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Abstract

These lecture notes were written for a class that I taught between 2018 and 2023 for
the “Probabilités et Modèles Aléatoires” Master at Sorbonne Université. The goal is
to give a broad overview of various statistical mechanics models and of the question
of disorder relevance, in particular in the context of pinning models.

• The first part of the notes deal with random interfaces models, the idea being to
give both a general framework and develop an important example, namely the (lat-
tice) Gaussian Free Field. This should give some gentle introduction to the subject (I
hope) and provide glimpses into some of the questions that have been studied in the
literature: the question of localization vs. delocalization of interfaces; the entropic
repulsion phenomenon when introducing a random wall constraint; phase transitions
for pinning models of interfaces.

• The second part considers a related one-dimensional model: the so-called poly-
mer pinning model. The goal of this part is to give some introduction to the study of
disordered systems, through an important example that has been extensively inves-
tigated over the past decades. The idea is to first give an overview of the disordered
pinning model and of its localization phase transition, before turning to the ques-
tion of disorder relevance for this model, i.e. determining whether some disorder of
arbitrarily small intensity may change the properties of the model.
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Chapter 1

Effective interface models

The interface models that we will study in these lecture notes were introduced as
effective models for describing interfaces in statistical physics systems, but they are
interesting in their own right. They describe a simplified random surface, i.e. a
random height function φ : Λ → R or Z, where Λ is a domain of Zd, with d ≥ 1.
We will refer to this as an interface in dimension d+ 1. An important model in this
context, on which much of this chapter will focus, is the Gaussian Free Field (GFF)
on Zd.

Notation. We denote by x ∼ y if x and y are neighbors in Zd, that is if we have
∥x − y∥1 =

∑d
i=1 |xi − yi| = 1. We write Λ ⋐ Zd if Λ is a finite subset of Zd and

∂Λ := {y ∈ Λc, ∃x ∈ Λ, x ∼ y} will denote the exterior boundary of Λ.
If φ : Zd → R or Z is a given function and Λ ⊂ Z, we will denote by φΛ the

restriction of φ to Λ. We also denote φx = φ(x), that we interpret as the height
of the interface above the point x. If φ has values in Z we will talk about discrete
heights models; if φ has values in R, we will talk about continuous heights models.

Gibbs measures

Consider a physical system whose set of configurations can be described by a set
Ω. If H : Ω → R is an energy function, called the Hamiltonian, which associates
an energy with each possible configuration of the system, then we can consider the
Gibbs measure Pβ on Ω:

dPβ
dµ

(ω) =
1

Zβ
e−βH(ω) . (1.1)

9



10 CHAPTER 1. EFFECTIVE INTERFACE MODELS

Here, µ is a reference measure on Ω (not necessarily a probability measure), often
given by the counting measure on Ω if Ω is discrete, or the Lebesgue measure if
Ω ≃ Rn for some n ≥ 1. The parameter β > 0 is a positive parameter, related
to the inverse of the temperature (β = 1

kBT
where kB is Boltzmann’s constant),

which tunes the influence of the energy on the configurations of the system. The
constant Zβ is called the partition function: it is the constant that renormalizes the
Gibbs measure to obtain a probability on Ω. The measure Pβ describes the probabil-
ities of occurrence of possible configurations: if the energy H(ω) of a configuration
is high, it will be less likely. For instance, one can show that when β → ∞, the
measure Pβ concentrates on configurations with minimal energy.

Remark 1.1. Let us stress that one can modify the Hamiltonian by adding a con-
stant, without changing the Gibbs measure Pβ. Indeed, if H ′(ω) = H(ω) + C for
some constant C that does not depend on ω ∈ Ω, then

dP′
β

dµ
(ω) =

1

Z ′
β

e−βH
′(ω) =

1

Z ′
β e

βC
e−βH(ω) .

This very much gives the same measure P′
β = Pβ (but not the same partition func-

tion: Zβ = eβCZ ′
β).

Remark 1.2. Gibbs measures naturally appear as measures that maximize the en-
tropy of a system whose energy has been fixed. For example, the normal distribution
is a Gibbs measure on Ω = R, associated with the Hamiltonian H(x) = x2 (if x
represents the velocity of a particle, H(x) is its kinetic energy), with µ = Leb as the
reference measure on Ω. It can be shown that, among the probability distributions
with density f on R with mean 0 and variance 1, the normal distribution N (0, 1) is
the one that maximizes the entropy −

∫
R f(x) log f(x)dx.

1.1 Interface ∇φ -models without constraints

1.1.1 Definitions and notations

We consider a symmetric and convex function V : R → R+∪{+∞}, called potential.
For a finite domain Λ ⋐ Zd and a boundary condition ξ : Zd → R, we associate to
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a function φ : Zd → R the following Hamiltonian:

Hξ
Λ(φ) = H(φΛ | ξΛc) =

1

4d

∑
x,y∈Λ
x∼y

V (φx − φy) +
1

2d

∑
x∈Λ,y /∈Λ
x∼y

V (φx − ξy) . (1.2)

The function V represents interactions in the surface and gives higher energy to
larger gradients in the surface (this is referred to as a gradient model, or ∇φ -model).
Thanks to Remark 1.1, we can assume that V (0) = 0.

We then define an interface model on Λ by considering a Gibbs measure on the
set of (continuous or discrete) surfaces

ΩR
Λ = {h : Λ → R} or ΩZ

Λ = {h : Λ → Z} ,
with boundary condition ξ. Taking µΛ to be the Lebesgue measure on ΩR

Λ = RΛ

and µΛ to be the counting measure on ΩZ
Λ = ZΛ, we consider the Gibbs measure:

dPξΛ,β
dµΛ

(φ) =
1

Zξ
Λ,β

e−βH
ξ
Λ(φ) . (1.3)

The partition function Zξ
Λ,β is written as follows:

Zξ
Λ,β =

∫
ΩΛ

e−βH
ξ
Λ(h)dµΛ(h) . (1.4)

To simplify notation, we write ΩΛ = Ω
R/Z
Λ ; we will specify whether it is a discrete

model or a continuous model if necessary. We will often denote by h an element
of ΩΛ and by φΛ a random variable with values in ΩΛ: for example, for any Borel
set A of ΩΛ, we will write:

PξΛ,β(φΛ ∈ A) =
1

Zξ
Λ,β

∫
A

e−βH
ξ
Λ(h)

∏
x∈Λ

dµ(hx) , Zξ
Λ,β =

∫
ΩΛ

e−βH
ξ
Λ(h)

∏
x∈Λ

dµ(hx) ,

where µ denotes either the Lebesgue measure on R or the counting measure on Z
depending on whether we are in the discrete or continuous case (in any case we have
µΛ = µ⊗Λ). We also denote by EξΛ,β the expectation relative to the probability PξΛ,β.

The boundary condition can be interpreted as follows: the measure PξΛ,β puts a
positive mass only on the functions φ : Zd → R that coincide with ξ on Λc. Another
interpretation is to consider PξΛ,β as a measure on the functions φ : Λ → R that are
extended to ∂Λ by setting φ∂Λ = ξ∂Λ.
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Lemma 1.3. If one has Kβ :=
∫
R e

−βV (h)dµ(h) < +∞, then, for any boundary
condition ξ, we have Zξ

Λ,β ≤ (Kβ)
|Λ| < +∞. In particular, the partition function is

(positive and) finite, and the Gibbs measure PξΛ,β given in (1.3) is well defined.

Proof. We can easily reduce this to the case where Λ is connected: if this is not the
case, we can use Exercise 1 below.

Let us first assume that the dimension is d = 1 and that Λ = {1, . . . , N}. Then

Zξ
Λ,β =

∫
RN

N+1∏
i=1

e−βV (hi−hi−1)
N∏
i=1

dµ(hi) ,

with, by convention, h0 = ξ0 and hN+1 = ξN+1 in the integral. Using the upper
bound e−βV (ξN+1−hN ) ≤ 1, we easily obtain by iteration

Zξ
Λ,β ≤

∫
RN

N∏
i=1

e−βV (hi−hi−1)
N∏
i=1

dµ(hi) ≤ (Kβ)
N .

For the recurrence, we used a change of variable (and the fact that µ is invariant
under translation) to obtain that for all h′ ∈ R,

∫
R e

−βV (h−h′)dµ(h) = Kβ.
In the case of dimension d ≥ 2, the argument is the same but the notation is

a little more cumbersome. The idea is to consider a spanning tree of Λ, to upper
bound e−βV (hx−hy) ≤ 1 if x, y ∈ Λ are not neighbors in the tree, and to integrate
step by step, each time integrating an index x that is of degree 1 in the tree. We
leave it as an exercise to write a rigorous proof.

Exercise 1. If Λ,Λ′ ⋐ Zd are disjoints and such that x ̸∼ y for any x ∈ Λ, y ∈ Λ′,
show that Zξ

Λ∪Λ′,β = Zξ
Λ,βZ

ξ
Λ′,β .

Exercise 2. Show that, for any a < b, there exists a constant c > 0 such that, for
any boundary condition ξ, we have PξΛ,β

(
φx ∈ [a, b] ∀x ∈ Λ

)
≤ e−c|Λ|.

1.1.2 Two important examples

Solid-On-Solid (SOS). When modeling an interface of the Ising model, the height
function φ has values in Z, and the energy associated with the interface is propor-
tional to the number of disagreements between ‘+‘ and ‘−’ spins, i.e., proportional
to the area of the interface. The Hamiltonian associated with an interface is therefore
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proportional to
∑

x∼y |φx − φy|+ |Λ| (the first sum counts the area of the ‘vertical’
parts and the second term counts the area of the ‘horizontal’ parts). This there-
fore corresponds to the choice V (x) = |x| in the Hamiltonian (1.2) (recall that the
constant |Λ| does not change the Gibbs measure, see Remark 1.1).

Gaussian Free Field (GFF). The choice of a height function φ with values in R
and a quadratic potential V (x) = 1

2x
2 is also very natural, because then Hλ(φ)

corresponds to the energy of a spring configuration. We will see that in this case
we can show that φΛ is a Gaussian vector, whose expectation and covariance matrix
can be characterized, which will allow us to perform many calculations later on (see
Section 1.2).

1.1.3 The case of dimension d = 1

Let us consider the case of dimension d = 1, with Λ = {1, . . . , N}. As in Lemma 1.3,
we assume that Kβ =

∫
R e

−βV (h)dµ(h) < +∞. Thus, we can define a probability
distribution νβ on R or Z by setting:

dνβ
dµ

(x) =
1

Kβ
e−V (x) . (1.5)

Now consider (Xi)i≥1 independent random variables with the same distribution νβ
(i.e., with values in R in the continuous case and in Z in the discrete case). Let us
consider the random walk constructed from the random variables (Xi)i≥1, as follows:
S0 = ξ0 and Sk = ξ0 +

∑k
i=1Xi for k ≥ 1.

We can then determine the distribution of (S1, . . . , SN+1), which is obtained by a
simple change of variable from the product distribution ν⊗(N+1)

β :

dP(S1,...,SN+1)(s1, . . . , sN+1) =
1

KN+1
β

N+1∏
i=1

e−V (si−si−1)
N+1∏
i=1

dµ(si) ,

where we have used the convention s0 = ξ0 and the fact that µ is invariant under
translation.

We then notice that the distribution of (S1, . . . , SN) conditional on SN+1 = ξN+1

is given (both in the discrete and continuous cases) by

dP(S1,...,SN )|SN+1=ξN+1
(s1, . . . , sN) =

dP(S1,...,SN+1)(s1, . . . , sN , ξN+1)

dPSN+1
(ξN+1)
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that is

dP(S1,...,SN )|SN+1=ξN+1
(s1, . . . , sN) =

1
KN+1

β

∏N+1
i=1 e−V (si−si−1)

∏N
i=1 dµ(si)(∫

RN

1
KN+1

β

∏N+1
i=1 e−V (si−si−1)

∏N
i=1 dµ(si)

) ,

where here we have set by convention s0 = ξ0 and sN+1 = ξN+1 (in both the
numerator and denominator).

But this last expression is exactly the Gibbs measure defined in (1.3). Therefore,
we have shown the following result.

Lemma 1.4. If Λ = {1, . . . , N}, then the distribution of φΛ = (φi)1≤i≤N under PξΛ,β
is that of a random walk (Si)1≤i≤N with i.i.d. increments Xi with law νβ from (1.5),
started from S0 = ξ0 and conditioned to end at SN+1 = ξN+1.

1.1.4 Gibbs measures and spatial Markov property

In this section, we will prove the following property, called spatial Markov property.
For Λ ⊂ Zd, we denote by FΛ = σ(φx, x ∈ Λ) the σ-algebra generated by the height
function φ on Λ.

Proposition 1.5 (Spatial Markov property). Let Λ1 ⊂ Λ2 ⊂ Zd. Then for any
non-negative measurable function f : ΩΛ1

→ R+, we have

EξΛ2,β

[
f(φΛ1

) | FΛc
1

]
= EϕΛ1,β

[
f(φΛ1

)
]

for PξΛ2,β
almost every realization ϕ.

Note that the probability PϕΛ1,β
depends only on the value of ϕ on ∂Λ1, and we

therefore have
PξΛ2,β

(
· | FΛc

1

)
= PξΛ2,β

(
· | F∂Λ1

)
= PϕΛ1,β

(
·
)
,

which justifies the name spatial Markov property.

Corollary 1.6. For any non-negative measurable function f : ΩΛ1
→ R+, we have

EξΛ2,β

[
f(φΛ1

)
]
= EξΛ2,β

[
EϕΛ1,β

[
f(φΛ1

)
]]
.

In other words, under PξΛ2,β
, the marginal distribution of φ inside Λ1 is the Gibbs

measure PϕΛ1,β
with boundary condition given by a realization of ϕ under PξΛ2,β

.
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Proof. First, note that for any boundary condition ϕ, we have

EϕΛ1,β

[
f(φΛ1

)
]
=

∫
h∈RΛ1

f(h)
1

Zϕ
Λ1,β

e−βH
ϕ
Λ1

(h)dµΛ1
(h) ,

and notice that this is a measurable function of the boundary condition (ϕx)x∈∂Λ1

and therefore of (ϕx)x∈Λc
1
.

Now let g : ΩΛ1\Λ2
→ R+ be a non-negative measurable function. Then we have

EξΛ2,β

[
g(φΛ2\Λ1

)EϕΛ1,β

[
f(φΛ1

)
]]

=

∫
h̃∈RΛ2

∫
h∈RΛ1

g(h̃Λ2\Λ1
)f(h)

1

Z h̃
Λ1,β

e−βH
h̃
Λ1

(h) 1

Zξ
Λ2,β

e−βH
ξ
Λ2

(h̃)dµΛ1
(h)dµΛ2

(h̃) .

Now, let us denote ĥ the “concatenation” of h ∈ RΛ1 and h̃Λ2\Λ1
∈ RΛ2\Λ1, that is,

the function ĥ ∈ RΛ2 such that ĥ = h on Λ1 and ĥ = h̃ on Λ2 \Λ1. We now observe
that

Hξ
Λ2
(h̃) +H h̃

Λ1
(h) = H ĥ

Λ1
(h̃) +Hξ

Λ2
(ĥ) .

Note also that Z h̃
Λ1,β

is a measurable function of (h̃x)x∈Λc
1
, so Z h̃

Λ1,β
= Z ĥ

Λ1,β
. By

rearranging the integrals, the expression obtained above is therefore equal to∫
ĥ∈RΛ2

∫
h̃∈RΛ1

g(ĥΛ2\Λ1
)f(ĥΛ1

)
1

Z ĥ
Λ1,β

e−βH
ĥ
Λ1

(h̃) 1

Zξ
Λ2,β

e−βH
ξ
Λ2

(ĥ)dµΛ1
(h̃)dµΛ2

(ĥ)

=

∫
ĥ∈RΛ2

g(ĥΛ2\Λ1
)f(ĥΛ1

)
1

Zξ
Λ2,β

e−βH
ξ
Λ2

(ĥ)dµΛ2
(ĥ) = EξΛ2,β

[
g(φΛ2\Λ1

)f(φΛ1
)
]
,

where in the first equality we have integrated over h̃ ∈ RΛ1 and used the fact that
(Z ĥ

Λ1,β
)−1e−βH

ĥ
Λ1

(h̃) is a probability density; the last equality follows from the defini-
tion of PξΛ2,β

. We have therefore obtained

EξΛ2,β

[
g(φΛ2\Λ1

)EϕΛ1,β

[
f(φΛ1

)
]]

= EξΛ2,β

[
g(φΛ2\Λ1

)f(φΛ1
)
]
,

which concludes the proof.

Exercise 3. Using Exercise 2 and the spatial Markov property, show that for all
a < b, there exists a constant c > 0 such that for any boundary condition ξ and any
Γ ⊂ Λ, we have PξΛ,β(φx ∈ [a, b] ∀x ∈ Γ) ≤ e−c|Γ|.
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We can also use the spatial Markov property to show the following corollary, as an
exercise.

Exercise 4. Let Λ ⋐ Zd and Λ1,Λ2 ⊂ Λ be “well-separated” sets, i.e. such that
∂Λ1 ∩ Λ2 = ∅ and ∂Λ2 ∩ Λ1 = ∅ (recall that ∂Λ denotes the exterior boundary).
Show that under PξΛ,β( · | F(Λ1∪Λ2)c), the interfaces φΛ1

, φΛ2
are independent.

A word on infinite volume Gibbs measures.

If we want to define a Gibbs measure directly on the full space Zd, one option is to
construct a sequence of measures (PξnΛn,β

)n≥0 with (Λn)n≥1 an exhaustion of Zd, i.e.
and increasing sequence of finite sets of Zd such that

⋃
nΛn = Zd. If, for all Λ ⋐ Zd,

the distribution of φΛ under (PξnΛn,β
)n≥0 converges to a distribution µΛ,β as n→ ∞,

and if the set of distributions (µΛ,β)Λ⋐Zd has a spatial consistency property (i.e.,
µΛ1,β is the marginal distribution of µΛ2,β), then we can use Kolmogorov’s extension
theorem to construct a measure µβ on Zd. We can then show that the measure µβ
satisfies the spatial Markov property of Proposition 1.5.

However, the use of Kolmogorov’s extension theorem is generally unsuitable for
constructing Gibbs measures in infinite volume. Indeed, the choice of boundary
conditions ξn becomes crucial: can one choose any sequence of boundary conditions?
Is it even possible to choose a sequence of boundary conditions that works? Could it
be that two sequences of boundary conditions give the same infinite-volume measure
µβ? The approach of Dobrushin, Lanford, and Ruelle (known as the DLR approach),
consists in considering the spatial Markov property as the property that characterizes
a Gibbs measure (the measure is determined by its specifications, i.e. its conditional
laws). Here we give an ad hoc version for the case under consideration, but we refer
to the excellent Chapter 6 of [FV17] for a more detailed discussion on infinite volume
Gibbs measures.

Definition 1.7. We say that µβ is an infinite-volume Gibbs measure associated with
the Hamiltonian H(·) and inverse temperature β if it has the following ‘coherence’
property: for all Λ ⋐ Zd, for any non-negative measurable function f : ΩΛ → R+,

Eµβ

[
f(φΛ) | FΛc

]
= EϕΛ,β

[
f(φΛ)

]
µβ -a.s.

Exercise 5. Show that the set of Gibbs measures with infinite volume (associated
with some Hamiltonian H(·) and inverse temperature β) is convex.
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1.2 The (lattice) Gaussian Free Field on Zd

The Gaussian Free Field (or GFF) on a lattice falls within the framework of the
interface models presented above: it is a height function with values in R, with the
potential V (x) = 1

2x
2. In other words, the Hamiltonian is given by

Hξ
Λ(φ) =

1

8d

∑
x,y∈Λ
x∼y

(φx − φy)
2 +

1

4d

∑
x∈Λ,y /∈Λ
x∼y

(φx − ξy)
2 . (1.6)

1.2.1 The random walk representation of the covariance structure

The GFF is a Gaussian field, whose mean and covariance structure can be explicitly
characterized. We will begin by describing the case of a zero boundary condition
ξ ≡ 0, before moving on to the case of an arbitrary boundary condition ξ.

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Figure 1.1: A realization of the (lattice) GFF in dimension d = 2, on a 100×100 grid,
with zero boundary condition ξ ≡ 0.

The case of zero boundary condition ξ ≡ 0.

To state the result, let us introduce some notation. For x ∈ Zd, we denote by Px

the distribution of a simple random walk (Sn)n≥0 on Zd starting from x. This is a
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Markov chain started from x, with transition matrix

Q(x, y) =

{
1
2d if x ∼ y ,

0 otherwise.

We denote by GΛ the Green’s function of the simple random walk killed when exit-
ing Λ: for x, y ∈ Λ

GΛ(x, y) := Ex

[ TΛc∑
k=0

1{Sk=y}

]
< +∞ , (1.7)

where TA := min{n ≥ 0, Sn ∈ A} denotes the hitting time of the set A ⊂ Zd. The
finiteness of GΛ follows from the fact that Λ is a finite set.

Proposition 1.8 (Covariance structure of the GFF). Under P0
Λ,β := Pξ≡0

Λ,β , the
random interface φΛ = (φx)x∈Λ is a centered Gaussian vector, with covariance ma-
trix 1

βGΛ.

Proof. By definition of P0
Λ,β, we have

dP0
Λ,β

dLebΛ
(φ) =

1

Z0
Λ,β

e−βH
0
Λ(φ) .

It is therefore enough to show that H0
Λ(φ) = 1

2⟨φΛ, G
−1
Λ φΛ⟩. By definition of the

Hamiltonian, expanding the first square gives

2H0
Λ(φ) =

1

4d

∑
x,y∈Λ
x∼y

(φx − φy)
2 +

1

2d

∑
x∈Λ,y /∈Λ
x∼y

φ2
x =

∑
x∈Λ

φ2
x −

1

2d

∑
x∈Λ,y∈Λ
x∼y

φxφy

=
∑
x∈Λ

φx

(
φx −

1

2d

∑
y∈Λ,y∼x

φy

)
.

Now, let us consider the graph Laplacian ∆ on Zd, which is such that Q = I + ∆,
that is

∆x,y =


1
2d if x ∼ y ,

−1 if x = y ,

0 otherwise .
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Let us also define the transition matrix and the Laplacian restricted to Λ: we set
QΛ = (Q(x, y))x,y∈Λ and ∆Λ = (∆x,y)x,y∈Λ. Then, the expression of the Hamiltonian
above can be rewritten as follows:

H0
Λ(φ) =

1

2
⟨φΛ, (−∆Λ)φΛ⟩ .

It therefore remains to show that −∆Λ = IΛ −QΛ = G−1
Λ .

But let us observe that (IΛ − QΛ)
∑n

k=0Q
k
Λ = IΛ − Qn+1

Λ . Now, it can be easily
shown (the technical details are left as an exercise) that, for all x, y ∈ Λ,

Qn+1
Λ (x, y) = Px

(
Sn+1 = y, Sk ∈ Λ ∀ k ≤ n+ 1

)
≤ Px(TΛc > n+ 1) ,

and that additionally, there exist constants c, C > 0 (depending only on Λ) such
that supx∈ΛPx(TΛ > n) ≤ Ce−cn. We thus conclude that supx,y∈ΛQ

n+1
Λ (x, y) goes

towards 0 as n→ ∞. Since we have

GΛ(x, y) =
∞∑
k=0

Px

(
Sk = y, Si ∈ Λ∀i ≤ k

)
=

∞∑
k=0

Qk
Λ(x, y) < +∞ ,

we deduce that (IΛ − QΛ)GΛ = (IΛ − QΛ)
∑∞

k=0Q
k
Λ = IΛ. This concludes the

proof

The case of a general boundary condition ξ.

Let us introduce a new notation: for ξ : Zd → R, we define the function uξ : Λ → R
as the unique Q-harmonic extension of ξΛc inside Λ, that is, the unique solution to
the Dirichlet problem on Λ ⋐ Zd with boundary condition ξ:{

(∆uξ)x =
1
2d

∑
y∼x(uy − ux) = 0 for x ∈ Λ

uξx = ξx for x ∈ Λc
(1.8)

It is standard to show that the function defined by

uξx := Ex

[
ξSTΛc

]
is a solution to the Dirichlet problem; uniqueness comes from the fact that Λ is finite,
so TΛc < +∞ Px -p.s. for all x ∈ Λ.
Proposition 1.9 (Decomposition of the GFF). For any boundary condition ξ, un-
der PξΛ,β, the random interface φΛ = (φx)x∈Λ is a Gaussian vector with expecta-
tion EξΛ,β[φx] = uξx, with covariance matrix 1

βGΛ. Put otherwise, we can write
φΛ = uξ + φ0

Λ, where φ0
Λ is a centered GFF.
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The effect of the boundary condition ξ is therefore only a translation by uξ of the
centered GFF, that is by the harmonic extension of ξ inside Λ.

Proof. As in the centered case, it is enough to show that

Hξ
Λ(φ) =

1

2
⟨(φΛ − uξΛ), G

−1
Λ (φΛ − uξΛ)⟩+ Cξ

Λ ,

where the constant Cξ
Λ does not depend on φ (according to Remark 1.1, this constant

does not affect the distribution PξΛ,β).
Note that, on the one hand

2Hξ
Λ(φ) =

1

4d

∑
x,y∈Λ
x∼y

(φx − φy)
2 +

1

2d

∑
x∈Λ,y∈Λc

x∼y

(φx − ξy)
2

= 2H0
Λ(φ)−

1

2d

∑
x∈Λ,y /∈Λ
x∼y

φxξy +
1

2d

∑
x∈Λ,y /∈Λ
x∼y

ξ2y .

On the other hand, recalling that G−1
Λ = −∆Λ, we have〈

(φΛ − uξΛ), G
−1
Λ (φΛ − uξΛ)

〉
= ⟨φΛ, G

−1
Λ φΛ⟩+ 2⟨φΛ,∆ΛφΛ⟩+ ⟨uξΛ, G

−1
Λ uξ⟩ .

Thus, since ⟨φΛ, G
−1
Λ φΛ⟩ = 2H0

Λ(φ) from the zero boundary condition case, and
since uξ depends only on Λ and ξ (and not on φ), it remains to show that

⟨φΛ,∆ΛφΛ⟩+
1

2d

∑
x∈Λ,y /∈Λ
x∼y

φxξy =
∑
x∈Λ

φx(∆Λu)x +
1

2d

∑
x∈Λ,y /∈Λ
x∼y

φxξy

only depends on Λ and ξ and not on φ. But using the fact that uξ is harmonic on Λ,
we obtain that for x ∈ Λ

0 = (∆uξ)x =
1

2d

∑
y∼x

uξy − uξx = (∆Λu
ξ)x +

1

2d

∑
y/∈Λ,y∼x

uξy .

Since uξy = ξy for y /∈ Λ, we conclude that

0 =
∑
x∈Λ

φx(∆u
ξ)x =

∑
x∈Λ

φx(∆Λu)x +
1

2d

∑
x∈Λ

y/∈Λ,y∼x

φxξy ,

which indeed does not depend on φ. This concludes the proof.
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Remark 1.10 (GFF associated with more general random walks). We could have
taken Proposition 1.9 as the definition of GFF, i.e. a Gaussian field with expectation
uξ and covariance matrix 1

βGΛ. In fact, this definition can easily be generalized if
one replaces the simple random walk with a random walk (Sn)n≥0 on any Zd, with
transition matrix Q. The Gaussian Free Field on Λ ⋐ Zd associated with the
transition matrix Q and with boundary condition ξ is then the Gaussian vector with
expectation uξΛ and covariance matrix 1

βGΛ, where:
(i) uξx = Ex[ξSTΛc

] is the unique Q-harmonic extension of ξ in Λ;
(ii) GΛ(x, y) = Ex

[∑TΛc

k=0 1{Sk=y}
]
=

∑∞
k=0Q

k
Λ(x, y) is the Green’s function of the

random walk (Sn)n≥0 killed when it leaves Λ.
We can then show (this is left as an exercise) that this corresponds to a Gibbs
measure on ΩΛ given by the Hamiltonian

Hξ
Λ(φ) =

1

2

∑
x,y∈Λ

Q(x, y) (φx − φy)
2 +

∑
x∈Λ,y /∈Λ

Q(x, y) (φx − ξy)
2 .

Note that this Hamiltonian is not simply a function of the gradient of φ but may
have long-range interactions (we may have terms (φx − φy)

2 with x ̸∼ y). The
properties of the Gaussian Free Field are determined by the covariance structure
and are therefore related to the properties of the random walk (Sn)n≥0 considered,
through its Green’s function GΛ.

Remark 1.11 (About the dependence on β). Thanks to the invariance of Gaussian
variables under scaling, we know that the distribution of

√
β φΛ under P0

Λ,β is the
same as that of φΛ under P0

Λ,β=1: this is a centered Gaussian vector with covariance
matrix GΛ. Thus, we can view the parameter β as a simple scaling factor (in the case
of a general boundary condition, we can use Proposition 1.8 to simply scale φΛ−uξ).

1.2.2 Localization and delocalization of the GFF interface

The covariance structure of the GFF given in Propositions 1.8-1.9 provides infor-
mation about the interface φ. One of the first questions is whether, for a GFF on
ΛN := {−N, . . . , N}d with zero boundary condition, the height of the center point
φ0 remains tight (as a random variable) as N → ∞. If so, we say that the interface
is localized ; otherwise, we say that the interface is delocalized.
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Studying the variance of φ0 under P0
ΛN ,β

is therefore a good way to test the
localization/delocalization of the interface; in the case of Gaussian variables, this
even characterizes the distribution of φ0.

Proposition 1.12 (Localization/delocalization). For ΛN := {−N, . . . , N}d, we
have

Var0ΛN ,β
(φ0) =

1

β
GΛN

(0, 0) with lim
N→∞

GΛN
(0, 0)

{
= +∞ si d = 1, 2,

< +∞ si d ≥ 3.

We therefore have delocalization of the interface in dimension d = 1, 2 and localiza-
tion of the interface in dimension d ≥ 3.

This proposition does not require a proof: indeed, the variance is given in Proposi-
tion 1.8. Moreover, by monotone convergence, we have limN→∞GΛN

(0, 0) = G(0, 0),
where G is the Green’s function of the simple walk on Zd and is equal to +∞ in
dimension d = 1, 2 (because the walk is recurrent) and is finite in dimension d ≥ 3
(because the walk is transient).

Remark 1.13. It is possible to obtain very accurate estimates of the Green’s func-
tion GΛN

(0, 0): we refer to [Law13, §1.5 and 1.6]. More precisely:
1. In dimension d = 1, we have GΛN

(0, 0) = N + 1.
(Hint: use gambler’s ruin.)

2. In dimension d ≥ 2, we have GΛN
(0, 0) = 2

π logN +O(1) as N → ∞.
3. In dimension d ≥ 3, we have GΛN

(0, 0) = G(0, 0) +O(N 2−d).
Note also that, in dimension d ≥ 3, we can show that for x, y ∈ Zd, we have
Cov0ΛN ,β

(φx, φy) =
1
βGΛN

(x, y) with limN→∞GΛN
(x, y) = G(x, y) and

G(x, y) ∼ cd∥x− y∥2−d when ∥x− y∥ → +∞ ,

for some (explicit) constant cd. Thus, the interface remains localized but the heights
are strongly correlated.

Exercise 6. For N ≥ 1 and x ∈ ΛN , we set σ2N(x) := GΛN
(x, x), where we recall

that the Green’s function is defined in (1.7). Let ξ : Zd → R be any boundary
condition.

1. Show that
PξN,β

(
|φx| ≥ t

)
≤ P

(
1
βσ

2
N(x)|Z| ≥ t− |uξx|

)
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where Z ∼ N (0, 1) and uξ is the harmonic extension of ξ in ΛN .
2. Show that, for any x ∈ ΛN we have σ2N(x) ≤ GΛ2N

(0, 0) and |uξx| ≤ M ξ
N :=

maxy∈∂ΛN
|ξy|. Deduce that

PξN,β
(
|φx| ≥ t

)
≤ exp

(
− β(t−M ξ

N)
2

2GΛ2N
(0, 0)

)
.

3. Assume that M ξ
N = o(logN) in dimension d = 2 and M ξ

N = o(
√
logN) in

dimension d ≥ 3, and show that, for any η > 0

lim
N→∞

PξN,β

(
max
x∈ΛN

|φx| ≥ (1 + η)αN

)
= 0 ,

where αN =
√

8
πβ logN if d = 2 and αN =

√
2d
β G(0, 0)

√
logN if d ≥ 3.

Discussion for general interfaces. Let us mention that the localization vs. delo-
calization phenomenon for (∇φ -)interfaces is in general quite difficult to study, and
the phenomenology is in fact quite different depending on whether one considers a
continuous or discrete height interface.

In dimension d = 1, with the interpretation of (φx)−N≤x≤N as a random walk
conditioned to be 0 at −(N + 1) and N + 1 from Section 1.1.3, we naturally obtain
the estimate Var0ΛN ,β

(φ0) ∼ cβN , regardless of the potential V given in Hamilto-
nian (1.2) — provided that

∫
R x

2e−V (x)dx < +∞, which ensures that Eµβ
(Xi) = 0

and Eµβ
(X2

i ) < +∞ (with µβ the law defined in (1.5)).
For continuous height interfaces, it turns out that the upper bounds Var0ΛN ,β

(φ0) ≤
C logN in dimension d = 2 and Var0ΛN ,β

(φ0) ≤ C in dimension d ≥ 3 remain valid
in a very general context (see the recent article [Dar23]). In particular, the interface
in dimension d ≥ 3 remains localized. For interfaces in dimension d = 2, logarith-
mic lower bounds have been given in general settings, showing the delocalization of
the interface (see the introduction to [Dar23], which reviews the literature on this
subject).

In the case of discrete height interfaces, there are very few general results, and
they usually focus on certain discrete height interfaces, most notably the SOS model
mentioned above (and the so-called discrete Gaussian model). In these particular
cases, the localization of interfaces has been shown in dimension d ≥ 3. The case of
dimension d = 2 is quite special: it can be shown in certain examples (in particular
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for the SOS and discrete GFF, see [FS81, AHPS21, DCHL+22, LO24, GL25]) that
there is a localization/delocalization transition (and this each time is a difficult
result!), in the sense that there exists a 0 < βc <∞ such that

lim sup
N→∞

Var0ΛN ,β
(φ0) < +∞ if β > βc ,

∀t > 0, lim sup
N→∞

P0
ΛN ,β

(|φ0| > t) = 0 if β < βc .

It is conjectured that this phenomenon is general in the case of discrete interfaces:
we refer to the introduction of [LO24], which gives a nice review of existing results.

1.2.3 Infinite volume limit of the GFF

The case of dimensions d = 1, 2

Theorem 1.14 (No infinite-volume GFF in d = 1, 2). In dimensions d = 1, 2, there
does not exist an infinite-volume Gibbs measure associated with the GFF Hamilto-
nian (1.6).

Proof. We proceed by contradiction. Assume that µβ is an infinite-volume Gibbs
measure, i.e. satisfying Definition 1.7. Then, using the definition, for every Λ ⋐ Zd
with 0 ∈ Λ, and for any a < b, we have

µβ
(
φ0 ∈ [a, b]

)
= Eµβ

[
PξΛ,β

(
φ0 ∈ [a, b]

)]
.

We know that, under PξΛ,β, φ0 is a Gaussian variable N (m,σ2), with m = uξ0 and
σ2 = 1

βGΛ(0, 0). Using the fact that the density of a N (m,σ2) distribution is
uniformly bounded by 1

σ
√
2π

, we obtain that, for any boundary condition ξ,

PξΛ,β
(
φ0 ∈ [a, b]

)
≤

√
β/2π√

GΛ(0, 0)
(b− a) .

Thus, the same upper bound holds for µβ(φ0 ∈ [a, b]), and since Λ ⋐ Zd is arbitrary
and limΛ↑Zd GΛ(0, 0) = +∞, we deduce that

for all a < b, µβ(φ0 ∈ [a, b]) = 0 ,

which is a contradiction.
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Remark 1.15. The fact that no infinite-volume measure exists in dimension d = 1, 2
is thus essentially due to the fact that the fluctuations of the central point φ0 are
unbounded as Λ ↑ Zd. To overcome this issue, one can define the GFF “pinned at 0”,
by considering φ̃ = φ − φ0 (which is a translation by the random height φ0). One
can show (exercise) that:
(i) Under P0

Λ,β, Φ̃Λ = (φ̃x)x∈Λ is a centered Gaussian vector, with covariance ma-
trix G̃Λ given by

G̃Λ(x, y) = GΛ(x, y)−GΛ(x, 0)−GΛ(0, x) +GΛ(0, 0).

(ii) We have limΛ↑Zd G̃Λ(x, y)G̃(x, y) < +∞, with

G̃(x, y) = Ex

[ T0∑
k=0

1{Sk=y}

]
.

One can then define a Gaussian field on Zd with covariance matrix G̃. More generally,
one can define a Gibbs measure on the gradients family (φx − φy)x,y∈Zd in any
dimension, rather than only on the heights; see the lecture notes [Fun05].

The case of dimensions d ≥ 3

Theorem 1.16 (Infinite volume GFF in d ≥ 3). Let d ≥ 3. If ξ is a harmonic
function on Zd, then there exists an infinite-volume Gibbs measure µβ = Pξ∞,β on
the whole lattice Zd, associated with the GFF Hamiltonian (1.6). The measure µβ
is Gaussian, with mean ξ and covariance ( 1βG(x, y))x,y∈Zd.

Definition 1.17 (Gaussian field). A family (Wx)x∈I is a Gaussian field with mean
m = (mx)x∈I and covariance (Σx,y)x,y∈I if for every finite subset J ⊂ I, (Wy)y∈J is a
Gaussian vector with mean mJ = (my)y∈J and covariance matrix ΣJ = (Σx,y)x,y∈J .

In particular, Theorem 1.16 tells that there exist infinitely many infinite-volume
Gibbs measures (at least one for each harmonic function of Zd). One can moreover
show that if G denotes the (convex) set of Gibbs measures associated with the GFF
(recall Exercise 5), then the measures

{Pξ∞,β, ξ harmonic on Zd}

are the extremal points of G.
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Proof. Note that the Gaussian law stated in the theorem is well defined. Indeed, for
every Λ ⋐ Zd, the law of φΛ under PξΛ,β is Gaussian with mean uξ = ξ (since ξ is
harmonic) and covariance matrix 1

βGΛ. Since in dimension d ≥ 3 we have

lim
Λ↑Zd

GΛ = G,

we can construct a Gaussian field φ = (φx)x∈Zd with mean ξ and covariance 1
βG

(using Kolmogorov’s extension theorem, see for instance [FV17, Th. 8.6]).
Let µβ be the law of the Gaussian field φ = (φx)x∈Zd with mean ξ and covari-

ance 1
βG. It remains to show that the measure µβ satisfies the Definition 1.7 of an

infinite-volume Gibbs measure: given Λ ⋐ Zd, we need to show that “for µβ -almost
every ϕ, the conditional law of φΛ given FΛc is PϕΛ,β”. Equivalently, by Proposition 1.9
and Definition 1.17, it suffices to show that for µβ -almost every ϕ,

Eµβ

[
ei⟨tΛ,φΛ⟩ | FΛc

]
= ei⟨tΛ,u

ϕ
Λ⟩e−

1
2 ⟨tΛ,GΛtΛ⟩ for all tΛ ∈ RΛ ,

where we recall that uϕx = Ex[ϕSTΛc
] is the unique harmonic extension of ϕ to Λ.

The proof essentially consists of a few lemmas, stated below, which exploit the
Gaussian structure of µβ = Pξ∞,β. We refer to [FV17, §8.4.2] for a detailed proof.

Lemma 1.18. For Pξ∞,β-almost every ϕ, we have

Eξ∞,β[φx | FΛc] = uϕx for all x ∈ Λ.

