12 is a Gy 1, (jytorsor, which implies that j)g ,)12 is smooth in
the sense of [SPA, Tag 075U]. We need the topological version of this: namely, by applying
Remark 2.23 and Example B.43 to P;lj ,)[2 , we obtain that ( ;—)2 ’)[2 )™ belongs to subm’ in the sense
of Definition B.28.

O]

4 The E;-structure

4.1 Spherical Hecke category over the Ran space

Construction 4.1. Let € a presentable stable symmetric monoidal co-category. We consider the compo-
sition .
Cons2™

X & R,®
Con)all,subm - (‘PrS

fact
Sph(G; &)t : Fact(M)® x E™ 2%, Corr(StrTStk

where the first functor is the one from Proposition 3.20 and the second functor is the one constructed in
Theorem B.66. Note that Sph(G; €)%t sends a morphism of the form (a,idy)), where & is of the form
Eq. (3.3), to an equivalence of co-categories by Theorem 3.13 and Theorem B.66. Moreover, it satisfies

the factorization property from Recall 3.4 since Hek™ does (Proposition 3.10) and Cons? is symmetric
monoidal: in other words, by Theorem B.66 the functor

Cons(Hcky; €) ® Cons(Heky,; €) — Cons(Hck;; x Heky,; €)

is an equivalence for each independent U, V C Ran(X*").
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4.1 SPHERICAL HECKE CATEGORY OVER THE RAN SPACE

We now want to prove that the functor Sph(G; €)% is a hypercomplete cosheaf when restricted to
Open(Ran(M)).

Proposition 4.2. FixIy,...,I, € Finy g ,andj>j' > ji. Let f Hck = k! loe the transition
map. Then the functor

/¥ :Cons (Hck ) 8)—>Cons((Hck ) ;€)

..........

is an equivalence.

Proof. This follows from the fact that the transition maps are in uni (Proposition 2.28), hence their
analytification is in tri, and Proposition B.58. O

Remark 4.3. The oo-category (4.3) is, by the construction in Theorem B.66, equivalent to

cohm Prg Cons(Hckﬁ) 15€) (4.1)
I€Fin®

>1,5u1j
where j is any number greater than j;. The transition functors, up to a change of index j (which induces an
equivalence on the categories of constructible sheaves by Proposition 4.2) in I are given by *-pushforward
along the closed embeddings® Hck,r — Hckpy; induced by J -+ I. This colimit is not filtered. As a
consequence of [Lur09, Theorem 5.5.3.13], it corresponds to the limit in é;too, ¢® taken with *-pullback
functoriality.

This means that (4.1) can be rewritten as

lim ™ Cons(Hek"); 4.2
IEFilnzl,sur) ° S( ¢ bt ) ( )
Here Cons(Hcky/; €) coincides with Cons(HckD %

the pro-object perspective is that, without the possibility of increasing 7, some maps are impossible to
define (notably, the ones associated to surjections / — J in Construction 2.33).

&) for any j > j,. The reason we chose to adopt

Finally, each term Cons(Hck &) is computed, again by construction, a la Bernstein-Lunts, i.e. as

D>

PR

CORl;;COI‘IS((G(j) )1 x Gr( ),8) _limé;tw‘g’_*Cons((G(j) )*pI™ x Gr( ),8)
[n]eA 0,Df D! [n]ea 0,D! DI

where the limit is taken along the simplicial diagram encoding the action of Go pron GrD 7, with pullback

functoriality.
Lemma 4.4. Let p : Y — Z be a map of topological spaces, and let F be the functor
Open(Z) — Top
Uw— p }(U).

Then T is a hypercomplete cosheaf on Z.

>Recall that these are closed embeddings of unions of strata, hence *-pushforward preserves constructible sheaves.
SThis is the oo-category of large E-linear co-categories, defined similarly to Notation B.52.
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Proof- The claim amounts to the fact that, for every U € Open(Z) and any hypercovering U : Aiorﬁ —
Open(Z) of U, the map

between open subsets of Y is a homeomorphism, which is true. O

Proposition 4.5. The restriction of the functor Sph(G; &) from Construction 4.1 to Open(Ran(M)) x {<
k >} is a hypercomplete cosheaf for every < k >€ E}".

(N)

Uyl and

Proof- Note that, for each I;,...,I, € FinZLsur]-,N € N,j > j,, the functors U — Conv

U~ Gg) )U ; are of the form appearing in Lemma 4.4, and hence hypercomplete cosheaves. Therefore,
(1)

;) e o .
the functor U — Go.p./\Convy, Loy (for j > jy) 1s again hypercomplete, since it arises as a colimit of
hypercomplete cosheaves.

Therefore, by Proposition B.59, the functor U — Cons(Hckg)]

ol &) is a hypercomplete cosheaf

as well.
By the discussion in Remark 4.3, this functor coincides with U +— Cons(Hcky; ; ;5 €). Finally, the

functor U — Cons(Hckg,, ;; €) is a hypercomplete cosheaf because it arises as a colimit of hypercomplete
cosheaves. O

Summing up:

Theorem 4.6. Let G be a complex reductive group, X = Aj,M = X* = C, and € a presentable stable
symmetric monoidal co-category.

The functor
Sph(G; &) : Fact(M)® x E — iPrIé’®

from Construction 4.1 has the following properties:

® [t isa hypercomplete cosheaf in the first variable, satisfying constructibility and the factorization property
in the sense of [Lur17, Definition 5.5.4.1], [Lur17, Theorem 5.5.4.10 ]

® [t is a map of operads in the second variable.

Proof. The only part that requires justification is the constructibility property. We know that the functor
sends maps of the form (3.3) to equivalences of co-categories, by Proposition 3.10 and Proposition B.57,
and that it is a hypercomplete cosheaf by Proposition 4.5. Note that this is sufficient to apply [Lur17,
Proposition 5.5.1.14] and conclude that Sph(G; €)% is constructible in the first variable, in the sense
of [Lur17, Definition 5.5.4.1]. Indeed, the proof of the “if” direction of [Lur17, Proposition 5.5.1.14]
works in the same way if one restricts to a subclass of Disk(M) forming a base of M, which is the case for
Ball(C) c Disk(C). O

. . f .
Construction 4.7. We can now apply [ Lur17, Theorem 5.5.4.10] to Sph(G; €)™ and obtain an EJ7 x E{-

algebra with values in ﬂ’rlé’®, where M = C, therefore a 2-dimensional real manifold. Its restriction to any

disk D C C has the same value for different D’s (up to equivalence in iPrlg’@), since an [£}-algebra is in
particular locally constant, and by [Lur17, Example 5.4.5.3], this restriction is naturally an [EJ"-algebra.

This means that the stalk of Sph(G; &)™ in the first variable at any point {x} € Ran(X?"), which is just
its value at any disk D containing x, induces a map of operads

nu nu R,®
E>" x E] —)ﬂ)r8 .
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Its underlying co-category is
Cons(Hckg (py; €) 4.3)

for any (irrelevant) choice of a disk D around x. Also the choice of x is irrelevant, in the sense that
different choices give noncanonically equivalent oco-categories with equivalent algebra structures (this is
easily seen by choosing a path between any two points in X" a finite number of disks covering the image
of this path).

We will refer to the operation implicit in the EJ"-component as fusion and to the one implicit in the
[Ef"-component as convolution.

4.2 Specialization to a point

Recall that we denote by Hek, or just Hck the fiber of Hekyy, at any point x € X(C). Our goal in this
subsection is to transfer the algebra structure established in Construction 4.7 to the co-category

Cons(Hck™; &),
Le. ConsGén(Gra“; &) with the notation of Definition B.38.

Remark 4.8. Let j > j;, N € N. Let D < Ran(D) denote the closed embedding corresponding to the

cardinality 1 stratum. Recall that we have defined Grgv) = Gr{}) Xxm D = Gr" x D, Ggg) =Gl Xx

(the equivalences follow from Proposition 2.6).

S

D~Gy xD and Hekp, = Hcke{“ll} X yan D € StrTStk

First of all, notice that for any choice of a disk D in X" there is an equivalence of co-categories

con

ConsG?Dn (Gr"; &) ~ Const{D (Grp;€) (4.4)

induced by pulling back along the projection Gr}§ — Gr*" (the inverse functor is given by pulling back
along the embedding Gr*" x {x,} — Gr*" x D (for any choice of a point x, in D). This is true by
Proposition B.57. Therefore, to give an E;-algebra structure on ConsG%n(Gran; €) is the same as giving an

[E;-algebra structure on Consg,  (Grp;€). By the very nature of this identification, the equivalence does
not actually depend on the choice of x and D.
Now, there is a pullback diagram in StrTStk

HCkD (ZH HCkRan(D)

| l

D «—— Ran(D)

and an adjunction
i*

€
ﬁ

[

Cons(Hckp); €) Cons(Hckg (py; €) (4.5)

where 7, 1s fully faithful because 7 is an equivariant closed embedding of a union of strata.

Theorem 4.9. There is a canonical EY* x El"-algebra structure on Cons(Hckp; €) such that the functor i*
becomes lax-monoidal.
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4 THE E;-STRUCTURE

Proof. The idea is to transfer the E3" x [E{“-algebra structure to Consg, (Grp;€) by applying [Lurl7,
Proposition 2.2.1.9] with €® = Cons(Hckg ,,py; €) and each Ly induced by i*.
Recall from Construction 4.7 that there are two compatible product structures on Cons(Hekg 3 €),

which we call x (convolution, the one parametrized by the Ef"-variable) and © (fusion, the one parametrized
by the Ef"-variable). In order to apply Lurie’s result, we need to verify that for any

A A Be Cons(HckRan(D); &),

and a morphism

fA—-A

such that i*f is an equivalence in Cons(Hckjy; €), the natural maps
(A *B) = (A *B)

and
I"(AOB)— 1"(A®B)

are equivalences.

First of all, by the description in Construction 4.7, we can fix I;,/, and assume that A, A’ €
Cons(Hck 1,5 €), B € Cons(Hckpyn; €) (actually, we could even assume I; = I, but it is instructive
to see what happens in the general case).

We need to prove two things:

* For the convolution case, we need to prove that
-k * "% * /
Oy 1 P} (ARB) = Omy  pf (A'RIB))

is an equivalence, where the notations are as in the following diagram:

Hckj, x Hekp, # HckD’D —=— Hckpy, (L Hck,

| S s

Pr.n )

HClel X HCkDIZ % HClel,DIZ H HCkDIZUIZ

Here i stays for the map 7 read at the 7, U I,-level, and d for the map pulled back from the diagonal
of D?. Note that both squares and the triangle commute, the second square is a pullback and the
. 7 . .
map my, y, is proper’. Moreover, we have equlvalences. m, o~ my,my . ~my . Tosee this,
it suffices to see that m, and m; ; , preserve constructible sheaves. By properness of m,m; ;
1527 . . . . 152
and proper base change for sheaves (not necessarily constructible), it suffices to check this after
pullback to each stratum of X722, There, the map can be realized as a product of copies of the
multiplication map m : Hck, , — Hck, for some point x. This latter map descends from a G-
equivariant map Conv, , — Gr,; therefore, pushforward along it preserves equivariant sheaves
which are constructible with respect to some stratification. But equivariant constructible sheaves
over Gr, with respect to some stratification are automatically constructible with respect with to
the stratification by Schubert cells by Proposition A.20.

7In the sense that each mz )12 is proper.
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4.2 SPECIALIZATION TO A POINT

Therefore, we can apply proper base change and conclude that

1(my . pp (ARB) ~d " my 1 pr  (ARDB)
~d'm,j p;  (ARB)>d*m, p"j"(ARB).

