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POLYMERES EN MILIEU ALEATOIRE : INFLUENCE D’UN DESORDRE CORRELE SUR LE
PHENOMENE DE LOCALISATION

Résumé: Cette these porte sur I’étude de modeles de polymere en milieu aléatoire: on
se concentre sur le cas d'un polymere dirigé en dimension d + 1 qui interagit avec un défaut
unidimensionnel. Les interactions sont possiblement non-homogenes, et sont représentées par des
variables aléatoires. Une question importante est celle de 'influence du désordre sur le phénomeéne
de localisation: on veut déterminer si la présence d’inhomogénéités modifie les propriétés critiques
du systeme, et notamment les caractéristiques de la transition de phase (auquel cas le désordre est
dit pertinent).

En particulier, nous prouvons que dans le cas ou le défaut est une marche aléatoire, le désordre
est pertinent en dimension d > 3. Ensuite, nous étudions le modele d’accrochage sur une ligne de
défauts possédant des inhomogénéités corrélées spatialement. Il existe un critére non rigoureux (da
a Weinrib et Halperin), que I'on applique a notre modele, et qui prédit si le désordre est pertinent
ou non en fonction de 'exposant critique du systeme homogene, noté vP"", et de I'exposant de
décroissance des corrélations. Si le désordre est gaussien et les corrélations sommables, nous
montrons la validité du critere de Weinrib-Halperin: nous le prouvons dans la version hiérarchique
du modele, et aussi, de maniere partielle, dans le cadre (standard) non-hiérarchique. Nous avons
de plus obtenu un résultat surprenant: lorsque les corrélations sont suffisamment fortes, et en
particulier si elles sont non-sommables (dans le cadre gaussien), il apparait un régime ou le désordre
devient toujours pertinent, I'ordre de la transition de phase étant toujours plus grand que vP"*. La
prédiction de Weinrib-Halperin ne s’applique alors pas a notre modele.

Mots-clés: Polymere, Modele d’accrochage, Modele hiérarchique, Systemes désordonnés, Per-
tinence du désordre, Critere de Harris, Corrélation, Critere de Weinrib-Halperin.

POLYMERS IN RANDOM ENVIRONMENT: INFLUENCE OF CORRELATED DISORDER ON THE
LOCALIZATION PHENOMENON

Abstract: This thesis studies models of polymers in random environment: we focus on the
case of a directed polymer in dimension d + 1 that interacts with a one-dimensional defect. The
interactions are possibly inhomogeneous, and are represented by random variables. We deal with
the question of the influence of disorder on the localization phenomenon: we want to determine if
the presence of inhomogeneities modifies the critical properties of the system, and especially the
characteristics of the phase transition (in that case disorder is said to be pertinent).

In particular, we prove that if the defect is a random walk, disorder is relevant in dimen-
sion d > 3. We then study the pinning model in random correlated environment. There is a
non-rigourous criterion (due to Weinrib and Halperin), that we can apply to our model, and that
predicts disorder relevance/irrelevance, according to the value of the critical exponent of the homo-
geneous system, denoted vP"", and of the correlation decay exponent. When disorder is Gaussian
and correlations are summable, we show that the Weinrib-Halperin criterion is valid: we prove
this in the hierarchical version of the model, and also, partially, in the non-hierachical (standard)
framework. Moreover, we obtained a surprising result: when correlations are sufficiently strong,
and in particular when they are non-summable (in the gaussian framework), a new regime in which
disorder is always relevant appears, the order of the phase transition being always larger than vP"".
The Weinrib-Halperin prediction therefore does not apply to our model.

Keywords: Polymer, Pinning model, Hierarchical model, Disordered system, Disorder rele-
vance, Harris criterion, Correlation, Weinrib-Halperin criterion.
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Introduction

0.1. Etudes de polymeres: motivations physiques

Les polymeres sont de tres longues molécules, composées d'une grande quantité
de monomeres reliés entre eux par des liaisons chimiques (on parle de chaine de
monomeres), et interagissent fortement aussi bien avec leur environnement qu’avec
eux-meéme. Ceci rend I’étude de leurs propriétés et de leurs interactions avec leur
milieu tres complexe, et fait 'objet de nombreuses études de la part de la commu-
nauté physique depuis 50 ans [De 79, DE86, Flo53], et plus récemment du coté des
mathématiciens [Bol02, dH09, Gia07, Lac09].

De nombreux modeles ont ainsi été développés pour comprendre leur structure.
Citons-en un en particulier, tres répandu: la modélisation d'un polymere par une
marche aléatoire (faiblement) auto-évitante pour représenter les contraintes d’auto-
interaction et d’auto-intersection, une définition physique étant donnée dans [Edw65]
(pour des résultats mathématiques, on peut se référer a l'article de survol [Le 97]).
Plusieurs questions apparaissent, comme ’étude de la topologie de ces marches auto-
évitantes, le but étant de comprendre les configurations spatiales des polymeres
et de connaitre leur degré d’enchevétrement (voir [MMO11] pour avoir un aperqu
des questions posées et des outils utilisés). Nous ne considérons par la suite que
des polymeres qui sont étirés dans une direction de 'espace (on parle de polymere
dirigé), ce qui permet de s’affranchir des contraintes topologiques de non-intersection
et d’auto-interaction.

Cette these porte sur I'étude mathématique de modeles de polymeres dirigés en
milieu aléatoire. Ils sont utilisés pour décrire de nombreux phénomenes physiques, et
en particulier I'influence des interactions avec I’environnement sur la configuration
spatiale du polymere, et 1'on dispose alors d’autant d’outils mathématiques [Bol02,
dH09, Gia07, Giall]. Nous nous concentrons alors sur le phénomene de localisation
(et de délocalisation) d’un polymeére sur un défaut unidimensionnel.

0.1.1. Exemples de modeles de polymeres en milieu aléatoire. On donne
maintenant quelques exemples de phénomenes physiques pouvant étre décrits grace
aux modeles de polymeres dirigés.

e Pour étudier le comportement d'une chaine-polymere dans une solution hété-
rogene, on dispose du modele dit de Polymeére dirigé en milieu aléatoire introduit
(dans un cadre différent) par Huse et Henley [HH85]. Ce modele permet d’obtenir
des résultats mathématiques qui caractérisent 'influence des impuretés sur les fluc-
tuations transverses du polymere, voir [CSY04] pour en avoir un panorama.

1



2 INTRODUCTION

e On étudie aussi le déploiement d'un polymere constitué de différents types
de monomeres a l'interface entre deux solvants, qui est le modele de Copolymére
[BAH97, OTW99, Whi02] (Figure 1).

e On s’intéresse aussi au phénomene d’accrochage sur une surface solide ou sur
la membrane d’une cellule (Figure 2), ou bien a la dénaturation de ’ADN, que 'on
étudie via un modele dit de Piégeage ou bien d’Accrochage (ou des versions proches
de ce modele, cf. [Gia07]).

FIGURE 2. Un polymere

interagissant avec une mem-
FIGURE 1.  Un copolymere brane de fagon non homogene:
(3 monomeres + ou -) a les zones plus foncées représen-
I'interface entre deux solvants. tent les zones d’attraction.

Nous nous consacrerons dans cette these a des modeles d’Accrochage sur un
défaut unidimensionnel, le défaut pouvant aussi bien étre une ligne fixe (accrochage
sur une ligne de défauts, cf. Partie 2) qu'un autre polymere (accrochage sur une
marche aléatoire, cf. Partie 1).

0.1.2. Phénomene de localisation. Le point commun entre tous les exemples
décrits plus haut est que ’'on observe une transition de phase, dite de localisation, qui
est le principal objet d’étude de tous ces modeles. A haute température, 'agitation
thermique est forte, et les interactions chimiques avec le milieu sont négligées devant
les effets entropiques: le polymere se comporte comme s’il n’interagissait pas avec son
environnement, on parle de phase délocalisée. A basse température, les interactions
avec 'environnement deviennent tres importantes: le polymere a tendance a se
retrouver dans les régions énergétiquement les plus favorables de I’environnement,
on parle de phase localisée.

Ce phénomene de localisation apparalt a une certaine température critique 7,
qui sépare les phases localisées et délocalisées, et 'une des questions centrales dans
I’étude de ces systemes désordonnés est, outre la connaissance de la valeur de T,, de
savoir comment se comporte le modele au voisinage de la température critique.

0.1.2.1. Dénaturation de I’ADN. Le premier exemple que I’on peut donner de ces
phénomenes est celui de la dénaturation de I’ADN: lorsque la température augmente
et atteint un certain seuil (qui est environ de 90°C), certaines des liaisons chimiques
qui lient les deux brins d’ADN sont cassées, et ces deux brins se décollent (Figure
3). Ce phénomene, de part la structure en double hélice de ’ADN et du caractere
aléatoire de la séquence des bases, est extrémement complexe, et est donc abordé
d’une maniere simplifiée.

Dans un premier temps, on oublie la structure en double hélice (Figure 4), et on
considere ’ADN comme deux polymeres constitués de quatre monomeres possibles
(les bases A, T, C,G), avec la condition que les deux séquences de “bases” soient
complémentaires: une base A se trouve en face d'une base T', et une base C' en face
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A

FIGURE 3. Phénomene de dénaturation de ’ADN. La question que 'on essaie
de résoudre est de savoir de quelle maniere s’effectue la transition entre la phase
ou les deux brins sont accrochés et la phase ou les deux brins sont décrochés.

d’une base GG. On n’observe donc que deux types de liaison entre les deux brins
d’ADN (les liaisons AT et les liaisons C'G) qui représentent des interactions de force
différentes.

| AT

NP | CG

Boucle

FIGURE 4. Modélisation simplifiée du phénomene de dénaturation: le polymere
n’est pas enroulé et les interactions n’ont d’effet qu’aux points de contact, en
dehors des boucles.

Le modele le plus répandu pour étudier la dénaturation de ’ADN est celui in-
troduit par Poland et Scheraga [PS66], (raffiné par Fisher [Fis66], voir [RG87] pour
en avoir un panorama complet). Une fois que la séquence des bases a été fixée,
de maniere aléatoire le long de la chaine, on ne prend en compte que la taille des
boucles, et on suppose que les interactions sont a courte portée, i.e. qu’elles n’ont
d’effet qu’au niveau des points de contacts entre les deux brins (Figure 4).

0.1.2.2. Accrochage sur une ligne de défaut. En suivant I'idée de Poland et Scher-
aga, on se ramene a un cadre plus général: on considere un polymere dirigé dans
R4 qui interagit avec un défaut unidimensionnel parfaitement linéaire (cf. [Gia07]).
Les interactions sont aléatoires, dans le sens ou les couplages sont des variables
aléatoires, qui dépendent de la position le long du défaut (Figure 5): ceci provient
du fait que, aussi bien le polymere que la ligne de défauts ne sont pas homogenes (du
moins peuvent ne pas ’étre), et sont constitués de différents composants disposés
de maniere aléatoire le long des chaines.

Comme on ne peut pas modifier 'ordre des monomeres d’une chaine, on considere
que la constitution du polymere et de la ligne de défauts est fixée (de maniere
aléatoire), ce qui revient a considérer que la valeur des variables aléatoires repré-
sentant les interactions le long du défaut est fixée. On parle de désordre gelé, ou
quenched.

Ensuite, la réduction de Poland-Scheraga consiste a estimer que la probabilité
d’observer les points de contacts 7y, 7, ... dépend seulement de ’espacement entre
ces points (i.e. de la taille des excursions en dehors de la ligne de défauts, ou des
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Polymere
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FIGURE 5. Accrochage d'un polymere dirigé sur une ligne de défauts non ho-
mogene, avec deux types d’interaction possible (représentées par deux couleurs
différentes). On énumere les points de contacts 71, 72, . .., qui sont les seuls points
ou linteraction polymere/défaut a lieu.

boucles dans le cas de ’ADN), et de I'interaction au niveau de ces points. On en
déduit un modele de méchanique statistique dont le formalisme mathémathique est
détaillé dans la Section 0.1.3, et dont nous étudions les propriétés dans la Partie 2
(nous en donnons un aperg¢u dans le Chapitre 1).

0.1.2.3. Accrochage sur un autre polymere. Nous étudions aussi dans cette these
le cas ou le polymere (dirigé) s’accroche sur un défaut unidimensionnel, qui est
cette fois un autre polymere (dirigé), dont la trajectoire est fixée et qui joue le role
du désordre gelé. Nous ne considérons que le cas d’interactions homogenes, et la
probabilité dune trajectoire du polymere dépend alors uniquement du nombre de
contacts entre les deux chaines. On observe aussi une transition de phase entre un
régime ou le polymere est collé au défaut a basse température, et un régime ou le
polymere évite le défaut a haute température. Ce modele, introduit dans [BS10], est
présenté dans la Section 1.2 du Chapitre 1, et constitue 'objet d’étude de la Partie
1.

0.1.3. Modélisation mathématique. On remarque un cadre commun dans
tous les exemples cités plus haut: on considere des polymeres dirigés qui inter-
agissent avec un défaut unidimensionnel. Les interactions n’ont lieu qu’aux points
de contacts polymere/défaut, et I'intensité des interactions est représentée par des
variables aléatoires.

Passons maintenant au formalisme mathématique pour décire ces phénomenes.

e Le polymere en dimension d-+1 est modélisé par une marche aléatoire dirigée,
i.e. une marche aléatoire dont une composante est déterministe et croissante. Soit
{X,},, > o une marche aléatoire symétrique sur le réseau d-dimensionnel Z?, partant
de 0, de loi notée P. Alors la trajectoire d'un polymere est représentée par le graphe
de la marche aléatoire dirigée {Sp}n >0 = (1, Xy), 5 o (Figure 6).

e Le défaut unidimensionnel est alors soit la ligne N x {0} dans le cas d’une
ligne de défaut, soit lui aussi représenté par le graphe d’une marche aléatoire sy-
métrique dirigée (n,Y,),>o dans le cas d'un défaut étant lui-méme un polymere.
Les points de contact entre le polymere et le défaut ont lieu a des positions notées
T = {7 }i >0, et on notera que le polymere est en contact avec le défaut a I'instant
n comme étant 'événement {n € 7}: c’est 'événement {X,, = 0} dans le cas d'un
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défaut linéaire N x {0}, ou {X,, = V,,} dans le cas ou le défaut est donné par une
marche (n,Y,). Les interactions sont données par deux parametres > 0 et h € R,
et une séquence de variables aléatoires réelles w := {w,}, > o centrées unitaires, de
loi notée P. Les potentiels d’accrochages sont —(w,, + h/f3), et sont disposés le long
du défaut, modélisant I'inhomogénéité des interactions (Figure 6).

Polymere = Marche dirigée (1, X;,)n > o

Zd+1 \
j ,

wsg

w7

. Défaut = (n,Yo)n >0

FIGURE 6. Les interactions entre les deux polymeres sont encodées par la
séquence {wy}n >0 et les positions {7;}; > o des points de contact le long de la
chaine. Le hamiltonien est dans le cas ci-dessus H = —(ws + we + wr) — 3h/S.
Dans la suite, nous considérerons deux cas: soit le défaut est représenté par une
marche aléatoire Y et les interactions sont homogenes (accrochage sur une marche
aléatoire, Section 1.2 et Partie 1), soit le défaut est linéaire N x {0} mais les in-
teractions sont non-homogenes (accrochage sur une ligne de défaut, Section 1.4 et
Partie 2).

Il y a donc plusieurs sources d’aléatoire: la trajectoire du polymere d’une part,
et 'environnement, i.e. la séquence w des interactions et la forme du défaut, d’autre
part. Les deux aléas ne jouent cependant pas le méme role : ’environnement est fixé
une fois pour toutes (désordre gelé), tandis que I'on étudie la configuration typique
du polymere (i.e. des trajectoires de X) dans cet environnement.

On utilise le formalisme de Gibbs pour modéliser les interactions entre le polymere
et son milieu: le défaut (Y,w) étant gelé, on introduit le hamiltonien d’une trajec-
toire de longueur N

N
H%’M(X) = _Z(wn‘i‘h/ﬁ)l{ne}a (0.1.1)
n=1
qui est la somme des potentiels d’accrochage récupérés le long de la chaine, a chaque
point de contact. La quantité H}G’W(X ) est I’énergie associée a la trajectoire de X,
et le polymere essaie alors de minimiser 1’énergie qui lui est associée.
Pour un environnement donné, on définit la mesure de polymére Py, pour les
trajectoires de longueur N comme une mesure de Boltzmann-Gibbs: ’

PY(Xy,..., Xy) =

exp (—BH%’“’(X)) P(X,,..., Xn), (0.1.2)

Y,w
Z N
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o Zy¥ =E [exp (Zivzl(ﬁwn + h)l{ng})} est la fonction de partition du systeme,

. . Yw s . qeg 2
qui normalise P y* & une loi de probabilité.
U, a2 DY, . . . .
On a ainsi défini une mesure de probabilité P y* qui favorise les trajectoires ayant
. , . . . Y,w , ., N
une faible énergie (on peut voir aussi —H (X ) comme la récompense associée a
X, les trajectoires obtenant une forte récompense devenant plus probables sous
Y, Y, . L ,
Py¥). On remarque que la mesure Py est elle-méme aléatoire, car dépendant
de la réalisation de l’environnement fixée. La question est alors de déterminer le
. . Y,w N .
comportement des trajectoires sous la mesure P ™ pour N tres grand, et ceci pour
des réalisations typiques de I’environnement.
On définit alors ’énergie libre du systeme, ou énergie par monomére, comme la
limite (qui existe sous certaines conditions, et ne dépend que de la loi de I’environne-
ment et pas de la réalisation de celui-ci, comme abordé dans les Sections 1.2-1.3-1.4)

1
F(B,h) = Nhigoﬁlogzﬁw > 0. (0.1.3)

L’énergie libre encode des propriétés cruciales du systeme, par exemple la densité
limite de contacts polymere/défaut sous P%w (cf. le Chapitre 1 pour plus de détails).

Le parametre § > 0 peut étre interprété comme 'inverse de la température (plus
précisément 1/(kg7’) au vue des poids de Boltzmann-Gibbs, avec kp la constante
de Boltzmann, le terme SHy étant sans unité) et donne l'intensité du désordre. En
revanche, h/f représente un parametre d’accrochage homogene. Lorsque h varie,
le systeme passe par une transition de phase au voisinage d’un certain parametre
critique h.(8): pour h < h.(f) on est dans une phase délocalisée ou le polymere
touche tres peu le défaut (il est souvent suggéré qu’il a un comportement diffusif),
et pour h > h.(f) on est dans une phase localisée ou le polymere est accroché au
défaut. Remarquons que 'on utilise la notation h/f par commodité, pour rendre
les notations plus agréables (notamment pour I’écriture dde la fonction de partition
2.

0.2. Objectifs de la these: role du désordre sur le phénomeéene
d’accrochage

Comme annoncé précédemment, nous nous intéressons dans cette these a deux
cas du modele d’accrochage.

e Dans la Partie 1, le défaut est une marche aléatoire dirigée (n, Y, ), > o et ou
les interactions sont homogenes (w; = 0 pour tout i € N): c’est le modele
d’Accrochage sur une marche aléatoire.

e Dans la partie 2, le défaut est linéaire (Y; = 0 pour tout i € N) avec des
interactions non-homogenes: c’est le modele d’Accrochage sur une ligne de
défaut. Nous considérerons en réalité toute une classe de modeles indexés
par un parametre o, qui caractérise 1’écart entre les points de contacts avec
la ligne de défaut (on a P(1; = k) ~ cst.k=(17) et qui est donc lié & la
dimension d de la marche aléatoire X, en 'occurence av = 1/2 pour d = 1
et @« =d/2 — 1 pour d > 2 (avec une correction logarithmique pour d = 2,
cf. Section 1.1.2 pour plus de détails).
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0.2.1. Quelles questions sont soulevées? Nous nous intéressons principale-
ment aux propriétés critiques du systeme, c’est-a-dire au comportement des trajec-
toires sous P%w (dans la limite N — 00), pour h proche de h.(3). On cherche par
exemple a connaitre la valeur du point critique, pour savoir pour quelles valeurs des
parametres § et h le polymere reste accroché au défaut, et comment s’effectue la
transition entre la phase localisée et la phase délocalisée.

On commence par le modele d’accrochage homogene (ligne de défaut N x {0},
f = 0) qui est non-trivial, et en réalité exactement résoluble, comme observé par
Fisher [Fis84]. Nous introduisons ce modele dans la Section 1.1.2, et nous en donnons
les principales caractéristiques: on connait a la fois le point critique h.(0) et le
comportement de I’énergie libre au voisinage de ce point. On a F(0,h) ~ cst.(h —
he)"™™, ot I'exposant critique vP™ dépend du parametre o (et donc de la dimension
d, voir plus haut), v» = max(1,1/«a) (avec une correction logarithmique pour
a =1). L’exposant critique contient beaucoup d’informations sur le systéme et est
en général le principal objet d’étude des systemes physiques.

On souhaite alors savoir comment se comporte le systeme désordonné (on dit
aussi modele quenched), en comparaison avec les résultats sur le modele homogene.
La question est de savoir si la présence du désordre (inhomogénéité ou non-linéarité
du défaut) modifie ou non les propriétés critiques du systeme:

e en ce qui concerne le point critique, on introduit le modele d’accrochage re-
cuit ou annealed, pour lequel on a “dégelé” le défaut en prenant la moyenne
sur U'environnement (la fonction de partition étant E[Z]f,g]), et qui sert
d’étalon pour le modele désordonné (cf. Section 1.4 pour une introduction
plus poussée). On a facilement que le point critique annealed h2(f3) vérifie
h2(5) < he(f), et la question est de savoir si il y a effectivement égalité ou
non.

e en ce qui concerne le comportement critique de I'énergie libre, on cherche a
savoir si 'exposant critique v du modele quenched (s’il existe) est égal a
VP et de quelle maniere il est modifié si v4"¢ #£ pPur,

Si une quantité arbitraire de désordre change le comportement critique du systeme
(i.e. points critiques quenched et annealed différents, exposant critique modifié), on
dit que le désordre est pertinent. Nous nous attacherons dans cette these a vérifier
la pertinence ou la non-pertinence du désordre, de maniere aussi bien qualitative
que quantitative.

Ces questions ont été largement abordées par les physiciens, qui ont prouvé ou
conjecturé de nombreux résultats, notamment grace a des techniques de groupes de
renormalisation, qui donnent des conjectures fiables, bien que cette méthode puisse
difficilement étre rendue rigoureuse. Les modeles hiérarchiques (sur des réseaux
en diamant) ont étés introduits dans cette optique dans de nombreux modeles (par
exemple [Ble89, CEGM84, DG84]). IIs sont construits sur des réseaux possédant une
structure auto-similaire, ce qui permet d’utiliser des changements d’échelle successifs
entre un systeme de taille 2N et un systeme de taille N, de maniere exacte. Nous
nous penchons longuement sur le cas du modele d’accrochage hiérachique [DHV92],
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que nous introduisons dans la Section 1.3, et nous donnerons les principaux résultats
obtenus durant cette these dans le Chapitre 4.

0.2.2. Influence du désordre sur la transition de phase. Pour décider
de l'influence du désordre, le physicien A. B. Harris donne une méthode générale
[Har74], développée pour étudier la transition paramagnétique/ferromagnétique du
modele d’Ising, et qui permet dans le cas d’'un environnement i.i.d. (indépendant
identiquement distribué) de donner un critere pour la pertinence/non-pertinence du
désordre. On souligne que le caractere i.i.d. du désordre est tres important, et qu’il
permet d’adapter la méthode pour une tres grande classe de modeles.

Mentionnons que Harris considére un désordre d-dimensionnel (a ne pas con-
fondre avec la dimension d + 1 dans laquelle évolue notre polymere), et dans notre
cas on a donc d = 1. Le critere repose sur I'exposant critique v de la longueur de
corrélation du systeme pur (il est montré que dans le cas du modele d’accrochage, v
est égal a vP"" I'exposant critique de I’énergie libre). Dans un cadre général (incluant
le notre), nous pouvons reformuler le critere de Harris de la maniére suivante:

e Si P > 2/d, alors le désordre devrait étre non-pertinent: pour une intensité
suffisamment faible de désordre (i.e. § petit), les points critiques quenched et an-
nealed sont égaux, et I'exposant critique de la longueur de corrélation quenched est
VP

e Si P < 2/d, alors le désordre devrait étre pertinent: pour n’importe quelle
quantité de désordre, on a h2(3) < h.(3), et le comportement critique de la longueur
de corrélation quenched est différent de celui du modele homogene (on prévoit que
I'exposant critique quenched sera plus grand que 2/d).

Pour ce qui est du cas marginal vP"" = 2/d, savoir si le désordre est pertinent ou
non requiert une étude plus poussée et dépend fortement du modele.

L’argument de Harris, pour en donner une idée simplifiée, consiste a controler
les fluctuations de 'environnement w pour un systeme de taille ¢, ou ¢ = ¢(h) est
la longueur de corrélation du systeme désordonné: un systeme de taille £ est censé
étre une bonne approximation du vrai systeme. Faisons pour l'instant I’hypothese
(on verra plus tard dans quel cas elle est justifiée), que pour 3 petit on a £ ~
(h — he(B))™""", qui signifie que le désordre est non-pertinent: les longueurs de
corrélation des systemes désordonné et homogene ont le méme exposant critique.
Dans notre cadre, rappelons que d = 1, et estimons ’écart type suivant (on a choisi
w centré et de variance unitaire)

. , 1/2
L _ p-1/2
EVar <nz:; wn) =07 (0.2.1)

qui représente les fluctuations typiques de la moyenne empirique des w; sur un
échantillon de taille ¢. Harris justifie que le point critique “observé” du systéeme
de taille ¢ dévie du vrai point critique h.(f) de maniére proportionelle au terme
(0.2.1), et les fluctuations du désordre sont donc négligeables si et seulement si

(7Y% < |h — he(B)). (0.2.2)
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L’hypothese de non-pertinence du désordre (£ ~ (h—h.(8))~*"") n’est donc cohérente
que si VP > 2.

On se réfere a la Section 1.4.2 pour une explication plus poussée du critere de
Harris appliqué a notre étude, et pour un résumé des résultats connus dans le cas
1.10.d.

Ces dernieres années, de nombreux travaux physiques et mathématiques ont
confirmé cette prédiction de maniere rigoureuse [Ale08, AZ09, DGLT09, GLT10a,
GT06, Ton08a| pour le modele d’accrochage considéré, aussi bien au niveau de 1'écart
entre les points critiques qu’au niveau du comportement critique de 1’énergie libre.
Le cas marginal vP" = 2 (qui est le cas o = 1/2, i.e. de la dimension d = 1 et d = 3
dans notre modele) a lui aussi été résolu dans [GLT10b]|, apres avoir fait I'objet
d’affirmations contradictoires dans la littérature physique, et il est montré que le
désordre est pertinent dans ce cas, comme prédit par [DHV92].

Mentionnons que le critere de Harris a aussi été démontré dans [CCFS86] pour
une classe assez générale de modeles (percolation, modele d’Ising,...), il y est prouvé
que l'exposant critique d’une certaine longueur de corrélation est plus grand que
2/d (dans [CCFS86], la définition de la longueur de corrélation est différente de celle
habituelle).

Il est donc naturel de se tourner maintenant sur le cas d’environnements présen-
tant des corrélations spatiales. Par exemple, dans le cas de 'ADN, il a été montré
dans [LK92, PBG192] que la séquence des bases possedait des corrélations a longue
portée décroissant en loi de puissance. Il est donc question d’analyser comment ces
corrélations influent sur le processus de dénaturation de ’ADN.

La méthode aboutissant au critere de Harris peut aussi étre adaptée dans ce cas,
et aboutit & un critéere mis en place par Weinrib et Halperin [WH83] dans un cadre
général, étendant la prédiction de Harris. On suppose que la fonction de corrélation
(& deux points) décroit comme r~¢, r étant la distance entre les points, ¢ > 0.
Weinrib et Halperin montrent ainsi que, pour ¢ > d, la présence de corrélations ne
modifie pas le critére de pertinence/non-pertinence du désordre par rapport au cas
i.i.d.: le désordre devrait étre pertinent si P < 2/d et non-pertinent si vP" > 2/d.
En revanche, lorsque la fonction de corrélation décroit plus lentement, en I’'occurence
lorsque ¢ < d, le critere est modifié par la présence des corrélations, et le désordre
devrait alors étre pertinent si vP™ < 2/( et non-pertinent si vP"" > 2/(.

Nous retrouvons cette prédiction dans notre cadre (ou d = 1) en reprenant le
raisonnement fait plus haut, cette fois dans le cas corrélé. Comme pour (0.2.2), les
fluctuations du désordre sont négligeables seulement si

’ 1/2
1 .
_ ~ —mln(l,C)/2 —
[ Var (;ZI: wn> = ¢ < |h—h(B)], (0.2.3)

ot 'exposant —min(1,()/2 vient d’un calcul explicite au vu de la forme r=¢ des
corrélations (avec des corrections logarithmiques pour ¢ = 1). Ainsi de la méme
maniére que précédemment, 'hypotheése de non-pertinence du désordre (¢ ~ (h —
he(B))™"™) n’est cohérente que si vP¥ > 2/ min(1, ().
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0.2.3. Description des résultats obtenus. La premiere partie de cette these
porte sur le modele d’accrochage sur une marche aléatoire (avec interactions ho-
mogenes), dont nous introduisons les principaux résultats dans la Section 1.2. Jus-
qu’a présent, il était connu que le désordre était non-pertinent pour d = 1,2, et
pertinent pour d > 4, ceci uniquement du point de vue de I’écart entre les points
critiques. Notre travail a complété ces résultats en traitant le cas de la dimen-
sion d = 3, et en comparant les exposants critiques des systemes désordonnés et
homogenes.

e Dans le Chapitre 2, nous montrons que le désordre est aussi pertinent en
dimension d = 3, et en particulier que les points critiques quenched et annealed sont
différents. Ceci qui a abouti a la publication de I’article [BT10], écrit en collaboration
avec F. Toninelli.

e Dans le Chapitre 3, nous nous intéressons a I’exposant critique de 1’énergie libre
du systeme désordonné, et nous montrons que la transition de phase est toujours
d’ordre au moins 2, ce qui souligne la pertinence du désordre en dimension d > 4,
ou la transition de phase du modele homogene est d’ordre 1 (comme mentionné plus
haut). Ce travail a donné lieu a la publication de 'article [BL11], en collaboration
avec H. Lacoin.

Dans la deuxieme partie, nous nous concentrons sur le modele d’accrochage sur
une ligne de défauts, dans le cas d’'un environnement corrélé. Le principal objectif
de cette these était de tester la prédiction de Weinrib et Halperin concernant la
pertinence/non-pertinence du désordre. Nous avons obtenu de nombreux résultats,
en particulier la confirmation de ce critere dans certains cas (voir ci-dessous), et
aussi la mise en évidence d’un régime ou de tres fortes corrélations font apparaitre
un comportement inattendu du syteme, ou le désordre est toujours pertinent.

e Dans le Chapitre 4, nous considérons la version hiérarchique du modele, dans
le cas d’un environnement gaussien corrélé (avec corrélations a longue portée). Le
principal résultat obtenu est que le critere de Weinrib-Halperin est vérifié, dans
le cas correspondant a ¢ > 1: le désordre est pertinent pour vP" < 2 et non-
pertinent pour vP" > 2. Cela concerne aussi bien la différence entre les exposants
critiques que I’écart entre les points critiques (& part pour le cas vP"" = 2), bien qu'’il
reste une zone ou le désordre est pertinent mais ou le systeme annealed possede
un comportement atypique (cf. Section 4.4.3) et ol nous ne sommes pas arrivés a
montrer que hd"(5) < h2(f). On retrouve ainsi le méme criteére pour la pertinence
du désordre que dans le cas d'un environnement i.7.d., et on remarque que le cas
marginal vP" = 2 est également traité, en ce qui concerne les points critiques. Le
cas correspondant a ( < 1 est lui aussi étudié dans le Chapitre 4, et il est montré
qu’il apparait alors un comportement différent: il n’y a plus de transition de phase,
et on ne peut donc pas vérifier ni infirmer le critere de Weinrib-Halperin. Ce travail
a permis la publication de 'article [BT11], écrit en collaboration avec F. Toninelli,
et on peut se référer a la Section 1.3 pour avoir un apercu plus précis des résultats.

e Le Chapitre 5 reprend le modele d’accrochage sur une ligne de défauts dans le
cas non hiérarchique, avec la aussi un environnement gaussien corrélé. Nous avons
été en mesure de prouver seulement des résultats partiels dans le cas ¢ > 1: nous
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prouvons notamment la pertinence du désordre si " < 2. Pour ¢ < 1, on observe
le méme phénomene que dans le modele hiérarchique, a savoir 'apparition d’un
nouveau régime sans transition de phase. Nous regroupons d’autres résultats dans
ce chapitre, et en particulier une analyse du systeme annealed.

Les Chapitres 6 et 7 considerent le cas d'un environnement borné (il existe une
constante C' telle que |w;| < C P-presque sturement pour tout i € N, en contraste
avec les cas gaussien), possédant de tres fortes corrélations. Dans ce cas, la transi-
tion de phase ne disparait pas comme dans le cas gaussien évoqué ci-dessus, lorsque
( < 1. Cependant on observe tout de méme un régime différent, que nous ap-
pelons fortement pertinent: on connait exactement le point critique, et la transition
de phase est d’ordre supérieur au cas homogene, montrant ainsi la pertinence du
désordre pour toute valeur de vP*. Le critere de Weinrib-Halperin est donc ici mis
en défaut.

e Dans le Chapitre 6, en vertu des caractéristiques spéciales de ’environnement
considéré, nous donnons un encadrement précis (a une constante pres) de 1'énergie
libre, et nous décrivons tres bien le comportement des trajectoires sous la mesure
de polymere. Soulignons que le comportement critique du systeme est toujours tres
différent du modele homogene, le désordre étant toujours pertinent. Ce travail a fait
I'objet de l'article [BL], co-écrit avec H. Lacoin.

e Dans le Chapitre 7, nous considérons un environnement tres général, et nous
donnons une condition suffisante pour 'apparition d’un régime fortement pertinent
décrit plus haut. Nous exposons de plus un cas naturel (dit des Signes gaussiens)
ol nous montrons que, pourvu que les corrélations soient fortes (¢ < 1 avec les
notations utilisées plus haut), la transition de phase est toujours d’ordre infini.



12 INTRODUCTION

Notations

Nous donnons ici quelques notations, utilisées de maniere répétées dans la suite

de la these.
i.i.d. indépendant(es) et identiquement distribué(es);

p.s.  presque strement, (a.s. pour almost surely);
(x,y) (ou x-y) produit scalaire canonique sur R?,
on note aussi || - || la norme euclidienne associée;
| -] désigne la cardinalité d'un ensemble fini (dans le cas discret),
ou bien la mesure de Lebesgue d’un ensemble (pour un Borélien de R);
aVb (resp. aAb), désigne max(a,b) (resp. min(a,b)).
Pour deux fonctions f(z) et g(z), on introduit les notations classiques suivantes,
lorsque z tend vers une Valeur a€RU{—o0,+o0}
f(x) =o(g(x)) si f(x)/g(x) = 0 lorsque 2 — a;
f(x) =0(g(x )) f(x)/g(x) reste borné lorsque = — a;
f(x) ~g(x) f(x)/g(x) = 1 lorsque z — a;
flz) = g(x) f(x) = O(g(x)) et g(x) = O(f(x)) lorsque = — a.

Nous préciserons tOllJOU.l"S si les comportements asymptotiques dépendent des con-
stantes du modele que nous considérons.

Les constantes (celles dont la valeur précise n’est pas importante) seront de
maniere générale notées C,c,C’, ... et pour alléger les notations, leurs valeurs
pourront changer d’une ligne a l'autre.



CHAPTER 1

Présentation préliminaire des modeles étudiés

1.1. Modele d’accrochage homogene

Les modeles d’accrochages que nous allons étudier dans cette these sont déja inté-
ressants dans leur version homogene, c¢’est-a-dire sans désordre: les outils techniques
utilisés se montrent fructueux aussi dans I’étude des sytemes désordonnés. De plus, il
est important de donner les résultats dans le cas de sytémes purs (i.e. sans désordre),
afin de les comparer a ceux obtenus pour des systemes désordonnés, soulignant ainsi
dans quelle mesure la présence d’inhomogénéités affecte les propriétés critiques du
systeme.

1.1.1. Accrochage d’une marche aléatoire sur une ligne de défauts.
Nous introduisons ici le modele d’accrochage de la marche aléatoire simple d-dimen-
sionelle sur une ligne de défaut dont nous avons parlé dans la Section 0.1.3. Soit
X = (X,)nen la marche aléatoire simple symétrique, & valeurs dans Z?, pour d > 1,
dont la loi est notée P. Cette séquence X est définie par Xqg = 0 P-p.s.; et ses
incréments (X; — X;_1);en sont i.7.d., satisfaisant

1
P(X1 = +€k> = P(Xl = —€k) = —

5y pour tout k € {1,...,d}, (1.1.1)

oll e, désigne le k¢ vecteur de la base canonique de R%.

Introduisons maintenant les interactions de la marche aléatoire dirigée (n, X,,) (le
polymere), avec la ligne de défauts Nx{0}. Pour h € R, qui représente 'intensité des
interactions, on modifie la mesure P, en donnant une récompense (ou une pénalité
suivant le signe de h), a chaque fois que la trajectoire de X touche 0. On obtient
ainsi une mesure de polymere Py, pour les trajectoires de longueur N € 2N, qui est
une transformation de Gibbs de la loi P, donnée par sa dérivée de Radon-Nikodym

dP 1 N

N’h p—

P Zy, P <h; 1{Xn=0}> Lixy=0}: (1.1.2)
N

avec  Znp = E [exp (hz 1{Xn:0}) 1{XN:0}] ) (1.1.3)
n=1

La quantité Zy est la fonction de partition du systeme homogene. On a imposé
la contrainte {Xy = 0} pour des raisons techniques, notamment pour assurer la
sur-additivité de log Zy ;. Cette condition impose que N soit pair dans le cas de la
marche simple, mais ne modifie pas les propriétés essentielles du systeme.

13
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Nous nous intéressons maintenant aux propriétés des trajectoires sous la mesure
Py 1, quand la longueur du polymere tend vers l'infini (i.e. quand N — o0), pour
les différentes valeurs de h possibles. On étudie plus particulierement le nombre de
contacts de X avec 0, afin de savoir si les trajectoires sont accrochées a la ligne de
défaut, ou au contraire si elles sont repoussées par la ligne. On étudie [’énergie libre
du systeme, définie par

1
F(h) := A}i_rgoﬁlog ZN p, (1.1.4)

dont I'existence est prouvée grace a la sur-additivité de log Zy 5. La fonction h +—
F(h) est convexe et croissante, car c’est la limite de fonctions convexes et croissantes
en h. De plus, il est facile de voir que F(h) > 0 pour tout h, par exemple en
dimension 1, en utilisant I'inégalité

Znn = e"xP(le premier retour de X, en 0 a lieu en N) > CN %2, (1.1.5)

ou la derniere inégalité est classique. On vérifie aussi sans probleme que F(h) < 0
(et donc F(h) =0) si h < 0.

Remarquons aussi que 1’énergie libre est liée a la limite de la fraction de contacts
dans le systeme de taille IV,

1
—E
NN

N
91
Zl{xn=0}] o7 7 108 Zx (1.1.6)

n=1
Grace a la convexité, et si on suppose que F'(h) existe (ce qui est le cas pour presque
tout h), cette égalité passe a la limite quand N — oo, et 'on obtient donc que

~ Z 1{xn_0}] (1.1.7)

On peut donc séparer les comportements pos&bles du polymere en deux phases,
voir Figure 1.1, partagées par un point critique h, := inf{h; F(h) > 0}:

F'(h) = hm Eynn

e Une phase Délocalisée pour h < h., ou F(h) = 0, et ou la densité de contacts
asymptotique est nulle;

e Une phase Localisée pour h > h., ou F(h) > 0, et ou la densité de contacts
asymptotique est strictement positive.

Pour h = h, le polymere peut étre localisé ou delocalisé selon que F/(h, ) soit positif
ou nul.

1.1.2. Généralisation du modele. Pour I'étude de ce modele d’accrochage,
il est en fait préférable de le considérer dans un cadre plus général. La premiere
remarque est que la mesure de polymere Py, modifie la loi des instants de retour
en 0, mais pas la loi des excursions de X en dehors de 0 (conditionellement aux
retours). On ne s’intéresse donc qu’aux instants de retour en 0, que 1’'on modélise
par un processus de renouvellement.

Définition 1.1.1 (Processus de renouvellement). Un processus 7 = (7;); > o, de loi
P, est appelé processus de renouvellement discret si 7o = 0 P-p.s. (on dit qu’il est
non retardé), et si les (7; — 7;_1)sen sont des variables aléatoires i.i.d. a valeurs dans
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phase délocalisée

h < h,

O(1) contacts

h > h, \

= Ncontacts .
phase localisée

FiGURE 1.1. Cette figure donne un exemple de trajectoires typiques sous la
mesure de polymere P j, lorsque h < h. (phase délocalisée, le polymere se trouve
loin de la ligne de défauts) et lorsque h > h. (phase localisée, le polymeére est
accroché a la ligne de défauts).

N. On appellera I'instant 7,, un point de renouvellement, les (7; — 7;,_1) les temps
inter-arrivées (en référence a la marche aléatoire), et les intervalles {7;,_1,..., 7, — 1}
des excursions. On notera, pour n € N, K(n) := P(7;, = n) et on appellera K(-)
la loi inter-arrivées. On appelera mx = E[r] la moyenne de 7, et on notera aussi
K(oo) =P(ry =00) =1 -3 yK(n). On suppose aussi que K(n) > 0 pour tout
n € N (dans le cas de la marche aléatoire simple en dimension d, il suffit de diviser
par deux les temps de retour en 0).

On peut distinguer plusieurs cas :

e Si K(o0) > 0 (K(+) est une sous-probabilité), alors 7 est fini p.s.: le proces-
sus est dit transient;

e Si K(0o) = 0 (K(-) est une probabilité), alors 7 est infini p.s.: le processus
est dit récurrent, ou persistant. Si myx = 400, le processus est récurrent
nul, et si mx < 400, le processus est récurrent positif.

Remarquons qu’'un processus de renouvellement est transient si et seulement si le
nombre de renouvellement est fini, i.e. si E[|7|] < +00. On a donc un critere :

7 est transient <= El|7]] = Z P(ner) < 4o0.

n>1

Ainsi, pour une marche aléatoire symétrique X = {X,,},>¢ issue de 0 et a
valeurs dans Z%, on note 7y := 0, et ensuite on définit par récurrence, pour i € N

7; = 1inf{n > 7,1, X,, = 0}. (1.1.8)

Le processus 7 = (7;); > o des instants de retour en 0 de la marche aléatoire X est bien
un processus de renouvellement (recurrent pour d = 1,2 et transient pour d > 3),
et la variable aléatoire 7 est le premier temps de retour de X en 0, cf. Figure 1.2.
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De plus, il est connu [DK11] que 'on a dans ce cas

Cq

nl—i—a’

K(n) ~ pour n — oo, (1.1.9)

avec « = 1/2 pour d = 1, a = 0 pour d = 2 (avec une correction logarithmique), et
a=d/2—1pourd > 3.

71 2 T3 T4

FIGURE 1.2. Processus de renouvellement des temps de retour de la marche
aléatoire en 0. Pour la marche simple, les temps de retour sont toujours pairs. On
les divise par 2 pour obtenir un renouvellement satisfaisant I’hypothese K(n) > 0
pour tout n € N.

Grace a cette observation, nous supposons dans la suite que la loi inter-arrivées
possede une queue a puissance:

Hypothése 1.1.2 (Hypothese sur la forme du renouvellement). On suppose que

L(n)
K(n) = o) bourn€ N (1.1.10)

o o = 0, et o L(-) est une fonction a variations lentes (voir [BGT87]). Nous
nous placerons dans la suite dans le cas ou a > 0 et ou lim,, ., L(n) =: cx > 0,
afin d’éviter certains détails techniques (ce qui exclut le cas de la marche simple en
dimension d = 2).

Avec un léger abus de notations, on note aussi 7 I'ensemble 7 := {1, 71,...}
des points de renouvellement (ou ensemble des points de contact), et 'on notera
{n € 7} I"événement que n est un point de renouvellement (ou un point de contact).
Pour le renouvellement lié a une marche aléatoire X défini ci-dessus, on a donc

(nert={X, =0}

La définition de la mesure de polymere se généralise tres bien au cadre des
renouvellements. Pour A € R, on définit Py ) comme une tranformation de Gibbs
de la loi P, en donnant une récompense h a chaque point de renouvellement:

APy, 1 ~
— = 1.1.11
B =z, P |20 | o, (1.1.11)

n=1

ol on a noté o, = ly,er), et ot Zy ), = E [exp (h Z;V:l 5n> 51\/} est la fonction de
partition du systeme pur (nous noterons parfois dans la suite Z, pour éviter les
confusions avec le systeme désordonné).
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Remarque 1.1.3. Pour simplifier les calculs, on peut supposer que le renouvelle-
ment 7 est récurrent, sans perdre aucune généralité. En effet, dans le cas contraire,
il suffit de poser K(n) := (1 — K(oo)) " K(n), qui définit un processus de renouvelle-
ment récurrent de loi f’, et d’étudier la fonction de partition

Zyn=E [ehZleén(sN] -k [ehZiLlén(l _ K(OO))—ZL%(;N = ZN h—log(1—K(00)-

(1.1.12)
On peut donc se ramener a un processus de renouvellement récurrent par une simple
translation du parametre h, et nous ne traiterons donc que ce cas par la suite.

L’énergie libre F(h) := limy_,oo N~ 'log Zx, est bien définie par sur-additivité
de log Zn, (en utilisant la structure de renouvellement, i.e. 'indépendance des ex-
cursions). Les propriétés générales de F(h) (convexité, non-décroissance et non-
négativité) ont déja été données dans la Section 1.1.1, dans le cas particulier du
modele d’accrochage de la marche simple. En particulier, I'inégalité F(h) > 0 suit
simplement du fait que limy_,o, N~*log K(N) = 0.

Ce modele général est en fait exactement résoluble (l'article fondateur étant
[Fis84]), dans le sens ot 'on a une formule explicite pour I"énergie libre, qui permet
de calculer le point critique h,.

Proposition 1.1.4 ([Gia07], Prop.1.1). L’énergie libre F(h) est la solution de ’équa-
tion en b

K(b) ==Y K(n)e ' =e™, (1.1.13)

neN

st une telle solution existe (i.e. si Y., .yK(n) = e™) et F(h) = 0 sinon. En
particulier, le point critique est h, = —log(1l — K(00)).

On a aussi, de maniere classique, une description de la mesure de polymere
[Gia07, Ch.2]. Notons K"(n) := e"e="K(n) (ol b est la solution de (1.1.13), b = 0
s’il n’y a pas de solution), et P" la loi d’un processus de renouvellement 7" associé
a cette loi inter-arrivée (remarquons que dans tous les cas ) K"'(n) < 1).

Lemme 1.1.5 ([Gia07], Th.2.3). On posséde la formule suivante pour la fonction
de partition:

Znp = eNFWPMN e 7). (1.1.14)
De plus, pour tout événement A qui est o(7 N [0, N|)-mesurable, on a
Pyu(A) =P" (AN € 7). (1.1.15)

La Proposition 1.1.4, et notamment (1.1.13), permet en outre d’avoir le com-
portement critique de F(h) pres du point critique.
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Théoréme 1.1.6 ([Gia07|, Th.2.1). Sile processus de renouvellement T est récurrent,
alors h, = 0. De plus, sous I’Hypothese 1.1.2, on a
<$>1/a hte sia <1
F(l-a)ek ’

l1—o
h\0
F(h) "~ ol mAlTth sia =1, (1.1.16)

L sia>1
mg

La preuve consiste a observer que le comportement asymptotique de IA{(b) quand
b\, 0 peut étre obtenu, grace a un Théoreme Abélien (voir [BGT87, Th.1.7.1}), a
partir du comportement de K(n) quand n — oo. Ceci permet d’inverser (1.1.13)
quand h N\, 0 et donc d’obtenir (1.1.16). On peut retrouver ce résultat grace a
I’équation alternative (1.1.21), en utilisant le comportement asymptotique de P(n €
7).

