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Abstract: We consider Xi,...,X, a sample of data on the circle ST,
whose distribution is a two-component mixture. Denoting R and @ two
rotations on S, the density of the X;’s is assumed to be g(x) = pf(R™1z)+
(1 — p)f(Q~'z), where p € (0,1) and f is an unknown density on the
circle. In this paper we estimate both the parametric part 6 = (p, R, Q)
and the nonparametric part f. The specific problems of identifiability on
the circle are studied. A consistent estimator of 6 is introduced and its
asymptotic normality is proved. We propose a Fourier-based estimator of f
with a penalized criterion to choose the resolution level. We show that our
adaptive estimator is optimal from the oracle and minimax points of view
when the density belongs to a Sobolev ball. Our method is illustrated by
numerical simulations.
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1. Introduction

Circular data are collected when the topic of interest is a direction or a time
of day. These particular data appear in many applications: earth sciences (e.g.
wind directions), medicine (e.g. circadian rhythm), ecology (e.g. animal move-
ments), forensics (crime incidence). Different surveys on statistical methods for
circular data can be found: Mardia and Jupp (2000), Jammalamadaka and Sen-
Gupta (2001), Ley and Verdebout (2017) or more recently Pewsey and Garcia-
Portugués (2021). In the present work, we consider a mixture model with two
components equal up to a rotation. We observe X1,..., X, a sample of data on
S! with probability distribution function:

g(@) = pof (Ry @) + (1 = po) f(Qq @) = pof(z — o) + (1 = po) f (& — Bo). (1)

In the right hand side we have identified f : S' — R and its periodized version
on R. Here Ry and Qg are two unknown rotations of the circle. Ry is a rotation
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with angle ag and Qg is a rotation with angle 8y. The aim is to estimate both
0o = (po, @, Bo) and the nonparametric part f.

Bimodal circular data are commonly encountered in many scientific fields,
for instance in climatology, animal orientations or in earth sciences. For the
analysis of wind directions, see Herndndez-Sanchez and Scarpa (2012) and for
animal orientations, the dragonflies data set presented in Batschelet (1981).
In geosciences, one can cite the cross-bed orientations data set obtained in the
middle Mississipian Salem Limestone of central Indiana and which was presented
by the Seminar Sedimentation (Seminar (1966)). Last but not least, the paper of
Lark, Clifford and Waters (2014) analyzes some geological data sets and clearly
favours for some of them a two component mixture of von Mises distributions.

Mixture models for describing multimodal circular data date back to Pearson
(1894) and have been largely used since then. An important case in the liter-
ature is the mixture of two von Mises distributions which has been explored
in numerous works. Let us cite among others papers by Bartels (1984), Spurr
(1981) or Chen, Li and Fu (2008). From a practical point of view, algorithms
have also been proposed to deal with mixture of two von Mises distributions,
including maximum likelihood algorithms by Jones and James (1969) or a char-
acteristic function based procedure by Spurr and Koutbeiy (1991). Note that
on the unit hypersphere, Banerjee et al. (2005) investigated clustering methods
for mixtures of von Mises Fisher distributions. In our framework, we shall not
assume any parametric form of the density and hence the model is said to be
semiparametric. To the best of our knowledge, this is the first work devoted
to the study of the semiparametric mixture model for circular data. This semi-
parametric model is more complex and intricate than the usual parametric one
encountered in the circular literature. In the spherical case, Kim and Koo (2000)
studied the general mixture framework for a location parameter but assuming
that the nonparametric part f is known. On the real line, this semiparametric
model has been studied by Bordes, Mottelet and Vandekerkhove (2006), Hunter,
Wang and Hettmansperger (2007), Butucea and Vandekerkhove (2014) or Gas-
siat and Rousseau (2016) for dependent latent variables. For the multivariate
case, see for instance Hall and Zhou (2003), Hall et al. (2005), Gassiat, Rousseau
and Vernet (2018), Hohmann and Holzmann (2013). When dealing with the spe-
cific case of one of the two components being parametric, one refers to work by
Ma and Yao (2015) and references therein.

Note that we can rewrite model (1) as

X;=Y:4+¢e (mod 27), i=1,...,n (2)

where Y; has density f and ¢; is a Bernoulli angle, which is equal to agy with
probability po and [y otherwise. Accordingly, model (1) can be viewed as a
circular convolution model with unknown noise operator €. The circular convo-
lution model has been studied by Goldenshluger (2002) in the case of known
noise operator whereas Johannes and Schwarz (2013) dealt with unknown er-
ror distribution but have at their disposal an independent sample of the noise
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to estimate this latter. It is worth pointing out that Goldenshluger (2002) and
Johannes and Schwarz (2013) made the usual assumptions on the decay of the
Fourier coefficients of the density of e, whereas in model (1) the Fourier coeffi-
cients are not decreasing.

Identifiability questions are at the heart of the theory of mixture models
and the circular context is no exception. Thus, our first task is to study the
identifiability of the model. From a mathematical point of view, the topology
of the circle makes the problem very different from the linear case. In the cir-
cular parametric case, Fraser, Hsu and Walker (1981) obtained identifiability
results for the von Mises distributions, which were extended in Kent (1983)
to generalized von Mises distributions while Holzmann, Munk and Stratmann
(2004)) focused on wrapped distributions, basing their analysis on the Fourier
coefficients. Here, the Fourier coefficients turn out to be very useful as well but
the nonparametric paradigm makes the study quite different and intricate. Our
identifiability results are obtained under mild assumptions on the Fourier coeffi-
cients. We require that the coefficients are real which can be related to the usual
symmetry assumption in mixture models (see for instance Hunter, Wang and
Hettmansperger (2007)) and we impose that only the first 4 coefficients do not
vanish. Interestingly enough, some not intuitive phenomena appear. A striking
case occurs when the angles ag and f3y are distant from 27 /3, model (1) is then
nonidentifiable which is quite surprising at first sight.

Once the identifiability of the model is obtained, we resort to a contrast func-
tion in the line of Butucea and Vandekerkhove (2014) to estimate the Euclidian
parameter y. In that regard, we prove the consistency of our estimator and an
asymptotic normality result. Thereafter, for the estimation of the nonparametric
part, a penalized empirical risk estimation method is used. The estimator of the
density turns out to be adaptive (meaning that it does not require the specifica-
tion of the unknown smoothness parameter), a property which was not reached
so far for this semiparametric model even in the linear case. The procedure
devised is hence relevant for practical purposes. We prove an oracle inequality
and minimax rates are achieved by our estimator for Sobolev regularity classes.
Eventually, a numerical section shows the good performances of the whole esti-
mation procedure.

The paper is organized as follows. Section 2 is devoted to the identifiability of
the model. Section 3 tackles the estimation of the parameter 6y whereas Section
4 focuses on the estimation of the nonparametric part. Finally Section 5 presents
numerical implementations of our procedure. Proofs are gathered in Section 6.

2. Identifiability

In this section, to keep the notation as light and clear as possible, we drop
the subscript 0 in the parameters. For any function ¢ and any angle «, denote
Jo(z) := g(x — ). For any complex number a, @ is the complex conjugate of
a. For any integrable function ¢ : S' — R, we denote for any [ € Z, ¢*! =
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fSl ¢(:c)e’“xg—fr, the Fourier coefficients. Note also that we use notation f and

f! for two densities, where f’ is not the derivative of f.

Let us now study the identifiability of model (1). First, it is obvious that
if p = 0, « is not identifiable, and if p = 1, § is not identifiable. In the same
way, p is not identifiable if « = p. Moreover, as explained in Hunter, Wang
and Hettmansperger (2007) for a translation mixture on the real line, the case
p = 1/2 has to be avoided. Indeed, denoting ¢ a density and for instance f =
101+ 39-1 and f' = 195+ 1g_5 we have

fi+fs=fa+ fa

In addition, it is well known that, in such a mixture model, (p, o, 3) cannot be
distinguished from (1 — p, 8, a): it is the so-called label switching problem. So
we will assume that p € (0,1/2) (for mixtures on R it is assumed alternatively
that o < 8 but ordering angles is less relevant).

Now let us study the specific problems of identifiability on the circle, that
do not appear on R. First, if f is the uniform probability, the model is not
identifiable, so we have to exclude this case. Another case to exclude is the case
of d-periodic functions. Indeed in this case f, = fq+s5. These functions have the
property that f* = 0 for all [ ¢ (27/6)Z. So we will require that the Fourier
coefficients of f do not cancel out too much. Here we will assume

forall 1 € {1,2,3,4},  f*#0, and f* = .