Note now that j’ corresponds to the map 7 X 7 read at the (1;,1,)-level, and therefore the last
expression equals

d*m,p*(i* AR i*B).

If we read this construction functorially in A, we conclude that the map (A ® B) — i*(A ® B)
induced by f is an equivalence.

© For the fusion product, the product law is depicted by the diagram

HCkD X HCkD F""— HCle X HCsz & HCsz #} HCkD

£ ji L A 2 (4.6)

u
11,0y

Hckpyn, x Hekpyr, ¢ ~— I—ICkD111 X I—ICkD212 —— Hckpnun

Note first of all that d;,; = dj corresponds to the map i read at the /; LI/,-level. Up to identifying
the first column with the second one, A @ B corresponds to (#; ; )- (AR B) and

(A0 B)~d' (1) (ARD).
Therefore, it suffices to show that the base-change map
]'*(”11,12% — " 4.7)
induces an equivalence

dp g, (g AR B) = d” 7" (g ) (AR B) = d” [ (AR B).

Let us consider the diagram
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4 THE E;-STRUCTURE

Hckp x Hekp, SN Hckp, < d > Hekp

AN

Hek, x Heky, "3 Hek, p ¢—%— I—IckDD Xy D

| 7

HCkD X HCkD % HCkD X HCkD %) HCkD XD CkD
\l’/\jl / \/8 d’

HckD{1 X HckDZI2 %} Hckpyn x Hekp, ——— s Hckp, XD Hckp,
H Pro .

11 b 11 )

I—ICkDJ1 X HCkD12 ———— Hckpy, Dh — HCle1 ph Xpnup D
1

~ d

“11.n

Hcle1I X HckD12 ———— Hckpnu, ¢

(4.8)

where the maps are defined as follows:

= #yy, 1y 1 are defined in (4.6) and come from the factorization property for Hek; ;.

= #y, %y, come from Proposition 2.41 and Remark 2.50.

- "y M;l’ ;, are the open embeddings induced by the inclusions D, ¢ D, D, C D.

- d,d; ; are defined in (4.6).

-d, d]/p , are the maps induced by the diagonal inclusion D ¢ D?,D c D% x D”.

- 67,62}1 1, are the maps induced by the diagonal inclusion D C D?,D c D' x D% and by
Proposition 2.41.

- 7/ comes from (4.6).

~ & is the map induced by the diagonal inclusions D c D', D",

= D>, P AT Py g g, are (or are induced by) the maps in (A.7).

The goal is to prove that if we start with a sheaf ARB over Hek i, x Hek )1, then pulling back
2

1
along the first column and performing push-pull along the first row is the same as performing

push-pull along the last row. Note that all squares are pullback squares. By properness of the maps
mp,my ;, we have equivalences

~

* ® ~ — T
dll,IZ(MII,IZ)F = dll,lz(mll,lz)k(”lplz)k = (mA)Fdll,Iz(”]1,]2)F
(the second one is implied by proper base change. Note that 7. = 7, by the discussion in the
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4.3 MAIN RESULT AND T-EXACTNESS

convolution case). Then, by smoothness® of ?11 1, e have

~

(mA)*dZ,Iz<ﬁll,Iz)F = (ﬁA)*?zdI/iIZ(M;I,IZ ) (mA)*f*Ad/*S*(”;I,IZ)P

But now, since #{ , and #; , are stratified homotopy equivalences, the last expression is equivalent
s 11
to

(7). Pald) ()"
Then by applying again smooth and then proper base change on the squares on the top half of the
diagram we conclude that the original expression is equivalent to

d*(”1,1)k]'/*(-/4®3)-

Like in the convolution case, we can deduce from this that the map f induces an equivalence as
desired.

O]

Notation 4.10. We denote the algebra structure inherited by Cons(Hck?"; €) by means of (4.4) as

Sph(G)2 € Algk!(Algg(Pry®)).

4.3 Main result and t-exactness

By convenience, given three co-operads 0,0, 0”, we will call “bilinear maps” those maps O x 0’ — 0"
which are maps of operads separately in each variable.

Proposition 4.11. Let x be any point in X**. The bilinear map Sph(G; €)% : Ef" x E" — ﬂ’r}g@ extends
to a bilinear map By x ET" — ?r}g@, which we again denote by Sph(G; €)®.
Proof. We can apply [Lurl7, Theorem 5.4.4.5]: that is, it suffices to exhibit a quasi-unit for any

Sph(G; €)3(— (k)

functorial in (k) € Ef". Consider the map (natural in k) Spec C — Hck, , represented by the sequence
(7,...,7, id|X\{x}, ... ,idx\{x}) € Hck, ;. Note now that this induces a map

. an
ey ik — HCkx,k'

We want to check that the map e, is a quasi-unit in the sense of [Lur17, Definition 5.4.3.1.] for any
k, functorially in k. But both maps Hek(", — Hek(", x Hek(", — Hek?", induced by ¢, (by targeting
respectively the first or the second factor of the product) are the identity, since gluing with the trivial G-
torsor along with its trivial trivialization does not change the original torsor. At the level of constructible
sheaves, the unit is given by the pushforward of the constant sheaf 1, along e, O

Proposition 4.12. The bilinear map Sph(G; €)% : E, x E" — ?rjl}@ extends to a bilinear map Sph(G; €)% :
E, x E, — Priy®.

8Here, as usual, we take advantage of the definition of our categories of constructible sheaves as colimits of categories of

sheaves over “truncated” objects of the form Hck(/ ) which allows us to work with smooth maps instead of pro-smooth, cf.
Proposition 3.20.
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4 THE E;-STRUCTURE

Proof. Again, it suffices to exhibit a quasi-unit. Let us denote by 1 the pushforward along the trivial

section ¢ :  — Hek?", 2(x) = (7, 7,1d|x\ ), of the constant sheaf with value 1.

The proof is given in [Rei12, Proposition IV.3.5]. We just rewrite it in our notation. We drop the
superscript (—)* everywhere for simplicity. Let us assume that the entry in the variable E, is (1) by
simplicity (the general case is just “a direct power” of this one). We denote by * the E;-product of
equivariant constructible sheaves on Gr, described by Sph(G; £)((1),—). For any F € Consg, (Gr,R)
we can compute the product via the convolution diagram

Gy X Gr 3 Gy xC% Gr
v ~
Gr x Gr Gr.

This diagram extends to

Gy X Gr —13 Gy x% Gr

/ X}
txid

* X Gr —= Grx Gr Gr,

where ; is the closed embedding (F, @) — (7,1d|x\ ,, F, @) whose image is canonically identified with Gr.
Let F € Consg,_(Gr;€). We want to prove that IXF ~ j,(1 R F), i.e. that

q" 7. (1eRF) > p*(z xid),(1; ®F).

Note that because of the consideration about the image of ; the support of both sides lies in Gy x Gr C
Gy % Gr, and this yields a restricted diagram

This proves the claim. By applying m, we obtain
1xFem (7,1, RF) =1, RXF=F
since mj =1id. O

Thanks to these results, our functor Sph(G; £)® from Notation 4.10 is finally promoted to a bilinear
map E, x E; — f]’r%’@. By the Additivity Theorem ([Lurl7, Theorem 5.1.2.2]), this is the same as an
[E;-algebra object in iPrIIE’@.

Note also that, by the convolution presentation of the monoidal law, the functor Sph(G, £)® takes
values in ‘PrIéR@: indeed, by the same argument as in the first part of the proof of Theorem 4.9 and by
properness, the functor 77, coincides both with 7, and with m,, and hence it is a right and left adjoint.
For convenience, we will say that our algebra takes values in ?rré’® from now on.

Summing up:
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Theorem 4.13 (Main theorem). Let G be a complex reductive group and & be a presentable stable symmetric
monoidal oo-category. There is an object Sph(G;&)® € AlgEs(fPré’@) having as underlying object the
topological spherical Hecke category

Sph(G; €)P = ConsG?)n(Grgl; &)
(see Definition A.22).

Note that, when R is a commutative ring, either discrete, prodiscrete or -adic (i.e. an algebraic
extension of ), this specializes to Theorem 1.4 for € = Mod®x™" in the sense of Definition B.35.

Corollary 4.14 (Small spherical Hecke category). In the same setting as Theorem 4.13, there is an induced

E4-monoidal structure in Cat”_ . on
00,E®

ConsGaon(Grgl; E°).

Let R be a commutative ring, noetherian and of finite global dimension, and € = Modg. Then, on
objects, the restriction of this product to equivariant perverse sheaves coincides with the classical (commutative)
convolution product of perverse sheaves [MVO7 ], up to the perverse truncation of the derived tensor product
appearing in the definition of the latter (cf. also Remark 4.17).

Proof. The (not full) inclusion iPJr}g’® — G/;t:o)g (the co-category of large E-linear co-categories) is lax
monoidal, i.e. it is a map of operads. Therefore, Consgan(Gr'*; €) has an induced E;-algebra struc-

. X : . . .
ture in Cat, . By using the convolution formula, one sees that the convolution product restricts to

Consgan(Gr*", €®): again, this follows from the fact that 7" preserves €“-valued sheaves (since it is
(9]

induced by restriction along functors between categories of exit paths), and that the same is true for 772, °.

. . : ~x . . . .
Since the inclusion'® Cat_ ., C Cat,, ¢. is strong symmetric monoidal, we obtain the first part of the
statement. The claim regarding perverse sheaves follows from what observed in Remark A.13. O

Corollary 4.15 (Renormalization). Let us assume that we are in the same setting of Corollary 4.14, and that
& is compactly generated. Then there is an induced E+-monoidal structure on

Sph(G; €Y = Ind(Conle‘;iO (Gr;€))
(see Definition A.23) as an object of ’J’ré’@’.
Proof. Since € is compactly generated, we have that Ind(€%) ~ . Recall first of all that the functor
Ind : Cat™ — Pr
is symmetric monoidal: this follows from [Lur17, Proposition 4.8.1.8]) with K = & and

XK' = {x-filtered simplicial sets, for some regular cardinal x}

Indeed, let £ : X — Y be a map between topological spaces, € an co-category. If F € Shv(X;€) and U is open in Y, then
(LINU)=F(f71 (V)

which belongs to £¢ if F takes values in £%.
"Here we mean the functor sending a small category to itself.
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and the fact that colimits are generated by filtered colimits and finite colimits. Therefore, there is an
induced symmetric monoidal functor

Mod,.,(Cat®) — Mod, (Prh).

This functor factors through Pri, because Ind of an exact functor F is strongly continuous, i.e. its right
adjoint G preserves colimits, and hence by [Lurl1, Remark 6.6] G is automatically €-linear. O

Again, the latter results specialize to Corollary 1.5 and Corollary 1.7 in the ring case.

Remark 4.16. Let C® be an E,-algebra in Cat®X, the co-category of stable co-categories and exact functors
between them. Suppose given a t-structure on € which is compatible with the algebra structure, in the
sense of [Lur17, Example 2.2.1.3] (intuitively, the subcategory €, should be closed under tensor). Then
by [Lur17, Proposition 2.2.1.8, Proposition 2.2.1.9] the heart €% of the t-structure canonically inherits
an E,-algebra structure (the proof goes along the same lines of [Lur17, Example 2.2.1.10], which deals
with the case E ).

Note that this “induced E,-structure” procedure is functorial: given a stable-exact and t-left exact (in
the sense of [Lur17, Definition 1.3.3.1]) E,-monoidal functor €® — D®, one obtains an additive functor
€Y — DY between abelian categories, which can be viewed as the composition of the E,-monoidal

functors

Fle .
eV s g2 Dy —> DY

(notice that F restricts to the coconnective parts by left-t-exactness).