Lemma 1.19. Under Pξ∞,β, u
ϕ
Λ is a Gaussian vector with mean ξ and covariance

matrix KΛ, given by

KΛ(x, y) = Ex

[ ∑
k≥TΛc

1{Sk=y}

]
= G(x, y)−GΛ(x, y).

Lemma 1.20. Under Pξ∞,β, φΛ − uϕΛ is a centered Gaussian vector with covariance
matrix GΛ = G−KΛ. Moreover, φΛ− uϕΛ is independent of FΛc (and hence of uϕΛ).

With these three lemmas, we obtain that for µβ-almost every ϕ, since (uϕx)x∈Λ is
FΛc-measurable and (φx − uϕx)x∈Λ is independent of FΛc,

Eµβ

[
ei⟨tΛ,φΛ⟩ | FΛc

]
= ei⟨tΛ,u

ϕ
Λ⟩Eµβ

[
ei⟨tΛ,φΛ−uϕΛ⟩

]
= ei⟨tΛ,u

ϕ
Λ⟩e−

1
2 ⟨tΛ,GΛtΛ⟩ ,

which is exactly what we wanted to prove.
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Exercise 7. Let h ∈ R be fixed and note that the constant function ξ ≡ h is
harmonic on Zd. We may therefore consider the infinite-volume GFF measure µhβ =

µξ≡hβ . Let ΛN = {1, . . . , N}d and define

ΦN := max
x∈ΛN

|φx|.

1. Show that

lim sup
k→∞

Φ2k√
log 2k

≤
√
2d√
β

√
G(0, 0) µhβ -a.s.

2. Deduce that

lim sup
N→∞

ΦN√
logN

≤
√
2d√
β

√
G(0, 0) µhβ -a.s.

Hint. Use the monotonicity of N 7→ ΦN .

1.2.4 Scaling limit: the continuous-space GFF

If D ⊂ Rd is a given domain in space, one may want to define a field Φ on D which
would be the scaling limit of the Gaussian free field with zero boundary conditions.
The idea is to consider a discretization of the domain by a grid of mesh size δ :=
1
N > 0, that is, to consider a domain

ΛN = ND ∩ Zd =
{
x ∈ Zd : x

N ∈ D
}
,

so that
Dδ =

1
NΛN

corresponds to a mesh of size δ = N−1 of the domain D. One can then define a GFF
on Dδ by setting φδ(x) = φNx for x ∈ Dδ, where φ is a GFF on ΛN = NDδ.

Thus, (φδ(x))x∈Dδ
is a centered Gaussian field, with covariance matrix

Gδ(x, y) = GΛN
(Nx,Ny),

and it turns out that the following relation holds:

Gδ(x, y) ∼ δd−2GD(x, y) ,

where GD is the continuous Green function on the domain D (namely, the Green
function of Brownian motion killed upon exiting D). Therefore, if one wants to
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obtain a non-degenerate limit, one must renormalize the φδ by δ1−d/2: one should
then have that the field

φ̃δ = δ1−d/2φδ

defined on Dδ converges to a centered Gaussian field with covariance matrix GD.
In dimension 1, there is essentially no difficulty: the normalization corresponds to

that of the simple random walk (see Section 1.1.3), and the scaling limit of the GFF
is a Brownian bridge.

In dimension d ≥ 2, there is no normalization to perform! There is however some
issue, since one can easily see that the variance

Var0Dδ
(φδ(0))

diverges logarithmically: in other words, GD(0, 0) = +∞. The same phenomenon
occurs in dimension d ≥ 3, since the interface is localized, but since we renormalize
φδ by δ1−d/2, its variance diverges as δ ↓ 0.

It turns out that (except in dimension d = 1) the correct way to consider the
scaling limit is to construct the continuous GFF as a distribution rather than as a
genuine function (defined pointwise). More precisely, if we denote by Cc the space of
continuous functions from D to R with compact support (interpreted as a space of
test functions), then for any f ∈ Cc we define

φ̃δ(f) = δd
∑
x∈Dδ

φ̃δ(x)f(x) .

One can then show that for every f ∈ Cc, φ̃δ(f) converges in distribution to Φ(f),
where Φ is a random distribution, called the continuous Gaussian Free Field1 (con-
tinuous GFF). The law of the continuous GFF Φ on D is characterized by the family
{Φ(f), f ∈ Cc}, which is a centered Gaussian field (recall Definition 1.17) with co-
variance

Cov
(
Φ(f),Φ(g)

)
=

∫
D×D

f(x)g(y)GD(x, y)dx dy .

We refer to the lecture notes of Berestycki and Powell [BP21] for the definition and
an overview of the properties (and areas of application) of the continuous GFF.

1This convergence to the continuous GFF is in fact robust and remains valid for fairly general interface models.
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1.3 Hard wall constraint and entropic repulsion

The goal of this section is to study the effect of a hard-wall constraint on the prop-
erties of the interface. We restrict ourselves to the case of zero boundary conditions
(ξ ≡ 0). For Λ ⋐ Zd, let us introduce the event

Ω+
Λ = {(φx)x∈Λ ∈ ΩΛ, φx ≥ 0 ∀x ∈ Λ} , (1.9)

which corresponds to a hard-wall constraint : the height function is required to be
non-negative.

We then consider the Gibbs measure with a positivity constraint:

dP+
Λ,β

dµ
(φ) =

1

Z+
Λ,β

e−βH
0
Λ(φ) 1Ω+

Λ
(φΛ) , (1.10)

where the partition function (normalizing the measure P+
Λ,β into a probability mea-

sure) is now

Z+
Λ,β =

∫
Ω+

Λ

e−βH
0
Λ(φ) = Z0

Λ,β P
0
Λ,β(Ω

+
Λ) .

Let us note that, for any Borel set A of ΩΛ,

P+
Λ,β(φΛ ∈ A) =

∫
A∩Ω+

Λ

1

Z+
Λ,β

e−βH
0
Λ(h)dµ(h)

=
P0
Λ,β(φΛ ∈ A ∩ Ω+

Λ)

P0
Λ,β(Ω

+
Λ)

= P0
Λ,β(φΛ ∈ A | Ω+

Λ) ,

where we have used that, as noticed above, Z+
Λ,β = Z0

Λ,βP
0
Λ,β(Ω

+
Λ). In other words,

the measure P+
Λ,β is simply the measure P0

Λ,β conditioned on the event Ω+
Λ that the

interface stays above a hard wall.
In the next sections, we will show that this constraint (or conditioning) translates

into a repulsion effect on the interface.

1.3.1 The case of dimension d = 1

In dimension d = 1, for simplicity, we treat only the case of a discrete interface:
φx ∈ Z for all x ∈ Z. For N ≥ 1, we consider ΛN = {1, . . . , N} and we write

P0
N := P0

ΛN ,β
and P+

N := P+
ΛN ,β

,
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and similarly for the associated partition functions Z0
N and Z+

N .
Our goal is to compare the properties of interfaces under P0

N and under P+
N .

Recall that under P0
N , the interface (φx)1≤x≤N is simply a random walk conditioned

to satisfy φ0 = φN+1 = 0. We will therefore use the more standard notation for
random walks:
• We consider (Xi)i≥1 i.i.d. random variables with a symmetric law (with distri-

bution νβ given in (1.5), assuming V is symmetric), with σ2 := E[X2
i ] < +∞;

• We define Sn :=
∑n

i=1Xi for all n ≥ 0, and the law P0
N (resp. P+

N) corresponds to
the law of (Sk)0≤k≤N+1 conditioned on SN+1 = 0 (resp. Sk ≥ 0 for all 1 ≤ k ≤ N
and SN = 0).

Remark 1.21. One can show that
(

1√
N
(Sk)0≤k≤⌊tN⌋

)
t∈[0,1] converges in distribution

to a Brownian bridge under P0
N and to a normalized Brownian excursion under P+

N .
In what follows, we will focus on weaker properties (but potentially more robust for
the analysis of other models).

Let us consider the contacts between the random walk and the line Z× {0}. For
k ≤ ℓ, we define

LN(k, ℓ) :=
ℓ∑

n=k

1{Sn=0} ,

the number of contacts between the walk and the line between times k and ℓ, and
we set LN = LN(1, N) for the total number of contacts (excluding S0 = SN+1 = 0).

If one wishes to study LN(k, ℓ), it is natural to start by estimating its expectation,
which starts by estimating the probabilities P0

N(Sn = 0) and P+
N(Sn = 0). We define

pn = P(Sn = 0) and p+n = P(Sn = 0, Sk ≥ 0 ∀1 ≤ k ≤ n) ,

and we notice that

P0
N(Sn = 0) = P(Sn = 0 | SN+1 = 0) =

P(Sn = 0, SN+1 = 0)

P(SN+1 = 0)
=
pnpN+1−n

pN+1
,

(1.11)
and similarly,

P+
N(Sn = 0) = P(Sn = 0 | SN+1 = 0, Sk ≥ 0 ∀0 ≤ k ≤ n) =

p+n p
+
N+1−n
p+N+1

. (1.12)
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Thus, an important step is to obtain estimates on pn and p+n . We have the following
result.

Theorem 1.22 (Asymptotic estimates for pn, p+n ). Assume that E(Xi) = 0 and
E(X2

i ) = σ2 < +∞. Then, we have as n→ +∞,

pn ∼
c1
n1/2

, p+n ∼ c2
n3/2

,

where c1 = 1√
2πσ2

and c2 is a constant that depends more subtly on the law of X1.

Proof. The asymptotic equivalence for pn is classical and follows from the local Cen-
tral Limit Theorem; see for instance [LL10, §2].

Theorem (Local CLT). Let (Xi)i≥0 be random variables with values in Z, with
E(Xi) = 0 and σ2 = E(X2

i ) < +∞. Further, assume that the random walk (Sn)n≥0

is aperiodic on Z. Then, if gσ denotes the density of the N (0, σ2) distribution, we
have

sup
x∈Z

∣∣∣√nP(Sn = x)− gσ(x/
√
n)
∣∣∣ n→∞−−−→ 0 .

In particular,

P(Sn = 0) ∼ 1√
2πσ2n

as n→ ∞ .

The asymptotic behavior of p+n is more delicate. Most proofs rely on a combinato-
rial argument (the cycle lemma) and on what is known as Wiener–Hopf factorization;
see for instance [AD99, Prop. 6] for a complete proof. We give below a probabilistic
interpretation of the n−3/2 factor (see Remark 1.25), but we begin by a useful lemma,
valid for random walks with symmetric increments (this is a classical result of Sparre
Andersen, though the proof below is taken from [DDG13, Prop. 1.3]).

Lemma 1.23. Let (Xi)i≥0 be i.i.d. random variables with symmetric distribution
and set Sn =

∑n
i=1Xi. Define

qn := P(Sk ≥ 0 ∀1 ≤ k ≤ n) and q̄n := P(Sk > 0 ∀1 ≤ k ≤ n) .

We then have the following:

(i) If the law of Xi has no atom, then qn = q̄n =
1

4n

(
2n

n

)
.

(ii) In general, q̄n ≤
1

4n

(
2n

n

)
≤ qn.
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Let us make two observations which stresses how remarkable this result is: first,
no assumption is made on the law (in particular, no moment condition is required);
second, in the non-atomic case, the probability qn is universal and does not depend
on the underlying distribution.

Remark 1.24. Since 1
4n

(
2n
n

)
∼ 1√

πn
, we obtain the asymptotic behavior of qn in

the non-atomic case. We also get that qn ≍ 1/
√
n in general. The 1/

√
n behavior

remains universal in the non-symmetric case with E(Xi) = 0 and E(X2
i ) < +∞,

but is no longer universal when Xi does not have a finite second moment.

Proof of Lemma 1.23. Define

T = min{0 ≤ k ≤ n : Sk = min
0≤i≤n

Si}.

(It is not a stopping time.) Then the following equality of events holds (to see this,
draw a picture):

{T = k} = {Xk < 0, Xk +Xk−1 < 0, . . . , Xk + · · ·+X1 < 0}
∩ {Xk+1 ≥ 0, Xk+1 +Xk+2 ≥ 0, . . . , Xk+1 + · · ·+Xn ≥ 0} .

Then, using independence and the i.i.d. property, we obtain that

P(T = k) = P(S1 < 0, . . . , Sk < 0) P(S1 ≥ 0, . . . , Sn−k ≥ 0) = q̄k qn−k ,

where the last equality uses the symmetry of (Si)i≥1. Summing over k we obtain∑n
k=0 q̄kqn−k = 1. Therefore, introducing generating functions and using a Cauchy

product, we get that for all |x| < 1,

Q̄(x)Q(x) :=
( ∞∑
k=0

q̄kx
k
)( ∞∑

k=0

qkx
k
)
=

∞∑
n=0

( n∑
k=0

q̄kqn−k

)
xn =

∞∑
n=0

xn =
1

1− x
.

We can now conclude the proof.
For (i). If the law of Xi has no atom, then clearly q̄k = qk for all k ≥ 0, so that

Q̄(x) = Q(x) and

Q(x) =
∞∑
k=0

qkx
k =

1√
1− x

for all |x| < 1 .

Expanding (1 − x)−1/2 into a power series and identifying coefficients yields the
desired result qk = 1

4k

(
2k
k

)
.
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For (ii). In the general case, one can approximate Xi by a distribution with
no atom, in the following way. Let (Ui)i≥1 be i.i.d. random variables uniformly
distributed on [−1, 1], and for n ∈ N and ε > 0 fixed, define

X̃i := Xi +
ε

n
Ui ,

which are i.i.d., symmetric, and non-atomic. Setting S̃k =
∑k

i=1 X̃i and noting that
Ui ∈ [−1, 1], we have

Sk − ε ≤ S̃k ≤ Sk + ε for all 1 ≤ k ≤ n.

Hence,

P(Sk ≥ ε , ∀ 1 ≤ k ≤ n) ≤ P(S̃k ≥ 0 ∀ 1 ≤ k ≤ n) ≤ P(S̃k ≥ −ε , ∀ 1 ≤ k ≤ n).

By the part (i), the middle probability is equal to 1
4n

(
2n
n

)
. Letting ε ↓ 0 then yields

q̄n ≤ 1
4n

(
2n
n

)
≤ qn, which concludes the proof.

Remark 1.25 (Intuition behind p+n ∼ c2n
−3/2). Using Lemma 1.23, together with

the local CLT, one can get some intuition for the reason one has p+n ≍ n−3/2 factor.
Indeed, one may split the interval [0, n] into three parts, and decompose the event
{Sk ≥ 0 ∀ 1 ≤ k ≤ n} into three pieces: {Sk ≥ 0 ∀k ≤ n/3}, then {Sn/3 =
S2n/3 and Sk ≥ 0}, and finally {Sn−k ≥ 0 ∀k ≤ n/3}. By the local CLT, the
probability of the middle part is of order 1/

√
n; by the estimates on qn in Lemma 1.23,

the first and last parts are of order 1/
√
n. Combining these estimates yields the n−3/2

factor.

Exercise 8. By applying the previous strategy, show rigorously that there exists
c > 0 such that p+n ≤ cn−3/2. The lower bound p+n ≥ c′n−3/2 is more delicate.

We can now use the estimates of Theorem 1.22, combined with (1.11)–(1.12), to
obtain information on the number of contacts LN between the interface and the line
N× {0}, under the measures P0

N and P+
N .

a) Trajectory properties without a wall constraint.

Proposition 1.26 (Returns to zero in d = 1). For all 0 ≤ a ≤ b ≤ 1, we have

lim
N→∞

1√
N
E0
N

[
LN(⌊aN⌋, ⌊bN⌋)

]
=

1√
2πσ2

∫ b

a

1√
u(1− u)

du .
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In particular, this shows that LN is of order
√
N ; it also shows that the contact

points are “on average” spread out, in the sense that the limit above is strictly
positive for any a < b. One can in fact show convergence in distribution, under P0

N ,
of

(
1√
N
LN(0, ⌊bN⌋)

)
b∈[0,1] to the local time at 0 of a Brownian bridge.

Quick proof. Using (1.11) and Theorem 1.22, we obtain that for N large

E0
N

[
LN(k, ℓ)

]
=

ℓ∑
n=k

pnpN+1−n

pN+1
∼ c1

ℓ∑
n=k

√
N + 1

√
n
√
N + 1− n

= c1
√
N + 1

ℓ∑
n=k

1

N + 1

1√
n

N+1

√
1− n

N+1

.

The last term is a Riemann sum: if we have limN→∞
k
N = a and limN→∞

ℓ
N = b,

then

lim
N→∞

ℓ∑
n=k

1

N + 1

1√
n

N+1

√
1− n

N+1

=

∫ b

a

1√
u(1− u)

du .

This concludes the proof.

b) Trajectory properties with a wall constraint.

Proposition 1.27 (Entropic repulsion in d = 1). There exists a constant C > 0
such that, for all k ≥ 1,

E+
N

[
LN(k,N + 1− k)

]
≤ C k−1/2 .

In particular, for k = 0 we obtain that supN E+
N [LN ] ≤ C. In other words, there

is a finite (i.e. tight) number of contacts; for instance, by Markov’s inequality we get
P+
N(LN ≥ A) ≤ C/A. We also obtain that

P+
N

(
∃n ∈ [k,N + 1− k] : Sn = 0

)
= P+

N(LN(k,N + 1− k) ≥ 1) ≤ C√
k
.

This shows that the probability of having a contact with the hard wall “far from the
boundary” is very small.
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Quick proof. We use the same argument as above. Using (1.12) and Theorem 1.22,
we obtain

E+
N

[
LN(k,N + 1− k)

]
=

N+1−k∑
n=k

p+n p
+
N+1−n
p+N+1

≤ C0

N+1−k∑
n=k

(N + 1)3/2

n3/2(N + 1− n)3/2
.

Using the symmetry of the last sum, we have

E+
N

[
LN(k,N + 1− k)

]
≤ 2C0

(N+1)/2∑
n=k

1

n3/2
(N + 1)3/2

(N + 1− n)3/2
≤ 25/2C0

∞∑
n=k

1

n3/2
,

where we used that N + 1 − n ≥ (N + 1)/2 for n ≤ (N + 1)/2. The conclusion
follows immediately.

Exercise 9. Show that there exists a constant c > 0 such that P+
N(LN = 0) ≥ c for

all N ≥ 1.

1.3.2 The case of the GFF in dimension d ≥ 3

To simplify the notation in what follows, we shall assume that β = 1 and remove β
from all notations (recall Remark 1.11).

We consider here the Gaussian free field on the whole lattice Zd with d ≥ 3 (i.e.
in the infinite-volume limit), in its centered version (i.e. with boundary condition
ξ ≡ 0). We recall Theorem 1.16: in that setting, the infinite-volume GFF is a
centered Gaussian field with covariance matrix (G(x, y))x,y∈Zd, where G is the Green
function of the simple random walk on Zd. For simplicity, we denote its law by P∞
and we also set G0 := G(0, 0) = Var∞(φx). We also recall the asymptotic behavior

G(x, y) ∼ cd∥x− y∥2−d as ∥x− y∥ → +∞ , (1.13)

for some constant cd, see Remark 1.13.
Let D ⊂ Rd be a compact set of Rd. We then consider the domain ΛN ⋐ Zd

defined by
ΛN = (ND) ∩ Zd =

{
x ∈ Zd : x

N ∈ D
}
,

which is a dilation (and a discretization) of D. We denote by Ω+
N = Ω+

ΛN
the event

defined in (1.9) that the GFF is positive on Λ+
N .

Our goal is then to understand the law P∞( · | Ω+
N) of the Gaussian free field

conditioned to be positive on ΛN . As in dimension d = 1, a first step toward
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understanding the properties of P∞( · | Ω+
N) is to estimate the probability P∞(Ω+

N).
this already turns out to be a difficult task

Theorem 1.28 (Entropic repulsion of the GFF in d = 3). In dimension d ≥ 3, one
has the following asymptotic behavior:

lim
N→∞

1

Nd−1 logN
log P∞(Ω+

N) = −2G0Cap(D) , (1.14)

where Cap(D) is a quantity intrinsic to the domain D, called capacity, defined by:

Cap(D) := inf
{ 1

2d

∫
Rd

∥∇f(x)∥2dx ; f ∈ C∞
c (Rd), f(x) = 1 for all x ∈ D

}
.

(1.15)
Moreover, there is a sequence (aN)N≥1 which verifies aN ∼

√
4G0 logN as N → ∞,

such that:
• For ε > 0, denote by Qε

N :=
1

|ΛN |
∑
x∈ΛN

1{ 1
aN

φx /∈[1−ε,1+ε]}. Then, for any ε > 0,

lim
N→∞

P∞
(
Qε
N > η | Ω+

N

)
= 0 for all η > 0 .

• The law of φ− aN under P∞( · | Ω+
N) converges weakly to P∞.

This theorem is proved in [BDZ95, DG99]. We will focus here on the proof of a
weaker version of (1.14), borrowed from the lecture notes [Gia01]. For a full proof
of (1.14), we refer to [Gia01] which uses refinements of what we present below.

Before we start the proof, let us make a few comments.
• First, the probability decays more slowly than e−cN

d, which would be the decay
rate obtained if the (φx)x∈Zd were i.i.d. This means that the covariance structure
of the field plays a role in the behavior of the probability.

• Second, the last two points of the theorem suggest that the interface is lifted to
a height aN ∼

√
4G0 logN and then behaves like a GFF translated by aN .

In fact, the asymptotic behavior of P∞(Ω+
N) essentially comes from the “cost” of

lifting the surface above ΛN ; the capacity of D appears by optimizing the way that
one can lift the surface to reach a height ≈ aN above ΛN . This provides some
intuition that the interface possess a certain “rigidity”, which is a very different
behavior from what happens in dimension d = 1.
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Remark 1.29 (Newtonian capacity of a set). The capacity (1.15) of a compact
set D in Rd is the mathematical analogue of the ability of the set D to carry an
electric charge. The function f in the integral represents a potential between the
set D and infinity, and f(y)− f(x) is the intensity of the current between y and x.
The integral 1

2d

∫
Rd ∥∇f(x)∥2dx is called the Dirichlet energy associated with the

potential f .

a) Lower bound on P∞(Ω+
N)

We first prove a lower bound on P∞(Ω+
N). To keep the proof slightly simpler, we

aim for a weaker statement compared to the one stated in Theorem 1.28 (a factor d
should be replaced by a 2). The proof we present below can be adapted to obtain
the correct lower bound; we refer to the lecture notes [Gia01] for details.

Proposition 1.30. One has lim inf
N→∞

1

Nd−2 logN
log P∞(Ω+

N) ≥ −dG0Cap(D) .

Proof. The strategy of the proof is quite classical in probability theory (and statistical
mechanics), but it is extremely powerful: it is based in a change of measure argument.
The idea is as follows:
(i) Introduce another law P̂ (which depends on N) under which Ω+

N becomes a
typical event, that is such that limN→∞ P̂(Ω+

N) = 1.
(ii) Compare the probabilities P∞(Ω+

N) and P̂(Ω+
N). Here, we use a general inequality

known as an entropy inequality : it involves the relative entropy H(P̂ | P∞) of
P̂ with respect to P, see Lemma 1.31. It then remains to estimate the relative
entropy H(P̂|P∞).

Step (i). Introducing of the law P̂. Let αN ≥ 0 and let f : Rd → R+ be a given
function in C∞

c (i.e. smooth with compact support) such that f(x) = 1 for all x ∈ D.
We then define a function ψ = ψN : Zd → R+ with finite support, which is a scaled
version of f :

ψx := αNf
(
x
N

)
.

We can then “lift” the interface by the function ψ = ψN : we denote by P̂ the law
of φ+ ψ, where φ is a GFF with law P∞.

Then, since ψx = αN for all x ∈ ΛN and φx ∼ N (0, G0) under P∞, we have

P̂
(
(Ω+

N)
c
)
= P∞

(
∃x ∈ Λn , φx + αN < 0

)
≤ |ΛN |P

(
N (0, G0) < −αN

)
,
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by subadditivity. Then, using the inequality P(Z ≤ −t) = P(Z ≥ t) ≤ 1√
2πt

e−
1
2 t

2

for t ≥ 0 and Z ∼ N (0, 1), we obtain that

P̂
(
(Ω+

N)
c
)
≤ |ΛN | ×

1√
2π αN

e−
α2N
2G0 .

To obtain a quantity that tends to 0, since |ΛN | = Vol(D)Nd, it is natural to choose

αN :=
√

2dG0 logN , (1.16)

so that the previous bound gives P̂
(
(Ω+

N)
c
)
≤ C/αN → 0. In conclusion, taking αN

as in (1.16), we obtain limN→∞ P̂(Ω+
N) = 1 as desired.

Step (ii)-(a). Entropy inequality.

Lemma 1.31. Let P̂ and P be two probability measures. We define the relative
entropy of P̂ with respect to P by

H(P̂|P) := Ê

[
log

dP̂

dP

]
= E

[
dP̂

dP
log

dP̂

dP

]
(1.17)

if P̂ is absolutely continuous with respect to P, and H(P̂|P) = +∞ otherwise.
Then, for any event A, the following inequality holds:

P(A) ≥ P̂(A) exp
(
− 1

P̂(A)

(
H(P̂|P) + e−1

))
.

We leave as an exercise to check that one always has H(P̂|P) ≥ 0.

Proof. Note that
P(A)

P̂(A)
=

1

P̂(A)
Ê
[dP
dP̂

1A

]
= Ê

[dP
dP̂

∣∣∣ A] ,
so that, by Jensen’s inequality, we obtain

log
P(A)

P̂(A)
≥ Ê

[
log

dP

dP̂

∣∣∣ A] = − 1

P̂(A)
Ê
[(

log
dP

dP̂

)
1A

]
.

It remains to estimate the last term:

Ê
[(

log
dP

dP̂

)
1A

]
= E

[(dP
dP̂

log
dP

dP̂

)
1A

]
≤ E

[(dP
dP̂

log
dP

dP̂
+ e−1

)
1A

]
≤ E

[dP
dP̂

log
dP

dP̂
+ e−1

]
= H(P̂|P) + e−1 ,
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where we used the fact that x log x+ e−1 ≥ 0 for the last inequality. This concludes
the proof of the lemma.

Combining Lemma 1.31 with Step (i), this shows that

P∞(Ω+
N) ≥ (1 + o(1)) exp

(
− (1 + o(1))

[
H(P̂|P∞) + e−1

])
. (1.18)

Step (ii)-(b). Estimating H(P̂|P∞). To estimate the relative entropy H(P̂|P∞),
note that P̂ is the law of a Gaussian field with mean ψ and covariance matrix G.
Thus, since ψ has finite support, the density dP̂

dP∞
vanishes outside a compact set.

Using the form of the Gaussian density, we have

dP̂

dP∞
=

e−
1
2 ⟨φ−ψ,G

−1(φ−ψ)⟩

e−
1
2 ⟨φ,G−1φ⟩

,

so that

log
dP̂

dP∞
= −1

2
⟨ψ,G−1ψ⟩+ ⟨φ,G−1ψ⟩ = 1

2
⟨ψ,G−1ψ⟩+ ⟨(φ− ψ), G−1ψ⟩ .

Since Ê[φx] = ψx, we deduce that2

H(P̂|P∞) = Ê
[
log

dP̂

dP∞

]
=

1

2
⟨ψ,G−1ψ⟩ . (1.19)

In our case, we have G−1 = −∆, so we obtain (as in the Hamiltonian (1.6))

H(P̂|P∞) =
1

8d

∑
x,y∈Zd

x∼y

(ψx − ψy)
2 =

α2
N

2

1

2d

∑
x∈Zd

∑
y∼x

(
f
(
x
N

)
− f

(
y
N

))2

where we have used that ψ is of the form ψx = αNf(
x
N ) (and lost a factor 2 since

pairs {x, y} in the first sum are counted twice). The sum over Zd is a Riemann sum,
and we thus have (recall that f is smooth with compact support):

lim
N→∞

1

Nd

∑
x∈Zd

∑
y∼x

( 1

N

(
f
(
x
N

)
− f

(
y
N

)))2

=

∫
Rd

∥∇f(x)∥2dx .

2Note that this computation is general for Gaussian vectors with the same covariance matrix.
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Therefore, as N → ∞,

H(P̂|P∞) = (1 + o(1))
α2
N

2
Nd−2 1

2d

∫
Rd

∥∇f(x)∥2dx

= (1 + o(1))dG0N
d−2 logN

1

2d

∫
Rd

∥∇f(x)∥2dx ,

recalling the choice (1.16) of αN . Together with (1.18), this therefore shows that,
for any function f ∈ C∞

c (Rd) with f(x) ≡ 1 on D,

lim inf
N→∞

1

Nd−2 logN
log P∞(Ω+

N) ≥ −dG0 ×
1

2d

∫
Rd

∥∇f(x)∥2dx .

Optimizing over the choice of the function f and recalling the definition (1.15) of
Cap(D), this concludes the proof of Proposition 1.30.

b) Upper bound on P∞(Ω+
N)

Proposition 1.32. One has lim sup
N→∞

1

Nd−2 logN
log P∞(Ω+

N) ≤ −CD .

Here, the constant CD is explicit (see the end of the proof), and depends on the
domain D and on the dimension.

Before the proof, let us introduce the following terminology: we say that x =
(x1, . . . , xd) ∈ Zd is even if

∑d
i=1 xi is even; we say that x ∈ Zd is odd if

∑d
i=1 xi is

odd. We denote

Λeven
N = {x ∈ ΛN : x even} , Λodd

N = {x ∈ ΛN : x odd} .

Proof. The idea is to condition on FΛodd
N

, i.e., on the values of the GFF on odd sites.
Indeed, a site x ∈ Λeven

N is surrounded by odd sites, so by the spatial Markov property
(Proposition 1.5), conditioning on FΛodd

N
amounts to fixing the value of all neighbors

of x ∈ Λeven
N . Conditionally on FΛodd

N
, i.e., on the value of the GFF ϕ on Λodd

N , the
variables (φx)x∈Λeven

N
are then independent Gaussian random variables, with mean

mϕ
x :=

1
2d

∑
y∼x ϕy (this is the harmonic extension of ϕ at x) and variance 1 (starting

from x, the random walk exits Λeven
N in one step, so the number of visits to x is

exactly 1).
Therefore, conditioning with respect to FΛodd

N
and using the spatial Markov prop-
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erty, we obtain

P∞(Ω+
N) = E∞

[
PϕΛeven

N

(
Ω+

Λeven
N

)
1Ω+

Λodd
N

]
= E∞

[{ ∏
x∈Λeven

N

P(Z +mϕ
x > 0)

}
1Ω+

Λodd
N

]
,

where Z ∼ N (0, 1). Writing

P(Z +mϕ
x > 0) = P(Z < mϕ

x) = 1− P(Z > mϕ
x) ≤ exp(−P(Z > mϕ

x)) ,

we deduce the following inequality:

P∞(Ω+
N) ≤ E∞

[
exp

(
−

∑
x∈Λeven

N

P(Z > mϕ
x)

)
1Ω+

Λodd
N

]
.

We then split this expectation into two parts, according to whether the sum in the
exponential is large or not. To do this, let ε ∈ (0, 1), and introduce the following
event (measurable with respect to FΛodd

N
):

AN :=
{∣∣{x ∈ Λeven

N : mϕ
x ≥ (1− ε)

√
4 logN

}∣∣ ≥ (1− ε)|Λodd
N |

}
.

In words, AN corresponds to the event that the vast majority of the means mϕ
x =

1
2d

∑
y∼x ϕy are large.

Step 1. On the event Ac
N . Note that on the event Ac

N , there are at least ε|Λeven
N |

sites x ∈ Λeven
N such that mϕ

x ≥ (1− ε)
√
4 logN : in that case we have∑

x∈Λeven
N

P(Z > mϕ
x) ≥ ε|Λodd

N |P
(
Z > (1− ε)

√
4 logN

)
≥ cεN

d 1√
logN

e−
1
2 (1−ε)

24 logN ≥ Nd−2+2ε+o(1) .

where we have used that P(Z > t) ∼ 1
t
√
2π
e−

1
2 t

2 as t→ ∞. We conclude that

P∞(Ω+
N ∩ Ac

N) ≤ E∞

[
exp

(
−

∑
x∈Λeven

N

P(Z > mϕ
x)
)
1Ac

N

]
≤ exp

(
−Nd−2+2ε+o(1)

)
,

which is negligible compared to P∞(Ω+
N) thanks to Proposition 1.30.

Step 2. On the event AN . First of all, let us start by Writing

P∞(Ω+
N ∩ AN) ≤ P∞

(
Ω+

Λodd
N

∩ AN

)
.
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Now, note that on the event AN ∩ Ω+
Λodd
N

, since all mϕ
x are non-negative, keep only

the large ones we have ∑
x∈Λeven

N

mϕ
x ≥ (1− ε)2|Λodd

N |
√

4 logN .

Now, using the definition of mϕ
x, we get that∑

x∈Λeven
N

mϕ
x =

1

2d

∑
x∈Λeven

N

∑
y∼x

ϕy =
∑
y∈Λodd

N

ϕy ,

so we end up with

P∞
(
Ω+

Λodd
N

∩ AN

)
≤ P∞

( ∑
y∈Λodd

N

ϕy ≥ (1− ε)2|Λodd
N |

√
4 logN

)
.

It remains to observe that, under P∞, the sum
∑

y∈Λodd
N
ϕy is a centered Gaussian

random variable, with variance

σ2N =
∑

x,y∈Λodd
N

G(x, y) .

Hence, using that P(Z > t) ≤ e−
1
2 t

2 for Z ∼ N (0, 1), we get

P∞(Ω+
N ∩ AN) ≤ exp

(
− 1

2σ2N
× 4(1− ε)4|Λodd

N |2 logN
)

= exp
(
− 2(1− ε)4

(N/2)2d

σ2N
Vol(D)2 logN

)
.

To estimate σ2N , we can use the asymptotic G(x, y) ∼ cd∥x − y∥2−d from (1.13):
setting GN(a, b) = Nd−2G(aN, bN), by a Riemann sum we obtain

lim
N→∞

1

(N/2)2d

∑
x,y∈Λodd

N

GN
(
x
N ,

y
N

)
= cd

∫
D×D

G(x, y)dxdy ,

where G(x, y) = ∥x− y∥2−d. We deduce that, as N → ∞,

σ2N
(N/2)2d

=
1

(N/2)2d

∑
x,y∈Λodd

N

G(x, y) ∼ cdN
2−d

∫
D×D

G(x, y)dxdy .

This concludes the proof, with CD := 1
cd
Vol(D)2

( ∫
D×D ∥x− y∥2−ddxdy

)−1.
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c) Properties of trajectories under the conditional law

In the course of the proof, we have showed that P∞(Ω+
N ∩Ac

N) ≪ P∞(Ω+
N). It easily

follows that limN→∞ P∞(Ac
N | Ω+

N) = 0. One could in fact proceed identically for
an event A′

N in which the roles of Λeven
N and Λodd

N are exchanged. We thus obtain the
following corollary, which gives some important information on the behavior of the
interface under the conditional law P∞( · | Ω+

N).
Corollary 1.33. For any ε ∈ (0, 1), define the event

ÃN :=
{∣∣{x ∈ ΛN ,

1
2d

∑
y∼x

φy ≥ (1− ε)
√

4 logN
}∣∣ ≥ (1− ε)|ΛN |

}
Then we have limN→∞ P∞(ÃN | Ω+

N) = 1.
Note that this is some weaker version of the second part of Theorem 1.28.

Exercise 10. Prove the above result. Prove also the same result for the event
ĀN =

{
1

|ΛN |
∑

x∈ΛN
φx ≥ (1− ε)

√
4 logN

}
.

1.3.3 The case of the GFF in dimension d = 2

In this section, let us simply provide some statement on the entropic repulsion phe-
nomenon in dimension d = 2. Note here that there is no infinite-volume Gibbs
measure, so we need to introduce some slightly different setting. Consider two com-
pact sets D ⊂ V of R2 that are “well separated”, that is such that d(D, ∂V ) > 0.
Define ΛN = ND ∩ Zd and VN = NV ∩ Zd. The article [BDG01] then proves the
following, somehow analogous to Theorem 1.28.
Theorem 1.34 (Entropic repulsion of the GFF in d = 2). In dimension d = 2, we
have the following asymptotic behavior

lim
N→∞

1

(logN)2
log P0

VN
(Ω+

ΛN
) = −4gCapV (D) ,

where g = 2
π and CapV (D) is the relative capacity of D inside V , defined by

CapV (D) = inf
{1
2

∫
R2

∥∇f(x)∥2dx , f ≥ 1 on D, f = 0 on V c
}

Moreover, for every ε ∈ (0, 1), we have

sup
x∈ΛN

P0
VN

(∣∣∣ φx
2
√
g logN

− 1
∣∣∣ > ε

∣∣∣ Ω+
ΛN

)
−−−−−→
N→∞

0 .
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1.4 A few exercises

In this section, for simplicity, we consider the domain ΛN = {1, . . . , N}d. We denote
by P0

N := P0
ΛN

the law of a Gaussian free field on ΛN with zero boundary condition.
We also denote by GN(x, y) = GΛN

(x, y) the Green function inside ΛN , i.e. the
Green function of a random walk killed when it exits ΛN .

a) Adapting Propositions 1.30 and 1.32 to the finite-volume GFF

The goal of the following is to adapt (as an exercise) Propositions 1.30 and 1.32 to the
case of a finite-volume Gaussian Free Field, with no “buffer” between the boundary
and the hard wall constraint. The three following exercises will prove the following
result, as well as some consequence.

Proposition 1.35. There exist constants cd, c′d > 0 such that, as N → ∞

−cd + o(1) ≤ 1

Nd−1 logN
log P0

N(Ω
+
N) ≤ −c′d ++o(1) in dimension d ≥ 3 ,

−c2 + o(1) ≤ 1

N(logN)2
log P0

N(Ω
+
N) ≤ −c′2 + o(1) in dimension d = 2 .

Exercise 11 (Lower bound in Proposition 1.35). Let us define

σ2N = max
x∈ΛN

Var0N(φx) .

1. Show that σ2N ≤ G0 := G(0, 0) in dimension d ≥ 3 and σ2N ∼ 2
π logN in

dimension d = 2.
(Hint: you can use Remark 1.13.)

Consider (αN)N≥0 a sequence of positive real numbers such that αN → +∞. For φ
with law P0

N , let us denote P̂N denote the law of φ+ αN .

2. (a) Show that P̂N((Ω+
N)

c) ≤ NdP(Z < −αN

σN
), where Z ∼ N (0, 1).

(b) Take αN =
√
2d σN logN and show that limN→∞ P̂N(Ω

+
N) = 1.

3. Compute the relative entropy H(P̂N | P0
N).

4. Conclude that the lower bounds of Proposition 1.35 hold (in d ≥ 3 and d = 2),
and make the constants explicit.
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Exercise 12 (Consequence of the lower bound). Let σN be defined as in Exercise 11,
and take αN =

√
2d σN logN . Then, for ε ∈ (0, 1), define the event

AN =
{
|{x ∈ ΛN , φx ≥ αN}| ≥ kN

}
,

where kN is a quantity to be determined (a smaller kN gives a broader event).
1. Show that P0

N(AN) ≤
(
Nd

kN

)
P(σNZ ≥ αN)

kN , where Z ∼ N (0, 1).
2. Deduce that if kN = Nd−1α2

N , then for any constant C (arbitrarily large), we
have P0

N(AN) ≤ exp(−CNd−1α2
N) for N large enough.

3. Conclude that with that choice of kN we have limN→∞ P0
N(AN | Ω+

N) = 0.

Exercise 13 (Upper bound in Proposition 1.35). Let us introduce the set

ΓN =
{
x ∈ ΛN , x even, d(x,ΛcN) = 1

}
.