This last assumption can be related to the symmetry of f. Indeed if f is zero-
symmetric then all its Fourier coefficients are real. Symmetry is a usual assump-
tion in this mixture context, to distinguish between the translations of f: for
any 6 € R,

pfl@—a)+ (1 -p)f(z—B)=pfs(x—a+0d)+(1-p)fs(x—B+0)

More precisely, Hunter, Wang and Hettmansperger (2007) show that symmetry
is a sufficient and necessary condition for identifiability of the model mixture on
R. In the circle framework, it is natural to work with Fourier coefficients rather
than Fourier transform as on R. A lot of circular densities have their Fourier
coefficients real, provided that their location parameter is u = 0: for example the
Jones-Pewsey density, which includes the cardioid, the wrapped Cauchy density,
and the von Mises density. Here we require the assumption only for the first 4
Fourier coefficients of f (due to our proof), which is milder than symmetry.

Let us now state our identifiability result under these assumptions. Note that
Holzmann, Munk and Stratmann (2004) have studied the identifiability of this
model when f belongs to a parametric scale-family of densities, but here we face
a nonparametric problem concerning f.

Theorem 1. Assume that 0 = (p,«, 3) and 0 = (p', &', B') belong to

{(]7,04,6)6(0,1/2)><Sl><Sl7 a#p (m0d27r)}
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and that f, ' belongs to
{f : S = R density such that, for alll € {1,2,3,4}, f* € R\{O}}

Suppose pfo + (L —p)fs =0 for + (1 =0 )f4. Then

1. either (p', o/, 8")=(p,, B) and f' = f,

2. or (p,o,B)=(p,a+m +7m) and f' = fr

3. or if B —a =x (mod 27) then f' is a linear combination of f and fr,
and either (o/, ) = («a, 8), or (¢, ) = (8, ).

4. orif f—a = £27/3 (mod 27) then f’ is a linear combination of fr /3, f—r /3, fr
andp’ = (1—2p)/(2—3p) and
(a) if B—a=2m/3, (&/,8) = (a+m,B—7/3) or (¢, ') = (o, B+27/3),
(b) if - = —2n/3, (o, §') = (a-+m, B+1/3) or (o, ) = (0, f—27/3).

Case 2. arises from a specific feature of circular distributions: if f is symmetric
with respect to 0 then it is symmetric with respect to m. Unlike the real case, a
symmetry assumption does not exclude the case f'(x) = f(z—m). To bypass this
we could assume for instance f*! > 0. Indeed for each [ € Z, (f.)* = f*(-1)!,
so the Fourier coefficients of f and f, have opposite sign for any odd [. With
our assumption, we recover among f and f, the one with positive first Fourier
coefficient, i.e. with positive mean resultant length. Neverthless our estimation
procedure begins with the parametric part so that this assumption concerning
only the nonparametric part will not allow us to distinguish « from « + 7 in
this first parametric estimation step. That is why we rather choose to assume
that a and § belong to [0,7) (mod ).

Case 3. concerns bipolar data since o and 3 are diametrically opposed (sep-
arated by 7 radians). In this case « and 3 are identifiable, but p and f not.
Indeed, for any density f and any 0 < p’ < p < 1/2, we can find ¢ € (0, 1] such
that f' = qf + (1 — q) fx verifies pfo + (1 —p)fg =p'fo + (1 =) fa-

Let us now discuss the case 4., which is the most curious (we shall only
comment the first case (a), the other is similar). Let us set

f@)=0=-pf (x=3)+Q=p)f (x+5) + - Df@—m).

This function is symmetric if f is symmetric, verifies fsl /" =1 and may be
positive for some values of p (depending on f): see Figure 1. Then we can write

3
Fla=3)=a-nf (=T )+ 0-nf@+ -0 (a- 7).

as well as f:

Pla-m=0-pf (2= 5 ) +a=nf (o 3) + @ D)
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F1G 1. Plot of a circular density f (dashed blue), and of f' = (l—p)f% +(1—p)f,% +(2p—1)fr
(solid red). Here f is the von Mises density with mean 0 and concentration 1. In this case,
f' is positive as soon as p > 0.36, here p = 0.4.

Hence a mixture of f, and f! , gives a mixture of f(x), f(z — 2F), f(x — 4):

Pra-m+0-p)f (c=%) = P -D+0-p)0-p)f@)
=)+ =)=l (o= )
Y-+ 0=l (o= )

If now p’ = (1 —2p)/(2 —3p), then p'(1 —p)+ (1 —p’)(2p —1) = 0 and the third

component f(z — 4*) vanishes. Thus

T 2

PP m)+=af (o= 5) =pi@ 0 -nf (o ).

In such a particular case, we cannot identify 6 nor f. However this happens
only when 8 —«a = £27/3. So, to exclude these case, we will now assume 3 # «
(mod 27/3).
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Finally, we shall assume that f € F with some assumptions for F:
Assumption 1.
F C{f:S" =R density s.t. for alll € {1,2,3,4}, f* € R\{0}}
or
Assumption 2.
F C{f:S" = R density s.t. for alll € {1,2,3,4}, f*eR\{0}, >0}
and we shall assume that § € © with some assumptions for O:

Assumption 3.
1
©c {(p,oz,ﬁ) € (0, 2) xSt xSY, a#p (mod w,2w/3)}

where a # 8 (mod 27/3,7) means § — a ¢ {—2,?”,07 %’T,W} + 27Z, or

Assumption 4.

oc {(p,oz,ﬂ) c (oé) < [0,7) x [0,7), a#B (mod 27r/3)}

Note that Assumption 4 implies Assumption 3, and Assumption 2 implies
Assumption 1. We can write the following result.

Corollary 2. Under Assumptions 1 and 4, or under Assumptions 2 and 3,
model (1) is identifiable. Under Assumptions 1 and 3, model (1) is identifiable
modulo 7, that is to say that if pfo + (1 —p)fs =p'fl, + (1 —p') fo thenp' =p
and either (o/, 8" )=(a,B) and f' = f, or (¢/, ") = (a+ 7, B+ 7) and ' = fx.

Moreover, the proof of Theorem 1 provides the following statement.

Lemma 3. Under Assumption 3, denoting M'(6) := pe~"' + (1 — p)e~L for
all 0,6 € O,

Vi<i<4, S (Ml(e’)Ml(e)) —0e0 =0 or0'=0+m.

where 0'=0 + m means (p', o', B') = (p,a + 7, 5 + 7).

3. Estimation for the parametric part
Now, let us denote for all [ € Z

MZ(Q) = pe~tl 4 (1- p)e‘wl.
In model (1) the Fourier coefficients of g satisfy for any I:

g = (poe " 4+ (1 — po)ePol) 1.
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Thus g*' = M'(6y) f*! and the previous lemma gives that 8 = 6y (or 6y + )
if and only if, for each [ € {1,...,4},

Sy (MZ(GO)W) —0e9 (g*lW) =0

using that f*' are non-zero real numbers. This invites us to consider

S(0) = 24: (s (g*lW))Q = 24: (3 (g {pe'™! + (1 = p)e' ™))"

=—4 l=—4

Note that ¢g**MO(@) = 1/(2x) and that < ( *(_l)m) =9 (WMl(H)) =

R (g*lMl(9)> so that we can also write

0 =23 (5 (@)

=1

The empirical counterpart of S() is

5.0 = 3 (o (7))

l=—4

E( ()

47T2n2 Z Z lele 9)) ( le]Ml(a))

I=—41<k,j<n

I
‘H

M

Next, we consider a slightly modified version of S'n(H) by removing the diagonal
terms

4
Sn(e) = m Z Z 23 (eile Ml((g)) & (eilXj Ml(e)) ) (3)
I=—41<k#j<n
Let us denote
il X _
ZL0) =S ( - Ml(e)) and  JI(0) =S (g*lMl(e)) .

Hence
4

sn(e):ﬁz > Z(0)Z}(0)

I=—41<k#j<n

Note that we have E(ZL(0)) = J'(0), and S, (f) is an unbiased estimator of
S(0).
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Let the estimator of 6y be

0, = argmin ycg Sn(6). (4)
For this estimator we can prove the following consistency result.

Theorem 4. Consider © a compact set included in
{(p.a,8) €(0,1/2) xS"' xS", a#pB (mod2r/3,7)}

and the estimator 0,, = argmin gco Sn(0). We have 0,, — 0y (mod ) in proba-
bility.
The last convergence means that for all € > 0, the probability P(||d,, — 6ol <

cor ||6, — 6y — || <€) tends to 1 when n goes to +oo, where ||.|| denotes the
Euclidean norm.