L’équation (1.1.13) vérifiée par F(h) permet, en outre du comportement critique
de F(-), d’obtenir plus d’informations sur 'énergie libre. Par exemple, comme K(-)
est analytique, le Théoreme des fonctions implicites (cf. [KK83, Th.8.6]) assure que
F(-) est analytique en tout point h # h,.

L’exposant vP" = 1V 1/« caractérise le comportement critique de F, et donc
la transition de phase, et est appelé exposant critique (ou ordre de la transition de
phase) du systeme pur. On ne prendra pas en compte les corrections logarithmiques
lorsque 'on parlera de I'exposant critique (par exemple, vP" = 1 pour o = 1).

Souvent, dans la suite, nous exclurons de la discussion le cas a = 1 pour éviter
d’alourdir I’énoncé des résultats et leur preuve par certains détails techniques, causés
par les corrections logarithmiques dans (1.1.16) et dans (1.1.18) ci-dessous. Cepen-
dant, les méthodes présentées ici fonctionnent aussi dans ce cas, qui ne cache rien
de profondément différent.

1.1.2.1. Processus de renouvellement et fonction de renouvellement. Un outil
tres important dans I’étude des processus de renouvellement est la fonction de re-
nouvellement, P(n € 7). Voici un théoreme treés important de la théorie du renou-
vellement (pour une preuve, voir [Asm03, Ch.I, Th.2.2]) :

Théoréme 1.1.7 (Théoreme de Renouvellement). Si K(.) est apériodique (i.e. si
la loi de Ty n'est pas concentrée sur un sous réseau de N), alors

n o 1
Pner) =2 — €10,1).
mg

Ce Théoreme permet de comprendre a quoi fait référence le caractere récurrent
positif ou récurrent nul : si myx < 00, il y a asymptotiquement une probabilité
strictement positive pour qu'un site n soit visité par le renouvellement, alors que si
my = oo cette probabilité tend vers 0 quand n — oo. On remarque que, par la loi
des grands nombres, on a presque strement

1 1
nglgoﬁlm{l,---,N}l—m—K,



1.1. MODELE D’ACCROCHAGE HOMOGENE 19

ou | - | désigne la cardinalité d'un ensemble. Ceci signifie que si mxg = oo, il y a
asymptotiquement une densité nulle de renouvellements.

Remarquons aussi que si myg = 0o, on a tres peu d’informations sur le com-
portement asymptotique de P(n € 7). Sous I'Hypotheése 1.1.2; le comportement
asymptotique de la fonction de renouvellement est aussi connu dans le cas myx = oo,
i.e. s1 K(00) >0ousia< 1.

Proposition 1.1.8. Sous I’Hypothese 1.1.2, on a
o Siy enK(n) <1, (cas transient),

oo K(n)

P(nen) "% Lop (1.1.17)

o Siy .nK(n)=1 (cas récurrent), alors si « > 1 on a P(n € 1) "Z°1/mg. De
plus, on a

asin(ra) Ha—1 sia € (0,1)
P(ner) "R exr 7 LIS
(ner) {é(lnnrl sta=1 o

Les résultats (1.1.17) et (1.1.18)-(a = 1) sont détaillés dans [BGT87] (on peut
aussi trouver (1.1.17) dans [Gia07, App.A.6] ). Le résultat (1.1.18)-(a < 1) est plus
délicat, et la preuve est assez récente, dans [Don97, Th.B]. Cette Proposition permet
aussi de relier le comportement asymptotique de K(n) au nombre moyen de contacts
|7 N [0, N]| sous la mesure P.

Le Lemme 1.1.5 permet de connaitre précisément la mesure Py 5, qui est exacte-
ment P"(-|N € 7). La Proposition 1.1.8 permet alors d’accéder au comportement
du nombre de contacts (ou de la fraction de contact, cf. (1.1.7)) sous Py p,, pour les
différentes valeurs de h.

Proposition 1.1.9 ([Gia07], Th.2.4). Si 7 est récurrent (i.e. si ) . K(n) =1),
on a
e Quand h <0, pour tout k € N on a

dim Py (|70 [0, N =k+1) = (1- e™yekh (1.1.19)
—00

e Quand h =0, eta € (0,1), N=*|7N[0, N]| converge en loi vers l'inverse d’une
loi a-stable sous P(-|N € 1) = Py,.
e Quand h >0, (ou h=0eta>1)

1 |
N|7‘ N[0, V]| N , Pnjn—ps., avecmg, =¢" Zne_F(h)"K(n) < 00,
mﬁh

neN

(1.1.20)

et on remarque qu’avec le calcul fait en (1.1.7), on a mLNh =F(h).
K

1.1.2.2. Résolution alternative du modéle homogene.
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Proposition 1.1.10. L’énergie libre F(h) peut étre définie alternativement a (1.1.13)
comme la solution de l’équation en b

f’(b) = Z e "P(neT) =

neN

1
el —1

(1.1.21)

si une telle solution existe, et F(h) = 0 sinon. On retrouve grace a (1.1.21) que
le point critique est h. = —log(1 — K(o0)), et on peut en déduire le comportement
critique de [’énergie libre, au voisinage de h,, i.e. Théoreme 1.1.6.

Démonstration Nous prouvons ici la définition (1.1.21) de b de maniere directe,
car les idées utilisées seront reprises plus tard, notamment dans la Section 5.3.3.

Posons b la solution de I’équation (1.1.21) si une telle solution existe, et b = 0
sinon, et montrons que b = F(h). L’idée consiste a utiliser le développement binomial
de (1 +e" — 1)2% comme cela est fait dans [BGdH10] ou [BS10]:

N-1
ED LY N (H«eh—l)gy;1 nehgy = el Z(eh—l)m Z Oiy - - - 0iyy, ON-
m=0 0<i1 <...<im < N—1
(1.1.22)
En prenant I'espérance et en utilisant la propriété de renouvellement, on obtient
€h N m
_ h m . .
ZN’h_eh—lz(e —1) | Z | HP(’Lk—’Lk_leT)
m=1 0=ip<i1<...<im=N k=1
el ~
= NP e T), (1.1.23)
eh—1
olt on a défini K'(n € 7) = (" — 1)e™™P(n € 7), qui est la loi inter-arrivée

d’un nouveau processus de renouvellement de loi pr (qui est récurrent positif si
b > 0). On en déduit de maniere classique que F(h) = b, grace au Théoreme de
Renouvellement 1.1.7.

Remarquons aussi que (1.1.21) n’a pas de solution si ), . P(n € 7) < (e"—1)~".
Cela donne que le point critique est h. = 0 si le renouvellement est récurrent, et ’'on
retrouve aussi que h, = —log(1 —K(co)), car ) P(n € 7) = 1/K(00) (le nombre
de points de contacts pour un renouvellement transient est une variable géométrique
de parametre 1 — K(00)). O

Nous avons inclus dans cette these la démonstration ci-dessus car ce raison-
nement sera repris plus tard, mais nous aurions pu montrer plus directement que
(1.1.13) est équivalente a (1.1.21), en utilisant I’équation de renouvellement

N
P(ner) =1+ Y sLL3etK(n)P(N —n), (1.1.24)

n=1
qui donne P(A\) = 1+ P(A)K(X). Pour b > 0, on obtient ainsi P(b) = (K(b) — 1),
avec K(b) = e, cf. (1.1.13).

A partir de ’équation (1.1.21), on peut obtenir de nouveau le comportement
critique (1.1.16) de ’énergie libre (au voisinage de 0 si K(oco) = 0). En effet, pour
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h > 0, I'égalité (1.1.21) donne
P(F(h) =("— 1) "W nt, (1.1.25)
et on peut extraire F a partir de la fonction inverse de la tranformée de Laplace P
F(h) =P (" = 1)) "R P (hY). (1.1.26)

Le comportement de F(h) au voisinage du point critique depend donc uniquement
du comportement asymptotique de 25:1 P(n € 7) (qui détermine par le Théoreme

Abélien [BGT87, Th.1.7.1] celui de P(b) quand b N\, 0), c’est-a-dire du nombre
moyen de points de contacts au point critique h = 0. Souvent, méme pour des
modeles d’accrochages non homogenes, on peut relier le comportement critique de
F et le nombre moyen de contacts au point critique (voir par exemple le Corollaire
1.2.6). Nous verrons par contre, dans le Chapitre 6, un exemple un peu surprenant
ou le comportement critique de I’énergie libre n’est nullement prédit par le nombre
de contacts au point critique.

Avant de terminer cette section, nous mentionnons une petite application de
la Proposition 1.1.10. Si on considere l'intersection de deux processus de renou-
vellement récurrents indépendants 7 et 7/ d’exposant «, o’ respectivement, alors
on obtient de nouveau un processus de renouvellement, que 'on note 7. Il est

difficile de connaitre le comportement de K(n) = P(#;, = n), mais on sait que
Pne7)=P(ner)P'(ne7'), et le comportement de P(n € 7) et P'(n € 7') sont
connus précisément grace a la Proposition 1.1.8. Ainsi on sait que 7 est récurrent si

et seulement si a A1+ a’ A1 > 1 (auquel cas ZneNP(n € F) = 400).

En étudiant la fonction de partition Zy, := E [exp (h Zivzl 1{,16%}) 1{N€T}] , et

en adoptant des notations naturelles, on a h, = 0, et on déduit le comportement
critique de I’énergie libre grace a de celui de la transformée de Laplace de P(n € 7).
En particulier, on obtient que Pexposant critique est 7P = 1V (aAl+a’'A1—1)"1.

1.1.3. Accrochage d’une marche aléatoire a temps continu. Une généra-
lisation possible du modele introduit dans la Section 1.1.2, est de prendre une marche
aléatoire non pas indexée par n € N, mais par un réel ¢ € R,. Nous considérons
cette généralisation, qui n’apporte pas grand chose si on n’étudie que le modele
homogene, parce qu’elle nous sera tres utile dans 1’étude du modele d’accrochage
sur une marche aléatoire, voir la Section 1.2. On considere donc (X;)iecr, une marche
aléatoire & temps continu de loi P¥, & valeurs dans Z?, d > 1, partant de 0, et de
taux de saut 1. On suppose que la marche est symétrique et irréductible, et que les
sauts ont un deuxieme moment fini.

De la méme maniere que dans la Section 1.1.2, pour 5 € R et t € R, on définit
une mesure de Gibbs sur les trajectoires de longueur ¢, qui est une transformation
de la loi P¥: la mesure de polymere j; 5. Elle est absolument continue par rapport
a PX| et sa dérivée de Radon-Nikodym est

d 1
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ou Li(X,0) := f(f 1¢x,—0} ds est le temps local de X en 0, et ol
Zyg = EX [P0 1y o] (1.1.28)

est la fonction de partition du systeme. Sous la mesure g la marche X recoit
une récompense 3 pour rester en contact avec 0. La contrainte que la marche X
soit égale a 0 a son extrémité X, est présente pour des raisons techniques que nous
verrons plus tard, mais cela n’affecte les propriétés de ce systeme que de maniere
marginale. Ce modele est étudié en détails dans la Section 3.A, et nous en donnons
ici les principales caractéristiques.

On définit I'énergie libre du syteme homogene

1

qui existe grace a la sur-additivité de log Z; 3, de la méme maniere que précédemment
(un peu de précautions sont nécessaires pour généraliser au temps continu, on trou-
vera des détails dans [BS10, Sec.2]). L’énergie libre possede les mémes propriétés
que dans le cas discret, elle est positive ou nulle, croissante et convexe, et ’on obtient
ainsi 'existence d’un point critique g, := inf{3, F() > 0}, qui marque la transition
entre une phase délocalisée pour § < (. (ou F(/3) = 0), et une phase localisée pour
B> f. (ouF(B) > 0).

Ce modele est lui aussi exactement résoluble, car on réussit a avoir une formule
explicite pour 1’énergie libre, cf. Proposition 3.A.3. On notera dans la suite p;(-) :=
PX(X, = -) le noyau de transition de X au temps ¢, et on pose G := fooo p:(0) dt
(G < oo quand d > 3).

Proposition 1.1.11. Pourd > 1, le point critique est 3. = G~ (avec la convention
que G™1 =0 8i G = oo, pour d =1,2). On a aussi le comportement critique de F
au voisinage de B.:

e pourd=1,3,

F(B) X o — B.)% (1.1.30)

e pourd =2,
F(5) "2 exp (—00 1%5(1)) : (1.1.31)

e pourd =4,
F(5) K ¢o(8 — 52/ log(8 — B.)- (1.1.32)

e pourd>>5H
F(3) "% (8 = B). (1.1.33)

(co est une constante explicite, qui ne dépend que de G, de la dimension et du
deuziéme moment du noyau de transition).

Ce résultat est établi en partie dans [BS10] (en ce qui concerne le point critique),
et en partie dans la Section 3.A, et donne ainsi les exposants critiques du systeme
pur, a mettre en parallele avec le Théoreme 1.1.6.
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1.2. Modele d’accrochage sur une marche aléatoire

1.2.1. Introduction du modele. Dans la premiere partie de la these, nous
étudions un modele ou la marche aléatoire dirigée (n, X,,), >0 (ou (¢, X;); >0 dans
le cas a temps continu) s’accroche non pas sur une ligne déterministe N x {0} (ou
R x {0}), mais sur une autre marche aléatoire dont la trajectoire est fixée (désordre
gelé, ou quenched).

1.2.1.1. Modeéle a temps continu. Soient X = (X)sso et Y = (Yy)s>0 deux
marches aléatoires a temps continu sur Z?, d > 1, partant de 0, avec des taux de
sauts respectifs 1 et p > 0. On suppose de plus que leurs incréments (i.e. leurs sauts)
ont la méme loi, qui est symétrique et possede un deuxieme moment fini. La loi des
incréments est aussi non dégénérée (leur matrice de covariance est non-singuliere)
et telle que les marches X et Y sont irréductibles. On appelle PX, PY# les lois
respectives de X et de Y.

Pour f € R (quand § est positif, on peut l'interpréter comme l'inverse de la
température), pour ¢ € R,, et pour une réalisation fixée de Y (désordre gelé),
on définit la mesure de polymere sur le trajectoires de longueur t, ,uz 5, comme
une transformation de Gibbs de la loi P, qui dépend de la réalisation de Y. On
donne a une trajectoire de X une probabilité proportionelle a exp(SL;(X,Y)), ou
L(X,Y) = f(f 1¢x,-v,} ds est le temps local d’intersection entre X et Y

Y
dpg g X L srxv)

oY) l{Xt:Yt}}'

Le parametre p, en exposant dans la loi P¥? de Y, que l'on peut faire varier,
représente 'intensité du désordre: plus p est grand, plus la marche Y possede des

variations importantes, alors que si p = 0, Y est réduit a la ligne déterministe
R x {0}.

avec la fonction de partition Z), := EX [ePL

(t,Y;): Désordre gelé (t, X;): Polymere

74 \ L -

[[1—— — ]
| L] —_— | R

instants de contact

FIGURE 1.3. Accrochage de la marche dirigée (¢, X;) & temps continu sur le
défaut aléatoire, ou désordre gelé, qui est la marche dirigée (t,Y;). Les marches
X et Y sont de taux de saut respectifs 1 et p.

Pour une trajectoire de Y = (Yj), > o fixée, on définit aussi la fonction de partition
le long d’un intervalle de temps [t1, 2], par

Y L 0, Y
Z[tl,tz},ﬁ T Zt2—t1 87

(1.2.2)
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ou 6,Y := (Ysuy — Yi)s> o0 (0; est Uopérateur de translation le long du temps, qui
préserve la loi de Y).

Remarque 1.2.1 (Sur-additivité). Une des propriétés fondamentales de la fonction
de partition accrochée ou pinned, (et qui est la raison pour laquelle on a imposé la
contrainte 1ix,—y,3), est la sur-additivité stochastique de log Z;/ 5. En effet, pour
0<s<tet fER,

Zs 2 BY [Lxovy ™ S N vy ] = 205704 6 (1.2.3)
Cette remarque s’applique pour la fonction de partition sur un intervalle

Z[};,wm > Z[};v]ﬂz[};w]ﬂ’ pour tout u < v < w. (1.2.4)

Cette propriété est cruciale, et permet avec un peu de travail (voir [BS10]
pour plus de détails) de démontrer la Proposition 1.2.2 suivante, i.e. I'existence
de I'énergie libre (appelée aussi dans ce contexte exposant de Lyapunov).

Proposition 1.2.2 (voir [BS10] Théoreme 1.1 et Corollaire 1.3). La limite
1
F(B,p) = tlg& 7 log Zt},/ﬁ >0 (1.2.5)

existe et est constante PYP-p.s., elle est appelée l'énergie libre avec désordre gelé ou
énergie libre quenched. La fonction +— F([3,p) est convexe croissante, et il existe
un point critique quenched fI"¢(p) := inf{j, F(B, p) > 0} tel que

F(B,p) >0 3> B3(p).

L’énergie libre du systéme moyenné (ou systéme recuit, ou encore annealed) est
appelée énergie libre annealed et est définie par

.1
F(B,p) == tllglo n log EY* [Zt)jﬁ] . (1.2.6)

On a aussi lezistence d’un point critique annealed f2(p) := inf {8, F*(8,p) > 0}.
Grace a linégalité de Jensen, on obtient F(5,p) < F*(5,p), de sorte que l'on ait

B (p) = B2(p).

S’il n’y a pas d’ambiguité, on notera S3" (resp. (2) a la place de 53"(p) (resp.
82(p)).

Comme dans le cas homogene, le point critique 3"(p) marque bien la transition
entre le régime délocalisé et le régime localisé. La quantité dsF (3, p) est aussi dans
ce cas la fraction de contact asymptotique entre X et Y sous ,u’g,t, qui est nulle dans
la phase délocalisée, pour 5 < f(.(p), et qui est strictement positive dans la phase
localisée, pour 3 > . (cf. Figure 1.1 dans le cas homogene).

Remarque 1.2.3. Comme il est remarqué dans [BS10], le modele recuit (ou an-
nealed) est simplement le modele homogene défini dans la Section 1.1.3, avec la
fonction de partition

EY[Zt},/B] =E*" [exp (BL(X —Y,0)) 1{(X—Y)t=0}j| ) (1.2.7)
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qui décrit la marche X — Y, de taux de saut 1+ p, recevant une récompense 3 pour
rester en contact avec 0. Par une renormalisation en t afin que la marche aléatoire
X — Y ait un taux de saut de 1, on obtient que

F4(B,p) = (L+ p)F (B/(1 4 p),0), (1.2.8)

et 'on notera F(f) au lieu de F(,0), de maniere cohérente avec la Section 1.1.3.
Grace a la Proposition 1.1.11, on connait le point critique et comportement
critique du modele annealed. En particulier, si d > 3 on a

a_ 1Ep
/Bc_ G

1.2.1.2. Modéle a temps discret. On peut définir ’analogue du modele d’accro-
chage sur une marche aléatoire dans le cas discret, en prenant X = {X,},>¢ et
Y = {Y,}. > o deux marches aléatoires & temps discret sur Z?, d > 1, partant de 0.
Notons PX et PY leurs lois respectives. On suppose que la marche aléatoire X est
apériodique, et que ses incréments (X; — X;_1); > 1 sont i.i.d., symétriques et ont un
deuxieme moment fini (E¥ [||X;]|?] < oo, olt || -|| représente la norme euclidienne sur
7). De plus, la matrice de covariance de X, que 'on appelle ¥y, est non-singuliere.
On suppose que les mémes hypotheses sont aussi vérifiées par les incréments de Y
(et on appelle ¥y la matrice de covariance de Y7).

Pour g € R, N € N et pour une réalisation fixée de Y, on définit de la méme
maniere que précédemment une transformation de Gibbs de PX: la mesure de
polymere P%,ﬁ, qui donne a une trajectoire de X une probabilité proportionelle
aexp(BLy(X,Y)), ot Ly(X,Y) =3, 1¢x,=v,} est le temps local d’intersection
entre X et Y. On définit

Y
dPy ,: }1/ eﬁLN(X,Y)l{X Yal

. N=YnNj>
dPX ZNp

> 0.

(1.2.9)

avec la fonction de partition ZY ; = EX[e?PVE5Y) 14 v 3. On a lexistence de
I’énergie libre quenched

1
Yy o Y
F(3,P") := A}l_)Héo NlogZN’ﬁ
(la preuve est donnée dans [BS10]), et 1'énergie libre annealed est
1
a Yy .1 Y[y
F(8,P") = A}l_r}r(l)o NlogIE [Z N 5)- (1.2.10)

Comme pour le modele a temps continu, on définit les point critiques quenched et
annealed, f3"° et 3%, comme les valeurs ol les énergies libres respectives deviennent
non-nulles, et gtace a I'inégalité de Jensen on a F(5,PY) < F2(3,PY), ce qui donne
Br < pae.

Les propriétés de F*(-,PY) sont bien connues. En effet, la Remarque 1.2.3
s’applique aussi dans le cadre discret, et 'on obtient donc que le systeme annealed
est en fait le modele homogene d’accrochage de la marche X — Y sur N x {0},
introduit dans la Section 1.1.1. On connait donc le point critique annealed, et le
comportement critique annealed, qui est similaire a celui de la Proposition 1.1.11.
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Dans la Partie 1, nous étudierons les propriétés de la transition de phase du
systeme désordonné lorsque 3 varie. Nous estimerons notamment le point critique,
et aussi le comportement de ’énergie libre du systeme quand [ est proche du point
critique, ou bien quand f est grand (i.e. a basse température).

Il est a noter que le modele d’accrochage sur une marche aléatoire est lié par
exemple a une version du modele parabolique d’Anderson avec un unique catalyseur
mouvant [BS10], au modele de copolymere ou au modele d’accrochage non homogene
(cf. Section 1.4). On trouvera de plus amples précisions, ainsi que d’autres motiva-
tions physiques dans 'introduction de [BS10].

1.2.2. Propriétés critiques. Il est maintenant naturel de se demander quelle
influence possede le désordre sur le modele d’accrochage sur une marche aléatoire.
La question que I’on se pose est donc de savoir si le fait de s’accrocher sur une marche
aléatoire Y, plutot que sur la ligne R x {0} comme dans la Section 1.1, modifie le
comportement du systeme. On dit que le désordre est pertinent si les propriétés
critiques du systeme désordonné sont modifiées par rapport au modele homogene:
si 'exposant critique quenched de 1'énergie libre (s'il existe) est différent de celui du
systeme pur, ou si I'inégalité g2 < 3" est stricte.

Nous avons discuté dans la Section 0.2.2 du critére de Harris dans le cas d’un en-
vironnement i.7.d., qui permet de décider du caractere pertinent ou non du désordre,
de maniere heuristique. Ici, 'environnement n’est pas i.i.d., car la position de
la marche Y a linstant n dépend crucialement (et uniquement) de sa position a
I'instant n — 1: on dit que le désordre est Markovien.

Un méthode consiste a calculer la variance de Z}\/,ﬁ (ou Zt},/ 5) au point critique
annealed § = f.: 'idée de Harris [Har74] rappelée dans I'Introduction est légerement
différente, mais consiste de la méme maniere a savoir si ZJ)\/LB est concentré autour
de sa moyenne. Si cette variance reste bornée, alors c¢’est un bon indicateur que
I’énergie libre quenched possede le méme point critique que 1'énergie libre annealed
(et aussi le méme comportement critique), et le désordre serait non-pertinent. Si la
variance de Z% 5—p. diverge, on peut penser que le désordre est pertinent.

Dans le cas des dimensions d = 1 et d = 2, le point critique annealed est 2 = 0. 1l
est donc immédiat que ZY, 5_, = 1 (donc la variance est nulle), et le désordre devrait
donc étre non-pertinent. Il est beaucoup plus difficile de calculer le comportement
de VarY(Z%,Bﬂ?) au point critique annealed dans le cas des dimensions d > 3, en
particulier a cause du caractere non i.i.d. du désordre. Nous détaillerons dans la
Section 2.1.3 un calcul heuristique permettant de voir que, en dimension d > 3, la
variance au point critique annealed VarY(Z%7 B:Bé*) diverge. Il est donc présagé que
dans le cas des dimensions d > 3, on ait $9"¢(5) > 2, et qu’ainsi le désordre soit
pertinent.

Mentionnons ici que dans la Section 1.4.2, nous utilisons une méthode (détaillée)
qui est légerement différente, basée elle aussi sur les mémes idées du critere de Harris,
afin d’obtenir un critére pour la pertinence/non-pertinence du désordre, cette fois
dans le cas i.1.d.

Nous donnons ici un résumé des différents résultats obtenus pour ce modele, qui
confirment ces prédictions aussi bien pour le cas discret que pour le cas continu.
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Considérons dans un premier temps 1’écart entre les points critiques quenched et
annealed:

Théoréme 1.2.4 (Ecart entre les points critiques). En dimension d =1 et d = 2,
les points critiques quenched et annealed sont tous les deur égauzr a 0, fI*° = B2 =0,
ausst bien dans le cas discret que dans le cas continu, pour tout p > 0.

En dimension d = 3, on a B3¢ > 2 > 0 dans le cas discret et dans le cas
continu, pour tout p > 0. De plus, dans le cas continu, on sait controler [’écart
entre les points critiques:

e Sid>=5, il existe a > 0, telle que 3™ — 52 > a p, pour tout p € [0,1].

o Sid =4, pour tout & > 0, il existe as > 0, telle que B — 3% > az p**?,
pour tout p € [0, 1].

e Sid =3, pourtout< > 2, il existe a. > 0 telle que fI*— (52 > exp(—acp°),
pour tout p € (0,1].

On pense que le cas de la dimension d = 3 est bien un cas marginal, et que
I’écart entre les points critiques est d’ordre exp(—cp™1).

Les différentes parties de ce Théoreme sont prouvées dans différents articles: le
cas des dimensions d = 1,2 et d > 4 est traité par Birkner et Sun dans [BS10] (cas
discret et cas continu), tandis que le cas de la dimension d = 3 a eté résolu par
[BT10] (cas discret), et de maniere indépendente par [BS11] (cas continu). Il est
ainsi montré, qu’en ce qui concerne ’écart entre les points critiques, le désordre est
pertinent si et seulement si d > 3.

La méthode utilisée pour montrer S > 52 pour d > 3 est similaire dans les trois
articles cités ci-dessus. Nous en donnons ici une idée rapide: elle consiste a estimer
le moment fractionnaire EY [(Z) 5)?] pour un certain 4 < 1. Si pour un certain
Bo > B2, la quantité % log EY [(Z%,Bo)ﬂ converge vers 0, alors une application facile
de I'inégalité de Jensen montre que F(By,PY) < 0 (et est donc égal & 0 & cause de
(1.2.5)), ce qui donne B > [, > 2. Pour estimer le moment fractionnaire, on
introduit une autre mesure P¥ pour le désordre, absolument continue par rapport a
PY, et 'inégalité de Holder donne alors

1—v

~ P\ 7
EY [(Zxns)"] <EY[ZX 4] E" <—dpy) : (1.2.11)

Le choix de la mesure PY est crucial: le désordre sous PY doit étre moins favorable
a la localisation que sous P, afin que le terme EY[ZY ;| soit petit (< EV[Z) 4]),
mais suffisamment proche de la mesure P¥ pour que le terme de (1.2.11) qui dépend
de la densité relative de PY par rapport a P¥ ne soit pas trop grand.

Le dernier ingrédient est alors une procédure dite de coarse-graining, qui permet
de ramener 1'étude du systeme lorsque N — 0o a des estimées sur des systemes de
taille finie. Cette technique consiste ainsi a découper le systeme en blocs de taille
N = N(By—p2), et d’effectuer des estimées sur chacun des blocs séparément. Il suffit
alors de montrer que EY [(ZJ}\//,ﬁo)ﬂ est tres petit pour N de l'ordre de la longueur
de corrélation du systeme annealed (qui s’avere étre de 'ordre de F(8y — 3%)~!, voir
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[Gia08]), la procédure de coarse-graining permettant de “recoller” les estimées sur
les différents blocs.

Cette methode a été developpée dans [DGLT09, GLT10b, GLT11] pour le modeéle
d’accrochage sur une ligne de défauts, et I'application au cas du modele d’accrochage
sur une marche aléatoire demande une extension non triviale. Nous verrons les
détails de cette méthode dans le Chapitre 2, qui est basé sur l'article [BT10] écrit
en collaboration avec F. Toninelli, et qui montre que S > 32 en dimension d = 3,
dans le cadre discret.

Comme nous ’avons mentionné dans 'Introduction, une deuxieme fagon de voir
I'influence du désordre est d’étudier le changement de comportement pour I’énergie
libre, lorsque [ est proche du point critique S, par rapport au comportement
critique du systeme pur. C’est ce a quoi est consacré le Chapitre 3, basé sur 'article
[BL11] écrit en collaboration avec H. Lacoin, et qui se concentre sur le cadre continu.
On peut effectivement, dans ce cadre, jouer sur le parametre p, et faire ainsi varier
de fagon continue l'intensité du désordre. Nous avons notamment montré que le
désordre provoque un phénomeme de lissage de la transition de phase en dimension
d > 3, c’est a dire que la transition de phase est toujours d’ordre au moins 2 en
présence de désordre.

Théoreme 1.2.5. Pour toutd >3, p>0, >0, on a

G2 que 2
T (6= () (1.2.12)

La preuve de ce résultat, basée sur des idées de grandes déviations pour le
désordre, est similaire a celle utilisée dans [AW90, GT06], pour montrer que la
transition de phase du modele d’accrochage (hiérarchique ou non) sur une ligne de
défauts en environnement i.i.d. est au moins du deuxieme ordre. Cependant, la
nature du désordre est ici différente, ce qui oblige a développer de nouvelles idées.

Ce résultat confirme que le désordre est pertinent en dimension d > 4, car
le systéeme pur possede alors une transition de phase d’ordre 1 (voir Proposition
1.1.11). Il ne permet cependant pas de conclure dans le cas d = 3 qui est le cas
marginal (d’apres le critere de Harris, cf. Section 0.2.2; car on a vP* = 2), et ou
le désordre est pertinent, du moins en ce qui concerne les points critiques. Pour
d = 1,2, ou les points critiques quenched et annealed coincident, nous montrons
que les exposants critiques quenched et annealed coincident aussi. Dans le cas de
la dimension d = 2, on sait déja que SI* = 0, et l'inégalité de Jensen donne
F(B,p) <F*B,p) = (1+p)F(B/(1+p)), et F décroit donc exponentiellement, comme
c’est le cas pour le systeme pur: le désordre est alors non-pertinent. Dans cas d = 1,
nous verrons dans la Proposition 3.1.3 et la Remarque 3.1.8 que le modele quenched
a le méme exposant critique v9"¢ = 2 que le modele annealed.

On déduit aussi du Théoreme 1.2.5 des considérations sur le nombre de contacts
au point critique, de la méme maniere que dans [Lac10]

F(B,p) <d

Corollaire 1.2.6. Pourd >3, p >0 et e > 0 fizé, on a, sous P¥?,
Y 1/2+e
Lim iy g (L(X,Y) > t/%) =0, (1.2.13)



1.3. MODELE D’ACCROCHAGE HIERARCHIQUE 29

en probabilité.

Ce Corollaire contraste avec ce qui se passe dans le modele pur au point critique
Be, out on a typiquement L,(X,0) <t si d > 5 (voir Proposition 1.1.9 et Corollaire
3.A.5), et ou pour d = 4, on a que L;(X,0)/logt converge en loi vers une variable
exponentielle, cf. [ET60].

1.3. Modele d’accrochage hiérarchique

Comme nous 'avons évoqué dans la Section 0.2, les versions hiérarchiques des
systemes désordonnés permettent de conjecturer de maniere fiable le comportement
des modeles non hiérarchiques associés. C’est pour cela que je me suis longue-
ment penché sur le modele d’accrochage (sur un réseau) hiérarchique durant ma
these, dont les principales contributions ont donné lieu a un article [BT11] (avec F.
Toninelli), et sont reprises en détail dans le Chapitre 4.

1.3.1. Introduction du réseau hiérarchique. En mécanique statistique, les
modeles hiérarchiques sur des réseaux en diamant, qu’ils soient homogenes ou désor-
donnés, sont des outils importants pour I’étude des propriétés critiques, cf. [Ble89,
CEGMS84, DG84]. Les réseaux en diamants sont en effets construits de maniere a étre
auto-similaires, ce qui permet un étude itérative par renormalisations successives,
les renormalisations étant exactes grace aux symétries du systeme. Cela signifie
que 'on peut écrire de fagon simple et sans aucune approximation la fonction de
partition d'un systeme de taille N en termes de celle d’'un systeme de taille N/2.

1.3.1.1. La mesure de polymere. La version hiérarchique du modele d’accrochage
a été introduite par B. Derrida, V. Hakim et J. Vannimenus [DHV92|, et reprise
dans [GLT10a], et correspond au modele d’accrochage sur une famille croissante de
réseaux, construits de la maniere suivante. Ayant fixé un entier B > 2, on considére
Dy le graphe constitué d’une aréte simple entre deux points Ag et Ay, puis I'on
construit la suite de graphes (D,,), > ¢ de maniére itérative, pour tout n > 0: D,
est obtenu a partir de D,,, en remplagant chaque aréte par B copies en parallele de
deux arétes en série (cf. Figure 1.4).

Sur le réseau D, tous les chemins de Ay a A; sont équivalents. En 'absence
d’interactions, le polymere est modélisé par un chemin dirigé allant de Ag a A; dans
D,, (chemin qui est donc de longueur 2"), et ’on munit 1’ensemble des chemins dirigés
de D,, de la mesure uniforme, que ’on note P,,. On note ensuite Iy le chemin le plus
a droite, qui jouera le role de la ligne de défauts. On introduit ensuite un modele
d’accrochage non-homogene, dans le sens ou les interactions entre le polymere et la
ligne de défauts I'y n’est pas constante égale a h le long de celle-ci, mais dépend de
maniere aléatoire de la position sur la ligne.

On consideére w := (w;);en une suite de variable aléatoire centrées, de variance
unitaire, de loi notée P (nous donnerons par la suite plus d’hypotheéses concernant
la loi P), que 'on interpréte comme étant le désordre sur les arétes de I'y.

On définit wy, = (Wr-1)2041,- -, wWkae) (avec Iy, = {(k — 1)27 +1,...,k27})
et on fait I’hypothese que pour tout p > 0, les variables (wlk’p)keN ont la méme loi.
Cette hypothese est naturelle car les wy,  sont les restrictions de w a des blocs du
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Ay
OAl .
ﬂw;g + h
Bwa + h
OAO B + hchemin Ty
D AO A()
0 D1 D2

FIGURE 1.4. Représentation des trois premieres itérations de la construction des
graphes hiérarchiques, pour B = 3. Sur le troisieme graphe, on a représenté le
chemin particulier I'y en jaune, qui est la ligne de défauts, et une autre trajectoire
I' par une ligne épaisse. Le hamiltonien de la trajectoire I' représentée ci-dessus
est (au signe pres) H = (w3 + wy) + 2h

réseau hiérarchique, et cela permet d’avoir une invariance par changement d’échelle,
lorsque l'on passe de D,, a D, ;. Nous ferons par la suite des hypotheses plus
précises sur I'environnement w, et nous considérerons en particulier le cas ol w est
une séquence gaussienne, dont les corrélations respectent la structure hiérarchique.
Pour 5 > 0 (l'inverse de la température), h € R (le parametre d’accrochage) et e
une aréte de I'y (on notera e € I'y, que 'on peut considérer comme étant un entier:
sa position dans le chemin I'y), la récompense associée a e € T'y est fw, + h. Le
polymere récupere cette récompense si l'aréte e € I'y est contenue dans la trajectoire
de T'. La récompense totale d'une trajectoire I' du polymere dans D,, est alors la
somme des récompenses collectées sur I'y le long de la trajectoire, voir la Figure 1.4.
Autrement dit, le hamiltonien de la trajectoire I', est H(I') = Y _ 1 (Bwe +h)Lieeryy
(il faudrait ajouter un signe “—” devant le hamiltonien pour étre cohérent avec les
notations physiques, mais on s’en affranchit ici).

On peut alors définir la mesure de polymere sur les chemins dirigés de D,,, comme
une transformation de Gibbs de la loi uniforme P,,:

dp¥ 1 2"
(D)= e | D (Bwi + Mgy | (13.1)
n TL,h k):l

ol on a noté v, la k¢ aréte de I', et ou

on

Zy =By, |exp Z(ﬂwk + h)1g,ero) (1.3.2)
k=1
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est la fonction de partition du systeme. On note que la mesure de polymere est
elle-méme une variable aléatoire, qui dépend de la réalisation de w, de g > 0 et de
h € R.

Notons, pour 7 > 1,

z\) =z, =E,

on
exp (Z(ﬁwzvl(i_1)+k + h)5k>] , (133)

k=1

de telle fagon que Z;/, := ZV. Grace i la structure hiérarchique du réseau D,,, on
vérifie aisément la relation de récurrence suivante:
@00 oy
B )
pour n € NU{0} et i € N, avec Z\") = efwith,
La relation de récurrence (1.3.4) peut en fait étre définie pour n’importe quel

zZ9 = (1.3.4)

B #0. Pour B > 1, Z,(f) est positive (ce qui est necessaire pour pouvoir l'interpréter
comme une fonction de partition), et nous utiliserons cette relation de récurrence

comme définition pour la fonction de partition 7, := Z,(ll). La Remarque 2.1 dans
[GLT10a] assure que I'on peut toujours se restreindre au cas B € (1,2): si B > 2
on considere Z, /(B — 1), qui satisfait la méme récursion, avec B remplacé par
B/(B —1) € (1,2). Nous ne traiterons donc dans la suite que le cas B € (1,2).

1.3.1.2. Interprétation en terme d’arbres de Galton-Watson. On peut aussi con-
sidérer la construction du graphe D,, de maniere différente, en observant que D,, est
constitué de 2B copies de D,,_1, chacune étant elle-méme constituée de 2B copies
de D,_5... (cf. Figure 1.4). Le réseau D, possede ainsi, de part sa construction
itérative, une structure de branchement, ce qui permet d’introduire le parallele suiv-
ant avec les arbres de Galton-Watson.

On prend 1 < B < 2, et on définit P,, comme étant la loi d’un arbre de Galton-
Watson 7, de profondeur n + 1, ou la loi du nombre d’enfants est concentrée en 0
avec probabilité %, et en 2 avec probabilité %. Le nombre moyen d’enfants est
donc 2/B > 1, et le processus de Galton-Watson est sur-critique. Ce processus de
Galton-Watson nous donne donc un arbre aléatoire, avec un ensemble aléatoire de
descendants, et 'on définit R,, C {1,...,2"} 'ensemble des individus présents a la
n® génération (qui sont les feuilles de 7).

On peut définir pour p € NU {0} et k € N,

L, = {(k—1)2" + 1,... k2"} (1.3.5)

le k¢ bloc de taille 2P. On définit la distance hiérarchique d(-,-) sur N en posant
d(i,7) = p si i,j sont contenus dans le méme bloc de taille 27 mais pas dans le
méme bloc de taille 2°~1. En d’autres termes, d(i, j) est simplement la moitié¢ de la
distance d’arbre entre ¢ et 7, si N est considéré comme 1’ensemble des feuilles d'un
arbre binaire infini.

On mentionne ici la Proposition 4.2.1, qui permet de controler la mesure P,,, et
de donner une formule simple pour E,, [Hle / 51-}, ou ¢; = 1 si l'individu 7 est présent
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a la génération n (i.e. sii € R,), et §; = 0 sinon. En particulier, on a E,[6;] = B™"
pour tout i € {1,...,2"}.

En utilisant la structure récursive de l'arbre de Galton-Watson 7,, on peut
vérifier facilement que la définition (1.3.4) de 7 est bien équivalente a la for-
mule (1.3.3) (rappelons que (1.3.3) avait été écrite pour B entier, avec P,, la mesure
uniforme sur les chemins dans le réseau en diamants). Il est utile d’indiquer ex-
plicitement la dépendance en h et en w, la dépendance en [ restant implicite pour
simplifier les notations.

Il est aussi pratique de définir

H = > (Bwr + h)dy, (1.3.6)

kGIi,n

le hamiltonien du i¢ bloc de taille 2" (on écrit H?) a la place de H:;,(Ll) s'il n’y a pas
d’ambiguité). Cela permet de redéfinir la mesure de polymere de la méme manieére

/s dapPy 1 w
que précédement: b, = 7o XD ( n,h) .

1.3.1.3. Environnement gaussien et énergie libre. A partir de maintenant, pour
plus de clarté dans 1’énoncé des résultats, nous considérons le cas d’un environne-
ment gaussien. Soit donc w := {w; }iey une suite de variables gaussiennes centrées
et normalisées (i.e. Elw;] = 0 et E[w?] = 1), de loi notée P. Le fait de se restrein-
dre a une séquence gaussienne simplifie grandement 'analyse du probleme, car les
corrélations sont dans ce cas entierement codées par les corrélations a deux points,
i.e. par la matrice de Covariance (ou de Corrélation) de la loi P, que I'on note
K = (Kij)ij>o0 avec Ky = Elww;]. Pour respecter la structure hiérarchique du
systeme, on suppose que k;; ne dépend que de la distance (hiérarchique) d(, j), et
pour 7, j tels que d(i,j) = p on écrit k;; =: Kk,, pour tout entier p. Cela implique
en particulier que pour tout j € N, les variables w;, ~pour k € N (rappelons que
Wi, = (Wk-1)2011, - - -, Wkar)) sont de méme loi. On fait, pour simplifier les calculs,
le choix explicite
Kp = KP, pour un certain s € [0, 1). (1.3.7)
Remarquons que le cas k = 0 correspond au cas d'un environnement 7.4.d.
Dans la suite, nous conserverons cette définition pour la séquence w, la matrice
de covariance K (et donc la valeur de k) étant fixée une fois pour toute.
On peut définir I’énergie libre quenched du modele, dans le cas de la séquence
gaussienne corrélée w définie ci-dessus:
F(B,h) := lim L og 7o P2 i iE[logzw | > 0. (1.3.8)
) on n,h nyoo O n,hl =

n—oo

On définit aussi le point critique par h.(8) = h3"(5) := inf{h, F(5,h) > 0}.
L’inégalité F(3,h) > 0 suit simplement du fait que Z), > (B — 1)/B. Le fait que
F(f8, h) < oo est une conséquence facile du fait que Zy), < exp(3220, (Blwi| +h)), et
qu’on a supposé que les w; avaient un moment d’ordre 2 fini.

La preuve de l'existence de la limite (1.3.8) est presque identique a celle de
[GLT10a, Th.1.1] ou le désordre est i.i.d. Il est classique de voir que la séquence
(27"El[log Z;’,f |)nen converge, et on utilise une propriété de concentration de log Z::f
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autour de sa moyenne (qui est la condition générale pour avoir I'existence de 1'énergie
libre, voir la preuve du Théoreme 4.2.2) qui permet d’obtenir la convergence presque
sure de (1.3.8).

1.3.2. Résultats pour le systéeme homogene. Il est pratique de définir
S = > ker,, Ox le nombre de points de contacts (ou de descendants) sur le bloc /; ,,,

et on écrit S, = SV il n’y a pas d’ambiguité. On a la relation S5 = S,(f_ifl) +S,(L2_i)1.
Le modele pur est le modele ou B = 0: la fonction de partition est Z,; =
E,, [exp (hS,)] et vérifie
1 B-1
Zniih = —=(Znn)? + —5—, 1.3.9
on = () + (1.39)

avec Zyy, = €. On appelle F(h) = lim,, ., 27" log Z,, , I'énergie libre associée. Nous
ajouterons parfois dans la suite un exposant "pur” aux différentes quantités liées au
systeme homogene, afin d’éviter de possibles confusions.

L’équation de récurrence (1.3.9) possede deux points fixes, vg = 1 et z; = B—1.
Le point 21 = B — 1 est stable et attractif, alors que le point xq = 1 est instable,
et correspond & la condition initiale Zy; = e" = 1, pour h = 0. Par conséquent le
modele homogene possede une transition de phase au point critique h, = h (8 =

0) =0.

Théoréme 1.3.1. [GLT10a, Théoréme 1.2] Pour tout B € (1,2), on a F(h) =0
pour tout h < 0. De plus, il existe une constante ¢ := c¢(B) > 0 telle que pour tout
0<h<1, on ait

ch”™" < F(h) < 'h™ (1.3.10)

avec 1 9
pur 982y 1.3.11
oa2/B) ~ - (13.11)

L’exposant vP" est 'exposant critique du systeme pur. Nous avons gardé les
mémes notations que dans le modele homogene introduit dans la Section 1.1, car
il ne risque pas d’y avoir de confusion. On remarque que PV est une fonction
croissante de B, et que Pon a v = 2 pour B = B, := /2.

On possede aussi quelques estimées concernant le modele pur, notamment la
fonction de partition d'un systeme de taille 2. La proposition suivante permet de
dire que le régime critique, ou la fonction de partition reste proche de la fonction de
partition au point critique Z, ;, = Z,o = 1, correspond a h = O((B/2)")).

Proposition 1.3.2. Estimées sur le modele homogene

(1) Il existe des constantes ag > 0 et cg > 0 telles que pour tout n >0, si on a
h < ag(B/2)", alors

E, [exp (hS,)] < exp (coh(2/B)"). (1.3.12)
(2) Il existe une constante ¢ > 0 telle que pour tout n > 0 et u > 0, on ait
E, [exp (hS,)] < cexp (ch”""2"), (1.3.13)

ot VP est l'exposant critique du systeme pur, donné par (1.3.11).
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Nous verrons dans la Section 4.A (cf. Corollaire 4.A.2) que cette proposition
permet notamment de montrer que la mesure de polymere P,,;, reste proche (dans
un sens a définir) de la mesure P, 5, = P, dans le régime critique h = O((B/2)").
Notons que I'on possede des bornes inférieures similaires, quitte a changer les con-
stantes: logE,, [exp (hS,)] est d’ordre h(2/B)" pour h = O((2/B)"), et d’ordre
R 2" pour h > (2/B)".

1.3.3. Environnement :.:.d.: résultats connus. Jusqu’a présent, le cas ou
la séquence w = (w;)ien est i.i.d. avait principalement été étudié. On rappelle ici
les principaux résultats déja connus dans ce cas, sur le role du désordre dans la
transition de phase. On supposera que w = (w;);ey est une suite i.i.d. de variables
gaussiennes standard (k = 0).

Dans le casi.i.d., la fonction de partition annealed Z; , := EZY, est égale a la
fonction de partition du modele homogene, avec le parametre h+ 32/2. En effet, en
prenant I'espérance dans la relation de récurrence (1.3.4), on obtient

o (22, +B—1
nlh = B : (1.3.14)
avec Z§, = 'Ele™] = e"tF%/2 On sait donc que le point critique annealed est

h2(8) = —/3%/2, et que I'exposant critique annealed est v* = vP" = log 2/ log(2/B).

Comme dans le cas de la Section 1.2, on peut comparer les énergies libres
quenched et annealed, via l'inégalité de Jensen F(3,h) < F*(8,h), qui donne di-
rectement hd*(3) > h2(B), cf. Figure 1.5.