1. Show that we have, for any event A ∈ σ{φx, x ∈ ΛN \ ΓN}

P0
N(Ω

+
N ∩ A) = E0

N

[ ∏
x∈ΓN

P(Z < mφ
x)1Ω̃+

N∩A

]
,

where Z ∼ N (0, 1) and where Ω̃+
N = {φx > 0 , ∀x ∈ ΛN \ ΓN}.

Recall the notation mφ
x = 1

2d

∑
y∼x φy.

Let AN denote the event
{
|{x ∈ ΓN ,m

φ
x ≤ cd

√
logN}| ≤ εNd−1

}
, where cd is a

constant to be determined and ε ∈ (0, 1) is fixed.
2. Show that we have

P0
N(Ω

+
N ∩ Ac

N) ≤ P
(
Z < cd

√
logN

)εNd−1

.

3. For which value of cd do we have P(Z < cd
√
logN)εN

d−1 ≪ P0
N(Ω

+
N) ? Deduce

that for that choice of constant cd we have that

P0
N(Ω

+
N) = P0

N(Ω
+
N ∩ AN) .

(Recall that we have proven the lower bound in Proposition 1.35.)
4. Show that, on the other hand,

P0
N

(
Ω+
N ∩ AN

)
≤ P0

N

( ∑
x∈ΓN

mφ
x ≥ (1− ε)cdN

d−1
√

logN , Ω̃+
N

)
.
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Let us introduce the sets

Γ̃
(1)
N = {x ∈ ΛN odd, d(x,ΛcN) = 1}, Γ̃

(2)
N = {x ∈ ΛN odd, d(x,ΛcN) = 2} ,

and let us denote MB =
∑

x∈B φx for any B ⊂ ΛN .
5. Show that if φx > 0 for all x ∈ ΛN \ ΓN then

∑
x∈ΓN

mφ
x ≤M

Γ̃
(1)
N

+ 1
2dMΓ̃

(2)
N

.
6. Deduce that

P0
N

(
Ω+
N ∩ AN

)
≤ PN

(
M

Γ̃
(1)
N

+ 1
2dMΓ̃

(2)
N

≥ (1− ε)cdN
d−1

√
logN

)
≤ PN

(
M

Γ̃
(1)
N

≥ 1−ε
2 cdN

d−1
√
logN

)
+ PN

(
M

Γ̃
(2)
N

≥ (1− ε)dcdN
d−1

√
logN

)
.

7. Show that MΥ ∼ N (0, σ2Υ), where σ2Υ :=
∑

x∈ΥEx[VΥ] with VΥ =
∑TΛc

N

i=1 1Si∈Υ
is the number of visits of a simple random walk to the set Υ before exiting ΛN .
Show that there are constants c1, c2 such that σ2

Γ̃
(1)
N

≤ c1N
d−1 and σ2

Γ̃
(2)
N

≤ c2N
d−1.

(Bonus: make the constants c1, c2 explicit.)
8. Conclude that the upper bounds of Proposition 1.35 hold (in d ≥ 3 and d = 2),

and make the constants explicit.

b) Probability that the GFF remains “small” in a domain

We now give another useful lemma as a detailed exercise. It provides a complement
to the upper bound given in Exercise 3 on the probability that the GFF remains
“small” in some given domain Γ.

Lemma 1.36. There exists a constant c > 0 such that, for any N ≥ 2 and any
Γ ⊂ ΛN ,

P0
N

(
|φx| ≤ 1 for all x ∈ Γ

)
≥ e−c α

2
N |Γ| .

Here, αN = logN in dimension d = 2 and αN =
√
logN in dimension d ≥ 3.

Exercise 14 (Proof of Lemma 1.36). Recall that the Exercise 6 shows that there is
a constant cd > 0 such that limN→∞ P0

N(maxx∈ΛN
|φx| ≥ cdαN) = 0. We fix such a

constant in the sequel. For a set Υ, we denote by

Υeven = {x ∈ Υ, x even} , Υodd = {x ∈ Υ, x odd} .
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1. By conditioning on FΛodd
N

, show that

P0
N

(
|φx| ≤ 1 ∀ x ∈ Γ

)
≥ E0

N

[{ ∏
x∈Γeven

P
(
|Z +mφ

x | ≤ 1
)}

1{|φx|≤1 ∀x∈Γodd}

]
,

where Z ∼ N (0, 1) and mφ
x = 1

2d

∑
y∼x φx.

2. Show that P(|Z +mφ
x | ≤ 1) ≥ 2× 1√

2π
e−

1
2 (1+|mφ

x |)2. Deduce that

P0
N

(
|φx| ≤ 1 ∀ x ∈ Γ

)
≥
(√

2/π e−
1
2 (1+cdαN )2

)|Γeven|

P0
N

(
|φx| ≤ 1 ∀x ∈ Γodd ; |φx| ≤ cdαN ∀x ∈ Λodd

N

)
.

3. Proceeding in the same way (that is, by conditioning on FΛeven
N

), show that

P0
N

(
|φx| ≤ 1 ∀x ∈ Γodd ; |φx| ≤ cdαN ∀x ∈ Λodd

N

)
≥

(√
2/π e−

1
2 (1+cαN )2

)|Γodd|
P0
N

(
|φx| ≤ cdαN ∀x ∈ ΛN

)
.

4. Conclude the proof of the Lemma, using Exercise 6.

Remark 1.37. One can easily adapt the proof to obtain that, for any sequence MN

with MN = o(logN) as N → ∞, we have

inf
|ξ|∂ΛN

|≤MN

PξN
(
|φx| ≤ 1 for all x ∈ Γ

)
≥ e−c α

2
N |Γ| .

Here, the infimum is taken over boundary conditions ξ such that supx∈∂ΛN
|ξx| ≤MN .

Indeed, it suffices to note that Exercise 6 shows that PξN(maxx∈ΛN
|φx| ≥ cdαN) → 0

uniformly for such boundary conditions.

Traduis en Anglais et garde la structure latex pour que je puisse copier coller, sans
rien corriger:
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Chapter 2

Pinning and wetting of random interfaces

The goal of this section is to study an interface in dimension d + 1 which interacts
with a hyperplane Zd×{0}. We will consider two models of effective interfaces that
we have studied in the previous chapter:

• the unconstrained case, when the height of the interface can take negative values
— this is known as a pinning model;

• the case with a hard wall constraint, when the height of the interface is condi-
tioned to remain positive — this is known as a wetting model.

2.1 Introduction of the model and first properties

2.1.1 Definition of the pinning and wetting of interfaces

Let Λ ⋐ Zd. For parameters β ≥ 0 and u ∈ R and a boundary condition ξ : Zd → R,
we consider the following Gibbs measures: for a > 0,

dPξΛ,β,u
dµ

=
1

W ξ
Λ,β,u

exp
(
− βHξ

Λ(φ) + u
∑
x∈Λ

1{|φx|≤a}

)
and

dPξ,+Λ,β,u

dµ
=

1

W ξ,+
Λ,β,u

exp
(
− βHξ

Λ(φ) + u
∑
x∈Λ

1{φx∈[0,a]}

)
1Ω+

Λ
(φ) .

In these notations, we have kept all the parameters of the model; notice that when
u = 0, we recover the models of Chapter 1. The partition functions of the models
are denoted by W ξ

Λ,β,u and W ξ,+
Λ,β,u. are the partition functions of the model. For

simplicity, we will consider in the sequel only the case β = 1 and we will omit it

49
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from the notations; we will also omit the dependence on the parameter a > 0, which
is fixed once and for all (for instance, a = 1

2).
The Gibbs measures introduced above correspond to modifying the law PξΛ of

the interface by introducing an interaction with the hyperplane Zd × {0}, when
the interface is at a height smaller than a; one then speaks of contact between
the interface and the hyperplane. The parameter u controls the intensity of the
interaction: if u < 0, the hyperplane is repulsive (the interface is penalized if it
has many contacts with the hyperplane); if u > 0, the hyperplane is attractive (the
interface is favored if it has many contacts).

In fact, we will rather write the Gibbs measures PξΛ,u and Pξ,+Λ,u as Gibbs measures
with respect to PξΛ, in the following way:

dPξΛ,u

dPξΛ
=

1

Zξ
Λ,u

exp
(
u
∑
x∈Λ

ϑx

)
and

dPξ,+Λ,u

dPξΛ
=

1

Zξ,+
Λ,u

exp
(
u
∑
x∈Λ

ϑx

)
1Ω+

Λ
(φ) ,

where we have set ϑx := ϑx1{|φx|≤a} for simplicity. The partition functions are then
given by the following expressions:

Zξ
Λ,u =

W ξ
Λ,u

W ξ
Λ,u=0

= EξΛ

[
exp

(
u
∑
x∈Λ

ϑx

)]

and Zξ,+
Λ,u =

W ξ,+
Λ,u

W ξ
Λ,u=0

= EξΛ

[
exp

(
u
∑
x∈Λ

ϑx

)
1Ω+

Λ
(φ)

]
.

(2.1)

In particular, for u = 0, we have Zξ
Λ,u=0 = 1 and Zξ,+

Λ,u=0 = PξΛ(Ω
+
Λ). For the

unconstrained measure, one speaks of the pinning model ; for the measure with a
hard wall constraint, one speaks of the wetting model.

The general goal of this chapter is to understand the behavior of the interface
under PξΛ,u and Pξ,+Λ,u, as a function of the parameter u ∈ R. In fact, we will see that
a phase transition occurs at some critical point uc, and we will give some information
on the properties of this phase transition.

We will focus on the case ΛN = {1, . . . , N−1}d and in most cases on the boundary
condition ξ ≡ 0. We will moreover denote by P0

N,u and P+
N,u, resp. Z0

N,u and Z+
N,u,

the Gibbs measures, resp. the partition functions, in this case. Finally, we will focus:
in dimension d = 1 on the discrete case; in dimension d ≥ 2 on the GFF case.
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2.1.2 Free energy and first properties

Definition 2.1. We define the free energy (without/with constraint) with zero
boundary condition as the following limit:

F0(u) = lim
N→∞

1

Nd
logZ0

N,u , and F+(u) = lim
N→∞

1

Nd
logZ+

N,u . (2.2)

The “true” definition of the free energy would be F0/+(u) = limΛ↑Zd
1
|Λ| logZ

0/+
Λ,u , but

we focus on the definition (2.2), which is easier to handle. Our first result give some
properties of the free energy.

Proposition 2.2. We have the following properties:
(i) Both limits in (2.2) exist;
(ii) For all u ∈ R, we have 0 ≤ F+(u) ≤ F0(u) ≤ max(u, 0);

in particular F0(u) = F+(u) = 0 for all u ≤ 0.
(iii) The maps u 7→ F0/+(u) are non-decreasing and convex.

The proof of point (i), in particular in the case of dimension d ≥ 2, is somewhat
technical and we postpone the proof to later on, see Section 2.1.4.

Proof. Let us start by proving point (ii). We have the inequality

Z0
N,u ≥ Z+

N,u ≥ E0
N

[
exp

(
u
∑
x∈ΛN

ϑx

)
1{φx>a ∀x∈ΛN}

]
= P0

N

(
φx > a ∀x ∈ ΛN

)
,

where the last identity follows by the fact that all the ϑx are equal to zero on the
event {φx > a ∀ x ∈ ΛN}. Now, in dimension d ≥ 2 (for the GFF), one just needs
to adapt the proof of Proposition 1.35 to obtain that there exists a constant c > 0
such that, for N ≥ 2

Z+
N,u ≥ P0

N

(
φx > a ∀x ∈ ΛN

)
≥ e−c0N

d−1 logN . (2.3)

In dimension d = 1, for a discrete height interface and since we had fixed a ∈ (0, 1),
the lower bound that we obtain is

Z+
N,u ≥ P(SN = 0, Sk > 0 ∀1 ≤ k ≤ N − 1) ≥ cN−3/2 , (2.4)

recalling also Theorem 1.22. In the end, taking the logarithm, dividing by Nd and
taking the limit, we indeed obtain F0(u) ≥ F+(u) ≥ 0 for all u ∈ R.
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We also clearly have that F+(u) ≤ F0(u) for any u, since Z+
N,u ≤ Z0

N,u. For the
upper bound on F+(u), we simply observe that uϑx ≤ max(u, 0), since ϑx ≥ 0

and we can bound ϑx ≤ 1 when u ≥ 0. Thus, we directly obtain that Z0/+
N,u ≤

exp(max(u, 0)|ΛN |). Taking the logarithm, dividing by Nd and taking the limit
N → ∞, we obtain F0(u) ≤ max(u, 0).

Let us now prove point (iii). Let us set, for N ≥ 1,

F0N(u) := logZ0
N,u and F+N(u) := logZ+

N,u .

It suffices to show that, for all N ≥ 1, the maps u 7→ F
0/+
N (u) are non-decreasing

and convex, since the (pointwise) limit of a sequence of non-decreasing and convex
functions is itself non-decreasing and convex.

The monotonicity of F0/+N in u is clear since u 7→ Z
0/+
N,u is non-decreasing, as the

expectation of a non-decreasing function in u (for any realization of φ, since ϑx ≥ 0).
Another way to see the monotonicity of F0/+N , which will be useful later on, is simply
to differentiate F

0/+
N . Let us do the calculation for F+N , the analogue computations

for F0N being almost identical: in view of (2.1), we have

∂

∂u
F+N(u) =

∂

∂u
logZ+

N,u =
1

Z+
N,u

E0
N

[( ∑
x∈ΛN

ϑx

)
exp

(
u
∑
x∈ΛN

ϑx

)
1Ω+

ΛN

(φ)

]
so that in particular

∂

∂u
F+N(u) = E+

N,u

[ ∑
x∈ΛN

ϑx

]
. (2.5)

Thus, it is clear that ∂
∂uF

+
N(u) ≥ 0, and therefore F+N is non-decreasing.

To show the convexity of F0/+N , we compute its second derivative. Repeating the
computation (2.5) (and recalling the expression (2.1)), we have

∂2

∂u2
F+N(u) =

1

Z+
N,u

E0
N

[( ∑
x∈ΛN

ϑx

)2

exp
(
u
∑
x∈ΛN

ϑx

)
1Ω+

ΛN

(φ)

]

− 1

(Z+
N,u)

2
E0
N

[( ∑
x∈ΛN

ϑx

)2

exp
(
u
∑
x∈ΛN

ϑx

)
1Ω+

ΛN

(φ)

]2
.
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We can rewrite the above as

∂2

∂u2
F+N(u) = E+

N,u

[( ∑
x∈ΛN

ϑx

)2
]
− E+

N,u

[ ∑
x∈ΛN

ϑx

]2
= Var+N,u

( ∑
x∈ΛN

ϑx

)
≥ 0 ,

which shows the convexity of u 7→ F+N(u).

2.1.3 The (localization) phase transition

The fact that the free energies F0 and F+ are non-decreasing and convex allows us
to define the following critical points:

u0c := sup
{
u ∈ R, F0(u) = 0

}
= inf

{
u ∈ R, F0(u) > 0

}
,

u+c := sup
{
u ∈ R, F+(u) = 0

}
= inf

{
u ∈ R, F+(u) > 0

}
.

(2.6)

These critical points u0/+c mark a phase transition, which is called the pinning tran-
sition or localization transition.

u

F(u)

uc

Figure 2.1: We have represented the free energy F(u) as a function of u (in the case F0

or F+): it is a non-negative, non-decreasing convex function. We have also represented
the bounds F(u) ≤ max(u, 0) and F(u) ≥ min(u− ca, 0), cf. Exercise 15.

Let us recall the computation done in (2.5): we have showed that

∂

∂u

( 1

Nd
logZ

0/+
N,u

)
= E

0/+
N,u

[ 1

Nd

∑
x∈ΛN

ϑx

]
,

which is the average density of contacts under P0/+
N,u . We can now use the following.

Claim 2.3. If (fN)N≥1 is a sequence of convex functions that converges pointwise
to f , then f is convex. Additionally, at every point x where f is differentiable (i.e.
for all but at most a countable number of x), we have f ′(x) = limN→∞ f(x).
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With this claim we obtain that for any u ∈ R such that the derivative ∂F0/+

∂u exists1,

∂F0/+

∂u
= lim

N→∞
E
0/+
N,u

[
1

Nd

∑
x∈ΛN

ϑx

]
. (2.7)

We deduce the following description of the phase transition:
• If u < u

0/+
c , then F0/+(u) = 0 and ∂F0/+

∂u = 0. Thus, the asymptotic density of
contacts under P0/+

N,u is zero and this is called of a delocalized phase.

• If u > u
0/+
c , then F0/+(u) > 0 and by convexity ∂

∂uF
0/+ > 0 (if the derivative

exists, which is the case in practice). Thus, the asymptotic density of contacts
under P0/+

N,u is strictly positive and this is called a localized phase.
The main questions we want to answer in the rest of this chapter are the following:

(i) can one compute u0c or u+c explicitly (or have a precise characterization)? (ii) can
one give the behavior of the free energy when approaching the critical point? This
would for instance allow us to describe how the contact density increases when
crossing the critical point u0/+c .

Exercise 15. The goal of this exercise is to give lower bounds on the free energy
and some consequences on the critical points.

1. Show that u+c ≥ u0c ≥ 0.
2. (a) Show that Z0/+

N,u ≥ eu|ΛN |P0
N(|φx| ≤ a ∀x ∈ ΛN).

(b) Deduce that F0/+(u) ≥ min(u− ca, 0), where eca =
∫
[−a,a]

e−V (h)dµ∫
R e−V (h)dµ

.
Hint. Review the proof of Lemma 1.3.

(c) Conclude that u0c ≤ u+c ≤ ca.

2.1.4 Existence of the free energy

In this section, we prove the existence of the free energy, i.e. item (i) of Proposi-
tion 2.2. We start with the case of dimension d = 1 and we turn to the case of
dimension d ≥ 2 afterwards (it is much more technical).

a) The case of dimension d = 1

Recall that in dimension d = 1, we consider discrete height interfaces. Again, let
focus on the case with a hard-wall constraint; the unconstrained case being com-

1The only possible point of non-differentiability will turn out to be the critical point.
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pletely analogous. Thanks to the interpretation of the interface as a random walk
from Section 1.1.3, we can write (for a ∈ (0, 1) so that ϑx = 1{|φx|≤a} = 1{φx=0}),

Z+
N,u = E

[
exp

(
u
N−1∑
k=1

1{Sk=0}

)
1Ω+

N

∣∣∣ SN = 0

]
,

where (Sk)k≥1 is a random walk starting from 0, i.e. Sk =
∑k

i=1Xi for i.i.d. random
variables (Xi)i≥1.

Let us then introduce the modified partition function as

Z̃+
N,u := E

[
exp

(
u

N∑
i=1

1{Si=0}

)
1Ω+

N
1{SN=0}

]
= P(SN = 0)euZ+

N,u .

Thanks to Theorem 1.22 (the local CLT), we have that limN→∞
1
N log P(SN = 0) =

0, so that the existence of the free energy follows from the existence of the limit
limN→∞

1
N log Z̃+

N,u. We therefore have

F+(u) = lim
N→∞

1

N
log Z̃+

N,u .

The advantage of working with the modified partition function Z̃+
N,u is that we have

the following “super-multiplicativity” property. For any N,M ≥ 1, inserting the
indicator function 1{SN=0} inside the expectation, we have

Z̃+
N+M,u ≥ E

[
exp

(
u

N+M∑
i=1

1{Si=0}

)
1Ω+

N+M
1{SN=0}1{SN+M=0}

]
,

which, thanks to the Markov property, is equal to

E

[
exp

(
u

N∑
i=1

1{Si=0}

)
1Ω+

N
1{SN=0}

]
E

[
exp

(
u

M∑
i=1

1{Si=0}

)
1Ω+

M
1{SM=0}

]
.

This shows that Z̃+
N+M,u ≥ Z̃+

N,uZ̃
+
M,u, so that that the sequence (log Z̃

0/+
N,u )N≥1 is

super-additive, which allows one to use Fekete’s lemma (which is classical).

Lemma 2.4 (Fekete’s lemma). Let (un)n≥1 be a super-additive sequence of real
numbers, that is such that one has un+m ≥ un + um for all n,m ≥ 1. Then

lim
n→∞

un
n

= sup
n≥1

un
n
.



56 CHAPTER 2. PINNING AND WETTING OF RANDOM INTERFACES

In particular, the limit always exists and is finite if the supremum is finite.

This shows that the free energy exists.

Remark 2.5 (Finite-volume criterion). In fact, let us state the following corollary
of Fekete’s lemma.

Corollary 2.6. Let us set Z̃0/+
N,u := euP(SN = 0)Z

0/+
N,u . Then, we have

F0/+(u) = sup
N≥1

1

N
log Z̃

0/+
N,u = sup

N≥1

{ 1

N
logZ

0/+
N,u +

u

N
+

1

N
log P(SN = 0)

}
.

This corollary is quite useful to obtain what is called a finite-volume criterion for
localization. More precisely, we have that F0/+(u) > 0 if and only if there is some
N > 0 such that logZ

0/+
N,u > −u − log P(SN = 0); moreover, if one finds such N ,

Corollary 2.6 provides a lower bound on the free energy.

b) The case of the GFF in dimension d ≥ 2

Recall that in dimension d ≥ 2, we focus on the case of the GFF. Note that we may
restrict to the case u ≥ 0 since we already know that F(u) = 0 otherwise.

The idea is to find a form of super-additivity property for (logZ0/+
N,u )N≥1, at least

approximately; this is provided by (2.11) below. One difficulty is that one cannot
constrain the GFF to take the value 0 on a domain since this is an event of probability
zero (this problem also arises in dimension d = 1 for continuous surfaces).

We proceed in several steps, which we summarize in three lemmas. (Here we
only work with the unconstrained case, the hard wall constraint being completely
analogous.)

Lemma 2.7 (Change of boundary condition). For ξ : Zd → R a boundary condition,
we denote M ξ

N := supx∈∂ΛN
|ξx|. Then, there exists a constant cu = 4(|u| + c) > 0

such that, if M ξ
N ≤

√
N , we have

−cuNd− 1
2 M ξ

N − 1 ≤ log

(
Zξ
N,u

Z0
N,u

)
≤ Nd− 1

2 M ξ
N + 1 .

Lemma 2.8 (Quasi-monotonicity along dyadic scales). There exist c0 > 0 and N0 =
N0(cu) such that for all N ≥ N0 the sequence

(
1

(2kN)d
logZ0

2kN,u − c0(2
kN)−1/4

)
k≥1
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is non-decreasing. In particular, the following limit exists:

f(u) = lim
k→∞

1

2kd
logZ0

2k,u = sup
k≥log2N0

{ 1

2kd
logZ0

2k,u − c02
−k/4

}
.

Lemma 2.9 (Filling the gaps between dyadic scales). We have the following in-
equality:

f(u) ≤ lim inf
N→∞

1

Nd
logZ0

N,u ≤ lim sup
N→∞

1

Nd
logZ0

N,u ≤ f(u) .

A corollary of all these lemmas, in analogy with Corollary 2.6, we obtain the follow-
ing.

Corollary 2.10. In dimension d ≥ 2, we have

F0/+(u) = lim
N→∞

1

Nd
logZ

0/+
N,u = sup

N≥N0

{ 1

Nd
logZ

0/+
N,u − c0

N 1/4

}
.

Proof of Corollary 2.10. The existence of the limit is given by Lemmas 2.8 and 2.9.
Lemma 2.8 moreover ensures that for all N ≥ N0,

f(u) = lim
k→∞

1

2kdNd
logZ0

2kN,u = lim
k→∞

( 1

2kdNd
logZ0

2kN,u − c0(2
kN)−1/4

)
≥ 1

Nd
logZ0

N,u − c0N
−1/4 ,

by monotonicity in k. This gives the bound f(u) ≥ supN≥N0
{ 1
Nd logZ

0
N,u−c0N−1/4},

the other bound being obvious.

The rest of the section is devoted to the proofs of Lemmas 2.7, 2.8 and 2.9; this
is rather technical and can be skipped on a first reading.

Proof of Lemma 2.7. The main observation is that we know how to control
the difference between the Hamiltonians with boundary condition ξ and with zero
boundary condition: writing Λ = ΛN , we have

H0
Λ(φ)−Hξ

Λ(φ) =
1

8d

∑
x∈Λ,y /∈Λ
x∼y

[
φ2
x − (φ2

x − ξy)
2
]
=

1

4d

∑
x∈Λ,y /∈Λ
x∼y

φxξy −
1

8d

∑
x∈Λ,y /∈Λ
x∼y

ξ2y .
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Using the definition (2.1) of Zξ
Λ,u, we can therefore write

Zξ
Λ,u =

1

W ξ
Λ

∫
RΛ

e−H
ξ
Λ(φ)+H

0
Λ(φ)−H0

Λ(φ)eu
∑

x∈Λ ϑxdµ =
W 0

Λ

W ξ
Λ

E0
Λ

[
e−H

ξ
Λ(φ)+H

0
Λ(φ)+u

∑
x∈Λ ϑx

]
,

with
W ξ

Λ =

∫
RΛ

e−H
ξ
Λ(φ)+H

0
Λ(φ)−H0

Λ(φ)dµ = W 0
Λ E

0
Λ

[
e−H

ξ
Λ(φ)+H

0
Λ(φ)

]
.

Going back to the expression of −Hξ
Λ(φ) + H0

Λ(φ) above and noting that the last
term does not depend on φ, we deduce that

Zξ
Λ,u =

E0
Λ

[
eΦ

ξ
Λ+u

∑
x∈Λ ϑx

]
E0
Λ

[
eΦ

ξ
Λ

] where Φξ
Λ =

1

4d

∑
x∈Λ,y /∈Λ
x∼y

φxξy . (2.8)

Controlling the denominator of (2.8). Let us show that

1 ≤ E0
Λ

[
eΦ

ξ
Λ
]
≤ exp

(
1
2N

d− 1
2M ξ

N

)
. (2.9)

To get this, notice that Φξ
Λ is a linear combination of (φx)x∈Λ. Thus, under P0

Λ, Φξ
Λ

is a centered Gaussian random variable, and

E0
Λ

[
eΦ

ξ
Λ
]
= e

1
2 Var

0
Λ(Φ

ξ
Λ) .

The lower bound in (2.9) being obvious, it remains to show that Var0Λ(Φ
ξ
Λ) ≤

(M ξ
N)

2Nd−1 ≤ M ξ
NN

d− 1
2 , the last inequality following from our assumption M ξ

N ≤√
N . Now, we can estimate the variance:

Var0Λ(Φ
ξ
Λ) =

1

(4d)2

∑
x∈Λ,y /∈Λ
x∼y

∑
x′∈Λ,y′ /∈Λ
x′∼y′

GΛ(x, x
′)ξyξy′

≤ (M ξ
N)

2 1

(4d)2

∑
x∈Λ,y /∈Λ
x∼y

∑
x′∈Λ,y′ /∈Λ
x′∼y′

GΛ(x, x
′) = (M ξ

N)
2Var0Λ(Φ

ξ≡1
Λ ) .

One can in fact compute explicitly Var0Λ(Φ
ξ≡1
Λ ). Indeed, noticing that W ξ≡1

Λ = W ξ≡h
Λ

(simply by a change of variables φ 7→ φ+h), going back to the identity above (2.8),
one obtains that for any h ∈ R

1 =
W ξ≡h

Λ

W 0
Λ

= E0
Λ

[
e−H

ξ≡h
Λ (φ)+H0

Λ(φ)
]
= E0

Λ

[
ehΦ

ξ≡1
Λ − 1

8d

∑
x∈Λ,y /∈Λ,x∼y h

2
]
.
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Since we know that Φξ≡1
Λ is a centered Gaussian we have E0

Λ[e
hΦξ≡1

Λ ] = e
1
2 Var

0
Λ(Φ

ξ≡1
Λ ),

so that
Var0Λ(Φ

ξ≡1
Λ ) =

1

4d

∑
x∈Λ,y /∈Λ,x∼y

1 ≤ Nd−1 .

This concludes the proof of (2.9).
Upper bound in Lemma 2.7. For the numerator in (2.8), we split the expectation
into two parts, depending on whether Φξ

Λ is smaller or larger than buNd− 1
2 M ξ

N with
b2u = 4(u+ c) for some appropriate constant c. The first term is

E0
Λ

[
eΦ

ξ
Λ+u

∑
x∈Λ ϑx1{Φξ

Λ≤buN
d− 1

2Mξ
N}

]
≤ ebuN

d− 1
2Mξ

N Z0
Λ,u .

The second term is (recall that we only treat the case u ≥ 0)

E0
Λ

[
eΦ

ξ
Λ+u

∑
x∈Λ ϑx1{Φξ

Λ>buN
d− 1

2Mξ
N}

]
≤ eu|Λ| E0

Λ

[
e2Φ

ξ
Λ

]1/2
P0
Λ

(
Φξ

Λ > buN
d− 1

2M ξ
N

)1/2

≤ euN
d

eN
d−1(Mξ

N )2e−
1
4b

2
uN

d

,

where we have bounded ϑx ≤ 1 and used Cauchy–Schwarz inequality, then used that
Φξ

Λ is a centered Gaussian random variable with variance Var0Λ(Φ
ξ
Λ) ≤ Nd−1(M ξ

N)
2

as seen above. Now, since we took b2u = 4(u+ c), using that M ξ
N ≤

√
N we deduce

that
E0
Λ

[
eΦ

ξ
Λ+u

∑
x∈Λ ϑx1{Φξ

Λ>buN
d− 1

2Mξ
Λ}

]
≤ e−cN

d ≤ 1
2Z

0
N,u , (2.10)

where we also applied the lower bound (2.3) on Z0
N,u (having chosen the constant c

appropriately). Going back to (2.8), we deduce that

Zξ
Λ,u ≤

(
1
2 + exp

(
buN

d− 1
2M ξ

N

))
Z0
N,u ,

which gives the desired upper bound.
Lower bound in Lemma 2.7. Starting from (2.8) and with the upper bound (2.9) on
the denominator, we have

Zξ
Λ,u ≥ e−

1
2N

d− 1
2Mξ

N E0
Λ

[
eΦ

ξ
Λ+u

∑
x∈Λ ϑx

]
≥ e−( 12+bu)N

d− 1
2Mξ

N E0
Λ

[
eu

∑
x∈Λ ϑx1{Φξ

Λ>−buN
d− 1

2Mξ
Λ}

]
.

Now, we can write

E0
Λ

[
eu

∑
x∈Λ ϑx1{Φξ

Λ>−buN
d− 1

2Mξ
Λ}

]
= Z0

N,u − E0
Λ

[
eu

∑
x∈Λ ϑx1{Φξ

Λ<−buN
d− 1

2Mξ
Λ}

]
≤ 1

2Z
0
N,u ,
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where the last inequality is due to (2.10), using also some symmetry. We conclude
that

Zξ
Λ,u ≥

1

2
e−( 12+bu)N

d− 1
2Mξ

N Z0
N,u ,

which gives the desired lower bound.

Proof of Lemma 2.8. Let us start by showing that there exists N0 such that

1

(2N)d
logZ0

2N,u ≥
1

Nd
logZ0

N,u −N− 1
4 for N ≥ N0 . (2.11)

The idea is to decompose the cube {1, . . . , 2N − 1}d into 2d blocks (Λ
(v)
N )v∈{0,1}d

of size N , where Λ
(v)
N = ΛN + Nv. Note that the blocks Λ

(v)
N are well separated by

a boundary: we set Γ := Λ2N \ (
⋃
v∈{0,1}d Λ

(v)
N ). By imposing that the GFF is not

too large on Γ and conditioning on FΓ, we obtain the following inequality, due to an
application of the spatial Markov property:

Z0
2N,u ≥ E0

2N

[ ∏
v∈{0,1}d

Zϕ
Λv,u

1{|ϕx|≤(logN)3 ∀x∈Γ}

]
≥

(
Z0
N,ue

−cuNd− 1
2 (logN)3

)2d

P
(
|ϕx| ≤ (logN)3 ∀x ∈ Γ

)
,

where we have used Lemma 2.7 for the inequality to change the boundary condition
on the sub-boxes to ξ ≡ 0. Now, we have

P
(
∃ x ∈ Γ , |ϕx| > (logN)3

)
≤ |Γ|e−

1
2 (logN)3/σ2

N ,

where σ2N = maxx∈Λ2N
Var02N(ϕx) satisfies σ2N ≤ C in dimension d ≥ 3 and σ2N ≤

C logN in dimension d = 2. We therefore obtain

P
(
|ϕx| ≤ (logN)3 ∀x ∈ Γ

)
≥ 1− (2N)de−c(logN)2 ≥ 1

2

for N large enough. We have thus shown that

1

2d
1

Nd
logZ0

2N,u ≥
1

Nd
logZ0

N,u − cuN
− 1

2 (logN)3 − log 2 ≥ 1

Nd
logZ0

N,u −N− 1
4

for N large (how large one ned to take N depends on cu). We have thus proved
inequality (2.11).
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Let us now set, for N ≥ N0,

UN :=
1

Nd
logZ0

N,u − c0N
1/4 , with c0 := (1− 2−1/4)−1 .

(Note that c0 verifies 1 + c02
−1/4 = c0.) Using (2.11), we have for any N ≥ N0,

U2N ≥ 1

Nd
logZ0

N,u −N− 1
4 − c0(2N)−1/4 = UN .

Thus, the sequence (U2kN)k≥0 is non-decreasing. This shows that limk→∞ U2kN exists
and, because limk→∞(2kN)−1/4 = 0, it is equal to f(u) = limk→∞

1
2kd

logZ0
2k,u.

Proof of Lemma 2.9. Let us start with the lower bound in Lemma 2.9. We apply
the same idea as before, writing

N = qN2
kN + rN with kN := 1

2⌈log2N⌉ , rN ≤ 2kN .

Note that rN ≤
√
N and qN ∼

√
N when N → ∞.

We decompose ΛN into qN boxes of size 2kN , denoted Λ
(v)
N = Λ2kN + 2kNv for

v ∈ {0, . . . , qN − 1}d. Conditioning on FΓ where Γ = ΛN \ (
⋃
v Λ

(v)
N ) and using the

spatial Markov property (and the fact that uϑx ≥ 0 on Γ), we obtain

Z0
N,u ≥ E0

N

[ ∏
v∈{0,...,qN−1}d

Zϕ
Λv,u

1{|ϕx|≤(logN)3 ∀x∈Γ}

]

≥
(
Z0
2kN e

−c2kN (d− 1
2 )(logN)3

)(qN )d

P
(
|ϕx| ≤ (logN)3 ∀x ∈ Γ

)
using again Lemma 2.7 to change the boundary condition to ξ ≡ 0 in all sub-boxes.
Now, exactly as in the proof of Lemma 2.8, the last probability is larger than 1

2 . This
shows that

1

Nd
logZ0

N,u ≥
(qN)

d

Nd
logZ0

2kN ,u −
c

Nd
2kN (d− 1

2 )(logN)3 − log 2

≥ (qN)
d

(qN + 1)d
1

2kNd
logZ0

2kN ,u − c′2−
1
2kN (logN)3 ,

where for the second inequality we have used the fact that 2kN ≤ N ≤ (1 + qN)2
kN .

Taking the liminf as N → ∞ and using Lemma 2.8 together with the fact that
kN , qN → ∞, we deduce the lower bound in Lemma 2.9.
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We now turn the upper bound in Lemma 2.9. We introduce k̂N = 2⌈log2N⌉ and we
write

2k̂N = q̂NN + r̂N , r̂N < N .

This time, we decompose Λ
2k̂N

into q̂N boxes of size N , denoted Λ
(v)
N = ΛN + Nv.

With the same inequalities as above (replacing N by 2k̂N and 2kN by N), we have

1

2k̂Nd
logZ0

2k̂N ,u
≥ (q̂N)

d

2k̂Nd
logZ0

N,u −
c

2k̂Nd
Nd− 1

2 (log 2k̂N )3 − log 2

≥ (q̂N)
d

(q̂N + 1)d
1

Nd
logZ0

N,u − c′N− 1
2 (logN)3 .

Taking the limsup as N → ∞ and using Lemma 2.8 together with the fact that
k̂N , q̂N → ∞, we deduce the upper bound in Lemma 2.9.

2.2 Free energy and phase transition in dimension d = 1

In dimension d = 1 (recall we treat discrete height interfaces), it turns out that we
are able to give an implicit formula for the free energy, both in the model with and
without constraint: this is Proposition 2.12 below. We then deduce the following
result, which gives the critical behavior of the free energy.

Theorem 2.11 (Critical behavior of the pinning/wetting model in d = 1). In di-
mension d = 1, one has u0c = 0 and u+c > 0. Moreover, there exist (explicit)
constants c0, c+ > 0 such that

F0(u) ∼ c0u
2 as u ↓ 0 ,

F+(u) ∼ c+(u− u+c )
2 as u ↓ u+c .

The rest of this section is devoted to the proof of Theorem 2.11.

2.2.1 Implicit formula for the free energy

Recall the notations pn = P(SN = 0) and p+n := P(Sn = 0, Sk ≥ 0 ∀k ≤ n), and
introduce the following Laplace transforms: for λ > 0

U 0(λ) =
∞∑
n=0

e−λnpn and U+(λ) =
∞∑
n=0

e−λnp+n . (2.12)
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Note that the functions λ 7→ U0/+(λ) are decreasing and strictly convex. The main
result of this subsection is the following.

Proposition 2.12. The free energy F0(u) is the solution in λ of the equation

U 0(λ)− 1

U 0(λ)
= e−u ⇐⇒ U 0(λ) =

1

1− e−u

if a solution exists, and F0(u) = 0 otherwise. The same result holds for F+(u) by
replacing U 0(λ) with U+(λ).

We prove this proposition first in the unconstrained case and then show how to
adapt it to the constrained case.

a) The unconstrained case (pinning)

Step 1. Rewriting of the problem. Recall the notation Z̃0
N,u = P(SN = 0)euZ0

N,u,
that is,

Z̃0
N,u = E

[
exp

(
u

N∑
i=1

1{Si=0}

)
1{SN=0}

]
,

and that F0(u) = limN→∞
1
N logZ0

N,u.
Let us now introduce what is called the grand canonical partition function: for

u ∈ R and λ > 0, we set

Z̃0
u,λ :=

∞∑
N=1

e−λN Z̃0
N,u ∈ [0,∞] . (2.13)

We emphasize that Z̃0
u,λ may be infinite. Note moreover that by definition of the

free energy F0(u), we have that eF
0(u) = limN→∞(Z̃0

N,u)
1/N , which is the radius of

convergence of the series. We therefore easily obtain that

Z̃0
u,λ < +∞ for λ < F0(u) , Z̃0

u,λ = +∞ for λ > F0(u) .

In other words,
F0(u) = inf

{
λ ∈ R , Z̃0

u,λ < +∞
}
,

keeping in mind that Z̃0
u,λ = +∞ for all λ < 0 (since Z0

N,u ≥ cN−3/2 as shown
in (2.4)). The computation of the free energy is therefore reduced to determining
whether the series (2.13) converges or not.
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Remark 2.13. The partition function Z̃0
N,u is associated to a Gibbs measure: for a

system size N ∈ N and u ∈ N,

dP̃0
N,u

dP
=

1

Z̃0
N,u

exp
(
u

N∑
i=1

1{Si=0}

)
1{SN=0} , (2.14)

where the reference measure dP is the law of a random walk (Sn)n≥0 starting from 0.
Similarly, the grand canonical partition function Z̃0

u(λ) is associated to a grand
canonical Gibbs measure, in which the system size N is itself random (but with a
law tuned by the parameter λ):

dP̃0
u,λ

d(P⊗m)
=

1

Z̃0
u,λ

e−λN exp
(
u

N∑
i=1

1{Si=0}

)
1{SN=0}

where m is the counting measure on N; note that having a finite Z̃0
u,λ is important

here. This measure corresponds to considering the Gibbs measure P̃0
N,u but where

the system size N is a random with geometric law, P̃0
u,λ(N = n) = (1−e−λ)e−λ(n−1).

