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Notation

p prime number
k field, char(k)�� p
G absolutely almost simple linear algebraic group over k .
G0 corresponding split group.

So G � ξG0 for some cocycle ξ P Z 1pk,AutpG0qq;
We assume ξ P Z 1pk ,G0q.

We fix T0 � B0 � G0

T0 split maximal torus ; B0 Borel subgroup
X0 � G0{B0, X � ξX0

Example

G � O�pϕq for some ϕ : V Ñ k , dimV � 2n.
XØ V1 � V2 � � � � � Vn�1,

totally isotropic of dimension 1, 2, . . . , n � 1



J-invariant of the group G

Ch�pXq
res
ÝÑ Ch�pX0q

π�ÝÑ Ch�pG0q,
where π : G0 ÝÑ X0 � G0{B0.

V. Kac (1985) Ch�pG0q � Fprx1, . . . , xr s{px
pk1
1 , . . . , xp

kr

r q,
for some integers r , k1, . . . , kr , known for each G0.

Petrov-Semenov-Zainoulline (2008)

cokerpπ� � resq � Fprx1, . . . , xr s{px
pj1
1 , . . . , xp

jr

r q,

for some j1, . . . , jr , 0 ¤ ji ¤ ki

Definition: JppG q � pj1, . . . , jr q



More notation

A central simple k algebra
degpAq � 2n
σ : AÑ A involution
of orthogonal type

,//.
//-
ô pA, σq bk ks � pM2npksq, tq

Aut�pA, σq � PGO�pA, σq � ξPGO�
2n Adjoint of inner type Dn

We assume discpσq � 1 P k�{k�2.
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Tits algebras

pA, σq CpA, σq � C� � C�



Triality

degpAq � 8 PGO�pA, σq of type D4
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�q qpA, σq q
q
C�

C�

pC , γq

pB, τq

Fact:

$&
%
CpA, σq � pB, τq � pC , γq
CpB, τq � pA, σq � pC , γq
CpC , γq � pA, σq � pB, τq

Trialitarian triple T �
�
pA, σq, pB, τq, pC , γq

�



How to order the generators of Ch�pG0q?

• G is not adjoint of type Dn, with n even.
Order by degree d1   d2   � � �   dr .

• G adjoint of type D2m, that is G0 � PGO�
4m, m ¥ 3

CH1pG0q � Λw{Λr � Z{2Z� Z{2Z � t0, ω̄1, ω̄n�1, ω̄nu
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x1 � ω̄1, x2 � ω̄n or ω̄n�1, then order by degree.

Notation : JpA, σq � J2
�
PGO�pA, σq

�
.



Triality

degpAq � 8
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�
�q qpA, σqω1 q

q
ω4pC , γq

pB, τqω3

PGO�pA, σq � PGO�pB, τq � PGO�pC , γq

Definition
JpA, σq � J2

�
PGO�pA, σq

�
, computed with x1 � ω̄1, Aω1 � A.

We have Ch�pPGO�
8 q � F2rx1, x2, x3s{px

4
1 , x

4
2 , x

2
3 q.

JpA, σq � pj1, j2, j3q, with 0 ¤ j1, j2 ¤ 2 and 0 ¤ j3 ¤ 1.

JpB, τq, JpC , γq P tpj1, j2, j3q, pj2, j1, j3q}



The value of JpA, σq when degpAq � 8

pA, σq � pEndDpMq, adhq, for some pM, hq hermitian over pD, q

Index: indpAq � degpDq � 2iA , 0 ¤ iA ¤ 3.
The involution σ is isotropic iff the hermitian form h is isotropic

hyperbolic hyperbolic

Theorem (QSZ)

Let T �
�
pA, σq, pB, τq, pC , γq

�
be a trialitarian triple,

with indpAq ¤ indpBq ¤ indpC q.
Let j � mintiA, 2u and j 1 � mintiB , 2u
Then

JpA, σq � pj , j 1, j3q,
JpB, τq � JpC , γq � pj 1, j , j3q.

Moreover, j3 �

"
0 if T is isotropic
1 if T is anisotropic



Proof

Based on the main theorem in QSZ, which consists of inequalities:

j1
j1, j2

Ø indices of Tits algebras of G .

Example

JpA, σq � pj1, j2, j3q; iJ � mintiA, iB , iCu;
We have:

1

"
j1 ¤ iA
j2 ¤ iB , iC

2

"
iJ ¡ 0 ñ j1 ¡ 0 and j2 ¡ 0
iJ ¡ 1 ñ j1 ¡ 1 and j2 ¡ 1



Possible values

Corollary

1 The values p1, 2, 0q, p2, 1, 0q and p2, 2, 0q are impossible.

2 All other values pj1, j2, j3q with 0 ¤ j1, j2 ¤ 2 and 0 ¤ j3 ¤ 1
do occur.

Theorem (Tits-Allen 1968)

pE , ρq central simple algebra with orthogonal involution,
of degree � 0 mod 4
If ρ is hyperbolic, then CpE , ρq has a split component.



Examples of trialitarian triples
Q1,Q2,Q3,Q4 quaternion algebras, with

Q1 b Q2 b Q3 b Q4 split.

Q1 b Q2 � Q3 b Q4 � D; Choose ρ orthogonal involution of D.

"
pQ1, q b pQ2, q � Adh12
pQ3, q b pQ4, q � Adh34

h12, h34 hermitian over pD, ρq

Definition (Dejaiffe)

pQ1, q b pQ2, q`λ pQ3, q b pQ4, q :� Adh12`λh34

Proposition

CpA, σq � pC�, σ�q � pC�, σ�q, where
"
pC�, σ�q � pQ1, q b pQ3, q`λ pQ2, q b pQ4, q,
pC�, σ�q � pQ1, q b pQ4, q`λ pQ2, q b pQ3, q.