Nous avons vu dans la Section 0.2 que le critere de Harris prédit si le désordre est
pertinent ou non selon que P est plus petit ou plus grand que 2. En se référant au
Théoreme 1.3.1, cela correspond donc & B < v/2 ou B > /2, respectivement. Dans
le cas B = /2, si on étudie le comportement de la variance de Z]f,g au point critique
annealed h2(f) en fonction de N, on peut deviner le critere de pertinence/non-
pertinence, comme discuté dans la Section 1.2.2. En effet, nous trouvons dans ce
cas que la variance diverge (voir [DHV92, GLT10a]), ce qui suggere que le désordre
est pertinent.

Dans le cas d'un environnement ¢.7.d., la question de la pertinence du désordre
est maintenant mathématiquement bien comprise. Le Théoreme suivant rassemble
les principaux résultats connus:

Théoreme 1.3.3. Pertinence du désordre dans le cas i.i.d.
Pour tout B € (1,2), la transition de phase est continue, pour une quantité
arbitraire de désordre: il existe ¢(B) > 0 tel que pour tout § > 0, on ait

c(B)
32
e Le désordre est pertinent pour B > V2.

Lorsque v°" < 2, i.e. quand B > B, := /2, (1.3.15) implique que la transition de
phase est plus lisse dans le systeme désordonné que dans le systéme pur. De plus,

F(3,h) < (h—he(B))} - (1.3.15)
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phase délocalisée phase localisée

F*(B, h)

FiGURE 1.5. Comparaison des courbes de 1’énergie libre quenched et annealed,
a f > 0 fixé. Le principal objectif de I'étude du systeme désordonné est de
donner les caractéristiques de la courbe de 1’énergie libre quenched F(S3,h). Un
outil important est la comparaison avec le systeme annealed, qui donne déja
F(B8,h) < F*(B,h), et he(B) > h2(B). Une question est donc de savoir si
he(B) = h2(B) ou non, et si F(8, h) posséde un exposant critique v4"¢ égal & celui
annealed v* (qui dans le cas i.i.d. est v* = vP"). Le cas ou le désordre possede
des corrélations devient ainsi plus complexe, car ’analyse du systeme annealed est
beaucoup plus difficile.

pour B = /2, on a ha"*(3) > h*(B), et plus précisément pour tout e > 0 et B < By
petit, on a

e < he(B) = () <

exp (— C(E’) < ho(B) — h2(8) < exp (

C
524—& o @

e Le désordre est non-pertinent pour B < v/2.
Si B < /2, on a h3"(B) = h2(B) pour B petit, et de plus, 'énergie libre quenched
posséde le méme comportement critique que dans le cas homogene:

F*(B,h) =2 F9(6,h) = (1 = n)F*(8, h)

pour tout h € (0,1), ot n peut étre rendu arbitrairement petit en prenant 3 petit.

/) | (1.3.16)

Ces résultats ont été obtenus par une série d’articles dus a G. Giacomin, H. La-
coin et F. Toninelli: I'article [LT09] démontre (1.3.15), et [GLT10a, GLT10b] con-
cernent les points critiques. Ce Théoreme est a mettre en relation avec le Théoreme
1.3.8 et la Proposition 4.3.5 de la Section suivante, obtenus durant le cours de ma
these, et qui en sont I’équivalent pour le modele hiérarchique corrélé.

1.3.4. Modele hiérarchique avec environnement corrélé. Nous nous pla-
cons maintenant dans le cadre de 1’étude du modele d’accrochage hiérarchique en
environnement corrélé, effectuée dans le Chapitre 4, basé sur l'article [BT11]. Nous
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considérons, comme mentionné auparavant, une suite w := {w;}ieny de variables
gaussiennes centrées et normalisées, de loi P. La matrice de Covariance de cette loi
est K = (Kij)ij>o0 avec K = Elww;| = Kaij) (qui ne dépend que de la distance
hiérarchique entre i et j). Rappelons notre hypothese

Ky = KP, pour un certain 0 < k < 1. (1.3.17)

L’hypothese (1.3.17), notamment le fait que x < 1, permet d’obtenir I'inégalité de
concentration nécessaire a l'existence de ’énergie libre quenched (se reporter a la
Section 4.2 pour plus de détails).

On verra dans le Théoreme 1.3.9 que I'on exclut le cas k > 1/2 dans notre étude.
La raison en est simple: le modele ne possede plus de transition de phase dans le
modele quenched, et le modele annealed n’est plus correctement défini. Pour x = 0,
on retrouve le modele désordonné avec un environnement i.i.d.

Il est possible de construire explicitement une loi gaussienne vérifiant (1.3.17),
de la maniere suivante. Soit Z = {lj,,p > 0,k € N} ou I}, est défini dans (1.3.5),
et soit {@r}rer une famille de variables gaussiennes standard i.7.d. AV(0,1), de loi

notée P. On a alors 1'égalité en loi suivante:

W; = /I%[@[, (1318)
IeTynel

avec Ky, , i= Ky := vV kP — kPTL En effet, il suffit de vérifier que la famille gaussienne
ainsi construite possede la bonne structure de corrélations, la somme dans le membre
droite de (1.3.18) étant bien définie car ) &> =1 < oo.

Remarque 1.3.4. Ce choix pour la structure des corrélations correspond dans le cas
non hiérarchique a une décroissance en loi de puissance. En effet, on peut comparer
la distance hiérarchique d(-, -), a la distance usuelle (sur I'axe N), en remarquant par
exemple que d(1,k) = [logk/log2]| pour tout k& € N. Le coefficient de corrélation
entre ¢ et j = ¢ + k vérifie ainsi, lorsque 7 est fixé et k est grand, x;; = kA0~ =€
ou ¢ = log(1l/k)/log2 > 0. Remarquons que ( > 0 pour tout x < 1, et que
¢ > 1sik < 1/2 (corrélations sommables), et que ¢ < 1 si kK > 1/2 (corrélations
non-sommables).

1.3.4.1. Le modele annealed. On définit comme dans le cas i.7.d., la fonction de
partition annealed Z} , := E[Z;j,h], que l'on est capable de rendre explicite, grace a
la nature gaussienne du désordre. Un calcul donne

2 A n
z,h =E, |exp (% +h) Zék —|—52/22Kp Z 5;5] . (1.3.19)
k=1 p=1

1<ij<2n
d(i,j)=p
Les termes 0;0;, dus aux corrélations du désordre, compliquent grandement ’analyse
du probleme par rapport au cas du modele annealed avec désordre i.i.d., cf. Section
1.3.2. 1l sera utile pour la suite d’observer que ce terme d’interaction (“a deux
corps”) est positif ou nul, car on a choisi des corrélations positives.
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Nous soulignons que Dyson [Dys69] définit aussi une version hiérarchique du
modele d’Ising ferromagnétique (qui ressemble, au moins au niveau formel, a notre
modele annealed, cf. (1.3.19)). En combinant les résultats qu'il obtient sur ce modele
hiérarchique avec les inégalités de corrélations de Griffiths, il trouve un critére pour
I'existence d’une transition de phase ferromagnétique pour le modele d’Ising unidi-
mensionnel non hiérarchique, ott les couplages décroissent comme J;_; ~ |i — j| 7.
Remarquons que dans notre cas, il n’existe aucun type d’inégalité permettant de
donner directement des résultats sur le modele d’accrochage non hiérarchique a par-
tir de ceux obtenus dans le cadre hiérarchique.

On définit aussi I'énergie libre annealed: F*(8,h) := lim,_, 57 log E[Z2,] = 0
(Iexistence de la limite est montrée dans la Proposition 4.2.3), et on appelle comme
d’habitude son point critique h%(3).

Nous verrons dans la Proposition 4.2.4 que I'on peut montrer que h?(() est
d’ordre —3? pour 3 petit. Cependant, il parait trés difficile de calculer explicitement
sa valeur, contrairement au cas d’un environnement ¢.7.d. ou il est immédiat d’obtenir
h2(8) = —f%/2. Cela rend I'’étude du systéme corrélé beaucoup plus complexe.

Remarque 1.3.5. Le caractere fini de 1’énergie libre annealed dépend de la somma-
bilité des corrélations. En effet, si on se restreint a I’événement ou tous les 6,, sont
égaux a 1, on obtient
27L
R 5 gy 5 () R ) (1

= n,h = ey

B

Ceci montre que F*(/3,h) = oo (et, on peut dire, h2(f) = —o0), sauf si

Ko=) 2" <+oo; ie k<1/2 (1.3.21)
p=0
En ce qui concerne I'énergie libre quenched, le cas k > 1/2 est, de méme, est moins
intéressant comme le montre le Théoreme 1.3.9.

Dans le cas d'un désordre ¢.7.d., nous avons vu que, trivialement, le modele pur et
annealed ont le méme comportement critique. Le modele annealed est ici beaucoup
plus complexe que le modele homogene standard, notamment a cause du terme
d’interaction “a deux corps” 0;0; dans (1.3.19), provenant des corrélations. L'un
des résultats principaux de ma these est que, néanmoins, si le parametre x safisfait
K < %2 /\% et [ est petit, le modele annealed, au voisinage du point critique, possede
le méme comportement que le modele pur.

Théoreme 1.3.6. 5i k < BTZ A %, alors il existe des constantes By > 0 et ¢; > 0
telles que, pour tout B < [y, et pour tout ensemble non vide I C {1,...,2"} on ait

(e—c162>'” E, [ <E. [5161{2,;@] < (60152>I E, 5], (1.3.22)

ot 7 := [[;c; 6. De plus, la fonction de partition au point critique converge vers 1
exponentiellement vite:
2B n/B)" 28 <1 (1.3.23)
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Cela permet d’obtenir que, pour 5 < By, et pour tout u € [0,1], on a

F (e—q%) <P, h* +u) <F (él%) . (1.3.24)

Pour une formulation plus complete de ce résultat, se reporter au Chapitre 4
(Théoreme 4.3.1 et Proposition 4.3.2).

On a donc entre autres que, si k£ < 8- /\ = et [ est petit, la mesure de polymere
annealed au point critique,

dPnha 1
dP, Zg’ha

exp (Hz,hg) )

est “proche” de celle du systéme pur au point A = 0, au vu de (1.3.22). Ces résultats
ont été obtenus dans [BT11] (voir Chapitre 4), et sont les outils de base avec lesquels
nous avons attaqué le probleme de la pertinence du désordre dans le cas corrélé, voir
le Théoreme 1.3.8 ci-dessous. Il est important de remarquer le Théoreme 1.3.6 ne
présuppose pas de connaitre la valeur exacte de h2(f) (il y a effectivement peu
d’espoir de connaitre sa valeur de maniere générale).

Le cas B?/4 < k < 1/2 est plus subtil car le terme “a4 deux corps” 4;4; qui ap-
parait dans (1.3.19), possede un effet non négligeable sur le comportement critique,
et est ainsi plus difficile a traiter. Dans le méme article [BT11] (voir Chapitre 4),
des résultats partiels dans ce cas sont donnés, montrant que certaines propriétés
critiques au niveau annealed sont modifiées par rapport au cas k < 1/2 A B?/4.

Théoréme 1.3.7. Soit B*/4 < k < 1/2 et B > 0. Contrairement o (1.3.23), la
fonction de partition annealed, au point critique, ne converge pas vers 1. On a en
réalité

H Z2 e < (2?) n (1.3.25)

De plus, le nombre moyen de descendants a la génération n, sous la mesure de
polymere annealed au point critique, vérifie

25] <= (n11>/2 < E,[S,] = (%)n (1.3.26)

Ce résultat montre que, si la fonction de partition Z? s COLVErge Vers une con-
stante Z.,, alors cette constante vérifie Z,, < B/2y/k < 1. Ceci contraste avec le
résultat (1.3.23), ce qui suggere un comportement critique atypique. Remarquons
que le nombre moyen de points de contacts au point critique est ausi beaucoup plus
faible que dans le cas homogene, ot il y en a, en moyenne, (2/B)" dans un systéeme
de taille 2". Ce Théoreme, bien qu’il montre que certaines propriétés critiques du
systeme annealed sont modifiées par la présence de corrélations, n’implique rien sur
le comportement de 1'énergie libre annealed, et ne donne par exemple aucune borne
sur I'exposant critique.

nha[ - nha
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Par contre, la borne (1.3.26) sur la fraction de contact au point critique annealed
suggere, comme mentionné dans la Section 1.1.2 (ou I'on relie le nombre de contacts
au point critique au comportement de 1'énergie libre), que I'exposant critique de
’énergie libre annealed (s'il existe) est plus grand que lexposant critique vP* =
log2/log(2/B), la transition de phase du modele annealed étant donc plus lisse.
En T'occurence, nous pensons que l'exposant critique annealed devrait étre v* =
log 2/log(1/+/k) (cf. Section 4.4.3).

1.3.4.2. Influence du désordre dans le cas corrélé. Le critere de Harris concer-
nant la pertinence/non-pertinence du désordre dans le cas d’un environnement i.1.d.
peut étre généralisé au cas d’un environnement corrélé, comme 1’ont fait Weinrib et
Halperin [WHS83] dans un cadre différent (mais néanmoins général), voir la Section
0.2.2. Suivant les idées de ces auteurs, le critere de Harris pourrait étre modifié
lorsque les corrélations sont trop fortes. Il y a alors deux cas possibles. Si k < 1/2,
les corrélations sont sommables, et selon le critere de Weinrib-Halperin, on peut
prévoir que le critere de Harris de pertinence/non-pertinence du désordre ne soit
pas modifié: il devrait y avoir pertinence du désordre si vP™ < 2 (i.e. B > /2),
et non-pertinence si 1P > 2 (i.e. B < /2). Si 1/2 < k < 1, les corrélations ne
sont pas sommables, et une modification de ce critéere devrait étre observée. Le
désordre serait pertinent si vP"" < 2/( (ou ¢ = log(1/k)/log2 code la décroissance
des corrélations, cf. Remarque 1.3.4), ce qui correspond & B > 2./k, et il serait
non-pertinent si v > 2/(, i.e. si B < 24/k. Nous verrons par la suite, que le cas
Kk > 1/2 est atypique, et que le critere de Weinrib-Halperin n’est alors plus opportun.

Avec 'aide cruciale du Théoreme 1.3.6, il devient possible de prouver que, au
moins pour K < BTZ A %, le critere de Harris décidant de la pertinence du désordre
n’est pas modifié par la présence de corrélations dans I’environnement, ce qui est en
accord avec la prédiction de Weinrib-Halperin (dans le cas k < 1/2).

Théoréme 1.3.8. Soit k < BTZ A %

e Sil < B < B, = /2, le désordre est pertinent: les points critiques
quenched et annealed sont différents pour tout > 0, et on a
— s1 B < B, il existe une constante c3 > 0 telle que pour tout 0 < < 1

(Cg)—lﬁzﬂ% < he(B) — h2(B) < 0352%% : (1.3.27)
— s1 B = B,, il existe une constante ¢y > 0 et un certain 5y > 0 tels que
0<B8< b
Cy a Cll
xp (51 ) < he(B) = he(P) < exp T ) (1.3.28)

e Si B. < B < 2, le désordre est non-pertinent: il existe un certain o > 0 tel
que ho(B) = h2(5) pour tout 0 < 5 < By. Plus précisément, pour toutn > 0,
en prenant u > 0 suffisamment petit, F(5, h2(5) +u) = (1 —n)F(B8, h2(B) +

Nous avons démontré ce résultat dans [BT11] (repris dans le Chapitre 4). En
poussant plus loin les calculs, il est stirement possible d’améliorer la borne supérieure
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(1.3.28) & exp(—c;'/B?) et la borne inférieure & exp(—cy(€) /%) pour tout e > 0,
comme c’est le cas dans le modele sans corrélations k = 0, c¢f. Théoreme 1.3.3. Nous
ne donnerons pas plus de détails dans cette direction.

Dans le cas B*/4 < k < 1/2, nous avons vu dans le Théoreme 1.3.7 que les
corrélations ont un effet important sur le comportement du systeme annealed. On
s’attend par conséquent a ce que le Théoreme 1.3.6 ne soit plus valable: une con-
jecture naturelle serait que dans (1.3.27), vP" = log2/log(2/B) soit remplacé par
I’exposant du modele annealed v*. Comme discuté précédemment, on devrait avoir
v* > P et pour B < B, I’écart entre les points critiques quenched et annealed
serait ainsi réduit lorsque B?/4 <k < 1/2.

Remarquons en passant que I'inégalité (1.3.15) peut étre montrée pour le modele
hiérarchique corrélé pour tout B € (1,2) et 5 > 0, si k < 1/2. Nous ne donnerons pas
la preuve dans cette these car, grace a la sommabilité des corrélations (garantie par
la condition xk < 1/2), la démonstration est similaire au cas du modele hiérarchique
i.i.d., cf. [LT09]. On peut aussi se reporter a la Section 5.4.1, ol un résultat
équivalent est prouvé dans le modele corrélé non hiérarchique. Cela montre que si
Kk < 1/2, 'exposant critique quenched est toujours plus grand ou égal a 2, et donc
plus grand que vP" dans le cas ou P < 2. Le désordre est donc pertinent si
VP < 2 ce qui est en accord avec le critere de Weinrib-Halperin.

Nous considérons enfin le cas k > 1/2. Nous avons déja vu que le systeme
annealed n’est pas bien défini, son énergie libre étant infinie. Le résultat suivant
souligne que 1'énergie libre quenched (qui est finie) est strictement positive pour
tout valeur de h € R, et qu’ainsi le systeme ne possede pas de transition de phase
entre les régimes localisé et délocalisé.

Théoreme 1.3.9. Si k > 1/2, alors F(5,h) > 0 pour tout B > 0,h € R, et ainsi
he(B) = —oco. Il existe une constante c5 > 0 telle que pour tout h < —1 et >0

F(8,h) > exp (—cs|h|(|h]/B2)5Y/ o5 (1.3.29)

La preuve de ce Théoreme est faite dans [BT11, Sec.3.1], et nous ne la présenterons
pas cette these. En effet, la preuve est trées similaire a celle du Théoréme 1.4.6 (voir
Section 1.4.3), dans le cas du modele d’acrochage non hiérarchique.

Les corrélations modifient donc complétement les propriétés critiques du systeme,
et la transition de phase n’apparait plus. Il est donc impossible de vérifier (ou
d’infirmer) la prédiction de Weinrib-Halperin dans ce cas, car le systéme ne possede
pas de comportement critique a proprement parler, le point critique étant —oo.

1.4. Modele d’accrochage non-homogéne

On s’intéresse de nouveau au modele d’accrochage sur une ligne de défauts de la
Section 1.1, mais comme dans la Section précédente, on introduit des inhomogénéités
dans le systeme, modélisant le caractere aléatoire des interactions entre le polymere
et la ligne de défauts. Les notations sont similaires a celle de la Section 1.3, mais
les deux modeles étant traités dans des Chapitres différents, aucune confusion n’est
possible.
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1.4.1. Introduction. On considere une séquence ergodique de variables aléa-
toires w := {w; }ien, centrées et de variance unitaire. On note sa loi P, et on fera par
la suite différentes hypotheses supplémentaires sur la loi P: la Section 1.4.2 traite
par exemple le cas ou la suite w est i.i.d., les Sections 1.4.3 et 1.4.4 plusieurs cas ou
w présente une structure de corrélation particuliere.

On considere P la loi d'un processus de renouvellement 7, qui vérifie 'Hypothese
1.1.2. Comme pour le modele homogene, on introduit une modification de Gibbs de
la loi P qui prend en compte les interactions (inhomogenes, encodées par la séquence
w) d’une trajectoire de 7 avec la ligne de défauts. Pour 5 > 0 et h € R, on définit
comme dans les sections précédentes le hamiltonien H J“Gi =S (Bw+h)d,, ol on

a utilisé la notation ¢, := 1{,er}. La mesure de polymere P‘;{,i pour une trajectoire

de longueur N est définie par sa dérivée de Radon-Nykodim par rapport a la mesure
P:

exp(Hyh)oN, (1.4.1)

ou Zy, =E [exp(Hf,’ﬁ)cS N] est la fonction de partition du systeme.
La fonction de partition possede la propriété suivante, déja soulignée dans la
N
Remarque 1.2.1: Zf,’fMﬁ > Z]ﬂ”ﬁZg/”“j’B pour tout N, M € N, o § est I'opérateur de
translation de I'environnement, c’est-a-dire 6((w;)ien) = (wir1)ien. Cette propriété
montre que la suite (log Z;’,fl) ~Nen est sur-additive au sens ergodique, ce qui permet
de définir, grace au Théoreme ergodique sur-additif de Kingman [Kin73|, I'énergie
libre quenched du systeme, de la méme maniere que dans la Section 1.2: c’est la la
limite
1 1
PR ] w, R va
F(B,h):= A}l_}ﬁ(l)o N log Z), = ilelg NElog 2N (1.4.2)
Cette limite existe et est constante P-p.s., et la fonction h — F(3, h) est positive ou
nulle, convexe et croissante. Il existe un point critique quenched h () = h3"¢(p) :=
inf{h; F(5,h) > 0}, tel que F(B,h) > 0 si et seulement si h > h.(f).
Comme pour le systeme homogene, on obtient avec un calcul rapide que

OnF (0, h) = lim NT'EZL T [0.N]|] P -pas.,

en tout point h ou F(f3,h) est différentiable. Le point critique h.(f) marque donc,
comme nous 'avons déja vu maintes fois, la transition entre une phase délocalisée
pour h < h.(f), ou il y a une densité nulle de contacts, et une phase localisée pour
h > h.(B), ou il y a une densité strictement positive de contacts.

On souhaite maintenant comparer ce modele a celui sans désordre de la Section
1.1, afin de savoir comment le désordre modifie les propriétés critiques du systeme.
On s’intéresse par exemple au calcul de la valeur explicite du point critique h.(53),
ou a l'ordre de la transition de phase de I'énergie libre quenched, ou encore au
comportement des trajectoires au point critique h.(53).

L’un des principaux outils utilisés dans l'optique de I'analyse de la pertinence
du désordre, est I'étude de la fonction de partition annealed Z% ;, := [Z%i] (et de
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maniére plus générale, du systéme annealed associé). On peut définir 1’énergie libre
annealed par F*(5,h) := limy_,o % log E[Z§; 1], et on a aussi un point critique an-
nealed h2(3), tel que F*(3, h) > 0 si et seulement si h > h2(/). L’étude du systeme
annealed apporte de nombreux outils pour I’étude du systeme désordonné, et par ex-
emple une simple application de I'inégalité de Jensen montre que F(,h) < F*(5, h),
ce qui donne h2(5) < he(B).

On obtient, grace a une autre utilisation de 'inégalité de Jensen, et en utilisant
le fait que les w; sont centrés, que F(5,h) > F(0,h) (on note aussi F(h) = F(0, h),
en accord avec la Section 1.1), ce qui donne h.(3) < h.(0) = 0. Mentionnons
que dans [AS06], dans le cas d'un environnement i.i.d. (cf. Section 1.4.2) et sous
des conditions assez générales, il est prouvé que l'inégalité h.(5) < 0 est en réalité
stricte, montrant ainsi que le désordre possede un effet “localisateur”.

On détermine la pertinence du désordre aussi bien en terme d’écart entre les
points critiques (I'inégalité h2(5) < h.(B) est-elle stricte?), qu’en terme de différence
des exposants critiques de 1’énergie libre (qui est 1'objet d’étude principal dans la
majorité de la littérature).

1.4.2. Critere de Harris, influence du désordre dans le cas i.i.d. Nous
donnons maintenant des résultats dans le cas, largement étudié ces dernieres années
[Ale08, AZ09, DGLT09, GLT10b, GLT11, GT06, Lac10, Ton07, Ton08a, Ton08b],
ol la séquence w = (w;);en est i.i.d., et ou 'on suppose que w; possede des moments
exponentiels

AB) = log E[e"'] < 00, VA3 > 0. (1.4.3)

Dans ce cas, le modele annealed est en réalité exactement égal au modele homogene
de la Section 1.1.2, avec le parametre h + A(f),

exp <(h +AB) Y 5n> 5N] .

Il est possible de calculer explicitement A(f) dans des cas particuliers: on donne
'exemple oll w; est de loi gaussienne N'(0, 1), auquel cas on obtient \(8) = 5%/2.

On peut dans le cas i.i.d. expliciter la méthode du critere de Harris, qui indique
si le désordre est pertinent ou non, en fonction de 'exposant critique homogene
P = 1V1/a, cf. Théoreme 1.1.6. Sia < 1/2, le désordre devrait étre non-pertinent
pour 3 petit, et si @ > 1/2, le désordre devrait étre pertinent pour tout 5 > 0. Les
physiciens se sont particulierement intéressés au cas o = 1/2, dit marginal, ou des
prédictions contradictoires ont été données par [DHV92] (pertinence) et [FLNOSG6]
(non-pertinence).

E(Zyy] =E

Nous donnons maintenant une explication rapide de la méthode donnant le
critere de Harris, dans le cadre que nous considérons ici. Pour 8 petit, on développe
I’énegie libre pour h tres proche de h?(f), autour de 1’énergie libre annealed

1 Var(Z34%)
Elog Z%* = Elog [EZB’“ V(2P Rz ] wlogBZ%% — - TN
N,h N T (2N, Non) Nh T (EZf,“;L)Q

)

(1.4.4)
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ol on a simplement développé le logarithme au deuxieme ordre.

On note h = h2(B) + A, et on prend A petit, dépendant de S. Pour savoir si
F(B, h) se comporte comme F?(3, h), il faut savoir si la fonction de partition quenched
Zﬁi reste concentrée autour de sa moyenne, la fonction de partition annealed 27 ,.

Pour cela, on estime Var(Zf/ﬁ) / E[Zﬁ’ﬁ]z, comme suggéré par (1.4.4). Cette quantité
diverge toujours quand N croit vers +o0o. Cependant on montre qu’en réalité, pour
décider si les comportements des énergies libres quenched et annealed sont différents,
il suffit de comparer les termes de (1.4.4), pour N de l'ordre de la longueur de
corrélation du modele annealed. Nous ne détaillons pas ici la définition de la longueur
de corrélation du systeme (voir [Gia08]), mais mentionnons simplement qu’elle est
de Tordre de l'inverse de 1'énergie libre (voir [Gia08] pour le modele homogene,
[Ton07] pour des cas particulier du systeme d’accrochage désordonné). On doit
donc estimer Var(Zﬁ’ﬁ)/E[Zf\J/ﬁ]z pour N = 1/F(0,A) = 1/F(A), et voir si cette
quantité peut étre rendue beaucoup plus petite que log EZf/,JL (qui est d’ordre 1
lorsque N = 1/F(A)), en prenant 5 et A = A(f) petit. Ainsi, au vu de (1.4.4),
si le terme Var(Zﬁ’ﬁ)/E[Zf\J/ﬁP est proche de 0 pour N = 1/F(A), on devrait avoir
F(8,h) ~ F*(B,h), et cela suggere que le désordre est non-pertinent; dans le cas
contraire, cela suggere que le désordre est pertinent.

Pour faire le calcul et simplifier les notations, on se place dans le cas d'un en-

vironnement gaussien normalisé, olt on a donc A(8) = 3?/2. On obtient aprés un
rapide calcul, en utilisant b = h3(8) + A = —%/2 + A,

32 N N
exp <7 D 60, + A (0, + 5;)) 5N5;V] : (1.4.5)
n=1 n=1

ot P®? est la loi jointe de deux processus de renouvellement indépendants 7 et 7/,
et ou on a gardé la notation d,, (resp. ¢/,) pour I'indicatrice que n soit un point de
renouvellement de 7 (resp. de 7').

E|(z35)] = B2

Comme on prend N = 1/F(A), on peut montrer que la fonction de partition
Zna = 2y, est dordre P(N € 7), ce qui permet d’obtenir

Var(Z35 2
(7&;7’2) > cst. x <E®2 [e% Eniz1 Ond } — 1)
E[Z33]
> cst. x (9P T PTOET) 1) — ogp x (CF TV POED 1) (1.4.6)

ou on a utilisé dans un premier temps l'inégalité de Jensen et le fait qu’il existe une
constante ¢ > 0 telle que P®?(n € TN7T'|N € 7N7) > cP®%*(n € TN7’), et dans un
deuxieme temps 'indépendance de 7 et 7’.

Si > P(n€7)* =400, ce qui est le cas pour a > 1/2 (grace a la Proposition
1.1.8), alors pour n’importe quel 3 (arbitrairement petlt), on prend aussi A = A(f3)
trés petit, de sorte que 2 2 P(n € 7)2 > 1. Alors le terme Var(Zﬁ’ﬁ)/E[Zﬁﬁ]z

diverge (et est ainsi beaucoup plus grand que log EZX,?L qui est d’ordre 1) quand

BN\ O.
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De maniere plus précise, avec I'aide de la Proposition 1.1.8, qui donne P(n €
7) =< n®M=! pour a # 1, on obtient pour @ € (1/2,1) (les cas a > 1 et o = 1/2
étant traités de maniere similaire)

1/F(A)
P(n € )2 “=0 cF(A)72 ~ A2/

n=1

ot on a aussi utilisé le Théoreme 1.1.6. Si a € (1/2,1), alors pour que le terme
Var(Z;\J,”fL)/E[Z%’ﬁP diverge quand B \, 0, il faut donc que BZAUI=20/* > 1 e,
A(B) < [2/C=1) (on obtient A(B) < A% pour a > 1, et A(f < e ) pour
a = 1/2). En reprenant (1.4.4), on aurait h.(3) = h2(8) + A(B) > h2(S), pour tout
f > 0, avec le choix de A(f) ci-dessus. Le désordre devrait donc étre pertinent des
que Y2 P(n € 7)* = 400, cest-a-dire dés que o > 1/2, et on aurait aussi une
borne inférieure sur I’écart entre les points critiques, donné par le choix de A(f).

D’autre part, on étudie le cas ot Y, yP(n € 7)* < +00. On obtient a partir
de (1.4.5) que

Var(z;yj)

_ g2 ﬁfzﬁ_lanaa] _
E[ZﬁiP EXA {e 1, (1.4.7)
ou P%?A est la loi produit de deux mesures de polymere dans le cas homogene, avec
parametre A (Py A est introduite dans la Section 1.1.2).

Avec le choix N = 1/F(A), on sait que Zy a est proche de 1, et on se convainc
facilement que la mesure de polymere Py A est proche de celle originelle P (dans
un certain sens, voir par exemple le Théoreme 1.3.6 dans le cas hiérarchique). On
conclut que si Y, . P(n € 7)* < 400, i.e. si le renouvellement 7 N 7/ est tran-

. ., ﬁ N !/

sient, alors pour § tendant vers 0, la quantité E%?A [e 2 Zn:15”5n] converge vers 1
uniformément en N (par un calcul facile, |7 N 7/| étant une variable géométrique).
Cela suggere que le désordre est non pertinent dés que Y o P(n € 7)* < +o0.
Ce raisonnement peut en réalité étre rendu rigoureux, comme cela est le cas dans

[Ale08], ou dans la Section 4.5, dans le cas du modele hiérarchique.

On possede donc un critere simple, sur la pertinence du désordre:

Le désordre est pertinent < Z P(n € 7)* = +oo. (1.4.8)

n=1

Ce critere a été longuement étudié (de maniere implicite du coté des physiciens), et
il a été montré récemment de maniére rigoureuse que si » - P(n € 7)? < +o0 alors
le désordre est non-pertinent, et que dans le cas ou la fonction a variation lente de
I’Hypothese 1.1.2 converge vers une constante positive, alors le désordre est pertinent
pour tout a > 1/2. Ce critere est donc proche d’étre complétement démontré, et
nous rassemblons maintenant les différents résultats soulignant la pertinence ou la
non-pertinence du désordre.
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Le premier résultat concerne la non-pertinence du désordre pour o < 1/2, et
a été obtenu par K. Alexander [Ale08], (une preuve alternative est donnée dans
[TonO08b]).

En ce qui concerne la pertinence du désordre, les travaux se sont principalement
concentrés sur ’écart entre les points critiques quenched et annealed, en utilisant la
méthode des moments fractionnaires citée précédemment (Section 1.2.2), qui permet
de se ramener a des estimées de taille finie. Ce travail a été effectué dans une série
d’articles, par K. Alexander, N. Zygouras, B. Derrida, G. Giacomin, H. Lacoin et
F. Toninelli [Ale08, AZ09, DGLT09] pour le cas o > 1/2, puis par G. Giacomin, H.
Lacoin et F. Toninelli [GLT10b, GLT11] pour o = 1/2.

Mentionnons aussi que D. Cheliotis et F. den Hollander [CdHar| ont obtenu une
caractérisation variationnelle de I'énergie libre, en utilisant un principe de grandes
déviations pour un processus tres général [BGAH10], qui leur permet de retrouver
certains résultats déja évoqués, que l'on a regroupé dans le Théoreme suivant.

Théoréme 1.4.1. Ecart entre les points critiques dans le cas i.i.d.

e Si v < 1/2, alors le désordre est non-pertinent.
Il existe un By (qui dépend de la loi du renouvellement P et de la loi de [’environnement
P) tel que, pour tout 5 € (0, By), on ait, pour tout u € (0,1)

he(B) = he(B) = —=A(B)
F(B,he(B) +u) = (1 —n(B))F(u),

oun(B) tend vers 0 quand 5 tend vers 0. Rappellons que l'inégalité de Jensen donne
aussi F(B, h2(5) + u) < F(u).

e Sia>1/2, alors le désordre est pertinent.
Pour tout B > 0 on a h.(8) > h2(B), et pour tout € > 0, il existe une constante
¢ > 0 telle que, pour tout 5 € (0,1)

(1.4.9)

2a

sia>1/2 eI < ho(B) = h(B) < Mg,
sia=1/2 exp (—c(s)/ﬁ“a) < he(B) = h*(B) < exp (_0/52) .

Dans le cas a < 1/2, et pour  suffisamment petit (i.e. a haute température), il
n’y a donc aucune modification de I'exposant critique, ni de déplacement du point
critique. Dans [Ton08a], F. Toninelli montre que lorsque le désordre est constitué
de variables non bornées, il y a un déplacement du point critique quand [ est grand
(i.e. & basse température), pour toute valeur de o > 0. Le cas a = 0 (avec une
fonction a variation lente qui décroit suffisament vite, voir I'Hypothese 1.1.2) est
traité dans [AZ10], ou il est montré que les points critiques quenched et annealed
sont égaux pour tout 5 > 0.

(1.4.10)

G. Giacomin et F. Toninelli [GT06] ont montré un résultat complémentaire,
concernant le comportement critique de 1’énergie libre quenched. Sous certaines
conditions assez générales sur la loi de I'environnement (se reporter a [Gia07, Th.5.6],
un environnement gaussien convient), la présence du désordre rend la transition de
phase d’ordre au moins 2: dans le cas d’un environnement gaussien (i.i.d., centré et
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normalisé), pour tout § > 0, a € [0,00) et h > h.(f) on a
F(B,h) < (14 a)(26%) 7" (h — he(8))*. (1.4.11)

Mentionnons que la constante (23%)~! dépend de I’environnement considéré, voir
[Gia07, Th.5.6].

Ce résultat souligne la pertinence du désordre quand o > 1/2, car dans ce cas
'exposant critique annealed (ou pur) est vP"" < 2. Ainsi, I'exposant critique v4"¢ de
I’énergie libre quenched, s'il existe, est nécessairement différent de celui de I’énergie
libre annealed, en 'occurence v4"¢ > v* = pP*, On parle d’un phénomene de lissage
de la transition de phase par le désordre.

1.4.3. Modele d’accrochage en environnement corrélé. La direction na-
turelle a prendre dans I’étude du modele d’accrochage désordonné est de considérer
désormais un environnement non plus ¢.7.d., mais possédant des corrélations spa-
tiales, de la méme maniere que dans la Section 1.3.4. Dans les Chapitres 5, 6 et 7,
nous nous intéressons donc a une séquence w := (w;);en ergodique, et pour rendre
possible I'analyse du probleme, nous nous concentrerons sur des cas ol w possede
une structure de corrélation particuliere.

1.4.3.1. Critére de Weinrib-Halperin: influence du désordre dans le cas corrélé.
Rappelons ici les prédictions que ’on peut faire concernant la pertinence du désordre,
au vu du critere de Weinrib et Halperin [WHS83] (cf. Section 0.2.2). On suppose
que la fonction de corrélation (& deux points) décroit comme r~¢, r étant la distance
entre les points, ( > 0. On devrait avoir, dans le cas d'un systeme unidimensionnel,
que le désordre est pertinent si vP"* < 2/({ A 1) et non pertinent si P > 2/(C A 1).
On devrait ainsi observer une modification du critere de Harris a partir du moment
ou ¢ > 1.

Jusqu’a présent, seul le cas d’un environnement gaussien possédant des cor-
rélations a portée finie a été considéré, par J. Poisat dans [Poill, Poil2]. 1l est
montré que dans ce cas, le critere de Harris reste valable, a savoir que le désordre
est pertinent si @ > 1/2 et non-pertinent si @ < 1/2. Nous nous attacherons dans
le Chapitre 5 a donner des résultats dans le cas ou I'environnement est gaussien
avec des corrélations a longue portée (dont l'intensité décroit en puissance), et qui
confirment en partie la prédiction de Weinrib-Halperin. Un résultat surprenant est
notamment que lorsque les corrélations deviennent trop fortes (i.e. quand { < 1 pour
reprendre les notations précédentes), alors le systeme désordonné ne possede plus de
transition de phase a proprement parler, et reste dans la phase localisée pour tous
les parametres h € R. Ce phénomene provient du caractere non borné des variables
aléatoires w;. Nous considérons donc dans les Chapitres 6 et 7 des environnements
bornés, afin de conserver la transition de phase, et de pouvoir étudier I'influence de
tres fortes corrélations sur celle-ci.

1.4.3.2. Environnement gaussien corrélé. 1l est naturel de considérer dans un
premier temps un environnement gaussien, pour rendre certains calculs explicites
(comme c’est le cas dans le modele hiérarchique, cf. Section 1.3.4). Nous étudierons
ce cas en détails dans le Chapitre 5, ou les résultats obtenus sont regroupés.
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On considére une séquence w := {w,}, > o de variables gaussiennes centrées, de
variance unitaire. La loi de w est notée IP, caractérisée par la matrice de covariance
T = (Yi;)ijen, avec T;; = Elww;], qui est symétrique définie positive. On fait
I'hypothese naturelle que les covariances T;; ne dépendent que de la distance entre
i et j, c’est-a-dire Y;; = pj;—;, avec pg = 1. En d’autres termes, on considere
w = {wn }nen un processus gaussien stationnaire centré, caractérisé par sa fonction
de corrélation (pg)r >0, avec pg = 1. On suppose que limy . |px| = 0, de sorte que
la suite w soit ergodique (voir [CFS82, Ch.14 §2, Th.2], [It644] pour le théoreme
original), ainsi I’énergie libre quenched F(S, h) existe, tout comme le point critique
quenched h3"¢(3), comme annoncé dans la Section 1.4.1.

Hypothese 1.4.2. Il est en réalité naturel de considérer, comme le suggerent
Weinrib-Halperin, des corrélations qui décroissent en loi de puissance. On sup-
pose que pr = 0 pour tout k > 0, et on fait I’hypothese qu’il existe un certain ¢ > 0
et une constante ¢y > 0 telle que

o T ok (1.4.12)

Mentionnons que dans la plupart des résultats obtenus dans le cas ( > 1, cette
hypothese peut étre affaiblie, en ne supposant ni la non-négativité des pg, ni la
décroissance en loi de puissance, mais simplement la sommabilité des corrélations.
On se réfere au Chapitre 5 pour plus de précisions. Dans la suite, on se réfere au
cas de corrélations “sommables” si ¢ > 1 et “non-sommables” si ( < 1.

Remarque 1.4.3. Dans le cas d’une suite convexe (pg)ren (qui est en particulier
positive, puisque p, — 0), ce qui est par exemple le cas lorsque py := (1 + k)¢, il
est standard qu’une telle loi gaussienne existe, car c¢’est une fonction de corrélation
de Pélya [P6l49] (cf. aussi [Luk83, Th.1.2.2.]). Nous donnons maintenant une
construction explicite d’un processus gaussien avec une telle fonction de corrélation.
Soit Z = {[a,b] " N; a,b € N, a < b}, et soit {&r};er une famille de variables
gaussiennes i.i.d. N'(0,1), de loi notée P. On a alors I’égalité suivante en loi:

W; = b\[@], (1413)
Ielyiel

ol pr := pj7) ne dépend que de la taille de I, et ot on a pris p == /pr—1 — 20k + Prt1
pour tout k& € N (la racine carrée étant bien définie, grace a la convexité de la suite
(Pk)k >0). On calcule directement (grace a une sommation par partie) que la famille
gaussienne ainsi construite possede la structure de corrélation voulue, la somme dans
le membre de droite de (1.4.13) étant bien définie, car Y, . kpy = 1 < oc.

Il est possible de donner d’autres exemples de séquences gaussiennes dont la
fonction de corrélation n’est pas forcément convexe, mais tout de méme positive et
a décroissance en loi de puissance. Dans [BDZ95], les auteurs considerent le cas d'un
processus gaussien dont la fonction de corrélation est égale a la fonction de Green
(donc positive) d'une marche aléatoire X transiente sur Z¢. Ils donnent aussi une
construction de marches aléatoires transientes dont les noyaux de transition sont
dans le domaine de loi a-stables (a € (0,2 A d)), et montrent qu’alors la fonction
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de Green est asymptotiquement équivalente & c, g|z|~4T, ol la constante c, 4 est
explicite (cf. aussi [BD94]).

Le Chapitre 5 est dédié a I’étude de l'influence des corrélations sur le modele
d’accrochage désordonné, et nous rassemblons ici les principaux résultats (bien que
partiels) sur ce modele. Rappelons que le Chapitre 4 correspond a I’étude du modele
hiérarchique dans le cas de corrélations sommables, et permet ainsi de présager des
résultats dans le modele non hiérarchique.

On commence par le cas sommable ¢ > 1. On note Zy, := IE[ZRJ,?L] la fonction
de partition annealed, et on montre que sous I'Hypothese 1.4.2 et si ¢ > 1, I'énergie
libre annealed définie par F*(, h) := limy_ + log Z% , existe et est finie pour tout
S = 0,h € R (voir la Proposition 5.2.1). On a ainsi I'existence d’'un point critique
annealed h2(5) = inf{h, F*(8,h) > 0}, qui sépare (comme d’habitude) une phase
délocalisée d'une phase localisée.

De la méme maniere que dans le modele hiérarchique, on peut donner une ex-
pression explicite de la fonction de partition annealed grace a la nature gaussienne
du désordre, de la méme forme que (1.3.19)

N N N—n
exp ((52 J24 1) 0.+ B> 60> pk5n+k> 5N] S (1414)
n=1 k=1

n=1

Z?V’h — E

Contrairement au cas i.d.d. (cf. Section 1.4.2), le modele annealed n’est donc pas
équivalent au modele homogene standard de la Section 1.1.2, car des termes 0,0, 1
dus aux corrélations apparaissent. Le modele annealed est intéressant en soi, en
tant que modele homogene possédant des interactions a longue portée, et le premier
résultat concernant 1’énergie libre annealed est le suivant.

Théoréme 1.4.4. On five 3 > 0 et on suppose que Y, . k|px| < 0o. Alors il existe
une constante ¢ > 0 telle que

F(c tu) < FA(B,h*(B) + u) < F(cu) (1.4.15)
tant que F*(h2(B) +u) < 1. On a ainsi v* =P =1V 1/a.

Ce Théoreme, a rapprocher du Théoreme 1.3.6 dans le cas hiérarchique, montre
donc que, si Y, . klpe] < 0o (i.e. ¢ > 2), le systeme annealed possede le méme
comportement que le systeme homogene. La difficulté, comme dans le modele hié-
rarchique, consiste a controler I'effet des interactions a longue portée sur le systeme
annealed. Ce résultat ne donne cependant aucune indication sur le critere de
pertinence/non-pertinence du désordre, méme si 1’étude du systéme annealed en
constitue une premiere étape.

Soulignons aussi que les résultats obtenus dans le cadre hiérarchique (Section 1.3),
bien que n’impliquant rien dans le cas présent, donnent en vertu de la Remarque 1.3.4
une idée précise de ce que l'on peut attendre ici, en utilisant la (supposée) corre-
spondance ¢ = log(1/r)/log2. La condition ),  k|px| < oo correspond au choix
k < 1/4, et au vu du Théoreme 1.3.6 on peut penser que le Théoreme 1.4.4 reste
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valable sous la condition plus faible ¢ > 2(1 A @) V 1. On peut comparer la Fig-
ure 4.1 du Chapitre 4 et la Figure 5.1 du Chapitre 5, pour avoir une idée de la
correspondance entre les modeles hiérarchique et non hiérarchique.

Meéme si I’étude du systeme annealed reste encore en chantier, nous possédons des
résultats sur le systeme désordonné, notamment un résultat similaire a la Proposition
4.3.5 (qui était dans le cas hiérarchique).

Proposition 1.4.5. Sous [’Hypotheése 1.4.2 et si ( > 1, pour tout o > 0, tout g > 0
eth eR, ona

F(B,h) < (1+a)(26°To) ™" (B = he(8))] (1.4.16)
ot on a noté Yoo = (1+23, k) € (0,400).

Le systeme désordonné possede ainsi une transition de phase d’ordre au moins
2, et a donc un comportement critique différent du systeme homogene dans le cas
ou VP < 2. La pertinence du désordre est donc montrée pour o > 1/2. Par contre,
la non-pertinence du désordre pour o < 1/2, prédite par le critere de Weinrib-
Halperin, est plus difficile a traiter que dans le cas i.i.d., car l'outil principal est la
comparaison du systeme désordonné avec le systeme annealed, qu’il est tres complexe
de manipuler dans le cas présent (le cadre hiérarchique permettait une étude plus
simple du modele annealed, cf. Section 1.3.4).

Dans le cas non-sommable, comme pour la Remarque 1.3.5, nous montrons que
sous 'Hypothese 1.4.2, ( < 1, I'énergie libre annealed est F*(3,h) = +oco. Nous
avons aussi un résultat similaire au Théoreme 1.3.9, qui indique que le systeme
désordonné devient lui aussi moins intéressant, car ne possédant aucune transition
de phase.

Théoréme 1.4.6. Sous I’Hypothese 1.4.2 et si ( < 1, on a F(5,h) > 0 pour tout
B> 0,h €R, de sorte que h.() = —oo. Il existe une constante ¢ > 0 telle que pour
tout 6 >0eth< —1

F(B,h) > exp (—c|h|(|h]/5%)"/0)). (1.4.17)

Ainsi, lorsque les corrélations sont trop fortes (i.e. si ¢ < 1), la transition de
phase disparait, et il n’y a donc aucun espoir de vérifier ou d’infirmer le critere
de Weinrib-Halperin, qui devrait donner une modification du critere de Harris (cf.
Section 1.4.2).

1.4.4. Effet de tres fortes corrélations sur la transition de phase. La
démonstration du Théoreme 1.4.6 (cf. Section 5.2.3), suggere que, lorsque les cor-
rélations sont tres fortes, le point critique est h.(8) = —fesssup(w;) (avec la dé-
finition esssup(w;) = inf{a € R,P(w; > a) = 0}). En effet, on a trivialement
que h.(8) = — [ esssup(wy), car tous les w; sont plus petit que esssup(w;) (avec
probabilité 1), et si de tres grandes régions ou w est tres proche de esssup(wy)
apparaissent (ce qui arrive lorsque le corrélations sont tres fortes), alors la stratégie
consistant a ne viser que ces zones permet aux trajectoires d’étre localisées des que
h > —fFesssup(wi) + €, pour € > 0 arbitraire.
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Sous 'Hypothese 1.4.2, on devrait donc observer le comportement suivant: pour
¢ > 1, le critere de Harris est vérifié, et lorsque ¢ décroit vers 1 (i.e. les corrélations
augmentent), le point critique h.(3) est poussé vers —fesssup(w;), valeur qu’il
atteint lorsque ¢ < 1.