Step 2. Computation of Z̃0
N,λ. It turns out that one can compute explicitly the

grand canonical partition function Z̃0
N,λ from (2.13). Let us introduce the sequence

of successive returns to 0 of the random walk: τ0 = 0 and, iteratively, for k ≥ 1

τk := min{n > τk−1 , Sn = 0} . (2.15)

We can then decompose the partition function Z̃0
N,u according to the number of

returns to 0, noting also that {SN = 0} =
⋃N
k=1{τk = N} where the union is

disjoint. We have

Z̃0
N,u =

N∑
k=1

E
[
exp

(
u

N∑
i=1

1{Si=0}

)
1{τk=N}

]
=

N∑
k=1

eukP(τk = N) ,

where we have used that τk = N if and only if SN = 0 and
∑N

i=1 1{Si=0} = k. Then,
forming the grand canonical partition function, we obtain

Z̃0
u,λ :=

∞∑
N=1

e−λN Z̃0
N,u =

∞∑
N=1

N∑
k=1

e−λNeukP(τk = N)

=
∞∑
k=1

euk
∞∑
N=k

e−λNP(τk = N) =
∞∑
k=1

eukE[e−λτk] .
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Since the increments (τk − τk−1)k≥1 are i.i.d. (by the strong Markov property), we
deduce that

Z̃0
u,λ =

∞∑
k=1

(
euE[e−λτ1]

)k
=

{
euE[e−λτ1 ]

1−euE[e−λτ1 ]
< +∞ if euE[e−λτ1] < 1 ,

+∞ otherwise.

Thus, since the function λ ∈ R+ 7→ E[e−λτ1] is non-increasing and continuous (with
value P(τ1 < +∞) at λ = 0), we have the following characterization for the free
energy:

F0(u) is the solution in λ of E[e−λτ1] = e−u (2.16)
if a solution exists, and F0(u) = 0 otherwise.
Step 3. Conclusion of the proof. It only remains to relate the Laplace transform
E[e−λτ1] of τ1 to U0(λ) =

∑∞
n=0 e

−λnpn. The following lemma, combined with (2.16),
directly allows one to conclude the proof of Proposition 2.12.

Lemma 2.14. Let (Sn)n≥0 be a Markov chain on a countable state space E start-
ing from 0, and let τ1 = min{n ≥ 1, Sn = 0}. For all λ ≥ 0, setting U(λ) =∑∞

n=0 e
−λnP(Sn = 0), one has

E
[
e−λτ1

]
=
U(λ)− 1

U(λ)
.

Proof. We start from the following decomposition of the probability pn = P(Sn = 0):
for n ≥ 1, we have pn =

∑n
k=1 P(τ1 = k)pn−k. Then, using that pn = 1 for n = 0,

we obtain

U(λ) = 1 +
∞∑
n=1

e−λn
n∑
k=1

P(τ1 = k)pn−k = 1 +
∞∑
k=1

e−λkP(τ1 = k)
∞∑
n=k

e−λ(n−k)pn−k ,

which gives U(λ) = 1 + E
[
e−λτ1

]
U(λ), which is the desired identity.

Remark 2.15. Note that one can also take λ = 0 in Lemma 2.14 (or take λ ↓ 0),
which shows that

P(τ1 < +∞) =

∑∞
n=1 P(Sn = 0)

1 +
∑∞

n=1 P(Sn = 0)
.

This recovers in particular the fact that P(τ1 < +∞) = 1, i.e. the Markov chain is
recurrent, if and only if

∑∞
n=1 P(Sn = 0) = +∞, i.e. G(0, 0) = +∞. In the present

case, since P(Sn = 0) ∼ c1n
−1/2 (recall Theorem 1.22), we have

∑∞
n=1 P(Sn = 0) =

+∞, hence P(τ1 < +∞).
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b) The constrained case (wetting)

The constrained case is completely analogous, but let us briefly go over the proof.
Considering the (constrained) grand canonical partition function2

Z̃+
u,λ =

∞∑
N=1

e−λN Z̃+
N,u ,

we again obtain that F+(u) = inf{λ ∈ R, Z̃+
u,λ < +∞}.

To compute Z̃+
u,λ explicitly, we introduce the stopping times (τ+k )k≥0 as follows:

let τ+0 = 0 and then define iteratively

τ+k = min{n > τk−1, Sn = 0 and Sj > 0 for all τk−1 < j < n} , (2.17)

with the convention that min ∅ = +∞ (in particular τ+k = +∞ if τ+k−1 = +∞).
With this definition of τ+k , we have

P(τ+1 = j) = P(Sj = 0, Si > 0 ∀1 ≤ i ≤ j − 1)

and we again notice that we have τ+k = N if and only if SN = 0, Si ≥ 0 ∀i ≤ N and∑N
i=1 1{Si=0} = k. We can therefore decompose Ω+

N ∩ {SN = 0} =
⋃N
k=1{τ

+
k = N},

so, analogously to what we did for Z̃0
N,u, we obtain

Z̃+
N,u =

N∑
k=1

eukP(τ+k = N) .

Repeating the same computation as above for Z̃+
u,λ, we therefore obtain

Z̃+
u,λ =

∞∑
k=1

(
euE[e−λτ

+
1 ]
)k

=

 euE[e−λτ+1 ]
1−euE[e−λτ1 ]

< +∞ if euE[e−λτ
+
1 ] < 1 ,

+∞ otherwise.

Thus, we have the following characterization for the free energy with the hard wall
constraint:

F+(u) is the solution in λ of E[e−λτ
+
1 ] = e−u (2.18)

if a solution exists, and F+(u) = 0 otherwise.
2Let us note that Remark 2.13 remains valid in the constrained case.
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Again, with the same proof as for Lemma 2.14, we obtain the following relation
between the Laplace transform E[e−λτ

+
1 ] and U+(λ) =

∑∞
n=0 e

−λnp+n , where we recall
that p+n = P(Sn = 0, Si ≥ 0 ∀i ≤ n): for all λ ≥ 0, we have

E
[
e−λτ

+
1
]
=
U+(λ)− 1

U+(λ)
.

This concludes the proof of Proposition 2.12.

Remark 2.16. Let us emphasize here that, in the same way as in Remark 2.15, by
taking λ = 0 we obtain

P(τ+1 < +∞) =

∑∞
n=1 p

+
n

1 +
∑∞

n=1 p
+
n

.

In particular, since we have p+n ∼ c2n
−3/2 thanks to Theorem 1.22, we obtain that

Σ+ :=
∑∞

n=1 p
+
n < +∞, hence P(τ+1 < +∞) = Σ+

1+Σ+
< 1.

Exercise 16. Consider (Sn)n≥0 the random walk with i.i.d. increments (Xi)i≥1 with
law given by P(Xi = ±1) = 1

4 and P(Xi = 0) = 1
2 ; in other words, Sn = SRW 2n,

where (SRW k)k≥0 is the (nearest-neighbor symmetric) simple random walk. Let us
introduce

T− := min{k ≥ 0, Sk = −1} and G(x) = E[xT−] for x ∈ [0, 1] .

1. Show that G(x) = 1
4x(1 + 2G(x) +G(x)2) and deduce a formula for G(x).

2. Show that E[e−λτ1] = 1
2e

−λ(1 +G(e−λ)). Compute E[e−λτ1] and then F0(u).
3. Show that E[e−λτ

+
1 ] = 1

2e
−λ(1 + 1

2G(e
−λ)). Compute E[e−λτ

+
1 ] and then F+(u).

2.2.2 Critical points and critical behavior of the free energy

Using Proposition 2.12 or the characterizations (2.16) and (2.18), we now compute
the critical points and determine the critical behavior of the free energy. Let us first
collect some properties of the Laplace transforms that we have seen in the previous
subsection.

Remark 2.17. The functions λ 7→ E[e−λτ1],E[e−λτ
+
1 ], resp. λ 7→ U0(λ), U+(λ) are

strictly decreasing and convex on R+, with limits 0, resp. 1, as λ → ∞. Moreover,



68 CHAPTER 2. PINNING AND WETTING OF RANDOM INTERFACES

we have

lim
λ↓0

E[e−λτ1] = P(τ1 < +∞) = 1 , lim
λ↓0

U 0(λ) = +∞ ,

lim
λ↓0

E[e−λτ1] = P(τ+1 < +∞) < 1 , lim
λ↓0

U+(λ) = 1 + Σ+ < +∞ .

a) Computing the critical points u0c, u+c

The unconstrained case (pinning). Let us represent graphically the character-
ization (2.16) of F0 (on the left) and the characterization of Proposition 2.12 (on
the right), using the properties of the functions λ 7→ E[e−λτ1], U0(λ) recalled in
Remark 2.17 above:

λ

E[e−λτ1 ]

P(τ1 < +∞) = 1

e−u

F0(u)
λ

lim
λ↓0

U0(λ) = +∞

U0(λ)

1
1−e−u

F0(u)

Note that, by the properties of the function λ 7→ E[e−λτ1] recalled in Remark 2.17,
the equation E[e−λτ1] = e−u admits a unique solution in R∗

+ for every u such that
e−u ∈ (0, 1), i.e. for every u > 0. Using the characterization (2.16), this shows that
F0(u) > 0 if and only if u > 0: in other words, this proves that

u0c = 0 .

One could also have used Proposition 2.12, observing that, thanks to the properties
of the function λ 7→ U 0(λ) given in Remark 2.17, the equation U 0(λ) = 1

1−e−u admits
a unique solution in R∗

+ for every u such that 1
1−e−u ∈ (1,∞), i.e. for every u > 0.

The constrained case (wetting). Let us represent graphically the characteriza-
tion (2.18) of F+ (on the left) and the characterization of Proposition 2.12 (on the
right), using the properties of the functions λ 7→ E[e−λτ

+
1 ], U+(λ) recalled above:
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λ

E[e−λτ1 ]

1

P(τ+1 < +∞) < 1

e−u

F+(u)
λ

Σ+ = lim
λ↓0

U+(λ) < +∞

U+(λ)

1
1−e−u

F+(u)

By the properties of the function λ 7→ E[e−λτ
+
1 ] given in Remark 2.17, the equa-

tion E[e−λτ
+
1 ] = e−u admits a unique solution in R∗

+ for every u such that e−u ∈
(0,P(τ+1 < +∞)), i.e. for every u > − log P(τ+1 < +∞). Using the characteriza-
tion (2.18), this shows that F+(u) > 0 if and only if u > − log P(τ+1 < +∞): in
other words, this proves that

u+c = − log P(τ+1 < +∞) > 0 .

One could also have used Proposition 2.12, observing that the equation U+(λ) =
1

1−e−u admits a unique solution in R∗
+ for every u such that 1

1−e−u ∈ (1, 1 + Σ+), i.e.
for every u > log(1+Σ+

Σ+
). We thus have u+c = log(1+Σ+

Σ+
) > 0 (see Remark 2.16 to

recover the value given above).

b) Critical behavior of the free energy

Now that we have the explicit expression of the critical points, we can describe
the behavior of the free energy in the neighborhood of u0c, u+c , using again Propo-
sition 2.12. The idea is to start from the observation that for every u > u0c , resp.
u > u+c , we have

U 0(F0(u)) =
1

1− e−u
and U+(F+(u)) =

1

1− e−u
. (2.19)

Note that, since the functions u 7→ F0/+(u) are continuous, we have limu↓u0c F
0(u) = 0

and limu↓u+c F
+(u) = 0. We therefore need to study the behavior of U 0/+(λ) as λ ↓ 0.

This is given by the following lemma.

Lemma 2.18. As λ ↓ 0, we have the following behaviors:

U 0(λ) ∼ c1
√
π λ−1/2 and U+(0)− U+(λ) ∼ 2c2

√
π λ1/2 .

where c1, c2 are the constants appearing in Theorem 1.22.
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Remark 2.19. As a side remark, note that the formulas (2.19) show that the
free energies F0, F+ are analytic on (0,+∞ and (u+c ,+∞) respectively. Indeed, the
functions λ 7→ U 0(λ), U+(λ) are analytic and bijective from (0,+∞) to (0,+∞),
(0, 1

1−e−u+c
) respectively. The implicit function theorem then shows that the inverse

functions of U 0, U+ are analytic, which proves the claim property (by composing
with the analytic function u 7→ 1

1−e−u ).
Let us now use Lemma 2.18 together with (2.19) to prove Theorem 2.11.
• In the unconstrained case, as u ↓ u0c = 0 we have

c1
√
π F0(u)−1/2 ∼ U 0(F0(u)) =

1

1− e−u
∼ 1

u
.

This gives Theorem 2.11, with the constant c0 = (πc21)
−1 = 2σ2 (recall Theo-

rem 1.22).
• In the constrained case, since 1

1−e−u+c
= U+(0) = 1 + Σ+, as u ↓ u+c we have

2c2
√
π F+(u)1/2 ∼ U+(0)−U+(F+(u)) =

1

1− e−u
+
c
− 1

1− e−u
∼ e−u

+
c

(1− e−u
+
c )2

(u−u+c ) .

This gives Theorem 2.11, with the constant c+ = 1
4πc22

e−2u+c

(1−e−u+c )4
=

Σ2
+(1+Σ+)

2

4πc22
.

Proof of Lemma 2.18. Let us start with the unconstrained case. By Theorem 1.22,
we have pn ∼ c1n

−1/2 with c1 = 1√
2πσ2

. It is easy to show that the contribution of
small n is negligible as λ ↓ 0, which allows us to obtain

U 0(λ) =
∞∑
n=0

e−λnpn ∼ c1

∞∑
n=1

n−1/2e−λn .

We now write a Riemann sum approximation:
∞∑
n=1

n−1/2e−λn = λ−1/2
∞∑
n=1

λ(λn)−1/2e−λn ∼ λ−1/2

∫ ∞

0

x−1/2e−x dx as λ ↓ 0 .

Since
∫∞
0 x−1/2e−xdx = Γ(1/2) =

√
π, we conclude that U 0(λ) ∼ c1

√
π λ−1/2.

For the constrained case, we write, analogously to the above calculation (the
contribution of small n is also negligible here): since U+(0) =

∑∞
n=0 p

+
n , we have

U+(0)− U+(λ) =
∞∑
n=0

(1− e−λn)p+n ∼ c2

∞∑
n=1

1− e−λn

n3/2
.
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We then write again a Riemann sum approximation (notice the integrability at 0
and at +∞):

∞∑
n=1

1− e−λn

n3/2
= λ1/2

∞∑
n=1

λ
1− e−λn

(λn)3/2
∼ λ1/2

∫ ∞

0

1− e−x

x3/2
dx as λ ↓ 0 ,

using again a Riemann sum . Since
∫∞
0

1−e−x

x3/2
dx = 2

√
π, we deduce that U+(0) −

U+(λ) ∼ 2c2
√
π λ1/2.

2.3 Free energy and phase transition in dimension d = 2

Contrary to the case of dimension d = 1 for discrete interfaces, there is no explicit
formula for the free energy in the case of the GFF. One can nevertheless obtain
information on the phase transition by more flexible methods, at least in the uncon-
strained case.

Theorem 2.20 (Critical behavior for the pinning of the GFF in d = 2). In dimen-
sion d = 2, we have u0c = 0. Additionally, there exists a constant c0 such that

F0(u) ∼ c0
u√

log 1/u
as u ↓ 0 .

Let us emphasize that the precise critical behavior of the free energy F0 is an-
nounced in [CM13, Fact 2.4], citing a “variant of the proof” of [BV01, Thm. 2.4] (but
without giving the constant). In fact, I do not believe that a written proof exists
somewhere... We shall prove here, using a method employed in [GL17], a slightly
weaker result, which provides bounds: as u ↓ 0

(1 + o(1))
a

2

u√
log 1/u

≤ F0(u) ≤ (1 + o(1)) a
√
2

u√
log 1/u

. (2.20)

The lower bound in particular shows that F0(u) > 0 for every u > 0 (arbitrarily
small), which therefore shows that u0c = 0.

The constrained case is significantly more difficult.

Theorem 2.21 (Wetting of the GFF in d = 2). In dimension d = 2, we have that
u+c > 0. However, the critical behavior of F+ in the neighborhood of u+c is unknown.

The fact that u+c > 0 is proved in [CV00] and this is a nontrivial result — we do
not provide a proof here, but we refer to the lecture notes [Gia01, Vel06] where an
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idea of the proof is given. The critical behavior of F+ in the neighborhood of u+c is
completely open; to my knowledge there is no result in this direction, even partial.
If I had to bet, I would guess that limu↓u+c

log F+(u)

log(u−u+c )
= +∞; in other words, the free

energy decays faster than any polynomial.

Proof of the bounds in (2.20).
Lower bound in (2.20). We can use the convexity of u 7→ logZ0

N,u to obtain the
following inequality:

logZ0
N,u ≥ u× ∂

∂u
logZ0

N,u

∣∣∣
u=0

= u E0
N

[ ∑
x∈ΛN

ϑx

]
,

reusing the computation (2.5). Using Corollary 2.10, called the finite-volume cri-
terion, we obtain that for all N ≥ N0 (note that N0 is bounded from below by a
constant, uniformly in u ∈ [0, 12 ]), we have

F0(u) ≥ 1

Nd
logZ0

N,u −N−1/4 ≥ u

Nd
E0
N

[ ∑
x∈ΛN

ϑx

]
− c0N

− 1
4 . (2.21)

We will then apply this inequality with a suitably chosen N = N(u).
Before doing so, let us estimate the lower bound (in the limitN → ∞, since we will

choose N(u) such that limu↓0N(u) = +∞). We have E0
N [ϑx] = P0

N(φx ∈ [−a, a]),
and the variable φx has under P0

N a centered Gaussian distribution with variance
σ2N(x) := GΛN

(x, x). One can show that maxx∈ΛN
σN(x) = σN(0), so that for any

x ∈ ΛN we have

P0
N

(
φx ∈ [−a, a]

)
≥ P

(
σN(0)Z ∈ [−a, a]

)
.

Now, recall from Remark 1.13 that σN(0) ∼ 2
π logN , so that

P
(
σN(0)Z ∈ [−a, a]

)
∼ 2a√

2πσN(0)
∼ a√

logN
.

All together, we obtain that

1

Nd
E0
N

[ ∑
x∈ΛN

ϑx

]
≥ (1 + o(1))

a√
logN

as N → ∞ .
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Now, let ε ∈ (0, 1) and choose N(u) = (1/u)4+ε in (2.21): this gives that as u ↓ 0,

F0(u) ≥ (1 + o(1))
au√

logN(u)
− c0N(u)−1/4 ≥ (1 + o(1))

1√
4 + ε

u√
log 1/u

.

Since ε is arbitrary, we deduce the lower bound in (2.20).

Remark 2.22. One could improve this lower bound to obtain a factor a/
√
2 instead

of a/2: it suffices to note that Corollary 2.10 remains valid when replacing c0N−1/4

by cηN
−1/2+η, for arbitrary η > 0. This in particular allows one to choose Nu =

(1/u)2+ε and to gain a factor
√
2 in the lower bound of (2.20). Exercise 18 below

improves this factor even further.

Upper bound in (2.20). Let us begin by proving the following fact: for all N ≥ 1

F0(u) ≤ 1

Nd
log ẐN,u where ẐN,u := sup

ξ
Zξ
N,u , (2.22)

the supremum being taken over all boundary conditions ξ : Zd → R. Indeed, by
decomposing Λ2N into sub-boxes Λ

(v)
N = ΛN +Nv for v ∈ {0, 1}d and applying the

spatial Markov property (conditioning on Γ = Λ2N \ (
⋃
v∈{0,1}d Λ

(v)
N )), we obtain the

following: for any boundary condition ξ,

Zξ
2N,u = E0

N

[ ∏
v∈{0,1}d

Zϕ

Λ
(v)
N ,u

]
≤

(
ẐN,u

)2d
.

We conclude that 1
(2N)d

log Ẑ2N,u ≤ 1
Nd log ẐN,u for all N ≥ 1, hence

F0(u) = lim
k→∞

1

(2kN)d
logZ0

2kN,u ≤ lim
k→∞

1

(2kN)d
log Ẑ2kN,u ≤

1

Nd
log ẐN,u ,

by monotonicity of the sequence
(

1
(2kN)d

log Ẑ2kN,u

)
k≥1

.
Let us now bound ẐN,u. For any boundary condition ξ, we have

∂

∂u
logZξ

N,u =
1

Zξ
N,u

EξN

[( ∑
x∈ΛN

ϑx

)
eu

∑
x∈ΛN

ϑx

]
≤ euN

d

EξN

[ ∑
x∈ΛN

ϑx

]
,

where we have used that u ≥ 0 to bound Zξ
N,u ≥ 1 and we have bounded ϑx ≤ 1 in

the exponential. Now note that under PξN the variable φx is Gaussian with mean mξ
x

and variance σ2N(x) = GΛN
(x, x). Thus, for any boundary condition ξ, we have

EξN [ϑx] = P
(
σN(x)Z +mξ

x ∈ [−a, a]
)
≤ P

(
σN(x)Z ∈ [−a, a]

)
= E0

N [ϑx] ,
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where we used the fact that the density of the N (0, 1) distribution is increasing
on R− and decreasing on R+ to see that the function t 7→ P(Z + t ∈ [−b, b]) is
maximized at t = 0.

We deduce that

∂

∂u
logZξ

N,u ≤ euN
d

E0
N

[ ∑
x∈ΛN

ϑx

]
=⇒ logZξ

N,u ≤
euN

d − 1

Nd
E0
N

[ ∑
x∈ΛN

ϑx

]
, (2.23)

where we simply integrated the first inequality between 0 and u to obtain the second
one. Since this inequality holds for any boundary condition ξ, we conclude that, for
all N ≥ 1,

F0(u) ≤ 1

Nd
log ẐN,u ≤

euN
d − 1

Nd
× 1

Nd
E0
N

[ ∑
x∈ΛN

ϑx

]
. (2.24)

In the same way as for the lower bound3, we obtain
1

Nd
E0
N

[ ∑
x∈ΛN

ϑx

]
≤ (1 + o(1))

a√
logN

as N → ∞ .

Thus, choosing N(u) = (ε/u)1/2 for some fixed ε > 0 and plugging this choice
in (2.24), we obtain

F0(u) ≤ (1 + o(1))
eε − 1

ε

au√
logN(u)

= (1 + o(1))
eε − 1

ε

au
√
2√

log(1/u)
.

Since ε > 0 can be chosen arbitrarily close to 0, this gives the upper bound in (2.20).

2.4 Free energy and phase transition in dimension d ≥ 3

Let us state the two main results of this section, for the critical behavior of the
pinning and the wetting models of the GFF in dimension d ≥ 3. We separate the
statements into two parts since the results are quite different and of quite a different
difficulty.

Theorem 2.23 (Critical behavior for the pinning of the GFF in d ≥ 3). In dimen-
sion d ≥ 3, we have u0c = 0. Moreover, we have the following asymptotic behavior:

3One needs to verify that σN (x) ∼ 2
π logN in the “bulk” of ΛN , i.e. when d(x,Λc

N ) ≥ N1−o(1).
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there exists a constants c0 such that

F0(u) ∼ c0u as u ↓ 0 .

Theorem 2.24 (Critical behavior for the wetting of the GFF in d ≥ 3). In dimen-
sion d ≥ 3, we have u+c = 0. Moreover, we have the following asymptotic behaviors:
there exists a constant c+ such that

F+(u) = exp
(
− (1 + o(1))c+ log

(
1/u

)2) as u ↓ 0 .

The fact that u+c = 0 had already been observed in [BDZ00], but the precise
critical behavior of Theorem 2.24 was proved much more recently, in [GL18]. We
follow here the ideas of the proof in [GL18].

2.4.1 The unconstrained case (pinning)

We begin by proving Theorem 2.23, namely that F0(u) ∼ c0u as u ↓ 0. The proof
shows that the constant is equal to

c0 = P
(
|Z| ≤ a/

√
G0

)
,

where Z ∼ N (0, 1) and G0 = G(0, 0) is the Green function at 0 of the simple random
walk on Zd. The proof strategy is very similar to the case of dimension d = 2.
Lower bound. We again use the convexity of u 7→ logZ0

N,u to obtain that

1

Nd
logZ0

N,u ≥ u× 1

Nd

∂

∂u
logZ0

N,u

∣∣∣∣
u=0

= u× 1

Nd
E0
N,u

[ ∑
x∈ΛN

ϑx

]
.

Now, we have E0
N [ϑx] = P(σN(x)Z ∈ [−a, a]), where σ2N(x) = GΛN

(x, x) is the
variance of φx under P0

N . Now, we have σN(x) ≤ G(0, 0) =: G0 for all x ∈ ΛN : this
yields that

F0(u) = lim
N→∞

1

Nd
logZ0

N,u ≥ u× P
(√

G0Z ∈ [−a, a]
)
.

Upper bound. We use the inequality (2.22) together with (2.23) (note that they are
valid in any dimension d ≥ 2). In the same way as in (2.24), they yield the following:
for all N ≥ 1

F0(u) ≤ euN
d − 1

Nd

1

Nd
E0
N

[ ∑
x∈ΛN

ϑx

]
.
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This time, note that E0
N [ϑx] = P(σN(x)Z ∈ [−a, a]) with σ2N(x) ≥ (1 + o(1))G0,

uniformly for x ∈ ΛN such that N − |x| → ∞. This gives that

F0(u) ≤ (1 + o(1))
euN

d − 1

Nd
P(

√
G0Z ∈ [−a, a]) .

Now, applying this to some N = N(u) such that limu↓0 uN(u)d = 0 (in particular
limu↓0N(u) = +∞), this gives that

F0(u) ≤ (1 + o(1))uP
(√

G0Z ∈ [−a, a]
)

and concludes the proof.

2.4.2 The constrained case (wetting)

We now prove Theorem 2.24. We give a complete proof of the lower bound, allowing
us in particular to show that u+c = 0. The upper bound is somewhat more technical:
we will give the essential steps of the proof. Let us mention that one can actually
obtain the precise value of the constant: c+ = G0

2a2 .

Proof of the lower bound in Theorem 2.24.
Step 1. Softening the hard wall. The first step consists in considering a slightly
different model, by making the hard wall constraint “softer”. For K ≥ 0, let us set

Zξ
N,u,K := EξN

[
exp

(
u
∑
x∈ΛN

1{φx∈[0,a]} −K
∑
x∈ΛN

1{φx<0}

)]
,

and we denote by PξN,u,K the Gibbs measure naturally associated with this partition
function. In this case, the surface is simply penalized when it takes negative values
(instead of being forbidden), the parameterK controlling the strength of the penalty.
Note that in the case K = +∞, we recover Zξ,+

N,u = Zξ
N,u,∞. We prove the following

lemma that compares the free energies when the hard-wall constraint is replaced by
a “softer” wall.

Lemma 2.25. For any K ≥ 0, denote FK(u) := limN→∞
1
Nd logZ

0
N,u,K. Then we

have the bounds:

FK(u) ≥ F∞(u) = F+(u) ≥ FK(u)− e−K .
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Proof. The upper bound is obvious by monotonicity in K, so we focus on the lower
bound. For any A ⊂ ΛN , let us introduce the event

EA :=
{
φ ∈ RΛN , {x ∈ ΛN , φ < 0} = A

}
,

and note that E∅ = Ω+
N . Thus, decomposing according to the set A of points where

φx < 0, we obtain

Z0
N,u,K =

∑
A⊂ΛN

e−K|A|E0
N

[
exp

(
u
∑
x∈ΛN

1{φx∈[0,a]}

)
1EA

]
.

We show just below that, for any A ⊂ ΛN , we have

E0
N

[
exp

(
u
∑
x∈ΛN

1{φx∈[0,a]}

)
1EA

]
≤ Z+

N,u . (2.25)

Indeed, with this inequality and the previous decomposition, we obtain

Z0
N,u,K ≤ Z+

N,u

∑
A⊂ΛN

e−K|A| = Z+
N,u

(
1 + e−K

)Nd

≤ Z+
N,u exp(e

−KNd) ,

where we have used the binomial formula, and then the inequality 1 + x ≤ ex. We
conclude that 1

Nd logZ
+
N,u,K ≤ 1

Nd logZ
+
N,u + e−K , which proves the desired lower

bound on F+(u) when taking the limit N → ∞.
It remains to prove (2.25). We simply write what the expectation corresponds to:

recalling the definition of the Gibbs measure P0
N , we obtain

E0
N

[
exp

(
u
∑
x∈ΛN

1{φx∈[0,a]}

)
1EA

]
=

1

W 0
N

∫
EA

eu
∑

x∈ΛN
1{hx∈[0,a]}e−H

0
N (h)dh .

We now perform a change of variables h → h̃ by setting h̃x = −hx for x ∈ A and
h̃x = hx for x /∈ A, so that if h ∈ EA then h̃ ∈ E∅: the Jacobian of the change of
variables is equal to 1 and we have 1{h̃x∈[0,a]} ≥ 1{hx∈[0,a]} and also H0

N(h̃) ≤ H0
N(h)

(we have reduced some differences hx − hy). Thus, we obtain

E0
N

[
exp

(
u
∑
x∈ΛN

1{φx∈[0,a]}

)
1EA

]
≤ 1

W 0
N

∫
E∅

eu
∑

x∈ΛN
1{h̃x∈[0,a]}e−H

0
N (h̃)dh̃ = Z+

N,u ,

which is the desired inequality.
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Step 2. Raising the boundary condition. The following lemma allows us to change
(i.e. raise) the boundary conditions. Its proof is left as an exercise.

Lemma 2.26. For any h ∈ R, we have

FK(u) = lim
N→∞

1

Nd
Eh∞

[
logZϕ

N,u,K

]
,

where Ph∞ is the infinite-volume GFF with mean (constant equal to) h.

Exercise 17. Prove Lemma 2.26. One may use Lemma 2.7 on the change of bound-
ary conditions, as well as Exercise 7.

Step 3. Exploiting convexity. Thanks to Jensen’s inequality, for any boundary
condition ϕ, we have

logZϕ
N,u,K = log EϕN

[
exp

(
u
∑
x∈ΛN

1{φx∈[0,a]} −K
∑
x∈ΛN

1{φx<0}

)]
≥ EϕN

[
u
∑
x∈ΛN

1{φx∈[0,a]} −K
∑
x∈ΛN

1{φx<0}

]
.

Thanks to the spatial Markov property for the Gibbs measure Ph∞, we have the
identity Eh∞

[
EϕN [F (φΛN

)]
]
= Eh∞[F (φΛN

)]. Thus, taking the expectation under Ph∞
in the previous inequality, we obtain

1

Nd
Eh∞

[
logZϕ

N,u,K

]
≥ 1

Nd

∑
x∈ΛN

(
uPh∞(φx ∈ [0, a])−KPh∞(φx < 0)

)
= uP

(√
G0Z + h ∈ [0, a]

)
−KP

(√
G0Z + h < 0

)
for Z ∼ N (0, 1). We have also used here that under Ph∞ we have φx ∼ N (h,G0).
Thanks to Lemmas 2.25 and 2.26, we conclude that, for any h ∈ R and K ≥ 0:

F+(u) ≥ FK(u)− e−K ≥ uP
(
Z + h ∈ [0, b]

)
−KP

(
Z + h < 0

)
− e−K ,

where we have set b = a/
√
G0 (and replaced h/

√
G0 by h).

Conclusion. It remains to optimize over the choices of K and h as functions of u, b
and to perform Gaussian calculations. Let us take

K = log
(
1/u

)3
, h = 1

b log
(
3K/u

)
= (1 + o(1))1b log

(
1/u

)
,
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which in particular both go to +∞ as u ↓ 0. Using that P(Z > t) ∼ 1
t
√
2π
e−t

2/2 as
t→ ∞, we obtain

P
(
Z + h ∈ [0, b]

)
∼ 1

h
√
2π

e−(h−b)2/2 , P
(
Z + h < 0

)
∼ 1

h
√
2π

e−h
2/2 ,

so when u is sufficiently small we obtain

uP
(
Z + h ∈ [0, b]

)
−KP

(
Z + h < 0

)
≥ 1

h
√
2π

e−h
2/2

(
uebh − 2K

)
≥ K

h
√
2π

e−h
2/2 ,

where we used the definition of h for the last equality.
With the above choices of h and K, we thus obtain

F+(u) ≥ K

h
√
2π

e−h
2/2 − e−K = e−(1+o(1)) 1

2b2
log(1/u)2 − e− log(1/h)3 ,

which gives the desired lower bound, the second term being negligible compared to
the first one.

Sketch of proof of the upper bound in Theorem 2.24. The upper bound in
Theorem 2.24 is more technical and is treated in detail in Section 3 of [GL18]: after
another reduction of the problem, it also relies on Gaussian calculations similar to
the conclusion above. We summarize here the main steps of the proof, and refer
to [GL18] for details. The goal is simply to bound FK(u) for K > 0.
Step 1. Reduction to a sub-grid. We consider a large (but fixed) size L, then we
use Hölder’s inequality to reduce to partitions function where

∑
x∈ΛN

ϑx is replaced
by a sum where the points lie on a sub-grid spaced by L. More precisely,

Z+
N,u ≤

∏
v∈{1,...,L}d

E0
N

[
exp

(
Ld

∑
x∈Λ(v)

N,L

(
1{φx∈[0,a]} −K1{φx<0}

))]1/Ld

,

where Λ
(v)
N,L = ΛN ∩ {v + LZd} is a sub-grid of ΛN and verify that ΛN =

⋃
v Λ

(v)
N,L.

Step 2. Reducing to a single cell of width L. We then use the spatial Markov
property to decouple points at distance L. We consider a set Γ that separates the
points of Λ(v)

N,L = ΛN ∩ {v + LZd} into “cells”, so that conditionally on this set Γ

the values of φx for x ∈ Λ
(v)
N,L are independent. We are then reduced to estimating
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expectations of the type

Eϕ
Λ
(v)
L

[
exp

(
Ld

(
u1{φx0

∈[0,a]} −K1{φx0
<0}

))]
,

where x0 is the center of the box Λ
(v)
L and ϕ is the boundary condition on each “cell”

of All together, we obtain something of the form

Z+
N,u,K ≲

(
sup
ϕ

EϕΛL

[
exp

(
Ld

(
u1{φx0

∈[0,a]} −K1{φx0
<0}

))])Nd/Ld

,

where the supremum is over all possible boundary conditions ϕ.
Step 3. Estimating the worst boundary condition With boundary condition ϕ, we
have that φx0 has mean mϕ

x0
and variance σ2L, with σ2L → G0 as L→ ∞. Taking the

worst boundary condition therefore simply corresponds to considering

sup
h∈R

E
[
exp

(
Ld

(
u1{σL Z+h∈[0,a]} −K1{σL Z+h<0}

))]
= sup

h∈R
E
[
exp

(
Ld

(
u1{Z+h∈[0,bL]} −K1{Z+h<0}

))]
,

where we have set bL := a/σL, with bL → a/
√
G0 as L → ∞. Then, using explicit

Gaussian calculations (that we skip here but are detailed in [GL18, p. 587]: the
supremum is attained for h close to bL

2 + 1
bL
log( 1

uLd )), we get that the above is

bounded by 1 + exp(−(1 + o(1))
b2L
2 log(1/u)2).

Conclusion All together, we get an upper bound of the type

Z+
N,u,K ≤

(
1 + exp

(
− (1 + o(1))

b2L
2
log(1/u)2

))Nd/Ld

≤ e
Nd

Ld exp(−(1+o(1))
b2L
2 log(1/u)2) ,

which gives that F+K(u) ≤
1
Ld exp(−(1+o(1))

b2L
2 log(1/u)2. This concludes the (sketch

of the) proof.

2.5 A few exercises

Exercise 18 (Pinning of the GFF in dimension d = 2). In this exercise we improve
the lower bound (2.20), to obtain

F0(u) ≥ (1 + o(1))
au√

log(1/u)
as u ↓ 0 . (2.26)
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Let us introduce
ŽN,u := inf

ξ:Zd→[−1,1]
Zξ
N,u ,

where the infimum is taken over boundary conditions with values in [−1, 1].
1. Show that, for any u ≥ 0, for all N ≥ 1

Ž2N,u ≥ (ŽN,u)
2d inf
ξ:Zd→[−1,1]

PξN
(
φx ∈ [−1, 1] , ∀ x ∈ Γ

)
where Γ = Λ2N \ (

⋃
v∈{0,1}d Λ

(v)
N ) (as seen in the proof of Lemma 2.8).

2. Using Lemma 1.36 (and also Remark 1.37), show that there exists a constant c >
0 such that

1

(2N)d
log Ž2N,u ≥

1

Nd
log ŽN,u − cN−1(logN)2 .

Deduce that, if N is sufficiently large, the sequence( 1

(2kN)d
log Ž2kN,u − 3c(2kN)−1(log 2kN)2

)
k≥0

is non-decreasing.
3. Conclude that, for any N sufficiently large, we have

F0(u) ≥ 1

Nd
log ŽN,u − 3cN−1(logN)2 .

4. Show that if ξ takes values in [−1, 1], then

PξN
(
φx ∈ [−a, a]

)
≥ P

(
σN(x)Z ∈ [1− a, 1 + a]

)
where Z ∼ N (0, 1). Using the fact that maxx∈ΛN

σ2N(x) = (1 + o(1)) 2π logN ,
show that for any fixed η > 0, for N sufficiently large

inf
ξ:Zd→[−1,1]

EξN

[ ∑
x∈ΛN

ϑx

]
≥ (1− η)Nd a√

logN
.

5. Reusing the proof of the lower bound of (2.20), show that for all N sufficiently
large we have

F0(u) ≥ (1− η)
au√
logN

− 3cN−1(logN)2 ,

6. Applying this inequality for some appropriate N = N(u), deduce the lower
bound (2.26).
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Exercise 19 (The co-membrane model). Let us consider the following measure, in
dimension d ≥ 2:

dPco
N,u

dP0
ΛN

=
1

Zco
N,u

exp
(
u
∑
x∈ΛN

∆x

)
, where ∆x = 1{φx>0} ,

and Zco
N,u is the partition function of the model. For A an event, we set

Zco
N,u(A) = E0

ΛN

[
exp

(
u
∑
x∈ΛN

∆x

)
1A

]
,

so that Pco
N,u(A) = Zco

N,u(A)/Z
co
N,u. We denote again Ω+

N := {φx > 0 ∀ x ∈ ΛN}.
1. Show that for all u ≥ 0, we have euN

d

P0
ΛN

(Ω+
N) ≤ Zco

N,u ≤ euN
d.

2. Show that for all u ≤ 0, we have P0
ΛN

(Ω+
N) ≤ Zco

N,u ≤ 1 for all u ≤ 0.
3. Conclude that

Fco(u) := lim
N→∞

1

Nd
logZco

N,u = max(0, u) .

4. Let u ̸= 0 and set αN := − 2
|u| log P

0
ΛN

(Ω+
N). Recall the behavior of αN .

(a) If u < 0, then setting AN :=
{∑

x∈ΛN
∆x ≥ αN

}
, show that

Zco
N,u(AN) ≤ euαN ≤ e−|u|αNZco

N,u .

Conclude that lim
N→∞

Pco
N,h(AN) = 0.

(b) If u > 0, then setting BN :=
{∑

x∈ΛN
(1−∆x) ≥ αN

}
, show that

Zco
N,h(BN) ≤ euN

d−uαN ≤ e−|u|αNZco
N,u .

Conclude that lim
N→∞

Pco
N,h(BN) = 0.
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Chapter 3

Pinning on a defect line: overview of the
phase diagram

The pinning model that we consider in the following chapters can be used to represent
a polymer which interacts with a one-dimensional line of defects. It has a long history
and in fact different origins: it was introduced by Poland and Scheraga [PS70] to
describe the DNA denaturation transition; it was also studied by Fisher [Fis84] as
a model of pinning of a random walk on a hard wall (and is related to the wetting
model introduced in the previous chapter).