Proof. © is a compact set and S is continuous. Lemma 12 ensures that S, is
Lipschitz hence uniformly continuous, and Proposition 13 ensures that for all 0,
|Sn(0) — S(0)| tends to 0 in probability. Then it is sufficient to apply a classical
Lemma to conclude. See the details in Section 6.2 O

From now on, we assume that © is a compact set included in ((), %) x [0, 7)
[0,7), as in Assumption 4. Then, 6y + 7 is excluded and under Assumption 4,
0,, — 6y in probability. Moreover this estimator is asymptotically normal. We

denote (;5(0) the gradient of any function ¢ with respect to 8 = (p, «, 8), ()
the Hessian matrix and for any matrix A, we denote AT its transpose.

Theorem 5. Consider © a compact set included in
{(p,,B) € (0,1/2) x [0,7) x [0,7), a=#8 (mod2r/3)}

and the estimator ,, = argmin 9co Sn(0). Let A be the Hessian matriz of S in
0o: A= S(0y) =2 2?274 JY00)J (00)T. Then, if A is invertible,

\/ﬁ(én - 90) i> N(07 E)v

where ¥ = A“WA™L V =4EUUT) and U = Y1 _, J'(00)Z (6).
The proof can be found in Section 6.3. Note that A can be estimated by

S(6,) and V by
LYY AG)A GO 6T

1<k,j,j'<n —4<L,I'<4

(see details in Section 6.4). Thus we can estimate the covariance matrix ¥ and
deduce an asymptotic confidence region.
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4. Nonparametric part

Let us now estimate the nonparametric part. We shall use the following norm:
for any function ¢, we denote [|¢f2 = (5= [ ¢2(x)dx)1/2. Recall that for all
1 €Z, g = M'(6) f* where g is the density of the observations X and g*
its Fourier coefficient. Then f*! = g*'/M!(6y). We can verify that M!(6,) # 0.
Indeed, for any 6 € ©,

|MY(0)* = p® + (1 — p)* +2p(1 — p) cos[l(B — )] > (1 — 2p)* > 0.

Nevertheless this division by M!() lead us to impose a new assumption. We
assume that there exists P € (0,1/2) such that 0 < p < P for any p, ie.

Assumption 5. © is a compact set included in

{(p,, ) € (0, P) x [0,m) x [0,m), a3 (mod27/3)}

Under this assumption, |M*(6)| is always bounded from below by 1 — 2P.
Now, to estimate g*' = [, e g(x)dx/(27), it is natural to define

n

- 1 o—ilX

1 _
g =
2mn
k=1

If = 6, is the previous estimator of the parametric part, we set the plugin
estimator of the Fourier coefficient:

Fim LS anyie s
k=1

2mn

Finally, for L an integer, set

L
fL(iU) _ Z f*leilm.
I=—L

To measure the performance of this estimator, we use Parseval equality to
write

L
If = Folz =D 1P+ D0 1= P
[l|>L l=—L

which is the classical bias variance decomposition. Moreover it is possible to

prove that the variance term satisfy ZZL:_ L Elf* —Ja 2 = O(2EH) (see Lemma 17
below). To control the bias term we recall the definition of the Sobolev ellipsoid:

W(s,R)={f:S' =R, > (1+1)°|f'] <R}
leZ
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For such a smooth f, the risk of estimator f 7, is then bounded in the following
way:

A —s 2L +1
Ellf = fulls < B* (14 L%) "+ C0— —.

It is clear that an optimal value for L is of order n'/(2st1) but this value is
unknown. We rather choose a data-driven method to select L. We introduce a
classical minimization of a penalized empirical risk. Set

L
~ - 2L +1
L = argmin {— g |F*12 + /\;} (5)

Lec =

where L is a finite set of resolution level, and A\ a constant to be specified later.
The next theorem states an oracle inequality which highlights the bias variance
decomposition of the quadratic risk and justifies our estimation procedure.

Theorem 6. Assume Assumption 5 and Assumption 1. Assume that [ belongs
to the Sobolev ellipsoid W (s, R) with s > 1/2. Let £L = {0,1,...,|(n —1)/2]}
and € > 0. If the penalty constant verifies A > (1 4+ €~ 1)(1 — 2P)~2 then,

) o °6L+1) C
Lz ~ 13 < 1+ 20E iy {17z - 13-+ 22501

+ —
n n

where C is a positive constant depending on €, || f||2, P, 6o, R, s. Moreover
E|lfz — I} = O (n~2/@+0).

In consequence our estimator has a quadratic risk in n=2%/(25t1) which is
known to be the optimal rate of convergence for estimating a density with
smoothness s (see for instance Tsybakov (2009)).

Remark 1. The proof of the oracle inequality stated in Theorem 6 works for
any L C N with §£ not larger than a power of n and max(L) — oco. The rate
of convergence is obtained if £ contains en'/ >tV . Note that the penalty only
depends on P which is some safety margin around 1/2, that can be chosen by
the statistician. For the practical choice of the penalty, see Section 5.

Eventually, note that some densities may be supersmooth, in the following
sense:

S exp(20[1]")| £ < B2,

IEZ

In this case, the quadratic bias is bounded by R?exp(—2bL") which gives the
following fast rate of convergence:

By - 13 =0 (1B
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5. Numerical results

All computations are performed with Matlab software and the Optimization
Toolbox.

We shall implement our statistical procedure to both estimate the parameter
0y and the density f. We consider three popular circular densities, namely the
von Mises density, the wrapped Cauchy and the wrapped normal densities. We
remind their expression (see Ley and Verdebout (2017)). The von Mises density

is given by:
1

_ K cos(z—p)
fonr®) = 5w ’

with k > 0, Ip(x) the modified Bessel function of the first kind and of order 0.
The wrapped Cauchy distribution has density:
1 1—~2

fweolz) = 211 +~2 — 2ycos(z — p)’

with 0 <~ < 1. The wrapped normal density expression is:

(z—pt2km)2 “+2k«)
e 202 ,
(e = k_z_oo
o > 0. For more clarity, we set 02 =: —2log(p). Hence, we have 0 < p < 1.

All these densities are characterized by a concentration parameter s, -y or
p and a location parameter u. Remind that values Kk = 0, v = 0 and p = 0
correspond to the uniform density on the circle. To meet symmetry assumptions
of Theorem 1, we consider in the sequel that the location parameter is set to
w=0.

48773
Obtaining the estimate 6,, of 6 (see (4)) requires to solve a nonlinear minimiza-
tion problem. To this end, we resort to the function fmincon of the Matlab
Optimization toolbox. The function fmincon finds a constrained minimum of a
function of several variables. Two parameters are to be specified: the domain
over which the minimum is searched and an initial value. We consider the do-
main {(0,3) x [0,7) x [0,7)}. For more stability and to avoid possible local
minimums, we perform the procedure over 10 initials values uniformly drawn
on {(0,1) x [0,7) x [0,m)}. The final estimator 6,, corresponds to the minimum
value of the empirical contrast S, (6) given in (3) over the 10 trials.

Table 1 gathers mean squared errors for our estimation procedure. When
analyzing Table 1, one clearly sees that increasing the number of observations
improves noticeably the performances. As expected, von Mises densities with
smaller concentration parameter are more difficult to estimate. Nonetheless, the
overall performances are satisfying. Table 2 displays the performances of the
method-of-moments estimation procedure developed by Spurr and Koutbeiy
(1991) to handle the problem of estimating the parameters in mixtures of von

First, let us focus on the parametric part. We set 6y = (po, ag, Bo) = (%, T, 2F)
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Mises distributions. To fairly compare the two methods, Table 3 gives the Spurr
and Koutbeiy (1991) performances but this time when estimating on the same
domain than ours e.g {(0,3) x [0,7) x [0,7)}. At closer inspection, the Spurr
and Koutbeiy (1991) method seems to behave better to estimate angles ag
and By while our method may appear more competitive for estimating pg. It
is worth noticing that the method by Spurr and Koutbeiy (1991) is completely
parametric and takes advantage of the knowledge of the distributions. In this
regard, our procedure which is semiparametric is competitive with a parametric
method.