Nous nous concentrons, dans les Chapitres 6 et 7 au cas ou la séquence w :=
{wn }nen (de loi toujours notée P) est constituée de variables bornées (esssup(w) <
o0), afin de pouvoir observer une transition de phase méme lorsque les corrélations
sont tres fortes (nous préciserons plus tard ce que nous voulons dire par 1a). Pour des
raisons techniques et de notations, on suppose que w est & valeurs dans {—1,0}".
Dans ce cas, les w; ne sont ni des variables centrées, ni de variance 1, mais un
ajustement des parametre et h dans la fonction de partition Zf,fl (h — h+BE[w],

B+ Var(w;)'/? B), permet de se ramener & ce cas.

Le fait que w; € {—1,0} donne un environnement qui n’est constitué que d’élé-
ments neutres ou répulsifs, de sorte que le point critique vérifie h.(5) > 0. Lorsque
les corrélations augmentent, le point critique h.(f3) est en quelque sorte poussé vers
—fBesssup(wi) = 0 et devient égal a 0 lorsque les corrélations dépassent un certain
seuil, comme suggéré précédemment. Plus précisément, s’il y a dans un systeme de
taille N des régions de taille > log N ol w est constant et égal a 0 avec probabilité
> ¢ (uniformément en N), le point critique est h.(3) = 0. Le fait de connaitre la
valeur exacte de h.() permet une analyse plus poussée du systeme désordonné, et
notamment de ses propriétés critiques.

Cette prédiction est vérifiée dans les Chapitres 6 et 7, et nous sommes en effet
capables de donner des bornes (précises dans le Chapitre 6, significatives dans le
Chapitre 7) sur ’énergie libre quenched, si les corrélations sont suffisamment fortes
(en un sens a préciser). Le résultat le plus surprenant est que, lorsque le point
critique est égal a 0, nous arrivons de maniere tres générale a avoir des bornes sur
I’énergie libre. On montre entre autres que, sous certaines conditions (notamment
dans le cas d'un environnement naturel basé un processus gaussien, introduit dans
un moment), le désordre est toujours pertinent: 'exposant critique quenched est
plus grand que celui du systéme pur (et peut étre infini), pour toute les valeurs du
parametre o > 0 du processus de renouvellement.

1.4.4.1. Un premier exemple: un environnement corrélé par blocs. Le Chapitre 6,
basé sur 'article [BL] écrit en collaboration avec H. Lacoin, se concentre sur un en-
vironnement particulier, a valeurs dans {—1, 0}, et construit par blocs. La construc-
tion est la suivante: on prend T = (7,,)n > 0, 70 = 0 un processus de renouvellement
récurrent (de loi notée P), dont la loi inter-arrivée K(-) vérifie, de maniere analogue
a I'Hypothese 1.1.2

CK
n1+a ’

A~

K(n) :=P(H =n) "Z° (1+0(1)) (1.4.18)

pour un certain @ > 1. Une réalisation de 7 donne alors un découpage du systeéme
en blocs [T;_1,7;), sur lesquels on donne a w une valeur constante (on notera w = 0
ouw = —1). On tire a pile ou face sur chaque bloc la valeur que prend w:

wnp =X;, Yn € (11,7, (1.4.19)
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ou X; = —1 avec probabilité 1/2, et X; = 0 avec probabilité 1/2 (les { X, };en formant
une famille indépendante). Notons que, sous ces conditions, on a E[ﬂ] < 00, ce qui
est tres important pour assurer 1'ergodicité de w, et ainsi le caractere auto-moyennant
de I'énergie libre (cf. Chapitre 6).

L’environnement possede donc de tres grands blocs ot w = 0, et d’autres ou

= —1, la taille des différents blocs étant i.i.d, de loi a queue lourde. Nous arrivons

dans ce cadre & montrer que le point critique est h.(5) = 0 pour tout 8 > 0, et
nous controlons de maniere tres précise le comportement critique du systeme, aussi
bien lorsque h N\, 04 (notamment concernant I’énergie libre, cf. Théoreme 1.4.7),
que lorsque h = 0 (concernant le nombre de contacts sous la mesure va’,ﬁhzo, cf.
Théoreme 1.4.8).

Le comportement de I’énergie libre est ainsi connu a une constante pres.

Théoréme 1.4.7. I existe deux constantes Cy > 0 et Cy > 0 (qui dépendent de 3)
telles que, pour tout h € (0,1), on ait

Cih@a | log h|'=8 < F(B, h) < CohTra | log h|'—3. (1.4.20)

Nous avons aussi des informations sur la mesure de polymere P‘J"V’izo, au point
critique h.(3) = 0.

Théoreme 1.4.8. Pour P-presque tout w, pour tout € > 0, il existe un certain

ap = ap(w, 5,¢) € R tel que, pour tout a > ag et a < N ~¢, on ait
o T <P _ (1m0, N]| = @) < a0V, (1.4.21)

Un conséquence est que la suite de lois (vy)n >0 sur N definie par
vn(A) == PS5 _o(jT N[0, N]| € A) (1.4.22)

(i.e. les lois du nombre de contacts sous P;i,:ﬁh:o), est tendue P-p.s.

Ce Théoreme indique que sous la mesure P‘Z‘Gizo, (i.e. la mesure de polymere au
point critique), il y a un nombre fini de contact.

Le comportement critique du systeme désordonné est donc vraiment différent
de celui du systeme pur (se rappeler de la Section 1.1.2), aussi bien en ce qui con-
cerne ’exposant critique, qu’en ce qui concerne le comportement des trajectoires
au point critique, et ceci quelle que soit la valeur du parametre o du processus de
renouvellement. Le désordre est ainsi toujours pertinent.

Ce phénomene est di a la présence de tres grandes régions ot w = 0: dans le
cas présent, pour un systeme de taille N, la plus grande zone constituée de 0 est
de taille d’ordre N%/&, ce qui permet aux trajectoires du polymere d’étre localisées.
Nous montrons aussi dans le Chapitre 6 que Cov(w;, wy) ~ cst.k'=%, ce qui souligne
que 'on peut observer le régime anormal décrit par le Théoreme 1.4.7 méme si la
fonction de corrélation décroit (relativement) rapidement. Ceci contredit le critere
de Weinrib-Halperin, qui prédit que le désordre devrait étre pertinent seulement
si P < 2/(C A1), dans le cas ol la fonction de corrélation décroit comme r=¢,
¢ > 0. On observe ainsi I'apparition d’'un comportement nouveau, que ’'on appelle
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fortement pertinent, et qui est di a la présence de tres grandes zones favorables (ou
w = 0) de taille > log N dans un systeme de taille N

Nous mentionnons aussi que, lors de la démonstration de ces Théoremes (cf.
Chapitre 6), il ressort une trés bonne compréhension du comportement des trajec-
toires sous la mesure P;‘(,’ﬁl, aussi bien pour h > 0 que pour h = 0. Pour h > 0, la
stratégie de localisation du polymere consiste a viser les grandes régions ou w = 0
(en l'occurence les régions plus grandes que |logh|F(h)™!), et a éviter les autres
régions, qui ne sont pas assez profitables d’un point de vue énergétique. Pour h = 0,
afin d’avoir a contacts sous Puﬁﬁz:m la meilleure stratégie est de viser une zone assez
grande ou w = 0, pour pouvoir y placer les a contacts sans pénalité énergétique.
Nous donnons une idée plus précise du comportement des trajectoires dans la Sec-
tion 6.2.2.

Il s’avere aussi que, malgré la construction particuliere de 'environnement, 1’étude
de ce systeme désordonné fasse ressortir certaines propriétés importantes de la
séquence w, dues aux corrélations, et qui influent sur le comportement critique
du systeme de maniere cruciale. Ce travail est donc une premiere étape dans la
compréhension de systémes ot 'environnement w € {—1,0}" posséde une forme
plus générale que celle (1.4.19) présentée ci-dessus.

1.4.4.2. Le cas général d’un environnement corrélé. Le Chapitre 7 se place donc
dans un cadre général: on considere une séquence w ergodique, a valeurs dans {—1,0}
et non triviale (i.e. P(w; = 0) > 0, P(w; = —1) > 0). Nous donnons alors une
condition suffisante sur la séquence w pour que le point critique soit égal a sa valeur
minimale possible h.(f) = 0 (comme dans le cas ou w serait constant égal a 0).

On définit les blocs o w = 0 et ou w = —1 de la configuration w. On con-
sidere une séquence w = {w;}; > 1 (pour simplifier les notations qui suivent), et on
conditionne la séquence a avoir w_; = —1,wy = 0, qui est un événement de proba-

bilité positive, et n’affecte donc pas 1'énergie libre. On définit les suites (7},), > o, et
(&2)n > 1, en posant Ty := 0, et pour tout n > 1

T, = inf{i > T, 1 ; wiys # wil,

‘=T T . (1.4.23)

Le systeme est donc divisé en blocs de taille &,, qui sont alternativement constitués
de “0” et de “—1". Le conditionnement wy = —1,w; = 0 permet d’identifier les
blocs d’indice impair (75, To,+1] (donc de taille £o,,11), comme étant les blocs o
w = 0.

On définit maintenant la variable aléatoire 77 (A) comme la position de la premieére
zone de taille supérieure a A, ou w = 0,

7—1<A> = I'Ilil'l{TQH_l 2 07 1 2 0, 522'4_1 2 A} (1424)

L’idée du Théoreme 1.4.7 est de comparer le cout entropique et la récompense
énergétique de la stratégie consistant a viser directement une région ou w = 0 de
taille > A. En reprenant cette idée, on obtient une condition suffisante pour avoir

he(B) = 0.
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Théoréme 1.4.9. Si liminfg o %E[logﬂ(A)] = 0, alors pour tout 5 > 0 on a
he(B) = 0.

Ce Théoreme est en réalité beaucoup plus complet dans le Chapitre 7, sous la
forme du Théoreme 7.3.2, que nous n’avons pas énoncé dans son intégralité pour
éviter 'accumulation de détails techniques ou de notations dans cette Introduction.
Le Théoreme 7.3.2 donne en effet une borne inférieure sur 'énergie libre (que nous
présumons étre la bonne, au moins dans le cas « > 1), ainsi qu’une borne supérieure.
I1 donne aussi une condition (qui ne rejoint pas la condition du Théoreme 1.4.9) sur
la séquence w pour que le point critique soit h.(/3) > 0. Le Théoreme 7.3.2 permet
ainsi d’obtenir déja des résultats assez précis, concernant 1’énergie libre ou la valeur
du point critique, pour de nombreuses séquences w & valeur dans {—1, 0},

Comme dans le cas du Théoreme 1.4.7, obtenir une bonne borne supérieure pour
I’énergie libre est beaucoup plus difficile. Le raisonnement de la Section 7.4.3 donne
un méthode qui pourrait donner une borne tres précise pour 1’énergie libre, et qui
permet aussi de faire la conjecture suivante (voir la Conjecture 7.3.3 pour une version
plus complete), que la condition du Théoréme 1.4.9 est en réalité un critere décidant
si le point critique est égal a 0 ou non.

Conjecture 1.4.10. Siw € {—1,0}" est ergodique et non triviale, on a l’équivalence
entre les deux conditions suivantes

1
() liminf S Eflog 73 (4)] > 0,
(17)  he(B) >0  pour tout 5 > 0.

(1.4.25)

Nous considérons dans le Chapitre 7 quelques applications possibles du Théore-
me 1.4.9 (ou mieux, de sa version complete, cf. Théoreme 7.3.2), notamment dans le
cas ott la suite w € {—1, 0} est basée sur le signe d’'une séquence gaussienne corrélée.
Soit W := {W,, },,en un processus gaussien stationnaire centré, de loi notée P, de
matrice de covariance T caractérisée par sa fonction de corrélation py := E[W W],
avec pp = 1. Nous reprenons les méme notations que précédemment, car nous con-
sidérons le méme objet. On fait de méme I'Hypothese 1.4.2 pour W: pp > 0 pour
tout k£ > 0, et il existe un certain ¢ > 0 et une constante ¢y > 0 telle que

o R ok ¢ (1.4.26)

La séquence w est alors simplement basée sur le signe de W,,. En 'occurence, on
définit w; := —1yw, < 0}, qui donne une séquence w ergodique (car W est ergodique),
de maniere tres naturelle. Nous nous réfererons a ce choix d’environnement comme
étant le cas des Signes gaussiens.

Avec un peu de travail, principalement sur des estimées gaussiennes (cf. Ap-
pendice A), on obtient a partir du Théoreme 7.3.2 le résultat suivant, qui recense
deux comportements différents pour le modele d’accrochage inhomogene, selon que
les corrélations soient sommables (¢ > 1) ou non-sommables (¢ < 1).

Théoreme 1.4.11. Dans le cadre d’un environnement de Signes gaussiens, on a
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e 5i ¢ <1, alors h.(8) = 0 pour tout § > 0. Il existe une constante ¢ > 0 telle
que pour tout § > 0

F(8,h) > exp (—c|log h|1/(1_<)F(h)_</(1_<)) . (1.4.27)

De plus, pour tout 5 € (0,1), il existe un certain hg > 0 et une constante ¢ > 0 tels
que, pour tout h € (0, hg) on ait

F(B,h) < exp (—ch ™). (1.4.28)

e Si ¢ > 1, alors il existe n > 0 tel que pour tout 3 > 0 et h € R on ait
F(B,h) < F*B,h) < F(h—np), de sorte que h.(B) = h2(5) = np.

Le résultat marquant est que lorsque ¢ < 1, la transition de phase est d’ordre
infini, quelle que soit la valeur du parametre o du processus de renouvellement.
Nous sommes donc en présence d'un cas ou le désordre est toujours pertinent. Dans
le cadre du modele d’accrochage sur une ligne de défauts, c’est le premier exemple
dont on soit au courant ou ’on peut montrer que la transition est d’ordre infini pour
le systeme désordonné (mis a part le cas tres spécial ot aw = 0 ou le systeme pur
possede déja une transition C, et ou les points critiques quenched et annealed sont
toujours égaux [AZ10]).

1.4.5. Y a-t-il violation du critere de Weinrib-Halperin? Dans le cas
d'un environnement de Signes gaussiens considéré plus haut, i.e. ot w; = —1yw, <o},
un rapide calcul permet d’obtenir que Cov(w;, w; ) ~ cr~¢ lorsque r est grand (cf.
(7.3.15)), avec ¢ le méme exposant de décroissance que la fonction de corrélation
du processus gaussien W sous-jacent (cf. (1.4.26)). En faisant varier { le parametre
de décroissance des corrélations, le Théoreme 1.4.11 montre que l'on observe une
transition lorsque ¢ devient plus petit que 1. Si ¢ > 1, le point critique est d’ordre
B, et le critere de Weinrib-Halperin suggere que 'on devrait avoir un régime similaire
au cas i.i.d. en ce qui concerne le critére pertinence/non-pertinence du désordre (en
analogie avec 'étude faite pour le modele hiérarchique dans le cas de corrélations
sommables, cf. Chapitre 4). D’un autre coté, pour ¢ < 1, on a un régime ou le
point critique est égal a 0, et ou I’énergie libre possede une transition d’ordre infini:
le désordre est toujours pertinent et la prédiction de Weinrib-Halperin n’est plus
valide.

Nous résumons dans le tableau suivant les différents comportements du systeme
en fonction de (, passant d’un régime que nous appelons classique pour ¢ > 1, a un
régime que nous appelons fortement pertinent pour ¢ < 1.

¢>1 . (<1
he(B8) = ¢(€)B he(B) =0
h.(8) — 0 || Transition de phase d’ordre
00
? Critere de Désordre toujours pertinent
Weinrib-Halperin ?
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Comme déja évoqué précédemment, ’apparition d’'un nouveau régime provient
du fait que certains événements rares, a savoir la présence de tres grandes zones ou
w = 0, deviennent prépondérants dans le comportement du systeme (quand ¢ < 1
dans le cas des Signes gaussiens). En réalité, la taille de ces zones ot w = 0 ne
dépend, en général, pas uniquement de la décroissance de la fonction de corrélation
a deux points (ce qui est par contre le cas pour un environnement basé sur une
séquence gaussienne), mais de la structure de corrélation globale.

Dans le cas d’'un environnement construit par blocs cité plus haut (1.4.19), et
étudié dans le Chapitre 6, nous avons par exemple remarqué que la fonction de
corrélation décroit comme r~ (@1 (on aurait donc ( = @ — 1 pour reprendre les
notations de Weinrib-Halperin). Cependant, de tres grands blocs ou w = 0 appa-
raissent (de taille N'/¢ dans un systeme de taille N). Cela montre que le critere de
Weinrib-Halperin n’est pas opportun dans ce cas particulier, et en 'occurence nous
prouvons que le désordre est toujours pertinent, quelle que soit la valeur de { = a—1.
Au vu des Théoremes 1.4.7 et 1.4.9 et de la Conjecture 1.4.10, ceci permet d’affirmer
que la condition pour observer un comportement fortement pertinent n’est pas le
caractere non-sommable des corrélations, mais ’apparition de régions anormalement
grandes ot w = 0 (ou plus généralement de régions ol w = ess sup(wy)).

Le critere de Weinrib-Halperin est basé principalement sur des raisonnements
de type gaussien, ou connaitre la décroissance de la fonction de corrélation suffit a
caractériser le processus (cf. [WHS83, Sec. III], ou la nature gaussienne du désordre
permet le calcul de moments de la fonction de partition E[(Zx)"]). Le critere de
Weinrib-Halperin n’est ainsi a propos que dans ce cadre, bien qu’il soit souvent cité
dans la littérature dans un cadre général. Nous présumons cependant que ce critere
soit valable en dehors du régime fortement pertinent décrit plus haut.

On conclut que I'effet des corrélations dépend tres fortement de la loi du désordre,
ce qui rend 'argument de Weinrib et Halperin moins robuste que le critere de Harris,
ou la nature i.7.d. du désordre permet d’adopter un point de vue tres général.

Elargissement

Ce travail de these a permis de mieux comprendre 'influence du désordre sur le
phénomene de localisation, et en particulier lorsque celui-ci possede de tres fortes
corrélations spatiales. Nous avons par exemple mis en avant le comportement dit
fortement pertinent du systeme lorsque des régions favorables tres grandes appa-
raissent, ce qui est le cas lorsque les corrélations ne sont pas sommables dans le
cas gaussien, la condition étant différente (cf. Théoreme 1.4.9) dans le cas général.
Le choix fait dans le Chapitre 7 de considérer un environnement qui est basé sur
la séquence des signes d'un processus gaussien est arbitraire, et ’on peut avoir des
résultats similaires si I’on considere d’autres séquences a valeurs discretes.

La question naturelle qui apparait est celle du seuil a dépasser dans les corréla-
tions afin d’observer ce comportement atypique. La conjecture 1.4.10 propose ainsi
un critere qui permet de savoir si la séquence w possede suffisament de zones favor-
ables a la localisation pour que celle-ci soit effective des que h > 0 (dans le cas d'un
environnement w € {—1,0}").
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Ce travail de these a donc ouvert de nombreuses perspectives. Par exemple,
en ce qui concerne le modele d’accrochage sur une marche aléatoire, on possede
une borne inférieure sur I’écart entre les points critiques en dimension d > 3 (voir
Théoreme 1.2.4). Nous pensons que cette borne est exactement le bon ordre de
grandeur pour 59"¢(p)—[B2(p), ce qui permettrait d’affirmer que le cas de la dimension
d = 3 est bien marginal, I’écart entre les points critiques étant exponentiellement
petit. Il reste cependant a donner une borne supérieure pour cet écart, la difficulté
venant du fait que l'on ne maitrise pas la quantité Var(Z{ 5), dont la connaissance
précise donnerait I'écart entre les points critiques, en reprenant les méthodes déja
utilisées pour le modele d’accrochage sur une ligne de défauts (voir [Ale08, Ton08b],
et la Section 4.5). Pour le modele d’accrochage non hiérarchique sur une ligne
de défauts en environnement corrélé, il reste aussi a comprendre completement le
modele annealed, et a montrer que le critere de Weinrib-Halperin est valable en
dehors du régime fortement pertinent, notamment en termes d’écart entre les points
critiques quenched et annealed.

Nous mentionnons ici que M. Birkner, A. Greven et F. den Hollander [BGdH10]
ont trouvé un principe de grandes déviations quenched pour un processus de décou-
page de mots dans une séquence i.i.d. de lettres, fortement lié aux modeles que
nous considérons ici. D. Cheliotis et F. den Hollander ont utilisé ce principe dans
le cadre du modele d’accrochage désordonné [CdHar|, et E. Bolthausen, F. den
Hollander et A. A. Opoku l'ont aussi adapté dans le cadre du modele de copolymere
[BAHO11]. Dans les deux cas, les auteurs ont retrouvé certains résultats connus sur
la pertinence du désordre dans le cas i.i.d., et leur méthode permet aussi d’obtenir
une formule variationnelle pour I’énergie libre et pour les point critiques quenched
et annealed, grace au principe de grandes déviations [BGdH10]. En ce qui concerne
le modele de copolymere, les auteurs de [BAHO11], gace a cette caractrérisation
variationnelle, ont pu améliorer qualitativement les bornes connues sur la pente de
la courbe critique.

On peut espérer que ce procédé donne de nombreux autres résultats, car les
propriétés essentielles du systemes sont codées dans le principe variationnel: on
peut par exemple penser pouvoir donner un équivalent précis du point critique h.(53)
lorsque B ™\, 0. Cette technique semble tres robuste et pourrait aussi s’appliquer
dans le cas corrélé, en adaptant le principe de grandes déviations déja cité.

On peut ouvrir la réflexion de cette these a d’autres cadres, par exemple celui du
copolymere, jusqu’ici toujours étudié dans un cadre i.7.d. Une étude de la dynamique
du phénomene d’accrochage d’un polymere sur une ligne de défauts a été entreprise
récemment [CLM™11, CMT08], ot une dynamique de Glauber est considérée, dans
le cas d'un environnement homogene. L’étude du systeme a 1’équilibre donnant de
nombreuses informations sur la dynamique hors équilibre, le travail présenté ici peut
ainsi donner des outils pour comprendre la dynamique d’un polymere dans le cadre
d’un environnement aléatoire, 7.7.d. ou corrélé.



Part 1

Modele d’accrochage sur une marche
aléatoire






CHAPTER 2

On the critical points in dimension d = 3

2.1. Introduction

We consider the Random Walk Pinning Model (we write for short RWPM): the
starting point is a zero-drift random walk X on Z¢ (d > 1), whose law is modified
by the presence of a second random walk, Y. The trajectory of Y is fixed (quenched
disorder) and can be seen as the random medium. The modification of the law of
X due to the presence of Y takes the Boltzmann-Gibbs form of the exponential of
a certain interaction parameter, 3, times the collision local time of X and Y up to
time N, Ly(X,Y) = > 1, < v L{x,=v,}- If B exceeds a certain threshold value
paue. then for almost every realization of Y the walk X sticks together with Y, in
the thermodynamic limit N — oo. If on the other hand 5 < 3" then Ly (X,Y) is
o(N) for typical trajectories.

Averaging with respect to Y the partition function, one obtains the partition
function of the so-called annealed model, whose critical point 82 is easily computed;
a natural question is whether 3" # (2 or not. In the renormalization group
language, this is related to the question whether disorder is relevant or not. In
an early version of the paper [BGdH10|, Birkner et al. proved that "¢ # (2
in dimension d > 5. Around the same time, Birkner and Sun [BS10] extended this
result to d = 4, and also proved that the two critical points do coincide in dimensions
d=1and d=2.

The dimension d = 3 is the marginal dimension in the renormalization group
sense, where not even heuristic arguments like the “Harris criterion” (at least its
most naive version) can predict whether one has disorder relevance or irrelevance.
Our main result here is that quenched and annealed critical points differ also in
d=3.

For a discussion of the connection of the RWPM with the “parabolic Anderson
model with a single catalyst”, and of the implications of 53" # 2 about the location
of the weak-to-strong transition for the directed polymer in random environment,
we refer to [BS10, Sec. 1.2 and 1.4].

Our proof is based on the idea of bounding the fractional moments of the parti-
tion function, together with a suitable change of measure argument. This technique,
originally introduced in [DGLT09, GLT10b, GLT11] for the proof of disorder rele-
vance for the random pinning model with tail exponent o > 1/2, has also proven to
be quite powerful in other cases: in the proof of non-coincidence of critical points for
the RWPM in dimension d > 4 [BS10], in the proof that “disorder is always strong”
for the directed polymer in random environment in dimension (1+2) [Lac09] and fi-
nally in the proof that quenched and annealed large deviation functionals for random

59
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walks in random environments in two and three dimensions differ [YZ10]. Let us
mention that for the random pinning model there is another method, developed by
Alexander and Zygouras [AZ09], to prove disorder relevance: however, their method
fails in the marginal situation v = 1/2 (which corresponds to d = 3 for the RWPM).

To guide the reader through this Chapter, let us point out immediately what are
the novelties and the similarities of our proof with respect to the previous applica-
tions of the fractional moment/change of measure method:

e the change of measure chosen by Birkner and Sun in [BS10] consists essen-
tially in correlating positively each increment of the random walk Y with
the next one. Therefore, under the modified measure, Y is more diffusive.
The change of measure we use in dimension three has also the effect of cor-
relating positively the increments of Y, but in our case the correlations have
long range (the correlation between the i'* and the j* increment decays like
li — 7|7%/2). Another ingredient which was absent in [BS10] and which is
essential in d = 3 is a coarse-graining step, of the type of that employed in
[Ton09, GLT11];

e while the scheme of the proof of our Theorem 2.1.5 has many points in com-
mon with that of [GLT11, Th.1.7], here we need new renewal-type estimates
(e.g. Lemma 2.3.7) and a careful application of the Local Limit Theorem to
prove that the average of the partition function under the modified measure
is small (Lemmas 2.3.2 and 2.3.3).

2.1.1. Reminder of the model and of known results. Let X = {X,,}, >0
and Y = {Y,},, >0 be two independent discrete-time random walks on Z%, d > 1,
starting from 0, and let PX and PY denote their respective laws. We make the
following assumption:

Assumption 2.1.1. The random walk X is aperiodic. The increments (X; —
X;_1)i>1 are i.i.d., symmetric and have a finite third moment (E¥ [||X;[*] < oo,
where || - || denotes the Euclidean norm on Z4). Moreover, the covariance matrix of
Xy, call it X x, is non-singular.

The same assumptions hold for the increments of Y (in that case, we call Xy
the covariance matrix of ;).

For g € R, N € N and for a fixed realization of Y, we define a Gibbs transfor-
mation of the path measure P¥: this is the polymer path measure IP’}\/,’ 5, absolutely

continuous with respect to P~ given by
dPy 1
__NB — BLN(X.Y)
ax )= Z%s T e, (2.1.1)

N
where Ly(X,Y) = 3 1ix,-v,}, and where ZY ; = EX[ePEvO0Y) 104y 0] s the
n=1
partition function that normalizes IP’}\/,’ 5 to a probability.
We note that the quantity VarY(Y;) measures in a way the intensity of the
disorder, if VarY(Y}) is high then the random walk Y oscillates a lot, whereas if
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VarY (Y1) = 0 then Y is constant equal to 0, and the RWPM is only the homogeneous
pinning model described in Section 1.1.2
The quenched free energy of the model is defined by

1 .1
F(B,PY) := A}l_:fg()ﬁlogZ}\/,ﬁ:]&EHOONEY[logZ}\/,ﬁ] (2.1.2)

(the existence of the limit and the fact that it is PY-almost surely constant and
non-negative is proven in [BS10]). We define also the annealed partition function
EY[Z) 5], and the annealed free energy: F*(3,PY) := limy_,o 5 log BV [Z}, 4].

The properties of F?(-) are well known (see Remark 2.1.3), and we have the

existence of critical points, for both quenched and annealed models, see [BS10, Cor.
1.1]:

Definition 2.1.2 (Critical points). There exist 0 < 2 < 3" depending on the
laws of X and Y such that: F*(3,PY) = 0 if 3 < B2 and F*(B,PY) > 0 if 8 > 3%,
F(8,PY) = 0 if B < A and F(3,P¥) > 0 if § > .

The inequality 82 < 83"¢ comes from a simple application of the Jensen inequal-
ity that gives F(3,PY) < F*(3,PY). We also recall that the critical points 39" and
B2 mark the transition from a delocalized to a localized regime, both for disordered

and annealed systems (see the physical motivations in Introduction and in Section
1.2.1).

Remark 2.1.3. As was noticed in [BS10] and in Remark 1.2.3, the annealed model
is just the homogeneous pinning model of Section 1.1.2 (or [Gia07, Chapter 2]),

with partition function EY[ZY ;] = EX~ [exp (ﬁ S 1{(X_y)n:0}> 1{(X_y)N:0}],

which describes the random walk X — Y which receives the reward [ each time it
hits 0.

Before this work, the following was known about the question of the coincidence
of quenched and annealed critical points:

Theorem 2.1.4 ([BS10]). Assume that X andY are discrete time symmetric simple
random walks on Z°.

Ifd =1 ord =2, the quenched and annealed critical points coincide: . = 2 =
0.

If d > 4, the quenched and annealed critical points differ: B. > 5> > 0.

In dimension d > 5, the result was also proven (via a very different method, and
for more general random walks which include those of Assumption 2.1.1) in an early
version of the paper [BGdH10]. The method and result of [BS10] in dimensions
d = 1,2 can be easily extended beyond the simple random walk case (keeping zero
mean and finite variance). On the other hand, in the case d > 4 new ideas are
needed to make the change-of-measure argument of [BS10] work for more general
random walks.

Our main result completes this picture, resolving the open case of the critical
dimension d = 3 (for simplicity, we deal only with the discrete-time model).

Theorem 2.1.5. Under the Assumption 2.1.1, for d = 3, we have B3*¢ > [52.
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We point out that the result holds also in the case where X (or Y) is a sim-
ple random walk, a case which a priori is excluded by the aperiodicity condition of
Assumption 2.1.1; see the Remark 2.1.8. Also, it is possible to modify our change-
of-measure argument to prove the non-coincidence of quenched and annealed critical
points in dimension d = 4 for the general walks of Assumption 2.1.1, thereby ex-
tending the result of [BS10]; see Section 2.3.4 for a hint at the necessary steps.

Note. Independently of this work, M. Birkner and R. Sun [BS11] proved The-
orem 2.1.5 for the continuous-time model, so that the picture is also complete fore
the continuous RWPM, see Theorem 3.1.3.

2.1.2. An essential tool: a renewal-type representation for Z}\;,ﬁ. From
now on, we will assume that d > 3

As discussed in [BS10, Sec.4], there is a way to represent the partition function
Z}Q 5 in terms of a renewal process 7; this rewriting makes the model look formally
similar to the random pinning model [Gia07].

In order to introduce the representation of [BS10], we need a few definitions.

Definition 2.1.6. We let

(1) py () =P (X, = @) and py " (2) = PX7V (X —Y), = 2);
(2) P be the law of a recurrent renewal T = {719,71,...} with 19 = 0, 4.i.d.
increments and inter-arrival law given by

K(n):=P(rn =n) = pg;y_(f) where GX7Y Zp (2.1.3)

(note that GX=Y < oo in dimension d > 3);
(3) 2/ = (e’ —1) and z = 2/ G*7Y;
(4) forn € N and x € Z°,

w(z,n,z) = zM (2.1.4)

PV (0)’

(5) ZVJ}\/EZ = 1+z Z}\/fﬁ

Then, via the binomial expansion of e#E¥(XY) = (1 4 2)IN(XY) one gets

N m
Zv.=EX (14> > <z'>mH1{xn:yn}

m=119=0<11 <...<T=N

N
Z Z HK —Ti)w(z, T — Tic1, Yr, — Yo )

m=119=0<711 <...<Tm=N i=1

—E[W(zrn{0,...,N}LV)1ye], (2.1.5)
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where we defined for any finite increasing sequence s = {sg, s1,..., 5}

EX [Hflzl 21X, =V, l
I - HU)(Z,Sn—Sn_l,Y;n—sznil).
EX-Y [anl l¢x,,=v.,, ‘ X = Yso] n—1

X,y =Y,
Wi(zsY)=

(2.1.6)
We remark that, taking the EY-expectation of the weights, we get

EY [w(z, 7 — Toe1, Yo, — Yoo ))] = 2.

Again, we see that the annealed partition function is the partition function of a
homogeneous pinning model:

Z%’; = EY[ZV%,Z] =E [ZRN]-{NET}] ) (217)
where we defined Ry := |[tN{l,...,N}|. Since the renewal 7 is recurrent, the

annealed critical point is 22 = 1.

In the sequel, we will often use the Local Limit Theorem for random walks, that
one can find for instance in [DM95, Th.3] (recall that we assumed that the increments
of both X and Y have finite second moments and non-singular covariance matrix):

Proposition 2.1.7 (Local Limit Theorem). Under the Assumption 2.1.1, we get

1 1
——z- (Z¢ —7) (218
(271)32(det Sy ) /2 eXp ( ot (Zx 5’3)) +o(n™ %), ( )

where o(n~%?) is uniform for x € Z¢ (we use the notation x -y for the canonical
scalar product in RY).
Moreover, there exists a constant ¢ > 0 such that for all v € Z¢ and n € N

PY(X, =z) < en” Y2, (2.1.9)
Similar statements hold for the walk'Y .

PY(X, =2) "=

In particular, from Proposition 2.1.7 and the definition of K(+) in (2.1.3), we get
K(n) ~ cgn™%? as n — oo, for some positive cx. As a consequence, for d = 3 we
get from [Don97, Th.B| that

1
2me/n

Remark 2.1.8. In Proposition 2.1.7, we supposed that the walk X is aperiodic,
which is not the case for the simple random walk. If X is the symmetric simple
random walk on Z%, then [Law96, Prop.1.2.5]

P(ner)" (2.1.10)

2 1
X _ n—00 . (vl —d/2
P (X, =z) "= Liness} )72 ot S Y172 exp( 57 (Tx x))—i—o(n ),
(2.1.11)

where o(n~%?) is uniform for x € Z¢, and where n > x means that n and x have
the same parity (so that x is a possible value for X,,). Of course, in this case Xy is
just 1/d times the identity matrix. The statement (2.1.9) also holds.
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Via this remark, one can adapt all the computations of the following sections,
which are based on Proposition 2.1.7, to the case where X (or Y) is a simple random
walk. For simplicity of exposition, we give the proof of Theorem 2.1.5 only in the
aperiodic case.

2.1.3. The Harris criterion: heuristic arguments for disorder rele-
vance. The physicist A. B. Harris provides a method [Har74] to decide in a heuristic
way whether disorder is relevant or not, for (quite general) systems with i.i.d. envi-
ronment. His argument is robust and applies to a wide class of models, but in our
case the environment is not i.7.d., since the position of the random walk Y at step
n depends on its position at step n — 1. However we are able to adapt the idea of
Harris to derive a heuristic criterion in our case.

The key point to decide whether one has 3" = 2 or not is to know if the
quenched partition function Z%,B stays close to its mean value, for § close or equal
to B2. We therefore stand at § = 32, and estimate for a small intensity of disorder
(i.e. Var¥ (Y1) small) the quantity Var” (Zy s.): if it stays bounded, then one should
have that "¢ = 2, and if it diverges one should have that g3 > 2.

One already notes that in dimension d = 1,2 one has 82 = 0, and therefore one
gets Zy g = 1, and Var¥ (Z} 5.) = 0, so that disorder should be irrelevant.

We therefore focus on the case of the dimension d > 3, and to simplify our
computations, we assume that X and Y are lazy symmetric simple random walks:
pi(0) = 1/2, p(er) = pf(—ex) = 1/(4d) and we have some p € (0,1) such that
pY(0) = 1—p, p¥ (ex) = pY (—ex) = p/(2d) (where ey, is the k'™ vector of the canonical
base of R?). We made this choice so that both X and Y are aperiodic, and also
to have VarY (Y}) = p, so that one is able to choose an arbitrary small intensity of
disorder by taking p small.

We use the renewal-type representation for the partition function defined in
Section 2.1.2-(2.1.5), standing at the critical point 22 = 1, and we therefore have

(Zx.2)? = E= [W(L, 70 (0,N],Y)W (1,7 0 (0, N|,Y)L{nernry] (2.1.12)

where 7 and 7 are two independent renewal processes, with identical laws P char-
acterized by (2.1.3) (P®? denotes the joint law of 7 and 7').
We note 7 = 7 N 7/, which is a recurrent renewal process since one has E®?[|7 N

(0,N]|] = ¥ P(n € 7)? N2 5o: recall the definition (2.1.3) that gives from
Theorem 1.1.7 and Proposition 1.1.8, P(n € 7) "~ en~Y? in dimension d = 3,
P(n e 1) "7 ¢/logn in dimension d = 4, and P(n € 7) "= ¢ in dimension d > 5.

Recalling the definition (2.1.6), we decompose W (1,7N (0, N],Y) and W(1,7'N

(0, N],Y") according to the points in 7, and we obtain a product of weights of excur-
sions of 7. We then use the independence of these weights to get that E [(Zv%,zg)z}
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is equal to
|[7N(0,N]|
E®2 H EY H w(l, A'Tk-, Dz;k)) H w(l, ATII’ Dz_l/)) 1{N€7——}
n=1 T E(Tn—1,7n] 7/ €(Tn—1,Tn]
[7(0.N]|
=E | [ W.|. (21.13)
n=1
where we defined A7, := 7, — 71 and D%;k) =Y, —Y, ..
We are left with estimating the weight W,, of each excursion of 7. First of all,
we note that if |70 (7,1, 7n]| = |7/ N (Ta-1, )| = 1, the weight W,, of the excursion

is EV [w(1, A7,, D}, ))?] = EV[w(1, AT,, D, ,)J* = 1, and we actually believe that in
all cases the weight of an excursion is W,, > 1, as the calculations below suggest,
see (2.1.18).

We also notice that if 7,, — 7,1 = 1, then the weight is equal to (after computa-
tion)

_E Y (Y)Y o

EY [w(1,1,Y:)] = 1+ -2 (1+4dd—1)+0(1)).  (2.1.14)

pi T (0)? Ad?
Then, accepting that all the weight W,, are larger than 1 (we partly justify this
in a moment), one would have, for small p

|[7N(0,N]|
EY [(Z%,zg>2} > E®? |exp | log(1 + cst.p) Z lin-1ermer} | 1iwver}

n=1

> exp (cst'.pK(l)QZP(n € ?)) , (2.1.15)

n=1

where we used Jensen inequality. Since the renewal process T is recurrent, one has
that Var' (Z) ..)?) = E [(Zvﬁza)ﬂ — 1 diverges when N — oo, and disorder should
be relevant.

We now justify the fact that W,, > 1 in any case. We estimate the weight of an
excursion of 7, cf. (2.1.13), in the case where ATy, is large, and show that it is larger
than 1. The case where A7y, is not large should be more in the spirit of (2.1.14), and
W, should also be larger than 1. We use the Local Limit Theorem approximation
(see Proposition 2.1.7), using that A7y is large and that D{Tk) is not much larger

than pAT]i/ 2 (its typical behavior), to get after simplifications, recalling our choice

for X and Y
. p)A(Tn(D%;k))

w(l, Az, DY, ) = max ~ (1+ 2p) 26" 5% PGl (2.1.16)
ATk
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Then, as we take p to be small, an expansion in p at the second order gives

2
le A7, DY, ~1+dz< <Tk ) )+U (2.1.17)

with U of order p?, and such that EY'U = 0 (since EY [w(1, ATy, D{Tk))] =1). Hence
one has the weight of the first excursion of 7 (which is enough by translation invari-
ance), setting a,a’ € N such that 7, = 7/, = 7:

/
a’

= EY Hw(l,ATk,Dz;k))HUJ(l,ATl/,DZ_I/)>
k=1 =1

:1+d2za:za: (Ey

k=1 l=1

DY, 2 DY, 1
ATy, A’Tl,

— p2> ., (2.1.18)

and we estimate the last term, using the notation A; =Y; — Y;_1:

B (D100 12 = 30 > EVIA A (A A)]

Gj=Tp—1+14 5/ =7/ | +1

> > D EVAIA = PfAnAT + > (0= p°),

i=Tp—1+1d'=7/_ +1 1€(Th— 1,k (11— 1,71]

(2.1.19)

where we kept in the sum only the terms ¢ = j,7 = j/, the only remaining non null
ones being for i = ¢/, j = j/ or i = j',j = ' and therefore positive. As p — p? > 0,
one finally gets from (2.1.18) that the weight of an excursion of 7 is larger than 1,
that allows us to derive (2.1.15).

We mention that controlling Var¥ (Zy ;) for 3 close to 42 would enable us to
develop techniques similar to Section 4.5 (inspired from [Ale08]), and control the
difference between the critical points. The above computation should therefore be
pushed further, in order to get upper bounds on the critical point shift that match
the ones of Theorem 3.1.3.

We note that the case of the dimension d = 3 is marginal, in the sense that
E®?[|7N (0, N]||] grows only logarithmically, so that in view of (2.1.15), the quantity

EY (Z%Zg)z} starts to grow for N of order e'/?, whereas in dimension d > 5 it

starts to grow for N of order 1/p (for N of order log(1/p)/p in dimension d = 4).
This is the sign that in dimension d = 3 the difference between the critical points
is exponentially small in 1/p, and stresses the marginality of this dimension in the

RWPM.
2.2. Main result: the dimension d = 3

With the definition F(z) := limy_o + log Z) ., to prove Theorem 2.1.5 it is
sufficient to show that F(z) = 0 for some z > 1.
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2.2.1. The coarse-graining procedure and the fractional moment method.
We consider without loss of generality a system of size proportional to L = ﬁ (the
coarse-graining length), that is N = mL, with m € N. Then, for Z C {1,...,m},
we define

ZLy =E[W(z,7n{0,..., N} Y)lye, 1g,(7)], (2.2.1)
where F7 is the event that the renewal 7 intersects the blocks (B;);cz and only these
blocks over {1,..., N}, B; being the i'" block of size L:

By ={(i—-1)L+1,...,iL}. (2.2.2)
Since the events F7 are disjoint, we can write
IN.= > L. (2.2.3)
Zc{1,...m}
Note that ZZ, = 0 if m ¢ Z. We can therefore assume m € Z. If we denote
T = {iv,ig,...,it} (I = |Z]), iy < ... < iy, iy = m, we can express Z7y in the

following way:

ZZZY : Z Z Z Z a1>Ya1)Z¢§1,b1

a17b1€B aQ,bQEB aZEB
a;r <by a2 <be

N K(al — bl_l)w(z, a; — bl—la Yal — YE’Pl) ;Z7N7 (224)
where
Z: =EBW(Ern{j... .k} Y) e |j €] (2.2.5)
is the partition function between j and k.

10y =N
"SL=N

0

FIGURE 2.1. The coarse-graining procedure. Here N = 8L (the system is cut
into 8 blocks), and Z = {2,3,6,8} (the gray zones) are the blocks where the
contacts occur, and where the change of measure procedure of the Section 2.2.2

acts.

Moreover, thanks to the Local Limit Theorem (Proposition 2.1.7), one can note
that there exists a constant ¢ > 0 independent of the realization of Y such that, if
one takes z < 2 (we will take z close to 1 anyway), one has

pﬂ Ti— 1(Y YTz 1) <C
X-Y (0) ~

pTz Ti—1

w(z, Ty — Ti—1, YTZ‘ - Yrifl) -

So, the decomposition (2.2.4) gives

Zhe <Y YT Y K@) Z , Kay = b) 2, - K(a = bia) Z;, .

a17b1€B ag,bQGB GLEB”
a;r <by a2 <be

(2.2.6)
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We now eliminate the dependence on z in the inequality (2.2.6). This is possible
thanks to the choice L = —L-. As each Zg p, is the partition function of a system of
size smaller than L, we get W (z, 7N{a;,...,b;},Y) < 2lW(z =1, 70{a;,...,b;},Y)
(recall the definition (2.1.6)). But with the choice L = -1, the factor z* is bounded
by a constant ¢, and thanks to the equation (2.2.5), we finally get

Z%: o, <z (2.2.7)

Notational warning: in what follows, ¢, ¢, etc. will denote positive constants,
whose value may change from line to line.

We note Zy,p, := Z;7 and W(r,Y) := W(z = 1,7,Y). Plugging this in the
inequality (2.2.6) we ﬁnally get

Zhy <MY N Y K(a1) Zayw K(az = 01) Zag, - K(ar = biz1) Za, v,

ai, b1€B az, bQEB al€B
a1 < b1 az < bz

(2.2.8)
where there is no dependence on z anymore.
The fractional moment method starts from the observation that for any ~ # 0

1 1 U
F(z2) = ]\}l_ril)o V—NEY [log (ZNZ) } hNnri)mf]\]—7 log B [(Z)..) "] - (2.2.9)
Let us fix a value of v € (0,1) (as in [GLT11], we will choose v = 6/7, but we will
keep writing it as  to simplify the reading). Using the inequality (3" a,)” < > a)
(which is valid for a; > 0), and combining with the decomposition (2.2.3), we get

EY[(Z2x.)]) < ). EV[(Z)]. (2.2.10)

Thanks to (2.2.9) we only have to prove that one has limsupy_,.. EY [(Z).)"] <

oo, for some z > 1,.
We deal with the term EY [(Ziy)'y] via a change of measure procedure.

2.2.2. The change of measure procedure. The idea is to change the mea-
sure PY on each block whose index belongs to Z, keeping each block independent of
the others. We replace, for fixed Z, the measure P¥ (dY') with gz(Y)PY (dY'), where
the function gz(Y") will have the effect of creating long range positive correlations
between the increments of Y, inside each block separately. Then, thanks to the
Holder inequality, we can write

Y)Y 1—

B [(2,)) -8 [0 (25,)7] <= [oatr) =) B )25,

b gz_ b b
(2.2.11)

In the sequel, we will denote A; = Y; — Y;_; the i increment of Y. Let us
introduce, for K > 0 and g to be chosen, the following “change of measure”:

gz(Y) = H(le(Y) <K +5K1Fk Hgk (2.2.12)
keZ kel
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where
F(Y) == > MjA;i- A, (2.2.13)
i,jEB},
and
My =L if £
{ kv =R (2.2.14)

Let us note that from the form of M, we get that || M| := > ijen, M < O, where
the constant C' < oo does not depend on L. We also note that F} only depends on
the increments of Y in the block labeled k.

Let us deal with the first factor of (2.2.11):

EY [2(v) 7| = [T [au(v) ]

keZ
v |Z]
- (IP’Y(Fl(Y) <K)+e, P (F(Y) > K)) . (2.2.15)
We now choose .

e =P (F(Y) > K)+ (2.2.16)
such that the first factor in (2.2.11) is bounded by 2= < 21 The inequal-
ity (2.2.11) finally gives

EY [(Z1,)"] <2"EY [g9:(Y)Z1,]". (2.2.17)
The idea is that when Fj(Y") is large, the weight ¢;(Y") in the change of measure is

small. That is why the following lemma is useful:

Lemma 2.2.1. We have the following limit:
lim ex = [}nn PY(F(Y)>K)=0 (2.2.18)

K—o0

Proof . We already now that EY [F;(Y)] = 0, so thanks to the standard Tcheby-
shev inequality, we only have to prove that EY[F}(Y)?] is bounded. We get

= ) MyMuEY [(A; - A)(Ar - A)]

i,j€EB1
k,leBy

= Z MZEY [(A; - A;)?]
{igy={k,l}
where we used that EY [(A; - Aj)(Ay - A))] =0 if {i,5} # {k,{}. Then, we can use
the Cauchy-Schwarz inequality to get
EY A< Y MEEY (A 14,0°] < 1Moy (2.2.19)
{igy={k,l}
0
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We are left with the estimation of EY [gz(Y)Z%,]. We set Pr:= P (Ez, N € 7),
that is the probability for 7 to visit the blocks (B;);ez and only these ones, and to
visit also N. We now use the following two statements.