Figure 3.1: Two examples of physical/bio-physical situations described by the pinning
model: DNA denaturation (left) and pinning of a protein on a cell (right).

The model has been intensively studied in the past decades from a mathematical
point of view, in particular regarding the question of disorder relevance. Some excel-
lent references are the books [Gia07, Gia11] by Giacomin, which give a nice overview
of the research activity around these models.

3.1 Introduction of the (disordered) pinning model

We directly introduce the model in a general framework, where the interactions
between the polymer and the defect line can be inhomogenous, i.e. we see the pinning
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model as an instance of a disordered system. The notation will be slightly different
compared to the previous chapters (in particular concerning the parameters of the
model), in order to agree with the vast majority of the literature.

Let (Si)i≥0 be a Markov chain on Zd (for some d ≥ 1), starting from S0 = 0;
we denote by P its law. For n ∈ N, we consider the trajectory (i, Si)1≤i≤n, which
may be interpreted as a directed polymer (see Figure 3.2 for an illustration). Then,
the polymer interacts with a defect line N × {0} when it touches it, that is when
Si = 0. Since interactions only occur when Si = 0, we can directly consider the set of
return times τ = {i, Si = 0}, which is what is called a renewal process : τ0 = 0, and
(τk− τk−1)k≥1 are i.i.d. N-valued random variables. The renewal process τ = (τk)k≥0

will be our reference model, and its law is denoted by P.
With a slight abuse of notation, we may also view τ = {τk}k≥0 as a set of points

in N, called renewal points (and representing the contact points of the polymer with
the defect line). In particular, we denote by {n ∈ τ} the event that n is a renewal
point, i.e. that there exists k ≥ 0 such that τk = n. Let us now introduce the
notation:

for n ≥ 1, K(n) := P(τ1 = n), K(∞) = P(τ1 = +∞),

which we refer to as the inter-arrival distribution. We say that the renewal process τ
is

• persistent (or recurrent) if K(∞) = 0 — in particular |τ | = +∞ almost surely;
• finite (or transient) if K(∞) > 0 — in particular |τ | < +∞ follows a geometric

law with parameter K(∞).

3.1.1 The homogeneous pinning model

The homogeneous pinning model consists in modifying the law of the renewal pro-
cess τ by considering the following Gibbs measure, analogously to (2.14): for a length
N ≥ 1 and for h ∈ R (the pinning parameter), we define

dPN,h
dP

(τ) :=
1

ZN,h
exp

(
h

N∑
i=1

1{i∈τ}

)
1{N∈τ} . (3.1)

Recall that we have introduced a pinning model of one-dimensional interfaces in
Section 2.2. The definition (3.1) in fact includes both the unconstrained case and the
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constrained case considered in Section 2.2: it is enough to consider as the underlying
renewal process the process τ defined in (2.15) or the process τ+ defined in (2.17).

In all the following, we make the following assumption about the renewal process,
which is the one usually made in the literature.

Assumption. There exist α ≥ 0 and a slowly varying function L(·) (see Remark 3.1
below) such that, for n ≥ 1:

K(n) := P(τ1 = n) = L(n)n−(1+α) . (∗)

The assumption (∗) is satisfied for instance if τ = {n, S2n = 0} where (Sn)n≥0 is
the simple random walk on Zd: one has

• if d = 1, then α = 1
2 and limn→∞ L(n) = 1

2
√
π

(see for instance [Fel66, Ch. III]);
• if d = 2, then α = 0 and L(n) ∼ π

(log n)2 (cf. [JP72, Thm. 4]);
• if d ≥ 3, then α = d

2 − 1 and limn→∞ L(n) = cd (cf. [DK11, Thm. 4]).
We will often consider the slightly simpler framework where the slowly varying func-
tion converges to a constant, i.e. there is a constant c1 such that

K(n) := P(τ1 = n) ∼ c1 n
−(1+α) as n→ ∞ . (∗̂)

Remark 3.1 (Slowly-varying functions). A slowly varying function L(·) is a function
that satisfies limn→∞

L(tn)
L(n) = 1 for all t > 0; a standard example is a poly-logarithmic

function, L(n) ∼ c (log n)κ as n → ∞. A complete reference for slowly varying
functions is [BGT89]. A summary of useful properties can be found in [Gia07,
App. A.4], but let us give a few ones:

• for all 0 < a < b <∞, the convergence limn→∞
L(tn)
L(n) = 1 is uniform in t ∈ [a, b];

• L(n) = no(1) as n→ ∞;

•
x∑

n=1
nγ−1L(n)

x→∞∼ 1
γ n

γL(x) if γ > 0 and
+∞∑
n=x

nγ−1L(n)
x→∞∼ −1

γ n
γL(x) if γ < 0.

3.1.2 The disordered pinning model

We now defined a disordered version of the pinning model. Consider a sequence
ω = (ωi)i≥0 of i.i.d. random variables, with law denoted by P. The variables ωi
represent the inhomogeneities along the defect line (or the polymer) and will be
thought as perturbations of the interactions between the polymer and the defect
line, see Figure 3.2. We assume in all the following that E[ωi] = 0, E[ω2

i ] = 1.
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τ1 τ2 τ3 τ4 τ5 τ6 τ7

(i, Si)

0

N

Zd

Figure 3.2: The polymer trajectory is represented by the sequence (i, Si), which repre-
sents the position of the i-th monomer. Interactions take place along the defect line, at
sites where Si returns to 0, that is at times τ1, τ2, . . . The defect line (or the polymer, or
both) is inhomogeneous, represented by random variables (ωi)i≥0 attached to the differ-
ent sites.

For a given realization of ω (this is called quenched or frozen disorder) and for
β ≥ 0 (the inverse temperature or intensity of disorder), h ∈ R (the homogeneous
pinning parameter), we define for N ≥ 1 the disordered pinning measure Pβ,ωN,h as a
Gibbs measure with respect to the reference law P of τ :

dPβ,ωN,h
dP

(τ) :=
1

Zβ,ω
N,h

exp
( n∑

i=1

(h+ βωi)1{i∈τ}

)
1{N∈τ} . (3.2)

Here, the partition function of the model is given by

Zβ,ω
N,h := E

[
exp

( N∑
i=1

(h+ βωi)1{i∈τ}

)
1{N∈τ}

]
. (3.3)

The measure PωN,β,h corresponds to giving a reward h+βωi (or a penalty depending
on the sign) if the polymer touches the defect line at site i. One can thus view the
disordered model as a random perturbation of the homogeneous pinning model; note
that if β = 0, one indeed recovers the homogeneous model. Note that PωN,β,h and
Zβ,ω
N,h depend on the realization of the disorder ω, in fact, PωN,β,h is a random measure

and Zβ,ω
N,h is a random variable.

Notice that we have added in (3.2)-(3.3) the indicator function N ∈ τ , forcing the
endpoint of the polymer to be pinned; this corresponds to having a zero boundary
condition. One can also remove this constraint and consider the free model:

dP̃β,ωN,h
dP

(τ) :=
1

Zβ,ω
N,h

exp
( n∑

i=1

(h+ βωi)1{i∈τ}

)
, (3.4)
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with partition function

Z̃β,ω
N,h := E

[
exp

( N∑
i=1

(h+ βωi)1{i∈τ}

)]
. (3.5)

We will see later that this free model has properties close to the original model (3.2)-
(3.3), see in particular Remark 3.13 below.

Remark 3.2. An important observation is that, by a translation of the parameter
h, one can always reduce to the case where K(∞) = 0, that is to the case where τ
is persistent. Indeed, if we set ĥ = h− log P(τ1 < +∞), one can write the partition
function by decomposing it according to the number and positions of the renewals
points:

ZN,ĥ =
N∑
k=1

∑
t0=0<t1<···<tk=N

k∏
j=1

eĥ+βωtjK(tj − tj−1)

=
N∑
k=1

∑
t0=0<t1<···<tk=N

k∏
j=1

eh+βωtj K̂(tj − tj−1) = Ê
[
e
∑N

i=1(h+βωi)1{i∈τ̂}1{N∈τ̂}

]
,

where we have set K̂(n) := K(n)/P(τ1 < +∞) = P(τ1 = n | τ1 < +∞), which
is the inter-arrival law of a renewal process τ̂ . Note that the condition (∗) remains
satisfied (with L̂(n) = L(n)/P(τ1 < +∞)) and that K̂ satisfies

∑∞
n=1 K̂(n) = 1,

i.e. K̂(∞) = 0, so that the renewal is persistent.

3.1.3 The question of the influence of disorder

The aim of this chapter and the next one is to study the question of disorder rele-
vance, which amounts to comparing the behaviors of the homogeneous and disordered
pinning models. More precisely, we will try to answer the following questions (in that
order):

• Can one describe precisely the phase transition of the homogeneous model?
• Does the disordered model also exhibit a phase transition?
• What can be said about the phase transition of the disordered model? In par-

ticular:
– Can we estimate the critical point?
– Can we estimate the behavior in the neighborhood of the critical point?
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– Does the phase transition of the disordered model have different features
from those of the homogeneous one?

These questions are at the core of the notion of disorder relevance. Disorder is
said to be relevant if an arbitrarily weak intensity of disorder (represented in our
case by the parameter β) modifies the critical behavior of the model. Disorder is
said to be irrelevant if, provided that the intensity of disorder is small enough, the
phase transition of the disordered model has the same features as the one of the
homogeneous model.

3.2 Solving the homogeneous model

As already seen in Chapter 2, the free energy is an important physical quantity that
encodes key properties of the model.

Proposition 3.3 (Existence of the free energy). The free energy

F(h) = lim
N→∞

1

N
logZN,h = lim

N→∞

1

N
log Z̃N,h

exists, is positive, and satisfies F(h) = 0 if h ≤ 0. Moreover, h 7→ F(h) is increasing
and convex and at every point where F is differentiable, one has

∂

∂h
F(h) = lim

N→∞
EN,h

[ 1

N

N∑
i=1

1{i∈τ}

]
= lim

N→∞
ẼN,h

[ 1

N

N∑
i=1

1{i∈τ}

]
.

This proposition is the exact analogue of Proposition 2.2 and the proof is identical.
In particular, the existence of the free energy is due to the super-additivity of logZN,h
(and to Fekete’s Lemma).

The only point that deserves a comment is the fact that the limit is the same if
one replaces the partition function ZN,h by its free version Z̃N,h (for which one does
not have super-additivity). We leave this as an exercise.

Exercise 20. We assume that the inter-arrival law of the renewal process τ satis-
fies (∗), that is K(n) = P(τ1 = n) = L(n)n−(1+α).

1. Show that Z̃N,h = ZN,h +
∑N

k=1 ZN−k,hP(τ1 ≥ k).

2. Show that there exists a constant C such that P(τ1 ≥ k)/P(τ1 = k) ≤ Ck2+α

for all k ≥ 1 (one may use the second item of Remark 3.1), show that

ZN,h ≤ Z̃N,h ≤ (1 + Ce−hN 2+α)ZN,h .
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3. Conclude that F(h) = limN→∞
1
N logZN,h = limN→∞

1
N log Z̃N,h.

3.2.1 The localization phase transition

Proposition 3.3 shows that one can define the critical point

hc := sup
{
h ∈ R, F(h) = 0

}
= inf

{
h ∈ R, F(h) > 0

}
.

As remarked in Section 2.1.3 (see (2.7)), the critical point hc marks a transition
between a delocalized phase for h < hc (zero asymptotic contact density) and a
localized phase for h > hc (strictly positive asymptotic contact density).

Exercise 21. Show that 0 ≤ hc ≤ − log(supn≥1K(n)).

In analogy with (2.16) (see also Proposition 2.12 and Lemma 2.14), one obtains
the following characterization for the free energy.

Proposition 3.4 (Characterization of the free energy). The free energy F(h) is the
solution in λ of

E
[
e−λτ1

]
= e−h

if a solution exists, and F(h) = 0 otherwise.

One deduces the following generalization of Theorem 2.11 (the generalization is
relative to assumption (∗) on the renewal process).

Theorem 3.5 (Critical point and critical behavior). One has

hc = − log P(τ1 < +∞) .

Additionally, under assumption (∗) and if α > 0, there exists a slowly varying
function L̂(·) such that, as u ↓ 0,

F(hc + u) ∼ L̂(1/u)uν with ν := max
(
1
α , 1

)
.

We can make the slowly varying function L̂(·) explicit in the following cases:

• If mτ := E[τ11{τ1<+∞}] < +∞, then F(hc + u) ∼ P(τ1 < +∞)

mτ
u as u ↓ 0.

• If (∗̂) holds with α ∈ (0, 1), then F(hc+u) ∼
(αP(τ1 < +∞)

c1Γ(1− α)

)1/α

u1/α as u ↓ 0.

If α = 0, then F(hc + u) = o(up) as u ↓ 0, for all p > 0.
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Let us emphasize that thanks to Remark 3.2, one can always reduce to the case
hc = 0 simply by changing the inter-arrival lawK(n) to K̂(n) = K(n)/P(τ1 < +∞),
which amounts to a translation of the parameter h.

Proof of Theorem 3.5. The fact that hc = − log P(τ1 < +∞) is simply related to
the fact that limλ↓0 E[e

−λτ1] = P(τ1 < +∞), so that according to Proposition 3.4
one has F(h) > 0 if and only if e−h < P(τ1 < +∞).

For the critical behavior, the proof is similar to that of Theorem 2.11. The idea
is to obtain the behavior of E[e−λτ1] as λ ↓ 0 and to use Proposition 3.4 to conclude,
taking into account the fact that F(h) ↓ 0 as h ↓ hc. We use the following lemma.

Lemma 3.6 (Aboue the Laplace transform of τ1). Under assumption (∗), there
exists a slowly varying function L̃(·) such that

P(τ1 < +∞)− E
[
e−λτ1

]
∼ L̃(1/λ)λmin(α,1) as λ ↓ 0 .

• When mτ := E[τ11{τ1<+∞}] < +∞, one can take L̃(x) ≡ mτ .
• If α ∈ (0, 1) in (∗), then one can take L̃(x) = Γ(1−α)

α L(x).

With this lemma and Proposition 3.4, also using that e−hc = P(τ1 < +∞), since
we have that F(h) ↓ 0 when h ↓ hc (by continuity of F), one obtains

e−hc(h− hc) ∼ e−hc − e−h = P(τ1 < +∞)− E
[
e−F(h)τ1

]
∼ L̃(1/F(h))F(h)min(α,1)

as h ↓ hc. By inverting this relation, one obtains Theorem 3.5 (the slowly varying
function L̂(·) is related to the function L(·) and to the exponent min(α, 1), see
[BGT89, Thm. 1.5.13]). In particular:
• If mτ < +∞, one has e−hc(h− hc) ∼ mτF(h), which gives the desired result;
• If (∗̂) holds with α ∈ (0, 1), then one has e−hc(h− hc) ∼ c1

Γ(1−α)
α F(h)1/α, which

gives the desired result.

Proof of Lemma 3.6. We start by writing P(τ1 = +∞) =
∑∞

n=1 P(τ1 = n), so that

P(τ1 < +∞)− E
[
e−λτ1

]
=

∞∑
n=1

(1− e−λn)P(τ1 = n) . (3.6)

We focus on the case where mτ < +∞ and on the case α ∈ (0, 1); we leave the other
cases (α = 1 with mτ = +∞ and α = 0) as exercises (see after the proof).
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Case mτ < +∞. Note that for all n, the function λ 7→ 1−e−λn

λ is decreasing (and
bounded from above by n) and that limλ↓0

1−e−λn

λ = n. Therefore, by monotone (or
dominated) convergence, one gets that

lim
λ↓0

1

λ

(
P(τ1 < +∞)− E

[
e−λτ1

])
=

∞∑
n=1

nP(τ1 = n) = mτ ,

which gives the desired result.

Case α ∈ (0, 1). In this case, let us write

P(τ1 < +∞)− E
[
e−λτ1

]
=

∞∑
n=1

1− e−λn

n1+α
L(n) = λαL(1/λ)

∞∑
n=1

λ
1− e−λn

(λn)1+α
L(n)

L(1/λ)
.

In the case where limx→∞ L(x) = c1 one has L(n)
L(1/λ) → 1 if n, 1/λ are large. It then

suffices to use the convergence of the Riemann sum (then an integration by parts)

lim
λ↓0

∞∑
n=1

λ
1− e−λn

(λn)1+α
=

∫ ∞

0

1− e−x

x1+α
dx =

1

α

∫ ∞

0

x−αe−xdx =
Γ(1− α)

α
.

The case of a general slowly varying function L(·) is a bit more technical (see [BGT89,
Cor. 8.1.7]): the idea is that the main contribution to the sum is for n of order 1/λ
(one can control the sum for n ≤ ε/λ and the sum for n ≥ 1/ελ). Then, for such
n ≍ 1/λ one gets L(n)/L(1/λ) → 1 by definition of a slowly varying function, so
one can use the same Riemann approximation argument.

Exercise 22 (Case α = 1, first version). Assume that P(τ1 = n) ∼ c1n
−2 as n→ ∞,

for some constant c1 > 0. Starting from (3.6), we admit that, as λ ↓ 0 one has

P(τ1 < +∞)− E
[
e−λτ1

]
∼ c1

∞∑
n=1

1− e−λn

n2
.

1. Show that (we omit integer parts to simplify the notation)

∞∑
n=1

1− e−λn

n2
≥

1/λ∑
n=1

(λ
n
− 1

2
λ2
)
≥ λ

(
log

1

λ
− 1

2

)
.
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2. Show that
∞∑
n=1

1− e−λn

n2
≤

1/λ∑
n=1

λ

n
+

∞∑
n=1/λ+1

1

n2
≤ λ log

1

λ
+ 1 + λ .

3. Deduce that, as λ ↓ 0,

P(τ1 < +∞)− E
[
e−λτ1

]
∼ c1λ log

1

λ
.

4. Deduce the behavior of F(h) as h ↓ hc in this case.

Exercise 23 (Case α = 1, general version). Assume that P(τ1 = n) = L(n)n−2

with mτ :=
∑∞

n=1
L(n)
n = +∞. We set

L∗(n) :=
n∑
k=1

L(k)

k
,

which therefore satisfies limn→∞ L∗(n) = +∞.
1. Show that for all t > 0 we have limn→∞

L∗(n)−L∗(tn)
L(n) = log 1

t .

2. Deduce that limn→∞
L∗(n)
L(n) = +∞ and then that L∗(·) is slowly varying.

3. Show that, as λ ↓ 0, one has P(τ1 < +∞)− E
[
e−λτ1

]
∼ λL∗(1/λ).

(One may use the third property of Remark 3.1.)

This therefore proves Lemma 3.6 in the case α = 1, with L̃ = L∗.

Exercise 24 (Case α = 0). Assume that P(τ1 = n) = L(n)n−1, and note that∑∞
k=1 L(n)n

−1 = P(τ1 < +∞) < +∞. We set

L∗(n) =
∞∑
k=n

L(k)

k
,

which therefore satisfies limn→∞ L∗(n) = 0.
1. As in the previous exercise, show that limn→∞

L∗(n)
L(n) = +∞ and that L∗(·) is

slowly varying.
2. Show that, as λ ↓ 0, one has P(τ1 < +∞)− E

[
e−λτ1

]
∼ L∗(1/λ).

(One may use the third property of Remark 3.1.)

This therefore proves Lemma 3.6 in the case α = 0, with L̃ = L∗.
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Exercise 25 (Pinning of the d = 2 random walk). We recall that in the case of the
simple random walk in dimension d = 2, we have that P(τ1 = n) ∼ π

n(log n)2 . Since
P(τ1 <∞) = 1 we have hc = 0. Using the previous exercise, show that

F(u) = exp
(
− π + o(1)

u

)
as u ↓ 0 .

3.2.2 Properties of renewal trajectories under the pinning measure

Let us introduce, for h ∈ R the following inter-arrival distribution:

∀n ∈ N Kh(n) := ehK(n)e−F(h)n . (3.7)

We then consider a renewal process τ (h) = (τ
(h)
k )k≥1 with law denoted P(h), by setting

its inter-arrival distribution as P(h)(τ
(h)
1 = n) = Kh(n). Notice that, depending on

h, τ (h) may be persistent or finite:

if h ≥ hc ,

∞∑
n=1

Kh(n) = ehE[e−F(h)τ1] = 1

if h < hc ,
∞∑
n=1

Kh(n) = ehP(τ1 < +∞) < 1 .

In particular, if h ≥ hc then the renewal τ (h) is persistent (recurrent), whereas if
h < hc the renewal τ (h) is finite (transient). We can then interpret the pinning
measure PN,h as follows.

Proposition 3.7. We have ZN,h = eF(h)NP(h)(N ∈ τ (h)) for all N ∈ N. Addition-
ally, the pinning measure PN,h can be described as follows:

PN,h( · ) = P(h)( · | N ∈ τ (h)) .

Proof. Let us start by proving the first point. By decomposing the partition function
according to the number and positions of the renewal points, we have

ZN,h =
N∑
k=1

∑
t0=0<t1<···<tk=N

k∏
j=1

ehK(tj − tj−1)

= eF(h)N
N∑
k=1

∑
t0=0<t1<···<tk=N

k∏
j=1

Kh(tj − tj−1) ,
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where we used the definition (3.7) of Kh (and noted that
∏k

j=1 e
−F(h)(tj−tj−1) =

eF(h)N). We therefore get that ZN,h = eF(h)NP(h)(N ∈ τ (h)) by using the same
decomposition of the event {N ∈ τ (h)} according to the number and positions of the
renewal points.

Let us now show the second point. For all t0 = 0 < t1 < · · · < tk = N , we have

PN,h
(
τ1 = t1, . . . , τk = tk

)
=

1

ZN,h
ekh

k∏
j=1

K(tj − tj−1)

=
1

P(h)(N ∈ τ (h))

k∏
j=1

ehe−F(h)(tj−tj−1)K(tj − tj−1) .

where we have used that ZN,h = eF(h)NP(h)(N ∈ τ (h)) as seen above. Together with
the definition (3.7) of Kh(·), this shows that

PN,h
(
τ1 = t1, . . . , τk = tk

)
= P(h)

(
τ1 = t1, . . . , τk = tk | N ∈ τ (h)

)
and thus PN,h(τ = A) = P(h)(τ (h) = A | N ∈ τ (h)) for every A ⊂ {0, . . . , N}.

We can then prove the following result.

Theorem 3.8 (Infinite volume limit). We have the following infinite-volume limit
for PN,h: for any h ∈ R, as N → ∞

PN,h( · ) = P(h)( · | N ∈ τ (h)) =⇒ P(h) .

Let us stress that this statement hides three different regimes:
• If h > hc, then τ (h) is positive recurrent, E(h)[τ

(h)
1 ] < +∞. n Note also that

Kh(n) decays exponentially fast in that case. Exercise 27 below shows that the
largest gap between renewal points under PN,h is asymptotic to 1

F(h) logN .
• If h = hc, then τ (h) is recurrent. It is either positive or null recurrent, de-

pending on whether
∑∞

n=1 nK(n) is finite or infinite. Note that Kh(n) decays
polynomially, see (∗).

• If h < hc, then τ (h) is transient. Note that Kh(n) decays polynomially, see (∗).
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Proof. Let 0 < t1 < . . . < tk be fixed. For N ≥ tk, thanks to Proposition 3.7,

PN,h
(
τ1 = t1, . . . , τk = tk

)
=

1

P(h)(N ∈ τ (h))
P(h)

(
τ1 = t1, . . . , τk = tk, N ∈ τ (h)

)
=

P(h)(N − tk ∈ τ (h))

P(h)(N ∈ τ (h))
P(h)

(
τ1 = t1, . . . , τk = tk

)
.

To conclude the proof, it is enough to show that for every t ∈ N we have

lim
N→∞

P(h)(N − t ∈ τ (h))

P(h)(N ∈ τ (h))
= 1 , (3.8)

which is the object of the next section which deals with properties of renewal pro-
cesses.

3.3 Intermezzo: some properties of renewal processes

We now give some useful estimates for renewal processes. We consider a renewal
process τ = (τk)k≥1, which we assume to be aperiodic, i.e. gcd{n,K(n) > 0} = 1.
An important quantity to study is the renewal mass function

u(n) := P(n ∈ τ) .

3.3.1 The positive recurrent case

The following theorem is useful in the case of a positive recurrent renewal process, i.e.
when E[τ1] < +∞; it also gives a partial result in the null recurrent or transient cases,
where E[τ1] = +∞. In particular, it proves (3.8) when τ (h)1 is positive recurrent, that
is when h > hc, or h = hc with

∑
n≥1 nK(n) < +∞.

Theorem 3.9 (Standard renewal theorem). Let τ = (τk)k≥0 be an aperiodic renewal
process. Then

lim
n→∞

P(n ∈ τ) =
1

E[τ1]
.

Proof. Let us give a quick proof in the recurrent case; it is easy to see that in the
transient case where K(∞) > 0, one has limn→∞ P(n ∈ τ) = 0.

To every persistent renewal one can associate a Markov chain (Si)i≥0 on Z starting
from 0 such that τ has the same law as the return times to 0 of (Si)i≥0, that is
τ = {i, Si = 0}. For this, simply consider the Markov chain with transition matrix
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Q(0, x) = K(x− 1) and Q(x, x− 1) = 1 for x ≥ 1 (draw a picture to understand).
The chain is then recurrent if and only if P(τ1 < +∞) = 1 and is positive recurrent
if and only if E[τ1] < +∞.

In the recurrent case, one easily computes the invariant measures of the Markov
chain (unique up to a multiplicative factor): they are given µ(x) = µ(0)P(τ1 ≥ x).
Notice that µ have a finite mass if and only if

∑
x≥0 P(τ1 ≥ x) = E[τ1] < +∞.

In the positive recurrent case, since the chain is aperiodic P(n ∈ τ) = P(Sn = 0)

converges to π(0) = 1
E[τ1]

, where π(x) = P(τ1≥x)
E[τ1]

is the unique invariant probability.
In the null recurrent case, P(n ∈ τ) = P(Sn = 0) converges to 0 = 1

E[τ1]
.

3.3.2 The null recurrent case

Let us now assume that P(τ1 < +∞) = 1 but that E[τ1] = +∞. To estimate
the renewal mass function u(n) = P(n ∈ τ), we assume that the inter-arrival law
satisfies (∗) with α ∈ [0, 1]. The following result proves (3.8) when τ (h) is null
recurrent, that is when h = hc and

∑
n≥1 nK(n) = +∞ (notice that Kh satisfies (∗)

with α ∈ [0, 1]).
This is in fact a difficult result: the case α = 1 is due to [Eri70] (notice the analogy

with the renewal theorem above), the case α ∈ (0, 1) to [Don97], the case α = 0
to [Nag12, AB16].

Theorem 3.10 (Renewal theorem with infinite mean). Assume that τ is persistent,
i.e. P(τ1 < +∞) = 1, and that P(τ1 = n) satisfies (∗) with α ∈ [0, 1]. Then, as
n→ ∞

P(n ∈ τ) ∼



1

E[τ11{τ1≤n}]
if α = 1 ;

α sin(πα)

π
L(n)−1n−(1−α) if α ∈ (0, 1);

1

P(τ1 ≥ n)2
P(τ1 = n) if α = 0 .

(3.9)

Let us stress that, in the case α = 1, E[τ11{τ1≤n}] is equal to L∗(n) :=
∑n

k=1
L(k)
k ,

which is a slowly varying function that verifies limn→∞ L∗(n)/L(n) = +∞, see
Exercise 23, Q.2. Similarly, in the case α = 0, P(τ1 ≥ n) is equal to L∗(n) :=∑∞

k=n
L(k)
k , which is a slowly varying function that verifies limn→∞ L∗(n)/L(n) =

+∞, see Exercise 24, Q.1.
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3.3.3 The transient case

Let us finally treat the transient case, and assume that K(∞) = P(τ1 = +∞) > 0.
The following result allows proves (3.8) when τ (h) is transient, that is when h < hc
(notice that Kh satisfies (∗)).

Theorem 3.11 (Transient renewal theorem). Assume that K(∞) > 0 and that (∗)
holds. Then, as n→ ∞,

P(n ∈ τ) ∼ 1

P(τ1 = ∞)2
P(τ1 = n) . (3.10)

This result is not that easy: we refer to [Gia07, Thm. A.4] for a proof. Note the
analogy with the recurrent case with α = 0 (also, this theorem admits a converse,
see [AB16, Thm. 1.4]).

3.3.4 Properties of trajectories: a few exercises

Exercise 26. Let us denote by HN(τ) :=
∑N−1

i=1 1{i∈τ} the total number of renewal
points before N .

1. Assume that h > hc. Show that for any ε > 0 we have that

lim
N→∞

PN,h
(
|N−1HN(τ)− F′(h)| > ε

)
= 0 .

Bonus: Show that PN,h
(
|HN(τ)− F′(h)N | > εN

)
≤ e−cεN for some cε > 0.

2. Assume that h < hc. Show that

∀ k ≥ 0 lim
N→∞

PN,h(HN(τ) = k) = (k + 1)q2h(1− qh)
k ,

where qh is a parameter to be determined.
(The right-hand side is the law of the sum of two independent Geom0(qh) r.v.)

Exercise 27. Let us denote by MN := max{τk − τk−1, τk ≤ N} the largest “gap”
in the renewal process before N , that is the size of the largest interval without a
renewal point.

1. Assume that h > hc.
(a) Show that for any ε > 0, limN→∞ PN,h(MN > 1+ε

F(h) logN) = 0.
(b) Show that for any ε > 0, limN→∞ PN,h(MN < 1−ε

F(h) logN) = 0.
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2. Assume that h < hc. Show that, if aN → ∞, then

lim
N→∞

PN,h(MN < N − aN) = 0 .

Exercise 28. Denote again HN(τ) :=
∑N−1

i=1 1{i∈τ} and assume that h = hc.
1. Suppose that mc :=

∑∞
n=1 nKh(n) < +∞. Show that, for any ε > 0, we have

that limN→∞ PN,h
(
|N−1HN(τ)−mc| > ε

)
= 0.

2. Suppose that α ∈ (0, 1) in (∗).
(a) Show that, if aN → ∞, then limN→∞ PN,h

(
HN(τ) ≥ aNN

α/L(N)
)
= 0.

(b) Show that, if εN ↓ 0, then limN→∞ PN,h
(
HN(τ) ≤ εNN

α/L(N)
)
= 0.

(This is more difficult, see e.g. (4.7).)

3.4 The disordered model: free energy and phase transition

From now on and in view of Remark 3.2, we will assume, in order to simplify some
statements, that the renewal τ is persistent, that is P(τ1 < +∞) = 1. This implies
in particular that the critical point of the homogeneous model is hc = 0.

3.4.1 The free energy: existence and first properties

Let us start by defining and proving the existence of the free energy, which has a
so-called self-averaging property.

Theorem 3.12 (Existence of the quenched free energy). The free energy is defined
as the limit

F(β, h) = lim
N→∞

1

N
logZβ,ω

N,h . (3.11)

This limit exists P-a.s. and in L1(P) and is constant P-a.s., and we have

F(β, h) = lim
N→∞

1

N
E
[
logZβ,ω

N,h

]
= sup

N≥1

1

N
E
[
logZβ,ω

N,h

]
.

Remark 3.13. One can also define the free energy as in (3.11), by replacing the
partition function with its free version Z̃β,ω

N,h, see (3.5). Indeed, it is enough to see
that, by adapting Exercise 20, one has

Zβ,ω
N,h ≤ Z̃β,ω

N,h ≤ (1 + Ce−(h+βωN )N 2+α)Zβ,ω
N,h . (3.12)
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This then shows that F(β, h) = limN→∞
1
N log Z̃β,ω

N,h = limN→∞
1
NE log Z̃β,ω

N,h. How-
ever, the last identity of Theorem 3.12 is not satisfied for the free partition func-
tion Z̃β,ω

N,h. Using (3.12), one has instead that there is a constant c > 0 (which
depends on h, β) such that

∀N ∈ N F(β, h) ≥ 1

N
E
[
log Z̃β,ω

N,h

]
− c

logN

N
. (3.13)

Some properties

Before proving Theorem 3.12, let us give some important properties.

Proposition 3.14 (Properties of the free energy). The free energy satisfies the
following:
(i) for all β ≥ 0, h ∈ R, one has F(β, h) ∈ [0,+∞);
(ii) the functions h 7→ F(β, h) and β 7→ F(β, h) are convex and increasing.
(iii) the function (β, h) 7→ F(β, h) is convex;

Proof. The computations are quite similar to those of Proposition 2.2, but give useful
estimates.

(i). For the lower bound, by introducing the indicator 1{τ1=N}, one gets

Zβ,ω
N,h ≥ eh+βωNP(τ1 = N) .

Using property (∗) for P(τ1 = N), taking the log, dividing by N and letting N → ∞
gives F(β, h) ≥ 0.

For the upper bound, by bounding (h+ βωi)1{i∈τ} by (h+ βωi)
+, one gets

Zβ,ω
N,h ≤ e

∑N
i=1(h+βωi)

+

P(N ∈ τ) .

Using the law of large numbers and the fact that limN→∞
1
N log P(N ∈ τ) = 0, see

Section 3.3, one gets F(β, h) ≤ E[(h+ βω1)
+] < +∞.

(ii). Set, for N ≥ 1,

FωN(β, h) := logZβ,ω
N,h = log E

[
exp

( N∑
i=1

(h+ βωi)1{i∈τ}

)
1{N∈τ}

]
.

(Note that FωN(β, h) depends on ω!) Let us first show that, for all N ≥ 1 and every
realization of ω, the functions h 7→ FωN(β, h) and β 7→ FωN(β, h) are convex.
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By differentiating, one gets

∂

∂h
FωN(β, h) = Eβ,ωN,h

[ N∑
i=1

1{i∈τ}

]
,

∂

∂β
FωN(β, h) = Eβ,ωN,h

[ N∑
i=1

ωi1{i∈τ}

]
, (3.14)

and

∂2

∂2h
FωN(β, h) = Varβ,ωN,h

[ N∑
i=1

1{i∈τ}

]
,

∂2

∂2β
FωN(β, h) = Varβ,ωN,h

[ N∑
i=1

ωi1{i∈τ}

]
,

which shows the convexity of the two functions.
The monotonicity of h 7→ FωN(β, h) (for all N ≥ 1, for all ω) follows directly

from (3.14). However, it is not true that β 7→ FωN(β, h) is monotone (for example if
the first N variables ω are negative), but it is enough to show that β 7→ E[FωN(β, h)]
is non-decreasing. This function being convex, it is therefore enough to show that
its derivative at β = 0 is non-negative. But since Pβ=0,ω

N,h = PN,h does not depend
on ω, one has

∂

∂β
E
[
FωN(β, h)

]∣∣
β=0

=
1

N
EEN,h

[ N∑
i=1

ωi1{i∈τ}

]
= 0 ,

thanks to the assumption that E[ωi] = 0.
(iii). For the convexity of (β, h) 7→ F(β, h), it is enough to show that for all

N ≥ 1 and every realization of ω, the function (β, h) 7→ FωN(β, h) is convex. The
same computations as above gives

Hess(FωN(β, h)) =
(
Covβ,ωN,h

(
Σa,Σb

))
1≤a,b≤2

,

where Σ1 =
∑N

i=1 1{i∈τ} and Σ2 =
∑N

i=1 ωi1{i∈τ}. This is a positive definite matrix,
which shows the desired convexity.

Remark 3.15. The observation made in Section 2.1.3-(2.7) remains valid here:
for every h such that the derivative ∂

∂hF(β, h) exists, this derivative is the limit
of ∂

∂h
1
N F

ω
N(β, h) (and of ∂

∂h
1
NE[F

ω
N(β, h)]), that is

∂

∂h
F(β, h) = lim

N→∞

1

N
Eβ,ωN,h

[ N∑
i=1

1{i∈τ}

]
= lim

N→∞

1

N
EEβ,ωN,h

[ N∑
i=1

1{i∈τ}

]
.
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Proof of Theorem 3.12

A quick proof consists in using Kingman’s subadditive ergodic theorem [Kin73] as a
black box (this theorem can be seen as a random version of Fekete’s lemma). This
theorem is extremely useful in many situations; we give its statement here.

We denote by θ : RN → RN the shift operator: if ω = (ωi)i≥1, then for k ≥ 0

θkω = (ωi+k)i≥0 ,

that is (θkω)i = ωi+k for all i ≥ 0.

Theorem (Kingman’s subadditive ergodic). Let (Xn)n≥0 be a sequence of measur-
able functions from RN to R. Assume that for all n,m ≥ 1, for all ω ∈ RN,

Xn+m(ω) ≤ Xn(ω) +Xm(θ
nω) .

Then, if ω = (ωi)i≥0 are i.i.d. random variables1 with law P, one has the P-almost
sure convergence limn→∞

1
nXn(ω) = infn≥1

1
nE[Xn].

One can apply this theorem to the sequence − logZβ,ω
N,h, which satisfies the as-

sumptions of ergodic subadditivity. Indeed by inserting the indicator 1{N∈τ} inside
the expectation, one gets

Zβ,ω
N+M,h ≥ E

[
exp

(( N∑
i=1

+
N+M∑
i=N+1

)
(h+βωi)1{i∈τ}

)
1{N∈τ}1{N+M∈τ}

]
= Zβ,ω

N,hZ
β,θNω
M,h ,

where we have used Markov’s property and wrote that
∑N+M

i=N+1(h + βωi)1{i∈τ} =∑M
i=1(h+βθNωi)1{N+i∈τ}. This shows the (ergodic) superadditivity of logZβ,ω

N,h: for
all N,M ≥ 1,

logZβ,ω
N+M,h ≥ logZβ,ω

N,h + logZβ,θNω
M,h , (3.15)

so that Kingman’s ergodic theorem yields the existence of the free energy.

Pedestrian proof of Theorem 3.12. We prove here the existence of the free energy
by an ad-hoc procedure, which uses the superadditivity of logZβ,ω

N,h and a quasi-
subadditivity of logZβ,ω

N,h, applying the law of large numbers a number of times.
1The result remains valid under the weaker assumption of ergodicity, i.e. that every θ-invariant

event has P-probability 0 or 1.
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Step 1. By the superadditivity (3.15) of logZβ,ω
N,h, one directly gets that the deter-

ministic sequence (E[logZβ,ω
N,h])N≥1 is superadditive. By Fekete’s lemma, one there-

fore gets the existence (and characterization) of the limit:

F := lim
N→∞

1

N
E
[
logZβ,ω

N,h

]
= sup

N→∞

1

N
E
[
logZβ,ω

N,h

]
. (3.16)

Step 2. Lower bound. We now show that P-a.s., for F defined in (3.16),

lim inf
N→∞

1

N
logZβ,ω

N,h ≥ F . (3.17)

Fix ε > 0 and consider N0 = N0(ε) such that 1
N0
E[logZβ,ω

N0,h
] ≥ F − ε. Then, for

N ≥ 1, write the Euclidean division N = mNN0 + qN , where 0 ≤ qN < N0. By
decomposing into blocks of size mN and using the superadditivity property (3.15),
we get that

logZβ,ω
N,h ≥

mN−1∑
j=0

logZβ,θjN0ω
mN ,h

+ logZβ,θmNN0ω
qN ,h

.

We now note that the random variables (logZβ,θjN0ω
mN ,h

)j≥0 are i.i.d. (they depend on
disjoint blocks of the variables ωi): by the law of large numbers, we obtain that
P-a.s.

lim
N→∞

1

N

mN−1∑
j=0

logZβ,θjN0ω
mN ,h

= lim
N→∞

mN

N

1

mN

mN−1∑
j=0

logZβ,θjN0ω
mN ,h

=
1

N0
E
[
logZβ,ω

N0,h

]
,

which is ≥ F − ε by definition of N0. One can also show that the remaining term
logZβ,θmNN0ω

qN ,h
is negligible:

lim
m→∞

1

m
max

q∈{0,...,N0−1}

∣∣ logZβ,θmN0ω
qN ,h

∣∣ = 0 P-a.s.