Figure 2 illustrates the asymptotic normality of our estimator 6,, stated in
Theorem 5.

density n = 100 n = 1000
p o g | p a B
fvm, k=2 0.0121  0.6848 0.1131 0.0017 0.1919 0.0238

fvm, k=5 0.0030 0.0285 0.0049 | 1.4632e-04 0.0017 4.4861e-04
fvm, k=17 0.0033 0.0133 0.0031 | 1.6721e-04 0.0013 3.0102e-04
fwe, p=0.8 | 0.0029 0.0124 0.0024 | 2.0788e-04  8.5435e-04  1.8942e-04
fwn, p=0.8 | 0.0077 0.1679 0.0457 0.0020 0.0238 0.0037
TABLE 1
Mean squarred errors for estimating parameter 0y over 50 Monte Carlo replications.

density ‘ n = 100 n = 1000
p o 8 | P a B
fva, k=2 | 0.0938 0.4212 0.1171 0.0116 0.0685 0.0062
fvm, k=5 | 0.0031 0.0360 0.0049 | 2.9965e-04 0.0025 6.6273e-04
fvm, k=17 0.0031 0.0084 0.0029 | 2.4553e-04 0.0014 3.5541e-04

TABLE 2
Spurr and Koutbeiy procedure: mean squared errors for estimating parameter g over 50
Monte Carlo replications on {(0,1) x [0,2x) x [0,27)}

density ‘ n = 100 n = 1000
p o 8 | P a B
fva, k=2 | 00231 0.2117 0.0351 0.0112 0.0635 0.0081
fvm, k=5 | 0.0032 0.0409 0.0042 | 4.1489e-04 0.0022  6.3122e-04
fvm, k=17 0.0026 0.0094 0.0029 | 2.3197e-04 0.0010  2.8350e-04

TABLE 3
Spurr and Koutbeiy procedure: mean squared errors for estimating parameter g over 50
Monte Carlo replications on {(0, %) x [0,7) x [0,7)}

Now, let us turn to the nonparametric estimation part namely the estimation
of the density f. The estimator of f is given by f; (see Theorem 6). It requires
the computation of a data-driven resolution level choice L (given in (5)) which
implies a tuning parameter A. To select the proper A\, we follow the data-driven
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B
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Fic 2. Histograms of the centered and standardized statistics On for the von Mises density
fvnm with K =5, n = 1000 observations and 100 Monte Carlo replications

slope estimation approach due to Birgé and Massart (see Birgé and Massart
(2001) and Birgé and Massart (2007)). An overview in practice is presented in
Baudry, Maugis and Michel (2012). To implement the slope heuristics me/tllod,
one has to plot for L = 0 to L,a.x the couples of points (2Ln—+1, Zle_L [F+1)2).
For L > Ly, one should observe a linear behaviour (see Figure 3). Then, once
the slope is estimated, say a, by a linear regression method, one eventually takes

A = 2a and the final resolution level is:

L
- —~ 9L +1
L = argmin < — g |2 4\ .

n
cL )

Finally, Figure 4 shows reconstructions of the density f and the mixture
density g as well. The estimates are good.

Remark 2. Note that for the two exceptional cases, when pg = 0 or f is the
uniform density, our procedure performs well. Indeed, if po = 0, our method
yields that o = B and retrieves that there is only one component in the mizture.
When f is the uniform density, our algorithm selects L = 0 which yields the



Lacour, Pham Ngoc/Semiparametric inference for miztures of circular data 15

0.24 =

L L L
0 002[aL siyn] 0.04 0.06 0.08 0.1 0.12

Fic 3. For the wrapped Cauchy density fwc with v = 0.8 and n = 1000: plot of couples
(LSS 1) for L= {1,...,50}.

uniform distribution.

6. Proofs
6.1. Proof of Theorem 1 (identifiability)

Denote 4 ‘
MY (0) == pe~t + (1 — p)e AL

Suppose pf(z —a)+(1—p)f(x—B) =p'f'(x—a/)+ (1 —p') f'(x— B'). The cal-
culation of the Fourier coefficients gives, for all [ € Z, f*'M'(9) = (f')*'M'(0")
which implies
FAUMYO)? = (f)" M (6" M(0).
Then, our assumptions on f and f’ entail
MY (OYML(0) is real VI € {1,2,3,4}.
Let us now study the consequence of this fact. Denote
et :0/767 FY2:O/70[7 73:ﬂliﬂa 74:6170[
the 4 angles. Denote also the associated weights in (0, 1):
M =p(1=p), a=pp, As=(1-p)(1—-p), A =p(1-p).

With this notation

MYO)YMUO) = Ape™ ™ 4 Xoem2h 4 NgemP13! - Ngem P
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Fic 4. Estimation of the density f and the mizture density g for n = 1000. In red, the
density, in dotted lines its estimate. From top to bottom: the von Mises density with k = 5,
the wrapped Cauchy with v = 0.8 and the wrapped normal density with p = 0.8.

Then M'(6)M!(0) is real if and only if Zi:l A sin(lvy;) = 0 and we have to
solve the equations

4
Vi=1,2,3,4, > Asin(ly) =0. (6)
k=1

This system of equations is studied in Lemmas 7 and 8 below.
Let us now reason with the representatives of the «; in (—m, 7). Lemma 8
says that the possible values for the ~;’s are 0,7,v, —v, for some v € (0,7).



Lacour, Pham Ngoc/Semiparametric inference for miztures of circular data 17

Note that here
N—re=m-—nu=a-F#0 and 1 -p=mnp-yu=a -F#0 (7)

and then the v;’s take at least 2 different values: either 4 different values; or
Y2 = 73 and the other distinct; or v = 74 and the other distinct; or 75 = 73
and 1 = 4.

e Let us first study the case where all the v4’s are distinct. There are 4!=24
ways of having (Vi,, Via» Viss Via) = (—7,0,7,7). But 16 combinations lead to
p = 1/2 or p’ = 1/2. For example, if (1,72,73,71) = (—7,0,7,7) then (6)
becomes

A1 sin(—1y) + A2 sin(0) + Az sin(ly) + Agsin(lmr) = 0.
Thus Ay = A3, which gives p’ = 1/2. In the same way, there are 4 possibilities
giving A1 = A3, 4 possibilities giving A1 = Aq, 4 possibilities giving Ao = Ay, 4
possibilities giving A3 = A4. All of this is impossible, since p,p’ € (0,1)\{1/2}.
In addition, in the 4 cases where 3 = —~4, we obtain via (7) v3 = —v2 which
is impossible if {y2,v3} = {0,7}. Idem if v9 = —75 and {71,714} = {0, 7}. Thus
it is finally impossible that all the ~x’s are distinct.

e Let us now study the case where the v;’s take 3 distinct values (y2 = 73
or v1 = 74) and belong to {0,7,v} or {0,7, —~}. In the case where vo = 73,
coming back to equation (6), we understand that all the rearrangements lead
to Ay = 0or Ay = 0 or Ay + A3 = 0, which is impossible. In the same way,
if 41 = 74, equation (6) leads to Ay = 0 or A3 = 0 or A\; + Ay = 0, which is
impossible.

o The next case is when the 7;’s take 3 distinct values and belong to {0, v, —y}
or {m,v,—v}. If 79 = ~3, we can then list the 6 cases:

Y1 2 =73 Y4 consequence
-y 0/m v |p=p.d—a=pF-F=0 (modmn)
~y 0/m —y |p=p,d/—a=p—-F=0 (mod )
- gl 0/m A=Az + A3
Y -y 0/7 A=A+ A3
0/m ~y —y A= A2+ A3
o/m -y ¥ M=+ A3

Note that A\; = A2 + A3 < p'(2 — 3p) = 1 — p, which is possible only if p < 1/2
and p’ > 1/2 (recall that we suppose p < 1/2 and p’ < 1/2). In the same way
A = A+ A3 & p'(1—3p) = 1— 2p, which is possible only if p > 1/2 and
p < 1/2.

Finally, if 47 = 4, we have the 6 last cases:

Y2 Y1 =71 73 consequence
-y 0/m v pP=1-p

v 0/m - p=1-p,

- Y O/TI’ p/ = 3pp_1

g -y O/m V=359
o/m v =y P =k B-a==%2/3
o/m =y v |P=53LB—a=+21/3
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Note that the 4 first lines of this table are impossible since p,p’ € (0,1/2) and
p =p/(Bp—1) ¢ (0,1) if 0 < p < 1/2. Let us detail the lines 5 and 6. In these
cases, A1 + Ay — A3 = 0 which provides p’ = (1 — 2p)/(3 — 2p). Moreover (7)
implies that 3y; = 42 = 0 (mod 7) and 2y; = 8 — a = o/ — 3. According to
the values of v and -2, there are 4 possibilities

o f—a=2r/3and (¢/,5") = (o, 5+ 27/3),

o f—a=2r/3 and (« ,B’): (a—|—7r B —m/3)

ofB—a=-2r/3 and (¢, 8') = (o, B — 27/3)

of—a=-2r/3and (¢/,5) =(a+m,B+7/3)

e The last case occurs when the ;’s take 2 distinct values. If the ~4’s take
exactly 2 different values, using (7), necessarily

=7 and o =73 (mod27)=0=9 —v+73—72=2(a—p) (mod 27)

which is possible only if a— = © (mod 27) (recall that a— 3 is always assumed
# 0). And in the same way o/ — ' =7 (mod 27). Then vy — o =a—fB =
(mod 27). Thus the two different values of the ~,’s are at a distant of 7.