Remark 4.17. Let R be a commutative discrete ring. The small spherical Hecke category carries a
canonical t-structure inherited from the perverse t-structure on bounded categories of (finite-dimensional)
constructible sheaves. Indeed, the Bernstein-Lunts presentation

Sph(G; R > lim DM(GX" x Gr;R)

of Recall B.9 establishes a canonical t-structure on the limit by [BL94, Section 2.5].

The convolution product on Sph(G;R)° is perverse left t-exact, and t-exact when R is a field. This
follows from the considerations recalled in Construction A.9,

Thus, one can apply Remark 4.16 to Sph(G; R)"°“< with k = 3 and recover the convolution product
of perverse sheaves and its commutativity constraint, as mentioned in Remark 1.10. Indeed, although in
the original formula the perverse truncation appears right after performing the derived tensor product
(and not at the end of the process), there is no actual difference with our formula in this respect, since the
rest of the procedure defining the convolution product is perverse t-exact.

A Recollections and complements in Geometric Langlands

A.1 The Satake category

Let us resume from the definition of affine Grassmannian, recalled in Definition 1.1.

Recall A.1 (see [Zhu16, Theorem 1.1.3]). There is a natural action of Gy on Gr;, by left multiplication,
whose orbits define an algebraic stratification of Grg; over the poset X,(7)* of dominant coweights
of the Cartan group T of G. When viewed from the point of view of the complex-analytic topology
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on Gry;, this stratification satisfies the so-called Whitney conditions (for a proof, see [MO14]). One can
characterize the stratification as follows. The Cartan decomposition!!

ueX (T)*

induces a partition

Grg= || Gyt™
ueX (T)+

For an element g of Gy, the associated y is denoted by

Inv(g)

and is the same for every g’ in the same right G, -class, i.e. Inv(—) factors through G5 — Gr,.
If G=GL,, X,(T)" can be realized (noncanonically) as the set

{(p1sees ) | oy ==}

and via this identification ¢# is exactly the diagonal matrix diag(z—#).
For u € X,(T)", one defines

Gr, ={A€Gr|Inv(A) = pu}.

There is a natural filtration of Gr by finite-dimensional projective schemes Gr_, = U,-,Gr,. More-
over, the gction Gy O G'rG preserves Gr. ,, and actually each Gy O Gr_, factors through the quotient
Gy Gg) = G(C[t]/¢/C[¢]) for any ; larger than some j,, ([Reil2, Lemma IV.1.4]). This is actually

the reason why the orbits form a stratification in the first place (MO14)).

v<u

Definition A.2. Let j > 1. We define
0 .
G’ = G(C[t] /¢’ C[t]).

Definition A.3. Let R be a ring. The category of Gy-equivariant perverse sheaves on Gr, (or Satake
category) with values in R-modules is

Pervg, (Gr;R):= colim Perv

 (Gro, ;R
ueX (TY* Gg*”( r<puiR)

(see [Zhul6, 5.1 and A.1)).

The definition of each term is independent of j, because of [Zhu16, Lemma A.1.4].

Recall A.4 (cf. [Zhul6, Lemma 3.1.7]). Let X be a smooth complex curve, R a complex ring, and
x € X(R) an R-point. There is a well-defined formal completion of I, the graph of x in Xy, which is a
formal scheme whose (discrete) ring of functions is (A‘)rx. We consider the affine formal neighbourhood of
x, defined as the map

(Xz )rx = Spec (?)r,c — Xz

"The symbol | | should only be understood as a set-theoretical decomposition, not a topological or scheme-theoretic one.
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coming from [Zhu16, Lemma 3.1.7], [BDO5, Proposition 2.12.6]. Note that the source of this map is
always isomorphic, étale-locally on R (and noncanonically, since the isomorphism depends on the map
x), to Spec R[[t]. In particular, each closed point x of X admits an affine formal neighbourhood

fx ~ SpecC[t] — X.

In general, for a R a commutative ring and x € X (R), consider the square

——

(Xg b, — (Xz)r,

l |

Xp\I, —— Xg

where the upper left vertex is by definition the pullback of the span. This pullback is again an affine
scheme, called the punctured affine formal neighbourhood of x. If R = C and x is a closed point of X, we
obtain .

X, ~SpecC((t) — X.

Definition A.5. Let Bung, be the moduli stack of G-torsors over C. If a scheme Z over C is given, we
define the relative version

Bun% : Alg.. — Grpd
R — {G-torsors over Z X Spec R} =Bung(Zy).

In the language of mapping stacks, we can write
Buné ~ Mapy, (Z,Bung).

Proposition A.6. For any closed point x of a smooth projective complex curve X, the functor Grg, is
equivalent to the following:

Grg®: R — (T € Bung((Xg)suspecr) @ T =T

XR)xXSpecR (XR ){x}XSpecR

(A.1)

Proof. The proof is explained for instance in [Zhu16, Proposition 1.3.6]. O

We will need the following version of the affine Grassmannian as well.

X\{x}

Construction A.7. Let G=GL, . Define GrgGlob as the fiber of the restriction map Bun}. — Bun(;

at the trivial G-torsor, i.e. as the functor

R— {976 BunG(XR)’ a: fT‘~|XR\({JC}><SpecR) = ‘TXR\({x}xSpecR)}'
Indeed, in the diagram of groupoids

e

lob
Gri”(R) ————— Bung(Xg) —————— Bung((Xg)(y}xspecr)

| | !

o

{Tlx\(xy} — Bung(Xg \ ({x} x SpecR)) ——> Bung((Xg)(x}xspecr)
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the right-hand square is Cartesian by the Beauville-Laszlo Theorem [BL95], more precisely in the form
of [BD05, Remark 2.3.7]. Since the left-hand square is Cartesian by definition, the outer square is
Cartesian. Therefore, Gr%;Ob(R) is isomorphic to the fiber of the restriction map Bung((Xg)(xjxspecr) =

loc

BunG((X'i R){x}xspeck) at the trivial bundle, and this is exactly Grg(R). For more details, and for the case
of an arbitrary reductive G, see [Zhu16, Theorem 1.4.2].

Remark A.8. Let G be a complex reductive group, X a smooth complex curve, x € X(C). In the case
G =GL,,, one can filter Gr by

Gr™) = (F e Bung(X), @ : Flx\ (o) — Tlx\(o) | O%(—N) C F C OF(N)},

N e N. This filtration is compatible with the stratification and the filtration appearing in Recall A.1: see
e.g. [KMW18, §2.3]. In the case of a general G, a similar filtration is achieved by means of the choice
of a faithful representation G — GL,, for some 7 (see [Zhu16, Propositions 1.2.5, 1.2.6]), and a similar
compatibility result holds (see again [KMW 18, §2.3]).

Construction A.9. Let R be a commutative discrete ring. We recall now the tensor structure given

by convolution product on Perv (Grg;R). A more detailed account is given in [Zhu16, Section 1,
(V]

Section 5.1, 5.4]. Consider the diagram

Gg{ X GrG é Gg{ XGO GI'G

z/f/ \>\x (A.2)

Grg x Grg Grg

where Gy x0 Grg, (or Convy,) is the stack quotient of the product G x Gr¢ with respect to the
“anti-diagonal” left action of G, defined by y - (g,[h]) =(g7,[y~'h]). The map p is the projection to
the quotient on the first factor and the identity on the second one, the map ¢ is the projection to the
quotient by the mentioned action of G,.

Note that the left multiplication action of G, on Gy and on Gr; induces a left action of Gy x G
on Grg X Grg. It also induces an action of Gy on Gy x Grg; given by (left multiplication, id) which
canonically projects to an action of Gy on Gy x%0 Grg. Note that p,q and m are equivariant with
respect to these actions (more precisely, p is Gy X Gg-eqivariant, whereas ¢ and m are Gy-equivariant).

Now if A, A, are two Gy-equivariant perverse sheaves on Gr;, one can define a convolution product

A Ay =m A (A.3)

where m, is the derived direct image functor, and Aisa perverse sheaf on Gy x %0 Gr¢. which is equivariant
with respect to the left action of G and such that q*fNL = p*(PH°(A,;®A,)). 12 Note that such an A
exists because ¢ is the projection to the quotient and A, is Gy-equivariant, and one can prove that Ais
again perverse.

Note that m, carries perverse sheaves to perverse sheaves: indeed, it can be proven that m is ind-
proper, i.e. it can be represented by a filtered colimit of proper maps of schemes, and also semi-small. By
[KW01, Lemma IIL.7.5], and the definition of Pervg (Grg;R) as a filtered colimit, this ensures that m,
carries perverse sheaves to perverse sheaves.

2The tensor product denotes the derived tensor product in the derived category. If the stalks of the two sheaves are flat, e.g.
when the ring of coefficients is a field, the external tensor product is already perverse, see [MV07, Lemma 4.1]. In general, one
needs to consider the perverse truncation, as in the formula.
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It is important to stress that, at every step, we are implicitly assuming our sheaves to be supported on
()

some Gr ,, and we are considering equivariant structures with respect to the truncations G,*
Observations similar to Construction A.7 prove the following:

Proposition A.10. We have the following equivalences of groupoids:

Go(R) ~ Aut((Xp) T)

xxSpecR>

GSK(R) =~ {‘(Tre BunG(XR) a: ‘rﬂ (X\{x})xSpecR — ‘Il (X\{x})xSpecR>
R o ~ 7] &

’chpecR xxSpecR

(GIK x %o GI')(R) = {Ste BunG(XR)5 a: EF|(X\{x} )xSpecR — ‘Il (X\{x})xSpecR>
G € Bung(Xg), 7 Flx\ (x))xSpeck = I(x\(x})xSpec R}

A.2 The convolution product via quotient stacks

Definition A.11. We define the complex stack
Gy\Gr
as the fpqc quotient stack of Gr by the left action of Gy. We also define
Go\(Gy x% Gr)
as the fpqc quotient stack of Gy x 0 Gr by the left action of G, on the first factor Gy.

Proposition A.12. There is an equivalence of stacks between Gy \Gr and the functor

AffY — Grpd

{Fo, Fy € Bung(Spec R[£]), 7 : Folspec ey — Filspec k() -

Proof. There is amap 7 from Gr to the moduli space appearing in the statement, described as follows. Let
T be the trivial G-bundle on Spec R[[¢]; then 7o(F, @) := (T, F,a~1). Let us show that this map is essentially
surjective. Since any G-torsor on Spec R[¢] is trivializable locally in Spec R, for any triple (Fo, 5y, 7) as in
the statement one can find, locally in SpecR, u : ¥, — T and consequently a : F, lspec r(e) — Tlspecr()
such that n = 1o y|; 5+ The fact that this is local in Spec R is not a problem, since we are considering the
quotient stack on the left-hand-side. Thus, the triple (T, F,,@!) is isomorphic to (Fy, F,,7) by means of
the isomorphism (u,id) : (o, F;,7) — (T, F a7 L).