(We leave this as an exercise.) We therefore havelim infN→∞
1
N logZβ,ω

N,h ≥ F − ε,
which proves (3.17) since ε > 0 is arbitrary.
Step 3. Upper bound. We now show that P-a.s., for F defined in (3.16),

lim sup
N→∞

1

N
logZβ,ω

N,h ≤ F . (3.18)
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For this, we show that a quasi-subadditivity property holds of logZβ,ω
N,h, analogous

to (3.15): there exists a constant C > 0 such that, for all N,M ≥ 1,

logZβ,ω
N+M,h ≤ logZβ,ω

N,h + logZβ,θNω
M,h + log

(
1 + Ce−(h+βωN )min(N,M)2+α

)
. (3.19)

We prove (3.19) below, but let us first show how it implies (3.18). Let N0 ≥ 0
be large, and for N ≥ N0, write the Euclidean division N = mNN0 + qN , where
0 ≤ qN < N0. Decomposing into blocks of size mN as above and applying (3.19)
repeatedly, we get that

logZβ,ω
N,h ≤

mN−1∑
j=0

logZβ,θjN0ω
mN ,h

+ logZβ,θmNN0ω
qN ,h

+ β

mN∑
j=0

|ωjN0
|+ cmN logN0 ,

where we have also used that log(1 + Ce−(h+βωi)N 2+α
0 ) ≤ β|ωi| + c logN0 (for N0

sufficiently large, depending only on h).
As before, applying the law of large numbers, neglecting the term 1

N logZβ,θmNN0ω
qN ,h

(and noting that limN→∞
mN

N = 1
N0

), one gets for every (large) N0

lim sup
N→∞

1

N
logZβ,ω

N,h ≤
1

N0
E
[
logZβ,ω

N0,h

]
+

β

N0
E[|ω1|] +

c

N0
logN0 .

The bound (3.18) then follows by letting N0 → ∞, recalling the definition (3.16)
of F.

It remains to show the quasi-subadditivity property (3.19). By decomposing the
partition function according to the last renewal point before N (at position a) and
the first renewal point after N (at position b), one has the identity

Zβ,ω
N+M,h = Zβ,ω

N,hZ
β,θNω
M,h +

N−1∑
a=0

N+M∑
b=N+1

Zβ,ω
a,hK(b− a)eh+βωbZβ,θbω

N+M−b,h ,

where the first term is due to the event {N ∈ τ} (i.e. when a = b = N). Similarly,
one has the following last-point and first-point decompositions:

Zβ,ω
N,h =

N−1∑
a=0

Zβ,ω
a,hK(N − a)eh+βωN , Zβ,θNω

M,h =
N+M∑
b=N+1

K(b−N)eh+βωbZβ,θbω
N+M−b,h .
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Combining these two identities, we get that

N−1∑
a=0

N+M∑
b=N+1

Zβ,ω
a,hK(b− a)eh+βωbZβ,θbω

N+M−b,h

≤ Zβ,ω
N,hZ

β,θNω
M,h × e−(h+βωN ) max

0≤a<N<b≤N+M

K(b− a)

K(N − a)K(b−N)
.

This yields the inequality (3.19) once we realize that

max
0≤a<N<b≤N+M

K(b− a)

K(N − a)K(b−N)
≤ Cmin(N,M)2+α .

Indeed, this follows from the fact that K(n) = L(n)n−(1+α) (recall (∗)), from which
we deduce that K(b−a)

K(N−a) ≤ c and K(b − N) ≥ c′M−(2+α) uniformly in 0 ≤ a < N

and N < b ≤ N +M , recalling Remark 3.1; symmetrically we have K(b−a)
K(b−N) ≤ c and

K(N − a) ≥ c′N−(2+α).

3.4.2 About the phase transition

The fact that h 7→ F(β, h) is non-negative, non-decreasing and convex shows that
one can define the critical point: for any fixed β ≥ 0, define

hc(β) := inf{h, F(β, h) > 0} = sup{h, F(β, h) = 0} ,

with the convention sup ∅ = −∞.
By monotonicity of β 7→ F(β, h), we have F(β, h) ≥ F(0, h) and hence hc(β) ≤

hc(0) = 0, see Theorem 3.5 (recall we assumed that P(τ1 < +∞) = 1). We also
have the upper bound F(β, h) ≤ E[(h+βω1)

+] (recall the proof of Proposition 3.14),
but this does not allow us to deduce anything about the critical point (since E[(h+
βω1)

+] > 0 for all h ∈ R, unless ω1 has bounded support); note however that
limh→−∞ E[(h+ βω1)

+] = 0. We refer to Figure 3.3 for an illustration.
In view of Remark 3.15, the point hc(β) marks a phase transition between a

localized phase F(β, h) > 0, with an asymptotically positive density of contacts,
and a delocalized phase where F(β, h) = 0, with an asymptotically null density of
contacts. We denote by L, D the corresponding regions of the parameter space
(β, h) ∈ R+ × R,

L :=
{
(β, h) ; F(β, h) > 0

}
, D :=

{
(β, h) ; F(β, h) = 0

}
.
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h
hc = 0

F(β, h)

hc(β)

Figure 3.3: We have represented the free energy h 7→ F(β, h) as a function of h (for fixed
β > 0): it is a convex, increasing function, nonnegative. We have also represented as
dashed lines the bounds F(β, h) ≤ E[(h+ βω1)

+] and F(β, h) ≥ F(0, h).

Note that since (β, h) 7→ F(β, h) is convex, the delocalized region D is convex, that
is, the function β 7→ hc(β) is concave. We refer to Figure 3.5 on page 118 for an
overview of the phase diagram.

Condition for the existence of a phase transition.

The following proposition shows that an assumption is necessary in order to really
have a phase transition, i.e. in order to have hc(β) > −∞.

Proposition 3.16 (Absence of phase transition). If E[eβω1] = +∞ for all β > 0,
then F(β, h) > 0 for all h ∈ R and all β > 0. In particular hc(β) = −∞ for all
β > 0.

Its proof is given in the form of an exercise.

Exercise 29 (Proof of Proposition 3.16). The goal is to obtain a lower bound on
the free energy using a specific renewal trajectory that only visits large values of ω;
this is referred to as a rare sites strategy. We define T0 = 0, and then by iteration
Tk := min

{
i > Tk−1, ωi > 2 |h|

β

}
.

1. Show that for all n ≥ 1 we have Zβ,ω
Tn,h

≥
n∏
i=1

K(Ti − Ti−1)e
|h|.

2. Show that, P-a.s.

F(β, h) ≥ lim inf
n→∞

1

Tn
logZβ,ω

Tn,h
= lim inf

n→∞

n

Tn

1

n
logZβ,ω

Tn,h
.
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and then that
F(β, h) ≥ 1

E(T1)
(
|h|+ E[logK(T1)]

)
.

3. Using the fact that there exists a constant c > 0 such that K(n) ≥ cn−(2+α) for
all n ≥ 1, deduce that

F(β, h) ≥ 1

E(T1)
(
|h| − (2 + α) logE(T1) + log c

)
= P

(
ω1 > 2

|h|
β

)(
|h|+ log c+ (2 + α) logP

(
ω1 > 2|h|/β

))
.

4. Show that if E(eβω1) = +∞ for all β > 0, then lim inft→∞−1
t logP(ω1 > t) = 0.

Deduce that for any A < 0 there exists an h < A such that

F(β, h) ≥ 1

2
|h|P

(
ω1 > 2

|h|
β

)
> 0 ,

and conclude.

In order to have a phase transition, we therefore assume the following:

∃ β̄ ∈ (0,+∞] such that λ(β) := logE[eβωi] < +∞ ∀ β ∈ (0, β̄) . (∗∗)

Lemma 3.17 (Annealed bound). Assume that (∗∗) holds. Then for any β ≥ 0
such that λ(β) < +∞, we have

F(β, h) ≤ F(0, h+ λ(β)) . (3.20)

Thus we have hc(β) ≥ −λ(β), and in particular, hc(β) > −∞ for all β ∈ [0, β̄).

Proof. Assume that λ(β) < +∞, otherwise there is nothing to prove. Using Jensen’s
inequality, we have

E
[
logZβ,ω

N,h

]
≤ logE

[
Zβ,ω
N,h

]
= log E

[
exp

( N∑
i=1

(h+ λ(β))1{i∈τ}

)
1{N∈τ}

]
,

where we have used the fact that the ωi are i.i.d., together with the definition of
λ(β). We recognize the partition function of the homogeneous model, with parameter
h+ λ(β): we therefore deduce that

F(β, h) = lim
N→∞

1

N
E
[
logZβ,ω

N,h

]
≤ lim

N→∞

1

N
logZN,h+λ(β) = F(0, h+ λ(β)) .

Since F(0, h+λ(β)) = 0 for h+λ(β) ≤ hc = 0, this shows that hc(β) ≥ −λ(β).



3.4. THE DISORDERED MODEL: FREE ENERGY AND PHASE TRANSITION 109

3.4.3 Properties of trajectories: localized vs. delocalized

We now give some properties of the renewal τ under the pinning measure Pβ,ωN,h,
depending on whether h < hc(β) or h > hc(β).

a) Localized phase h > hc(β). We have the following result, due to [GT06a] (see
also [GZ24, Thm. 1.2] for an improved result).
Theorem 3.18 (Differentiability). The free energy h 7→ F(β, h) is infinitely differ-
entiable in the localized phase L = {(β, h), F(β, h) > 0}.

In particular, recalling Remark 3.15, for any h > hc(β), under Pβ,ωN,h we asymptot-
ically have a positive density of contacts:

∂

∂h
F(β, h) = lim

N→∞

1

N
Eβ,ωN,h

[ N∑
i=1

1{i∈τ}

]
= lim

N→∞

1

N
EEβ,ωN,h

[ N∑
i=1

1{i∈τ}

]
> 0.

where the limit exists P-a.s. since F is differentiable. We refer to Exercise 31 below
for a stronger result on trajectories in the localized phase.

Let us stress that [GT06a] also shows that the correlations Covβ,hN,h(1{i∈τ},1{j∈τ})
decay exponentially fast. It is then deduced [GT06a, Thm. 2.5] that, if MN is the
size of the largest excursion of the renewal process, there exists a constant Cβ,h such
that for all ε > 0 one has limN→∞ Pβ,ωN,h

(
| MN

logN − Cβ,h| > ε
)
= 0 , in P-probability.

This result is therefore comparable to Exercise 27 in the homogeneous case. We also
refer to [GZ24] for a number of properties (and a recent account of references) in the
localized phase.

b) Delocalized phase h < hc(β). We now prove the following result, which shows
that there are very few contacts in the delocalized phase.
Proposition 3.19 (Delocalized phase). If h < hc(β), then there exists a constant
Ch > 0 such that

EEβ,ωN,h
[ N∑
i=1

1{i∈τ}

]
≤ Ch
hc(β)− h

logN .

Proof. By convexity of h 7→ logZβ,ω
N,h, setting u = hc(β)− h, we have the inequality

logZβ,ω
N,hc(β)

= logZβ,ω
N,h+u ≥ logZβ,ω

N,h + uEβ,ωN,h

[ N∑
i=1

1{i∈τ}

]
,
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where we have used the computation (3.14) of the derivative of logZβ,ω
N,h. Taking

expectations and using the last identity of Theorem 3.12, we get that for any N ≥ 1,

E
[
logZβ,ω

N,h

]
+ uEEβ,ωN,h

[ N∑
i=1

1{i∈τ}

]
≤ E

[
logZβ,ω

N,hc(β)

]
≤ F(β, hc(β)) = 0 .

Then, using the lower bound Zβ,ω
N,h ≥ eβωN+hP(τ1 = N), we obtain the inequality

E
[
logZβ,ω

N,h

]
≥ βE[ωN ] + h+ log P(τ1 = N) = h+ log P(τ1 = N) ,

so that we end up with

EEβ,ωN,h
[ N∑
i=1

1{i∈τ}

]
≤ −h− log P(τ1 = N)

u
,

with u = hc(β)− h. Now, according to assumption (∗) on P(τ1 = N), we have that
log P(τ1 = N) ∼ −(1+α) logN as N → ∞, which concludes the proof. (Note that
we can choose Ch arbitrarily close to 1 + α if we choose N large enough.)

3.5 Some properties of the phase diagram

In this section we prove some (lower and upper) bounds on the critical curve hc(β).
Throughout, we assume that condition (∗∗) holds: this in particular implies that
E[ω2

1] < +∞. Recall that we assumed for simplicity that E[ω1] = 0 and E[ω2
1] = 1.

3.5.1 Quenched vs. annealed

Recall that under assumption (∗∗), we have the upper bound (3.20), due to Jensen’s
inequality:

F(β, h) = lim
N→∞

1

N
E
[
logZβ,ω

N,h

]
≤ lim

N→∞

1

N
logE[Zβ,ω

N,h] = F(0, h+ λ(β)) .

The averaged partition function E[Zβ,h
N,h] (here equal to ZN,h+λ(β)) is called the an-

nealed partition function: it corresponds to taking expectation of the Gibbs weight
both over the renewal process and over the disorder.

Remark 3.20. One may consider the Gibbs measure associated with the annealed
partition function: it is a measure both on the renewal τ and on the disorder ω, with
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reference measure P⊗ P, namely

dPβ,aN,h
dP⊗ P

(τ, ω) =
1

Zβ,a
N,h

exp
( N∑

i=1

(h+ βωi)1{i∈τ}

)
1{N∈τ} ,

with Zβ,a
N,h := E[Zβ,h

N,h].

Thus, we call annealed free energy the limit

Fa(β, h) := lim
N→∞

1

N
logE[Zβ,ω

N,h] = F(0, h+ λ(β)) ,

and we denote by hac(β) = −λ(β) the corresponding annealed critical point. Note
that we have the lower bound hc(β) ≥ hac(β) = −λ(β) and that one easily obtains
(recall E[ω2

1] = 1)

hac(β) = −λ(β) ∼ −1

2
β2 as β ↓ 0 .

Recalling that we assume (∗∗), let us denote

β̄ := sup
{
β ≥ 0 , λ(β) < +∞

}
∈ (0,+∞] . (3.21)

Then it is clear that we have the following dichotomy for the existence of a phase
transition for the annealed model:
(i) If β < β̄, then hac(β) > −∞;
(ii) If β > β̄, then hac(β) = −∞ (in fact, Fa(β, h) = +∞ for all h ∈ R).

3.5.2 Conditions for the existence of a phase transition

As far as the disordered (or quenched) model is defined, we have the following crite-
rion for the existence of a phase transition. (We refer to Figure 3.5 for an illustration.)

Theorem 3.21 (Criterion for a phase transition). Let β̄ be defined in (3.21). Then
we have the following dichotomy:
1. If β < (1 + α)β̄, then hc(β) > −∞;
2. If β > (1 + α)β̄, then hc(β) = −∞.

The question of whether hc(β) < −∞ or hc(β) = −∞ at β = (1 + α)β̄ is open
and should depend in a more refined way on the laws of τ and ω. There are a
number of cases that can be treated: for instance, if one has λ(β̄) = +∞, then
hc((1 + α)β̄) = −∞; but the converse is false. We refer to Proposition 3.25 below.
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Exercise 30. Show that the critical curve is left-continuous at β = (1+α)β̄, namely

lim
β↑(1+α)β̄

hc(β) = hc((1 + α)β̄) .

Proof of Theorem 3.21. We prove the two items separately.
Proof of item 1. Let us fix β < (1+α)β̄. The goal is to show that F(β, h) = 0 for
h sufficiently negative. Our proof is inspired by [Ton08a, Thm. 2.1] Let us fix some
γ ∈ (0, 1) such that 1

1+α < γ < (1 + α) β̄β , so in particular λ(γβ) < +∞.
Using that logZβ,ω

N,h =
1
γ log(Z

β,ω
N,h)

γ, we obtain by Jensen’s inequality that

F(β, h) = lim
N→∞

1

γN
E[log(Zβ,ω

N,h)
γ] lim
N→∞

1

γN
logE[(Zβ,ω

N,h)
γ] . (3.22)

Then, we decompose the partition function Zβ,ω
N,h according to the number and posi-

tions of renewal points, i.e.

Zβ,ω
N,h =

N∑
k=1

∑
t0=0<t1<···<tk=N

k∏
i=1

K(ti − ti−1)e
h+βωti .

Therefore, using that for γ ∈ (0, 1] we have (
∑
ai)

γ ≤
∑

(ai)
γ for any collection of

nonnegative real numbers ai ≥ 0, we obtain that

(Zβ,ω
N,h)

γ ≤
N∑
k=1

∑
t0=0<t1<···<tk=N

k∏
i=1

K(ti − ti−1)
γeh+βωti

=
N∑
k=1

∑
t0=0<t1<···<tk=N

k∏
i=1

K̂(ti − ti−1)e
γh+λ(γβ)+logCγ ,

where we have set K̂(n) := 1
Cγ
K(n)γ, with Cγ =

∑∞
n=1K(n)γ, which is finite

since γ < 1
1+α . We have thus proven that (Zβ,ω

N,h)
γ ≤ ẐN,ĥ, where ẐN,ĥ is the

partition function of a homogeneous pinning model of a renewal τ̂ with inter-arrival
distribution K̂(·), and with pinning parameter ĥ := γh + λ(γβ) − logCγ. Going
back to (3.22), we therefore get that

F(β, h) ≤ γ−1F̂(γh+ γλ(β)− logCγ) ,

where F̂ is the free energy associated to . Since K̂(·) also satisfies (∗) and verifies∑∞
n=1 K̂(n) = 1, we conclude from Theorem 3.5 that ĥc = 0, i.e. that F(β, h) = 0
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for any h ≤ − 1
γ (λ(γβ) + logCγ). This concludes that, for any γ ∈ ( 1

1+α ,
β/β∗

(1+α)), we
have

hc(β) ≥ −λ(γβ) + logCγ
γ

> −∞ . (3.23)

Proof of item 2. Let us fix β > (1 + α)β̄. The goal is to show that F(β, h) > 0
for all h ∈ R. We use a rare sites strategy similar to what is done in Exercise 29.

Let us define T0 = 0 and by iteration Tk := min{i > Tk−1, ωi ≥ t}, where
t = t(β, h) with be fixed below. Then, considering the trajectory τ1 = T1, τ2 = T2,
etc., which only visits the ω’s that are larger than t, we get that, for any n ∈ N,

Zβ,ω
Tn,h

≥
n∏
i=1

K(Ti − Ti−1)e
βt+h .

Then, taking the logarithm and dividing by n, we get that

1

n
logZβ,ω

Tn,h
≥ βt+ h+

1

n

n∑
i=1

logK(Ti − Ti−1) ,

so that, since the (Ti − Ti−1)i≥0 are i.i.d., by applying the law of large numbers
(twice) we get

F(β, h) = lim
n→∞

1

Tn
logZβ,ω

Tn,h
= lim

n→∞

n

Tn

1

n
logZβ,ω

Tn,h
≥ 1

E[T1]
(
βt+ h+ E[logK(T1)]

)
.

Notice that T1 is a geometric random variable with parameter P(ω ≥ t), so in
particular, E[T1] = P(ω ≥ t)−1. Now, for any ε ∈ (0, 1), there is some constant
cε > 0 such that K(n) ≥ cεn

−(1+α+ε) for all n ≥ 1 (recall Remark 3.1), so that

E[logK(T1)] ≥ log cε − (1 + α− ε)E[log T1] ≥ log cε − (1 + α− ε) logE[T1] ,

where we have used Jensen’s for the second inequality. All together, we have showed
that, for any ε ∈ (0, 1),

F(β, h) ≥ P(ω ≥ t)
(
βt+ h+ log cε + (1 + α+ ε) logP(ω ≥ t)

)
.

We now use the following claim, that we leave as an exercise.

Claim 3.22. Let β̄ := sup{β ≥ 0 ,E[eβω] < +∞}. Then, we have that

lim
t→∞

1

t
logP(ω ≥ t) = −β̄ .
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tll together, is we have chosen t large enough (how large depends on ε), we have
that

F(β, h) ≥ P(ω ≥ t)
(
(β − (1 + α + ε)(β̄ + ε))t+ h+ log cε

)
.

We can now conclude the proof. Fix h ∈ R and ε ∈ (0, 1) small enough so that
β− (1+α+ ε)(β̄+ ε) = η > 0. Then, we can fix t large enough so that ηt is strictly
larger −(h+ log cε). The above inequality then yields that F(β, h) is bounded from
below by P(ω ≥ t)(ηt+ h+ log cε), which is strictly positive, as wanted.

3.5.3 Disorder helps localization

In this section, we show that hc(β) < 0 for all β > 0, and, in fact, we prove a
quantitative upper bound on hc(β). This is interpreted as the fact that disorder
makes it easier for the polymer to localize, in the sense that it lowers the critical
point: for h ∈ (hc(β), 0), even if h + βωi is on average strictly negative (hence
repulsive), localization still occurs!

Theorem 3.23 (Disorder helps localization). Assume that E[ω1] = 0 and also that
K(1), K(2) > 0. Then for all β > 0, we have hc(β) < 0. More precisely,

∀ β ≥ 0 hc(β) ≤ − p′

1 + p′
E
[
log(peβω1 + 1− p)

]
,

with p := P(1 ∈ τ | 2 ∈ τ) = K(1)2

K(1)2+K(2) ∈ (0, 1) and p′ = P(2 ∈ τ) = K(1)2+K(2).

Let us emphasize that one has log(peβω1 + 1 − p) > pβω1 whenever ω1 ̸= 0, by
Jensen’s inequality; the inequality is strict since p ∈ (0, 1) and eβω1 ̸= 1. This shows
that the upper bound is indeed strictly negative for all β > 0.

Let us mention that one can additionally obtain estimates on the upper bound as
β ↓ 0 or β ↑ +∞ (we leave this as an exercise, recall that E[ω2

1] = 1):

E
[
log(peβω1 + 1− p)

]
∼

{
p
2 β

2 as β ↓ 0 ,

βE[ω+
1 ] as β ↑ +∞ .

Proof of Theorem 3.23. The proof we give here follows the one in [Gia07, §5.2] (let
us mention that the proof of hc(β) < 0 was first given in [AS06]). The main idea
is to consider “pairs of renewal points” and to observe that between these renewal
points, the effective disorder has strictly positive mean, by using a so-called partial
annealing procedure.
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?
i ∈ τ

or

Figure 3.4: Conditionally on having i ∈ IN , the renewal may either: (i) visit the point i
(that is, i ∈ τ , with probability p) and collect eh+βωi ; (ii) not visit the point i (that is
i /∈ τ with probability 1− p) and collect 1.

Let us consider N even and, for a given realization of τ , we define

IN = IN(τ) :=
{
n ∈ {1, . . . , N − 1} odd , n− 1 ∈ τ and n+ 1 ∈ τ

}
,

corresponding to the “pairs of points” mentioned above. We denote ϑ̂i := 1{i∈IN}.
For fixed β, h, we define the following effective disorder

ω̂i = ω̂i(β, h) := log E
[
e(h+βωi)1{i∈τ}

∣∣∣ ϑ̂i = 1
]
= log

(
peh+βωi + 1− p

)
,

where p := P(1 ∈ τ | 2 ∈ τ) = K(1)2

K(1)2+K(2) , see Figure 3.4. Let us stress that the
(ω̂i)i≥1 are i.i.d. and that E[ω̂1] > ph thanks to Jensen’s inequality (the inequality
is strict since h+ βωi is not a constant).

Lemma 3.24. For all even N , one has

Zβ,ω
N,h = E

[
exp

( N∑
i=1

(h+ βωi)(1− ϑ̂i)1{i∈τ} +
N∑
i=1

ω̂iϑ̂i1{i∈τ}

)
1{N∈τ}

]
.

Proof. Let us also introduce the set JN := {i ∈ {0, . . . , N}, i ∈ τ, ϑ̂i = 0}. Then,
conditioning on JN , IN , we obtain

E
[
e
∑N

i=1(h+βωi)1{i∈τ}1{N∈τ}

∣∣∣ IN ,JN]= e
∑

i∈JN
(h+βωi)1{N∈τ}E

[
e
∑

i∈IN
(h+βωi)

∣∣∣ IN ,JN].
Next, observe that, conditionally on IN (and JN), the (1{i∈τ})i∈IN are independent
Bernoulli variables with parameter p (see Figure 3.4 for an illustration). Thus, we
obtain

E
[
e
∑

i∈IN
(h+βωi)1{i∈τ}

∣∣∣ IN ,JN] =
∏
i∈IN

(
peh+βωi + 1− p

)
= e

∑
i∈IN

ω̂i .
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The conditional expectation is therefore equal to

E
[
e
∑N

i=1(h+βωi)1{i∈τ}1{N∈τ}

∣∣∣ IN ,JN] = e
∑

i∈JN
(h+βωi)+

∑
i∈IN

ω̂i1{N∈τ}

= exp
( N∑

i=1

(h+ βωi)(1− ϑ̂i)1{i∈τ} +
N∑
i=1

ω̂iϑ̂i

)
1{N∈τ} .

Taking the expectation again yields the conclusion of the lemma.

Let us now conclude the proof Theorem 3.23. Since F(β, h) = supN≥1
1
NE[logZ

β,ω
N,h]

by Theorem 3.12, we have the finite-volume criterion:

F(β, h) > 0 ⇐⇒ there exists an N such that E[logZβ,ω
N,h] > 0 . (3.24)

To obtain a lower bound on Zβ,h
N,h, we apply Jensen’s inequality to the conditional

probability P( · | N ∈ τ): with Lemma 3.24, we obtain that

Zβ,ω
N,h ≥ P(N ∈ τ) exp

(
E
[ N∑
i=1

(h+ βωi)(1− ϑ̂i)1{i∈τ} +
N∑
i=1

ω̂iϑ̂i1{i∈τ}

∣∣∣N ∈ τ
])
.

Taking the logarithm and then the expected value, we get that E[logZβ,ω
N,h] is bounded

from below by

log P(N ∈ τ) + hE
[ N∑
i=1

(1− ϑ̂i)1{i∈τ}

∣∣∣N ∈ τ
]
+ E[ω̂i]E

[ N∑
i=1

ϑ̂i

∣∣∣N ∈ τ
]
.

It therefore remains to estimate the various terms, but before doing so, let us make
a few observations. First, we can focus on the case h ≤ 0, since otherwise we
have the lower bound F(β, h) ≥ F(0, h). Thus, in the second term we may bound
1− ϑ̂i ≤ 1. Similarly, by definition of ω̂i, we have ω̂i = h+log(peβω1 +(1−p)e−h) ≥
h+ log(peβω1 + 1− p). We therefore conclude that

E[logZβ,ω
N,h] ≥ log P(N ∈ τ) + h(UN + ÛN) + E

[
log

(
peβω1 + 1− p

)]
ÛN ,

where UN = E
[ N∑
i=1

1{i∈τ}

∣∣∣N ∈ τ
]

and ÛN = E
[ N∑
i=1

ϑ̂i

∣∣∣N ∈ τ
]
.

Using the results of Section 3.3, see in particular Theorem 3.10, we obtain the fol-
lowing estimates, that we leave as an exercise to the reader (let us ignore the case
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α = 0 for simplicity):

UN =
N∑
i=1

P(i ∈ τ)P(N − i ∈ τ)

P(N ∈ τ)
∼


N

E[τ11{τ1≤N}]
if α ≥ 1 ,

cαL(N)−1Nα if α ∈ (0, 1),

and

ÛN =
N∑
i=1

P(i− 1 ∈ τ)P(2 ∈ τ)P(N − i− 1 ∈ τ)

P(N ∈ τ)
∼ P(2 ∈ τ)UN .

We conclude that

E[logZβ,ω
N,h] ≥ log P(N ∈ τ) + (1 + o(1))

(
(1 + p′)h+ p′E

[
log

(
peβω1 + 1− p

)])
UN ,

with p′ = P(2 ∈ τ). Since log P(N ∈ τ) = o(UN), this shows that, provided that we
have h > − p′

1+p′E
[
log

(
peβω1 + 1 − p

)]
, we get E[logZβ,ω

N,h] > 0 for N large enough,
which implies that F(β, h) > 0. This concludes the proof.

3.5.4 Summary of the phase diagram

Let us give a summary of the bounds that we obtained in this section in Figure 3.4
below, which illustrates the phase diagram.

3.6 A few exercises

Exercise 31 (Localized phase). Assume that h > hc(β) and recall that F is differen-
tiable on (hc(β),+∞), see Theorem 3.18. Let us also define HN(τ) :=

∑N−1
i=1 1{i∈τ}

the number of renewal points in {1, . . . , N − 1}.
1. Show that Eβ,ωN,h

[
euHN (τ)

]
=

Zβ,ω
N,h+u

Zβ,ω
N,h

and deduce that for any u ∈ R

lim
N→∞

1

N
log Eβ,ωN,h

[
euHN (τ)

]
= F(β, h+ u)− F(β, h) ,

where the limit is P-a.s. and in L1(P).
2. Show that, for any ε > 0, there is a constant cε(β, h) such that

lim sup
N→∞

1

N
log Pβ,ωN,h

(
N−1HN(τ) /∈

[
∂
∂hF(β, h)− ε, ∂∂hF(β, h) + ε

])
≤ −cε(β, h) .
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β

h

hac(β) = −λ(β)

β̄

hc(β)

(1 + α)β̄

− p′

1+p′
E[log(peβω1 + 1− p)]

L

D

Figure 3.5: Phase diagram: the critical curve β 7→ hc(β) is concave and separates the
localized phase L (where F(β, h) > 0, i.e. h > hc(β)) from the delocalized phase D
(where F(β, h) = 0, i.e. h ≤ hc(β)). We have also summarized the bounds obtained: one
has hc(β) ≥ hac(β) = −λ(β) and hc(β) ≤ − p′

1+p′
E[log(peβω + 1− p)]. Note that both the

lower and upper bounds are of order β2 as β ↓ 0. Also, hac(β) = −λ(β) “explodes” at β̄
whereas hc(β) “explodes” at (1 + α)β̄, see Theorem 3.21.

Exercise 32 (Case of a heavy-tailed disorder). We consider Exercise 29 in the partic-
ular case where P(ω1 > t) ∼ t−γ for some γ > 1. The goal is to give the asymptotic
behavior of F(β, h) as h→ −∞ (with β > 0 fixed).

Let h < 0 and define T0 = 0 and then by iteration Tk := min{i > Tk−1, ωi > t}
with t := |h|

β .
1. Repeating the proof of Theorem 3.21-(ii), show that

F(β, h) ≥ 1

E(T1)

(
E
(
βω1 + h

∣∣ω1 > t
)
+ E(logK(T1))

)
.

2. Deduce that

F(β, h) ≥ βE
(
(ω1 − t)1{ω1>t}

)
+ P(ω1 > t)E(logK(T1)) .

3. Show that E
(
(ω1−t)1{ω1>t}

)
∼ 1

γ−1t
1−γ and E(logK(T1)) = O(log t) as t→ ∞.

4. Deduce that we have

F(β, h) ≥ (1− o(1))
β

γ − 1
t1−γ , as t→ +∞ .
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5. On the other hand, show that F(β, h) ≤ E((βω1 + h)+) = βE((ω1 − t)1{ω1>t}).
6. Conclude that we have

F(β, h) ∼ βγ

γ − 1
|h|1−γ , as h→ −∞ .

About the case β = (1 + α)β̄ in Theorem 3.21

In the next two exercises, we consider the case β = β0 := (1+α)β̄ in Theorem 3.21,
where we recall that β̄ : sup{β ≥ 0, λ(β) < +∞}. We show the following, which is
extracted from [Ler15].

Proposition 3.25. Assume that τ verifies assumption (∗) and let β0 := (1 + α)β̄.
(i) If λ(β̄) < +∞ and

∑
n≥0 n

−1L(n)
1

1+α < +∞, then hc(β0) > −∞.
(ii) If λ(β̄) = +∞, then hc(β0) = −∞.
(iii) There are cases where λ(β̄) < +∞ but hc(β0) = −∞.

We can make the following conjecture, supported by a similar result in the context
of the Derrida–Retaux model, which is a hierarchical version of (a simplified version
of) the model; we refer to [CDH+19] for an overview of the questions for this model.

Conjecture 3.26. Assume (∗̂), i.e. that K(n) ∼ c1n
−(1+α) as n → ∞, and let

β0 := (1 + α)β̄. Then, we have that

hc(β0) > −∞ if and only if E[ω1e
β̄ω1] < +∞ .

Exercise 33 (Proof of Proposition 3.25-(i)).
1. Verify that the proof of Theorem 3.21-(i) still holds with γ = 1

1+α ∈ (0, 1).
2. Deduce that

hc(β0) ≥ −(1 + α)
(
λ(β̄) + log

∞∑
n=1

K(n)
1

1+α

)
> −∞ .

Exercise 34 (Proof of Proposition 3.25-(iii)). We start from the following lower
bound proven in the proof of Theorem 3.21-(ii):

F(β0, h) ≥ P(ω ≥ t)
(
β0t+ h+ E[logK(T1)]

)
,

where T1 is a geometric random variable with parameter P(ω ≥ t). We also make
some assumptions on K(·) and the distribution of ω: we assume that

K(n) ∼ (log n)an−(1+α) as n→ ∞ and P(ω ≥ t) ∼ tκe−β̄t as t→ ∞ ,
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where a ∈ R and κ ∈ R are parameters we can play with.
1. Show that E[eβ̄ω] = +∞ for any κ ≥ −1.
2. Show that, with the above assumption, we have that

E[logK(T1)] = −(1 + α)β̄t+ (1 + o(1))(a+ κ(1 + α)) log t as t→ ∞ .

3. Deduce that provided that we have a > −κ(1 + α), then F(β0, h) > 0 for all
h ∈ R. Conclude.

Exercise 35 (Proof of Proposition 3.25-(ii)). Let us assume here that λ(β̄) = +∞.
The idea is to improve the rare-site strategy used in the proof of Theorem 3.21-(ii)
by introducing some “m-rare sites strategy”.

Part I. Preliminary estimates.
1. Show that u 7→ λ′(u) is a bijection from [0, β̄) to [0,+∞). Show in particular

that λ′(u) → +∞ as u ↑ β̄.
2. For any t > 0, define I(t) := supu>0{ut − λ(u)}. Let also θt be such that
λ′(θt) = t, in such a way that I(t) = tθt − λ(θt)

(a) Show that θt ↑ β̄ as t ↑ ∞.
(b) Deduce that limt→∞ β̄t− I(t) = +∞.

For m ≥ 1, let us define pm(t) := P
(
1
m

∑m
i=1 ωi > t

)
, for any t > 0.

3. Show that for any fixed t > 0, we have that limm→∞
1
m log pm(t) = −I(t) < 0.

(You can simply use Cramer’s theorem.)
4. Using properties of slowly varying functions (see Remark 3.1), deduce that for

any fixed t > 0, we have

lim
m→∞

1

m
logK(pm(t)

−1) = −(1 + α)I(t) .

Part II. The rare-stretch strategy. Let h ∈ R.
5. Show that, for any (fixed) constant C0, we may choose t large enough so such

that β0t+ h− (1 + α)I(t) ≥ C0.
6. With t chosen as in the previous question, show that we can fix m ≥ 2 (that

may depend on t) so that 1
m logK(pm(t)

−1) ≥ −(1 + α)I(t)− 1.
With t > 0 and m ≥ 2 chosen as above, we are now ready to define the rare “m-
stretch” strategy, by identifying blocks of length m where the empirical mean of
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the ω’s is larger than t. More precisely, define T0 = 0 and then by iteration

Tk := inf
{
j > Tk−1 ,

1

m

(j+1)m−1∑
i=jm

ωi ≥ t
}
.

7. Adapting the rare-site strategy, show that for any n ≥ 1

Zβ0,ω
mTn

≥ K(T1m)K(1)m−1em(β0t+h)
n∏
k=2

K(1+(Tk−Tk−1−1)m)K(1)m−1em(β0t+h) .

8. Using the law of large numbers (as in the proof of Theorem 3.21-(ii)), show that

F(β0, h) ≥
1

mE[T1]

(
m(β0t+h)+ (m− 1) logK(1)+E[logK(1+m(T1− 1))]

)
.

Now, let us admit that there is a constant C > 0 such that the following holds: if G
is a geometric random variable with parameter p ∈ (0, 12 ], then for any m ≥ 2

E[logK(1 +m(G− 1))] ≥ logK(p−1)− C logm.

9. Deduce that

F(β0, h) ≥ pm(t)
(
β0t+ h+ logK

(
pm(t)

−1
)
+ logK(1)− C

logm

m

)
≥ pm(t)

(
C0 + logK(1)− C e−1

)
.

10. Conclude the proof of Proposition 3.25.
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Chapter 4

Relevance vs. irrelevance of disorder for the
pinning model

The question of the influence of disorder is a general problem for physical systems:
it consists in determining whether the characteristics of the system (in particular the
properties of the phase transition) are affected by the presence of inhomogeneities.
In other words, the question is whether the system is “stable” when disorder is
introduced.

This chapter is concerned with this question in the framework of the pinning
model: this has been studied extensively over the past decades, and a (nearly)
complete answer has been provided in recent years.

4.1 Preliminaries on the question of disorder relevance

The main question we want to answer is the following: do the properties of the (phase
transition of the) disordered pinning model differ from those of the homogeneous or
annealed model?

4.1.1 Relevance vs. irrelevance: the Harris criterion

Let us frame the question of disorder relevance in a general context. Consider a
homogeneous physical system in dimension d ≥ 1 (say on Zd), endowed with a
parameter h that may vary (such as the temperature, an external field, etc.). Assume
further that the system undergoes a phase transition as the parameter h crosses some
critical threshold hc. One then asks about the influence of disorder on this phase
transition, in the following terms. Let (ωx)x∈Zd be i.i.d. centered, unit-variance

123
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random variables, and let β > 0 be a parameter tuning the intensity of the disorder.
We then consider the previous system perturbed by the quenched disorder (ωx) by
locally modifying the parameter h: at the site x, the parameter is now h+ βωx.

The first question to ask is whether the disordered model still exhibits a phase
transition (this is not necessarily the case, as we have seen in the previous chapter).
If a phase transition does occur at some critical point hc(β), then one may try to
compare the characteristics of the phase transition of the disordered (i.e. quenched)
model with those of the annealed one1. This leads to the question of relevance vs.
irrelevance of disorder:

• If, for a sufficiently small disorder intensity β, the quenched model has the same
critical properties as the annealed model, then disorder is said to be irrelevant ;

• If, for any arbitrary disorder intensity β > 0, the quenched model has different
critical properties from the annealed model, then disorder is said to be relevant.

One may address the question of disorder relevance either in terms of critical points
or in terms of the critical behavior of the free energy. Let us thus formulate the
relevance vs. irrelevance of disorder in this spirit (in the framework of the pinning
model, for simplicity):

• If there is some ε0 > 0 such that for all β ∈ (0, ε0) one has

hc(β) = hac(β) and F(β, hc(β) + u) ≈ Fa(β, hac(β) + u) as u ↓ 0 ,

then disorder is said to be irrelevant.
• If for any β > 0 one has

hc(β) ̸= hac(β) or F(β, hc(β) + u) ̸≈ Fa(β, hac(β) + u) as u ↓ 0 ,

then disorder is said to be relevant.

The Harris criterion in general

The physicist A.B. Harris gave in his paper [Har74] very general predictions to
determine whether disorder is relevant or not. The prediction is based on the critical
exponent of the correlation length2 ξ = ξ(h) of the homogeneous model. If this

1The annealed model is in fact the natural model to compare with the quenched one.
2I will not give a precise definition here, but informally ξ(h) is the scale at which the decay of correlations

is observed. Roughly speaking, this means that |Covh(ϑx, ϑx+y)| ≈ exp(−|y|/ξ(h)), or put differently ξ(h)−1 =
lim|y|→∞ − 1

|y| log |Covh(ϑx, ϑx+y)|.
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correlation length has a critical exponent ν, i.e. if ξ(hc + u) ∼ u−ν as u ↓ 0, then
Harris predicts that one should have

disorder irrelevance if ν > 2/d,

disorder relevance if ν < 2/d.