The first possibility is that these two values are 0 and 7, which corresponds
to the first case of Lemma 8. There are two subcases: la. (y1,72,7v3,74) =
(m,0,0,7) or 1b. (v1,7v2,73,7v4) = (0, m, 7, 0). In the subcase la. (a/, 5) = («, ).
Equations

pf+A=p)fz=pf+1-p)f;
phr+ (A =p)f =p'fr+1-p)f

entails that f’ is a linear combination of f and f,. In the subcase 1b. (o/, ) =
(a+m B+7)=(8,a).

The second possibility is that the two distinct values v; = 74 and v = 3
are not multiples of 7, which corresponds to the fourth case of Lemma 8. Then

(11,72, 73,72) = (91, =71, —71,71) and
Y1 —(=m)=7 -7 =7 (mod 2m)
which entails v = 7/2 (mod 7). Equation (6) becomes
(A — A2 — A3+ A\y)sin(ln/2) =0
so that Ay + Ay = A2 + A3, which gives
PA=p)+p—p)=pp+(1-p)1-p)=p +p—2pp =1/2=p =1/2

which is impossible.
e Let us recap the only possible cases that we have obtained:
>p=7yp, a —a=0-3=0 (mod ),
>p = 1 3p, B — a = +27/3, with the four possibilities described above,
> B —amm, (o, 7) = (,F) or (o, 7) = (B,0).
This completes the proof of the theorem.




Lacour, Pham Ngoc/Semiparametric inference for miztures of circular data 19

Lemma 7. Let v1,...,71 be four reals. Let A be the matriz (sin(iv;))i<i, j<a.
Then

4
det A =64 [[sin() [ (cos(m) —cos(y;)).
k=1 1<i<j<4

Proof. From matrix A, doing line modification Lg < L3 — L1, and Ly +
L4 — Lo, we obtain (recall that sin(2p) = 2sin(p) cos(p) and sin(p) — sin(q) =
2sin(252) cos(242))

sin(y1) sin(7y2) sin(73) sin(ys)
dot A — 2sin(y;) cos(y1)  2sin(qe)cos(v2)  2sin(ys)cos(ys)  2sin(vys) cos(ya)
2sin(y1) cos(2y1)  2sin(vz) cos(2y2)  2sin(y3) cos(2vys3)  2sin(vy) cos(2y4) |
2sin(y1) cos(3v1)  2sin(y2) cos(3y2)  2sin(yz) cos(3vys)  2sin(vy) cos(37v4)

Using 4-linearity of the determinant:

1
4
. cos(m cos(y2)  cos(ys)  cos(va

det A =8 H sin(7;) cos((271)) cos((Q'yg)) cos((273)) cos((274)) '
=1 cos(3v1) cos(3y2) cos(3y3) cos(3v4)

Now, denote x, = cos(yx) and remark that cos(iy,) = T;(cosvi) = T;(zx) where
T; is the ith Chebyshev polynomial: Tp = 1,7}, = X, To = 2X? —1,T3 = 4X3 —
3X. We have Ty + Ty = 2X? and T3 + 37, = 4X3. Then, doing Ls < L3 + L1,
and L4 — L4 + 3L22

. 1 1 1 1 . 1 1 1 1
o . ) T X2 I3 T4 _ . ) I To T3 X4
43 dxd  Ax3  Aad 3 as a3 ad

This is a Vandermonde matrix, hence

4 4
det A = 64 H sin(7y;) H (xi—xj) =64 H sin(yx) H (cos(yi)—cos(;))-

j=1 1<i<j<4 k=1 1<i<j<4
O
Lemma 8. Let v1,...,v4 be four reals. Let \1,..., s € R\{0} such that
4
> Aesin(ly) =0, 1=1,...,4. (8)
k=1

Then, one of the following cases holds:

1. All v are multiples of .
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2. Ezactly two ~, are multiples of w: v;, = vi, =0 (mod 7) and i, = £,
(mod 27).

3. Only one ~yi is multiple of w: v;;, = 0 (mod 7) and v, = +7v, = +7vi,
(mod 2).

4. No i is multiple of m and v1 = £y = £y3 = +7v4 (mod 27).

Proof. First observe that, since Zi:l Ak sin(ly,) = 0 with A # Oga, necessarily
det(A)=0 where A = (sin(iv;))1<i,j<4. Using Lemma 7

[Isin) T (costr) — cos(y,)) =o. (9)
k=1 1<i<j<4

Now, let us study the various cases that make this quantity vanish.

For the first case, note that if three v, are multiples of 7: v;;, = vi, = Vi, =0
(mod 7) then equation (8) becomes A;, sin(ly;,) = 0 and the last angle is also
null modulo 7.

In case 2., equation (8) entails
iy sin(l7y;,) + Ag, sin(ly;,) = 0, =12
with 7, # 0 (mod 7),v;, # 0 (mod 7). Then, since (A, Ai,) # (0,0),

_ Sin('yis ) Sin(’ylﬁ ) — 9qi ) 3 ) ) — )
- Sin(2%3) Sin(2’7i4) =2 Sln(ryle.) SIn(PYM)(COS(’YM) COS(’Yla ))
Then cos(7;,) = cos(v;,). Either v;, = v, (mod 27), or 7;, = —v;, (mod 2m).

Let us now study case 3. For the sake of simplicity we assume that v4 = 0
(mod 7) and v, # 0 (mod ) for k = 1,2, 3. Equation (8) gives

)\1 Sin(l’}/l) + )\2 Sin(l"m) + )\3 Sin(l"yg) = O7 = 1, 27 3.
With the same proof as Lemma 7, we obtain
3
[Isin(w) ] (cos() = cos(;)) =0.
k=1 1<i<5<3

Then v; = £, (mod 27) or 11 = £v3 (mod 27) or v2 = +73 (mod 27). More-
over, if, for example, 73 = £72 (mod 27) then

(A1 £ A2)sin(ly1) + A sin(ly3) = 0, 1=1,2

We are reduced to the previous case, then v; = £v3 (mod 27).
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In the case 4., equation (9) becomes [, ;_;<4(cos(v;) — cos(v;)) = 0, which
provides 6 possible equalities. Assume, for example, cos(y1) — cos(y2) = 0 and
consequently 71 = £72 (mod 27). Then

(A1 £ A2)sin(lyr) + Agsin(lys) + Agsin(lyg) = 0, 1=1,2,3.

Reasoning as in previous case, 713 = +7y3 = +74 (mod 27).

6.2. Proof of Theorem Jj (consistency)

This proof and the following are inspired from Butucea and Vandekerkhove
(2014). Let us denote © = (0,1/2) x S! x S'. Denote ¢(#) the gradient of any
function ¢ with respect to 6 = (p, a, 8), and (;5(0) the Hessian matrix.

The proof of Theorem 4 relies on some preliminary results, given in the sequel.

Proposition 9. Under Assumption 3 the contrast function S verifies the fol-
lowing properties: S(6) > 0, and S(0) = 0 if and only if 6 =6y or 6 = 6y + 7.