To conclude the proof, it suffices to prove that the fiber of 7 at each R-point of the right-hand side is
Gy x(CSpecR But the fiber at (5, F;, 1) is the set of those (@, u), @ : Filsec r(y) = Tlspec k() 4 * Fo =T
such that @™ o g e r(r) = 7> Which in turn amounts to the set (in particular a 0-truncated groupoid)
of u’s since « is completely determined by 7 and u. But this is G, since any two trivializations on
Spec R[t] are connected by a unique automorphism of T on Spec R[¢]. O

In a similar way, one can prove that

Go\(Gx x 0 Gr) > {F,F,F, € Bung(D), 7, 1 Folp = Filpn2: Folpy 2 Folp}
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Remark A.13. Consider the diagram of stacks

(Go X Go)\(Gyc x Gr) == Gy\(Gy x %0 Gr)
» (A.4)

Gy\Gr x Gy \Gr Gy \Gr

where the action of the second copy of Gy on Gy X G is the antidiagonal one described in (A.2), all
other actions are induced by the left multiplication action of G, on Gy. Then:

* the horizontal map is an equivalence (and therefore a map » as above is defined such that the
diagram commutes);

* a Gy-equivariant perverse sheaf on Gr is the same thing as a perverse sheaf on G,\Gr, in the
following sense. Note that the latter is an ind-stack of finite type, hence we can define

Perv(Gy\Gr) := colim Perv( Gg # )\Gr< u)
P <

where the expression in the colimit is meant in the sense of [LO06, Section 4]. Finally, the claimed
equivalence follows from [LO06, Remark 5.5]. Similar considerations can be done for the other
vertices of the diagram (A.4);

¢ under the identification at the previous point, the convolution product is equivalently described
(up to the perverse truncations of the derived tensor product) by

Apx Ay =m (r (A RA)). (A.5)

Note that pullbacks and pushforwards are defined, at the level of the terms in the colimit at the
previous point, as pullback and pushforwards of elements of the derived category.

In particular, we can say that the diagram of stacks

Go\(Gy x%0 Gr)

— s

Gy\Gr x Gy\Gr Hck

“correctly models” the convolution product of Gy-equivariant perverse sheaves over the affine
Grassmannian (up to the perverse truncation of the derived tensor product appearing in the
original definition).

Lemma A.14. The map r can be described as
7(F0r F1:F201m2) = (F0: F1571):(F1, F2: 7).
Proof. A priori, r works as follows: choose
fo:To—T

U I, =T
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ag: fTrdl |Spec(C((t)) = ‘I|Spec(C((t))
25 Flspecce) — Tlspeeci)

such that a1_11u0|5pec(C((t)) = 012_1 © U1 lspeccie) = N2-
Then by definition

7’(90’51592”71#72) = ((7,9’1,011_1),(‘3', ?paz_l))-

But now, there are squares of isomorphisms on Spec C((¢))

—1
&1

Ho |5pecm:((z>)T idT

Ulspec C(([))T idT

T 5
where the vertical maps are induced by the isomorphisms on Spec C[¢], and we conclude. O

Remark A.15. Note that this map does not coincide with the map induced by the isomorphism (id, m) :
Gy x%0 Gr — Gr x Gr (cf. [Zhu16, (1.2.14)]), which is instead described by

(Fos T 152 015m2) = (Fos F1511)s (Fos F2s 91 0 72))-

Indeed, to prove that this is the same map we would need to build a commuting square

zzz_l
T2 5,
id
N2 T

but here there is no reason why @,7,7n, would extend to the complete disk: we know that there exist
{i,@ such that 9,7, = @' 7| 5, which in general lies in Gy and not in Gy,.

Remark A.16. Let N € N,j > j. Let G&N’j ) = Gy xY0 Gg). The diagram (A.6) admits a truncated

version

Hcng’j )
Hck™) x Hek®™/) Hck(?N2)
where
Hek™) = GY\Gr™)
Hek™) = GO\(GM) x %' Gr V),

and similar.



A.3 MODELS FOR THE SPHERICAL HECKE CATEGORY

We can assemble these objects into the following:

Definition A.17. The ind-pro-stack

“colim” lim Hck™/)
NeN  j>jy
is denoted by
Hck,

and similarly
Hck, = “colim ™ lim ”Hcng’] ),
€ JZIN
One can check that the convolution formula arising from push-pull along this diagram and (A.5)
agree. In particular, the choice of j;, 7 does not change the formula.
To see this, it suffices to note the following. First of all, by definition of the categories of perverse
sheaves, the original formula for the convolution product is actually the one arising from the diagram

Hck(ZN)

N

Hek™) x Hek™) Hck®V)
where
Hck®™) = Gp\GrV)
Hek(" = Gy\(GI) x %o GrV)),

and similar.
If 7 > 7,5 we can further truncate the diagram to (A.7), and the convolution formula is again the
same because

* Pervg, (Gr'N); R) ~ Perv_;(GrM;R).

GY
o GV 5Go GiM) & G x5 G M) by definition.

Notice that the same arguments work at the level of equivariant constructible sheaves (see e.g. [AR23,

2.4.3)).

A.3 Models for the spherical Hecke category

The main result of this paper Corollary 4.14 is about Sph(G; €)1°¢<, a category of equivariant constructible
sheaves on Gr*", the analytification of the affine Grassmannian, with very general coefficients: namely,
any presentable stable co-category € works. In the present subsection, we will remark how that category
specializes to familiar ones in two special cases: with coefficients in finite/profinite/¢-adic rings, or with
complex coefficients. In the first case, there is an interpretation of the mentioned category in terms of
algebraic constructible sheaves over the affine Grassmannian. Hence, let us gather a couple observations
about those.

Let & be the stratification by Schubert cells of the affine Grassmannian (Recall A.1). For N € N, let
F M) be its restriction to Gr™).

59
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Definition A.18. Let G be a reductive group over C, and R a finite ring. We define
(G, N R)

UN
o

Consfc‘;i (GrN), M) R) = Cons'
o G,

with the notation of Definition B.8.

By Corollary B.49, this category is equivalent to its counterparts defined in the complex-analytic
world
d : ((Gr(N))an, (y(N))an;R)

Cons' n
(GO )an

(Remark B.36).

As a consequence, by the same proof of Proposition 4.2, the definition is independent of /5. One
could also reach the same conclusion directly on the algebro-geometric side ((AR23, Proposition 10.2.8
with K = (0))).

We can thus define

fd R — : fd (N) (N).
ConsGO(GrG,y,R)_c]?[lzlgnConsGo(Gr , Wi R)

D, (GiMsR) =D (GrV;R)

GV

(0]

f X ‘
Dl (G ) = lip DL, (G5 R)
which again will agree with their complex-analytic counterparts (by definition):

Consfgo (Grg,7;R) ~ Consfgén(Gran, S R)

DiG, (GriR) = DG (Gr™s R). (A9

Remark A.19. Note that the forgetful functor

Pervg (Gr,;R) — Perv(Gr, ;R)
is an equivalence (see for example [BR18, Section 4.4]), but

Consf(c;lO (Gr,.#;R) — Cons'(Gr, #;R)
is not.
On the other hand:

Proposition A.20. The map

ConsfgO (Gr,#;R) — Di‘j{Go (Gr;R)
is an equivalence.
Proof. By definition, the claim can be checked on each Gr'™), where it is true by Lemma B.11. O

Remark A.21. All these results, with the right definitions, are true for profinite and /-adic coefficients (cf.
Remark B.10, Remark B.48) as well. We will only mention such coetficients in the following Remark A.24,
which serves as a connection with other definitions of the small spherical Hecke category appearing in
the literature and only uses the contents of this subsection. Hence, we will not delve into further details
about profinite and /-adic coefficients. The interested reader is encouraged to look at the references
mentioned in Remark B.10.
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Definition A.22. Let G be a complex reductive group and R a discrete, prodiscrete or £-adic ring. The
topological spherical Hecke category of G with coefficients in R is

Sph(G;R)*P = ConsG%n(Gra“;R).
The small spherical Hecke category of G with coefficients in R as

Sph(G;R)lOC'C' = Consfgén(Grm;R)-

Usually, in the Geometric Langlands Program, a renormalization of Sph(G) is used:

Definition A.23. Let G be a complex reductive group and R be a discrete, prodiscrete ring or £-adic ring.
The renormalized spherical Hecke category of G with coefficients in R is

Sph(G;R)™ = Ind(Sph(G;R)°**).
Remark A.24. Let R be finite, profinite or £-adic. By (A.8) and Proposition A.20,
Sph(G;R)loc'c ~ Consfgo (Gr;R) ~ Dﬁ‘}Go (Gr;R)

(and same for its Ind-completion). In particular, with these coefficients, the small and the renormalized
spherical Hecke category do not distinguish between the algebraic and the analytic setting. Therefore,
the same is true for the main result of our paper (Corollary 4.14), although the proof uses features of the
analytic setting.

Remark A.25. On the other hand, we can consider discrete infinite rings such as C. In this case,
Sph(G;C)°¢ and Sph(G; C)™*™ admit an interpretation in terms of D-modules. Namely, by the Riemann-
Hilbert correspondence we have that

DM(Gr™; C) ~ DMod(Gr)®.

Let DMod; | (Gr)loe< ¢ DModg; (Gr) be the full subcategory spanned by objects which become compact
after forgetting the equivariant structure ((AG15, 12.2.3]). Then we have an equivalence

Dﬁ‘}Go (Gr*;C) ~DModg_(Gr)'°*
Combined with Lemma B.40, this provides an equivalence

Sph(G;C)"** ~ DModg,_(Gr)'°**.

B Recollections and complements in stratified homotopy theory

B.1 Stratified schemes and stacks

Let us denote by Sch the category of complex schemes, and by Sch}ét the full subcategory of complex

schemes, locally of finite type.
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Definition B.1. The category of stratified complex schemes is defined as StrSche = Sche X, StrTop,
where the map Sch — Top sends a scheme X to its underlying Zariski topological space, and the other
map is the evaluation at [0].
We also define the category
StrSch%ét

as the full subcategory of StrSch spanned by those stratified schemes such that the stratification is finite
constructible in the sense of [BGH20, Definition 1.2.1], and such that the underlying scheme is locally
of finite type.

Remark B.2. By looking at the étale topology, we can consider the site (Sch¢, ét) and the category

Stk = Shvét(Scth; Grpd)

of étale stacks locally of finite type.
We can define strét as the topology whose coverings are étale coverings whose stratification is induced
by the one on the base. This leads to defining the category

StrStkit = Shy, ¢ (StrSchi’; Grpd) (B.1)
of stratified étale stacks locally of finite type (stratified stacks for short).

Definition B.3. Let uni C Mor(StrSchlY) be the class of those morphisms f : X — Y which:
® are smooth morphisms on the underlying schemes

* when restricted to each stratum Y, of Y, can be presented as a quotient by a unipotent smooth
group scheme (trivially stratified).

By abuse of notation, we define uni C Mor(StrTStk) to be the class of morphisms X — Y which are
representable and whose pullback to any map Z — Y, with Z representable, belongs to tri.

We define Prouni(StrSChg) to be the full subcategory of Pro(StrSchgt) spanned by those pro-objects
which can be presented as formal limits of cofiltered diagrams with transition maps belonging to uni.

Remark B.4. The class uni (both at the level of schemes and stacks) is stable under pullbacks.

Definition B.5. We define the (2, 1)-category

StrStkgt = Fun((Prouni(StrStkg))OP ,Grpd).

B.2 Constructible sheaves on stratified schemes and stacks

Definition B.6 ((BGH20, Example 13.2.9]). Let (Y, s) be a complex stratified scheme of finite dimension,
and R a finite ring. The oo-category of constructible sheaves

Consfd(Y, s;R)

is defined as the full subcategory of
Shv,(Y,Mody)

spanned by those objects which, after restriction to each stratum, are locally constant and lisse (in the
sense of [BGH20, Definition 13.2.6)).
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B.2 CONSTRUCTIBLE SHEAVES ON STRATIFIED SCHEMES AND STACKS

There is also the notion of constructible sheaves with respect to some stratification (instead of a fixed
one).