Proposition 2.2.2. For any n > 0, there exists z > 1 sufficiently close to 1 (or L
sufficiently big, since L = (z—1)7') such that for every T C {1,...,m} withm € Z,
we have

E" [9:(Y)ZIy] <n*'Pr (2.2.20)

Proposition 2.2.2 is the core of this Chapter and is proven in the next section.

Lemma 2.2.3. [GLT11, Lemma 2.4] There exist three constants C; = Cy(L), Cy
and Lo such that (with ig :=0)
. 17| 1
Pr < GiC e (2.2.21)
’ E (ij = ij-1)"/°
for L > Ly and for every Z € {1,...,m}.

Thanks to these two statements and combining with the inequalities (2.2.10)
and (2.2.17), we get

17|
v 3C!
EV[(2y.)] < Y E[(zh)]<a Y ]I (i-(—z2n))7 = (2222)
Zc{l,..,m} Ic{1,..,m} j=1 * 1
Since 7/5 =6/5 > 1, we can set
+oo
K(n) = ?16/5 where &= i %% < 400, (2.2.23)

i=1
and K (+) is the inter-arrival probability of some recurrent renewal 7. We can there-
fore interpret the right-hand side of (2.2.22) as a partition function of a homogeneous
pinning model of size m (see Figure 2.2), with the underlying renewal 7, and with
pinning parameter log[¢(3Cyn)?]:

EY [(2).)7] < CTE: @3y ™0-m1]. (2.2.24)

|
T

1 4 5 7 =m

FiGURE 2.2. The underlying renewal 7 is a subset of the set of blocks
(Bi)1 < i < m (i.e. the blocks are reinterpreted as points) and the inter-arrival dis-

tribution is K (n) = 1/ (cn%/°).

Thanks to Proposition 2.2.2) we can take 7 arbitrary small. Let us fix n =
1/((4Cy)cY7). Then,
EY [(Z%.)'] <C7 (2.2.25)
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for every N. This implies, thanks to (2.2.9), that F(z) = 0, and we are done. O

Remark 2.2.4. The coarse-graining procedure reduced the proof of delocalization
to the proof of Proposition 2.2.2. Thanks to the inequality (2.2.8), one has to esti-
mate the expectation, with respect to the gz(Y)—modified measure, of the partition
functions Z,, 5, in each visited block. We will show (this is Lemma 2.3.1) that the
expectation with respect to this modified measure of Z,, ,/P(b; — a; € 7) can be
arbitrarily small if L is large, and if b; — a; is of the order of L. If b; — a; is much
smaller, we can deal with this term via elementary bounds.

2.3. Proof of the main tool: Proposition 2.2.2

As pointed out in Remark 2.2.4, Proposition 2.2.2 relies on the following key
lemma:

Lemma 2.3.1. For every € and § > 0, there exists L > 0 such that
EY [g1(Y)Zap] < SP(b—a € T) (2.3.1)
for every a < b in By such that b—a > ¢L.

Given this lemma, the proof of Proposition 2.2.2 is very similar to the proof of
[GLT11, Prop.2.3|, so we will sketch only a few steps. The inequality (2.2.8) gives
us

EY [gI(Y>ZZZY]
S 3 S K (@)EY (90, (Y) Zay ) Ka = b)EY [g5,(Y) Zuys) -

ai, b1€B as, bzGB GZEB
a;r <by a2 < b2

. -K(al — bl_l)EY [gil(Y)Zaz,N]

Z Z Z K(a1)E" [gl(Y)Zal_L(i1—1)7b1—L(i1—1)} K(ag —b1) ...

a1,b1€Bi; a2,b2€B;, a€B;;
a1 <br  az < b2

K(a; — b—)EY [¢1(Y) Zay—1(m—1),N—Lm—-1)] - (2.3.2)

The terms with b; —a; > €L are dealt with via Lemma 2.3.1, while for the remaining
ones we just observe that EY [g1(Y)Z,,] < P(b—a € 7) since ¢;(Y) < 1. One has
then

EY [gz(Y)Z] Z Z ZKCH (0+1pp—ar <cry) P(y —a1 € 7)

a1,01€B;; a2,b2€B;, a€B;,
a1 <br a2 < b2

. -K(al — bl—l) (5 + 1{N—al <aL}) P(N —aq € 7’). (233)

From this point on, the proof of Theorem 2.2.2 is identical to the proof of Proposition
2.3 in [GLT11] (one needs of course to choose ¢ = ¢(n) and § = §(n) sufficiently
small). O
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2.3.1. Proof of Lemma 2.3.1. Let us fix a,b in By, such that b —a > L.
The small constants  and € are also fixed. We recall that for a fixed configuration
of 7 such that a,b € 7, we have EY [W(T N{a,.. .,b},Y)] = 1 because z = 1. We
can therefore introduce the probability measure (always for fixed 7)

dP.(Y) =W (rn{a,...,b},Y)dPY(Y) (2.3.4)

where we do not indicate the dependence on a and b. Let us note for later convenience
that, in the particular case a = 0, the definition (2.1.6) of W implies that for any
function f(Y)

E.[f(Y)]=E*EY[f(V)|X; =Y;Vie rn{l,...,b}]. (2.3.5)
With the definition (2.2.5) of Z, := Z;3', we get

EY [1(Y)Zap) = E'E[gi(Y)W (TN {a,...,b},Y)Lye, la € T |
=EE,[g(Y)|P(b—a€7), (2.3.6)

where 13() :=P(:|a,b € 7), and therefore we have to show that EET[gl(Y)] < 0.
With the definition (2.2.12) of ¢1(Y), we get that for any K

EE.[g.(Y)] < ex + EP, (F, < K) . (2.3.7)

If we choose K big enough, ¢ is smaller than ¢/3 thanks to the Lemma 2.2.1. We
now use two lemmas to deal with the second term. The idea is to first prove that
E,[F1] is big with a P—probability close to 1, and then that its variance is not too
large.

Lemma 2.3.2. For every ( > 0 and e > 0, one can find two constants u = u(e, ) >
0 and Ly = Lo(g,() > 0, such that for every a,b € By such that b—a > €L,

p (ET[Fl] < uy/log L) < (2.3.8)
for every L > Ly.

Choose ¢ = 0/3 and fix u > 0 such that (2.3.8) holds for every L sufficiently
large. If 2K = uy/log L (and therefore we can make e small enough by choosing L
large), we get that

o~

EP, (F) < K) <EP,[F —E,[R] < — K] + P (E,[F] < 2K)
1 ~

< 7 EE, (B~ E[R)?] +6/3. (23.9)
Putting this together with (2.3.7) and with our choice of K, we have
EE,[g:(Y)] <2 EE, [(F - E,[R]) 2.3.1
(o)) < 26/3+ o BE, [(F: ~ E.[F)] (2:3.10)

for L > Ly. Then we just have to prove that EET [(Fl —ET[Fl])z} = o(log L).
Indeed,
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Lemma 2.3.3. For every € > 0 there exists some constant ¢ = c(g) > 0 such that
EE, [(F 1)?] < e(logL)** (2.3.11)
for every L > 1 and a,b € By such that b a>c¢el.
We finally get that

EE.[g,(Y)] < 26/3 + c(log L)~"/4, (2.3.12)

and there exists a constant L; > 0 such that for L > L,
EE, [g:(Y)] < . (2.3.13)
O

2.3.2. Proof of Lemma 2.3.2. Up to now, the proof of Theorem 2.1.5 is quite
similar to the proof of the main result in [GLT11]. Starting from the present section,
instead, new ideas and technical results are needed.

Let us fix a realization of 7 such that a, b € 7 (so that it has a non-zero probability
under P) and let us note 7 N {a,...b} = {rp, = a,Tr, 41, . - -, Tr, = b} (recall that
R, = |rn{l,...,n}|). We observe (just go back to the definition of P,) that, if
f is a function of the increments of Y in {7,,_1 +1,...,7,}, g of the increments in
{Tm-1+1,.. Tm} with R, < n # m < Ry, and if h is a function of the increments
of Y not in {a +1,...,b} then

= EXEY[ ({A }ZE{Tn 1+1,.., Tn})| = Y:rn 1>X7'n = an:|
:EXEY[ ({Al Tn— 1}Z€{7’n 141, Tn})| Tn—Tn—1 :}/;n_Tnfl}’ (2315>

We want to estimate E,[F}]: since the increments A; for i € By \ {a + 1,...,b}
are i.i.d. and centered (like under P¥), we have

b
i,j=a+1
Via a time translation, one can always assume that a = 0 and we do so from now
on.
The key point is the following

Lemma 2.3.4. (1) Ifthere exists1 < n < Ry such thati,j € {m,_1+1,..., 7.},
then o
E.[—A; - Aj] = A(r) "2 222 (2.3.17)
r

where v = T, — T,—1 (in particular, note that the expectation depends only
onr) and Cxy 1is a positive constant which depends on PX,PY ;
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(2) otherwise, E.[—A; - A;] = 0.

Proof of Lemma 2.3.4 Case (2). Assume that 7,, 1 < < 7, and 7,1 < J < Ty,
with n # m. Thanks to (2.3.14)-(2.3.15) we have that

ET[AZ ’ AJ] = EXEY [Ai‘XTnfl = }/;nfl’XT = YTn]

n

=Y,

Tm—1"

X

Tm

= }/:f'm] (2318)

and both factors are immediately seen to be zero, since the laws of X and Y are
assumed to be symmetric.

Case (1). Without loss of generality, assume that n = 1, so we only have to
compute

EYEY [A;- A |X, =Y, ]. (2.3.19)
where 7 = 7. Let us fix # € Z*, and denote E)[] = EV[- |V, = z].
Y Y Y Y = A
) ) ) r —
T 1
= CEY (A - ——EY (1A
,,,,_1 r,m[ Z] ’f’—]_ r,x |:|| ZH }

1 ||55H2 Y 2
=— | — —-E A 2.3.2
r—1 < " r,T [H 1” } 5 ( 3 O)

where we used the fact that under P} the law of the increments {A;}; <, is ex-
changeable. Then, we get

E (A A =EXEY [A; - Ajlpyoxy | PV (Y, = X))
— X [EY A A Y, = X, PY(Y, = Xr)}IPX—Y(n —X,)!

:L EX
r—1

—EYEY [ A1) 1y, =y ] PV (Y, = X))

2
X |
T

X, |
|| || IP)Y(Y'T — Xr)] PX_Y(}/; :Xr)_l
T

_ EX
r—1

Next, we study the asymptotic behavior of A(r) and we prove (2.3.17) with
Cxy = tr(Sy) — tr (5 +X3)7!). Note that tr(Xy) = EY(||Y3]|?) := of. The
fact that C'x y > 01is just a consequence of the fact that, if A and B are two positive-
definite matrices, one has that A — B is positive definite if and only if B~! — A~ is
[HJ85, Cor. 7.7.4(a)].

To prove (2.3.17), it is enough to show that

PY (Y, = X,,)] PXY(Y, = X,) T EXEY [||A P ]Y, = XJ).

EXEY (AP Y, = X, ] "= EYEY (A% = of, (2.3.21)
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and that
EX [”X}Hzmﬂ/(y; ::;X})]
PX-Y(X, = Y,)

r—00

= (55 +39)7Y). (2.3.22)

B(r) :=
To prove (2.3.21), write

EXEY [|AP 1Y, = X, ] =EY [|A° PY(X, = V)] PXY(X, = V;) 7!

= 3 R =g L j('f’ ut —(g”) (23.23)

y,2EZ4

Thanks to the Local Limit Theorem (Proposition 2.1.7), the term % is
uniformly bounded from above, and so there exist a constant ¢ > 0 such that for all

y €74

(2.3.24)

Z PY(Y, 1 = 2)PX (X, =y + 2) <.
PX-Y(X, - Y, =0) S

zeZ4

If we can show that for every y fixed Z3, this term goes to 1 as 7 goes to infinity,
then from (2.3.23), a dominated convergence argument would give that

EXEY (A2 Y, = X, ] =5 ) |lylIPPY (Vi = y) = 07 (2.3.25)
yezZd

We are now left with proving that the right term of (2.3.24) goes to 1 as r goes
to infinity for any fixed y € Z¢.
We use the Local Limit Theorem to get

S (e = P (X, =y + 2)

zeZ4

_ Z CXdCY o7 (57'2) g o ) (35 wh2) 4 o(r=4?)
2€74 "
_ CxCy —lz-(Zflz) —%ﬂz“(E*lz) —d/2
=(1+0(1) > — e T Hema B 4 o(r7), - (2.3.26)
2€74
where cx = (27)~%?(det Xx)~'/? and similarly for ¢y (the constants are different in
the case of simple random walks: see Remark 2.1.8), and where we used that y is

fixed to neglect y/\/r.
Using the same reasoning, we also have (with the same constants cx and cy)

PX(X, =Y,) =Y PY(Y, = 2)PX(X, = 2)
2€Z3

_ Z CxCy 6_%2,(2;12)6—%%(2;(12) + O(T_d/2), (2327)

d
z€74 "
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Putting this together with (2.3.26) (and recalling that PX Y (X, =Y,) ~ ¢, r7%?),
we have, for every y € Z¢
HDY"Y;_ - me ;X} = r—00
3 oy = IPT(Xe =y +2) ooy (2.3.28)

PXY (X, — Y, = 0)

ze74

To deal with the term B(r) in (2.3.22), we apply the Local Limit Theorem as in
(2.3.27) to get

11

r

PY(Y, = X))

2
LESY 12l e (m502) = o (572) +o(ri/?),
T r

ze74

(2.3.29)
Together with (2.3.27), we finally get

S IIZTII —%Z~((E;1+Z§1)Z) + o(r=9/?2)
Y eezd© —5:2 (5 +551)2) + o(r—4/2)

where N ~ N (0, (83" + £%')7!) is a centered Gaussian vector of covariance matrix
(37" 4+ 2571 Therefore, E [|N]?] = tr (57" + £%')~") and (2.3.22) is proven.
O

B(r) = = (1+o(W)E[IN]?], (2.3.30)

Remark 2.3.5. For later purposes, we remark that with the same method one can
prove that, for any polynomials U and V such that EY[||U ({||Axll}r < &) [|] < oo,
we have

EXEY {U({||Ak||}k<ko) 4 (H)\;H) ‘ Yr= XT}

R U {18k <r) JE[VANT], (2:3.31)

where N is as in (2.3.30).
Let us now quickly sketch the proof: as in (2.3.23), we can write

EXEY {U({||Ak||}k<ko) 4 (H)\;H) ‘ Yr= XT} -

S U{llwellYr<n) YV (%) PX(X, = z)P (Y"IP‘))’?J_:(;:_?J}:;(-))— Yro)

Ylgeeny Ykg cz4 2€74

(2.3.32)

Then using the Local Limit Theorem the same way as in (2.3.27), one can show that
for any v, ..., yk,, we get similarly as (2.3.30)

I=0Y px :ZPY(YT—kO:Z—yl_“'_yko)r—)m
;JW)I”X’“ L S S B[V

(2.3.33)
Using a uniform bound for PY (Y, _, =2z —y; — ... — y,) and PX7Y (X, — Y, = 0),
we also see that this term is uniformly bounded for y;, . . ., yx, € Z¢ by some constant
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times EX [V (%)] . Then, as for (2.3.21), we get the result thanks to a dominated
convergence argument.

Given Lemma 2.3.4, we can resume the proof of Lemma 2.3.2, and lower bound
the average E,[F}]. Recalling (2.3.16) and the fact that we reduced to the case
a =0, we get

Ry
E-[F]=) > My | AAT), (2.3.34)
n=1 Tn-1<t,J] < Tn
where AT, := 7, — 7,,_1. Using the definition (2.2.14) of M, we see that there exists
a constant ¢ > 0 such that for 1 <m < L

c
M;; > 32, 2.3.35
Z 12 JTlogL " (2:3.35)
On the other hand, thanks to Lemma 2.3.4, there exists some rg > 0 and two
constants ¢ and ¢ such that A(r) > € for r > ry, and A(r) > — ¢ for every r.
Plugging this into (2.3.34), one gets

i,j=1

Rb Rb
vV LlOgLET[Fl] = CZ AV4 ATnl{ATn>r0} — C/Z(ATn)3/21{ATn<ro}
n=1 n=1

Ry

>cYy VAT, — R, (2.3.36
> ( )
n=1

Therefore, we get for any positive B > 0 (independent of L)

f’(ET[Fl] <yg logL) <P <W< Z\/ATn ) <u\/10gL)

<P

<W < Z\/Afn /ﬁ3> < uMlogL) +P (Rb > B\/f)

Ry /o

Z\/Afn (14 0(1 flogL +P(R, > BVL). (2.3.37)

Now we show that for B large enough, and L > Ly(B),
P(R, > BVL) < /2, (2.3.38)

where ( is the constant which appears in the statement of Lemma 2.3.2. We start
with getting rid of the conditioning in P (recall P(-) = P(:|b € 7) since we reduced to
the case a = 0). If R, > BV/L, then either |7 N {1,...,b/2}| or TN {b/2+1,...,b}]
exceeds \/7 Since both random variables have the same law under P we have

- -~ B
P(R, > BVL) < 2P (RW > 5@) < 2¢P (Rw > 5@) : (2.3.39)
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where in the second inequality we applied Lemma 2.A.1. Now, we can use the
Lemma 2.A.3 in the Appendix, to get that (recall b < L)

P (RW > gﬁ) <P (RL/2 > ?ﬁ) Lo p (\‘/Z_‘ B\C/K_) (2.3.40)

with Z a standard Gaussian random variable and cx the constant such that K(n) ~
cxn~?/%. The inequality (2.3.38) then follows for B sufficiently large, and L > Lo(B).
We are left to prove that for L large enough and u small enough

Ry

N VAR < SVLlgL | < (/2 (2.3.41)
&

n=1

The conditioning in P can be eliminated again via Lemma 2.A.1. Next, one notes
that for any given A > 0 (independent of L)

Ry /2 AVL
Z VAT, < %\/ElogL <P Z VAT, < %\/zlogL +P (Rb/g < Aﬁ) )
n=1 n=1

(2.3.42)
Thanks to the Lemma 2.A.3 in Appendix and to b > L, we have

- Ry ) 2| \F
lim sup P <A|] <P|—== < Ac -1,
L—)oop < \/Z ( V 2w K €
which can be arbitrarily small if A = A(e) is small enough, for L large. We now

deal with the other term in (2.3.42), using the exponential Bienaymé-Chebyshev
inequality (and the fact that the A7, are i.i.d. ):

AVL
A Ao T (u/c)VIoE L _ /T
Z ATn< logl | <e & E{exp( LlogL)] .

(2.3.43)

\/Llog

To estimate this expression, we remark that, for L large enough,

oo )] - e 04

1— ¢ VIwer , [log L
/cz >\ (23.44)

where the last inequality follows from keeping only the terms with n < L in the
sum, and noting that in this range 1 — ¢~ VTTiL > cy/n/(Llog L). Therefore,

AV AVL
l L /1
E |:eXp <_ 71 ):| < (1 _ 0og ) <e© A\/long (2345>

Llog L L
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and, plugging this bound in the inequality (2.3.43), we get

AVL
1 2 / u u/c)—c'" Al\/Io
m ATn < E lOgL < 6[( /e) AV ng (2346)
n=1

that goes to 0 if L — oo, provided that u is small enough. This concludes the proof
of Lemma 2.3.2. 0

2.3.3. Proof of Lemma 2.3.3. We can write

b /
— F1 + ET[Fl] = Sl + SQ = Z MijDij + Z MijDij (2347)
i#j=a+1 i#j
where we denoted
Dij=A;-Aj —E A - A] (2.3.48)

/

and ) stands for the sum over all 1 < ¢ # j < L such that either 7 or j (or both)
do not fall into {a + 1,...,b}. This way, we have to estimate

E.[(F, — E,[F1])?] < 2E, [52] + 2. [S3]

b b
=2 > > M;MyE.[D;Dy) + QZZ i MuE[DijDy).  (2.3.49)
i#j=a+1 k#l—a+1 i#j kAl
Remark 2.3.6. We easily deal with the part of the sum where {i,j} = {k,(}. In
fact, we trivially bound E. [(A;- A;)?2] < E. [||A:]* |A;)1*]. Suppose for instance
that 7,1 < ¢ < 7, for some R, < n < Rp: in this case, the Remark 2.3.5 tells
that E. [||A,||2 ||Aj||2} converges to EY[|AL|]*||Az)’] = o as 7, — oy — 0.
If, on the other hand, ¢ ¢ {a + 1,...,b}, we know that E, [||AZ||2 ||Aj||2} equals
exactly EY U|A1||2} E, U|AJ||2] which is also bounded. As a consequence, we have
the following inequality, valid for every 1 <, < L:

E. [(A;-A)?] <e¢ (2.3.50)
and then .
> ) MyMuE.[DyDy] < Z (2.3.51)
i#5=1 {kl}={i.j} i#j=1

since the Hilbert-Schmidt norm of M was chosen to be finite.

Upper bound on E.[S2]. This is the easy part, and this term will be shown
to be bounded even without taking the average over P.
/
We have to compute Z#jzkﬂ M;; MyE;[D;;Dy]. Again, thanks to (2.3.14)-
(2.3.15), we have E.[D;;Dy] # 0 only in the following case (recall that thanks
to Remark 2.3.6 we can disregard the case {i,j} = {k,[}):
i=k¢{a+1,...;0}and 7,1 <j#l <7, forsome R, <n< R, (2.3.52)

One should also consider the cases where i is interchanged with j and/or k with
[. Since we are not following constants, we do not keep track of the associated
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combinatorial factors. Under the assumption (2.3.52), E.[A; - A;] =E [A;-A)] =0
(cf. (2.3.14)) and we will show that

E.[Dy;Da] = E.[(A; - A))(A; - A)] < (2.3.53)

e

where r = 7, — 7,,_1 =: A7,. Indeed, using (2.3.14)-(2.3.15), we get

,1A(u) |X7'n_7'n71 = }/:f'n_'f'nfl]

Tn [—=Tn—1

3
E, (A A)(A-A)] =S EV[AY AWEYEY [AY)

vp=1

3
_ vp X RY (v)
- Z ZYM E E |:Aj_7—7

v, p=1

AWM X, =Y,|. (2.3.54)
l—Tp—1

1—1

In the remaining expectation, we assume without loss of generality that 7,,_; = 0,
7, = 1. Like for instance in the proof of (2.3.17), one writes

EX |:EY [A§V)A§H)|Y*T — XT]PY(Y; — Xr)]

EYE" [AVAP|X, = V.| = 2.3.55

J l | PX_Y(XT — Y;) ( )
and

1 1
B [AVAl|y, = x| = XU XW - = R AV AWy, = x,].
J r(r—1) r—1 b
(2.3.56)
An application of the Local Limit Theorem like in (2.3.21), (2.3.22) then leads to

(2.3.53).
We are now able to bound

Ry
E, [S3] =c Z Z Z M;; MyE.[D;; Dy

i¢{a+1,...b} n=Ra+1 T 1<j#l < Tn

Ry,
c 1 1 1
< . (2.3.57
LlogL Z Z Z V0= il i =l AT, ( )

i¢{a+1,..,b} n=Ra+1m_1<4,l < T

Assume for instance that ¢ > b (the case i < a can be treated similarly):

¢ i 1 11
LlogLZ Z Z Vi—Jj\i—1AT,

i>b n=Rq+11h_1<j,l < ™n
L

Ry,
c 1 c 1
< - < — —<d (2.3
LlogLZ Z Z (1 — 1) AT, LlogL(b a)zz ¢. (2358)

i>b n=Rq+11h_1<j,l < Tn i=1

Upper bound on E,[5?]. Thanks to time translation invariance, one can reduce
to the case a = 0. We have to distinguish various cases (recall Remark 2.3.6: we

assume that {4, j} # {k,(}).
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(1) Assume that 7,1 < i, < T, To1 < k1 < Tm, with 1 < n # m < R,

Then, thanks to (2.3.14), we get E.[D;;Dy| = E,[D;;|E.[Dy] = 0, because
E, [Dw] = 0. For similar reasons, one has that E, [DUDM] 0 if one of the
indexes, say i, belongs to one of the intervals {7,_1 + 1,...,7,}, and the

other three do not.
(2) Assume that 7,1 < 4,7, k, [ < 7, for some n < R,. Using (2.3.15), we have
E.[DijDy) = EYEX [Dyj Dy | X-,_, =Y,

Tn—1"

Xrn - Ym} )

and with a time translation we can reduce to the case n = 1 (we call
71 = r). Thanks to the computation of E.[A; - A;] in Section 2.3.2, we see
that E,[A; - A;] = E;[Ag - A)] = —A(r) so that

E,[Dij D] = E-[(Ai - A7) (Ak - A))] = A(r)? S E-[(Ai - ) (A - A (2.3.59)

(a) If i =k, j #1 (and 7,1 <1, J,l < 7, for some n < Ry), then

C

E (A 8)(A- A)] € 5

(2.3.60)

The computations are similar to those we did in Section 2.3.2 for the
computation of E;[A; - Aj]. See Appendix 2.A.1 for details.

(b) If {i,5} N {k,1} =0 (and 7,,-1 < 4, J, k, | < 7, for some n < Ry), one
gets

C

E-[(Ai - Aj)(Ar - A] < (A2

(2.3.61)

See Appendix 2.A.2 for a (sketch of) the proof, which is analogous to
that of (2.3.60).

(3) The only remaining case is that where i € {7,_1 +1,..., 7.}, j € {71 +
1,...,7} with m # n < R,, and each of these two intervals contains
two indexes in ¢, 7, k,l. Let us suppose for definiteness n < m and k €
{rnc1+1,...,m}. Then E;[A; - Aj] = E [Ag - A)] =0 (cf. Lemma 2.3.4),
and E.[D;; Dy = E-[(A; - Aj)(Ay - Ay)]. We will prove in Appendix 2.A.3

that
C
E-[(Ai - Aj)(Ag - A < Ar A (2.3.62)
and that
C
E-[(A; - Aj)(Ai- Ay] < A (2.3.63)

We are now able to compute E,[S?]. We consider first the contribution of the
terms whose indexes 14,7, k,[ are all in the same interval {7,_1 + 1,...,7,}, i.e.
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case (2) above. Recall that we drop the terms {i, 7} = {k, [} (see Remark 2.3.6):

C C
> MyMuE DDyl < 3 > MM+ 5 Y MMy

T"le{i,j} or ke{i,j} " {ig3n{k.1}=0

Tn—1<8,7,k,l < T
Tn—1<8,7,k,l < ™

{i.3}£ (k1)

Tn—1<6,5,k,l < Tn

2

J 1 1 1 1 1

<— | — Z — -+ 2( Z Vo — )

Llog L ATn1<i<]~<k<ATnV]_ZVk_] AT, 1<i<j < A 7t
/!

C
<—S A7, (2.3.64
TlogL-Tn (2:3.64)

Altogether, we see that

b b
> Z M MigEr [Di; Dig 130 < fyije(mn vt tomy)
e
R,
Z Z M;j MyuE-[D;; D] < Llc ZATn < c_ (2.3.65)
=1 Tp_1 <05,k < T og L p—t log L

{653k}

Finally, we consider the contribution to E,[Sf] coming from the terms of point
(3). We have (recall that n < m)

c 1 1 1
M My E- | D;; D
2 Wl lDiDul S 73007 Ar A, 2 Vi—ivVi—Fk

Tn—1 <i7ék < Tn

Tn—1<i,k < ™
Tm—1<J,l < Tm Tm—1<J#l < Tm
{i.3}A{k.1}
Llog L AT, L NIV LlogLATm = Vi—i\1—=1
Tn—1<1 Tn Tn— 1 Tn
Tm—1<J < Tm Tm—1<J7#l < Tm
(2.3.66)

But as j > 7,1

1 1
Z j—Z < Z \/Tm—l_—ZH (\/Tm 1 \/Tm 1 )

Tn—-1<i £ Tn Tn—1<t < Tn,
(2.3.67)
and as k < 7,

Y =< X

Tm—1<l < Tm Tm—1<l < Tm

(VT —Ta = VTme1 — ™), (2.3.68)
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so that
> MjMyE.[D;;Dy

Tn—1<i,k < T
Tm—1<J,l < Tm

{653k}

LlogL (\/T wm + AT, — \/Tnm) <\/Tnm + A7y — \/Tnm) . (2.3.69)

where we noted T,,,, = T;n_1 — Tn. Recalling (2.3.65) and the definition (2.3.49) of
S1, we can finally write

Ry—1

E[E[S7] <c|1+E|> Y > MyMyE.[Di;Dy]

n=1 n<m < Ry Th—1<i,k < n
Tm—1<J,l < Tm

3 (\/Tnm AT, — \/Tnm> (\/Tnm + AT, — \/Tnm>

1<n<m< Ry

A~

C
B
VALY

The remaining average can be estimated via the following Lemma.

Lemma 2.3.7. There exists a constant ¢ > 0 depending only on K(-), such that

El Y <\/Tnm AT, — \/Tnm> <\/Tnm AT, — \/Tnm> L(log L)/,
1<n<m< Ry

(2.3.70)

Of course this implies that EET[S%] < c(log L)**, which together with (2.3.57)

implies the claim of Lemma 2.3.3. 0

Proof of Lemma 2.3.7. One has the inequality

<\/Tnm YA, — \/Tnm) <\/Tnm + A, — \/ﬁ) VAT ATy, (2.3.71)

which is a good approximation when T, is not that large compared with A7, and

AT,,, and
(VT #8570 = Vo) (VT & 570 =/ Tom) < cATTifm

which is accurate when T,,, is large. We use these bounds to cut the expecta-
tion (2.3.70) into two parts, a term where m —n < H, and one where m —n > Hy,
with H; to be chosen later:

8IS S (VI8 Vi) (Vi ¥ B~ Vo)

n=1 m=n+1

(2.3.72)

Ry, (n+HL)ARp

B> 3 VAnVAn| +cE

n=1 m=n+1

B AT AT
Z >

n=1m=n+Hp+1

(2.3.73)
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We claim that there exists a constant ¢ such that for every [ > 1
Ry—1

B |3 VAR VAR <

(the proof is given later). Then the first term in the right-hand side of (2.3.73) is

VL(log L)*12 (2.3.74)

Ry (n+HL)ARy Hi  [FRp—l
Z Y VALAL| =Y E Y VALAn
= m=n-+1 =1 n=1

< cHVL(log L)*/12,
If we choose Hj, = v/L(log L)~/3, we get from (2.3.73)

8IS S (VI 8- Vi) (Vi ¥ 80— Vo)

n=1 m=n+1

Ry

AT, AT,
Z . AnAn

n=1m=n+Hp+1 nm

< cL(log L)* + ¢E (2.3.75)

As for the second term in (2.3.73), recall that T, = 7,,—1 — 7,, and decompose

the sum in two parts, according to whether T}, is larger or smaller than a certain
K, > 1 to be fixed:

Ry

Z Z ATn ATm

n=1 m=n+Hp+1 nm

SOy %1 i)

n=1 m=n+Hp+1 nm

Ry 2
(Z ATn) + L’E
n=1

+E

Ry Ry
Z Z ATnATm]-{Tnm < KL}]

n=1m=n+Hp+1

Ry, Ry,
Yo Y Ymemcs KL}]

n=1 m=n+Hp+1

L? -
< — + L*P(ry, < Kp). (2.3.76)
Ky

We now set K = L(log L)~7/*, so that we get in the previous inequality
Ry

AT, AT,
Z S, AnAn

n=1m=n+Hp+1 nm

< L(log L)* + L*P (1, < K1), (2.3.77)

and we are done if we prove for instance that P (tr, < K1) = o(L™). Indeed,
P (ru, < K1) = P (R, > Hy) < P (Ry, > Hy) (2.3.78)

where we used Lemma 2.A.1 to take the conditioning off from P := P(:|b € 7) (in
fact, K < b/2 since b > €L). Recalling the choices of H; and K, we get that
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Hy /K = (log L)'3/?* and, combining (2.3.78) with Lemma 2.A.2, we get

13/12

P(ry, < Kp) < e c1osD™ — (=4 (2.3.79)
which is what we needed.
To conclude the proof of Lemma 2.3.7, we still have to prove (2.3.74). Note that

Ry—1 Ry—1

Z VAT N AT LR, >0y 1ig,>1y Z E [\/ AT/ ATy |Rb}
n=1 n=1

= E [1{Rb>l}(Rb — Z)E [ﬁ\/Tz —T1 |RbH < E [Rb\/?lv Ty — 7—11{1'%;) > 2}} )
(2.3.80)

E —E

where we used the fact that, under f’(-\Rb = p) for a fixed p, the law of the jumps
{AT,}n < p is exchangeable. We first bound (2.3.80) when R, is large:

E [Rin/TivT = 1ilir, » wyrioery] < L°P (Rb >t/ Llog L)
< L*P(be7)'P (Rb > ky/Llog L) . (2.3.81)

In view of (2.1.10), we have P(b € 7)~! = O(v/L). Thanks to Lemma 2.A.2 in the
Appendix, and choosing  large enough, we get

p (Rb > ky/Llog L) < e~elosLrollogL) — (7=5/2), (2.3.82)
and therefore
E [Ryy/TiIVT: — TR, > wyrteery] = 0(1). (2.3.83)

As a consequence,

E [Rov/TiNT2 — Til (R, > 2y = E [Ro/TIV/T2 — 11 < Rb<m/m}] +o(1)
< VIL(log L)/*E [TV = ilin, > 5]
+ #y/LI0g LE [ VAV = il oz | + 0(1). (23.84)

Let us deal with the second term:

b

b—i
1
- ViGP (r =i, —m = j,ber, R, > VL(log L)/
Bl e 2 2 VIViP )

b b—i

B ﬁ > > ViViKOK()P (b —i—j e Ryij>VLlogL)/*? — 2) .

i=1 j=1

(2.3.85)
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But we have
3 (Rb_i_j > VI(log L)V —2p—i—je T)
< 2P <R(b_i_j)/2 > %\/Z(log Y2 —1b—i—je T>
<cP (R(b_i_j)/g > %\/z(log L)l/lz _ 1)
< cP (RL > %\/f(log L)V — 1) < ¢ emclor)V® (23 6)

where we first used Lemma 2.A.1 to take the conditioning off, and then Lemma 2.A.2.
Putting (2.3.85) and (2.3.86) together, we get

E 1{Rb>\f(logL 1/12}ﬁV T2 — 7-1}
b

< e—ellosL)!/® bETZfoK Pb—i—jer)

i=1 j=1
= de~los L)' [fml{}zb > 2}} (2.3.87)
So, recalling (2.3.84), we have

E [Rb\/?l\/ Ty — Tll{Rb > 2}} < 2\/Z<10g L)l/lzﬁ [\/?1\/7'2 — Tll{Rb > 2}} + 0(1)

(2.3.88)
and we only have to estimate (recall (2.1.10))
b—1 b—p
~ Pb—p—qenr)
B[VAva —nilin=a] =3 ) VIVIKOK@ =555
p=1 g=1
b—1 b—p
S (2.3.80)
o ra +1— q
Using twice the elementary estimate
— 1 1
- 1 M 2.3.90

we get

Vhb—p+1 Vb
(2.3.91)

b1

= 1 1 1

E [TV — Tilg, > 2] < ev/b E Z—Qilog(b —p+1) < vVb—(log L)%
p=1

Together with (2.3.88), this proves the desired estimate (2.3.74).
U
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2.3.4. Dimension d = 4 (a sketch). As we mentioned just after Theorem
2.1.5, it is possible to adapt the change-of-measure argument to prove non-coinci-
dence of quenched and annealed critical points in dimension d > 4 for the general
walks of Assumption 2.1.1, while the method of Birkner and Sun [BS10] does not
seem to adapt easily much beyond the simple random walk case. In this section,
we only deal with the case d = 4, since the Theorem 2.1.5 is obtained for d > 5 in
[BGdAH10], with more general condition than Assumption 2.1.1. We will not give
details, but for the interested reader we hint at the “right” change of measure which
works in this case.

The “change of measure function” gz(Y') is still of the form (2.2.12), factor-
ized over the blocks which belong to Z, but this time M is a matrix with a finite
bandwidth:

kL—po
1

where pg is an integer. The role of the normalization L~'/? is to guarantee that

|M]| < oo. The integer py is to be chosen such that A(pg) > 0, where A(-) is the
function defined in Lemma 2.3.4. The existence of such py is guaranteed by the
asymptotics (2.3.17), whose proof for d = 4 is the same as for d = 3.

For the rest, the scheme of the proof of 53" # [ (in particular, the coarse-
graining procedure) is analogous to that we presented for d = 3, and the computa-
tions involved are considerably simpler.

2.A. Some technical estimates on Random Walks

Lemma 2.A.1. (Lemma A.2 in [GLT10b]) Let P be the law of a recurrent renewal
whose inter-arrival law satisfies K(n) "~ cxn™2 for some cx > 0. There exists a
constant ¢ > 0, that depends only on K(-), such that for any non-negative function
fn(7) which depends only on 7 N{1,..., N}, one has

sup Elfw(r) |2N € 7] <ec. (2.A.1)

v>0  E[fn(7)]

Lemma 2.A.2. Under the same assumptions as in Lemma 2.A.1, and with Ry =

|7 N{1,...,N}|, there exists a constant ¢ > 0, such that for any positive function
o N) which diverges at infinity and such that o(N) = o(v/N), we have
P (Ry > VNa(N)) < emo@0Helot?), (2.A.2)

Proof. For every A\ > 0

P (RN Z \/NQ(N)> =P (T\/ﬁa(N) < N) - P (AO‘(NVM < )\Oz(N)z)

< PR [e—ka(ﬁ)%ma(m _ Qo [e—xa(zv)z%}\/ﬁaw) . (2.A.3)
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The asymptotic behavior of E [e‘A“(N )2%} is easily obtained:

1—-E [e‘Aa(N)Z%} = ZK(n) (1 — e‘”’\o‘(N)2/N)
neN
Nooo VAa(N) ] —e®
H L
where the condition a(N)?/N — 0 was used to transform the sum into an integral.
Therefore, we get

ranzm] VNe®) Vaa(N) a(N) VNa(N)
E[e ()N] :(1—0 N _'_O(\/N))

— eeVRaWP+o(aV?) (9 A 4)

dzx,

Then, for any A > 0,
p (RN > JM(N)) < eOmeVRaN)ro(a(N)?) (2.A.5)

and taking \ = ¢?/4 we get the desired bound. 0
We need also the following standard result (cf. for instance [GLT11, Sec.5]):

Lemma 2.A.3. Under the same hypothesis as in Lemma 2.A.1, we have the follow-
ing convergence in law:

CK N—o00 1
T S 2] (2 ~ N(0,1)). (2.A.6)

2.A.1. Proofof (2.3.60). We wish to show that for distinct 4, j, [ smaller than r,
EYEV[(A- A)(A - A)IX, = Y] < ©. (2.A.7)
T

We use the same method as in Section 2.3.2: we fix z € Z¢, and we use the notation
EY,[]=EY[-[Y; = z]|. Then,
By, (A A))(A; - A =By, [(As-4y) (A By, [A 1A A])]

_ SEL (A 8)) (A (2= Ai = Ay))]

r —
1
= 2E3«/,x (A 2) (- Ag) = A7) = (A - A))?]
< 9 (B, [(=- A) (A EY (A 1AD)] +EX 1A 11451])
R (T — 1Er,x (@ D)7 = (- A0) [|A°] + B IA H%H])
ey |zl 2 7]l 3 3
< - E,, THAiH +T||Ai|| + 1A 1Al
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and we can take by symmetry ¢ = 1, j = 2. Therefore,

EYEY [ (A~ A)(A; - A)| X, =Y,]

— EX [EY [(As - D)) (A A Y = X, ] T }

]PJX—Y(Y; — Xr)

c X,
<2 o (Ll iaiad ) v - x| as
T T

where

X, X, |° X,
o (Bl nainnaar) = B paue e Bl yaur 4 jaue jau.

rt/2’ oy NG
At this point, one can apply directly the result of the Remark 2.3.5. O
2.A.2. Proof of (2.3.61). We wish to prove that, for distinct i, 7, k,l < 7,
c
E-[(Ai - 8j) (A - Ay < por (2.A.9)

The proof is very similar to that of (2.A.7), so we skip details. What one gets is
that

E, [(Ar- A)(Ar - Ay)]
¢ B [BY [ (B, (1aillbic ) | Yo = X, PV (Y, = X
) PX-Y(Y, = X,)

where @) is a polynomial of degree 4 in the variable || X, ||//r and of degree at most
3 in each of the ||A;||. Again, like after (2.A.8), one uses the Remark 2.3.5 to get
the desired result.

2.A.3. Proofof (2.3.62)-(2.3.63). In view of (2.3.14), in order to prove (2.3.62)
it suffices to prove that for 0 <i £k <r,0<j#1<s

<

. (2.A.10)

3
Y EXEY[AYAP[X, = VIEYEY AV AP X, = V)] < —. (2.A.11)
s
v,u=1

Both factors in the left-hand side have already been computed in (2.3.55)-(2.3.56).
Using these two expressions and once more the Local Limit Theorem, one arrives
easily to (2.A.11). The proof of (2.3.63) is essentially identical.






CHAPTER 3

The effect of disorder on the free energy

3.1. Introduction

3.1.1. Reminder of the random walk pinning model. Let X = (X;);> o
and Y = (Y;)s> o be two independent continuous time random walks on 74, d > 1,
starting from 0, with jump rates 1 and p > 0 respectively, and which have identical
irreducible symmetric jump probability kernels. We also make the assumption that
the increments X and Y on Z% have finite second moments. We denote by PX, PY»
the associated probability laws.

For € R and t € R, and for a fixed realization of Y, we define a Gibbs
transformation of the path measure PX: the polymer path measure ,uzfﬁ defined by

d,uZB _ QﬁLt(X,Y) 1{Xt:Yt} (3 ) 1)
B A

where L;(X,Y) := fot 1;x,-v,) ds is the intersection time between X and Y, and
Zly = EX [P 1y vy (3.1.2)

is the partition function of the system. Under the measure u}f 5, an energy reward [3
is given to the walk X for staying in touch with Y. More physical motivations for
the model were already given in Introduction and Section 1.2.1.

Given a trajectory Y = (Ys)s> 0, we also define the partition function along a
time interval [ty 1] as
0e,Y

Y .
Z[tl,tz},ﬁ = Ztg—tl,ﬁv (3.1.3)

where 6,Y := (Yi14— Yi)s > 0 (0, is the shift operator along time, it preserves the law
of Y'). One fundamental property of the pinned partition function, is the stochastic
superadditivity of log Z;/ 5 Indeed, Remark 1.2.1 gives

7Y s> Z[};,v},ﬁz[};w]ﬁ’ for any u < v < w. (3.1.4)

[u,w
This property allows to prove the existence of the quenched and annealed free
energy and critical points (cf. Proposition 1.2.2).

Definition 3.1.1 (Free energy and critical points). The quenched free energy
BT Y _ Loy, Y
F(B,p) = tliglo p log Z; 5 = St%) ;E [log Z; 4] (3.1.5)

exists and is non-random PY? almost surely. There exists a quenched critical point
Bav(p) such that F(B, p) >0 B> B.(p).
91
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The annealed free-energy is F*(5, p) := limy_, % log EY>» [ZZH , and the annealed
critical point is [2(p) := inf {B; F*(5,p) > 0}. We have by Jensen inequality that
F(B,p) <FY(B,p), and Be(p) = B(p)-

The critical value f3.(p) identifies the phase transition between the localized and
the delocalized phase, as noticed in Section 1.2.1. Therefore X sticks to Y when
B> Be(p) and Ly(X,Y) is asymptotically of order ¢ in the localized phase.

It is natural to compare the quenched free energy curve with the annealed one,
and one needs to give some accurate description about the annealed free energy
curve. As it was remarked in [BS10] and in Remark 1.2.3, the annealed partition
function EY?[Z);] is simply the partition function of a homogeneous pinning model

B [2)5] = BYE" [ (xyym]

Under P¥ x PY*, X —Y is a symmetric random walk with jump rate (1 + p). By
rescaling time so that the random walk X — Y has jump rate 1, one obtains that

F*(8,p) = (L+ p)F(8/(1 + p),0). (3.L.6)

We write F(/3) for F(3,0).

The model is in fact exactly solvable in the sense that one has an explicit formula
for the free energy. We give a complete description of the pure model in Section
1.1.3 (and Section 1.1.2 for the discrete version of the model).

Let p(+) := P*(X; = -) denote the transition probability kernel of X at time ¢,

and set G := [ p(0)dt (G < oo when d > 3). We recall the result on the pure
model, Proposition 1.1.11, that apply to the annealed model.

Proposition 3.1.2. Ford > 1, and in view of Proposition 1.1.11 and (3.1.6), the
annealed critical point is $2(p) = (14 p)/G (we use the convention that G™* =0 if
G = o0, ford=1,2). One has also the critical behavior of the annealed free energy,
giwen by Proposition 1.1.11:

e ford=1,3,

F(B) "X co(B — B2)% (3.1.7)

o ford=2,
F(8) "2 exp <—Co ! +;<1>) | (3.18)

o ford =14,
F(8) "X co(8 — 52)/ log(B — B2). (3.1.9)

o ford>>5
F(8) " oo(8 — B2). (3.1.10)

(co is a constant that can be made explicit, and that depends on G, the dimension
and the second moment of the jump kernel).
In any dimension, we also have

lim F(8) — 8+ 1=0. (3.1.11)

B—00
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Part of the above result (namely, the value of 3.), was proved in [BS10]. We have
included here also the asymptotic behavior near . in order to know the specific heat
exponent in any dimension. The knowledge of the annealed specific heat exponent
(the free energy behaves like (8 — 3.)2¢ when 3 — S where C is the specific heat
exponent) allows to make predictions concerning disorder relevance.

3.1.2. Harris criterion and disorder relevance. We already mentioned the
Harris criterion in Introduction, based on the specific heat exponent of the pure
system: if the specific heat exponent is negative then disorder should be irrelevant,
if it is positive, disorder should be relevant (this corresponds to d > 4 in our model).
It however gives no prediction for the marginal case when the specific heat exponent
vanishes (and in that case, it is believed that disorder relevance depends on the
model which is considered).

For the Random Walk Pinning Model, various pieces of work have brought this
prediction on rigorous grounds [BT10, BS10, BS11], especially in terms of critical
point shift: the question of the relevance or irrelevance of disorder for the RWPM
is solved, also for the marginal case d = 3, both for the continuous time model, see
[BS10, BS11], and for the discrete time model, see Chapter 2, [BT10, BS10].

Theorem 3.1.3 ([BS10, BS11|, Continuous time RWPM). In dimension d = 1
and d = 2, one has B.(p) = B2(p) = 0 for any positive p: disorder is irrelevant.
In dimension d > 3, one has . > B2 > 0 for each p > 0: disorder is relevant.
Moreover, we have a bound on the shift of the critical point, as given in Theorem

1.2.4

Let us also mention that the picture of disorder relevance/irrelevance for the
renewal pinning model (widely recalled in the introductive Chapter 1) is mostly
complete, thanks to a series of recent articles [Ale08, DGLT09, GLT10b, GLT11],
see Section 1.4.2. It has been showed that the Harris criterion is verified, and that
in the marginal case, disorder is relevant.

Another issue that has been given much attention is the so called smoothing of
the free energy curve. It is believed that for many systems, the presence of disorder
makes the free energy curve more regular: the phase transition is at least of second
order (there is no discontinuity in the derivative). In particular this means that if
the annealed specific heat exponent is negative, quenched and annealed exponent
have to differ. This underlines disorder relevance, and gives further justification for
the Harris criterion.

Smoothing type results have been shown by Aizenman and Wehr for disordered
Ising model [AW90], and more recently by Giacomin and Toninelli for the random
pinning model based on renewal process [GT06] (and also for a hierarchical version
of the same model [LT09]).

We also mention that there exist some peculiar pinning models for which there
is no smoothing phenomenon and the quenched and annealed systems have always
the same behavior, even if the critical points are different (see e.g. [Ale09]).