Proof. Tt is clear that S(€) > 0 and that
4 L 4 )
S0 = 37 (3 (¢ M@))" = 3 (3 (@)’ =0
I=—4 1=—4
By Lemma 3, if 8 # 6y (mod ), there exists I; € {1,...,4} such that
N \\2
3 (Mll(eo)Mll(G)) £ 0 so that S(0) > (s (g*th(a))) > 0. O

Lemma 10. 1. For all§ in ©, |M'(9)| < 1.
2. For alll <k <mn, foralll inZ,

1 1
sup|Z,i(9)\ < —, sup|Jl(9)| < —.
0cd 2 0cd 2m
3. Foralll1 <k <mn, foralll in Z,
. 1+l . 1+l
sup || Z1.(0)|| < —=—, sup [[J(0)[| < —=—
o Ver 0o Ver
where ||.|| is the Euclidean norm.
4. Foralll <k <mn, foralll in Z,
- | +12 - |+ 12
s 1200 < EE sup o) < 2L
6c6 ™ 06 n

where ||.||F is the Frobenius norm.
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Proof. Point 1 is straightforward.
2. Let us start with Z. (). We recall that Z.(6)

S (45 M1(©)) . Then

1 1
ZL0)] < —|M"9)| < —.
Z4(0) < - M'O) < -
Furthermore ) )
7)< g o) < o [ 9< 5
™ S1 ™
3. We have
1 1 e—ila _ e—ilﬁ
24(0) = 59 (M1 (0)) = =9 (5 | —itpee!
T T —il(1 — p)e~ !
and
e—ilo _ o—ilB
Jle) =3 (WMl(e)) —3 (g7 —ilpeied
—il(1 — p)e~ !
We get
. 1 12 _ 1+
ZLO) < — 2+ PP+ (1 -p)?%) " <
12O < 5— 2 +p" + (1= p)*) S
and we have the same bound for ||.7(8)].
4. We have
oy eilxk o
Z.(0) = %( 5 M (9))
eile 0 _ 721167%_0‘ Z‘lefilﬁ
= g o filefll”‘ fl2pe’”a 0 ,
ile~ 8 0 —12(1 — p)e~ it
Thus

% 1 12 ||+ 12
1Z4O)1r < 5 (42 + 1" +1(1 = p)?) /2 o HT

We bound ||.J'(#)||r in the same way. This ends the proof of the lemma. O

Lemma 11. There exists a numerical positive constant C such that the follow-
ing inequalities hold.
1. Forall1 <k <mn, foralll in Z

V0,00 €6 1Z(0) — ZL(6")]| < Cl6 — 6| (1 + [I] + 7).
2. We also have
1Z4(0) = ZL(0) |l < Cll6 — &' ||(1 + [1] + 1° + |1]*).

Proof. We use Taylor expansions at first order and then apply same bounding
techniques as in Lemma 10. O
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Lemma 12. 1. The function S is Lipschitz continuous over ©.
2. The function S,(6) is Lipschitz continuous over ©.
8. The function Sn(H) is Lipschitz continuous over O with respect to Frobe-
nius norm.

Proof. We will write C for a constant that may change from line to line but is
numerical.

Let us start with point 1. We recall that S(8) = >, J!(9)%. Let 6 and ¢’ in
O. As O is a convex set, we get, thanks to the mean value theorem

T TH0.) T (6.)

1=—4

1S() = SO = | > JO)-J0) =

l=—4

IN

4
Clo—o' > @+ <clo-o|

l=—4

with 6, lying on the line connecting 6 to ¢’, and using Lemma 10.
Let us shift to point 2. Due to the mean value theorem, we have

4
1S,(0) — Su(0)] = ZZ (Z1.(0 — Z,(0)Z}(0))
k¢gl—74
4
= oD SN (0-0)"V[ZL(0)2(0)]o=0.)

k¢31—74

_ 20007 4 6

n(n—l kzﬁl_zzl i

with 6, lying on the line connecting 6 to 6’. Then using 1. and 2. of Lemma 10
we get

cle — o
15,(0) - 5,0 < CI ”ZZ L+ <Clo—e|

n(n — k#jl=—4

which ends the proof of the second point.
Concerning point 3. we have that

Sn(0) ZZ ZL(0)Z4(0) + ZL(9)ZL(0) 7).
k;é]z 4

Hence

||Sn(9) - 5n(9’) HF

IN

eIy 5 (n L0) — 20N Z.0)F

k;ﬁ] I=—4

+||Z;i( NZ5(0) = Z; (") | r + 1 21(0)(Z5(8) — Z;(6") )| r

NG Z’é(f)»z';(efnp)
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Using Taylor expansions and Lemma 10 and 11, we get that

4
15(0) = S (0"l r < OO = 0| Y (L+[1] + 2 + i),

l=—4

Proposition 13. There exist a positive constant C such that

Sup E[(5,(0) — S(0))?] < ©.
e

Proof. The definitions of S,, and S provide

S,.(0) — S(0) = pYE—Y ZZ ZL0)Z4(0) — J'(0)*) =T, + Vi,

17741#]
where
T = s S S 20 - T ONE®) - 16
l——4k<]
and

Z 5(Z0) - JO) ).

[ —y—
Note that E(ZL () — J'(9)) = 0 which entails E[7},V},] = 0. Then

E [(sn(e) - 5(9))2} —E [(Tn + Vn)Q] =E[T2] +E[V2].

24

Now, since the variables (Z?:_4(Z,l€(9) — JH0))(Z}(0) — JI(G)))k are uncor-

related, N
2 (3 ’
E[T7] = mE <ZZ4(Z§(9)—Jl(9))(Z§(9)—JZ(9))>]
o )
2 2 C’
< et (_Zz %> <o

using Lemma 10. We focus now on V,,: in the same way

IN
|
=
 ~
¥
¥l=
N——
[\v]

using Lemma 10 again.
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Theorem 4 is finally proved using the following lemma, its assumptions being
ensured by Proposition 9, Lemma 12 and Proposition 13.

Lemma 14. Assume that © is a compact set and let S : © — R be a continuous
function. Assume that

S(Q)zr%inS@G:GO or 0 = 0,

where 0,0 € ©. Let S,, : © — R be a function which is uniformly continuous
and such that for all 0 |S,(0) — S(0)| tends to 0 in probability. Let 0,, be a point

such that Sn(én) =infg S,. Then 0,, — 6y or 6], in probability.

This is a classical result in the theory of minimum contrast estimators, when
0o = 0} (see van der Vaart (1998) or Dacunha-Castelle and Duflo (1986)). We
reproduce the proof since it is slightly adapted to the case of two argmins.

Proof. Let € > 0 and B be the union of the open ball with center §y and radius
e and the open ball with center 6 and radius e. Since S is continuous and
B¢ C O is a compact set, there exists 6. € B¢ such that S(6.) = infg. S. Using
the assumption, since 0. # 6y, and 6. # 6},

d:=5(0.) — S(6p) > 0.
Since S, is uniformly continuous, there exists a > 0 such that
v, 6’ 160 —0'|| < a=|S.(0) — S,(0) <6/2.

Moreover B€ is a compact set then there exists a finite set (6;) such that B¢ C
UL B(6;,a). Denote A,, := maxg<i<r |Sn(8) — S(6)|. The assumption ensures
that A,, tends to 0 in probability. Let 8 € B¢. There exists 1 <1 < I such that
|10 — 0;|| < «, and then |S,(0) — Sy (0;)| < /2. Thus

Sn(0) = Sn(bo) = (Sn(0) — Sn(0:)) + (Sn(0:) — S(6:))
+ (S(8:) — S(0o)) + (S(6o) — Sn(bo))
> 5/2— An 46— A,

using that S(6;) — S(6p) > S(6.) — S(6g) = 6. Then

i - > - .

glenfgc Sn(0) — Sn(6p) > 6/2 —2A,
Now, if |0, — 0o|| > € and ||6,, — 0)|| > € then 6,, € B¢ and

91161({) Sn(0) = S,(0,) = 9leanc Sn(6).
In particular infge ge Sy, (0) < S, (0g) so that
P(|10n — 0] > € and [0, — 0]l > €) < P(0> inf S.(0) = Su(fo) > 5/2 — 2A,)

cBe
< P(A,>6/4) —0

since A,, tends to 0 in probability. O
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6.3. Proof of Theorem 5 (asymptotic normality)

The Taylor’s theorem and the definition of 0, give
Sn(0) = Sn(00) + Sn(05)(0n — 60) = 0,

where 67 lies in the line segment with extremities 6y and 0,,. Equivalently we
have,

SN(G:L)(én - 90) - —Sn(eo)
We recall that

4
1
Sn(0o) = nn—1) Z Z Z},(00) Z;(60)
k] l=—4
and A
Sn(B0) = _1ZZZ,Qoozl90
n(n k;ﬁj I=—4
and A
Q l l T
Sn(60) = 2D glz4zk (60) ZL(60) + ZL(60) ZL(60) ™.

Step 1- Let us prove that

VnS,(0o) —5 N0, V).
We remind by Lemma 3 that J!(6) = 0. Hence

4

E(Sn(60)) =2 Y J'(60)J (60) =0
l=—4

We can break down S,,(6p) in the following way:

Sn(ao) = Z Z Zk 90 Jl 90) +Jl(9()))Zl(90)
k;é] [ —
2 n 4
= oD ;lz4zkeo — J'(00))Z(60) + EZZ J4(00)Z}(00)
<) l=— j=1l=—4

= A, + B,.

Note that A,, and B,, are centered variables. Let us show that /nA, = op(1).