Recall B.7 ((BL94, 4.1], [GL18, Proposition 4.2.5]). Let Y be a complex scheme locally of finite type,
and R a finite ring. We define

Di(Y;R) = colim Cons(Y, %;R) C Shvg,(Y;R). (B.2)

& algebraic stratification of ¥’

since the colimit in the right-hand-side is filtered: indeed, one can refine two algebraic stratification by a
common one'®. When Y is quasiprojective, this is the co-category of compact objects'* in Shv,,(Y;R).

Constructible sheaves on stratified stacks can be defined by right Kan extension. However, we will
only need the special case of quotient stacks (i.e. the case of equivariant constructible shaves on schemes),
which we recall below.

Definition B.8. Let (Y, ) be a stratified complex scheme of finite dimension, H a group scheme of finite
type acting on Y in such a way that the action sends strata to strata, and let R be a finite ring. There is a
simplicial diagram

(HxHxY,s,) (H xY,s,) &= (Y,5) (B.3)

m
il

where s, is the stratification on H X --- x H XY which is trivial on the group factors and s on the
last factor. As usual, in the left direction are induced by the identity element of G in various ways, and
maps in the right direction are induced by combinations of the action and the projections.

The oco-category Consid(Y,s;R) of H-equivariant constructible sheaves on Y with respect to the
stratification s is defined as the limit of the cosimplicial diagram (induced by pullback of sheaves from

(B.3))

Cons'd(H x H X Y, 5,;R) Cons'Y(H x Y, s,; Cons'(Y, s;R) (B.4)

W

R)—

il

Recall B.9. Let Y be a finite-dimensional scheme, H a group scheme of finite type actingon Y, R a
finite ring. The oco-category DﬁdH(Y;R) of H-equivariant constructible sheaves on Y is the limit of the

diagram (induced by pullback of sheaves from (B.3))

— = —

. S—= DMHxHxY;R) &= DH x Y;R) T— DM(Y;R) (B.5)
fh— — —L e

<_

Remark B.10. One can define constructible sheaves and equivariant constructible sheaves on stratified
schemes (both with respect to a fixed stratification or not) with coefficients in profinite or £-adic rings,
cf. [Beh04, §6.1], [BGH20, Recollection 13.7.7, 13.8.7]. Unlike the case of constructible sheaves on

BThis is easy because we did not assume the strata to be smooth. For the smooth case, see [MSE20].
4See [GL18, Proposition 4.2.5]. To see the equivalence between constructibility and condition (1) in loc. cit., one can apply
noetherianity in order to find suitable finite stratifications of Y.
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stratified topological spaces (Definition B.35), this definition is not formal. However, in this paper we
are only interested in proving that with the correct definitions a GAGA principle holds (Remark B.48).
Since the profinite and ¢-adic case arise via limits and filtered colimits from the finite case, it will suffice
to prove the finite case (Proposition B.47).

In the setting of Recall B.9, if one assumes that there are finitely many orbits of H, these orbits form
a stratification themselves ((MO14]), which we denote by s. Let R be a finite ring. We have a pullback
square of stable co-categories

Consg(Y, s;R) — Cons'(Y,s;R)

i I o

DM (Y;R) —— DI(Y;R).

Note that the vertical functors are fully faithful because the transition maps in the colimit (B.2) are, and
the colimit is filtered. Now, the horizontal arrows in (B.6) are not equivalences. On the contrary:

Lemma B.11. Let R be a finite ring. Let H be a group scheme acting on a finite-dimensional scheme Y, and
suppose that there are finitely many orbits, forming a stratification s of Y. Then the functor Consff}(Y, s;R)—
DidH(Y; R) is an equivalence.

Proof. We already remarked that the functor is fully faithful. We now argue like in [MO21]. Let us now
consider an equivariant constructible sheaf F with respect to some stratification, and let us prove that
it is constructible with respect to the orbit stratification. Let us consider the maximal open subset U
of Y where the sheaf is locally constant: this is nonempty since we know that J is constructible with
respect to some stratification, and any stratification of a finite-dimensional scheme has an open stratum.
More subtly, there is an open dense stratum in every connected component of Y, and by taking unions
of such over all the connected components of Y, we obtain an U such that its complementary is closed
of dimension strictly smaller than dimY". Also, U is unique, since the union of two open subsets where
F is locally constant has again the property that JF is locally constant there. Now, U is H-stable by
equivariancy of F and maximality of U itself, and thus its complementary is H-stable as well and we can
apply Noetherian induction. O

B.3 Stratified topological spaces and stacks
The following definition is a particular case of [BGH20, 8.2.1 and {f.].

Definition B.12. Let Top be the 1-category of topological spaces. The category of stratified topological
spaces is defined as
StrTope = Fun(A', Top) X 1op POSEL,

where the map Fun(A!, Top) — Top is the evaluation at 1, and Alex : Poset — Top assigns to each poset
P its underlying set with the so-called Alexandrov topology (see [BGH20, Definition 1.1.1]).

Note that StrTop is complete and cocomplete, because Top, Fun(A!, Top) and Poset are.

Recall B.13. Let (X, s) be a stratified topological space. The notion of conical stratification as given in
[Lur17, Definition A.5.5] amounts to asking that around each point of X there exists a neighbourhood
which is stratified homemorphic to Z x C(Y') where Z is an unstratified space and C(Y') is the stratified
open cone of a stratified space Y. Being conical is the main condition required to a stratified space in
order to make the so-called Exodromy Theorem (Recall B.30) true.
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For simplicity, in the present paper a stratified space is called conical if satisfies several conditions
altogether:

Definition B.14. The category StrTop,, is the full subcategory of StrTop spanned by those stratified
spaces (X, s : X — P) such that:

X is locally of singular shape in the sense of [Lur17, Definition A.4.15]

the strata of X are locally weakly contractible;

P satisfies the ascending chain condition;
e the stratification is conical in the sense of [Lur17, Definition A.5.5].

This category admits finite products, essentially because the product of two cones is the cone of the join
space. Therefore, there is a well-defined symmetric monoidal Cartesian structure StrTop; .

Remark B.15 (Condition of the frontier). One consequence of the conicality assumption is the condition
of the frontier, i.e. the fact that given two strata X Xy such that X ) is connected and such that X ,NX, #

@, then X, C )Tq . Thisistrue locally by inspection of the conical model and is globalized by connectedness
of X,. Notice that, whenever this happens, we automatically get that p € S(JTq yC{q}= P, ie p<gq.

Notation B.16. Let us consider the topology of local homeomorphisms on the topological side (which
has however the same sheaves as the topology of open embeddings). We have thus the site (Top, loc) and

the category
TStk = Shv,,(Top; Grpd)

of topological stacks.
Let strloc be the topology whose coverings are jointly surjective families of local homeomorphisms
such that the stratification on the total space is induced by that on the base. This defines (2, 1)—categories

StrTStk = Shy,, o (StrTop; Grpd)
StrTStk, ., = Sheoc(StrTop,, ;s Grpd)

of (conically) stratified topological stacks.

Definition B.17. Let a, B : (X,s) — (Y, t) be two stratified maps between stratified topological spaces.
Let 5 be the stratification of [0, 1] x X induce by the projection [0,1] x X — X. A stratified homotopy
between « and 3 is a stratified map

H:([0,1]x X,3)— (Y,t)
such that H(0,—)= f,H(1,—) = g.

Definition B.18. A stratified homotopy equivalence between stratified topological spaces is a stratified
map [ :(X,s)— (Y, t) such that there exist a stratified map g : (Y, ¢) — (X, s) and stratified homotopies

fg~idy,gf ~idy.

Remark B.19. Note that the class of stratified homotopy equivalences is not closed under pullbacks (just
like homotopy equivalences of topological spaces are closed under homotopy pullback but not under

pullbacks).
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Remark B.20. A stratified homotopy equivalence induces an isomorphism at the level of posets, and
homotopy equivalences on each stratum.

Definition B.21. Let f : (X,s) — (Y, ¢) be a morphism in StrTop_ . We say that f is a smooth stratified
submersion if, locally in the topology of stratified local homeomorphisms on X, it is of the form of a
projection (Y, t) x RN — (Y, ¢) for some N (where RY is seen as a trivially stratified space).

We denote this class by subm. When both X and Y are unstratified, we will just speak about smooth
topological submersion.

Remark B.22. Smooth stratified submersions are closed under pullback (cf. [Vol21, Remark 3.23]). This
is of course not true for stratified homotopy equivalence (since for example homotopy equivalences of
trivially stratified manifolds are not closed under pullback).

Definition B.23. Let tri C Mor(StrTop) be the class of those morphisms f : X — Y which:
® are smooth stratified submersions in the sense of Definition B.21

* when restricted to each stratum Y, of Y, become trivial Serre fibrations (in particular, the stratifi-
cation on both source and target becomes trivial).

Let tri C Mor(StrTStk) be the class of morphisms XX — Y which are representable and whose pullback to
any map Z — Y, with Z representable, belongs to tri.

We define Pro,,;(StrTStk) to be the full subcategory of Pro(StrTStk) spanned by those pro-objects
which can be presented as formal limits of cofiltered diagrams with transition maps belonging to tri; we
also define Pro,;(StrTStk ) to be the full subcategory of Pro(StrTStk, ) spanned by those pro-objects
which can be presented as formal limits of cofiltered diagrams with transition maps belonging to tri.

Remark B.24. The class tri (both at the level of spaces and stacks) is stable under pullback.
Definition B.25. We define the (2, 1)-categories

StrTStk = Fun((Pro,,;(StrTStk))°P, Grpd).
Str?St\kCorl = Fun((Pro,;(StrTStk,, ))°P, Grpd).

COH)

Remark B.26. Note that there is a canonical fully faithful embedding

StrTStk,, < StrTStk.
This is defined as follows. First of all, there is a functor
StrTStk ., — StrTStk

given by left Kan extension, which preserves colimits. Then, this can be extended to a functor

Pro,;(StrTStk, ) — Pro,,;(StrTStk)

con)

by using right Kan extension, and the new functor preserves cofiltered limits. Finally, we can extend the
latter functor to

StrTStk ., — StrTStk

by left Kan extension, and the new functor preserves all colimits.
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Definition B.27. A morphism f : X — Y in Str'TStk belongs to she’ if it is representable and it can be
presented as a colimit of maps in she.
A morphism f : X — Y in Pro,,;(StrTStk) belongs to she” if it can be presented as

“1' ”f‘
1m
jel

where J is cofiltered and each f; is equivalent to a map in she’ in StrTStk.

A morphism f : X — Y in StrTStk belongs to she if it can be presented as a colimit of maps in she”.
These classes restrict to classes of maps in the correspondent categories formed from Str'Top,, instead
of StrTop, and will be denoted in the same way.

Definition B.28. A morphism f : X — Y in StrTStk belongs to subm if it is representable and its
pullback to any representable belongs to subm.
A morphism f : X — Y in Str'TStk belongs to subm if there is a commutative square

X —Y

Lo

X ——1Y

where X, Y are representable, the vertical arrows belong to subm and the top horizontal arrow belongs
to subm.
A morphism f : X — Y in Pro,,;(StrTStk) belongs to subm” if it can be presented as

“1' » [
i

where ] is cofiltered and each f; is equivalent to a map in su bm’ in StrTStk.

A morphism f : X — Y in StrTStk belongs to subm if for every Z € Pro,(StrTStk) <& Str?St\kcorl
and a map Z — Y, the pullback in SerTStk,

DngZ

belongs to the essential image of the Yoneda embedding Pro,;(StrTStk) — StrTStk and the canonical
map

is equivalent to a map in subm” in Pro,,;(StrTStk).
These classes restrict to classes of maps in the correspondent categories formed from Str'Top,, instead
of StrTop, and will be denoted in the same way.