This is what is now known as the Harris criterion. Note that the case ν = 2/d,
called marginal, is not included in the prediction; in practice, it depends on the
details of the model under consideration.

The Harris criterion for the pinning model

As far as the pinning model is concerned, we have a one-dimensional system, i.e.
d = 1. Moreover, it was shown in [Gia08] that homogeneous model correlation
length is related to the free energy as follows: ξ(h) = 1/F(h). Thus, in view of
Theorem 3.5, the critical exponent of the correlation length is ν := max( 1α , 1). The
Harris criterion therefore gives the following prediction for the pinning model:

disorder irrelevance if α < 1/2,

disorder relevance if α > 1/2.
(4.1)

In the past decades, the pinning model has been extensively studied, in particular as
a testing ground for the Harris criterion. The pinning model indeed possess several
advantages: (i) It is a one-dimensional model, whose homogeneous version is very
well understood. (ii) It is in fact a family of models, parametrized by the inter-
arrival distribution K(·) and a continuous parameter α > 0 (see (∗)): this allows in
particular to cover the whole range of the Harris criterion, including the marginal
case α = 1

2 (which contains the pinning model of the simple random walk on Z).
The Harris criterion (4.1) has now been completely proved for the disorder pinning

model; and the marginal case α = 1/2 has also been fully treated. The purpose of
this chapter is essentially to present the results that prove the criterion (4.1) and
some of the ideas behind their proofs.

4.1.2 Monotonicity of disorder relevance

Let us stress that we have shown the inequality hc(β) ≥ hac(β), see Lemma 3.17.
Hence, we have disorder relevance (in terms of critical point shift) if and only if
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β
h

hac(β)

β̄c

hc(β)

β
h

hac(β)

β̄c = 0

hc(β)

Figure 4.1: The monotonicity of β 7→ hc(β)−hac(β) shows that the quenched and annealed
critical points are equal up to a certain β̄c. If β̄c > 0 (left), disorder is irrelevant ; if β̄c = 0
(right), disorder is relevant.

hc(β) > hac(β) for any β > 0. The following proposition shows that the critical
point shift, i.e. hc(β)− hac(β), is monotone in β.

Proposition 4.1 (Monotonicity of the critical point shift). The function β 7→
hc(β)− hac(β) is non-decreasing.

In particular, there is a critical value

β̄c = inf
{
β, hc(β) > hac(β)

}
∈ [0,∞) , (4.2)

such that the quenched and annealed critical points are equal for all β ≤ βc, and
differ for all β > β̄c. One can view this as another phase transition, from a weak
disorder phase (β < β̄c) to a (very) strong disorder (β > β̄c). Let us stress that one
can indeed show that β̄c < +∞ (see [Ton08a] in the case where β∗ := sup{β, λ(β) <
+∞} = +∞, or Theorem 3.21 in the case β∗ < +∞.)

Let us also observe that disorder relevance can be reformulated by saying that
this critical value is βc = 0: in other words, disorder is relevant if for any β > 0
the system is in the (very) strong disorder phase. We refer to Figure 4.1 for an
illustration.

Exercise 36. Recall that β∗ = sup{β, λ(β) < +∞}.
1. Show that β 7→ hc(β) − hac(β) is continuous on (0, β∗) if λ(β∗) = +∞ and on

(0, β∗] if λ(β∗) < +∞.
2. Deduce that at β = β̄c we have hc(β̄c) = hac(β̄c).

Proof of Proposition 4.1. The proof is extracted from [GLT11, Prop. 6.1]. To prove
the result, it is enough to show that, for all u ∈ R, the function β 7→ F(β, hac(β)+u)
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is non-increasing. Indeed, by definition of the critical point hc(β) we have

hc(β)− hac(β) = inf
{
u; F(β, hac + u) > 0

}
,

which will then be non-decreasing.
Recall that hac(β) = −λ(β) with λ(β) = logE[eβω1]. Let us consider

Zβ,ω
N,hac(β)+u

= Zβ,ω
N,u−λ(β) = E

[
e
∑N

i=1(u+βωi−λ(β))ϑiϑN

]
,

where we have introduced the notation ϑi := 1{i∈τ}. We only need to show that, for
all N ∈ N and all u ∈ R, the function

fN : β 7→ E
[
logZβ,ω

N,u−λ(β)
]

is non-increasing. Differentiating with respect to β, we have

∂fN
∂β

= E
[

1

Zβ,ω
N,u−λ(β)

E

[( N∑
i=1

(ωi − λ′(β))ϑi

)
e
∑N

i=1(u+βωi−λ(β))ϑi ϑN

]]

= E

[
eu

∑N
i=1 ϑi ϑN E

[
1

Zβ,ω
N,u−λ(β)

( N∑
i=1

(ωi − λ′(β))ϑi

)
e
∑N

i=1(βωi−λ(β))ϑi
]]
.

The core of the argument is to show that, for any realization of τ , that is for any
fixed (ϑi)1≤i≤N ∈ {0, 1}N , we have

E
[

1

Zβ,ω
N,u−λ(β)

( N∑
i=1

(ωi − λ′(β))ϑi

)
e
∑N

i=1(βωi−λ(β))ϑi
]
≤ 0 , (4.3)

which yields that ∂fN
∂β ≤ 0 and thus that β 7→ fN(β) is non-decreasing.

To show (4.3), note that e
∑N

i=1(βωi−λ(β))ϑi is positive and has expectation 1 (with
respect to E), by definition of λ(β): it can therefore be interpreted as a probability
density. Thus, for a fixed realization of τ , we define the probability measure P(τ)

N,β as
follows:

dP(τ)
N,β

dP
(ω) =

N∏
i=1

e(βωi−λ(β))ϑi . (4.4)

Notice that this is a product measure: under P(τ)
N,β the (ωi)1≤i≤N are independent,

with law P if ϑi = 0 (i.e. i /∈ τ) and law Pβ if ϑi = 1 (i.e. i ∈ τ ), where Pβ is the
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β-tilted law of ω, that is
dPβ
dP

(ωi) = eβωi−λ(β) =
eβωi

E[eβωi]
. (4.5)

With the definition (4.4), we can thus rewrite the left-hand side of (4.3) as

E(τ)
N,β

[
1

Zβ,ω
N,u−λ(β)

( N∑
i=1

(ωi − λ′(β))ϑi

)]
.

We then use the Harris inequality, also called the FKG inequality (for Fortuin–
Kasteleyn–Ginibre, in a more general setting). Its proof is left as an exercise (see
Exercises 37 below).

Theorem (Harris–FKG inequality). Let (ωi)1≤i≤n be independent real random vari-
ables (not necessarily identically distributed) and let f, g : Rn → R be two non-
decreasing functions (i.e., non-decreasing coordinate-wise). Then we have

E
[
f(ω1, . . . , ωn)g(ω1, . . . , ωn)

]
≥ E

[
f(ω1, . . . , ωn)

]
E
[
g(ω1, . . . , ωn)

]
.

To apply the Harris–FKG inequality, observe that for any β ≥ 0, the functions

(ω1, . . . , ωN) 7→ Zβ,ω
N,u−λ(β) = E

[
e
∑N

i=1(u+βωi−λ(β))ϑiϑN

]
(ω1, . . . , ωN) 7→

N∑
i=1

(ωi − λ′(β))ϑi

are non-decreasing. Thus, (ω1, . . . , ωN) 7→ 1/Zβ,ω
N,u−λ(β) is non-increasing and thanks

to the fact that P(τ)
N,β is a product measure, we can use the Harris–FKG inequality

(the inequality is reversed if one of the functions is non-increasing), which shows
that

E(τ)
N,β

[
1

Zβ,ω
N,u−λ(β)

( N∑
i=1

(ωi − λ′(β))ϑi

)]
≤ E(τ)

N,β

[
1

Zβ,ω
N,u−λ(β)

] N∑
i=1

E(τ)
N,β

[
ωi − λ′(β)

]
ϑi .

It remains to notice that in the case ϑi = 1 we have E(τ)
N,β

[
ωi − λ′(β)

]
= 0, since by

the definition (4.5) of Pβ we have

Eβ[ωi] =
1

E[eβωi]
E[ωieβωi] =

∂

∂β
logE[eβωi] = λ′(β) .

This concludes the proof of (4.3) and thus of Proposition 4.1.
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Exercise 37 (Proof of the Harris–FKG inequality). The proof is done by induction.
1. Case n = 1. Let ω1, ω

′
1 be two independent copies of ω1 and let f, g be two

non-decreasing functions. Show that E[(f(ω1) − g(ω1))(f(ω
′
1) − g(ω′

1))] ≥ 0,
then conclude.

2. Induction step, case n ≥ 2. Define f̃(ω1) = E[f(ω1, . . . , ωn) | ω1] and g̃(ω1) =
E[g(ω1, . . . , ωn) | ω1]. Applying the inequality for n = 1 to f̃ , g̃, prove the
induction step. Conclude.

4.2 From weak to strong disorder: the martingale approach

4.2.1 The martingale

To get some insight as to whether the quenched and annealed models behave simi-
larly, one possibility is to look at the quenched system at the annealed critical point
hac(β) = −λ(β). Let us define (recall ϑi = 1{i∈τ})

W β,ω
N := Z̃β,ω

N,hac(β)
= E

[
exp

( N∑
i=1

(βωi − λ(β))ϑi
)]
, (4.6)

where we have considered here the partition function of the free model (i.e. without
the constraint N ∈ τ), see (3.5).

If W β,ω
N stays close to E[W β,ω

N ] = 1, this suggests that the quenched and annealed
models behave similarly (at least at hac(β)). If, on the other hand, W β,ω

N goes to 0

as N → ∞, this means that the expectation E[W β,ω
N ] = 1 is carried by atypical

realizations of the environment ω; this suggests that the quenched model will behave
differently from the annealed model (at least at hac(β)).

Lemma 4.2 (Martingale property). For any β ≥ 0, the sequence (W β,ω
N )N≥0 is a

martingale with respect to the filtration FN := σ{ωi, i ≤ N}. It is a non-negative
martingale, so the following limit exists P-almost surely:

W β,ω
∞ := lim

N→∞
W β,ω

N .

Exercise 38. Prove Lemma 4.2.

The question now is whether this limit is degenerate or not, i.e. W β,ω
∞ = 0 or not,

as this should be associated to strong or weak disorder. An important observation
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is the following (see Exercise 39 for its proof):

the event {W β,ω
∞ = 0} belongs to the tail σ-algebra Q =

⋂
k≥0

Qk ,

where Qk = σ{ωi, i > k}. By Kolmogorov’s 0-1 law, we have P(W β,ω
∞ = 0) = 0 or

1, which can be summarized by the following dichotomy.

Lemma 4.3 (Weak and strong disorder). We have

lim
N→∞

W β,ω
N = W β,ω

∞ , with

{
either W β,ω

∞ > 0 P-a.s. (weak disorder),
or W β,ω

∞ = 0 P-a.s. (strong disorder).

We again use the denomination weak and strong disorder, but here it has a slightly
different meaning from that introduced in Section 4.1.2. We however use the same
terminology because it is conjectured that the two notions coincide.

Exercise 39. The goal is to show that, for any k ≥ 1, we have {W β,ω
∞ = 0} ∈ Qk.

1. Show that, for any N ≥ k, we have

W β,ω
N ≥ P(k ∈ τ) e−β

∑k
i=1 |ωk|−kλ(β) W θkω

N−k,β

and also

W β,ω
N ≤ eβ

∑k
i=1 |ωk|−kλ(β)

N∑
j=k

P(τ1 ≥ j − k)W θjω
N−j,β .

2. Deduce that, for any k ≥ 1, {W β,ω
∞ = 0} =

⋂
j≥k{limn→∞W θjω

n,β = 0}.
3. Conclude.

4.2.2 Weak vs. strong disorder

The following result, based on a monotonicity property of the event {W β,ω
∞ = 0},

shows that there is a phase transition between a weak disorder phase and a strong
disorder phase.

Proposition 4.4 (Phase transition for the martingale). There exists some β̃c ∈
[0,∞) such that:

W β,ω
∞ > 0 P-a.s. for β < β̃c ,

W β,ω
∞ = 0 P-a.s. for β > β̃c .
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We will show below, see Theorem 4.8, that if W β,ω
∞ > 0 P-a.s. then we have

hc(β) = hac(β) (and the quenched and annealed critical behaviors are similar). In
particular, this shows that β̃c ≥ β̄c. On the other hand, we will see in Theorem 4.17
(combined with Theorem 4.6) below that β̄c = 0 as soon as β̃c = 0, and in particular
β̄c = β̃c = 0 in that case. It is therefore natural to wonder whether we in fact
always have β̄c = β̃c, that is whether the two notions of weak disorder (W β,ω

∞ > 0
or hc(β) = hac(β)) and strong/very strong disorder (W β,ω

∞ = 0 or hc(β) > hac(β))
coincide.

This is still a conjecture, but the analogous result has been proven very re-
cently [JL24, JL25] in the context of directed polymers (a closely related model),
solving a long-standing problem.

Conjecture 4.5 (Strong and very strong disorder coincide). If α ̸= 0, then strong
disorder, i.e. W β,ω

∞ = 0, implies very strong disorder, i.e. hc(β) > hac(β). In partic-
ular, we have β̄c = β̃c.

Let us stress that this would also show that weak disorder holds at β = β̃c, since
we have hc(β̄c) = hac(β̄c), see Exercise 36. The case α = 0 is more delicate, and
in particular one may indeed have β̄c > β̃c (see [Viv23] in the context of directed
polymers, see also Remark 4.12 below).

The core of the proof of Proposition 4.4 relies on the same tools as those of
Proposition 4.1, here we give only the main steps, in the form of an exercise.

Exercise 40 (Proof of Proposition 4.4). Let us fix γ ∈ (0, 1).
1. Show that limN→∞ E

[
(W β,ω

N )γ
]
= E

[
(W β,ω

∞ )γ
]
.

2. Deduce that W β,ω
∞ = 0 P-a.s. if and only if limN→∞ E

[
(W β,ω

N )γ
]
= 0.

3. Show that for all N ∈ N, the functionβ 7→ E
[
(W β,ω

N )γ
]

is non-increasing.
(Hint: follow the ideas in the proof of Proposition 4.1.)

4. Conclude.

4.2.3 Criterion for the existence of a weak disorder phase

Let us now give the main result of this section, which allows to determine whether
the martingale really goes through a phase transition, i.e. whether β̃c = 0 or β̃c > 0.
Notice that determining whether β̃c = 0 is related to a (weak) notion of disorder
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relevance; notice also that showing that β̃c > 0 will show that β̄c > 0 (once we know
that β̄c ≥ β̃c, see Theorem 4.8).

In the following, we assume that the underlying renewal process is recurrent and
satisfies condition (∗).
Theorem 4.6 (Criterion for having β̃c = 0). We have

β̃c = 0 if and only if
∞∑
n=0

P(n ∈ τ)2 = +∞ .

In particular, recalling Theorem 3.10, we have β̃c > 0 if α < 1
2 and β̃c = 0 if α > 1

2.

For the second part of the theorem, one needs to refer to Section 3.3. In particular,
we deduce that if E[τ1] < +∞ (for instance if α > 1), then P(n ∈ τ) → E[τ1]

−1,
which shows that

∑∞
n=0 P(n ∈ τ)2 = +∞. The case α = 1 falls in the same

framework, since then P(n ∈ τ) ∼ E[τ11{τ1≤n}] is a slowly varying function.
If α ∈ (0, 1), then by Theorem 3.10 we have that P(n ∈ τ) ∼ cαL(n)

−1n−(1−α)

and thus
∞∑
n=0

P(n ∈ τ)2 = +∞ ⇐⇒
∞∑
n=0

1

L(n)2n1+2α−1
= +∞ .

We recover the criterion given in Theorem 4.6: the sum is finite (so β̃ + c > 0) if
α < 1/2 and infinite (so β̃c = 0) if α > 1/2.

In the case α = 1/2, we obtain that β̃c = 0 if and only if
∑

n≥1
1

nL(n)2 = +∞.
Note that in the case of the simple random walk, the slowly varying function L(n)
converges to a constant: this means that the sum is infinite, so that β̃c = 0; this
suggests that the disorder is relevant in this case.

Remark 4.7 (Relation with the intersection of two renewals). Notice that if τ, τ ′

are two independent copies of a renewal process, then the intersection τ ∩ τ ′ is again
a renewal process. Moreover, the renewal τ ∩ τ ′ is finite (transient) if and only
if E[|τ ∩ τ ′|] < +∞. Indeed, thanks to the renewal property, to total number of
renewal points |τ ∩ τ ′| is a geometric variable with parameter P((τ ∩ τ ′)1 = +∞) =
E[|τ ∩ τ ′|]−1. In summary, τ ∩ τ ′ is transient if and only if

E[|τ ∩ τ ′|] =
∞∑
n=0

P(n ∈ τ ∩ τ ′) =
∞∑
n=0

P(n ∈ τ)2 < +∞ .
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We postpone the proof of Theorem 4.6 to Section 4.5 below. The next two sections
deal with the question of disorder relevance/irrelevance: Section 4.3 shows that
having W β

∞ > 0 a.s. implies that hc(β) = hac(β), which shows in particular that
β̄c := inf{β > 0, hc(β) > hac(β)} ≥ β̃c; Section 4.4 shows that the criterion of
Theorem 4.6 also hold for β̄c, and in particular we have β̄c = 0 if and only if β̃c = 0,
see (4.11) below.

4.3 Disorder irrelevance

In this section, we show the following result: it shows that, in the weak disorder
regime, the quenched and annealed critical points are equal and the critical behaviors
are similar. The proof is adapted from [Lac10].

Theorem 4.8 (A condition for disorder irrelevance). Let us assume that β > 0 is
such that limN→∞W β,ω

N = W β,ω
∞ > 0 a.s. Then we have

hc(β) = hac(β) .

In particular, one has that β̄c := inf{β, hc(β) > hac(β)} ≥ β̃c. Additionally, we have
that

F(β, hc(β) + u) = uν+o(1) as u ↓ 0 ,

where ν := max( 1α , 1) is the critical exponent of the annealed model.

Combined with Theorem 4.6 (and Proposition 4.4), an immediate corollary is the
following.

Corollary 4.9 (Disorder irrelevance). If
∑∞

n=1 P(n ∈ τ)2 < +∞, then disorder is
irrelevant.

Proof. Theorem 4.6 shows that β̃c > 0. Then, Theorem 4.8 shows that for all β < β̃c
we have hc(β) = hac(β); in other words β̄c ≥ β̃c > 0. Additionally, for all β < β̃c we
have that F(β, hc(β) + u) = Fa(β, hac(β) + u)1+o(1) as u ↓ 0.

Let us stress that Theorem 4.8 is in fact interesting only in the case where∑∞
n=1 P(n ∈ τ)2 < +∞ since otherwise we have W β,ω

∞ = 0 a.s. for any β > 0,
by Theorem 4.6. We therefore only need to prove Theorem 4.8 in that case; in par-
ticular, me may assume that α ∈ (0, 12 ], leaving aside the case α = 0 for simplicity
(see Remark 4.12 for a discussion).
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Remark 4.10. The critical behavior F(β, hc(β) + u) = uν+o(1) can in fact be im-
proved if one strengthen the assumption of the theorem. More precisely (if α ̸= 0),
[Ale08, Ton08b] show that in the irrelevant disorder regime

∑∞
n=1 P(n ∈ τ)2 < +∞,

if β is fixed small enough, we have that F(β, hc(β) + u) ≍ F(0, u). In fact, [GT09]
shows that, if β is small enough, then F(β, hc(β) + u) ∼ F(0, u) as u ↓ 0.

Step 1. Properties of Pβ,ωN,h at h = hac(β). The following lemma shows that if
we have W β,ω

∞ > 0 a.s., then the free pinning measure P̃β,ωN,hac(β)
, i.e. without the

constraint {N ∈ τ}, see (3.4), is “close to” the reference measure P. Here, “close to”
means that events that are typical under P are also typical under P̃β,ωN,hac(β).

Lemma 4.11. Let (AN)N≥0 be a sequence of FN -measurable events, where FN :=
σ{τ ∩ [0, N ]}. Then if limN→∞W β,ω

N = W β,ω
∞ > 0 a.s., we have that

lim
N→∞

P(AN) = 1 =⇒ lim
N→∞

Pβ,ωN,hac(β)
(AN) = 1 in L1(P) .

Proof. We work with the complement of AN . Let ε > 0 be arbitrary and write

E
[
Pβ,ωN,hac(β)

(Ac
N)

]
≤ P

(
W β,ω

N < ε
)
+ E

[
Pβ,ωN,hac(β)

(Ac
N)1{W β,ω

N ≥ε}
]
.

For the second term, recalling that W β,ω
N = Z̃β,ω

N,hac(β)
is the free partition function,

we have

Pβ,ωN,hac(β)
(Ac

N)1{W β,ω
N ≥ε} =

1

W β,ω
N

E
[
e
∑N

i=1(βωi−λ(β))ϑi1Ac
N

]
1{W β,ω

N ≥ε}

≤ 1

ε
E
[
e
∑N

i=1(βωi−λ(β))ϑi1Ac
N

]
.

Taking the expectation, recalling that E[eβωi−λ(β)] = 1, we deduce that

E
[
Pβ,ωN,hac(β)

(Ac
N)

]
≤ P

(
W β,ω

N < ε
)
+ ε−1P(Ac

N) .

Taking the limit as N → ∞, the upper bound converges to P(W β,ω
∞ < ε), which can

be made arbitrarily small by taking ε ↓ 0 since we assumed that W β,ω
∞ > 0 a.s.

Step 2. Finite-size and convexity argument. Let u > 0. In order to show
that hc(β) = hac(β), we need to show that F(β, hac(β) + u) > 0. Recall that by
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Theorem 3.12 and Remark 3.13 (see (3.13)), there exists a constant c (= ch,β) such
that the free energy satisfies

∀ N ∈ N F(β, hac(β) + u) ≥ 1

N
E
[
log Z̃β,ω

N,hac(β)+u

]
− c

logN

N
.

Now, by convexity of h 7→ log Z̃β,ω
N,h, we have

log Z̃β,ω
N,hac(β)+u

≥ log Z̃β,ω
N,hac(β)

+ uẼβ,ωN,hac

[ N∑
i=1

ϑi

]
.

Therefore, using the bound log Z̃β,ω
N,hac(β)

≥ log P(τ1 > N) ≥ −c′ logN , we get that

∀ N ∈ N F(β, hac(β) + u) ≥ u

N
E
[
Eβ,ωN,hac(β)

[ N∑
i=1

ϑi

]]
− c′′

logN

N
.

Define UN :=
∑N

i=1 P(i ∈ τ) and notice that thanks to Theorem 3.10 (recall
α ∈ (0, 1)) we have UN ∼ cαN

αL(N)−1. Let us now consider the sequence of events
AN :=

{∑N
i=1 ϑi ≥ kN

}
, where kN := εNUN is an integer, with εN ↓ 0. We now

show that

P(Ac
N) = P(τkN > N) ≤ CkNP(τ1 > N) ≤ C ′εNUNN

−αL(N)
N→∞−−−→ 0 , (4.7)

where we have used that UN ∼ cαN
αL(N)−1 and εN ↓ 0.

In order to show (4.7), we use a truncation argument: we write

P
(
τkN > N

)
≤ P

(
∃ i ≤ kN , τi − τi−1 > N

)
+ P

( kN∑
i=1

(τi − τi−1)1{τi−τi−1≤N} > N
)

≤ kNP(τ1 > N) +
kN
N

E[τ11{τ1≤N}] ,

where for the second inequality we have used subadditivity and Markov’s inequality.
We now notice that E[τ11{τ1≤N}] ∼ (1− α)−1L(N)N 1−α (by properties of regularly
varying functions, see Remark 3.1) so that N−1E[τ11{τ1≤N}] ≤ CP(τ1 > N). This
shows (4.7).

Now, in view of (4.7) and using Lemma 4.11, we obtain that E[Pβ,ωN,hac(β)(AN)] ≥ 1
2

for N large enough, so that

E
[
Eβ,ωN,hac(β)

[ N∑
i=1

ϑi

]]
≥ kNE

[
Pβ,ωN,hac(β)

(AN)
]
≥ 1

2
kN .
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We conclude that for all sufficiently large N

F(β, hac(β) + u) ≥ 1

2N

(
u kNUN − c logN

)
. (4.8)

Let us now fix some arbitrary η ∈ (0, α) and choose kN = Nα−η, i.e. take εN :=
N−ηUNN

α ∼ cαN
−ηL(N)−1 → 0. We then take N = Nu := u−

1
α in (4.8) to obtain

that for u small enough (i.e. for Nu large enough)

F(β, hac(β) + u) ≥ u1/α

2

(
u−η/α − c′ log(1/u)

)
≥ c u(1−η)/α ,

where we have used that log(1/u) = o(u−η/α) as u ↓ 0.
Since η is arbitrary, this shows that F(β, hac(β) + u) ≥ u

1
α+o(1) as u ↓ 0. In

particular, this shows that hc(β) ≥ hac(β), so the critical points are equal since the
reverse inequality always holds. This shows in particular that for any β < β̃c, then
hc(β) = hac(β), i.e. we also have β ≤ β̄c, so that β̄c ≥ β̃c.

As far as the critical behavior is concerned, recall that we already know that
F(β, hac(β) + u) ≤ Fa(β, hac(β) + u) = F(0, u) by Lemma 3.17 and that F(0, u) =
uν+o(1), see Theorem 3.5. This gives that F(β, hac(β) + u) ≤ uν+o(1) and concludes
the proof of Theorem 4.8, recalling that we only treat the case where α ∈ (0, 12 ], for
which ν = 1

α .

Remark 4.12 (The case α = 0). In the above proof, we have left aside the case
α = 0, which is a bit special. The above proof cannot be adapted, but the conclusion
of Theorem 4.8 remains valid. In fact, it is shown in [AZ10] that if λ(β) < +∞ for
all β > 0, then hc(β) = hac(β) for all β > 0! Once we know that hc(β) = hac(β),
the annealed bound F(β, hac(β) + u) ≤ F(0, u) (see Lemma 3.17), combined with
Theorem 3.5, shows that F(β, hc(β) + u) decays faster than any power as u ↓ 0.

4.4 Disorder relevance

As mentioned in Section 4.1.1, disorder relevance could be observed both in terms of
a difference in the (quenched vs. annealed) critical behavior or in terms of a different
(quenched vs. annealed) critical point. The next two sections address these two
questions.
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4.4.1 About the critical behavior: the smoothing inequality

In this section, we show the following result, which tells that the phase transition of
the disordered model is at least of order 2. This was first proven in [GT06b], but
we also refer to see [GZ25, Thm. 1.5] for the most general statement given below,
and [CdH13] for sharp estimates on the constants.

Theorem 4.13 (Smoothing of the phase transition). For any β > 0 such that
hc(β) > −∞, there exists a constant Cβ > 0 such that

F(β, hc(β) + u) ≤ Cβ u
2 for u ∈ (0, 1).

Since we have Fa(β, hc(β) + u) = F(0, u) = uν+o(1) as u ↓ 0 with ν = max( 1α , 1)
(see Theorem 3.5), an immediate corollary is the following.

Corollary 4.14. If α > 1/2, then disorder is relevant: for any β > 0, the phase
transition of the quenched free energy is smoother than that of the annealed one.

Proof. Indeed, for any β > 0, we have

F(β, hc(β) + u) = O(u2) ≪ uν+o(1) = Fa(β, hc(β) + u) as u ↓ 0.

Notice that Theorem 4.13 is very general and for instance its proof will not rely on
the fact that disorder is relevant or that the quenched and annealed critical points are
different. In fact, Derrida and Retaux [DR14] introduced some simplified (recursive)
version of the model: in the disorder relevant regime, sharper estimates on the free
energy have been obtained, proving that the phase transition is of infinite order, see
[CDD+21]. This leads to the following conjecture put forward in [DR14].

Conjecture 4.15 (Derrida–Retaux conjecture). For any β ∈ (0, (1 + α)β∗) (recall
Theorem 3.21), then if hc(β) > hac(β), there is a constant Kβ such that

F(β, hc(β) + u) = exp
(
− (1 + o(1))

Kβ√
u

)
as u ↓ 0 .

Of course, this is (much) better than the smoothing inequality of Theorem 4.13,
and even showing that the phase transition gets smoothen more than quadratically
is an important challenge. Let us note that this conjecture is not fully proven in the
Derrida–Retaux recursive model, but [CDD+21] identifies (under some integrabil-
ity condition) the correct behavior exp(−u− 1

2+o(1)), which is already an impressive
achievement.
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Proof of Theorem 4.13. We focus on the case ωi ∼ N (0, 1), which simplifies some
arguments.

The idea of the proof is to obtain a lower bound on the free energy: more precisely
we get a lower bound on F(β, h) in terms of F(β, h+ u). We will show the following
lower bound: for any β, h, there exists Cβ such that for all u ∈ (0, 1),

F(β, h) ≥ Kβ,h,u

(
F(β, h+ u)− Cβ u

2
)
, (4.9)

for some constant Kβ,h,u > 0 that depends on all parameters. Taking h = hc(β), the
left-hand side is zero, which thus shows F(β, h+ u) ≤ Cβ u

2, as desired.

We now prove (4.9) for a fixed u such that h + u > hc(β) (otherwise there is
nothing to prove). We will use a rare-stretch strategy, in the spirit of Exercises 35
and 29.

Let us fix ε > 0 small enough so that (1− ε)F(β, h+ u) > F(β, h), and for ℓ fixed
but large (how large depends on ε, β, h as we will see below), we introduce the event

Aℓ =
{
ω ;

1

ℓ
logZβ,ω

ℓ,h ≥ (1− ε)F(β, h+ u)
}
.

Note that this event depends only on (ω1, . . . , ωℓ), which we refer to as a block of
length ℓ.

Let us now observe that, P-a.s., limℓ→∞
1
ℓ logZ

β,ω
ℓ,h = F(β, h) < F(β, h+ u), so Aℓ

is atypical, in the sense that
lim
ℓ→∞

P(Aℓ) = 0 .

An environment ω ∈ Aℓ will be called favorable: the free energy Fωℓ := 1
ℓ logZ

β,ω
ℓ,h

is strictly larger than its typical value F(β, h). Equivalently, we will say that the
block (ω1, . . . , ωℓ) is favorable. Let us now introduce the set of favorable blocks in ω:
we denote by I the indices of these blocks (excluding the first for simplicity),

I :=
{
i ≥ 1 , θiℓω ∈ Aℓ

}
.

Note that since Aℓ is atypical, favorable blocks are rare. We then obtain a lower
bound on the partition function by using a rare stretch strategy, which consists in
visiting only and all favorable blocks.

Let us write I = {ik}k≥1 with i1 < i2 < · · · the indices of favorable blocks. Then,
keeping only the contribution of trajectories of τ that visit the first m rare favorable
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N
0 ℓ 2ℓ . . . . . . 20ℓ 21ℓ

i1 = 4 i2 = 8i3 = 9 i4 = 16 i5 = 20

Figure 4.2: Illustration of the rare stretch strategy. Here, we consider trajectories that
visit exactly the first m = 5 favorable blocks; these are trajectories of length (im + 1)ℓ.
Inside favorable regions, we have1

ℓ
logZβ,θiω

ℓ,h ≥ (1− ε)F(β, h+ u) by definition of Aℓ.

regions, we obtain the lower bound (see Figure 4.2 for an illustration):

Zβ,ω
(im+1)ℓ,h ≥

m∏
k=1

P
(
τ1 = (ik − ik−1 − 1)ℓ

)
Zβ,θikℓω
ℓ,h ,

with the convention that P(τ1 = 0) = 1 if ik = ik−1 + 1.
Notice that, by definition of Aℓ, inside a favorable block i ∈ I, we have

1

ℓ
logZβ,θiω

ℓ,h ≥ (1− ε)F(β, h+ u) .

Thus, taking the logarithm and dividing by (im + 1)ℓ, we get

1

(im + 1)ℓ
logZβ,ω

(im+1)ℓ,h

≥ m

im + 1

(
(1− ε)F(β, h+ u) +

1

mℓ

m∑
k=1

log P
(
τ1 = (ik − ik−1 − 1)ℓ

))
.

Letting m→ ∞, we have im → ∞, so the left-hand side converges P-a.s. to F(β, h).
On the other hand, we have that (ik − ik−1)k≥1 are i.i.d. with a geometric law
of parameter pℓ := P(Aℓ). Therefore, by the law of large numbers, we get that
limm→∞

1
m(im + 1) = E[i1] = (pℓ)

−1 P-a.s. All together, using also the law of large
numbers for (log P(τ1 = (ik − ik−1 − 1)ℓ))k≥1, we end up with

F(β, h) ≥ pℓ

(
(1− ε)F(β, h+ u) +

1

ℓ
E
[
log P(τ1 = (i1 − 1)ℓ)

])
.

It remains to estimate the last term. Recalling our assumption (∗), for ℓ large
enough we have that P(τ1 = iℓ) ≥ (iℓ)−(1+α+ε) for all i ≥ 1, so that

log P(τ1 = (i1 − 1)ℓ) ≥ −(1 + α + ε) log((i1 − 1)ℓ)1{i1≥2} .
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Therefore, we have that

E
[
log P(τ1 = (i1 − 1)ℓ)

]
≥ −(1 + α + ε)P(i1 ≥ 2)E

[
log((i1 − 1)ℓ)

∣∣ i1 ≥ 2
]
.

Now, notice that conditionally on i1 ≥ 2, i1 − 1 has geometric law of parameter pℓ,
i.e. it has the same law as i1. Using also Jensen’s inequality, we therefore get that

E
[
log((i1 − 1)ℓ)

∣∣ i1 ≥ 2
]
= E[log(i1ℓ)] ≤ logE[i1] + log ℓ = − log pℓ + log ℓ .

Overall, we end up with

F(β, h) ≥ pℓ

(
(1− ε)F(β, h+ u) + (1 + α + ε)

1

ℓ
log pℓ − c

log ℓ

ℓ

)
.

This part of the proof makes no use of the law of ω, but it remains to estimate
pℓ = P(Aℓ). We have the following lemma in the case where ωi ∼ N (0, 1).

Lemma 4.16. If (ωi)i≥1 are i.i.d. N (0, 1), then we have

lim inf
ℓ→∞

1

ℓ
logP(Aℓ) ≥ − 1

2β2
u2 .

With this lemma at hand, for ℓ large enough (how large depends on β, h, ε), we
have

F(β, h) ≥ pℓ

(
(1− ε)F(β, h+ u)− 1 + α + 2ε

2β2
u2 − c

log ℓ

ℓ

)
.

Taking ℓ even larger so that the last term is negligible, we get

F(β, h) ≥ pℓ

(
(1− ε)F(β, h+ u)− 1 + α + 3ε

2β2
u2
)
,

which gives (4.9) with Cβ = 1+α+3ε
(1−ε)2β2 and Kβ,h,u = pℓ.

Let us note that in the case of Gaussian disorder ωi ∼ N (0, 1), we have identified
the constant Cβ in Theorem 4.13: since ε > 0 is arbitrary, we get that for all
u ∈ (0, 1),

F(β, hc(β) + u) ≤ Cβ u
2 with Cβ :=

1 + α

2β2
.

This constant is in fact optimal: in the general case, [CdH13] shows that one has
F(β, hc(β) + u) ≤ (1 + o(1))Cβ u

2 as u ↓ 0, with Cβ ∼ 1+α
2β2 as β ↓ 0.
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Proof of Lemma 4.16. The proof relies on the following entropy (or change of mea-
sure) inequality, that we already encountered in Lemma 1.31: for any law P̃, we
have

pℓ = P(Aℓ) ≥ P̃(Aℓ) exp
(
− 1

P̃(Aℓ)

(
H(P̃ | P) + e−1

))
. (4.10)

Let us take here P̃ = P̃ℓ the law of (ω1 + u/β, . . . , ωℓ + u/β), so that

P̃(Aℓ) = P̃
(1
ℓ
logZβ,ω

ℓ,h ≥ (1−ε)F(β, h+u)
)
= P

(1
ℓ
logZβ,ω

ℓ,h+u ≥ (1−ε)F(β, h+u)
)
,

since Zβ,ω+u/β
ℓ,h = Zβ,ω

ℓ,h+u. Thus we get that limℓ→∞ P̃(Aℓ) = 1, because 1
ℓ logZ

β,ω
ℓ,h+u

converges P-a.s. to F(β, h+ u) > 0.
We therefore get from (4.10) that

lim inf
ℓ→∞

1

ℓ
log pℓ ≥ − lim inf

ℓ→∞

1

ℓ
H(P̃ℓ | P) .

Now, since the density of P̃ = P̃ℓ w.r.t. P is a product, we have that H(P̃ℓ | P) =
ℓH(P̃1 | P), so we only need to compute the relative entropy in the case ℓ = 1.

Let Pλ denote the distribution of ω + λ. For Gaussian variables ω ∼ N (0, 1), we
have dPλ

dP (ω) = eλω−
1
2λ

2, so that the relative entropy is

H(Pλ | P) = Eλ
[
log

dPλ
dP

]
= λEλ[ω1]−

1

2
λ2 =

1

2
λ2 .

Applying this with λ = u/β, this shows that H(P̃1 | P) = 1
2(u/β)

2, which concludes
the proof.

4.4.2 About the critical point shift

We now turn to the question of the critical point shift. Recall the definition β̄c :=
inf{β, hc(β) > hac(β)}, so that disorder relevance in terms of critical points amounts
to having β̄c = 0.

The main result here is that the criterion of Theorem 4.6 still holds for β̄c. Since
we already have β̄c ≥ β̃c, one only needs to prove that β̄c = 0 in the case where
β̃c = 0, i.e.

∑∞
n=1 P(n ∈ τ)2 = +∞.

Theorem 4.17 (Criterion for the critical point shift). If
∑∞

n=1 P(n ∈ τ)2 = +∞,
then hc(β) > hac(β) for all β > 0.
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In other words, combined with Theorem 4.8, we have that

β̄c = 0 if and only if
∞∑
n=1

P(n ∈ τ)2 = +∞ . (4.11)

This theorem has been proven in [BL18], but builds upon a series of papers;
let us cite [DGLT09] then [AZ09] which first treated the case α > 1

2 and then
[GLT10, GLT11] which (almost) treated the marginal case α = 1

2 .

Estimates on the critical point shift.

The proof(s) of Theorem 4.17 in [AZ09, DGLT09, GLT10, GLT11, BL18] in fact all
provided not only the existence of a critical point shift, but lower bounds on hc(β)−
hac(β) in the β ↓ 0 regime. In particular, in the case α > 1

2 , [AZ09, DGLT09] proved
that hc(β)− hac(β) ≥ β

2
2−ν+o(1), where ν = max( 1α , 1) is the critical exponent of the

homogeneous free energy; note that a matching upper bound had been provided in
[Ale08, Ton08a]. The marginal case α = 1

2 is more delicate, and the critical point
shift is smaller than any power of β.

Further results have been obtained in the following years, sharpening these esti-
mates: let us now present the best estimates obtained so far. The case α > 1 is
proven in [BCP+14] (we exclude the case α = 1 for simplicity); the case α ∈ (12 , 1)
is proven in [CTT17]; the case α = 1

2 is proven in [BL18].

Theorem 4.18 (Critical point shift). Assume that the underlying renewal process τ
is persistent and verifies (∗), i.e. P(τ1 = n) = L(n)n−(1+α). Recall that we assumed
that E[ω] = 0, E[ω2] = 1.
(i) If E[τ1] < +∞ (in particular if α > 1), then we have that

hc(β)− hac(β) ∼
1

E[τ1]

α

2(1 + α)
β2 as β ↓ 0 .