Note that the variables Wjj := (Z?:_4(Z',l€(90) . J'l(HO))ZJl-(HO))}C ~are cen-
<J

tered and uncorrelated. Then

2
8
E(||A,||?) =E w. = — — _E|Wi.|%
(144 1%) k§<]: |l | = am B
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Using Lemma 10, there exists C' > 0 such that

4

( i) 1
W < E <C
H 12” - = \[7T o —

so that E(||\/nA,||?) < 8C?/(n — 1). Finally, invoking Markov inequality we
have that /nA, = op(1). We can write v/nB,, in the following way:

2 n
VB, = — 5" Us(6y),
ﬁ,; (6o

where we set U (6p) := Z?=_4 JY(00)ZL(0p). Note that the Ug(fp)’s are i.i.d and
centered. Invoking the central limit theorem, we have that

1 & d
— 0 4

where V/4 is the covariance matrix of Uy (), equal to E(Uy(60)U1(60) 7).

Step 2- Let us prove that S, (6%) L, A(6y) where A(6p) = 2 Zl JH(60)J (60) 7.
We have
150 (65)—A(80)l| 7 < 15(87,) =50 (B0) |l 2+1151 (B0) ~ESn (B0) | 7+IESn (B0)—AB0) | -
We get due to the Lipschitz property of S, stated in Lemma 12 that

P (1150 (00) = $u (@)l = €) < P(K]0; — 0ol = £) = 0,

because ,, =F 6. Furthermore, we have

4

E(S.(00)) = S(6p) =2 Z (J'(00) ' (00) +J'(60) T (60) )

l=—4 -0

4
2> J40)J"(60)" = A(b).

l=—4

Last, let us focus on the term ||.S,,(6g) — ES,(6)|| . We remind that

80 (00) B8 (00) = "y > Z (24(00)2}(00) + Z1(00) Z3(60)T — J'(00)7"(80) ") -

k;sj I=—4

From now on, we drop indices | and 6y to simplify the notation. We center the
variables in order to find uncorrelatedness:

Zij +ZkZ]T — JJT = (Zk *J) Z]+JZ]+(Zk 7J)(ZJ *J)T
S 0 =~

A B c

+J(Z;j =N+ (Z = D)(I)T

D E
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(remind that E(Z;) = J!(6p) = 0). Then $,,(6y) — ES,,(6) =21 ,(A+ B+
C+D+E) where

T n—l Z<Zk_ )

k<]

B—lzn:jz

= !
Jj=1
2 .

C = Zn— N2, —J
n(n—l)gj(k ) )
1 -

D:EZJ(Z—J)

Jj=1

E=1N(Z-J)jT =D
n

k=1

Using the weak law of large numbers for uncorrelated centered variables, we

obtain that ||S,,(60) — ES,,(6o)|| £ 0 which completes the step 2.
Finally it is sufficient to apply Slutsky’s Lemma to obtain the theorem.

6.4. Estimation of the covariance

Proposition 15. Consider notation and assumptions of Theorem 5. Let V =
AR(ULUL) where Uy = Y1, ZL(60)J*(8o). Then

4 A r A e
= > D Z0)Zi (0w Zy(0n)(Z5(0n))
1<k,j,j’<n —4<L,l'<4

tends almost surely toward V when n tends to +oco.

Thus we obtain a consistent estimator for V' (that allows to estimate the
covariance ). Nevertheless this estimator is biased. Notice that the quantity

WEZ S X ZhO0)Z (00 Z(00)( 2 (00)
k=1j#k j'¢{k,j} —4<L,l'<4

has expectation

4 E[Z}(60)Z} (60))7(60)(J" (60)) T =V
—4<l <4

and we could also prove (with some additional technicalities in the following
proof about the uniform convergence in k) that it tends almost surely toward
V. However, we lose the "unbiased” property when replacing 6y by 6,,.
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Proof of Proposition 15

Let Uy = Z?:_4 Z!(60)J"(8p). The law of large numbers give

n—oo n

4 n
V =E@AULU) = lim =Y U]
k=1

where the convergence is almost sure. Moreover
7. 373 . ]_ ’ . .71
UUy = > Zzp 'Y =1im — > zizp > Z4z)T
—4<1,l/<4 —4<1l'<4 1<j.5'<n

where the convergence is almost sure and we have dropped the 6, for the sake of
simplicity. This convergence is uniform in k in the following sense: there exists
a set with probability 1 for which for any £ > 0, there exists NV > 1 such that
foralln > Nand forall1 <k <n

1 , .
— oo zzy > ZUZ)T U | <e

—4<1,'<4 1<j,j'<n

Indeed

1 : o
— oo zzy > ZUZ)T - U]

—4<1,l'<4 1<j,5'<n
= > zz — SN Zizi)" - JINT H
—4<1,l'<4 1<j,5'<n
< 1 3 1 SO AT - )T
= 42 n2 A :
—4<1,'<4 1<j,j'<n

Then we use the following lemma: ”If v, — v uniformly, with (v,;) and (vg)
bounded, and if n=' Y7 vy — v then n™!'>°)_ v — v.” To prove this
lemma, notice that, for a given positive ¢, for n large enough

1 n
- E Unk — U
n

k=1

n

N
1 1
< ﬁg |Unk_vk|+ﬁ E [Unk — vi| +
k=1 k=N+1

1 n
- E Vg — U
n

k=1

e+e < 3e.

IA

N n
— (sup [vpk| + sup |vg]) +
n kn k n

That provides

4 A
V=lm — > Nz zy Uz T

n—oo n
1<k,j,j’<n —4<LI'<4
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where the convergence is almost sure. Here all the Z; are depending on 6, but
we can use the consistency of 8,, to finally assert

! A ra ey a
V= 7}1_{{.10 w3 E Z Z(0 9 n)Z (971)(Zjl' (6)) "
1<k,j,7'<n —4<l,l’<4

6.5. Proof of Theorem 6 (nonparametric estimation)

The proof of the oracle inequality is based on the two following lemmas. The
conclusion follows, choosing 2y = ¢/(1 4+ ¢€) and A = vy~ 'k(1 — 2P)~2 = 2x(1 +
e 1) (1 —2P)~2, where k > 1/2 and P is defined in Assumption 5.

Lemma 16. Let A > 0 and L be a finite set of resolution level and define

L
~ - 2L +1
L = argmin { — E *2 4\ )
%eﬁ { |f | n

l=—L

Then, for all0 <y < 1/2,

(1= 21z ~ 11 < i {1+ 201 - 1+ 22

2L+ 1
+— Z(supu — Ay +)

LEC teB],

where By, = {t € C% S  |Ul> =1, t; = 0 if [I| > L} and v (t) = Xy Bl(F*—
f*l)-

Proof. We recall that the dot product (f,g) means 5 [ f(z)g(z)dz and that
II.]l2 is the associated norm. Usual Fourier analysis gives for any L:

If = FII3 = =211 + 2012113 = (Fr. £)) + 1 £113
L L .
== D P2 )T P = Y+ IFIB

I=—L I=—L

L
= PP 2T + 113

l=—L

where we denote fz the sequence in C% such that (J?f)l = ]?:l if L <I<L
and 0 otherwise. R
Now let L be an arbitrary resolution level in £. Using the definition of L,

7 ~
- 2L +1 2L—|—1
_ *|2 22 2 < - *2 222
PONIREPEs S 7

I=—T I=—L
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Thus

2L +1 A ; 2L +1

”fAL_f”%_Z/n( %)—’—)‘ < HfL_f||§_2Vn(fz)+>‘

which leads to

oL +1 2L +1
P

1fz = £II3 < Ilfp — I3+ 20a(F2 — F3) —

n
But, denoting ||.|l¢ the natural norm of ¢2(C%)
» » f/} - J?Z T Tx
2, (2~ F7) = 20, <M 172 — Fille
17— Til
fi-Tt
<Alfz - FllE + 2 <A
gl 15— fLlle
. A 1
<2y(Ifz = fIE+ I = Frli3) + Y va(t)
LVL

where LV L = max(L, E) Thus

oL+1 2L +1
+1 2L+
n n

1 — FIB=2y) < I1fe — FI2(1+29) +§ sup v2(8) — A

LVL

A 1
SIIfo||§(1+2v)+7< sup v (t) — Ay + 2\

9L + 2L +2 2L + 1
teB

LVvL

. 1
<|fo = fIB(L+2v) + N < sup v (t) — Ny

2ALVI)+1 oL + 1
(\/)+>+2/\ +'
teB n

LVL

O

Lemma 17. Assume Assumption 5 and Assumption 1. Assume that f belongs
to the Sobolev ellipsoid W (s, R) with s > 1/2. Assume that L = {0,...,L,}
with L, — oo such that the sequence (Lne_c\/ﬁ) is bounded for any ¢ > 0.
Then, with the notation of Lemma 16, for oll k > 1/2,

ZE(supV H 2L+1)<C
it teBy (1_2P)2 n —n

where C is a positive constant depending on || fl|2, P, 0o, R, s.