Remark B.29. The classes of maps subm in StrTStk and in Str?St\kcorl are closed under pullbacks.

B.4 Constructible sheaves on stratified topological spaces and stacks

Recall B.30. Let (Y,s) € StrTop,,,. The co-category

Cons(Y,s;38)
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of space-valued constructible sheaves is defined in [Lur17, Definition A.5.2] and proven to be equivalent
(by [Lur17, Theorem A.9.3], nowadays known as the Exodromy Theorem in topology), to the co-category

Fun(Exit(Y,s),8).

Here Exit(Y, s) is a small co-category called the co-category of exit paths on (Y, s) (see [ Lur17, Definition
A.6.2], where it is denoted by Sing?(Y"), A being the poset associated to the stratification).

Remark B.31. Every space which is locally of singular shape in the sense of [Lur17, Definition A.4.15]
has the property that every locally constant sheaf is automatically hypercomplete ((Lur17, Corollary
A.1.17)).

One can consider coefficient categories different than 8, namely any presentable stable co-category.
Definition B.32. Let (Y,s) € StrTop,, and € a presentable stable co-category. We define
Cons(Y,s;€&)

as the full subcategory of Shv(Y’; £) spanned by constructible sheaves in the sense of [PT22, Definition
2.27] (hypercompleteness in loc. cit. can be ignored thanks to Remark B.31).

Theorem B.33 ((PT22)). Let (Y,s) € StrTop,,,, and & a presentable stable oo-category. Then
Cons(Y, s; €) ~ Fun(Exit(Y,s), E).

Proof. This is the content of [PT22, Theorem 5.17] together with [PT22, Remark 5.18] and Remark B.31.
O

Remark B.34. Note that, for € any small co-category and & presentable,
Fun(C, ) ~ Fun(C,8)® €. B.7)
This follows from the fact that if € is small then Fun(C, 8) is presentable and from the formula
A® B ~ Fun® (B, A)

[Lur17, Proposition 4.8.1.17] for A, B presentable. As a consequence, under the hypotheses of Theo-
rem B.33, we have
Cons(Y,s;E)~ Cons(Y,s;8)® €.

Definition B.35. Let R be a discrete ring. We denote

Mod%™ = Modg
Mod! = Mod;om’fﬂl = Perfy.

Let us also denote by Modmrs,Modl;gl’torS the respective full subcategories of torsion modules.
Let R =1lim;; R; be a prodiscrete ring, i.e. J is cofiltered, R; is discrete for each 7 and R has the limit
topology.
Then we define
Mody™ = 1151 Modg.
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as a limit in Pr! (transition maps are given by tensor product) and
cont,fd __ -
Mody™" = lim Perfp .

1€ t

In the same way we define Mod“™®™ = lim, Mod%s™ and Mod®">" = Jim, Modﬁ?_’tors.
Let R be a finite extension of @, (from now on an “/-adic ring”). We define
Mod%ont — Coﬁb[Modcont,tors s Mod%om]
Or R

Mod;ont,fd — Coﬁb[Mod%ont,fd,tors N Modf,)om’fd]
R R

where the cofibers are taken respectively in Prl; and in Cat®¥. Finally, let R be an algebraic extension of

Q. Then we define

Mody™ = colim Modgz™
QCECR finite subextension
Mod;om’fd = colim Mod%om’fd.

Q,CECR finite subextension

Note that since the inclusion functors Prk < Prl and Cat® — Cat, are closed under limits and
filtered colimits, all of the above are stable co-categories.

Remark B.36. If R is a discrete reing, we denote
Cons(Y,s;R) = Cons(Y,s,Mody)
Cons'd(Y, 5;R) = Cons'd(Y, s;Modgg).

cont

Let R =lim; R; be a profinite ring. We can apply Theorem B.33 with € = Modyz ™ and obtain
Cons(Y, s;Modz™) ~ Fun(Exit(Y, s),Modz™) ~ lim Cons(Y, s; R;) (B.8)

which we denote by Cons(Y, s; R). This equivalence restricts to an equivalence

Cons'(Y, s; R) ~ Fun(Exit(Y, s),Mod%om’fd) ~ lim Cons(Y, s; R;),
1

which we denote by Cons'(Y, s;R). Note that, in general, this is 7oz the category of compact objects of
Cons(Y,s;R).
When R is a finite extension of (Y, by Remark B.34 we have

Cons(Y, s;Modx™) ~ Fun(Exit(Y, s), Modx"™") ~
Fun(Exit(Y,s),8)® coﬁb(Modg)Rm’tors — Mod%ORm) ~

cofib(Cons" (Y, s;0x) — Cons(Y, s;0g)).
When R is an algebraic extension of Y, we have

Cons(Y, s; Modg™) ~ colim Cons(Y, s; Mody™)

Q¢ DEDR finite subextension

which we denote by Cons(Y, s; R). We also define, in all previous cases of R,

Cons™(Y, s;R) = Cons'd(Y, s; Mod;"“"fd),
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Recall B.37. Let Y be a topological space, € a stable presentable co-category. We define
D.(Y;€E)= colim Cons(Y, s;€).

(Y,s) conical stratification
As we will see in Section B.6, the functor Cons(—; €) : StrTopch, — Prf can be right Kan extended to
StrTStk . We consider here the case of quotient stacks, i.e. the case of equivariant constructible sheaves
over stratified topological spaces.

Definition B.38. Let (Z,t) be a stratified topological space and K a topological group acting on Z
compatibly with z. Let € be a presentable stable co-category. We define the the category of K-equivariant

&-valued constructible sheaves on Z
Consg(Z,t;€)

as the limit of the diagram (induced by pullback of sheaves along (B.3))

Cons(K x Z,t;€) —)E Cons(Z,t;€) (B.9)

Cons(K x K x Z,t,;€) /

Ul
il

.
. . . /—/_\ . . . .

where s is the stratification on H X -+ x H x Y which is trivial on the group factors and s on the last

factor, and the diagram is the simplicial diagram encoding the action of H on Y.

Definition B.39. Let (Y, s) be a stratified topological space, H a topological group acting on Y compatibly
with s, and let a presentable stable co-category. We define

Consg(Y, 53€) = Consy(Y,53€) X ons(v,s:6) Cons'(Y, 5; &) ~ }1116r1& Cons'(H" x Y,5,;€)
Lemma B.40. Let € be a symmetric monoidal presentable stable oo-category. Let K be a topological group
acting on a topological space Z locally of singular shape, and suppose that the orbits, form a conical stratification
t of Z. Then the functor Consfrg(z JE8)— DidK(Z ; &) is an equivalence.

Proof. As in the proof of Lemma B.11, we already know that the functor is fully faithful. Let us now
consider an equivariant constructible sheaf F with respect to some conical stratification (Z,s : Z — P),
and let us prove that it is constructible with respect to the orbit stratification. By the ascending chain
condition for P, there exists at least an open stratum in s. In fact, all minimal depth strata (i.e. strata

associated to a maximal p in P) are open: indeed, let p be a maximal element of P, and consider Y\ Y.
Suppose for simplicity that Y, is connected. If this subspace intersects Y, nontrivially, in particular there

exists another stratum Y,,q # p, such that ?q ny, # @. By the condition of the frontier Remark B.15,

this implies that Y, C ?q and hence ¢ > p, contradiction.

We define U as the maximal open union of strata such that J is locally constant over U. It is
nonempty because F is constructible with respect to s and by the above remark about minimal depth
strata. Moreover, U is unique because the union of two open subsets where JF is locally constant has
again the property that J is locally constant there. Also, the complementary of U is concentrated in
strata of non-minimal depth, again by the above remark. Now, U is K-stable by equivariancy of F and
maximality of U itself'®, and thus its complementary is K-stable as well and we can apply Noetherian
induction on the maximum lenght of ascending chains of P. O

3To see this, one can argue as follows: suppose U is not K-stable, and let g € K such that gU # U. Pick a point v € gU,
and an open subset V C U such that gV 3 v and J|,, is constant with value E € €. Then, by equivariance, we have that
F(gV)~TF(V)~E. Hence, F is locally constant on U U gV, which contradicts maximality of U.
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B.5 Stratified analytification

Theorem B.41 (Ray71, Théoréme et définition 1.1]). Let X be a scheme locally of finite type over C. Then
there exists an associated complex-analytic space X", whose underlying set is X (C) and which represents the
functor

{complex-analytic spaces} — Set

Y — Hom ringed spaces (Y’X)

We can forget the structure sheaf of holomorphic functions and recover an underlying Hausdortf
topological space (which corresponds to the operation denoted by | —| in [Ray71]). We thus obtain a
functor which by abuse of notation we denote by

(—)*: Sch!ét — Top
(instead of |(—)*"|).

This functor preserves finite limits ((Ray71, 1.2]) and sends étale coverings to coverings in the local
homeomorphism topology.

Construction B.42. There is a natural stratified version of the functor (—)*", namely the one which
accounts for the stratification induced by the map of ringed spaces # : $*" — § coming with the universal
property:

StrSch!ét — Str'Top

(8,5)— (§",s0m).

Example B.43 (Smooth algebraic maps). Let X,Y be complex schemes, locally of finite type, and
f :X — Y be a smooth morphism in the sense of algebraic geometry. Then f" is a smooth topological
submersion. In particular, the analytification of a smooth scheme locally of finite type is a topological
manifold.

Proof- This is [ Vak22, Exercise 13.6.A]. O

Example B.44 (Relative stratified torsors with smooth fiber). Let X,Y, S be complex stratified schemes,
locally of finite type, and X — §,Y — S. Suppose that f : X — Y is a torsor, relative over S, whose fiber
is a smooth unstratified scheme over §. Then /" is a smooth stratified submersion.

Proof. Such a map is, in particular, a smooth morphism in the sense of algebraic geometry, hence we can
apply Example B.43. O

Proposition B.45. The stratified analytification functor (—)*" : StrSch%ét — StrTop sends stratified étale

coverings to stratified coverings in the topology of local homeomorphism. Also, it sends morphisms in uni to
morphisms in tri.

Proof. The first part follows from [Ray71, Proposition 3.1].

For the second part, note first of all that the analytification of a smooth morphism of schemes is in
subm by Example B.43. After restriction to any stratum of Y, a map in uni is étale-locally trivial (because
it is assumed to be a torsor) and hence its analytification is a Serre fibration. Now, a unipotent group
scheme is isomorphic (as a scheme) to some affine space Ag (see [KMT74, Theorem 8.0]). Therefore, its
analytification is contractible. This implies that the analytification of a morphism in uni, when restricted
to strata, is a trivial Serre fibration of trivially stratified spaces.

To conclude the proof, it suffices to apply [HN24, Lemma 4]. More precisely, that theorem is stated
with coefficients in spaces, but we recover our version from combining Recall B.30 and Remark B.34.

O
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Corollary B.46. We have an extended analytification functor

(=)™ : StrStk!f — StrTStk. (B.10)

Proof. The extension from schemes to stacks follows from the first part of Proposition B.45. The
extension from stacks to pro-uni-objects follows from the second part of Proposition B.45. The extension
from pro-uni-objects is done by left Kan extension (i.e. covariant functoriality of Fun(—,Grpd)). O

Proposition B.47. Let (Y,s) be a qcgs complex stratified scheme, locally of finite type, and R a finite ring.
Then there is an equivalence of co-categories

Consfd(Y, s;R) ~ Consfd(Ya“, s* R).

