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Notation

p prime number

k field, char(k)=% p

G absolutely almost simple linear algebraic group over k.
Gp corresponding split group.

So G = ¢Gy for some cocycle { € Z'(k,Aut(Go));
We assume & € ZY(k, Gy).

We fix To < By < Gy
To split maximal torus ; By Borel subgroup
Xo= Go/By, X=¢Xo
Example
G = OT(p) for some ¢ : V — k, dimV = 2n.
XoVicWc -V, ,

totally isotropic of dimension 1,2,...,n—1



J-invariant of the group G

Ch*(%) = Ch*(X9) =5 Ch*(Gy),
where 7 : Gp — Xp = Gy/By.

k,

V. Kac (1985)  Ch*(Go) ~ Fp[x,....x ]/, ... xP"),
for some integers r, ki,..., k., known for each Gp.

Petrov-Semenov-Zainoulline (2008)

coker(m, ores) ~ Fp[xq, ... ,xr]/(xfjl, e ,ijr),

for some j1,...,jr, 0<ji<k;

Definition:  Jo(G) = (1, .- -,Jr)



More notation

A central simple k algebra
deg(A) = 2n

o : A— Ainvolution

of orthogonal type

= (A,U) Rk ks ~ (MQn(kS)v t)

Aut™(A,0) =PGOT(A,0) = PGO;, Adjoint of inner type D,
We assume disc(o) = 1 € k*/k*2.

w
1 :wn

Tits algebras
(A o) C(A,0)=C4 xC_



Triality

deg(A) = 8 PGO™(A,0) of type Dy

(B,7)
(A o) {
&)
C(A,o)=(B,7) x (C,7)
Fact: { C(B,7) = (A,o) x (C,7)
C(C,v)=(A,0) x (B,7)

Trialitarian triple T = ((A,0),(B,7),(C,7))



How to order the generators of Ch*(Gp)?

e G is not adjoint of type D, with n even.
Order by degree di < dy < --- < d,.

e G adjoint of type Dy, that is Gy = PGOIm, m>=3
CHY(Gp) ~ Ay /N, ~ Z/27 x 727 ~ {0, &1, @n_1,0n}

Wn—1

w1 :
Wn

X1 = W1, X2 = Wy, or Wy_1, then order by degree.

Notation : J(A,0) = L(PGOT(A,0)).



Triality

deg(A)

=° 8.7)
(A,Lﬂ]) {
G,7)

PGO*(A,0) ~ PGOT(B,7) ~ PGO*(C,~)

Definition
J(A,0) = HL(PGOT(A,0)), computed with x; = @1, Ay, = A.

We have Ch*(PGO{) = Fa[x1, x2, x3]/(x}, x5, x3).
J(Aa U) = (jlvj27.j3)' with 0 <j17-j2 <2 and 0 <J3 <1

J(87 T)v J(C”}/) € {Ul7j2>.j3)7 (j27j17j3)}



The value of J(A, o) when deg(A) =8

(A,0) = (Endp(M),ady), for some (M, h) hermitian over (D, ™)

Index: ind(A) = deg(D) =24, 0<is <3.

The involution ¢ is isotropic  iff the hermitian form h is isotropic
hyperbolic hyperbolic

Theorem (QSZ)

Let T = ((A,0),(B,7),(C,7)) be a trialitarian triple,
with ind(A) < ind(B) < ind(C).
Let j = min{ia,2} and j = min{ig,?2}

Then
J(A,U) = (jv.j/aj3)?
J(B,7) = J(C.v) = (' j. J3)-

0 if T is isotropic

Moreover, 3 = . . . .
J3 { 1 if T is anisotropic



Proof

Based on the main theorem in QSZ, which consists of inequalities:

S < indices of Tits algebras of G.
J1,J)2
Example
J(A,0) = (1,J2,43); iy =min{ia,ig,ic};
We have:
{ Jj1<ia
22 <ip,ic

iy>0 = j1>0andj,>0
iy>1 = ji>land p>1



Possible values

Corollary

@ The values (1,2,0), (2,1,0) and (2,2,0) are impossible.

@® All other values (ji,j2,j3) with0 < ji,jo <2and 0 < jz3 <1
do occur.

Theorem (Tits-Allen 1968)

(E, p) central simple algebra with orthogonal involution,
of degree =0 mod 4
If p is hyperbolic, then C(E, p) has a split component.



Examples of trialitarian triples
Q1, @2, Q3, Q4 quaternion algebras, with
Q1 ® Q® @3 ® Qs split.
QR ~ Q® Qs ~D; Choose p orthogonal involution of D.

hi2, h3a hermitian over (D, p)

{ (Qlai) ® (Q277) = Adh12
(0377) ® (Q477) = Adh34

Definition (Dejaiffe)
(0177) ® (QZ;i) H (Q3;7) ® (Q477) = Adh12@/\h34

Proposition
C(A,0) = (Cq,04) x (C—,0_), where

{ (C+7U+) = (Qlai) ® (Q377) Eh (Q277)
(C*)O-*) = (Qlai) ® (Q477) (==DY (02’7)