3.1.3. Smoothing of the phase transition. The first result we present for
the disordered model is the smoothing of the free-energy curve around the phase
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transition. This phenomenon occurs in dimension d > 3. For d = 1,2, the model
is a bit different because of recurrence of the random walk in these dimensions, see
later.

Theorem 3.1.4. For alld >3, p >0, g >0, we have

dG?

F(3.0) < (8 = o) (3.1.12)

We stress that the constant % has been improved (and optimized) with respect
to [BL11, Th.1.6], in the spirit of other smoothing results, as [Gia07, Th.5.6].

This shows that if d > 4, the disorder makes the phase transition at least
of second order, whereas it is of first order for the annealed model (see Propo-
sition 3.1.2). The methods that has been used to prove the previous smoothing
results [AW90, GT06] have been a strong source of inspiration for our proof, but,
as the nature of the disorder is very different here, some new ideas are necessary. A
crucial point is to use an estimate on how F(3, p) varies with p, which is present in
[BS11].

It has been proved for the renewal pinning model that the critical exponent for
the free-energy is related to the asymptotics of the number of contacts at the critical
point [Lacl0, Prop. 1.3]. For the random walk pinning model an analogous relation
holds (where the number of contact is replaced by L,;(X,Y")) and gives the following
result. We include also its proof, which is very similar to what is done in [Lac10],
for the sake of completeness.

Corollary 3.1.5. Let us fixr p >0, d > 3 and € > 0. Then, under P¥*,

: Y 1/2+4¢
Lim g5, (Ly(X,Y) > t1/2) =0, (3.1.13)

i probability.

Remark 3.1.6. This result contrasts with what happens for the pure model (p = 0),
where typically L;(X,0) < t at . for d > 5 (as shown in Corollary 3.A.5). One
also has that at the critical temperature, L;(X,0)/logt converges in law to an
exponential random variable [ET60].

Proof Suppose there exists some ¢ > 0 such that one can find an arbitrarily large
value of ¢ for which

PY {11 5.0 (Le(X,Y) 2 127%) > ¢} > c. (3.1.14)

Then we define ty large enough such that the above holds, u := ¢, Y2 and B, = Be(p).
One has

Ztigﬂm — EX [e(ﬁc+u)Lt0(x,Y)l{XtO:YtO}} — Zt)g,ﬁc Nz(/),gc (euLtO(X,Y)) : (3.1.15)
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so that
EY [log Z} 5,4, = B |log 2} 5 +log } 5. exp (e (X,1)) )]

1/24
> B [log p, (i, )] + BV {]og (c eXp(utO/ 5)) 1{“%766(&0 (X,Y) > to1/24e) > c}:|

> —dlogty + c(t; +logc) = t7%, (3.1.16)

where in the first inequality we used that Z} ; > py,(Y;,) (recall the notation
introduced just before Proposition 3.1.2, this is just using the fact that §. > 0).
The second inequality uses an estimate from [BS10, Lemma 3.1] which is valid if
to is large enough for the first term, and (3.1.14) for the second term. The last
inequality is valid if ¢y is large enough. This implies, by (3.1.4)

1 c/o—
F(Be(p) +u,p) > —E llog Zy 1] > £ > e, (3.1.17)
0
This contradicts Theorem 3.1.4, therefore (3.1.14) cannot hold. O

In dimension 1 or 2, the situation is a bit different due to recurrence of the random
walk. In dimension d = 2, the coincidence of quenched and annealed critical point,
and the fact that the phase transition is of infinite order of the annealed system
implies that the phase transition is also of infinite order (i.e. smoother than any
power of (8 — f.)) for the quenched system. In dimension d = 1, one also shows
that disorder does not change the nature of the phase transition (or at least not in
a significant way).

Proposition 3.1.7 (Quenched free-energy at high temperature for d = 1). There
exist a constant ¢ > 0 such that for any p there exists 5y such that

c
F(B,p) 2 mﬁ2 log(1/8)7Y, VB € [0, Bol. (3.1.18)
Thus, F and F* have the same critical exponent.

Proof By Jensen inequality one has (for some constant C) that for every t and
p=0

BVt

VIitp
(3.1.19)

The last inequality can be obtain by integrating the local central limit Theorem (see
[Spi01, Prop.7.9, Ch.IT] for the discrete time version, the proof being identical for
continuous time). Therefore

EY [log Z),] = E"* [logEX [ X, = V]| + BV [log P (X, = V})]
BVt
v1i+p

where we also used [BS10, Lemma 3.1] to bound the second term (the bound being
valid for ¢ large enough, say ¢ > ty(p)). Now, if we set T := Cy(1+ p)S2[log(1/5)]?,

B flog X [0 | X, = ¥,]] > SEEY [L(X.Y) | X, =¥]] >,

Cy

— logt, (3.1.20)
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the previous inequality holds for all g < ¢, 1/2

EY [log Z7.5] = C1y/Calog(1/8) +2log B+ O(loglog(1/8)) > log(1/8) (3.1.21)
if Cy is large enough. From (3.1.5), we finally have
1

1
F(B) > TIEY”’ [log Z7 5] > mﬁ log(1/8)". (3.1.22)

, and gives

O

Remark 3.1.8. We believe that the factor log(1/8)~! above is an artifact of the
proof and that in reality F(3, p) ~ ¢(p)% A clear reason to believe so is to consider
an alternative Brownian model where (Y;); > o is a realization Brownian motion with
covariance function EY Y, Y;] = p(s A t). The partition function is given by

20, = BX [P (3.1.23)

where under P, X is a standard Brownian Motion (independent of Y') and L;(X,Y)

the intersection local time between X and Y. For this model, Brownian scaling
(law

implies that L;z2(X,Y) o) BL(X,Y), which implies that there exists a constant
c(p) (=F(1,p)) such that for all 5 >0,

_ 1
F(B,p) = ,}E& gEY logZ{B = c(p)p>. (3.1.24)

This model should be the high-temperature scaling-limit of our random walk pinning
model and hence share the same critical properties.

3.1.4. Low temperature asymptotics. The quenched low-temperature as-
ymptotic also exhibits contrasts with the annealed one. The reason is that to op-
timize the local-time, X has to follow Y closely, which has an extra entropic cost.
In the annealed case, one can force X not to jump. For the sake of simplicity, we
present the result only in the case of the simple symmetric random walk in Z¢ (for
any d > 1) but the result holds in the more general framework given in Section
3.1.1. This result gives again a contrasts with the pure model, see (3.1.11).

Theorem 3.1.9. When Y is the simple symmetric random walk in Z¢, one has
F(B,p) =0 —plog(dB) —1+o0(l) asf — oc. (3.1.25)

In general, for a walk Y with a kernel jump py which as finite second moment,
the result also holds with logd replaced by — > _,.py () log(py(x)/2).

Remark 3.1.10. The proof of Theorem 3.1.9 does not only gives the result but
also a clear idea of how a typical path X behaves under the polymer measure at
high temperature. Essentially X follows every jump of Y, and the distance between
jumps of X and Y are i.i.d. exponential variables of mean 1/5. In particular the
asymptotic contact fraction is close to 1 — p3~! (whereas it is more of order 1 — 372
for the pure model).

The sequel of the Chapter is organized as follows:
e In Section 3.2 we prove the smoothing result, Theorem 3.1.4,
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e In Section 3.3 we prove the low temperature asymptotics, Theorem 3.1.9,
e In Appendix, we recall some statements for the pure model, from Section
1.1.3 and [BL11, Appendix].

Section 3.2 and Section 3.3 are independent.

3.2. The smoothing phenomenon, proof of Theorem 3.1.4

In the proof, we make use of the following three statements. The first two are
extracted from Proposition 3.1.2 and Theorem 3.1.3, the third one is extracted from

[BS11].

Proposition 3.2.1. For d > 3, we have

(i) B2(p) = -,
(ii) for any p >0, one has B2 (p) < Be(p),
(iii) the function p — B.(p)/(1 + p) is non-decreasing [BS11, Thm 1.3].

Let p be fixed and d > 3 be fixed. Given g > [.(p), we define p' = p/(3) by

pi=p+G(B—Bp)). (3.2.1)
Note that F(p', ) = 0. Indeed, we have
1+ B — Be(p) B — Be(p) s
— 1INy > , 3.2.2
T, T TR AR 522

so that by (iii) of the above proposition, § < B.(p').

Our strategy to prove Theorem 3.1.4 is to find a lower bound for F(p', 3) that
involves F(p, 3), by considering the contribution of exceptional (under P¥**") stretches
where the empirical jump rate of Y is of order p.

First we bound from below the probability that under P¥*', the partition function
Z} 4 is greater than exp (L(1 —¢)F(3, p)).

Lemma 3.2.2. For any ¢ > 1/2, one can find Ly (depending on [3,p and ) such
that for all L > Ly

/o 2
log (IP’Y”" {log 7} ;> L(1 — 5)F(ﬁ,p)}> > —(1+2E)L% —1-log2. (3.2.3)
Proof From the definition of the free-energy one can find L such that for all L > Ly
PY?(A) =P {log Z} s > L(1 — €)F(B,p)} >1—e. (3.2.4)
By a classical entropy inequality, one has
/ 1 /
va va _ Y,p Y,p —1
PYP(A) > PP (A) exp( BV (A) <H(IP’ |P**) + e )) , (3.2.5)

where H(PY*|PY") .= EY+ [igé’:, log %‘:’;] is the relative entropy of P¥* with

respect to P¥#', that are mutually absolutely continuous. Let x} denote he number
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of jumps of the walk Y; in [0, L]. Under P¥* it is a Poisson variable of mean pL.
One has

AP, (pL\"E
77 = ° (¢'=p) ([)/—L) : (3.2.6)

and therefore

H(PY[P™) = L(p' — p) + log(p/p)E* [ ]

ZL{(p’—p)—plog(lﬂLp/;p)]

which inserted in (3.2.5) gives the result, using also that ¢ > 1/2 and so (1 —
et <1+2and (1—¢)te™! < 1. O

We keep the notation A := {log Z} ; > L(1 — €)F(8, p) } and write ¢ := PY#'(A).
Let an arbitrary € > 0 be fixed, consider L large enough so that Lemma 3.2.2 is
valid, and that some conditions later mentioned in the proof are fulfilled.

We divide the the system into blocks of size L, B; ;== [(i — 1)L, L], for i € N.
With this definition, under P¥**', the random variables (Z}, 5) are i.i.d. distributed
with the same distribution as Z{,B‘ We define

I 2
I (" —p)
2p

N

. (3.27)

A=AY)={ieN, logZy 5= (1 —¢)LF(3,p)} (3.2.8)

the indexes of the blocks B; which are favorable, that is to say where the empirical
jump rate of Y is p > p. If one orders the elements of A = {iy, 49, ...}, 41 < iy < ...,
and sets iy = 0, one has that under P¥**' the sequence (i —ix_1)g > 1 is i.i.d, i; being
a geometric random variable of parameter q.

For our purpose we find a lower bound involving F(j3, p) for B [log ZY 4], the
partition function of a system of length ¢, L. for n € N. With the strategy of targeting
only the blocks in A, by (3.1.4), one gets that

1
ElogZZiLB > ,— — Z 7 logZ[Zk LinL],B (3.2.9)

so that letting n goes to infinity, one has with the law of large numbers

|
EY’P’[il]fE log Z) 1 4] - (3.2.10)

F(B,p') =

One then estimates EY*' [log Z}l/ L ﬁ}, using again superadditivity

0=>E" [logZ), 5] =E" [log Z}, 1y, 4] + (1 —€)LF(B, p), (3.2.11)



3.3. PROOF OF THEOREM 3.1.9 99

where we used that EY [log Zﬁ_lﬁ] > (1 —¢)LF(B3,p). Since one has Z); > py(Y3)
for all £ € R, , one gets

E" [log Z{, _yes] > D (1= a)¢ B [log pi-ne(Yi-ue)]
=1

>0 - a0~ oalli = )8 > ~ (1493

[\l sH

—(1+e¢) log((¢~* —1)L), (3.2.12)

where the second inequality comes from [BS10, Lemma 3.1], provided that L is
large enough and ¢ > 1, and the last one comes from Jensen’s inequality applied to
EY [log((¢y — 1)L)]. Then combining this with (3.2.11) one has

1

d
F < —(1 —1 L. 2.1
From Lemma 3.2.2 one has (if L is large enough)
log(q~'L) (v —p)? G*(B — Be(p))?
08 B WP < , 2.14
7 (14 3¢) 5 (14 3¢) 2 (3 )
which, as ¢ is arbitrary, gives the result. O

3.3. Low temperature asymptotics, proof of Theorem 3.1.9

Our bounds are obtained by decomposing the partition function into a product,
each term of the product corresponding to a time interval.

To describe our decomposition, we need some definitions. We fix a typical re-
alization of Y. Let T; be the time of the i-th jump. For some § (large) fixed and
1 > 1, we define the times

1; — T
I~ =1T,—¢;  with 6;:5_2/3ATl7

2l (3.3.1)
7—';_ = irz + E;_ with E;_ = ﬁ_2/3 A %7

where we used the convention that Ty = 0, and set also T,F = 0. The value 37%/3
in the definition is an ad hoc choice for the proof of the upper bound, and has no

deep signification. We also define ¢; := ¢; +¢f = T, — T, . We bound Z}f+ 5 by
bounding the contributions of the intervals [T",, 7, ) and [T, ,T;7), i = 1. k.
Proof Lower Bound. To lower bound log Zj’f+ g We use superadditivity:
k

log Z. Z <log ZT+ 7T log Z[T T*}) : (3.3.2)

Let us note that ¥ makes no jump on [T, ,,T;], so that
L. .+ (X0
Z[T+ ] = EX |:e T, -T,m 1{XT1-TZ-+1:O}} . (333)
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Then, constraining X not to jump either, we get that for all t > 0

EX [ 01y, _q)] = " P¥ (X, =0forall 0 < s <t) =V (3.3.4)
To bound log Z[T Pt
one) in the interval [T, T, -+) (of length ¢;). Hence

)

Q)

let use notice that for ¢ > 1, Y makes one jump (and only

where Y = (Y;(i))seo5 is defined by Y7 = 0 for s € [0,&]), YAV = ¢ =
(1,0,...,0) for s € [g;,¢;) (by symmetry and the fact that the random walk is
nearest neighbor the direction of the jump has no importance). We will compute
the contribution of the terms in which X does one and only one jump, furthermore

in the right direction e;. We have

€
X | Lo (X,y® I le—eT
B3 [ DL mates one jump, X =en)] = 5.5 / Pl g
0

2d
1 ef Be—lo') e(B—1Dei e—Pei bl
= —e Tl ds" = 1-— — . (3.3.6
2d° /_ _© NPT 2 2 (3:36)
The term %e‘ei ds is the probability of having only one jump in [0, ;] located in

the time increment [s,s + ds]|, that goes in the right direction (cf. factor (2d)™'),
— |s — ;| is the value of the intersection time of X and Y on [0,¢;) if X jumps
at time s. Combining (3.3.4)-(3.3.6) with the inequality (3.3.2), we obtain

k - +
1 e Pei 4 e Pe
—1 — 1 1- — )
og(dp) + ? E og < 5 )]

i=1
(3.3.7)
The sequence log <1 — % (e‘ﬁs; + 6_B€i+>) is ergodic (the dependence between

terms has range only one). Then using the ergodic theorem one obtains that PY*-a.s.
k - + - +
1 e Pei 4 e P v e~ 4 e Pe
m = S TR ) Y _ T ) =
kh_}rgo - E 1 log <1 5 ) E** |log | 1 5 o(1),

(3.3.8)
where o(1) is with respect to f — oo. The last inequality is easy to get, as &]

1 k
T log Zp: , > (B—1)+ i

+

are truncated exponential variables of mean 1/2 and that the truncation at 371/3 is
harmless. Moreover, by the law of large numbers, we have that PY*-a.s,
.k .k
dm 7 = i 7= (3:3.9)
This gives us
%
1}1—{20 T+ log ZTJ,B > (B—1)—plogdB + o(1). (3.3.10)

Upper Bound. We are now ready to prove the upper bound. We cut the
trajectory X on the intervals [T, 7; ) and [T, ,T;") for i > 1 and use the properties
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of Y on these intervals, the way we did for the lower bound. In order to get an upper
bound, we have to maximize over the contribution of intermediate points,

BL, X,0 ;
H max E { i )} max EX [eﬁLEi(X’Y())} : (3.3.11)

+
Tk B -'El €74 o €74

We can bound the ﬁrst part of the terms by using Lemma 3.A.7 (that we prove later
on):

E%%%Ef [eBLt(O,X)} _ Eé( [eLt(O,X)] < 6(ﬁ—1+%)t (1 + %) ’ (3.3.12)
where the first equality is due to Markov property for X applied at the first hitting
time of zero, and the fact that E [e%(®¥)] is a non-decreasing function of ¢.

For the other terms one has to analyze the contributions of all possible trajecto-
ries of X. The main contribution is given by paths X starting from zero that make
one jump and such that X, = e;: we already computed the value of this contribu-
tion in (3.3.6). If X makes no jump or one jump but not in the right direction (or
if X makes at most one jump but does not start from zero), it spends some portion
of the time away from Y and then L. (X,Y®) < ] Ve < 8723, Therefore the
total contribution of such paths is bounded by e?'”’ The probability that X makes
more than two jumps is bounded by 457%/% if 3 is large enough (the number of
jump is a Poisson variable of parameter &;, which is at most 257%3). In addition
eBLi(XYW) < eBei g5 that the total contribution of paths making more than two
jumps is bounded by 45~%3¢f¢. Hence we have

machEX [ ﬁLfi(XvY(”)] < %e(ﬁ—l)ei RS t 4843 e
TEL

1
(B=1)e; BY/3—Be; -1/3
< dﬁe (1 + C(Be + 4 )) (3.3.13)

Combining all these inequalities one finally gets
k
2y, o < PTIIR 1 g T (1 Ce T ) (38.4)
i=1

and hence

T 1og2;”m <B-1+p"1

k
o log(1+ 87Y) — log(dB) + Zlog (1+C(5eﬁ/—5€z+5 1/3))]. (3.3.15)

Applying the ergodic theorem, one obtains that P¥*’-a.s.

k
.1 V3_Be; | e
_ B Be; 1/3
lim ? ;:1 log (1 + C(Be + 0 ))

k—00

= EY”’ [log (1 + C’(ﬁeﬁl/g_ﬁ61 + ﬁ_l/?’))} =o(1), (3.3.16)
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where we used the definition of €1 to estimate the last expectation (g; is equal to
2372/3 with probability 1 — O(5~%/3) when 3 is large).
Furthermore, as already noticed, k/T}" converges almost surely to p, so that we
have
1 v
kh—>nolo e log ZT;,ﬁ < B —1—plogBd+o(1). (3.3.17)

O

3.A. The homogeneous case

We give in this section several results on the pure model, which are to be com-
pared with the results on the quenched system. In the homogeneous case, (when
p = 0) the model is just the pinning of a random walk on a deterministic defect
line Ry x {0}. It turns out here that a more general view point makes the problem
easier to solve, and that is the reason why we introduce now a more general version
of our pinning model.

We consider two increasing sequences (77); > 1 and (7;); > ¢ such that 7o = 0, and
(7741 — Ti)is=o0 and (7; — 7/); > 1 are two independent i.i.d. sequences, where 7] is
a mean 1 exponential variable, and where the distribution of 7 — 7| has support
in Ry U{oo} (if 7, = oo for some n, we choose by convention 7, and 7, = oo
for all £ > n). We further assume that the distribution of (r7y — 7)1 >0, when
restricted to R, is absolutely continuous with respect to the Lebesgue measure,
with density that we denote by K(-), and that [;~ exp(et)K(t) dt = oo for all e > 0.
We denote by u the joint law of the two sequences, and we remark that under pu,
both sequences (7;); > o and (77 —7{) are renewal sequences. We may use the notation
K(00) = p(m — 71 = 00) = p(m = 00).

Set T :=UJ;2,[m. 7{), and call it the set of contact.

Given § € R, we now modify the law of the sequences (7/); ¢ and (7;);> ¢ by
introducing a Gibbs transform ,uz lg of the measure p

duds ATl

- n 1{t€7'}, (3A1)
dp Zpy
where |A| stands for the Lebesgue measure of a set A C R, and where
ZP8 = p [T o] (3.A.2)
We also define
. 1 in
F(B) = tll)rgo p log Z} s (3.A.3)

which is well defined, by superadditivity.

Remark 3.A.1. In the case of a continuous time random walk X with jump rate
1 (of law P¥X), we set 70 = 0 and for all i > 1

7 = inf{t > 7,_1, X; # 0},

3.A.4
7, :=inf{t > 7/, X; = 0}. ( )
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One can check that (7; — 7/); > 1 and (7., — 73); > o are independent i.i.d. sequences
(for d > 3, there are only finitely many terms in the sequences) that satisfies the
assumptions given above. Therefore, our definition (3.1.1) of upm (with Y replaced
with 0) coincides with the one of (3.A.1). This underlines two thlngs:

e The pinning model we present in this section is indeed a generalization of
the pure (or annealed) model for the random walk-pinning.

e In annealed random-walk pinning, the Gibbs transformation changes only
the return time to zero and the time X spends on zero. Conditionally on
these times, the law of the excursions out of the origin remains the same
that under PX.

We can describe the measure ,ut » in a very simple way, because we are interested
only in the law of 7 N [0,¢] (as it is the only part that is modified by the Gibbs
transformation) We introduce some definitions to describe the measure.

LI K(t)dt > 1or 8 =1, let b >0 be defined by
(1—-8+ b)—1/ e K (t)dt =1 (3.A.5)
0
and b=01if (1—6)~" [[7K(t)dt < 1.
For notational reasoils, deﬁne >\ = (1—B+b). Then, we define KA3(t) == A te " K(t)
for t € (0,00), and K#(00) =1— fo K A(t)dt. Finally, let i be another probability

law for (7,7") defined by

o 79 =0 fi’-as.

o (/.1 —T;)i>o0 and (1; — 7/); > 1 are independent i.4.d. sequences,

e 7/ is an exponential variable of mean A™!,

e 7, —7, has support Ry U{oo}. On R, its law is absolutely continuous w.r.t.

Lebesgue measure with density K°(-), and 7i%(r — 7] = 0o) = K#(c0).

Let F; denote the sigma algebra generated by 7 N [0,t]. We have the following
lemma, describing the measure f1;’;.

Lemma 3.A.2. For any A € F;, one has
14O ] =P (AN {t e TY). (3.A.6)
As a consequence
,LL?IE(A) =paP(A|teT). (3.A.7)
Proof We write ngl(A) i= i [14 €701, and we decompose ZEiﬁn(A) ac-

cording to the number of jumps made before t. As A € F;, 14 can be written as
a function of ({7; | < t}, {7/ |7/ < t}) and one has the following integral form for
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Zps (A),
ZPM(A) = / 1,4 eB Dt TT oB=DEt-0) fr(¢, — 41y At dt;
b () ; 0<t) <t <. <t <to<t g K )
_ bt )\(tn t )\(t —ti— 1) B
=e 14 e e KP(t; — ) dt; dt;
;/Ogt’lgt <o St Stp<t 211

=e"iP(A N {teT}). (3.A.8)
O

We can now prove some statements from Proposition 3.1.2,

Proposition 3.A.3. We have, for b defined as above in (3.A.5), b = F(B3). More-
over, b can alternatively be defined by

/000 et e T)dt == g7, (3.A.9)
if the equation has a solution and b =0 if not. Let B. = inf{5,F(5) > 0}, then
Be = </000 u(teT) dt>_1 : (3.A.10)
Moreover, if b> 0, orif B = (. and [ tK(t)dt < oo, then
1

lim pPteT)= (3.A.11)

1+ [[Te K (t)dt

Remark 3.A.4. In the case of the homogeneous Random Walk Pinning Model, one
can get the asymptotics of F(/3) around [, given in Proposition 3.1.2, by using the
local central limit Theorem for X; (see [Spi01, Prop.7.9, Ch.II] for the discrete time
version, the proof being identical for continuous time). We have

w(t € T) = p(0) = (est. 4+ o(1))t~%2. (3.A.12)

Then, Proposition 3.1.2 follows from (3.A.9), and an application of an Abelian
theorem (see [Gia07, Th.2.1] for the discrete case).

Proof We start with the proof of the last item. Thanks to the Markov property,
one has the following recursion equation

t
pPteT)=pn"(r 215)—1—/ Pt eT, n€ls,s+ ds)) ds
0
t
= exp(—A\t) —I—/ (€ [s,s+ ds))p’(t —s € T)ds. (3.A.13)
0
By the key renewal theorem, [Asm03, Th.4.7, Ch.V], one has

lim i (t € T) := Jo o de !
im - = — .
A N TRt L+ f e MK (D) dE

(3.A.14)
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When b > 0 or K(t) is integrable, the limit is positive. In that case equation (3.A.6)
with A equals €2 to the full space gives

thlﬁn = (est. + o(1)) exp(bt), (3.A.15)

so that b = F(/3). For all the other cases, we have necessarily F(f) < 0 as ZEEI <AL

To get that F(8) = 0 it is therefore sufficient to prove that F(f) is non-negative.
This is done for the random-walk pinning in [BS10], here it could be done using the
assumption [ e K (t) dt = oo for all & (which is also necessary).

Now, we turn to the proof of (3.A.9). Let Ki(t) = e ' be the density with
respect to the Lebesgue measure of 7{ (under p). For ¢ > 0,

pteT)=e" —I—/O Zu(fn € [s,54 ds))e " ds = Z[(Kl « K™« Kq(t).

(3.A.16)
Therefore using the fact that Laplace transform transforms convolutions into prod-
ucts, one obtains, for all b > 0

o0 00 IS n+1 1S9 n
/ eMuteTydt = Y ( / e~ (0L dt) ( / e K (t) dt)
0 0 0

n=0
1 1
= — (3.A.17)
L+01 — 5 [T e MK (t
which with (3.A.5) gives us the right result (the case F(ﬁ) = 0 is obtained by
continuity and non-negativity of the free-energy). The value of . is then an easy
consequence. ]

We now give a Corollary that describes the local intersection time L;(X,0) under
pin

i g
Corollary 3.A.5. Whenb > 0 or when = . and [;° tK(t)dt < oo, 70041y der

. t
py5 converges in probability to
1

1+ [T e btK(t)dt

> 0. (3.A.18)

Proof As [ tK(t)dt < oo, the law of large numbers (applied first for the renewal
process 7 and then to the sum of independent exponential times) tells us that

|T N[0t 1 ~3
i t 1+ [T e MK (t)dt H
and therefore the convergence also holds in probability.

Restricted on F;, the measure uf;ig is equal to i’(- |t € T) and we also have that

pl(t e T)is bounded away from zero by (3.A.11). This gives us that the law of
|Tm[0 t]|

—a.s, (3.A.19)

under p}’ B converges in probability to the same limit. O
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Remark 3.A.6. In dimension d, as noted in Remark 3.A.4, the local central limit
Theorem gives

pt e T)=PX(X, =0) = (cst. + o(1))t~%2. (3.A.20)

For d > 5 this implies that [ ¢K(t) dt < co. Indeed for ¢ large enough

t—1
PY(X, =0) > / e K (ty — ty)e” ) dty dty > cst. / K(s)ds,
0<t1 <ta<t

(3.A.21)
so that f s)ds = O(t=%?). Therefore, one can apply Corollary 3.A.5 to get
that L,(X, 0) is of order t for 5 = f..

We present here an advanced version of (3.1.11), which was used for the proof
of the upper bound in Theorem 3.1.9.

Lemma 3.A.7. For any value of t, for any random walk X with jump rate 1 one
has

P [eLt(XiJ)] < o(B-143)t (1 + ;) (3.A.22)

Proof The left hand side inequality is simply obtained by considering the contribu-
tion of trajectories that never jumps. To obtain the other inequality we decompose
the partition function according to the time ¢, ¢; that are respectively the i-th jump
out of zero, and the i-th return to zero. We write Z, 5 = EX [el*(X0)],

n

5=t Z / [[e VKt —t) de; dt;

<t <tg < <tn <t 1

t o]
{1+ / At qel / K(tps1 — 1) dtnia |- (3.A.23)
tn t

Then one remark that for the random walk K (¢) < 1 for all . Indeed the probability
that after the first jump, the first excursion returns within a time in the interval
[t,t + dt] (which is equal to K(t)dt) is smaller than the probability that X makes
a jump in the interval [t, d¢] (which is equal to dt). Hence

Y

t;
/ e Pt (¢, — ) dt] <
ti—1

t
/ 6—B(t—t;+1) dt;H-l <
tn

/ K(tnr1 — thp) dtngn <1
t

(3.A.24)

ST
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Therefore

1 1
7Z < Bt / — (1 + —) dt, ...

1\ o= "
_ (8-
= e 1+ =
(1+3) X 5

which is exactly the result.

dt,,
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(3.A.25)






Part 2

Modele d’accrochage en environnement
corrélé






CHAPTER 4

Hierarchical pinning model in correlated random
environment

4.1. Introduction

It is widely expected, on general grounds, that correlations in the environment
may change qualitatively the Harris criterion (discussed in Introduction and in the
introductive Chapter 1): it is replaced by the Weinrib and Halperin prediction that
has already been mentioned in Section 1.4.3. The study of the random pinning
model with correlated disorder is still in a rudimentary form. In [Poill, Poil2] a
case with finite-range correlations was studied, and no modification of the Harris
criterion was found. On the other extreme, in Chapter 6 and 7, not only correlations
decay in a power-law way, but potentials are so strongly correlated that in a system
of length N there are typically favorable regions (in a sense we discuss in Chapters
6-7) of size > log N. In this case, we are able to compute the critical point and to
give sharp estimates on the critical behavior for § > 0. In particular, we find that an
arbitrarily small amount of disorder does change the critical exponent, irrespective
of the value of the non-disordered critical exponent P,

Hierarchical models on diamond lattices, homogeneous or disordered [Ble89,
CEGMBS84, DG84], are a powerful tool in the study of the critical behavior of statis-
tical mechanics models, especially because real-space renormalization group trans-
formations a la Migdal-Kadanoff are exact in this case. In this spirit, in the present
work we consider the hierarchical version of the pinning model introduced in the
i.i.d. setting in [DHV92] and discussed in Section 1.3.4. We consider the case where
disorder is Gaussian and its correlation structure respects the hierarchical structure
of the model: the correlation between the potential at i and j is given by &),
where 0 < k < 1 and d(i, j) is the tree distance between i and j on a binary tree. The
Weinrib-Halperin criterion in this context would say that the following equivalence
holds

irrelevance <= max(x, 1/2) < B?/4, (4.1.1)

where we recall that B € (1,2) is a parameter that defines the geometry of the
diamond lattice.

A closer inspection of the model, however, shows easily that the phase transi-
tion does not survive for k > 1/2 (cf. Section 4.3.1). When instead correlations
are summable (which corresponds to k < 1/2) we find, in agreement with (4.1.1),
irrelevance if B > /2 (see Theorem 4.3.3 and Proposition 4.5.1). As for B < v/2,
again we find agreement with the Weinrib-Halperin criterion: disorder is relevant
(see Proposition 4.3.5) and if in addition x < B?/4, the model behaves like in the

111
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1.1.d. case as far as the difference between quenched and annealed critical points
is concerned, see Theorem 4.3.3. The crucial step in proving Theorem 4.3.3 (and
Proposition 4.5.1) is to show that for k£ < min(1/2, B2/4) the Gibbs measure of the
annealed system near the annealed critical point is close (in a suitable sense) to the
Gibbs measure of the homogeneous system near its critical point (cf. Theorem 4.3.1
and Proposition 4.3.2). This is the step that requires the most technical work, in
particular because the annealed critical point is not known explicitly for x # 0.
Once this is done, the proof of disorder relevance/irrelevance according to B < /2
can be obtained generalizing the ideas that were developed for the i.7.d. model.

Finally, the region B?/4 < k < 1/2, B < /2 reserves somewhat of a surprise:
while we are not able to capture sharply the behavior of the annealed model and
of the difference between quenched and annealed critical points (as we do for kK <
min(1/2, B?/4), see Theorem 4.3.1, Proposition 4.3.2 and Theorem 4.3.3), we can
prove that the annealed model has a different critical behavior than the homogeneous
model with the same value of B. In particular, the contact fraction at the annealed
critical point scales qualitatively differently (as a function of the system size) than for
the homogeneous model, see Equation (4.4.33). In view of Theorem 4.3.1 mentioned
above, this means that if we fix B < /2 and we increase s starting from 0, at
k = B?/4 the annealed system has a “phase transition” where its critical properties
change. As we discuss in Section 4.3.1, this suggests that, while for x < B?/4 the
annealed free energy near the annealed critical point h2(f) has a singularity of type
(h — h3(B))"™ and vPv = log, /log(2/B), for B?/4 < k < 1/2 the annealed free
energy should vanish as h \, h2(/3) with a larger exponent.

As a side remark, let us recall that Dyson [Dys69] used a hierarchical ferro-
magnetic Ising model (which, at least formally, resembles very much our annealed
pinning model, cf. (4.3.2)) plus the Griffiths correlation inequalities, to derive cri-
teria for existence of a ferromagnetic phase transition for a non-hierarchical, one-
dimensional Ising ferromagnet with couplings decaying as .J;_; ~ |i —j|75. We stress
that, in contrast, in our case there are no available correlation inequalities which
would allow to infer directly results on the non-hierarchical pinning model starting
from the hierarchical one. It is however possible to give reliable conjecture on the
disordered (non-hierarchical) pinning model

Let us now give an overview of the organization of the Chapter:

e In Section 4.2 we define the model and give preliminary results, in particular
on the homogeneous case, and we state our main results in Section 4.3;

e In Section 4.3.1 we discuss the case k > 1/2, showing that the phase transition
does not survive;

e In Section 4.4, we study in detail the annealed model, giving first some pre-
liminary tools (Section 4.4.1), then looking at the case k < 1/2 A B?/4 and proving
Theorem 4.3.1 and Proposition 4.3.2 (Section 4.4.2), and finally focusing on the case
B?/4 < k < 1/2 (Section 4.4.3);

e In Section 4.5 we prove disorder irrelevance for x < 1/2, B > /2, and in
section 4.6 we prove disorder relevance for k < 1/2 A B2/4, B < /2.
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4.2. Model and preliminaries

4.2.1. Hierarchical pinning model with hierarchically correlated dis-
order. We recall the hierarchical pinning model, introduced in Section 1.3. Let
1 < B < 2. We consider the following iteration

G0 720 g

B )
for n € NU{0} and i € N. We study the case in which the initial condition is
random and given by Zéi) = eMith with h € R, 8 > 0 and where w := {w; }ien is
a sequence of centered Gaussian variables, whose law is denoted by P. One defines
the law [P thanks to the correlations matrix K and note &;; := E[w;w;]. We interpret

Z(ZJ)rl =

n

(4.2.1)

7\ as the partition function on the i** block of size 2".
We make the very natural choice of restricting to a correlation structure of
hierarchical type. For p € NU {0} and k£ € N, recall the definition

Lip = {(k—1)2" +1,... k2"} (4.2.2)

of the k' block of size 2?. We define the hierarchical distance d(-,-) on N by
establishing that d(i,j) = p if ¢,j are contained in the same block of size 2P but
not in the same block of size 2°~!. In other words, d(i,j) is just the tree distance
between ¢ and 7, if N is seen as the set of the leaves of an infinite binary tree.

We assume that x;; depends only on d(3, j) and for d(i, j) = p we write k;; =: K,
(ko = 1), with x, > 0 for every p. Actually, we make the explicit choice

Kp = K for some 0<kr<1/2 (4.2.3)

It is standard that such a Gaussian law actually exists, as seen in Section 1.3.4.
We see in Section 4.3.1 that the reason why we exclude the case k > 1/2 is that
the model becomes less interesting: there is no phase transition for the quenched
model and the annealed model is not well defined. For x = 0, one recovers the model
with 7.4.d. disorder.
We point out that all our results can be easily extended to the case where k :=
lim, o0 | #p| /P exists and is in (0,1/2).

We already mentioned the Galton-Watson interpretation of the partition function
in Section 1.3, and we recall it here briefly. We take 1 < B < 2, and we set P,
the law of a Galton-Watson tree 7, of depth n + 1, where the offspring distribution
concentrates on 0 with probability % and on 2 with probability %. We define the
set R, C {1,...,2"} of individuals that are present at the n'* generation (which
are the leaves of T,).

One has the useful following Proposition

Proposition 4.2.1 ([GLT10b], Proposition 4.1). For any n > 0 and given a subset

I C{1,...,2"}, one defines 7}(") to be the subtree of the standard binary tree of
depth n + 1, obtained by deleting all the edges, except those which link leaves i € I

to the root. We note v(n,I) the number of nodes of 7}("), with the convention that
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leaves are not counted as nodes, while the root is. Then one has
E, [6;] = B~*™1), (4.2.4)

where 07 = Hie[ 0; and where 6; = 1 if the individual i is present at generation
n (i.e ifi € R,), and 6; = 0 otherwise. In particular E,[6;] = B™" for every
ie{l,...,2"}.

Using the recursive structure of the Galton-Watson tree 7,,, one can rewrite the
partition function as

ZW =E,

exp (Z(ﬁu]gn(i_l)+k + h)5k>] : (4.2.5)

k=1

since it satisfies the iteration (4.2.1) and the correct initial condition Zo(i) = exp(Bw;+
h). In the sequel, we write Z:”,(Li) instead of Zr(f) (we keep explicitly the dependence
on h and on w, the dependence on § being implicit to get simpler notations), and
Zy, for Z:;,(Ll) if there is no ambiguity.

It is convenient to define

A = 3" (Buy + h)dy (4.2.6)

k‘EIi,n

as the Hamiltonian on the " block of size 2" (we also write HY, for H,’ ’}(Ll) if there
is no ambiguity). This allows to introduce the polymer measure

dpv, 1
o2 = HY,) . 4.2.
B 7o (1) (4.2.7)

We then define the quenched free energy of the model,

Theorem 4.2.2. The limit
]- —a.s . ]-
F(3,h) == lim — log Z%, "= lim —E[log Z*,]. (4.2.8)
n—oo 2™ ) n—oo 2™ )

exists P-almost surely and in L'(dP), is almost surely constant and non-negative.
It is called the quenched free energy. Moreover, F,(3,h) := 5-E[log 7% ) converges
exponentially fast to F([3,h), and more precisely one has for alln > 1

B2+B—1)

506 —T) (4.2.9)

F.(8,h) — %logB <F(B,h) <F.(B,h)+ %log (

One has that F(3, h) < oo trivially from Zy, < exp(3270, (Blws| + R)).

Proof The convergence of F, (3, h) is classical, and the proof is similar to the one
of Proposition 4.2.3. Then, for any € > 0, we define

W, . =P (|log Zy} — Elog Z:7| > 22",

and we show that ZneN VU, . < 00, so that we are able to use Borel-Cantelli Lemma
to prove the almost-sure convergence in (4.2.8). We mention that this concentration
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condition (of log Z* 5 around its mean) is actually very general to prove the existence
of the quenched free energy.

Let us briefly estimate VU, ., recalling the following inequality for functions of a
Gaussian vector @ € R™ of i.i.d. standard N(0,1) with law P:if f:R™" > Risa
function with Lipschitz norm L, then IP’(|f( ) — E[f(@)“ > e) < 207 1/UL7),

We adapt the construction (1.3.18) for the (finite) vector w™ := {w;}1 << an.
Set ZW = {I},,,p € {0,...,n},k € {1,...,2"7P}} (the set of blocks in a system of
size 2"), with I, defined in (4.2.2), and let @™ = {&;};czm be a Gaussian vector
of 4.i.d. standard N (0, 1) variables. Then, one has the following equality in law

w; = Ry, forallie{1,...,2"}, (4.2.10)

where Ky, = Ky, with &, = VK" and K, = V/KP — kPt1 for p < n (one only has to
check that the vector constructed as above has the right correlation structure).

From this construction, we set f(©&™) := 27" log Zf,’ﬁ, and we remark that f is
a function of Lipschitz norm L, with L? being bounded from above by

~(n of |’
sup ||V f(@™)]|* := sup -
w(n) &(n) Wr
Iez(n)
2
n 2n°P 52 n
_SUPE E En’f Kp E 0; <2—n E 2PkP. (4.2.11)
p= 0 k=1 iEIk,p p:O

Therefore, the inequality mentioned above leads to ¥,, . < 2e¢" e2722M/R)" which
is summable for all e > 0if x < 1. O

We define also the annealed partition function Z7; ), := E[Zy,], and the annealed
free energy:
1
FY(B,h) = lim —logE[Z},]. (4.2.12)
n—oo 21
Proposition 4.2.3. The limit in (4.2.12) exists, is non-negative and finite, and
F2(B,h) = 2% log E[Zy,] converges exponentially fast to (3, h), and more precisely
one has for alln >1

Fo(8,h) — Q%bgB < F*(B,h) <F2(B,h) + O((2k)™). (4.2.13)

Note that the error terms in the upper bounds in (4.2.9)-(4.2.13) are not of the
same order.

Finiteness of the annealed free energy would fail if the correlations were not
summable, i.e. if ) x;; = 0o, which would be the case for x > 1/2. The proof of
Proposition 4.2.3 is postponed to Section 4.4.1.

The properties of F* are well known in the non-correlated case, since in this
case the annealed model is just the hierarchical homogeneous pinning model (see



116 4. HIERARCHICAL PINNING MODEL IN CORRELATED RANDOM ENVIRONMENT

Section 1.3.2). In the correlated case, the analysis of the annealed model is much
more complex, see Section 4.4.2.

We also have the existence of critical points for both quenched and annealed
models, thanks to the convexity and the monotonicity of the free energies with
respect to h.

Proposition 4.2.4 (Critical points). Let 5 > 0 being fived. There exist critical
values h2(5), he(8) such that
o F*(3,h) = 0 if h < hg(B) and F*(5, h) >0 if h > hi(f)
e F(B,h) =0 if h < h(B) and F(B,h) > 0 if h > h.(5).
he(

One has —c,.3*> < h2(8) < ) < 0 for some constant ¢, < oc.

The inequality h?(5) < h.(f) is a direct consequence of the Jensen inequality,
that allows us to compare the annealed and the quenched free energy, since it gives
F(B,h) < F*(B,h). The fact that h?(8) > — .3 is discussed after (4.3.2). The
bound h.(f) < 0 follows from F(5, h) > F(0, k), which is proven in [Gia07, Prop.5.1]
(the proof is given there for the i.i.d. disorder model but it works identically for the
correlated case, since it simply requires that E(w;) = 0).

In the sequel, we often write h? instead of h2(3) for brevity.

We note that as already noticed (see Section 1.3), the critical point h.(f) marks
the transition from a delocalized to a localized regime. If h < h.(5), F(5,h) =0
and the density of contact goes to 0: we are in the delocalized regime. On the other
hand, if h > h.(5), we have F(5,h) > 0, and there is a positive density of contacts:
this is the localized regime. Such a remark applies also naturally to the annealed
model.

4.2.2. Critical behavior of the pure model. We recall our notation

SO =3 s (4.2.14)

k‘EIi,n

the number of contact points on the block I;,,, and write S, = Sy(Ll) if there is no
ambiguity. We then have of course S 0 = Sy (22 Y4 S 22

The pure model is the model in which B — 0 its partition function is 2} =
E, [exp (hS,)] and we let F(h) denote its free energy. It is well known that the pure
model exhibits a phase transition at the critical point h.(3 = 0) = 0:

Theorem 4.2.5 ([GLT10a], Theorem 1.2). For every B € (1,2), there exist two
constants ¢y = co(B) > 0 and ¢, = c¢(B) > 0 such that for all 0 < h < 1, we have

coh”™" < F(h) < h™ (4.2.15)

with 0w 9
pur _ 982 _ g 4.2.16
og@/B) ~ " 4210

The exponent vP" is the pure critical exponent (in the following, we often note
v = "), Note that v is an increasing function of B, and that we have v = 2 for
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B = B, := /2. We give other useful estimates on the pure model in Section 1.3.2
and Appendix 4.A.

4.3. Main results

In this section we frequently write h? instead of h2(53).

It turns out that the effect of correlations is extremely different according to
whether k < B— /\ = or not. In the former case, our first result says that, the
correlations decaylng fast enough, the critical properties of the annealed model are
very close to those of the pure one.

First, let us write down more explicitly what Z7, = E[Z?,] is. Note that the
Gaussian structure of the disorder is very helpful, to be able to give an explicit
formula for the annealed partition function, only in terms of two points correlations.

The computation gives

on=E, [exp ( +h)25k+ﬁ2/2zf1p Z §i0; || = E, [eHZh}.

1<i4,j <2
d(i,j)=p
(4.3.1)
One easily realizes that
2 2" 5 2n—P
hZék + = Zf%aa ( +h) Sn + ﬁQZ%Z SEYsE.
3,7=1 1=
(4.3.2)

In particular note that

(h+5%/2) Zak < (h+ ) Zak <h+5 > o %P)Zak,

p=0

which together with the fact that h.(3 = 0) = 0, implies —c, 3% < h2(8) < — 3%/2.
We also use the notation HS’(k) for the “annealed Hamiltonian” on the k" block

of size 2"
a(k =h Z 51 Z Iﬂl,’j(si(;j.

le[k n 7j€1k,n

and the following relation holds:

S =HD + HYD 4 32,0059 (4.3.3)
If we set h = h? + u, so that the phase transition is at u = 0, one has
o= Bu [exp (uS,) | = 22 B8 fexp (uS,)] (4.3.4)
where Ipe
n,ha 1
= H: L) . 4.3.

dPn Zz’hFél €xXp ( n7hc) ( 3 5)

The measure PJ ;. is the annealed polymer measure at the critical point hf.
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We can finally formulate our first result:

Theorem 4.3.1. Let k < BTz A % There exist some By > 0 and constants ¢, co > 0
such that for every f < fo and u € [0, 1], one has

E, [exp (e_clﬁzuSnﬂ — 3 (;)ng E, [exp (uS,) eH:’h%] <E, [exp (eclBQuSn)]

(4.3.6)
so that, for any u € [0, 1],

F (e—ﬂ%) <F(B,h* +u) <F (661%) . (4.3.7)

Theorem 4.3.1 is saying that the critical behavior of the annealed free energy
around h? is the same as that of the pure model around h = 0 (in particular, same
critical exponent v).

The essential tool is to prove that the measures P, and P7 ;. are close. This is
the contents of the following Proposition:

Proposition 4.3.2. If k < BTQ A %, then there exist some [y > 0 and a constant
c1 > 0 such that, for every B < By, for any non-empty subset I of {1,...,2"} one

has ; ;
(6—0152) B, [0 <E, [516H3,h%] < (60152) B [0, (4.3.8)

where 6; = [[;c; 0. The case I = is dealt with by Lemma 4.4.1 below, that says
that the partition function at the critical point approaches 1 exponentially fast:

e 2B (R/BA)" Z2 e < 1 (4.3.9)

Observe that (4.3.9) says that if k < BTQ /\% the partition function of the annealed
model at h? is very close to that of the pure model at its critical point A = 0 (which
equals identically 1). We will see in Theorem 4.3.6 that (4.3.8) fails, even for 5 > 0
small, if k > BTz A %

With the crucial Proposition 4.3.2 in hand, it is not hard to prove that for
k< BTQ A % the Harris criterion for disorder relevance is not modified by the presence
of disorder correlations:

Theorem 4.3.3. Let k < B{ A %

e [f1< BB, = \/5, then disorder is relevant: the quenched and annealed
critical points differ for every g > 0, and:
— if B < B, there exist a constant c3 > 0 such that for every 0 < f < 1

(3) 71877 < he(B) — h2(B) < 3877 (4.3.10)
— if B = B, there exist a constant ¢4, > 0 and some 5y > 0 such that for
every 0 < 8 < By

exp <—%) < he(B) — B2(B) < exp <—il) . (4.3.11)
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o /f B. < B < 2, then disorder is irrelevant: there exists some By > 0 such
that h.(B) = h2(B) for any 0 < < By. More precisely, for everyn > 0 and
choosing u > 0 sufficiently small, F(5, h2(8) +u) = (1 —n)F*(B, h2(B) + u).