Proof. The claim follows from the proof [BGH20, Proposition 12.6.4] (in turn building upon [AGV72,
Théoréme XVI. 4.1])16. O

Remark B.48. This proof only relies on the Exodromy theorem both on the algebraic!'” and topological
side. Hence, it extends to the profinite and ¢-adic case (cf. Remark B.10) by [BGH20, Theorem 13.7.8]
(for the finite/profinite case) and [BGH20, Theorem 13.8.8] (for algebraic extensions of ;).

By forming limits from the statement of Proposition B.47, we obtain, in the same setting, that:

Corollary B.49. Let (Y,s) be a finite dimensional complex stratified scheme, and H a complex group scheme,
locally of finite type, acting on it in a stratified way. There is an equivalence of oo-categories

Cons%(Y, s;R) ~ Consgan(yan, . R).

B.6 Monoidality, Kan extensions and correspondences

Notation B.50. The (very large) co-category of presentable stable co-categories and all functors is
denoted by Pr,. The (very large) co-category of presentable stable co-categories and left adjoint functors
is denoted by Prl. The co-category of presentable stable co-categories and right adjoint functors is
denoted by PrR.

Let € be a presentable stable symmetric monoidal co-category. We denote:

* by Pri the co-sub-category of Mod, (Pr®) spanned by the objects belonging to Mod, (Pr®) and
whose morphisms are E-linear functors admitting an &-linear right adjoint. This is, in particular, a
non-full subcategory of Mod, (Pr®);

* by Pry the co-sub-category of Modg(Pr®) spanned by the objects belonging to Mod, (Pr-®) and
whose morphisms are E-linear functors admitting an &-linear left adjoint;

* by Pri® the co-sub-category of Mod, (Pr®) spanned by the objects belonging to Mod, (Pr®) and
whose morphisms are €-linear functors admitting both an €-linear left adjoint and an E-linear right
adjoint.

16 Although the statement is given for categories of constructible sheaves with respect to some algebraic stratification (and its
analytic counterpart) the proof actually proceeds by establishing the equivalence when the stratification is fixed, and then passes
to the colimit.

7By Exodromy on the algebraic side, we mean [BGH20, Corollary 13.2.12] for finite coefficients, and the references below
in this remark for profinite and -adic coefficients. Note that a “coherent scheme” in the terminology of loc.cit. is a qcgs scheme
((BGH20, 0.11.15]).
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For & = Modg, R being a discrete commutative ring, we denote this categories by (PrILQ, iPrl;g, iPrILeR.

For R prodiscrete or {-adic, we use the same notation while taking & = Modx™

Remark B.51. Let C® be a symmetric monoidal co-category. We denote by C®¥°P the “pointwise-
opposite” symmetric monoidal structure on €°P ([MO15], [BGN18]). For example, if € has finite
products, €XP ~ (€°P)H,

Pr; carries a natural symmetric monoidal structure inherited from Pr®, which we denote by ’Prlé’®.
The monoidal law is the relative tensor product —®; —.

Let PrR be the co-category of presentable co-categories with right adjoint functors between them.
We denote by Pr® the symmetric monoidal structure induced by the equivalence

(Prl)oP ~ PR

Le.
Pri® = prlop

As usual, for any stable presentable symmetric monoidal co-category, we also have the €-linear variant
fPr}g@, whose objects are the same as Mod, (Pr,,) and whose morphisms are those functors admitting a
left adjoint. Note that we also have an equivalence

(fPrIé)OP o~ ‘Prlé.

This does not happen for categories of €-modules, and relies on the fact that we required the right adjoints
to be E-linear.
Finally, Pri® also admits a symmetric monoidal structure, which is auto-dual and makes the inclusion

functors ’PrER’g’ C (Prlé’® and (PrIéR’® C ‘Prg’g’ both symmetric monoidal.
Notation B.52. Let € be a small stable symmetric monoidal co-category. We denote by Cat,, o =

Mod,(CatZ) the oco-category of small stable E-linear co-categories and exact E-linear functors. We

denote the Cartesian monoidal structure on this co-category by Cat,_,.

For R acommutative ring (discrete, prodiscrete or £-adic) we adopt the notation Cat,, g for Cat o, pe(g)-
Recall B.30 implies that

Corollary B.53. Let (X,s) € StrTop,,,, and € be presentable stable oo-category. Then Cons(X,s;E)isa
presentable stable &-linear oo-category and Cons(X , 5; &) is a small £ -linear co-category.

Lemma B.54. The functor
Exit : StrTop, , — Cat,,

(Y,s:X — P)— Exit(Y,s)

carries a symmetric monoidal structure when we endow both source and target with the Cartesian symmetric
monoidal structure. In other words, Exit preserves finite products.

Proof. Given two stratified topological spaces Y,s : Y — P, W,t : W — Q, in the notations of [Lur17,
A.6], consider the commutative diagram of simplicial sets

Sing”*Q(Y x W) — Sing(Y x W) — Sing(Y") x Sing(W)

i

P x Q) —— Sing(P x Q)

9 ay

N(
N(P)x N(Q) > Sing(P) x Sing(Q).

73



B RECOLLECTIONS AND COMPLEMENTS IN STRATIFIED HOMOTOPY THEORY

The inner diagram is Cartesian by definition. Therefore the outer diagram is Cartesian, and we conclude
that Sing”*Q(Y x W) is canonically equivalent to Sing” (Y") x Sing?(W). Since Sing”(Y") models the
oo-category of exit paths of Y with respect to s, and similarly for the other spaces, we conclude. O

Lemma B.55 ((Lurl7, Remark 4.8.1.8 and Proposition 4.8.1.15]). Let & be a presentable symmetric
monoidal oo-category. There exist symmetric monoidal functors

(%) . @, XOP IR,®
Pl Cate = Pry

Pe -t Cats, — iPr]g’®
Pe i : Carl, — Pri®

sending an oo-category C to the oo-category of E-valued presheaves Fun(CP, &), and a functor F : € — D
to the functor
F* :Fun(DP, &) — Fun(C, &)

induced by precomposition by F, resp. to the functor

F.,: Fun(C?, €) — Fun(D?, &)
induced by left Kan extension along F, resp. to the functor

F_ :Fun(C°, ) — Fun(D, €)
induced by right Kan extension along F.

Proof. The functor P 4 takes values in Pry since for each F : € — D the functor F: Fun(C%, &) —
Fun(D°P, €) admits a right adjoint given by F*, and both F and F* are E-linear.

Let us start with the case & = 8, the co-category of spaces. The existence of the (strong) monoidal struc-
ture on Py follows from [Lur17, Proposition 4.8.1.8]. Indeed, if we take K = @, X’ = {all simplicial sets}

in Joc.cit., the functor € — CP%/(G) is what we call P; ), since it is the functor sending F : € — D to the

left Kan extension of the Yoneda embedding € — P(€) along € Lo P(D) (see the proof of [Lur09,
Proposition 5.3.6.2]).

In the case of a general presentable co-category &, this follows from Remark B.34.

As for P*) and Py, the claim follows from the fact that we have a symmetric monoidal equivalence

PrR® ~ ppla®op
O

Corollary B.56. Let & be a presentable stable oo-category. There are well-defined symmetric monoidal
functors

()@, x-op LR,®
¢ :StrTopee, — Pry

(Y,s)— Cons(Y,s;E)
fr—)fx :—OEXit(f).

Cons

Cons(‘a)) ¢+ StrTop,, — ?rfg’@’
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(Y,s)— Cons(Y,s; &)

[ f4:=Langp).

Cons%’i)’ ¢+ StrTopl,, — CPr}g@
(Y,s)— Cons(Y,s;E)
[ = fr=Rang ).

Proof. The previous constructions provide us with a symmetric monoidal functor

()

xit(— —)° P
StrTopeon” e, Cat o F o Cat %P —&, prlR@
sending
(X,s)— Fun(Exit(X,s), &),
f=f
and similarly for the other two cases. O

Proposition B.57. The functors constructed in Corollary B.56 take stratified homotopy equivalences to
equivalences of o0o-categories.

Proof. Indeed, consider a stratified homotopy H :[0,1] X Y — Y. This map has the property that the
compositions {0} x Y —[0,1]xY - Y is fogand {1} x Y —[0,1] X Y — Y is idy. Since the functor
Exit(—) preserves products (Lemma B.54), one gets a map Exit([0, 1]) x Exit(Y) — Exit(Y") such that

Exit({0}) x Exit(Y") — Exit([0, 1]) x Exit(Y") — Exit(Y)
is Exit(f) o Exit(g) and
Exit({1}) x Exit(Y) — Exit([0, 1]) x Exit(Y") — Exit(Y)

is Exit(idy ). But since [0,1] is contractible and unstratified, Exit([0, 1]) is equivalent to the terminal
oo-category #, and the two compositions are equivalent as functors Exit(Y") — Exit(Y'). Therefore
Exit(f) is a left inverse to Exit(g). By repeating the argument on K one obtains that Exit(g) is a left
inverse to Exit(f). O

Proposition B.58. The functors constructed in Corollary B.56 take maps in tri to equivalences of co-categories.

Proof. [HN24, Lemma 4] proves this statement but with coefficients in spaces. We recover our version
by combining Recall B.30 and Remark B.34. O

Proposition B.59. The functor Cons ) ¢ from Corollary B.56 satisfies hyperdescent.

Proof. This follows from the stratified Seifert-Van Kampen theorem [Lur17, Theorem A.7.1] and the fact
that
Fun(—,¢&): Cat,, — fPrIE“

(with left Kan extension functoriality) preserves colimits. O
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We now turn to some essential recalls of the theory of Gaitsgory and Rozenblyum’s correspondences.
Let € be an (o0, 1)-category, and vert, horiz,adm classes of morphisms with the properties [GR17,
Chapter 7, 1.1.1]. The (o0, 2)-category of correspondences Corr(€)2dm is defined in [GR17, Chapter

vert,horiz
7,1.2.5].18
Remark B.60 ((GR17, Chapter 7, 1.3.3]). If adm =isom is the class of equivalences in C, then
Corr(@)som

vert,horiz
is an (00, 1)-category, which we denote simply by Corr(€),e pori,- We will always be in this situa-

tion. However, the results from [GR17] used in the proof of Theorem B.66 rely on (o0, 2)-categorical
constructions.

Remark B.61. Let C,,, and C,;, the subcategories of € spanned by all objects and vertical or horizontal
morphisms, respectively. There are embeddings

adm
Civert - Corr(e)vert,horiz
op adm
ehoriz - Corr(e)vert,horiz'

Remark B.62 ((GR17, Chapter 9, 2.1.3]). If €® is a symmetric monoidal co-category and the classes
vert, horiz,adm are closed under tensor product, then there is a symmetric monoidal structure on
Corr(@)2dm which we denote by

vert,horiz’
Corr(@)\?::’ﬁriz.
In our specific case, we will always consider Cartesian symmetric monoidal structures. Note that the
class subm from Definition B.28 is closed under cartesian product and pullback (Remark B.29), hence it
is a good class for the theory of correspondences.
Notation B.63. If € is an (00, 1)-category, we denote by all the class of all morphisms in C.

Recall B.64. When horiz = all and adm = isom, the (00, 1)-category Corr(€)® | . is also treated in

[Man22] and [Sch23]. In what follows, we will sometimes use some results formulated in this context.
We will need the following lemma:

Lemma B.65. Let C* be a Cartesian symmetric monoidal oo-category. Let X,Y € C be objects. Then the
map

Crx xCry = Cxyy
is cofinal.

If F : €% — D* is a symmetric monoidal functor between symmetric monoidal structures, and X, Y € D
are objects, then the map F/y X Fryy — Fyy .y is cofinal.