Proof. Denote R! = First note that

1 1
ML)  MUY(6o)"

—il Xy 27rg*l
Z Z Ml Ml(eo) = Vn,l(t) + Vn,g(t) + Vn,B(t)

k 11lez
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where
IR e Xk — 2mg*
) = 5 30 (e )
k=1 l€Z
1 n
Vn72( T Z —’Lle 27Tg )Rl
ez
17’1
Vn& ﬁZZlQ*lRl
k=1 l€Z

Thus, if /3 > K1 + ko + ks,

K 2L +1 K1 2L +1
E ( sup v2(t ) (su vii(t) — )
(teBpL )~ (1-2P)? tel£ 1) (1-2P)* n
K2 2L + K3 2L—|—1>
+3E | sup v, 5(t) — +3E | sup v, 5(t) — .
(s 2= 5500 )+ 92 (g bt - 5

Control of vy, o Note that |R'| < 2/(1 — 2P), so for t € By,

L 2
2 e TN
Vi a(t) < (1_2P > [flg g l>|> :

I=—L
Then
2 L
2 - 2 1 2L+ 1
E 2 t < ]E *l _ ol < .
(fg}i Va2 )> = (1 - 2P> l;L (A T ) ) PR
Denoting ko = 1/7%, we obtain
K92 2L + 1)
E( sup v, 5(t) — <O0.
(teBpL 2 =G opE ) S
Control of v, 3 First note that
M!(6o) — M'(0) Vil ‘ 5
*I pl *1 l
= M — M (0)].
R = | TR < 1 Q

Thus, using Schwarz inequality

E (Sup v (t)> < XL: |f*l|2 ’Ml Ml(é) 2
teBr, = (1-2P)2
Moreover
|M'(60) — M'(B)] < |(po — p)e™™ 0! + pe™ 0! — e7I) 4 (1 — pg — 1 + p)e” P!
(1= Pl = e
< fpo — Bl + leT ! — 7| o |pg — | + e — |
< 2lpo — Bl + [lllao — &| + |1]]Bo — B < 2]1[[|6o — O]x



Lacour, Pham Ngoc/Semiparametric inference for miztures of circular data 33

(note that it is also true for [ = 0 since M°(6y) = M°() = 1). According to the
Theorem 5, there exists a constant K (6g) > 0 such that for all n, E(n||0—6y]|3) <

.12
K(6) and then E ’MI(HO) . MZ(O)’ < 4K (60)12 /n. Finally, for L > 1,

L

4K (0o) 12] £ 4K 90 o 26111981 exl12
E | sup v, (t ) < — f* _ N l s|7|28 f*
(teBL ) (1—2P)? nl:Z—L 17 = = lZL| PR

1#£0

(and v, 3 = 0 on By). Since in the sum |/|*72% < max(1, L?*72%) and f € W(s, R)

L

- K3 2L+1
E

Z (S“p”» DT —2rE >

teBy,
2 &
< m (2K (69) R? max(1, L*~?*) — k3 L)
L=1
< 2P 2P K' (6o, R?, s) max(Ly,, L372%) — k3 L?)
1
< mK//(eovR ; 8, K3)

for any k3 > 0, since s > 1/2 and L,, = max(L) — oo.

Control of vy, 1
To control v,,,; , we need Talagrand’s inequality.

Lemma 18. Let Xi,...,X,, be ii.d. random variables, and define v, (t) =
LS v(Xk) —E[y (X)), for t belonging to a countable class B of real-valued
measurable functions. Then, for § > 0, there exist three constants ¢;, | = 1,2, 3,
such that

(Sup(un (t))2—c(5)H2>+] < Cl{:;exp (—CQ(s?”f) (10)

teB
e (i)}

E

with C(0) = (V140 —1) A1, ¢(d) =2(1+25) and

sup || ¥t]|co < My, E [sup |1/n(wt)|} < H, and sup Var(¢, (X1)) <w
teB teB teB

Inequality (10) is a classical consequence of Talagrand’s inequality given in
Klein and Rio (2005): see for example Lemma 5 (page 812) in Lacour (2008). Us-
ing density arguments, we can apply it to the unit sphere of a finite dimensional
linear space.
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Here v, 1(t) = %ZZ=1 V(X)) — E[¢y (Xi)] with
1 —ilX

— €
— l— t
2 ez lMl(g())’ ; lMl 90

Pr(X) =

Let us compute M7, H and v.
e Using Cauchy Schwarz inequality, for ¢ € By,

L 2

1 _ e —ilu efllu
2 2
== t
wir=l Sael < L S e e
< — (2L +1
~ 4r2(1 - 2p0)2( +1),
thuS Ml = mv 2L+ 1
e Using Cauchy Schwarz inequality, for ¢ € Bp,
—ilX,, il Xk 2
N
2 70 2 5 (i = ()
L n e—ilX —il Xy, 2
Z Z ~E( 3755 ) )| -
—) 27TTL Ml(eo) Ml(eo)
then
71,le *ilXI
E n,
(sup wateol?) = 3 var (5L 2 2 z Ve (i)
B I=—L
Lo jemitXa 1 2L +1

1
<— YR
~ 4n2n l;L

thus by Jensen’s inequality H? =

<
~4n2(1—2pg)2 n

(60)

1 2L+1
472(1-2po)2 n
e It remains to control the variance. If t € By,

L s
_ e (19,4

1 . __E(e~ X i'X)
2 = " M (fo)

tltl’?
LI M (0 )M (90)
g - )

ity ———— -
%; M 00 Ml (90)

Var(y, (X)) < E

~ 4n?
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Using twice Schwarz inequality

ﬁ -1
Var (1 (X)) < 27T Z ’Ml Z Wg*( )
1 m ’
l /
< - - __v (=)
~ 27 (1 — 2po) Xl: 7 MV(HO)
< ; *(1—=1")
~ 2m(1 — 2py) Ml'
1
< g
i w; = ;Zl ’
£l
—— 2L +1
~ 27(1 — 2pp)? Th

. 212 .12
smcerEZ’g*J‘ SZjeZ‘f*J‘ :Hf||§.Thusv:% 2L + 1.

Inequality (10) becomes

B (sup (vns (1)? c(0) 2L + 1)+

teB, 472(1 —2po)®2 n

I fllov/20 + 1 V2L
= {27r<1—2po>2n e"p( “ 27r|f||2>
2L +1 \ﬁ
T gz P (_630(5) 5”)}

< % {mexp (—cm) + QLJ L exp (—c\/ﬁ)}

with K and ¢ positive constants depending on || f||2, po, 1, ¢2,¢cs,6. This ends
c(9)

the control of v, 1 with k1 = 75 since
2L +1 =
> {\/QL T lemeV2LAl 4 +e—cﬁ} <Y V2L Tem VP pgLe V™ = O(1).
LeL " L=0
Finally it is sufficient to take
3(2 4 40) 3

30
Kk 2 3K1 + 3K2 + 3Kz = + —5 +3r3 > 0.46 + — + 3K3
s ™

472

to obtain the oracle inequality. Since k3 and & can be chosen arbitrary small,
and we have assumed x > 1/2, this condition is satisfied.
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Let us derive the rate of convergence. Since vy, (t) = Y0, (f* — f*),

L
SO = PR = va(FE — £7) < swp va@ITE — il
=L teBr
where we denote f; the sequence in CZ such that (f), = f* if -L <1< L and

0 otherwise. Hence || f7 — f1 1|7 < supsep, vn ()| 5 — f1lle so that || ff — fille <
Supye g, Vn(t). Then, using Lemma 17

L
= — 2L+1 C 2L+1
E *l *ZQZE *7*2< K 7<O/
l;[/'f f | HfL fLHK = (1_2P)2 n n n
Using Parseval’s identity,
2L +1
Blf - fuli= Y e+ o2 c a0 :

|l|>L

Thus, the oracle inequality gives

2L +1
EHfL_fHQ (1_|_2€) mln{RZ( +L2)_S + (Cl—|—2/\) Tj’ }+S < C//n—QS/(Qs—‘rl)

choosing L = en!/(2s+1),
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