With some extra effort one can presumably improve the upper bound (4.3.11) to
exp(—cy ' /B?) and the lower bound to exp(—cy(€)/3%+€) for every e > 0, as is known
for the uncorrelated case k = 0 [GLT10b, GLT11]. We will not pursue this line.

Remark 4.3.4. It is important to note that Theorems 4.3.1 and 4.3.3 do not require
the knowledge of the value of h? (in general there is no hope to compute it exactly).
This makes the analysis of the quenched model considerably more challenging than
in the 7.1.d. disorder case k = 0, where it is immediate to see that h?(f) = —3?/2.

We mentioned in the introduction that for the i.i.d. model one can prove that,
when the free-energy critical exponent v of the homogeneous model is smaller than 2,
such exponent is modified by an arbitrarily small amount of disorder (more precisely,
the result is that the exponent is at least 2 as soon as § > 0). The same holds for
the model with correlated disorder:

Proposition 4.3.5. If k < 1/2, for every B € (1,2) there exists a constant ¢(B) <
oo such that for all 8 >0 and h € R, we have

r(0.) < S (h— ho(8)2 (1312)

We restrict to x < 1/2 since otherwise there is no phase transition.

We do not give here the proof of this Proposition since, thanks to summability of
the correlations, it is very similar to the one for the i.i.d. hierarchical model [LT09].
We refer also to Section 5.4.1, where a similar result is proved in the non-hierarchical
case.

In the case 1/2 > k > B?/4 correlations have a much more dramatic effect
on critical properties and in particular we expect them to change the value of the
annealed critical exponent from the value v = log 2/ log(2/B) to a larger one. Partial
results in this direction are collected in the following Theorem, which shows that
(some) critical properties of the annealed model differ from those of the homogeneous
one.

Theorem 4.3.6. Let B*/4 < k < 1/2 and 8 > 0. In contrast with (4.3.9), the
partition function at the critical point does not converge to 1. Rather, one has

H VATTRS (2\3[)71 (4.3.13)

Also, the average number of individuals at generation n at the critical point satisfies

a a 1
E2 ). [S0] = B2 0 Z 5] < i (4.3.14)
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When proving Theorem 4.3.6 we will actually prove that the m™ moment of
Sy under P7 . is at most of order k~mn/2 Therefore, with high probability S,
is much smaller than (2/B)", which would be the order of magnitude of S, for
k < B?/4 A1/2, as can be deduced from Propositions 4.3.2 and 4.2.1.

In other words, if we fix B < v/2 and we let x grow but tuning A so that we are
always at the annealed critical point, there is a phase transition in the behavior of
the finite-volume contact fraction when crossing the value x = B?/4, cf. also Figure
4.1.

B2
K R = a
\

N[

??

=

Relevant Disorder Irrelevant Disorder

|
1
1
|
1
1
|
L}
1
ypur — ya < l/que : Upur — Ua — une
1
1
L}
1
1
L}
|
1
1

FIGURE 4.1. Overview of the qualitative behavior of the model. One takes k <
1/2, otherwise neither annealed nor quenched model have any phase transition.
For k < 1/2 A B%/4 the annealed model exhibits the same critical behavior as the
pure one, and so the critical exponent is v* = v = log2 / log(2/B). Moreover,
the measures P, and P}, ;. are similar (in the sense of Proposition 4.3.2) and
the criterion relevance/irrelevance of disorder is the same as in the i.i.d. disorder
case: disorder is irrelevant for B > B, := /2, marginally relevant at B = B,
and relevant for B < B, (cf. Theorem 4.3.3). The region above the parabola
k = B?/4 remains to be understood, but partial results (Theorem 4.3.6) suggest
that the critical behavior of the annealed model is different from the one of the pure
model, in particular the annealed critical exponent should be larger. Note that
disorder is proven to be relevant for all B < Be, k < 1/2 through the “smoothing
result” of Proposition 4.3.5, showing that the quenched critical exponent is strictly
larger than the pure one.

Remark 4.3.7. In view of Remark 1.3.4, the choice of the hierarchical structure
(4.2.3) for the correlations, corresponds to a power law decay k;; ~ |i — j|~¢ in the
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non-hierarchical framework, where ¢ = log(1/k)/log2 > 0 (or kK = 27¢). Note that
¢ >0 for all k <1, and that ¢ > 1 if k < 1/2 (summable correlations) and ¢ < 1 if
k > 1/2 (non-summable correlations).

Moreover, the pure critical exponent is vP"" = log2/log(2/B) in the hierarchical
case. Therefore, the condition k < B?/4 (with the additional condition of correlation
summability, x < 1/2) that one find in the crucial Proposition 4.3.2, translates into
(vP" > 2. This condition is found in the Weinrib-Halperin criterion, and should be
the pertinence/non-pertinence criterion in the ( < 1 case.

4.3.1. A note on the case k > 1/2. As we saw in the previous Chapter, the
case k > 1/2 (non-summable correlations) is somehow particular, and correspond
to power-law decaying correlations with an exponent ¢ < 1 in the non-hierarchical
case. Restricting to the event where all the 9,, are equal to 1 and using Proposition
4.2.1, one sees that

1 27l n
AT (-) exp (((h +52/2) + 67/2) np2p—1) 2") : (4.3.15)
; B g
Thus, we see that F*(5, h) = oo unless

Ko=) 2" < +o0. (4.3.16)

p=0

For k > 1/2, not only the annealed free energy is ill-defined. One can also prove that
the quenched free energy is strictly positive for every value of h € R: the quenched
system does not have a localization/delocalization phase transition.

Theorem 4.3.8. If k > 1/2, then F(5,h) > 0 for every 5 > 0,h € R, so that
he(B) = —oo. There exists some constant cs > 0 such that for all h < — 1 and
5>0

F(B,h) > exp (—05\h\(\h\/ﬁ2)logz/l"g(2“)) : (4.3.17)

The proof of h.() = —oo can be presumably extended to the case k = 1/2. To
avoid technicalities, we do not develop this case here.

Proof In this proof (and in the sequel), we do not keep track of the constants
¢,C, ..., and therefore they can change from line to line.

The proof is identical to what is done in Section 5.4.2, and we do not repeat it
here completely. However, we give the hierarchical substitute for the bound 4.3.20
on the free energy, which is the bound obtained with the strategy of targeting all
the “good” blocks.

Let us fix some [ € N (that is chosen large later on), take n > [ and let Z C
{1,...,2"1} which is supposed to denote the set of indexes corresponding to “good
blocks” of size 2!. Then for any fixed w, targeting only the blocks in Z gives (a
similar inequality was proven in [LT09])

B_1 v(n—1,7) (k)
R o e | N
kel
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where v(n—1,Z,) is the number of nodes in the subtree ’TI("_I) defined in Proposition
4.2.1 and Zf;fl) is the partition function on Iy, the i block of size 2!, cf. (4 2.2).
The term (BB_QI)U(H_Z is a lower bound on the probability that the node 1 < i < 2"~

at generation n — [ has at least one descendant at level n — [+ 1 if and only 1f €1
(see Figure 4.2).

o\
good blocks

FIGURE 4.2. The strategy of aiming exactly at the good (colored) blocks is

represented above. One first places the subtree 7'I(n7l), which is present with
probability (1/B)*(~5%) and then forces all the leaves that do not lead to any
good block (the hexagons in the figure) not to have any children, which happens
with probability larger than ((B — 1)/B)"(»~%%). The maximal amount of nodes
that such a tree can contain is reached when all the good blocks are all equally
distant one from another, and is thus bounded as in (4.3.19).

It was shown in [LT09] that
v(n,Z) < |Z| (2+n —1— |log, |Z|]) (4.3.19)
so that

B2\ 7]
—log Zlongh — log <B—1) o (24+n—1—[log, |Z|]). (4.3.20)
keZ

From this point, the proof is identical to what is done in Section 5.4.2 to prove
Theorem 5.2.5. The only point that changes is the estimation of the entropic cost
of the change of measure procedure, used to bound the probability for a block to be
favorable. Indeed, the correlation matrix in the hierarchical case is not a Toeplitz
matrix anymore, and the estimate of (K14, 1) is dealt with Lemma 4.B.1, that
stresses that 14 is an eigenvector of K, with eigenvalue \y = 1 + Z;Zl 271y, O

4.4. Study of the annealed model

Let us remark first of all that since kn = 0 for all n > 0, one has thanks to
(4.3.3) that Hy,, ), > H Ry h , and therefore

a (23,)*+B-1
s> Gl 2B (@)
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From this one deduces that Z} ;. < 1. Indeed, the map x — (2> + (B —1))/B has
an unstable fixed point at 1, and Z}; . > 1 would imply that F*(8, A7) > 0.

4.4.1. An auxiliary partition function, proof of Proposition 4.2.3. It is
very convenient for the following to introduce a modified partition function, both
for the quenched case and for the annealed one, defining

K

Z;Lu,h = ETL [eXp (H;),h + 9B2"€n(5n)2)] y with 6 := m (442)

and
Zy,=ElZ,] = E, [exp(ﬁ;‘l,h)} ) (4.4.3)

with
HY = HYyjy + 05K (S0)°. (4.4.4)

Note that € vanishes for k — 0 (no need of the auxiliary partition function for the
non-correlated model) and that it diverges for kK — 1/2, where the annealed model
is not well-defined.

We also naturally define F*(5,h) := lim,, . 27" log Zf;h (the existence of the
limit will be shown in the course of the proof of Proposition 4.2.3) and, using 5 < 1,
one gets that Z2 , < Z2, < "7U0" 72 5o that F*(8, h) = F*(B, h) (recall we chose
k < 1/2). Similarly, if F(ﬁ, h) = lim,_,o 27" log Z%, then F(,h) = F(5, h).

Then, from (4.3.3), one gets that (recall k,, = ™ and (4.2.14))

2 2
H3+1h Ha(l)—I—Ha(z)—I—%K"H(Sfll)f+%/€"+1(S£L2))2

+2952 n+1(S(1))2+2952 n—l—l( (1))2
= BV 1+ 98%" (S0 + B + 0527 (SP)? = A + HYY  (4.4.5)

where we used the self-explanatory notation H ) for the auxiliary Hamiltonian in
the block I;,,. We used the bounds ab < 1/2(a? + b*) and (a +b)? < 2(a® +b?) and
then the definition of 6.

This gives in particular that

Zpiin S ’ B ; (4.4.6)

from which one deduces that Z2 pa = 1 for all n € N. Indeed, otherwise, for some
no € N one has Z2 e < 1, and then one can find some h > hf such that Z2 o, <1,
which combined Wlth (4.4.6) gives that Z2 , < 1 for all n > ng. Therefore one would
have F#(, h) = F*(8, h) = 0, which is a contradiction with the definition of h2.

Proof of Proposition 4.2.3 One has from (4.4.1)

Zhn (750N
— = : , 4.4,
. ( - ) (44.7)
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and from (4.4.6) and the fact that Z2, > (B —1)/B

B*+B-1
B(B-1)

Therefore, the sequence {27"1og(Z2, /B)}n >1 and {27"log(KpZ2 ;) }n > 1 are non-

decreasing and non-increasing respectively, so that both converge to a limit, F*(3, h)

and F?(8, h) respectively, but we have already remarked earlier in this section that
F*(8,h) = F*(3, h). One finally has

( ah) Fa(ﬁ> )_Q_nlogB
F(5, h) = (8. h) < F(5, h) + 2" log K,
so that since F? (3, h) < F2(83,h) + 08%(2k)", one gets the desired result.

KBZ n+l,h (KBZ ) with KB == (448)

(4.4.9)

O

4.4.2. Proof of Theorem 4.3.1 and Proposition 4.3.2. The really crucial
point is to prove that, provided that x < BTQ A %, the annealed partition function

an e auxiliary one Z?,) at the annealed critical point converges exponentially
d th ili Z5 ) at th led critical t tiall
fast to 1.

Lemma 4.4.1. If k < BTQ /\% then there exist some constant co > 0 and some By > 0
such that for any n > 0 and every 5 < [y, one has

oxp (% (4r/B*)") < Z3,. <1,
1< Z;hg < exp (e28%(4k/B*)") .

Proof of Theorem 4.3.1 given Lemma 4.4.1 and Proposition 4.3.2 We ex-
pand exp (uS,,), to get

a k Ha a
E, [exp (uS,) e ] Z - [ h} . (4.4.10)
Thanks to Proposition 4.3.2, we have that for any k >

(6—0152>kEn [(Sn)k} <E, [(Sn)k e hﬂ < (60162>kEn [(Sn)’“] . (4411)
and with (4.4.10) we have then

o0 (u 60152>k
B [oxp (uSh) ] < 22 + B | 302 (S| < B fep (¢us, )
k=1 ’

(4.4.12)
where we used that Z7 . < 1. We naturally get the other inequality in the same
way

E, [exp (uS,) efrrz| > E, |exp 6_0152’&5” — 32 4—I€ , (4.4.13)
B2

where we used Lemma 4.4.1 to get that Z7 ;. > 1 — co8*(4r/B?)". O
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Remark 4.4.2. Using the same type of expansion, Proposition 4.3.2 gives more
general results: for example, one can get

—pcC 4KJ " a a
B foxn (e u(5,7)] — e ()< B [e"5% oxp a5,
E, [eHthg exp (u(Sn)p)] <E, [exp (emﬁzu(sn)pﬂ . (4.4.14)
In the sequel, we refer to this Remark to avoid repeating this kind of computation.

Before proving Proposition 4.3.2 and Lemma 4.4.1, we prove the following result,
valid for any x < 1/2. Given I C {1,...,2"} we say that [ is complete if 20 —1 € [
for some ¢ € N if and only if 2/ € [.

Lemma 4.4.3. For every n > 1, and any non-empty and complete subset I of
{1,...,2"}, one has

1

(H Zgha> 6] <E, [516113%} (4.4.15)
) I

<E, [&ez{z,hg} (H Z;ha> [07]. (4.4.16)

Note that if = (), these inequalities are false, since 7 . <1 < Zf;hg.

Proof of Lemma 4.4.3 As the two bounds rely on a snnllar argument that is

H2 e = HY Ella + Hy 2 in one case, and 2y e < Flz’gﬁ + A ha in the other case,
we focus only on the lower bound.
We prove it by iteration, the case n = 1 being trivial (the only non-empty

complete subset is I = {1,2} and the inequalities can be checked by hand). Now
assume that the assumption is true for some n > 1 and take I a non-empty complete
subset of {1,...,2""}. We decompose I into two subsets I; = I N [1,2"] and

I, = IN[2" +1,2""] and we define I, to be the subset obtained by shifting I

to the left by 2". It is easy to realize that both I; and I, are complete subsets of
{1,...,2"} and one has E,,;1[0;] = 1E [511] nl07,]-

Now, using that Hp ;. > > H> ha )+ B ha, one has

n

a ]_ a a
E.. {5161’%1,@] > =E, [5116H"’h?] E, [5;26Hn,hg] (4.4.17)

and two cases can occur.

(1) I, = 0, |I1] = |I| (or I, = 0, |I,| = |I|). Then, (4.4.17) plus the induction
step gives

n—1 ]
a 1
B, [516Hn+1,hg] > SEul0n]E[07,)2 s <H Z;hg> . (4.4.18)
p=0
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15 branch = probab. 1/B

\ 2nd hlock

Il ]2

FIGURE 4.3. Decomposition of a non-empty complete set I into two subsets Iy
and I. If I is non empty, the first generation must be non-empty (this has prob-
ability 1/B). Conditionally on this, the occurrence of I and I are independent
events.

|
Since Z}; . < 1, one has Z7 . > (Zz,hg) , and obtains the claim at level

n+ 1.
(2) I, Iy # 0. In this case, from (4.4.17), the recurrence assumption directly
gives
1 n—1 [I1]+| 2|
H? a a
Eni [516 n+1,hc] > EEn[5I1]En[5T2] <H Z ,hg) : (4.4.19)
p=0

This gives the result at level n+ 1, using that || = |I;|+|/2|, and bounding
again Zj j. < 1.
U

Proof of Proposition 4.3.2 Given I C {1,...,2"}, let I’ be the smallest complete
subset of {1,...,2"} that contains I, and note that |I'| < 2|/|. Note that

B (07 exp(H )] = Balor exp(Hiy)l, Eof0r] = By [or]

simply because of the offspring distribution of the Galton-Watson tree: if the indi-
vidual 22 — 1 is present at generation n, so is the individual 2i. This immediately
implies that the statement of Lemma 4.4.3 holds for every I (not necessarily com-
plete), if |I] is replaced by 2|I|.

Then, Lemmas 4.4.3 and 4.4.1 imply Proposition 4.3.2 with ¢; = 2¢5 > (%)n =

p=0

202B2B——24/£' ]
Proof of Lemma 4.4.1 One would like to use a result analogue to Proposition

4.3.2 to bound Z% ;. = E, [eHZ,hz exp (9/6"(5”)2)]. So we first prove a weaker upper

bound. The proof relies strongly on the pure model estimates presented in Appendix
. . — . . 2
4.A, which show that the term 0, (S,)? in Z2 . has little effect if £ < Z= A .
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Take ¢ = (2k) V 42 < 1 and C the constant ¢ associated to A = 1 in Corol-

-2
lary 4.A.4, and fix some 3 < B, with By = (H;io ec(p”)@p) < 1. We prove
iteratively on n that for all subsets I of {1,...,2"} one has

E, [516]{2”13} < (@)"E,[6,],  with a, = [] C0D8, (4.4.20)

Note that with our choice of 3 one has (,)? < ;" for all n > 0.

The case n = ( is trivial (just use that h? < — 3?/2, as discussed after (4.3.2)).
Now assume that (4.4.20) is true for some n > 0 and take I a subset of {1,...,2" "1}
If I = (, then we simply use that Zppe S LU T # () decompose it as in the

proof of Lemma 4.4.3 into two subsets I;, I, and let fg be obtained by translating
I to the left by 2", so that E,41[0;] = 5E,[01,]E,[07] (see Figure 4.3). Then, from
the iteration (4.3.3) on H}, one has

2 2
H e < H2E + %Wl (SO) + H2Y + %wl (52)?, (4.4.21)
so that one gets

E [5 H’i“ha] < 1B, |5, Z 1 (8,72
n+1 |01€ el X EE Le ¢ exp 9 -5k (Sn)

2

x B, [& eMnnt exp (%M“(Sﬁ)} . (4.4.22)

Now one can use the inductive assumption to estimate each part of (4.4.22).
Expanding the exponential term and recalling that 3y(z,)? < 1, one has for instance

? 3 . =L (BPenHL/2)k -
E, [5]16H""Lc exp <?I{ TS| = Z %En [5116Hn,hc (Sn)2k]

k=0

i |11|+2km E, [511 (Sn)%]

|
2 Kl
< ()" E, [5,@(%)27””“(%)2} < ()" E, [5 e T " (Sn)? } (4.4.23)

We now use Corollary 4.A.4 to get that

o B TL|11|—|—1
[51 e 5" (Sn)? ] < exp (C 5 g0_1g0"+1) E,[6;,]. (4.4.24)
Combining this with (4.4.22)-(4.4.23) and the definition of ¢ > 2k one gets
a g1 P I+2 1
E.. [@eﬂm,hz] < (z)! (ec%o “) —=E,[51,]Ex o7, (4.4.25)

Using that n|l| + 2 < (n + 2)|I| (because I # () and the definition of z,; =
2,28 one gets equation (4.4.20) at level n + 1.
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We have performed a first crucial step: there exist some 3y > 0 and a constant

x := lim x,, such that for every n € N and every § < [y one has
n—oo

E, [5]6H3’h?] < 2E,[6;] for every I € {1,...,2"}. (4.4.26)

Then using the idea of Remark 4.4.2, one has from the definition of Zihg (and
expanding the exponential term)

0 2,.n\k
B[] + 3 OO g, [ s,y
k=1 ’

7a
Zn,hg

< Zpps +Ey lexp (2*058°K™(Sn)?) — 1]
< 2o+ exp (¢f(4r/B%)") — 1, (4.4.27)

where we used (4.4.26) for the first inequality and Theorem 4.A.3 for the second
one. Then using that Z7 ;. < 1, one has the desired upper bound for Zg,hg. On the
other hand, with Z ,. > 1 one gets that Z3 ,. > 1 — ¢ %(4r/B?)", which concludes
the proof. O

Remark 4.4.4. Adapting the proof of Proposition 4.3.2 to the auxiliary partition
function Z?,, one gets under the same hypothesis that there exists a constant ¢
such that for any non-empty subset I of {1,...,2"} one has

(e—0’162>|1| E, [ <E, [5161?2,;@] < (60352>I E, [0:]. (4.4.28)

This implies, together with Lemma 4.4.1, an analog of Theorem 4.3.1: there exist
some [y > 0 and constants ¢, ¢, > 0 such that for every 5 < [y and u € [0, 1], one
has

E, [exp (e—c’lﬁzuSnﬂ <E, |:€Xp (uS,) €H27h3:| <E, [exp (ec;gzusnﬂ oy (%)n
(4.4.29)

4.4.3. The case B?/4 < r < 1/2: proof of Theorem 4.3.6. Using the
identity (4.3.3), one has for all n € N and h € R

1 n () B-1

e = pHEL e e exp (ﬁ%"“SS)SS))}jL—B (4.4.30)
1 o0 (52I{n+1)m e 9 B—-1

= =) By e (S)"] T+ ——. 4.4.31

2 D e e (4.431)

If one takes h = A7 and uses the bound Z;_, ;. < 1, one gets

0 (52Kn+1)m

E [ (g ym]”
——E, [e n2 (S,) ] <1, (4.4.32)

m=0

so that bounding each term of the sum by 1, one gets that for all m > 0

E, [eﬂi,hg(sn)m} <Vl (% (%)nH)m. (4.4.33)
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For m =1 (using Z}; , > (B —1)/B) we obtain (4.3.14), but also an estimate for all
the moments of S,,.
Using Lemma 4.4.3 one has

(5) W mfrmos] <5 (5) 7 s

which implies (4.3.13). Another observation is that, writing h = h? 4+ u, one gets
from (4.4.33) that

B, %] B, [ < i % <_ (%)nﬂ)m, (4.4.35)

=0

Thus if u < (y/k)", one has that Z3 .., = E, [e"n] does not grow with n. This
is in contrast with the pure model where

Zi = Enlexp(uSy)] = exp(uEn(5n)) = exp(u(2/B)")

which diverges with n if u = (/k)" (recall we are considering x > B?/4).

All these facts lead us to conjecture that the phase transition of the annealed
model for B%/4 < xk < 1/2 is smoother than that of the pure model, and actually
of order v* = log2/log(1/+/k) in view of (4.4.33) (if one links the mean number of
points at the critical point to the critical exponent).

4.5. Disorder relevance: control of the Variance

To prove disorder irrelevance for B > B, and the upper bounds on the difference
between quenched and annealed critical points in Theorem 4.3.3, we use the following
Proposition:

Proposition 4.5.1. Let k < (B*/4A1/2). If B > B,, there exists a By > 0 such
that for < By and for everyn € (0,1) one can find e > 0 such that for allu € (0,¢)

F(B,he +u) = (1 —n)F* (B, h + u). (4.5.1)

If B < B, then for every n € (0,1) one can find constants c, By, e > 0 such that
if B< o, for all u € (877, ¢(n))

F(B,h%+wu) = (1 —n)F* (B, h2 + u) (4.5.2)

with v as in (4.2.16).
If B = B, then for every n € (0,1) one can find By > 0 and a constant ¢ > 0
such that if B < fy, for all u € (cexp (—cB72/3) 1)

F(ﬁa hi‘l"&) > (1 _U)Fa(ﬁa hi+u) (453)

Proof This is based on the study of the variance V, := E[(Z%,)?] — E[Z%,]*.
Fix some B € (1,2). One has

E|(Z2,)°] = B2 (4.5.4)

27l
exp (H;h(é) -+ ﬁs’h(él) -+ 52 Z H2]52(5;>

i,j=1
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with § and 0’ two independent copies of the same Galton-Watson process. We also
have E [Zj;h}z = ES? [exp (H?2 ,(6) + H2 ,(8'))]. To simplify notations, we write
h = h? + u and we define
27l
ij=1

Then,

2 7a [7a !
Vn — E®2 |:6U,S7L6US;L (eﬁ Dy, _ 1) eHn,h%. (é)eHn,h%. (5 )i|

n

<V, = E¥ [eC“SneC“S% <ecﬁ2Dn - 1)] . (4.5.6)

where we expanded the exponential and used Remark 4.4.2 and Eq. (4.4.28).
Using the Cauchy-Schwarz inequality in (4.5.6),

Vv, <E, |:62CUS7L:| \/E§2 [(eCﬁ2Dn _ 1)2] <E, [62Cu5’n:| \/Egg [62052Dn . 1]

B B (4.5.7)
We define @, := V,,/E[ZY,]* < V,, (vecall that h > h2 and that EZy,. > 1). Then
one also uses Proposition 4.A.1 to get that E,, [620“5”] < cexp (¢2™u”). Therefore,
one has
Qn < cexp (2™u”) \/E§2 [e2082Dn — 1]. (4.5.8)
Defining
ny = ny(u) :=log(1/u)/log(2/B) = vlog(1l/u)/log2, (4.5.9)
which is the value of n at which E,[exp(uS,,)] starts getting large, one has for p > 0
Qnyip < e \/ E&? ) [e20F Prisr — 1], (4.5.10)

Thus it is left to estimate the last term, with Proposition 4.A.5.

4.5.1. The case B > B.. Thanks to Proposition 4.A.5 there exists some 5y > 0
such that for g < By and for all n € N

ES2 [62062% - 1} < cfRom, (4.5.11)

for some ® < 1. Choose p; = p;(n;) such that e“*"/®m1 = 1 (note that p; diverges
with ny) and then

ny—o0

Qnyipy < VO =570, (4.5.12)

Then we use that

_ E[Z¥ _ E[Z B-1
o] > e (252 ) p (2,5 220 ) (21). sy
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where P (2%, > E[Z%,]/2) > 1 — 4Q, from the Tchebyshev inequality. We apply
this with n = n; + py (nl) to get (using also Theorem 4.2.2 and (4.4.9))

log B
2n

> (1 —4n)F*(B, h) —

C

1 _
> (1— )5 log (EIZ,]) — 5,

9™ > (1— 5p)F*(B,h), (4.5.14)

F(5,h) > —~E [log Z¢,] —

C/

op1(n1)

provided that n, is large enough to ensure both

Qi < Oy (4.5.15)
and 277y < pFY(B, D) for all we (0,1). (4.5.16)

Note that the requirement on n; in (4.5.16) also depends only on 7, cf. Theorem
4.3.1. Since ny is related to u via (4.5.9), one has actually to assume that u < €(n)
with e sufficiently small, as required in Proposition 4.5.1.

4.5.2. The case B < B.. Given n > 0 and < 1, fix some p; = p;(n) such
that (4.5.16) holds and assume that ¢; %) < u < €(n) with ¢; = ¢1(n) to be
chosen sufficiently large later (observe that if €(n) is small one has that n; and p; are

large, so the above requirement on p; is coherent). The definition of n;(u) (which
gives u = (B/2)™) and of v (which gives (2/B)” = 2) imply that

9 p1(n) B2 n1+p1(n) B2 ni+p1(n)
B2 < et (ﬁ) (7) <o (7) (4.5.17)

where ¢; = co(n) can be made arbitrarily small by choosing ¢; large. Then, again
provided that ¢y is small enough (i.e. ¢; large enough), we can apply Proposition
4.A.5 to get from (4.5.10)

c2p1(n) 2 2 PP () 1 c2r1(n)
Qni+pi(n) < CE cf <ce co(n) <. (4.5.18)

From this point on, the proof proceeds like in the case B > B,, starting from (4.5.13).

4.5.3. The case B = B,.. This is similar to the case B < B.. The value of

Bo has to be chosen small enough to guarantee that Proposition 4.A.5 is applicable.
We skip details.

O

4.6. Disorder relevance: critical point shift lower bounds

To prove disorder relevance, we give a finite size condition for delocalization,
adapting the fractional moment method, first used in [DGLT09], and then in [GLT10b,
GLT11] for the pinning model with i.i.d. disorder.
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4.6.1. Fractional moment iteration. For v < 1 let x, to be the largest
solution of

2+ (B —1)7
-5
One can easily see that for 7 sufficiently close to 1 (which we assume to be the case
in what follows) z., actually exists and is strictly less than 1. Moreover one has that
x, increases to 1 as 7y increases to 1. Then we have:

T

Proposition 4.6.1. Take k < 1/2. Then, setting A, = E [(Z;;’vh)ﬁq with 7%,
defined in (4.4.2), one has

A2 +(B—-1)
B '
If there exists some ng such that A,, < x., then F(§8,h) = 0.

A < (4.6.1)

Proof If for some ng one has A,,, < z,, then iterating (4.6.1) one gets A, < z, <1
for all n > ny. Using the Jensen’s inequality one has

1 _ 1 _ 1
—Ellog 7%, = —El|log(Z¥,)"] < — log A,, 4.6.2
n [log n,h] n [log( n,h) ] o og ( )

which gives F(8,h) = F(3,h) = 0 (equality of the two free energies was noted after
(4.4.2)).

We now turn to the proof of (4.6.1). We define 7}/, = E, [eH:»he‘m"y(s")2 and
use that (S,11)* < 2(S,)? + 2(S,)? to get the iteration

1 . . B-1

Zniin S Ezihu,(l)zi’hu,@) 5 (4.6.3)

where as usual the two partition functions in the r.h.s. refer to the first and second
sub-system of size 2". From this, and using the inequality (a+ b)Y < a” + b for any

a,b >0 and v < 1, one has

1 2, (1) 2k,(2)\ 7 (B—1)
Sl o e l R a8

One then shows the following

E[(Zn

Lemma 4.6.2. If p > 6 with 0 = 52—~ as in (4.4.2),

2(1—2x)
E[(z5 0z ®) ] <E[(Z8)7 (4.6.5)
This gives directly (4.6.1), taking pu = ¢ so that 2}, = Z2 ). O
Proof of Lemma 4.6.2 One sets
(t, 1) = log E, [(Zﬁ;}z”zg‘f))q , (4.6.6)
where one defines P, to be the law of a Gaussian vector (wy, ..., wsn+1) with corre-

lations k;;(t) = kK, if d(i,5) = p < n, and k;;(t) = tkp41 if d(7, j) = n+ 1. Then one
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can compute the derivatives of ®. Using the definition of Zﬁih one has for ¢t > 0,
peR

0D ) = —
o R (2 2e?) ]

w,(1) 4 prws(2) (1) (2) v
B B2 (S0 4 (537 o8 P (70 700

-1

(4.6.7)
Thanks to Proposition 4.B.3 one gets
aq) on 2n+1 ”
Kn
¢ (BH) = - >, E [&di (Zﬁ;ﬁ”Zﬁ;ﬁf)) ] (4.6.8)

E, [(Zﬁ,(f Zf:,(?) } i=1 j=2n+1

For the values of i, j under consideration one has

0 1 2 M 4 (@) (2., (g2
Z“’( )Z“’( )) 2ﬁ2E®2 [55 et HHL oirin((Sn)2+(Sn™) )}
8wi8wj< mh “nh
v—1
x (zizm?) L (469)
Therefore,
27L+1
S5 gl ()
nh n,h
pri et &ul&uj
252 ) N %) w,(1) 4 pres(2) sDy24 (5@ (1) in(2)
:E)® [((SﬁL ) (S( ))e nh + n,h e/’“‘in(( n ) ( ] (Z:;h Z:;h ) ,
(4.6.10)
and as a consequence, since we chose k,, = K"
0P Kk 0P

Thus, the function ¢ — ®(¢, u — kt/2) is non-increasing and

08B [ (22770 25770 = B(1. 10— n/2) < B(0.10 = 210 By [(24,)]

(4.6.12)
Then, one uses that for u > 2(%%) one has 2ux < p — £/2, which allows us to
conclude. 0

4.6.2. Change of measure. In this section we prove the lower bounds of The-
orem 4.3.3 on the critical point shift for B < B..

One fixes v close to 1 such that x, is also close to 1, and proves that if h = h +u
with w > 0 small enough, one has A, :=E [(Z,“jo,h)] < z,, for some ny € N. To this
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purpose, we introduce a change of measure in the spirit of [GLT11]. Define

g((U) = l{F(w) < R} + 5R1{F(w)>R}7
F(w) = <Vw>w> - E[(V(d,w”,

where the choices of the symmetric 2" x 2" matrix V', of R € R and e > 0 will
be made later. Note that we have chosen F' to be centered. Then using the Holder
inequality, one has

E[(Z2,)"] = E[o) " (0() Z5)"] <E[0() ] Eo@)Z,]" (46.14)

Remark 4.6.3. The original idea [GLT10b] is to take g(w) = 4= where P is a new
probability measure on {wy, ..., ws} such that P and P are mutually absolutely
continuous. Then, to control both terms in (4.6.14), one has to choose P in a certain
sense close enough to P, such that the first term is close to 1, but also such that
under the measure P the annealed partition function E [g(w)thg} =K [thg] is
small.

The choice of g and F in (4.6.13) has the same effect of the change of measure
n [GLT10b], that is inducing negative correlations between different w;, and the
specific form (4.6.13) is chosen for technical reasons, to deal more easily with the
case in which (Vw, w) is large.

(4.6.13)

Let us first deal with the Radon-Nikodym part of (4.6.14): we make here the
choice e := P(F(w) = R)'™7. Then one has

E[(g(w) ™| <1+ (en) TIP(F(w) > R) = 1+ P(F(w) > R)'™ = 1+ep.
(4.6.15)

We now use the following lemma to estimate ep in terms of R. We let ||V]|? =
Z” V2 and K denote the covariance matrix (k)1 < j < 2n-

Lemma 4.6.4. If V is such that Vi; depends only on d(i,j) and ||[V|]* = 1, then
one has Var(F) < 2K2 with K, defined in (4.3.16), so that

2Koo R—x
7 =20. (4.6.16)

Thus one gets that e < const x R™20=7 which can be made arbitrarily small
choosing R large.

Proof We have that Var(F) = E [(Vw,w)?] — E[(Vw,w)]?, and we can compute

P(F(w) = R) <

Vw w E E ‘/,]VklE wzw]wkwl E E Viijl(/‘fij/’fkl + RikRji + /‘{fﬂ/{jk)
1,7=1k,l=1 1,j=1k,l=1

=E[(Vw,w)]> + 277 (VK)?). (4.6.17)

We now use Lemma 4.B.1, which says that V' and K can be co-diagonalized, and that
the eigenvalues of K are bounded by K., to get that Tr ((VK)?) < K2Tr(V?) =
K?2 (recall that Tr(V?) = ||[V||? = 1, as V is symmetric). One finally gets that
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Var(F) < 2K2%, and as F is centered, using Tchebyshev’s inequality gives the
result. U

Next, we study the second factor in the r.h.s. of (4.6.14):
E[g(w)Zy,] <E[Lrw <rZen) +erE |[Z2,] - (4.6.18)
To study the first term we define the measure Pon {wi, ..., wan } to be absolutely

w
n,h

=

Zn,h

continuous with respect to P, with Radon-Nikodym derivative given by g—g =

One then has ) o
E [1{F(w> < R}Zf,’?f] =Zy,P(F(w) < R). (4.6.19)

We are now ready to choose V' = V,,, and we do so as in [GLT10b]. We take V'
to be zero on the diagonal (V;; = 0), and for i,j € {1,...,2"}

E,[0:0;]

Vi = =y if i # j, (4.6.20)
where
1/2
on
Yo=Y Buf6:6,)? (4.6.21)
Z;‘J;A_jl

is used to normalize V. We stress that V satisfy the conditions of Lemma 4.6.4.
One can compute easily Y,, , since from Proposition 4.2.1 we have E,[0,0,;] =
B4+ "and one finds (cf. [GLT10b, Eq. (8.23)])

vn if B= B, =72,
Y, = {@ (2)) £B<B (4.6.22)

w7
where X = O(Y') means that X > ¢Y for some positive constant c.
Proposition 4.6.5. We choose V- =V, as in (4.6.20)-(4.6.21), and R = R,, :=
TE[F(w)]. Then there exists some 6 > 0 small such that, if u(2/B)" < &, one has
1~

R:= 5IE?[F(w)] > cf%Y,,. (4.6.23)

Therefore, from (4.6.22), R can be made arbitrarily large with n. Moreover there
exists a constant ( > 0 which does not depend on n, such that

P(F(w) > R) =P (F(w) > %E[F(w)]) > (. (4.6.24)

Combining this Proposition to (4.6.18) and (4.6.19), one gets that
E [9(“) _:,h} < _2,h (1—=(+er). (4.6.25)

Recalling the equality (4.4.29) (which is the analog of Theorem 4.3.1 for the
alternative partition function Z% ), one has for k < B*/4 A 1/2

- / 4r\"
Zhn < By [601“5"] + ¢, 32 (B—,Z) <e? 49, (4.6.26)
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provided that u < 6(B/2)™ with ¢ small (to be able to apply Proposition 4.A.1 to
E, [e1"5"]), and that n > ns to deal with the term (4x/B?)". Therefore, if § and
eg was chosen small enough (that is smaller than some constant ¢ = ¢(()), one has
for n > ng that E [g(w)Zf,f] < 1—¢/2 for all w < §(B/2)". This and (4.6.15)
bound the two terms in (4.6.14), so that one has
Ay =E[(Z2,)] < I+er) (1-¢/2)" <1-¢/3< ,, (4.6.27)
where the two last inequalities hold if e is small and v close to 1. To sum up, for
d, 3 small and R large enough, one has that A, < x, for all u < §(B/2)", and so
F(B,h% 4+ u) = 0. N
Then, let us check how large has to be n so that our choice of R := $E[F(w)]
becomes large. From Proposition 4.6.5 one has that R > ¢3?Y,, so that one has to
take 3?Y,, > C for some constant C' large enough. From (4.6.22), in order to have
8%Y, = C,
e if B < B,, it is enough to take n larger than ng := log(C’572)/ log(2/B?);
e if B = B, one has to take n larger than ny := /8.
Then for n = ng one gets that R is large, but one also needs to take u < 6(2/B)"™

to ensure that A, vn; < 2, . Notice that from the choice of ny above, the condition
on u translates into

e {Clﬁ2log(2/B)/log(2/B2) _ C’ﬁ% if B < B,,

i 4.6.28
e if B =B, ( )

where we also used that v = log2/log(2/B). One then gets the desired bounds
(4.3.10)-(4.3.11) on the difference between quenched and annealed critical points.
U

4.6.3. Proof of Proposition 4.6.5. To compute E[F(w)], we define for any
1<i,j<2n

= 1 [jw
Uij = E[wiwj] = ZTE”E [wiwj eHn’h} . (4629)
n,h
A Gaussian integration by parts gives easily
2n
Uij = Rir + U5 = Kiy + 52 Z Hiklﬁle;h[(Sk(Sl], (4630)
k=1

where E2 , denotes expectation w.r.t. the measure whose density with respect to Py,
is exp(H?2 )/ Z2 . We then compare E2 , [6:0;] with E,[0,6;], using that h = h2 +u,
0<u<é(B/2)™

_ 1 ra o 2
Ez,h[ékél] = ZTEN [5k516Hn,hgeuSn] < 62C1B2En [5k5166 18 uSn] <E, [5k51]
n,h
- (4.6.31)
where in the first inequality we used Remark 4.4.4 and the fact that Z; , > Z7 ;. > 1,

and in the second inequality we used that u(2/B)™ < § to apply Corollary 4.A.2.
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The same argument easily gives E2 , [0,6;] > ¢E,, [6,6,] in the range of u considered,
so that ¢f%a;; < ui; < ¢ B%a;j, where
27l
=Y KikpBa[rd)] = Y (KVK);; (4.6.32)
k=1
(the inequality is due to the fact that V' is zero on the diagonal). We ﬁnally get
2n
B (0)] = BV ] — BV = 3° Vi + 1) BVl = 3 Vit
i,j=1 i,j=1
(4.6.33)

so that we only have to compute Zij:l Visai; = Y, Tr(VKVK). Since ||[V]|? = 1 and
all eigenvalues of K are between 1 and K, one has Tr ((VK)?) = ©(1). Altogether,
we get (4.6.23).

We now prove (4.6.24). Using the Paley-Zygmund inequality, we get that

P(F(w)>R) =P (F(w) > %E[F(w)]) > %

so that we only have to prove the following:
Var(F(w)) = E[(Vw,w)?] — E[(Vw,w)]?> = O(E[F(w)]?). (4.6.35)
Indeed from this it follows immediately that there exists some constant ¢ > 0 such

that E[F(w)]2/E[F(w)2] = ¢ .
We now prove (4.6.35), studying E [(Vw,w)?

, (4.6.34)

] Zz ] k=1 ‘/l]VklE[sz]Wkwl] start-
<27,

)
ing with the computation, for any 1 <14, j, k, [
E[wlw]wkwl |: WiWjWwy € Hyn . (4636)
Zfl h
Again, a Gaussian integration by parts gives, after elementary computations,
E [wiwjwiwi] = Aijii + Biji := [KijUri + iUji + kaUji + Kjpug + Kjwi, + Kt
271/
+ 80 Y KikjskiekES , [6,0.0,6,] . (4.6.37)
r,s,t,u=1

We estimate E [(Vw,w)?] by analyzing separately A;;r and Bij.

Contribution from Bjjp: we have

kil < 054 Z /{ir"{js/{kt/{lvEn [57’585t5v] ) (4638)

r,s,t,u=1

where we used again Proposition 4.3.2 and Corollary 4.A.2 as in (4.6.31) (recall that
we consider u < §(B/2)"). Then defining

5 1y
Balddy] _ . Y=y (4.6.39)

Wij ==~ Ty, Bn
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we get
2" on
> ViViuBi < B Y (KWK (KWE)E, [6,6:6,6,]
1,5,k,1=1 r,s,t,u=1
2" on
<A D> WeWWBa [6,0.0:6,] + B4 > W, Wi B, [5,6,6,], (4.6.40)
r,s,t,v=1 rit,o=1

r#s,t#v
where we used the following claim:

Claim 4.6.6. There exists a constant ¢ > 0 such that for every 1 < i,j < 2",
(WK);j < Wiy and (KW);; < Wi

Proof of the Claim We write ¢ = d(3, j), so W;; =: W, and

on q—1 q—1 n
(WEK)iy =Y Warky =Y _ 22 Wyrg+ Y 27 'Wok, + > 207 Wk, (4.6.41)
=1 p=0 p=0 p=q+1

where we decomposed the sum according to the positions of [ (d(i,l) = p < q,
d(i,l) = qor d(i,l) > q). Using that W, is decreasing with p, we get that the second
and the third term are both smaller than () 2Px,)W,. We only have to deal with
the first term, using the explicit expression of W, together with Proposition 4.2.1:

! 1 AN 1 2\ 9
LRV rA— S ] - <e—B™ (=) =29, 4.6.42
; p Yn — (B) CYn <B> c q» ( )

so that the first term in (4.6.41) is smaller than ¢29%,W,. One then has that
(WK);; < dW,j, and the same computations also gives that (KW),;; < /W;;. O

The main term in the r.h.s. of (4.6.40) is the first one, for which we have
Lemma 4.6.7. Let B < B.. There exists a constant ¢ > 0 such that

2m 2m

1
> ViViE, [6,6,6:0,] = v > Eu[65,0.EA[0:0,]En[6,0,0:0,] < Y. (4.6.43)

r,s,t,u=1 n oy to=1

r;ﬁ;t;’év T;fé;t;ﬁv

This can be found in the proof of Lemma 4.4 of [GLT10b] for B = B.; the proof
is easily extended to the case B < B..

As for the remaining terms in (4.6.40), it is not hard to see, using repeatedly
Proposition 4.2.1, that they give a contribution of order o(Y,?). For instance, one
has

on

54 Z WrrWtUEn [5r5t511]
rit,o=1

t#v

27L n n
oy D BTN 2B = Blo(Y)7). (4.6.44)
nop=0

q=0

< ep?
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Altogether one has
271/
Z VijViBiji = 80 (Y;?) = O (E[F(W)]z) ; (4.6.45)
i,k =1
of. (4.6.23).

Contribution of A;ji: recalling that U;; = k;;+u;;, one has k; ;U +kpu; <U;jUp.
Thus, we get

2m on 2
Z Vviijl(/ﬁijUkl + Kkluij) < (Z ‘/UUZJ) = E [(VCU, w>]2 s (4646)
i,5,k, =1 i,j=1

that we recall is not O(IE[F (w)]?), but will be canceled in the variance. The other
contributions are, thanks to symmetry of V', all equal to (or smaller than)

27l 27l 27l
E ViiViakinUj = E ViiViakirkj + E ViiVikirugi, (4.6.47)
i7j7k7l:1 i7j7k7l:1 i7j7k7l:1

where the first term is Tr ((V K)?) which is bounded as remarked before. Thanks to
the estimate u;; < ¢ %a;; = ¢ B*Y,(KWK);;, the second term is bounded above by
a constant times

o
B, Y VigVuka(KWEK); < 87V, Tr (WK)?)

i,5,k,l=1

< B2, Tr(W?) < 2¢6%Y, = O(E[F(w))). (4.6.48)

We used Lemma 4.B.1 to co-diagonalize W and K and to bound the eigenvalues of
K by a constant, and then the fact that the eigenvalues \; of W are also bounded, so
that > [N[P <X N2 = ¢Tx(W?) = O(1). Indeed, Tr(W?) = Te(V?) + >, W2 =
1+ (2/B?)"Y, 2 = 1+ o(1). Putting together (4.6.37) with the estimates (4.6.45),
(4.6.46) and (4.6.48) we have

Var(P(w)) = BV, w)) ~ (EVor@) = 3 (A + Bl VigVia = (EVor))

:o@w@ﬂ (4.6.49)

and (4.6.35) is proven.

4.A. Pure model estimates

We give here estimates on the pure system, that rely on the results of Section
1.3.2, mainly Proposition 4.A.1, that control the polymer measure of the homoge-
neous hierarchical pinning model.

We first give some estimates on the partition function of a system of size n.
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Proposition 4.A.1. (1) There exist constants ag > 0 and co > 0 such that for
anyn =0, if u < ag (B/2)" one has
E,, [exp (uS,)] < exp (cou(2/B)"). (4.A.1)

(2) There exists a constant ¢ > 0 such that for any n > 0 and u > 0 one has
E, [exp (uS,)] < cexp (cu”2"), (4.A.2)
where v is as in (4.2.16).

Proof For the first inequality, the same type of computation was already done in
[GLT10al, and we give here only an outline of the proof. The partition function R
of the pure model satisfies the iteration

RO = eu’
{R _ Ri+B-1 (4.A.3)
k+1 — B .
Defining P, := Ry — 1, we can linearize the iteration equation verified by P to
obtain that P, = %Pk +cst.P,f. Therefore, we get by iteration that P < cou (%)k

for every k < n (because we stay in the linear regime for the chosen value of u), so
that for £ = n we get the result.
For the second inequality, we use that for any n > 0 and u > 0,

¢(B)
on
from [GLT10a, Th.1.1], and this gives immediately the result, using (4.2.15). O
Defining for any subset I C {1,...,2"} 6; := [[,.; 6, and 6; = 1 if T = (), one

wants to compare E,[0;¢“] and E, [d;] when the partition function Z}} is still in

the linear regime 0 < u < ag (B/2)", the bound E, [§;¢*"] > E,[d;] being trivial.