Proof. By Quillen’s Theorem A, it suffices to prove that fibers are contractible. This can be straightfor-
wardly checked by considering, for Z — X x Y, Z representable, the canonical factorization

Z27ZxZ—-%XxY
and proving that it is initial amongst all factorizations
Z2X XY -XxY
induced by maps X - X,Y - Y,Z - X,Z — Y, with X,Y representable. a

8Note that we indeed need a definition that works at least for € a (2, 1)-category, since for example StrTSt\kmn is such.
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Theorem B.66. Let & be a presentable stable symmetric monoidal co-category. There is a symmetric monoidal
functor of oo-categories

corr,® Tl X R,®
Cons, % Corr(StrTStkwn)alLsubm — Pr,
with the following properties:
1. its restriction along
(StrTStk y)yere = Corr(StrTSth o) oy subm’ < Corr(StrTStkcon)a sabm

left Kan extends Consy y, from Corollary B.56, preserves colimits and sends maps in tri and she’ to
equivalences;

2. dually, its restriction along

1 Corr(Strﬁ%’?k

con)alI,Ian

(StrTStk, )P < Corr(StrTStk

con)hor,'z con)all,subm

right Kan extends Consg) from Corollary B.56, preserves limits and sends maps in tri and she’ to
equivalences;

3. its restriction along

—_—

Pro,;(StrTStk — Corr(Pro,;(StrTStk, ) » < Corr(StrTStk

con)vert all,subm con)a[/’@’

resp.

—_

Pro,;(StrTStk,,, ), . < Corr(Prog;(StrTStk,,,)) » < Corr(StrTStk

‘i all,subm con )all,ﬁ’

extends the points (1), resp. (2), by tri-invariance, and sends maps in she” to equivalences;

4. its restriction along

—_

(Str?St\k Vvert < Corr(StrTStk

con COIl)a/I,ngn’
resp.

(Str?St\k ):I; < Corr(Str?St\k

) —
con con’all subm’

left (resp. right) Kan extends the previous point, preserves colimits (vesp. limits) and send morphisms in
she to equivalences.

Proof. Our starting datum is the functor Cons™ : StrTopeh, — Pri defined in Corollary B.56. Let us
prove that this functor satisfies the right Beck-Chevelley condition [GR17, Chapter 7, Definition 3.1.5]
with respect to the classes vert = subm, horiz = all,adm = isom. First for all, for each 8 : (Y",s") — (Y,s)
in subm C Mor(StrTop,, ), the functor 5*: Cons(Y,s) — Cons(Y”,s’) admits a left adjoint 3. Then,

consider a cartesian diagram

(X', t) —3 (X,t)

e 2

(Y',s") —L5 (Y,s)
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where ag,a; €all, B, 5] € subm. Then we want to prove that the base-change map

Biaag — @ Boy (B.11)

is an equivalence of functors Cons(X,t;€) — Cons(Y’,s’;€). Note that, since a// functors are left
adjoints', this formula is local in X and X’, and therefore we may assume that 3, is of the form
(X,t) x RN — (X,t) for some N, and analogously for ;. But in this case 8} and 37 are stratified
homotopy equivalences, which implies that S, B, are equivalences. Note incidentally that a similar
argument (reduction to the local case and the fact that in the local case 37 is an equivalence on constructible
sheaves) proves that 3, coincides with 3;, from [Vol21, Lemma 3.24]. So, base change also follows
from [Vol21, Lemma 3.25].
We now want to obtain an extension at the level of (oo, 2)-categories

StrTopesy ﬂ fPr]g

Corr(StrTopcon)'

submiall

(B.12)

which encodes (—*,—_)-functoriality. As explained to us by Lucas Mann, one can proceed as in the
proof of [Man22, Proposition A.5.10] with / = subm, P = isom, and without the assumption that /
satisfies property (d) in Joc. cit.: one does not need [LZ12b, Theorem 5.4] and instead of &} (. one works

2
with & ) Then the main observation is that one can invert edges in dimension 1 using [LZ12a, Lemma
1.4.4].

The extended functor (B.12) carries a canonical symmetric monoidal structure, because Cons ) :

}

StrTop | — CPrIg’® is symmetric monoidal (Corollary B.56) and thus we can apply?*°[ GR17, Chapter 9,
Proposition 3.1.5] with vert = subm, horiz = adm = all, co-adm = isom. We will now perform a series of
extensions:

® Let us consider the Yoneda embedding F : StrTop,, — StrTStk . We want to obtain a symmetric
monoidal extension

COI'I'(StrTopcon)subm,all ﬁ ‘J)I‘Ié

i

Corr(StrTStk

(B.13)

CO’“)subm,all

(see Definition B.28 for the notation) which preserves limits in both vert and horiz.

The functor F satisfies the conditions of [GR17, Chapter 8, 6.1.1 and Theorem 6.1.5], (with

—_

C =StrTop,,,, D = StrTStk
C and D), because:

con> Vert = subm, subm respectively, horiz = all,adm = isom for both

- it preserves finite limits;

- it sends subm to subm by definition of subm C Mor(StrTStk

COH)’

Here we use the existence of @y , @, implied by Corollary B.56, i.e. that Consf,? lands in Pri} and not just in Prk.
PAlternatively, from [Man22, Proposition A.5.10] we already get a lax-monoidal structure, and one can check that it is
indeed strong symmetric monoidal.
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~ for each (Y,s) € StrTop,,,, the functor ((StrTop ., )subm)/(vs) = (StrTStkeon)subm)/F(vss)

is an equivalence. Indeed, since F is fully faithful, it suffices to prove that for any Y €
StrTStk, ., ¢ : Y — F(Y,s) in StrTStk_,,, then Y belongs to the essential image of F. But

this is true since any morphism in su subm is assumed to be representable, cf. Definition B.28.

COH’

Therefore, we may apply [GR17, Theorem 6.1.5] to (B.12) and obtain a horizontal right Kan
extension (in the terminology of that theorem) as in (B.13).

In particular, when restricted to (StrTop, )b — (StrTSthko, ) *
Also, the extended functor preserves limits in both vert and hor|z

_» this is the right Kan extension.

As for the symmetric monoidal structure, we proceed as follows. By [GR17, Chapter 9, Proposition
3.2.4], we obtain a right-lax monoidal functor

L®
Corr(StrTStk ) A Prg

Incidentally, the same verifications show that [Man22, Proposition A.5.16] can be applied to obtain
the same result.

Let us prove that the obtained functor is indeed strongly monoidal. It suffices to prove that, for
every X,Y € StrTStk,,, the map

con’

Cons(X;€) ®, Cons(Y;E) — Cons(X x Y;E)

is an equivalence. But this map can be presented as the chain of equivalences

Prl Prl
Cons(X;€)®g Cons(Y;E)= colim Cons(X;E)®, colim Cons(Y;E)~
(StrTopcon)/x (StrTopcon)/y
Prl
colim Cons(X;E)®, Cons(Y;E) ~
(StrTOpcon)/x X (StrTOPcon )/9
ol (B.14)
colim Cons(X X Y;&) ~
(StrTOpcon)/DC X (StrTOpcon)/‘d
Prl
colim Cons(Z;&) ~ Cons(X x Y; &)
Ze(StrTOPcon)/xx‘é

where the second-to-last equivalence holds by Lemma B.65.

* We want to extend the functor (B.13) to Corr(StrTStk, )sypm’ a1» that is, we want to enlarge the
class of vertical morphisms from representable smooth submersions to all smooth submersions. To
this end, we want to apply [Man22, Proposition A.5.14] to the functor constructed in (B.13). The
target category can be upgraded from Cat,, to Pri: indeed, the upgrade to Pr" is already in the
proof of loc.cit., and adding the linear structure is straightforward. Let us thus check the conditions
of [Man22, Proposition A.5.14]. In the notations of loc.cit., let E = subm, E’ = subm’, S C E be the
class of smooth covers, i.e. maps in subm whose source is representable and which are surjective.

a For every X € StrTStk

b Cons ¢ : StrTStk
stratified topological spaces).

Cons(X; &) is presentable.

con?

con — Pr; satisfies S-descent by construction (it is left-Kan-extended from
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¢ By definition of subm’, every map £ : X — Y in E’ there is a square

x Ly

L
x Ly

where the top map is in E (actually in subm) and the vertical arrows are in S. Hence, the
composition f o g belongs to E.

d We want to prove that pullbacks of edges in § remain smooth covers, and they are computed

in the same way in (StrTStk,,,) = and in (StrTStk,). Indeed, the take a square
x Ly
€4 b
sy

Cartesian in StrTStk_, with f € E, g € S. Then g’ € § because smooth covers are stable
under pullback, and f” € E because smooth and representable maps are as well. We are left to
prove that for any X’ € Str'TStk___, equipped with maps X’ — Y, X’ — X making the diagram

37 ’——__“\\\\\\\EJ

Yy
|
Y

commute, the natural map X’ — X is smooth and representable (i.e. it belongs to E). Repre-
sentability amounts to representability of X’ (since X is represetnable), which follows from
the fact that the map X’ — Y is representable with representable target. Smoothness follows
from the fact that g’ is a smooth cover and smoothness passes to smooth covers by definition.

con?’

oQ
2 e

N

We can thus apply the result and obtain an extension of (B.13) to a lax-monoidal functor
Corr(StrTStk o )supm’ anl — Pr- (B.15)
Symmetric monoidality is established in a similar way as in the previous point.
® Let us consider the localization functor
G : StrTStk,,, — StrTStk, [tri'].
By restriction from (B.15), we get a functor

(StrTStk — Prg

Con)honz

satisfying the right Beck-Chevalley condition for (vert = subm,horiz = all). This functor is
right-Kan-extended from Cons(—, &) : StrTopeh, — Prg, hence sends tri to equivalences by
Proposition B.58, hence factors as the composition of G and a functor

StrTStk,,,[tri' ] — Pri

con
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which also satisfies the right Beck-Chevalley condition with respect to (vert = subm, horiz = all)
(note that tri C subm’). Hence, again by [GR17, Chapter 7, Theorem 3.2.2.(b)], it induces a functor

Corr(StrTStkcon[tri_l])subm/’a” — Prk

(where we also call subm’ the class generated by subm’ in the localization), compatible with all of
the above. This functor carries a symmetric monoidal structure by the same arguments as above.

* Note that the functor StrTStk_ [tri=!] — Pro,,;(StrTStk,, [tri~!]) is an equivalence (since tri C
isom in StrTStk_  [tri']), symmetric monoidal with respect to the Cartesian structures. On

the other hand, there is a functor Pro(G) : Pro,,;(StrTStk ) — Pro,,;(StrTStk_. [tri~!]), also
symmetric monoidal. This induces a functor

con con

Corr(Pro,;(StrTStk, ) | — Corr(StrTStk,_ [tri™!])

subm” al subm’,all

which is symmetric monoidal because pro-objects are compatible with Cartesian monoidal struc-
tures. Note that we cannot argue anymore that the restriction to horizontal morphisms

Pro, ;(StrTStk,,, )°P — StrTStk,, [tri ']
preserves limits, since Pro(G) need not preserve colimits.
* Consider the Yoneda embedding H : Pro,;(StrTStk, ) — Str?St\kcon. By the exact same arguments

used in the case of F above, this induces a horizontal right Kan extension

Corr(Protri (StrTStkcon))su bm” all ﬁ :Pr%

Corr(Str?St\kcon)m »

which is again symmetric monoidal.

From this, by passing to opposite categories and opposite monoidal structures as in Remark B.51, we
obtain the sought-after symmetric monoidal functor of (o0, 1)-categories

corr,® ol X R,®
Consg " : Corr(StrTStk )2 cupm — Pre (B.17)
which encodes (—*,—. )-functoriality and satisfies the conditions of the statement. O
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