(ii) If α ∈ (12 , 1), then there exists some slowly varying function ψ(·) (which depends
only L(·) and α) such that

hc(β)− hac(β) ∼ cα ψ(1/β) β
2α

2α−1 as β ↓ 0 .

In the above, the constant cα is universal: it depends only on α but not on the
distribution of ω
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(iii) If α = 1
2, denoting R−1 an asymptotic inverse of N 7→ RN :=

∑N
n=1 P(n ∈ τ)2,

i.e. such that R−1(RN) ∼ N as N → ∞, we have that

hc(β)− hac(β) = R−1
(
(1 + o(1))β−2

)− 1
2+o(1) as β ↓ 0 .

In particular, if limn→∞ L(n) = c1 as in (∗̂), then we have RN ∼ 1
(2πc1)2

logN

(recall Theorem 3.10), so that

hc(β)− hac(β) = exp
(
− (1 + o(1))

2(πc1)
2

β2

)
.

About the proof of Theorems 4.17 and 4.18

First of all, let us stress that in Section 4.5.2 we prove that a divergent series∑∞
n=1 P(n ∈ τ)2 = +∞ implies that limN→∞W β,ω

N = 0 for all β > 0, i.e. that
β̃c = 0. Because of Theorem 4.8, this is a strictly weaker result than Theorem 4.17
since one may still have that hc(β) = hac(β).

The full proof of Theorems 4.17 and 4.18 is quite involved (and relies on some of
the ideas developed in Section 4.5.2 below), but let us give an outline of the general
strategy.

Step 1. Fractional moment. The first idea, developed in [DGLT09], is to reduce
to the study of a fractional moment of teh partition function. The main goal is to
show that F(β, h) = 0 for h = hc(β) + u with u small enough; if we show this say
for u ≤ ∆(β), then we would get that hc(β)− hac(β) ≥ ∆(β).

One therefore needs an upper bound on the free energy. We use the following: for
any γ ∈ (0, 1),

F(β, h) = lim
N→∞

1

γN
E
[
log(Zβ,ω

N,h)
γ
]
≤ lim

N→∞

1

γN
logE

[
(Zβ,ω

N,h)
γ
]

where we have used Jensen’s inequality. It therefore remains to show that the frac-
tional moment E[(Zβ,ω

N,h)
γ] does not grow to fast (in fact stays bounded) when h =

hc(β) + u with u small enough. Notice that when u = 0, we have Zβ,ω
N,hac(β)

= W β,ω
N ,

which always have a bounded fractional moment.

Step 2. Coarse-graining procedure. The second step consists in dividing the
system into large blocks of length L = 1/F(u), where F(u) is the free energy of
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the homogeneous pinning model. The idea is then to perform some “coarse-graining
procedure” to reduce the estimate of the fractional moment E[(Zβ,ω

N,h)
γ] to estimates

on blocks of length L. One proceed as follows.
We decompose the partition function Zβ,ω

N,h according to the blocks visited by the
renewal trajectory, and write, for a system of size N = mL

Zβ,ω
mL,h =

m∑
ℓ=1

∑
1≤i1<···<iℓ=m

Zi1,...,iℓ ,

where Zi1,...,iℓ is the partition function restricted to trajectories of τ visiting blocks
with indices i1, . . . , iℓ. Then, one can use the bound (

∑
i ai)

γ ≤
∑

i(ai)
γ, valid for

any family of non-negative ai’s and any γ ∈ (0, 1), to bound the fractional moment

E
[
(Zβ,ω

mL,h)
γ
]
≤

m∑
ℓ=1

∑
1≤i1<···<iℓ=m

E
[
(Zi1,...,iℓ)

γ
]
.

The main goal is then to bound the fractional moment as follows:

E[(Zi1,...,iℓ)γ] ≤ C εℓ
ℓ∏

j=1

(ij − ij−1)
−γ′(1+α) , (4.12)

where
∏ℓ

j=1(ij− ij−1)
−γ′(1+α) is some “coarse-grained probability” of visiting exactly

i1, . . . , ik (and γ′ ∈ (0, 1) is close to γ) and ε can be made arbitrarily small by
choosing h close enough to hac(β). Then, with (4.12) at hand, we get that

E
[
(Zβ,ω

mL,h)
γ
]
≤ C

m∑
ℓ=1

∑
1≤i1<···<iℓ=m

εℓ
ℓ∏

j=1

(ij − ij−1)
−γ′(1+α) ,

which is the partition function of a homogeneous pinning model; we leave as an
exercise to prove that if ε

∑
i≥1 i

−γ′(1+α) < 1 then E[(Zβ,ω
mL,h)

γ] ≤ 1.

Step 3. The change of measure argument. One is then reduced to show-
ing (4.12), and in fact the product structure of Zi1,...,ik allows one to treat all the
blocks separately. The idea is to use a change of measure argument, based on some
(rare) event A ∈ σ{ω1, . . . , ωL}. Define the “change of measure” function

gi1,...,iℓ(ω) :=
ℓ∏

j=1

g(θijLω) , with g(ω) = 1Ac + P(A)
γ

1−γ1A , (4.13)
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which will therefore only affects the blocks with indices i1, . . . , ik. Then, by Hölder’s
inequality, we have that

E[(Zi1,...,iℓ)γ] = E[(gi1,...,iℓZi1,...,iℓ)γ(gi1,...,iℓ)−γ] ≤ E[gi1,...,iℓZi1,...,iℓ]γE[(gi1,...,iℓ)
− γ

1−γ ]1−γ ,

and note that E[g−
γ

1−γ ] = P(Ac) + 1 ≤ 2 so that E[(gi1,...,iℓZi1,...,iℓ)
− 1−γ

γ ]1−γ ≤ 2(1−γ)ℓ.
Therefore, because of the product structure of Zi1,...,ik , we are reduced to showing

that E[g(ω)Zβ,ω
[a,b],h] ≤ ε′P(b−a ∈ τ), with Zβ,ω

[a,b],h the partition function with starting
point at a and ending point at b; the delicate point is that one needs to show this
somehow uniformly over 0 ≤ a ≤ b ≤ L with b − a large. In practice, the fact
that we have a system of length L = 1/F(u) allows us to reduce the estimate at
h = hac(β) + u to an estimate at h = hac(β); for instance, one has that E[Zβ,ω

[a,b],h] ≤
cst.P(b−a ∈ τ). In view of the form (4.13) of g(ω), it all boils down to finding some
event A ∈ σ{ω1, . . . , ωL} such that, when L is large enough (i.e. u small enough),
we have

P(Ac) ≤ (ε′/2)(1−γ)/γ and E
[
1AZ

β,ω
[a,b],hac(β)

]
≤ ε′/2P(b− a ∈ τ) , (4.14)

uniformly over 0 ≤ a ≤ b ≤ L with b− a large.
The choice of the event A is actually the hardest part of the proof, and the fact that

the estimate (4.14) needs to hold uniformly over a < b with b−a large makes it even
more difficult. We give in Section 4.5.2 a proof of the fact that limN→∞W β,ω

N = 0
based on a similar (but more direct) change of measure argument (see Lemma 4.20):
we only deal with the case where a = 0, which makes the choice of the event A
simpler.

4.5 Back to the martingale: proof of Theorem 4.6

The main goal of this section is to prove Theorem 4.6.
The first part of the criterion is to show that β̃c > 0 when

∑∞
n=1 P(n ∈ τ)2 < +∞;

thanks to Theorem 4.8, this also shows that β̄c > 0 under this condition. The proof
relies on a second moment computation, and is performed in Section 4.5.1.

The second part of the criterion is to show that β̃c = 0 when
∑∞

n=1 P(n ∈ τ)2 =
+∞; as mentioned above, this is strictly easier than showing β̄c = 0 in that case.
The proof relies on a change of measure argument (see in particular Lemma 4.20),
and is performed in Section 4.5.2.
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We also discuss in Section 4.5.3 the question of the so-called intermediate disorder
regime (in the case where β̃c = 0), and we present some recent advances.

4.5.1 Weak disorder and the L2 phase

In this section, we show that β̃c > 0 when
∑∞

n=0 P(n ∈ τ)2 < +∞. We actually give
a lower bound on β̃c by controlling the second moment of W β,ω

N .
We use so-called replicas to express the second moment of W β,ω

N : we write

(W β,ω
N )2 = E

[
exp

( N∑
i=1

(βωi − λ(β))ϑi

)]
E
[
exp

( N∑
i=1

(βωi − λ(β))ϑ′i

)]
= E⊗2

[
exp

( N∑
i=1

(βωi − λ(β))(ϑi + ϑ′i

)]
,

where τ, τ ′ are two independent copies of the renewal process and we used again the
notation ϑi = 1{i∈τ}, ϑ′i = 1{i∈τ ′}. Observe that

E
[
e(βωi−λ(β))(ϑi+ϑ′i)

]
= eλ2(β)ϑiϑ

′
i with λ2(β) := λ(2β)− 2λ(β) ,

since the only time when the expectation dos not give 1 is when ϑi+ϑ′i = 2, so that
taking the expectation of (W β,ω

N )2 and using Fubini–Tonelli, we get

E
[
(W β,ω

N )2
]
= E⊗2

[
exp

(
λ2(β)

N∑
i=1

1{i∈τ∩τ ′}

)]
. (4.15)

Then, by monotone convergence, we have

sup
N≥1

E
[
(W β,ω

N )2
]
= E⊗2

[
exp

(
λ2(β)

∞∑
i=1

1{i∈τ∩τ ′}

)]
.

Since τ ∩ τ ′ is transient, 1 +
∑∞

i=1 1{i∈τ∩τ ′} is a geometric random variable with
parameter p := E[|τ∩τ ′|]−1 > 0 (see Remark 4.7) with E[|τ∩τ ′|] =

∑∞
n=0 P(n ∈ τ)2.

All together, we conclude that

sup
N≥1

E
[
(W β,ω

N )2
]
< +∞ ⇔ β < β2 ,

where β2 is defined by (recall that λ2(β) := λ(2β)− 2λ(β))

β2 := sup
{
β, λ2(β) < log

(
1

1−p
)}
. (4.16)
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Indeed, note that a geometric random variable G ∼ Geom(p) has a finite generating
function E[sG] < +∞ if and only if (1− p)|s| < 1.

Notice that we have β2 > 0 since λ(2β)−2λ(β) ∼ β2 as β ↓ 0, so that in particular
λ(2β)− 2λ(β) can be made arbitrarily small.

In conclusion, for all β < β2, the martingale (W β,ω
N )N≥0 is bounded in L2(P). It

therefore converges in L2(P), hence in L1(P), and in particular

E[W β,ω
∞ ] = lim

N→∞
E[W β,ω

N ] = 1 ,

which excludes having W β,ω
∞ = 0 P-a.s. We have thus shown that W β,ω

∞ > 0 P-a.s.
for all β < β2, and thus β̃c ≥ β2 > 0, which concludes the proof.

Remark 4.19. A consequence of the results of [AB18] is that β̃c > β2 for all α < 2/5.
It is conjectured that this is actually the case for all α < 1/2. Notice that having
β̃c > β2 means there exists a regime β ∈ (β2, β̃c) where the martingale converges a.s.
but not in L2.

4.5.2 Strong disorder and change of measure argument

Let us now show that β̃c = 0 when
∑∞

n=0 P(n ∈ τ)2 = +∞. To do this, we fix
β > 0 and we show that W β,ω

∞ = 0 a.s. In fact, it is actually enough to show that
W β,ω

N → 0 in probability. We will use the following easy (and classical) observation,
that characterize the convergence in probability for non-negative random variables.

Lemma 4.20. Let (ZN)N≥0 be a sequence of non-negative random variables. The
three following statements are then equivalent:
(i) ZN

P−→ 0 as N → ∞;
(ii) limN→∞ E[ZN ∧ 1] = 0;
(iii) there exists a sequence of events (AN)N≥1 such that:

lim
N→∞

P(AN) = 1 and lim
N→∞

E[ZN1Ac
N
] = 0 .

The item (iii) above can be interpreted as a change of measure argument. Indeed,
if one defines the measure µN by µN(A) = E[ZN1A], i.e. interpreting ZN as a
Radon–Nikodym derivative, then we have that ZN

P−→ 0 if and only if there is some
event AN such that P(AN) → 1 and µN(Ac

N) → 0, in other words if and only if µN
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becomes singular with respect to P as N → ∞. (We refer to after the proof for a
discussion in the context of the pinning model.)

Proof of Lemma 4.20. First of all, notice that: for any event AN , bounding ZN ∧ 1
by ZN on AN or by 1 on Ac

N , we have

E[ZN ∧ 1] ≤ P(AN) + E[ZN1Ac
N
] .

Hence, item (iii) implies item (ii), which in turns implies item (i) by Markov’s in-
equality: for any ε > 0 we have P(ZN > ε) ≤ ε−1E[ZN ∧ 1].

Finally, assuming (i), consider the event AN := {ZN > εN}, where εN goes to 0
slowly enough so that limN→∞ P(AN) = 0. We also clearly have that E[ZN1{Ac

N}] ≤
εN → 0 as N → ∞, which shows item (iii) and concludes the proof.

Note that W β,ω
N is non-negative and verifies E[W β,ω

N ] = 1. Therefore, W β,ω
N is a

probability density and we may define the size-biased measure P̂N,β as follows:

dP̂N,β
dP

(ω) =W β,ω
N .

There is an interpretation of the size-biased distribution P̂N,β: for any event A,

P̂N,β(A) = E
[
W β,ω

N 1A
]
= E

[
E
[ N∏
i=1

e(βωi−λ(β))1{i∈τ}
]]

= E
[
P(τ)
N,β(A)

]
, (4.17)

where P(τ)
N,β is defined in (4.4). Recall that under P(τ)

N,β the (ωi)1≤i≤N are independent,
distributed according either to P or Pβ depending on whether i ∈ τ , see (4.4)-(4.5).
In other words, the distribution of (ωi)1≤i≤N under P̂N,β is obtained as follows:

• First sample a renewal process τ under P;
• Then, for every i ∈ τ , modify the distribution of the ωi to is β-tilted version Pβ

(recall (4.5)).
Let us also stress that under P̂N,β the ωi are no longer independent.

To conclude, to prove that W β,ω
N

P−→ 0, Lemma 4.20 tells that we simply need to
find a sequence of events (AN)N≥1 that are typical under P, i.e. limN→∞ P(AN) = 1,
but become atypical under P̂N,β, i.e. limN→∞ P̂N,β(AN) = 0. This is in fact a
statistical testing problem of finding a good statistics to discriminate between P̂N,β
and P.
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It remains to choose the events AN appropriately and this depends on the problem
at hand. We now treat separately the cases α > 1

2 and α = 1
2 .

a) The case α > 1
2

Let us define

UN :=
N∑
i=1

P(i ∈ τ) ∼


N

E[τ11{τ1≤N}]
if α ≥ 1 ,

cαN
αL(N)−1 if α ∈ (0, 1) ,

(4.18)

where the asymptotic equivalent comes from Theorems 3.9 and 3.10. Notice that we
have UN ≫

√
N if α > 1

2 . Let us consider the event

AN =
{
XN ≥ εNλ

′(β)UN
}
, where XN :=

N∑
i=1

ωi , (4.19)

for a sequence εN which goes to 0 slowly enough so that we still have εNUN ≫
√
N ;

this is where the condition α > 1
2 is needed. Recall that λ(β) = logE[eβω1] and

that Eβ[ω1] = λ′(β), with Pβ the β-tilted law of ω, see (4.5). In particular, we get
from (4.17) that

ÊN,β[XN ] = E
[
E(τ)
N,β[XN ]

]
with E(τ)

N,β[XN ] = λ′(β)
N∑
i=1

ϑi , (4.20)

where we have used that E(τ)
N,β[ωi] = E[ωi] = 0 if i /∈ τ (i.e. if ϑi = 0) and E(τ)

N,β[ωi] =

Eβ[ωi] = λ′(β) if i ∈ τ (i.e. if ϑi = 1). This shows that ÊN,β[XN ] = λ′(β)UN .

We now need to show that limN→∞ P(AN) = 0 and that limN→∞ P̂N,β(Ac
N) = 1.

(i) Proof of limN→∞ P(AN) = 0. This estimate is easy: since E[XN ] = 0 and
Var(XN) = N , Chebyshev’s inequality directly gives that

P(AN) ≤
1

λ′(β)2
N

ε2NU
2
N

N→∞−−−→ 0 , (4.21)

since εNUN ≫
√
N .

(ii) Proof of limN→∞ P̂N,β(Ac
N) = 0. Recalling the interpretation (4.17) of P̂N,β,

we have that
P̂N,β(Ac

N) = E
[
P(τ)
N,β

(
XN ≤ εNλ

′(β)UN
)]
.
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Let us now estimate P(τ)
N,β(XN ≤ εNλ

′(β)UN) for any given realization of τ . If one
has Ê(τ)

N,β[XN ] ≥ 2εNλ
′(β)UN , we use Chebyshev’s inequality to obtain

P(τ)
N,β

(
XN ≤ εNλ

′(β)UN
)
= P(τ)

N,β

(
XN − Ê(τ)

N,β[XN ] ≤ −εNλ′(β)UN
)
≤

Var(τ)N,β(XN)

ε2Nλ
′(β)2U 2

N

.

Then, recalling that the (ωi)1≤i≤N are independent under P(τ)
N,β, with law P if i ∈ τ

and Pβ if i /∈ τ , we get that

Var(τ)N,β(XN) =
N∑
i=1

Var(τ)N,β(ωi) =
N∑
i=1

(
1{i/∈τ} + σ2β1{i∈τ}

)
≤ max(1, σ2β)N ,

where we recall that Var(ωi) = 1 and we denoted σ2β := Varβ(ωi); note that it
verifies σ2β = λ′′(β) and goes to 1 as β ↓ 0.

Bounding P(τ)
N,β(XN ≤ εNλ

′(β)UN) by 1 on the event Ê(τ)
N,β[XN ] < 2εNλ

′(β)UN ,
we end up with

P̂N,β(Ac
N) ≤

max(1, σ2β)

λ′(β)2
N

ε2NU
2
N

+ P
(
Ê(τ)
N,β[XN ] < 2εNλ

′(β)UN
)
. (4.22)

Again, the first term goes to 0 as N → ∞ since we have εNUN ≫
√
N . For the

second term, using that E(τ)
N,β[XN ] = λ′(β)

∑N
i=1 ϑi, see (4.20), we get that it is equal

to

P
( N∑

i=1

ϑi < 2εNUN

)
≤ P

(
τkN > N

)
where kN := ⌈2εNUN⌉ .

It remains to see that, as εN ↓ 0, this probability goes to 0. To do so, we use a
truncation argument similar to (4.7): we have that

P
(
τkN > N

)
≤ kNP(τ1 > N) +

kN
N

E[τ11{τ1≤N}] ,

where for the second inequality we have used subadditivity and Markov’s inequality.
We now treat the different cases separately.

(a) Case α ∈ (0, 1). Then we have that P(τ1 > N) ∼ α−1L(N)N−α and also
that E[τ11{τ1≤N}] ∼ (1−α)−1L(N)N 1−α; we have used properties of regularly vary-
ing functions, see Remark 3.1. We therefore get that both terms above are of the
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same order, namely

P
(
τkN > N

)
≤ CkNN

−αL(N) ≤ CεNUNN
−αL(N)

N→∞−−−→ 0 ,

recalling that UN ∼ cαN
αL(N)−1 (see (4.18)) and that εN ↓ 0.

(b) Case α ≥ 1. Then, we still have that P(τ1 > N) ∼ α−1L(N)N−α but
E[τ11{τ1≤N}] ∼ L∗(N) for some slowly varying function L∗(·); note that L∗(N) →
E[τ1] in the finite mean case, and that L∗(N) ≫ L(N) in the case α = 1, see e.g.
Exercise 23. In particular, we always have that P(τ1 > N) ≪ N−1E[τ11{τ1≤N}], so
that we get

P
(
τkN > N

)
≤ CkNN

−1E[τ11{τ1≤N}] ≤ CεNUNN
−1E[τ11{τ1≤N}]

N→∞−−−→ 0 ,

recalling that UN ∼ N/E[τ11{τ1≤N}] (see (4.18)) and that εN ↓ 0.

b) The marginal case α = 1
2

For α = 1
2 , the choice of event AN above works as long as UN ≫

√
N , i.e. if we have

L(N) → ∞, but this does not cover the whole regime where
∑∞

n=1 P(n ∈ τ) = +∞.
Let us introduce the notation

u(n) := P(n ∈ τ) and RN :=
N∑
i=1

u(i)2 ,

so that the assumption of Theorem 4.6 is that limN→∞RN = +∞. We then define
the event

AN =
{
XN ≤ 1

4λ
′(β)RN

}
where XN :=

N∑
i=1

u(i)ωi . (4.23)

Let us stress here again that, analogously to (4.20), we have that

ÊN,β[XN ] = E
[
E(τ)
N,β[XN ]

]
with E(τ)

N,β[XN ] = λ′(β)
N∑
i=1

u(i)ϑi , (4.24)

so in particular ÊN,β[XN ] = λ′(β)
∑N

i=1 u(i)P(i ∈ τ) = λ′(β)RN .

As above, we need to show that limN→∞ P(AN) = 0 and limN→∞ P̂N,β(Ac
N) = 1.
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(i) Proof of limN→∞ P(AN) = 0. Again, this is easy: we have that E[XN ] = 0 and
Var(XN) =

∑N
i=1 u(i)

2 = RN , so Chebyshev’s inequality directly yields

P(AN) ≤
16RN

λ′(β)2R2
N

N→∞−−−→ 0 , (4.25)

using that RN → ∞.
(i) Proof of limN→∞ P̂N,β(Ac

N) = 0. First, let us write as above that P̂N,β(Ac
N) =

E[P(τ)
N,β(XN ≤ 1

4λ
′(β)RN)]. Then, if E(τ)

N,β[XN ] ≥ 1
2λ

′(β)RN we use Chebyshev’s
inequality to get that

P(τ)
N,β

(
XN ≤ 1

4λ
′(β)RN

)
≤

16Var(τ)N,β(XN)

λ′(β)2R2
N

≤
16max(1, σ2β)RN

λ′(β)2R2
N

,

where we have used that Var(τ)N,β(XN) ≤ max(1, σ2β)RN for any realization of τ , by
a simple calculation (similar to the case α > 1

2). Bounding P(τ)
N,β(XN ≤ 1

4λ
′(β)RN)

by 1 if E(τ)
N,β[XN ] <

1
2λ

′(β)RN , we therefore obtain, similarly to (4.22)

P̂N,β(AN) ≤
16max(1, σ2β)

λ′(β)2RN
+ P

(
E(τ)
N,β[XN ] <

1
2λ

′(β)RN

)
. (4.26)

The first term goes to 0 since RN → ∞. For the second term, recalling (4.24) and
denoting YN = YN(τ) :=

∑N
i=1 u(i)ϑi, we get that it is equal to

P
(
YN < 1

2RN

)
= P

(
YN − E[YN ] ≤ −1

2RN

)
≤ 4Var(YN)

R2
N

where we have used that E[YN ] = RN and then Chebyshev’s inequality. It therefore
only remains to show that Var(YN) = o(R2

N) as N → ∞.
Let us compute Var(YN):

Var(YN) =
N∑
i=1

u(i)2Var(ϑi) + 2
N∑
i=1

N∑
j=i+1

u(i)u(j)
(
E[ϑiϑj]− E[ϑi]E[ϑj]

)
≤ RN + 2

N∑
i=1

u(i)2
N∑

j=i+1

u(j)
(
u(j − i)− u(j)

)
.
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Note that by Theorem 3.10 we have u(n) ∼ cL(n)−1n−1/2. Thus, if j → +∞ with
(j − i)/j → 1, we have that u(j − i)/u(j) → 1; in other words, for any ε > 0 there
exists Cε such that u(j − i)− u(j) ≤ εu(j) for all j ≥ Cε i. We deduce that

Var(YN) ≤ RN + 2ε
N∑
i=1

u(i)2
N∑

j=Cεi

u(j)2 + 2
N∑
i=1

u(i)2
Cεi∑

j=i+1

u(j)u(j − i) .

Then, using that u(n) ∼ cL(n)−1n−1/2 and properties of slowly varying functions
(see Remark 3.1), this is bounded by

RN + 2εR2
N + C ′

ε

N∑
i=1

1

L(i)3i3/2

(Cε−1)i∑
k=1

1

L(k)k1/2
≤ 3εR2

N + C ′′
ε

N∑
i=1

1

L(i)4i
.

Now, we can use that 1
L(N)2 = o(RN) as N → ∞, see [BGT89, Prop. 1.5.9a] (this

is similar to Question 2 in Exercise 23), to get that the last term is o(R2
N). Since

ε > 0 is arbitrary, this shows that Var(YN) = o(R2
N), as claimed.

4.5.3 The intermediate disorder regime

Let us stress that when β̃c = 0, i.e. when
∑∞

n=1 P(n ∈ τ)2 = +∞ by Theorem 4.6,
then we have that W β,ω

N → 0 for any β > 0. On the other hand, we have that
W β=0,ω

N = 1. The question is then whether there exists some regime where βN ↓ 0

but for which one has that W βN ,ω
N converges neither to 0 or 1, but to some non-trivial

random variable W ∈ (0,+∞). This regime is called the intermediate disorder
regime, since it corresponds to the regime where disorder kicks in: disorder is still
present in the limit, but it is not strong enough to make W βN ,ω

N vanish in the limit.
In fact, this regime is where the transition between weak and strong disorder really
occurs.

Notice that, in the case where
∑∞

n=1 P(n ∈ τ) = +∞, the proof of Theorem 4.6
can be improved to the following, which identifies the intermediate disorder regime.

Theorem 4.21 (Intermediate disorder scaling: from weak to strong disorder). As-
sume that

∑∞
n=1 P(n ∈ τ)2 = +∞ and define

RN :=
N∑
n=1

P(n ∈ τ)2 .



154 CHAPTER 4. RELEVANCE VS. IRRELEVANCE OF DISORDER FOR THE PINNING MODEL

Then, if (βN)N≥1 be a non-negative vanishing sequence, we have that
(i) If β2

NRN → 0, then W βN ,ω
N

P−→ 1.
(ii) If β2

NRN → +∞, then W βN ,ω
N

P−→ 0.

Before we start the proof, let us notice that in the case α > 1
2 , then thanks to The-

orems 3.9 and 3.10 (and the properties of slowly varying functions, see Remark 3.1)
we have that, as N → ∞

RN =
N∑
n=1

P(n ∈ τ)2 ∼


N

E[τ11{τ1≤N}]2
if α ≥ 1 ,

c′αN
2α−1L(N)−2 if α ∈ (12 , 1) .

Recalling the definition UN :=
∑N

n=1 P(n ∈ τ) and in view of (4.18), we therefore
get that

RN ∼ c′′αN
−1U 2

N as N → ∞ . (4.27)

Thus, in the case α > 1
2 , we can therefore replace the condition β2

NRN → 0 (or +∞)
by β2

NN
−1U 2

N → 0 (or +∞).

Proof of Theorem 4.21. For item (i), one simply need to control the second moment
of W βN ,ω

N . With the same calculation as in Section 4.5.1, see (4.15), recalling that
λ2(β) := λ(2β)− λ(β), we need to show that

E
[
(W βN ,ω

N )2
]
= E⊗2

[
exp

(
λ2(βN)

N∑
i=1

1{i∈τ∩τ ′}

)]
→ 1 if β2

NRN → 0 . (4.28)

Indeed, together with the fact that E[W βN ,ω
N ] = 1, this shows that Var(W βN ,ω

N ) → 0,
and as a consequence W βN ,ω

N → 1 in probability (and in L2(P)). But this is a general
fact for renewal processes.

Lemma 4.22. Let ρ = (ρi)i≥0 be a persistent (i.e. recurrent) renewal process, and
let UN :=

∑N
n=1 P(n ∈ ρ). Then, for any non-negative vanishing sequence εN ↓ 0,

we have

E

[
exp

(
εN
UN

N∑
i=1

1{i∈ρ}

)]
−−−→
N→∞

1 .

We leave the proof as a exercise (see Exercise 41 below), but applying it to ρ =
τ ∩ τ ′ directly gives (4.28), since λ2(β) ∼ β2 as β ↓ 0 and RN :=

∑N
n=1 P(n ∈ ρ).
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As far item (ii) is concerned, it follows exactly as in Section 4.5.2. Let us start
with the case α > 1

2 . Then, in view of (4.21) and (4.22), we get that P(AN) →
0 and P̂N,β(Ac

N) → 0 as soon as λ′(βN)2U 2
N ≫ N and aN ↓ 0 slowly enough

(e.g. aN = λ′(β)−1/2U
−1/2
N N 1/4). Since λ′(β) ∼ β as β ↓ 0, we therefore get that

W βN ,ω
N

P−→ 0 provided that βNUNN−1/2 → +∞. In the marginal case α = 1
2 , one

also gets from (4.25) and (4.26) that P(AN) → 0 and P̂N,β(Ac
N) → 0 as soon as

λ′(βN)
2RN → +∞. This concludes the proof that W βN ,ω

N
P−→ 0 if β2

NRN → +∞,
recalling also (4.27) in the case α > 1

2 .

Intermediate disorder and scaling limits

Let us now review some of the results in the intermediate disorder regime, i.e. when
limN→∞ βNR

1/2
N → β̂ ∈ (0,∞). We first present the case α ∈ (12 , 1) (we exclude the

case α ≥ 1 by simplicity) and then turn to the marginal case α = 1
2 .

The case α ∈ (12 , 1). The case α ∈ (12 , 1) is called subcritical, and is treated in
[CSZ17a] with quite a broad generality. The result is the following; recall that when
α ∈ (12 , 1), we have RN ∼ c′αN

2α−1L(N)−2.
Theorem (Intermediate disorder regime, subcritical case). Assume that (∗) holds
with α ∈ (12 , 1) and that (βN)N≥1 is a vanishing sequence such that

lim
N→∞

βNR
−1/2
N = β̂ ∈ (0,+∞) .

Then, we have the following convergence in distribution for the partition function:

W βN ,ω
N

(d)−−−−→
N→∞

Wβ̂ ,

where Wβ̂ ∈ (0,+∞) P-a.s. is a non-trivial random variable.
Let us stress that we have treated above only the case where h = hac(β), but the

analogous result holds in some window around the annealed critical point, namely
assuming that h = hN verifies hN −hac(β) ∼ ĥ L(N)N−α for some ĥ ∈ R. Addition-
ally, in the same intermediate disorder regime, [CSZ16] shows that the convergence
also holds at the level of Gibbs measures: in other words, PβN ,ωN,hN

( τN ∈ ·) converges in

distribution3 to some random measure Pβ̂

ĥ
, called the continuum disordered pinning

model.
3In the space of probability measure on closed subsets of (0, 1), for the vague topology.
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The marginal case α = 1
2. The case α = 1

2 , called marginal or critical, is much
more difficult, and there are few results for the intermediate disorder limit in the
pinning model. Let us give the main result of [CSZ17b] in this context.

Theorem 4.23 (Intermediate disorder regime, critical case). Let α = 1
2 and assume

that RN =
∑N

n=1 P(n ∈ τ)2 → ∞ and that limN→∞ βNR
1/2
N = β̂ ∈ (0,+∞). Then,

there is a phase transition at β̂ = 1: more precisely

(i) If β̂ < 1, then logW βN ,ω
N

(d)−−−−→
N→∞

σβ̂ N (0, 1)− 1
2σ

2
β̂
, with σ2

β̂
:= log

(
1

1−β̂2

)
.

(ii) If β̂ ≥ 1, then W βN ,ω
N

(d)−−−−→
N→∞

0 .

Remark 4.24 ((i) ⇒ (ii) in Theorem 4.23). In Exercise 42 below, we show how,
thanks to some monotonicity in β, item (ii) can be derived from item (i) (which is
indeed the difficult result). However, the proof gives no information whatsoever on
how fast W βN ,ω

N goes to 0. It would therefore be interesting to have another proof of
item (ii) which provides such an estimate.

The phase transition in Theorem 4.23 can actually be seen already at the level of
the second moment of W βN ,ω

N . In fact, we have the following lemma, whose proof is
given in the form of an exercise (see Exercise 43).

Lemma 4.25 (Phase transition for the second moment). Assume that RN :=∑∞
n=1 P(n ∈ τ)2 → +∞ as a slowly varying function. Then if limN→∞ βNR

1/2
N = β̂

we have (recall (4.15))

E
[
(W βN ,ω

N )2
]
= E⊗2

[
eλ2(βN )

∑N
i=1 1{i∈τ∩τ ′}

]
−−−−−→
N→∞


1

1− β̂2
if β̂ < 1 ,

+∞ if β̂ ≥ 1 .

Notice that, in the case β̂ < 1, the limit of the second moment matches the one we
expect from Theorem 4.23, that is E

[
(e
σβ̂ N (0,1)− 1

2σ
2
β̂)2

]
with σ2

β̂
= log

(
1

1−β̂2

)
.

The question of what happens at the critical value β̂ = 1 is in fact extremely
rich, and has been the object of a very intense activity in the context of the directed
polymer model; we refer to [CSZ25] for a very recent overview of all the progress
that has been made over the last five years.

Let us explain here the general philosophy in the context of the pinning model.
The idea is that, in order to obtain a non-trivial scaling limit of the model, one must
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consider the partition functions W β,ω
a,N (i.e. with starting point a) and interpret them

as a random measure on [0, 1], by setting W β,ω
N (dx) := W β,ω

⌊xN⌋,Ndx. In other words,
for any function φ : (0, 1) → R, one may consider

W β,ω
N (φ) :=

∫
[0,1]

φ(x)W β,ω
N (dx) =

N−1∑
a=0

φN(a)W
β,ω
a,N with φN(a) =

∫ a+1
N

a
N

φ(x)dx .

Put differently, it amounts to considering partition functions with a starting point
drawn under the measure φN .

In that case, if βNR
1/2
N = 1, the sequence of random measures (W βN ,ω

N (dx))N≥1

on [0, 1] should converge in distribution to some limiting non-trivial (i.e. random)
measure U(dx). This is in fact the main result of [CSZ23] in the context of the
directed polymer model. The convergence actually holds in a critical window around
βN = R

−1/2
N we should therefore obtain the following result4. Here, the space of

measures on [0, 1] is equipped with the vague topology.

Conjecture 4.26. Assume that RN → ∞ as N → ∞ as a slowly varying function.
Then, if (βN)N≥0 goes to 0 in such a way that5

lim
N→∞

(
eλ2(βN ) − 1

)
R⌊eϑN⌋ = 1 for some ϑ ∈ R , (4.29)

then there exist some random measure Uϑ(dx) on [0, 1] such that

W βN ,ω
N (dx)

(d)−−−−→
N→∞

Uϑ(dx) .

The limit Uϑ is called the critical disordered pinning measure: it is universal, in the
sense that it does not depend on the specific distribution of the disorder ω or of the
renewal process τ .

Let us mention that this conjecture has been proven in [WY25] in the case where
the underlying renewal τ is the set of return times to 0 of the simple random walk
on Z: in that case one has RN = 1

π logN + c + o(1), so the critical window (4.29)
then reads:

βN =

√
π√

logN

(
1 + (1 + o(1))

ϑ+ c

logN

)
.

4In analogy with [CSZ23], the convergence should actually hold for a flow of measures, that is for the two-
parameter family of measures W β,ω

sN,tN (dx, dy) on the time-interval [sN, tN ] with 0 ≤ s < t <∞.
5Recall that λ2(β) := λ(2β)− 2λ(β) ∼ β2 as β ↓ 0.
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The generalization stated in Conjecture 4.26 would then show that the critical dis-
ordered pinning measure is truly universal.

4.5.4 A few exercises

Exercise 41 (Proof of Lemma 4.22). Let ρ be a persistent renewal and consider

for h ≥ 0 ZN,h := E
[
eh

∑N
i=1 1{i∈ρ}

]
.

1. Show that eh1{i∈ρ} = 1 + (eh − 1)1{i∈ρ} for any 1 ≤ i ≤ N .
2. Expanding

∏N
i=1(1 + (eh − 1)1{i∈ρ}), show that

ZN,h = 1 +
N∑
k=1

(eh − 1)k
∑

1≤i1<...<ik≤N

P(i1 ∈ ρ) · · ·P(ik − ik−1 ∈ ρ) . (4.30)

3. Writing UN :=
∑N

n=1 P(n ∈ ρ), deduce that ZN,h ≤ 1 +
∑N

k=1(e
h − 1)k(UN)

k.
4. Conclude the proof of Lemma 4.22.

Exercise 42 (Critical case, β̂ ≥ 1). Assume that (βN)N≥1 verifies limN→∞ βNR
1/2
N =

β̂ ≥ 1. Our goal is to use item (i) in Theorem 4.23 to shows that limN→∞W βN
N = 0.

1. Let (β′
N)N≥1 be such that β′

N ≤ βN for all N and limN→∞ β′
NR

1/2
N = β̂′ < 1.

Using Exercise 40, show that

E
[
(W βN ,ω

N )1/2
]
≤ E

[
(W

β′
N ,ω

N )1/2
]
.

2. Show that, for any random non-negative random variable X with E[X] = 1, we
have E[X1/2] ≤

√
2E[X ∧ 1]1/2. (Hint: use that X = (X ∨ 1)(X ∧ 1).)

3. Using Theorem 4.23-(i), deduce that

lim sup
N→∞

E
[
(W βN ,ω

N )1/2
]
≤

√
2E

[
e
σβ̂′N (0,1)− 1

2σ
2
β̂′ ∧ 1

]1/2
.

4. Show that, for any random non-negative random variable X with E[X] = 1, we
have E[X ∧ 1] ≤ E[X1/2]. Deduce that

lim sup
N→∞

E
[
(W βN ,ω

N )1/2
]
≤

√
2 e

− 1
16σ

2
β̂′ =

√
2 (1− β̂′)

1
16 .

5. Conclude that W βN ,ω
N

P−→ 0.
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Exercise 43 (Second moment and Erdős–Taylor theorem). Let ρ be a renewal pro-
cess such that UN :=

∑N
n=1 P(n ∈ ρ) goes to +∞ as a slowly varying function. Let

ZN,h := E
[
eh

∑N
i=1 1{i∈ρ}

]
for h ≥ 0.

1. Using Exercise 41, show that ZN,h ≤
∑∞

k=0(hUN)
k. Deduce that

if lim
N→∞

hNUN = ĥ < 1 then lim sup
N→∞

ZN,hN ≤ 1

1− ĥ
.

2. (a) Show that there exists some εN ↓ 0 such that UεNN ∼ UN as N → ∞.
(b) Using (4.30), show that ZN,h ≥

∑1/εN
k=0 (hUεNN)

k.
(c) Deduce that

if lim
N→∞

hNUN = ĥ < 1 then lim inf
N→∞

ZN,hN ≥ 1

1− ĥ

and that limN→∞ ZN,hN = +∞ if limN→∞ hNUN = ĥ ≥ 1.
3. Conclude that

if lim
N→∞

hNUN = ĥ then lim
N→∞

ZN,hN =


1

1− ĥ
if ĥ < 1 ,

+∞ if ĥ ≥ 1 ,

and show Lemma 4.25.
4. Show the following theorem as a corollary6, noticing that Zn,hN is a Laplace

transform.

Theorem (Erdős–Taylor theorem). Assume that ρ is a persistent renewal process,
with UN =

∑N
n=1 P(n ∈ ρ) diverging as a slowly varying function. Then, we have

the following convergence in distribution:

1

UN

N∑
n=1

1{n∈ρ}
(d)−−−−→

N→∞
Exp(1) .

6This dates back to Erdős and Taylor [ET60], who proved this result for the returns to zero of the simple random
walk on Z2.
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