%log E, [exp (uS,)] < F(u) + (4.A.4)

Corollary 4.A.2. There exist constants ag > 0 and ¢ > 0 such that for anyn >0
and any non-empty subset I C {1,...,2"}, if 0 < u < ag (B/2)" one has

E, [6;exp (uS,)] < exp (c/u (%)n) . E, [d7]. (4.A.5)

Proof We prove by iteration on n that for all non-empty subsets I C {1,...,2"},
if u < ag(B/2)" one has

]

E, [0y exp (uS,)] < exp <COUZ (%) ) E, [51]., (4.A.6)

where ¢ is the constant obtained in Proposition 4.A.1.

The case n = 0 is trivial. Let us assume that we have the assumption for n > 0
and prove it for n + 1. Take I a non-empty subset of {1,...,2""'}. As in the
proof of Lemma 4.4.3, one decomposes [ into its “left” and “right” part and writes
E,11[01] = 5Ea[01]Ea[07,] and |I] = |L] + |L].
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If I, I # (), using the induction hypothesis, one easily has

1
E,1[0rexp (uS,11)] = EEn (07, exp (uS,)] E, [5;2 exp (uSn)]

| I |+ T2

n k
< exp (cou; <%) ) %En[all]En[5;2], (4.A.7)

which gives the right bound.

If I, = () (or analogously if I, = 0)), one has E,,,[0;] = E,[07 ] and

1
B

E,1[0rexp (wSn11)] = éEn lexp (uSy)] Ey, [572 exp (uSn)}

0 1L
2\ " 1
< efou(2/ Bt E, = —E,[5+ 4.A.
e exp coukzo iE B nl 12], ( 8)

where the first part is dealt with Proposition 4.A.1, and the second one with the
induction hypothesis. U

The following two results allow us to control the strength of the correlations in
the annealed system.

Theorem 4.A.3. Let B € (1,2). Let (by)n >0 be a sequence that goes to 0 as n
goes to infinity. There exists a constant ¢, > 0 such that for all n > 0 and every
0<u< bn(%2 A %)” one has

E, [exp (u(S,)?)] < exp (cbu (%) n) : (4.A.9)

Corollary 4.A.4. Let B€ (1,2), k < %2/\% and note ¢ == (2x)V 55 < 1. Then for
every A > 0 there exists a constant c4 > 0 such that for any n > 0, any u € [0, A
and any subset I of {1,...,2"}, one has

E, [ exp (us™(S,)%)] < (e44")"" B, [5)]. (4.A.10)
Note that if I = 0, the statement is implied by Theorem 4.A.3.
Proof of Theorem 4.A.3 The proof relies on Proposition 4.A.1. Let us consider

u < bn(%2 A 3)". One writes

J:=E, [exp (%u(&f)] = % /_ :O e PR, [exp (2/uS,)] dz.  (4.A.11)

One sets A := % (g)n, where a is a constant that will be chosen small. Note

that thanks to our choice of u, one has A > a b, 2 that goes to infinity as n grows
to infinity. Then one decomposes the integral J according to the values of z, and
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writes J = J; + Jo, where

1 2
Jy = —/ e *’E, [exp (z\/ﬂSn)} dz
\/1% Fea (4.A.12)

J2 = E /2‘2 N 6_22/2En [exp (Z\/aSn)] dz

To bound Jp, one chooses a < ag with ag as in Proposition 4.A.1, such that for the
values of z considered one has zy/u < ag(B/2)" and then one applies Proposition
4.A.1-(1) to get

2

\/%/KA ?exp (czv/u(2/B)") dz < exp (2 (4/B*)" ) (4.A.13)

We deal with the term J;, decomposing again according to the values of z. Let
us first introduce some notations: we define the sequence (Ag)y > o by the iteration

{AO =4 (4.A.14)

Jl\

Ay = A(Ak)2/y (> Ap>1),

and define also m = inf{k, A, > A\/u2"}, for some A chosen large enough later.
We point out that m is finite. Indeed for a fixed large n, if v < 2, then A, > AF+!
and goes to infinity as k goes to infinity. Otherwise, if v > 2, A, goes to AY/(*=2) ag
k goes to infinity. Then, we just need to check that AY/"=2) > A,/u2" if n is large.
Using the value of v = log 2/ log(2/B) one has 2!/ = 2/B, so that A” = a"u /227",
Then
AY w22 (o
o O gy = 0 (u2") =D > grplv, (4.A.15)

where we used that u2™ < b,. As v > 1, it remains only to take n large.
One decomposes .J5 as follows:

m— AVAE]
= Z / e *’’E, [exp (z\/ﬂSn)} dz

e/ exp (2 z. A
\/ﬁ/ E, [exp (2/uS,)] dz. (4.A.16)

Each term of the sum in (4.A.16) can be dealt with Proposition 4.A.1-(2). One
gets

AVANE]
o—22/2 exp (zvu z exX E+1V WOy > Ay
@/ E, [exp (2v/uS,)] dz < B, [exp (Aps1vuS,)] P (N = Ay)

< ¢ exp (022"u”/2(Ak+1)”) exp (—c(Ar)?), (4.A17)

where N stands for a standard centered Gaussian. Now recall the definition of Ay
and A, that gives (Ap1)” = AY(Ap)? = a’u""/?27"(A})?, so that one can bound
the term in (4.A.17) by

crexp ((c2a” — )(Ag)?) < erexp (—c(Ar)?/2), (4.A.18)
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where the inequality is valid provided one has chosen a sufficiently small.
Let us now deal with the last term in (4.A.16), trivially bounding S, < 2™

1 o0 9 1 > 2 n
. /2E S dz < / —22)2 z\/u2 d
_ e o lexp (z4/uS,) | dz < —— e e <
\/%/Am o (=v/usi)] d= < T2
— RPN 2 A, — Vu2) < AP emem AT AR ¢ pmeAm)®/2 (4 A 19)

where we used that \/u2" < A7'A,,, and supposed that A was chosen large enough
for the last inequality.
We finally get that for n large one has

- Cle—cA?/2 if <2
Jo < § e~ c(Br)?/2 ¢ o 4.A.20
25 — Cme=A2  ify > 2, ( )

where in the case v < 2 we used that A, > AFT!. Note that for v > 2, using

—(2/n)k !
(4.A.15), one also can bound m from above as follows: since A = AT
v/(v—2
Ar AT ey > @Y =2 A= @) (4.A.21)

Vur o Ju2n

If one takes k > —loglog A/ log(2/v) one gets that Ay, > a/@=2pl /=2 o= fyom.
If n is large enough this implies that m < const x loglog A.
Then one easily gets that Jo = o(A™?), with A= = O (u(4/B*)"), so that
combining with the bound on J; one has
%

J < exp <§u (4/32)”) +o(u(4/B%)"). (4.A.22)

O

Proof of Corollary 4.A.4 We proceed by induction. Fix A > 0 and u < A, and
take the constant ¢4 obtained in Theorem 4.A.3 for the sequence b, = A (% A 2&)".
The case n = 0 is trivial. Suppose now that the assumption is true for some n, and
take I a subset of {1,... 2"},

Suppose I # () (otherwise one already has the result from Theorem 4.A.3). As in
the proof of Lemma 4.4.3, one decomposes [ into its “left” and “right” part and

E,.1[0;] = %En[dh]En[&fQ]. Using that (S,41)? < Q(Sr(Ll))2 + 2(57(?))2 one gets

E,..1 [51 exp (um”+1(5n+1)2)}

< éEn (61, exp ((2K)ur"™(S,)*)] En [5;2 exp ((2r)ur"(S,)?)]

1 ny\n n I- n n
< S0 Bu o7 (e @) T < gy (o) I 4.4 .23)

where for the second inequality we used the recursion assumption and for the last
one the assumption |I| > 1. Now one just uses that 2k < ¢ to conclude. O

From Corollary 4.A.4 one can deduce the following Proposition, useful to control
the variance of the partition function (see Section 4.5). Define as in (4.5.5) D,, :=
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ZZ =1 Ki;0;0;, where ¢ and ¢" are the populations at generation n of two independent

GW trees.

Proposition 4.A.5. Let B € (1,2), k < 5 A BTZ and set p = (2k) A (4x/B?) < 1.
o If B > B,., then for every ® € (% Vo, 1) there exist some ug > 0 and some

constant ¢ > 0, such that for every n € N, u € [0, u] one has

E®? [exp (uD,)] <1+ cud™. (4.A.24)
e [f B < B, there exist some a; > 0 and some constant ¢ > 0, such that for
everyn € N, if u < a; (%) one has

2 n
E2? [exp (uD,)] <1+ cu <BZ) . (4.A.25)
e [f B = B., there exists some ug such that if u < ug then for all n < %u‘l/?’
one has
E®? [exp (uD,)] <1+ 2ul/?. (4.A.26)
Proof One has
Dy = D+ D + sy (SO + 50512
2 2
< DY+ DY + 2 ((Sf}))2 +(590) + (52)" + (s1) ) . (4A27)

Since clearly D, 1 vanishes when either of the two GW trees is empty, one has for
every v € [0, 1]

< B [ e (G (507 + 50))] +
ﬁecovso | D [exp (Uec‘)”(‘p) Dnﬂ + 7
where in the second inequality we expanded e’r as in Remark 4.4.2 and used
Corollary 4.A.4 to get the constant ¢y > 0 for ¢ := (2r) V 45 and some ¢’ € (¢, 1).

E®2

n+1 [ an+1]

<

. (4.A.28)

Then we set v9 < 1 and for n > 0 define v,1; = vye —covn(@)" < gy, Define
X, = E®?[exp (v,D,)] — 1, so that using the previous inequality one has
1 2eC0v0P™

Xn+1 < %ecovnapn(Xn + 1)2 o ﬁ < B2
We consider the different cases B < B., B = B, and B > B, separately, but
each time we estimate from above E®? [e”"D"}. One then easily deduces Propo-
sition 4.A.5 using that there exists a constant c¢; such that v, > cjvy, and then
E&?2 [er0Pn] <14 X,,. One concludes taking u := ¢1vo.

In the sequel we actually study the iteration

X, (1 + XT) + cvp”.  (4.A.29)

. 9eWn . X, .
Xn+1 - %Xn (1 + 7) + (C/Co)wn, Xo = XO (4.A.30)
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where we defined w,, := covpp™. Clearly, X,, < X, for every n.

- Take B > B, := /2. Let us fix some ® € (% V o, 1). One has that Xy < Cyyg
and one shows easily by iteration, using (4.A.30) and the definition of w,, that
X, < C,,®"vg, with (C),),en an increasing sequence satisfying

1
Cn—i—l = Chpe™ (1 + §Cn00®n) + C,@nq)_(n—i_l) (4A31)

(use that ® > (2/B?)). Then we show that provided that vy has been chosen small
enough, (C),)nen is a bounded sequence. Indeed, using that C,, > Cj one has

1
Cn-i-l < Cnewn (1 + icnvoq)n + Clé_lcrjl(gp/q))n)

< Che”™ exp (%Cnvoq)") exp (" (p/®)") < Aexp (%UO Z C;JD’“) . (4.A.32)

k=0

where we noted A := [[0°, e e’ /)" with A < +00 thanks to the definition of
w, and using that & > . It is then not difficult to see that if vy is chosen small
enough, more precisely such that Aexp (UQCO Yo <I>k) < 20, then (), remains
smaller than 2C) for every n € N. From this, one gets that X,, < 2C,®"v, for every
n.

- Take B < B,.. The idea is that if X is small enough, (4.A.30) can be ap-
proximated by the iteration X, < %Xn while X,, remains small. For any fixed
n > 0, one chooses vy = a (B%/2)" with a small (chosen in a moment), and one has

Xy < Cha (%) . Then one shows by iteration that

X, < Cra (B*/2)"" (4.A.33)

for some increasing sequence (Cy)gen verifying

2\ n—k 2\ k+1-n
Cry1 =" Cy <1 + %a (%) ) +at (%) W (4.A.34)

One then shows with the same method as in the case B > B, that C,, is bounded
by some constant C' uniformly in n, provided that a had been chosen small enough.
Thus taking k¥ = n one has X,, < ca = cvy (2/B?)".

- Take B = B, = /2. The iteration (4.A.30) gives

X
Xpi1 < e X, <1 + 7) -+ (C/Co)wn, (4A35)

and we recall that w, = cougp™. Take vy = €3, so that Xy < ¢ for € small. We
now show that if € < ¢y with gy chosen small enough, one has for all n < 1e=1 that

2
X, < e(1+ne). We prove this by induction. For n = 0 this is just because one
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chose Xy < e. If X,, < e(1+ne) and ne < 1/2, one has (note that w, < coe® for
all n)
coe’ 1 3
Xpi1 < e e (1+ne) 1+§5(1+n5) + ce”,

<el(1+cge®) (1 +ne) (1 + 3e/4) + ce?]
<e[l+e(n+3/4+ce”+ce)] <e(l+(n+1)e), (4.A.36)

provided that € < ¢y with €9 small enough. This concludes the induction step. Thus

one has that for all n < %5_1, X, < 2¢, with e = vé/g. O

4.B. Hierarchically correlated Gaussian vectors

Lemma 4.B.1. Let m(-) be a function from N to R and for n € N let Let M =
M®™ = (M;)1 < ij <2 be the 2" x2" matriz with entries My; := m(d(i,5)). Then, the
eigenvectors of such a matriz do not depend on the function m(-), and the eigenvalues
are

Ao =m(0)+ > 26 7'm(k)  withmultiplicity1, (4.B.1)
k=1
and for 1 <p<n
n—p
Ap =m(0) + > 25 'm(k) — 2" Pm(n+1—p) withmultiplicity2”™'.  (4.B.2)
k=1

This comes directly from the fact that

, (4.B.3)

where each block is of size 27!, One computes the eigenvalues: the eigenvector
(1,...,1) gives Ag, the eigenvector (1,...,1,—1,...,—1) gives A\;. Then the eigen-
vectors (X,0) and (0, X) with X # (1,...,1) being an eigenvector of M~V give
all the others eigenvalues, which are the eigenvalue associated to X with M ™1,
but with multiplicity multiplied by 2.

Remark 4.B.2. Lemma 4.B.1 shows that the spectral radius of M™ is upper
bounded by » % 2P|m(p)|. Also, two matrices with entries depending only on the
distances d(i,7) can be co-diagonalized, as the eigenvectors do not depend on the
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values of the entries, and one can describe the diagonalizing orthogonal matrix (2
11 V2 0

1 1 1 —V2 0
var | 1 -1 0 V2

(4.B.4)

1 -1 0 —V2

such that Q'KQ = Diag (Mg, A1, Ao, Az, . ..) with \; given in Lemma 4.B.1.

Let w = {w;}ien be the centered Gaussian family with correlation structure
Elw;w;] = Ka(i,j)- The following Proposition gives the dependence on k,, of a smooth
function of wy, ..., won:

Proposition 4.B.3. If f : R* — R is twice differentiable and grows at most
polynomially at infinity, one has

2n1

8inE[f(w1,...,w2n =) Z [awla% )} (4.B.5)

21] 2”1+1

Proof Thanks to Remark 4.B.2, one has
E[f(wi,. .. we)] = E[f(Qw)], (4.B.6)

with  defined in (4.B.4), and where P stands for the law of a centered Gaussian
vector of covariance matrix A := Diag (Ao, A\, A2, A2, ...). The eigenvalues \; and
their multiplicity are given in Lemma 4.B.1. Then, as only Ao = ko + Y, 2" 5y,

and Ay = Ko+ D1, tok=li, — 9n=1lk depend on k, one gets
0 n—1 9 n— li
LB(f()] =2 B ()] -2 DB (@) (4B)

Then one uses the classical Gaussian fact that if w is a centered Gaussian variable
of variance o2 and g is a differentiable function which grows at most polynomially
at infinity,

B o) = 5 [0 (1B.5)



148 4. HIERARCHICAL PINNING MODEL IN CORRELATED RANDOM ENVIRONMENT

Plugging this result in (4.B.7) one gets

1 0
on—1 8/-@”E[f(w1’ ey Won)]
1 & 02 f L 2 1oy
— - 021024 E [7 ] _Z QIR OPNT) { ]
’ Z; j 05|, _q,] 2 ,;1 ’ 002 | ,_q,
27L
1 a2f
~ o L 4B.
2n ijZ:1 L%iawj (w>} ’ ( 9)
d(irj)=n
where in the second equality we used the values of ;1 and o. O

Remark 4.B.4. With the same type of computations, since € is explicit, one can
also compute the derivative with respect to &, for p < n, and after some computa-
tions, one gets

%E[f(wl,...,ww)]:% > E[ o1 (w)}. (4.B.10)

i1 &ui@wj
d(i,j)=p



CHAPTER 5

Pinning model in long-range correlated Gaussian
environment

5.1. Introduction

The problem we investigate in this Chapter is analogous to the one of Chapter
4, that is the study of the (non-hierarchical) pinning model in random correlated
environment of Gaussian type. In the case where the disorder is i.i.d., the question
of relevance /irrelevance of disorder is predicted by the Harris criterion (recall Section
1.4.2). As already discussed in Section 1.4.2, it has also been mathematically settled
in the past few years in many articles [Ale08, DGLT09, GLT11, TonO08b|: disorder
is relevant if and only if vP" < 2 (vP"™ is the critical exponent of the homogeneous
model). We raise here the question of the influence of correlations on this criterion.
Following the reasoning of Weinrib and Halperin [WHS83] one could argue that,
introducing correlations with power-law decay r~¢ (where ¢ > 0, and r the distance
between the points), disorder should be relevant if vP"* < 2/(, and irrelevant if v >
2/(. Therefore, the Harris prediction for disorder relevance/irrelevance should be
modified only if ¢ < 1.

In this Chapter, we give partial results that confirm the Weinrib-Halperin crite-
rion for ¢ > 1, together with various estimates on the disordered annealed systems.
We also show that the case ( < 1 is somehow special, and that the behavior of the
system does not fit the criterion in that case.

5.1.1. Reminder of the disordered pinning model. In this Chapter, we
consider the usual pinning model defined in Section 1.4. We recall briefly the frame-
work we are dealing with.

Consider 7 := {7,},, > 0 a recurrent renewal process as defined in Section 1.1.2,
with law denoted by P. The set 7 = {7}, > o represents the set of contact points
between the polymer and the defect line (cf. Introduction). We assume that the
inter-arrival distribution K(-) verifies

n—0o0 CK
K(n) = (1+ 0(1))W, for n € N, (5.1.1)

for some cx > 0 and a > 0. The fact that the renewal is recurrent simply means
that K(oco) = P(m = +00) = 0. We also assume for simplicity that K(n) > 0 for all
n € N.

149
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Given a sequence w = (wy, )nen Of real numbers (the environment), and parame-
ters h € R and 8 > 0, we define the polymer measure P;‘Q’i, N € N, as follows

dP%i() L <§50p+5 )5)5 (5.1.2)
—(7) = —57F XD Wn,)On N, 1.
dpP ZN:i n=1

where we noted 6, := 1y,er}, and where ch%lh =E [exp (ij:l(h + Bwn)5n> 5N] is
the partition function of the system.

In what follows, we take w a random ergodic sequence, with law denoted by P
(more assumptions on the law P are made in the next section). The ergodicity of
the environment allows us to collect the results concerning the quenched free energy
and the quenched critical point:

Proposition 5.1.1. The limit

i L wp _ 1 w8
F(G,h) = A}l_I)IlOO N log Zy), = stlé% NElog 2N (5.1.3)

exists and is constant P a.s. It is called the quenched free energy. There exist a
quenched critical point h3"¢(5) € R, such that F(B,h) > 0 if and only if h > h3"¢(/3).

We recall that the critical point h3"(/3) marks the transition between the delo-
calized phase (for h < h") and the localized phase (for h > hd"¢), as noticed in
Section 1.4.1.

We study (as usual) the behavior of the disordered system close to the critical
point, which gives many informations on the trajectories under the polymer measure
PK;’ ., close to criticality. We compare the disordered system with the pure one, i.e.
with no disorder (8 = 0), to know how the presence of inhomogeneities modifies the
localization phase transition. We recall here the main result on the pure system,

whose partition function is denoted by Zy j see Section 1.1.2 (recall Theorem 1.1.6,
Propositions 1.1.4 and 1.1.10).

Proposition 5.1.2 ([Gia07], Chapter 2). The pure free energy is defined by F(h) :=
lim oo % log Zn 1, and exhibits a phase transition at the critical point h, = 0 (recall

we have a recurrent renewal 7). One has the following asymptotics of F(h) around
h = O+ N

F(h) _ {F(l—aa)cK h/e (1 + 0(1)) if a <1, (514)

(E[n]) "2 (1 +0(1) ifa> 1.

The pure critical exponent is therefore vP" := 1V 1/«, and it encodes the critical

behavior of the homogeneous model. We left aside the case a = 1 which brings some
technicalities, and in the sequel we do not treat this case, since the computations
require more care (even if they use exactly the same techniques).
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5.1.2. Assumptions on the environment. Up to now, the pinning model
defined above was studied only in an i.7.d. environment, or in the case of a Gaussian
environment with only finite-range correlations [Poill, Poil2]. In this latter case, it
is shown that the features of the system are the same as with an ¢.i.d. environment,
and in particular, the criterion for relevance/irrelevance of disorder is the same as
in the 7.7.d. case, according to the Weinrib-Halperin prediction. We consider here
the case of a Gaussian environment with long-range correlations.

We define the sequence w = (wy)nen to be a Gaussian stationary process with
zero mean and unitary variance, whose law is denoted by P, and with correlation
function (py,), > 0. We denote the covariance matrix T = (7;;); jen (with the nota-
tion T;; := E[w;w,|), which is symmetric definite positive (so that w is well-defined).
Note that we have T;; = pj;_; thanks to to stationarity, so that T is an infinite
Toeplitz matrix. We also assume that lim,, . |p,| = 0, so that the sequence w is
ergodic (see [CFS82, Ch.14 §2, Th.2]).

The Weinrib-Halperin criterion suggests to consider a power-law decaying corre-
lation function, p,, = n~¢, and we recall Remark 1.4.3, which tells that this is a valid
choice for a correlation function. The criterion for relevance/irrelevance of disorder,
in view of the Weinrib-Halperin prediction, should be modified with respect to the
i.1.d. case only if ¢ < 1. In what follows, we make two different assumptions on the
disorder, in order to distinguish the cases ¢ > 1 and ( < 1 in a more general way.

Assumption 5.1.3 (Summable correlations). Correlations are said to be Summable
if > |pr] < o0, which corresponds to a power-law decay ¢ > 1 of the correlations.
This means that T is a bounded operator, and we make the additional assumption
that Y=1 is also a bounded operator, so that the spectrum of Y is contained in an
interval [a, A], with 0 < a < A < c0.

Assumption 5.1.4 (Non-Summable correlations). Correlations are said to be Non-
Summable if > |pr| = +00. We make the additional assumption that p, > 0 for all
k >0, and that there ezists some ¢ € (0,1) and a constant ¢y > 0 such that

i " ok (5.1.5)

These assumptions are natural, and the additional conditions we make (Y~
is a bounded operator in the summable case, and correlations are non-negative
and have power-law decay in the non-summable case) are essentially imposed for
technical reasons. We often refer to the different assumptions directly in terms of
the power-law decay ¢ > 0 of the correlations, for the clarity of the statements.

Remark 5.1.5. Chapter 4 is devoted to the study of the hierarchical version of
this model, and we believe that all the results one gets in Chapter 4 should have
an analogue in the non-hierarchical framework. The Remark 1.3.4 tells us that
the choice of the hierarchical structure (4.2.3) for the correlations corresponds to a
power law decay k;; ~ |i — j|~¢, where ¢ = log(1/k)/log2. Moreover, as Remark
4.3.7 shows, there is a condition x < B?/4 (with the additional condition of having
summable correlations k < 1/2, i.e. ( > 1) that appears in the crucial Proposition
4.3.2 (to be compared with Proposition 5.3.1). This translates in a more readable
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way in vp > 2/C, where ;.

b = log 2/1og(2/B) is the pure critical exponent in the
hierarchical case, this condition being more easily transposed in the non-hierarchical
framework.

We therefore compare our model with the hierarchical one, and give more pre-
dictions on the behavior of the system, and on the influence of correlated disorder

on its critical properties: see Figure 5.1, in comparison with Figure 4.1.

We now explain briefly how this Chapter is organized: in Section 5.2 we present
our main results on the model and comment them, as well for the annealed system
(Theorem 5.2.2) as for the disordered one (Theorems 5.2.3-5.2.5); in Section 5.3 we
collect some crucial observations on the annealed model in the correlated case, and
prove Theorem 5.2.2; in Section 5.4 we prove the results on the disordered system.

5.2. Main results

The presence of correlations has a strong influence on the analysis of the disor-
dered system, in particular for the annealed model, and we are not able to transpose
all the known results of the i.i.d. case, even when correlations are summable. Our
goal is to identify, in the («, ¢)-plane (« the parameter of the renewal process, ¢ the
exponent of the power-law decay of the correlations), the regions where disorder is
relevant, and the regions where it is irrelevant.

5.2.1. Preliminary results on the annealed model. We first focus on the
study of the annealed model, which is often, as shown before, the first step towards
the understanding of the disordered model. The annealed partition function is given,
thanks to a Gaussian computation, by

Ziyy = EIZy]] = E ["50 by,

N N N-n (5.2.1)
with Hf{,i = (B*/2+h) Z 8, + (2 Z On, Z Pkt
n=1 n=1 k=1

We keep the superscript T in Z%ﬁ, that recalls that the correlation structure has a

very strong influence on the annealed partition function. It avoids many confusions,
since in the sequel, we compare two annealed systems with different correlation
structures. However, if there is no ambiguity, we drop this superscript.

The first Remark one makes is that (5.2.1) is far from being the partition function
of the standard homogeneous pinning model introduced in Section 1.1.2. This is why
studying the pinning model in correlated random environment is so complicated:
even annealing techniques, that give simple and non-trivial bounds in the case of
an i.i.d. environment (where the annealed model is the standard homogeneous one),
are not easy to apply.

The annealed model is actually interesting in itself, since it gives an example of
a homogeneous pinning model (there is no disorder), in which the rewards correlate
according to the position of the renewal points: the closer renewal points are, the
bigger the reward they get is. We can also consider the annealed model as a “stan-
dard” homogeneous pinning model, and by standard we mean that a reward h is
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given to each contact point, but with an underlying correlated renewal process, that
is with non-i.7.d. inter-arrivals.

We first show the existence of the annealed free energy, and of the annealed
critical point, provided that correlations are summable (recall Assumption 5.1.3).

Proposition 5.2.1. Under Assumption 5.1.3, the limit
a . 1 a, T
FoY (B, h) = Nh_r)réoﬁlog ZNn (5.2.2)

exists, is non-negative and finite. There exists a critical point h**(3) € R (we
give bounds on h®Y(B) in Section 5.3.1), such that F*Y(B,h) > 0 if and only if
h > hX(B).

Proof The non-negativity, convexity and monotonicity of F*Y are classical results
and note that finiteness is proved thanks to the comparison of the annealed model
with the standard homogeneous one (see (5.3.1)), thanks to summability of the
correlations. That is why we focus here only on the existence of the limit in (5.2.2),
which uses a property of log Z%; ;, which is close to super-additivity (there would be
super-additivity with positive correlations).

In view of the expression of Hi,i in (5.2.1), one has the following inequality, for
all integers NV, M

M N+M
HzavIMh Hy h+H h+52z Z OAp|i—ji >H§;£+Hﬁﬁl—52 Z k|pk|, (5.2.3)
i=1 j=N+1 k=1

where we only used that there are at most k integers (i,7) € [0,N] x [N +1,N +
M] that are at distance k. We define R, := Y 7_ k|pk|, so that one has that
log Z g = 1og Z3 ), +log Z3; ), — B*Riyur Then if we show that > 7 pp+1 7Ry <
+00, we have from Hammersley’s generalized super-additive Theorem, see [Ham62,
Th.2], that the limit in (5.2.2) exists. Since we have

1 1 1
R,=-R,— —Rys1 + el (5.2.4)

plp+1) " p " ptl
and that R,/p < > °7_, |px|, we are done thanks to the summability of the correla-
tions. ]

For simplicity, we often write h? instead of h®T(3) (if there is no possible con-
fusion), and also h := h? 4 u, so that we now study the critical behavior of the free
energy for u ™\, 0. Then we can write

Hea
27}1 — E euZn:167le N,h2 = 27}1% &

exp <hz 5n>] , (5.2.5)

where the measure P7, . is the annealed polymer measure at the critical point Ag.
We would like to be able to compare P7 ;. with the measure P (in the pure case), as
we do in Chapter 4 (see Proposition 4.3. 2) for the hierarchical version of this model.
In the present case, since there is no iterative structure for the partition function,
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there are many technicalities that are harder to deal with, but we have results in
this direction, such as Propositions 5.3.1-5.3.5.

The following Theorem states that if the correlations decay sufficiently fast, more
precisely if my 1= Y, k|pr| < oo, (that corresponds to a power-law decay ¢ > 2
of the correlations), the annealed free energy has the same critical exponent as the
pure free energy.

Theorem 5.2.2. We suppose that my < oo. Then there exist some By > 0 and a
constant ¢y > 0, such that for all 5 < By one has

F(e u) <F*T(8, by (B) + u) < Fleyw), (5.2.6)
as long as F&Y (B, h&Y(B) +u) < 1.

We prove this result in Section 5.3.3. Note that we do not need the exact value
of h#¥(B) to get the critical exponent for the annealed free energy, and we are in
general not able to compute it, even if we are able to give some estimates in the
Section 5.3.1.

It is difficult to go beyond the condition m~y < oo, since without it, the correla-
tions spread easily from one block to another (see (5.3.14)-(5.3.13) in Section 5.3.2,
that do not necessarily hold if my = oc). In Chapter 4, we study the hierarchical
version of this model, and we are able in that case to get much more precise estimates
thanks to its recursive structure (see Section 4.3). In view of Theorem 4.3.1 and
Remark 5.1.5, we believe that Theorem 5.2.2 should hold if ¢ > 2/vP" = 2(a A 1)
(and of course with the additional assumption of summable correlations, { > 1).
Moreover, Section 4.3.1 in the hierarchical case also suggests that the annealed crit-
ical exponent should be larger than the pure one in the region ¢ > 2(a A 1),{ > 1.
We refer to Figure 5.1 that collects results and predictions on the annealed and
quenched models.

5.2.2. Influence of disorder in the case of summable correlations. We
now turn to the analysis of the influence of disorder on the phase transition of
the disordered system. According to the Weinrib-Halperin prediction, one should
find that with summable correlations, i.e. if ¢ > 1, the criterion for disorder rele-
vance/irrelevance should not be modified with respect to the i.i.d. case. We now
give some results confirming this criterion, and we prove them in Section 5.4. We
stress that, if ¢ < 1, our system exhibits a degenerate behavior cf. Theorem 5.2.5,
which contrasts with the Weinrib-Halperin criterion, as discussed below.

5.2.2.1. Smoothing of the phase transition. We give here a first result that shows
the effect of disorder on the phase transition. We show that in presence of disorder,
the phase transition is always at least of order 2, as in the i.i.d. case (see [Gia07,
Th.5.6]).

Theorem 5.2.3. Under Assumption 5.1.3 of summable correlations, for every ac > 0
one has that, for all 5 >0 and h € R
1+« 9

where we defined Yoo := (1+ 23,5 pr) € (0,400).
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This stresses the relevance of disorder in the case o > 1/2, where the pure model
exhibits a phase transition of order vP"" := 1V 1/a < 2. Therefore, with summable
correlations, we already have identified a region of the («, ¢)-plane where disorder is
relevant: it corresponds to the relevant disorder region in the 7.i.d. case, as predicted
by the Weinrib-Halperin criterion.

The quantity T, is of interest, and is widely use in the sequel. Let us explain
briefly where it comes from. Set 1; the vector constituted of [ 1s and then of Os.
One has (Y1, 1;) = Zi’,j:l pi; > 0 (where (-,-) denotes the usual Euclidean scalar
product). One has

T, := lim Lﬁll’ 1)

— 142 2.
TR D> _pie>0. (528)

keN
where the positivity comes from the fact that the lowest eigenvalue of T is bounded
away from 0 (see Assumption 5.1.4). Note that Y. is an increasing function of
the correlations, and that Y. becomes infinite when correlations are no longer
summable.

5.2.2.2. Shift of the critical points at low temperature. The techniques used in
[Poill, Ton08a] to give an asymptotic expansion of the quenched critical point when
g is large (i.e. at low temperature) are also valid in the case of non-negative corre-
lations. These results are not difficult to derive, but we mention them here briefly,
to get a more complete picture of the disordered system.

Proposition 5.2.4. Under Assumption 5.1.3 of summability of the correlations,
and if pr = 0 for all k € N, one has

p—o0 T 2 a, Y Booo  Too

he(B) "~ —mﬁ , and hy (B) "~ 5

From this Proposition, proven in Section 5.4.1 (and in (5.3.8) for the annealed

critical point), one therefore has that for all values of @ > 0, the annealed and

quenched critical points differ of ﬁﬂrooﬁza asymptotically as § goes to infinity.

One sees the influence of the presence of inhomogeneities in this case, and can com-

pare this result with [Ton08a, Equation (3.8)], showing how the correlations modify

the behavior of the system. Indeed, when correlations increase, the asymptotic

difference between the annealed and the quenched critical point increases, and in
addition the two critical points are also shifted towards —oc.

32 (5.2.9)

5.2.3. The effect of non-summable correlations. The first piece of evi-
dence that correlations may change the critical properties of the system with respect
to the i.7.d. case, is when correlations are not summable. If the correlations are such
that ), . pr = 400, the annealed model is actually ill-defined. Indeed, we have the
bound (5.3.7) on the annealed partition function (imposing that there is a contact
at every site in {1,..., N} ), so that + log Z?vi > log K(1)+ 2/2+h+ 23S0, pr,
and letting N go to infinity, we see that the annealed free energy is infinite.

Under Assumption 5.1.4 (non-summable, power-law decaying correlations), the
annealed model is therefore not well-defined. But not only the annealed free energy
is ill-defined: we also prove that the quenched free energy is strictly positive for every
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value of h € R: the disordered system does not have a localization/delocalization
phase transition and is always localized.

Theorem 5.2.5. Under Assumption 5.1.4, one has that F(5,h) > 0 for every B >

0,h € R, so that h3"¢(3) = —oo. There exists some constant co > 0 such that for
allh < —1 and >0
F(8,h) > exp (—caln] (|nl/8%)"" ). (5.2.10)

This shows that the phase transition disappears when correlations are too strong.
Proposition 5.2.4 (and (5.3.5)) suggests that the critical points (both quenched and
annealed) are “pushed” towards —oo when correlations increase. We now have a
clearer picture of the behavior of the disordered system, and of its dependence on
the strength of the correlations, that we collect in the Figure 5.1.

This provides an example where strongly correlated disorder always modifies (in
an extreme way) the behavior of the system, for every value of the renewal parameter
«. However the fact that h.(8) = —oo (which comes from non-boundedness of the
w;) does not allow us to study sharply how the phase transition is modified by
the presence of disorder, and therefore we cannot verify nor contradict the Weinrib-
Halperin prediction. That is why we introduce in Chapters 6-7 a strongly-correlated,
{0, —1}-valued random environment. where the critical point is h. = 0.

In general, with very strong correlations (in a sense that has to be precised,
see Chapter 7), one should actually have that h.(8) = —fesssup(w;) (with the
definition esssup(w;) = inf{a € R,P(w; > a) = 0}), since one should be able to find
long stretches where w is very close to the maximum of its support.

5.3. The annealed model

5.3.1. Discussion on the annealed critical point. We first give some easy
bounds on the critical point h*T(3): for example, using (5.2.1) and bounding §; < 1,

we have
32 N N
a, T 2
HN,h < (5 + h + ﬁ kg_l Pk vV 0) nE:1 5n (531)

Using a similar lower bound, one can compare the annealed model to two standard
homogeneous ones, and one gets that

_ %2 (1 +2) (porV 0)) >heY(8) = — %2 (1 +2) (e A 0)) . (5.3.2)

From the definition (5.2.1), we also observe that Zf{,],i is increasing in every py,
so that when the correlations are increased, the annealed critical point decreases.
One can more generally compare two annealed systems with different correlation
structures. Consider two Gaussian sequences w and w, with correlation matrices T =
(Pji—j|)ij > 0, respectively T = (pji—;|)ij >0 (with the same condition that py = po =
1), and look at the two corresponding annealed partition functions Zz’g, respectively
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Weinrib-Halperin criterion

¢ 1 ? Irrelevant Disorder Q Relevant Disorder
p& — ppur p& — ppur
(=1 e g pme e (=2(1Aa)
@ = ppur /,// a > ppur
(=1 éﬁ %
0 a=1/2 a=1 o
FIGURE 5.1. Overview of the annealed behavior and of disorder rele-

vance/irrelevance in the (a, ()-plane for the non-hierarchical model, in analogy
with Figure 4.1. In the region ¢ < 1 (non-summable correlations), the annealed
model is not well-defined, and Theorem 5.2.5 tells us that the quenched free energy
is always positive, so that hd"®(5) = —oo for all 5 > 0. It is therefore not pos-
sible to apply the Weinrib-Halperin criterion in this region. In the region ¢ > 1,
the annealed model is well-defined, and Theorem 5.2.2 implies that the annealed
critical behavior is the same that the pure one if ¢ > 2. For ¢ € (1,2), compar-
ison with the hierarchical case, (see Remark 5.1.5) allows us to predict that the
annealed critical exponent v* should be equal to the pure one vP"" if (P > 2
(i.e. ¢ > 2(1 A o)), and that it should be strictly larger if (vP*" < 2. Theorem
5.2.3 shows that disorder is relevant for v > 1/2, in agreement with the Weinrib-
Halperin prediction, but we still have no proof of disorder irrelevance for a < 1/2,
that we believe to hold.

Ziz One has easily, thanks to the form of the annealed partition function (see
(5.2.1)), that
Za

<zt <znl e, with A=Y o — fil, (5.3.3)

keN

nh—B2A X

which gives for example that h?T(ﬁ) — B2A < hY(B) < h?Y(ﬁ) + B2A.
We set T = (p(") ) j >0 the n-truncation of the T correlation matrix: set

|é J\
p,i " = pr if k < n and pk = 0 if k > n. The matrix Y defined this way 1s then

symmetric and positive definite. In this case, one has that A, =, |px — k | =
> kon |Pk|- From the assumption ) [px| < 0o, one has that A, goes to 0 as n goes
to 0o, so that for all 5> 0

2T (8) = b Y™ (8) + 200500 (1), (5.3.4)
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This does not provide a way of computing the critical point, but combining (5.3.4)
with the small disorder asymptotic of the annealed critical point in systems with
finite-range correlations (see [Poil2, Prop.4.2]), one gets
2
heT(8) PRE s (1 +2)  puP(k € T)> . (5.3.5)
2
keN
This result suggests that the quenched critical point is shifted towards —oo when

correlations increase, and when they are not summable anymore, it should be equal
to —oo for all > 0. This is confirmed by Theorem 5.2.5.

Let us also briefly discuss the case of non-negative correlations, that brings some
simplifications. If correlations p, are positive, one has a better upper bound than
haT(8) < — %/2, using the following inequality

N m
227> 3 S [ — ) e, (5.3.6)

m=10=:19<...<Tm=N 1=1

Therefore, the annealed critical point is h*Y(3) < — 5%/2 — log (ZnGNK(n)emp“),
which stresses that for positive correlations, one has h*¥(3) < —32/2 for all 5 > 0.

In the case of non-negative correlations, it is also easy to derive low-temperature
asymptotics for the annealed critical point. Indeed, we have the following bound on
the annealed partition function:

N
23T > KN exp((52/2 + h)N) exp <N62 Zpk) | (5.3.7)
k=1
which yields that h*»Y(8) < — %QTOO —log K(1) (recall the definition (5.2.8) of T).
As f goes to 0o, this matches the upper bound in (5.3.2),

o0 Too
R0 _—eopg2 (5.3.8)
2
5.3.2. Observations on the annealed partition function. We now give the
reason why the condition my := ) k|px| < oo simplifies the analysis of the annealed
system, in particular in Theorem 5.2.2. Given two arbitrary disjoint blocks B; and

Bs, the contribution to the Hamiltonian of these two blocks can be divided into:
e two internal contributions (5%/2+h) Y ,cp 6 +
a=1,2,
e an interaction contribution /3 > ieBy jeB, 0i0iPli—j|-

if pp > 0Vk € N, one has h?’T(ﬁ)

5i5jp\i—j\ for

1,J€BG,i<j

We also refer to the latter term as the correlation term. Then we can use uniform
bounds to control the interactions between B; and B,, since there are at most k
points at distance k between B; and Bs:

—my ==Y kol <D e D 66, < D Klokl = mx (5.3.9)
k=1 1 k=1

k= 1€B1,j€B2
li—jl=Fk
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Thanks to this remark, if my < oo, we have “quasi super-multiplicativity”
(super-multiplicativity would hold if all of the p; were non-negative): for any N > 1
and 0 < k < N, one has

e g T e (5.3.10)
We also get the two following bounds, which can be seen as substitutes for the
renewal property (property that we do not have in our annealed system because of
the two-body 6;0; term). Decomposing according to the last renewal before some
integer M € [0, N|, and the first after it, one gets

M N
W= Y ey K(j - ) el 7y (5.3.11)
i=0 j=M+1
and
M N
<Y S Pz, K(j - i)t e 7y (5.3.12)
i=0 j=M+1

Note that the terms e?*/2th=F* el and P*/2+h+5 2ol come from bounding uni-
formly the contribution of the point j to the partition function. If we write h =
h? 4+ u, and using that h? is of order 52 (see Section 5.3.1), we get a constant ¢ > 0
such that

M N
_cﬁ e Z Z Za < ;h < ecBZQuZ Z Zth(j_i)Z]aV—j,h'

i=0 j=M+1 i=0 j=M+1
(5.3.13)

Note that one has also uniform bounds for v € [—1,1] (we are interested in the
critical behavior, i.e. for u close to 0): one replaces the constant P’ gu by C4 =
e®+1 and the constant e=*¢* by Oy

In a general way, for any indexes 0 =iy < 1y < iy < --- < i, = N, we also get

(er)" H . Hdew] < ()" H s (5314

When S is small, (5.3.13)-(5.3.14) are close to the renewal equation verified by Z,
which is the same as (5.3.13)-(5.3.14) with 8 = 0. In the sequel, we refer to (5.3.13)-
(5.3.14) as the quasi-renewal property. We can actually show Theorem 5.2.2 provided
that these inequalities hold. Therefore if one is able to get (5.3.13)-(5.3.14) with a
weaker condition than my < oo (which could be ¢ > 2(a A 1), as the comparison
with the hierarchical model suggests, see Remark 5.1.5), such a Theorem would
follow.

5.3.3. The annealed critical behavior, proof of Theorem 5.2.2. In this
Section, we drop the superscript T in Z?\}E, and write h? instead of h*Y(f3), to keep
notations simple. ’

The essential tool is to prove that with small correlations, the partition function

at h = h? is close to the homogeneous partition function without the two-body
interaction at h =0, Z%,_, =P(n € 7).
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Proposition 5.3.1. We assume that the quasi-renewal property (5.3.14)-(5.3.13)
holds. Define for all X > 0 Zpa(X) == 02, e_A"szhg. Then there exists a constant
¢y > 0, such that for every 0 < XA < 1 one has

PN < Zia(N) < e/ P(N). (5.3.15)

This Proposition says that, increasing § and tuning h so that we stay at the
annealed critical point, we control the behavior of the Laplace Transform Zza(A)
of Z} ,», which is of the same order as P()\). We then are able to adapt the proof

of Proposition 1.1.10 and Theorem 1.1.6, using the same methods than in section
1.1.2.

Proof of Theorem 5.2.2 given Proposition 5.3.1 Recall that we define u :=
h — h?, so that we only work with u > 0, u € [0, 1], as we already know that for
u <0, F(f,u) =0 =F(u). Using (5.2.5) and the same expansion as in (1.1.23), we
get that

H?
(eu—l)mE |:(521 . 5,-me N,
m=10<i1<...<im=N

(5.3.16)

Note that as there is no renewal structure for E [ eH?Vvh?], one cannot factorize the

tm

quantity E [(Z- L6 e, ha] easily. However, since we have the quasi-renewal prop-

erty (5.3.14), we get the two following bounds, valid for any m € N and subsequence
0<iy <...<iy=N, uniformly for u € [0, 1]:

m

H Tk —Tk—1, ha [621 T 6im6NeHZYh%i| < (Cl)m H Zia;c—ikfl,h?? (5317)

k=1

where O := e“’*! is defined in Section 5.3.2. Now, we define

u N
~a € — u m
ZN,h = e — 1 Z (Cl l(e - 1)) Z H I —ik—1,h2
m=1 0<i1 <...<im=N k=1
i o (5.3.18)
and 7y, = r— (Cy(e* —1))" Z H f—in ke
m=1 0<i1<...<im=N k=1

so that Zj‘{,h S Zyn < 2y For u >0, we can define b> 0 and b > 0 such that
Zna(b) = Ci(e* —=1)7Y,  and  Zpa(b) = O (e — 1)1, (5.3.19)

if the equations have a solution and otherwise set b = 0, or b = 0. Such def-
initions give as in the proof of Proposition 1.1.10, that lim - logZ h = = b and

hm%log Z]a\ﬂh = b. Then we have that b < F*(B,h2 + u) < b, from the fact
that Z%, < Z2, < ZN,h Using that P(-) is decreasing one therefore gets that
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~

f’(g) < f’(Fa(ﬁ, h% +u)) < P(b). The definitions (5.3.19), combined with Proposi-

tion 5.3.1, gives that for every u > 0 such that b < 1 one has
(1) e* — 1) S P(F(B, b2 + 1)) < e1Che — 1), (5.3.20)
We finally have that for u > 0 small enough
(e — 1) < P(F*(B, h* +u)) < (e — 1)~ (5.3.21)
Applying the inverse of P (which is also decreasing), one gets the result from the
fact that F(u) = P((e* — 1)71) for all positive u (see (1.1.26)). O

Proof of Proposition 5.3.1 Let us first prove a preliminary result, that will be
useful, both in the case @ < 1, and in the case a > 1.

Claim 5.3.2. For every o > 0, if the quasi-renewal property (5.3.14)-(5.3.13) holds,
then for all N € N one has Ly pa S C,, where Cy = ¥+ is defined above.

Indeed, the L.h.s. inequality in (5.3.14) yields that for all u € [—1, 1], one has
Cr' Zirana 2 (O Z30)(Cr Zipa)

for all M, N > 0. Therefore one gets that if C’l_lngh > 1 for some ng, then the
partition function grows exponentially, and F(S,h) > 0. This gives directly that
Cy'Z3 e <1forall N eN. O

We now focus only on the case o < 1, since Proposition 5.3.5 gives a better
result in the case o > 1. We know that P(\) ~ A~ when X goes to 0 (recall the

assumption on K(-)). Then we only have to show that 223()\) is of order A™* as

A N\ 0, or equivalently that Zﬁle Zpy e is of order N for large N, thanks to an
Abelian Theorem [BGT87, Th.1.7.1].

Upper bound. We prove the following Lemma
Lemma 5.3.3. For a < 1, there exists a constant Cy > 0 such that for any N > 1

N
> 72, < CoN°. (5.3.22)
n=0

Proof If the Lemma were not true, then for any constant A > 0 arbitrarily large,
there would exist some ng > 1 such that

no
> 72, > Ang. (5.3.23)
n=0

But in this case, using the 1.h.s. inequality of (5.3.13), we get for any 2ng < p < 4ng

Lp/2] P

oha = crt Z Z ZipaK(G = 10) 25 pa

i=0 j=[p/2)+1

1o p
>Crt <Z > Zih%ZS—Lhz) min K(n) > CrlA%ng® ,min K(n), (5.3.24)
=0 j=p—no
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where we restricted the sum to ¢ and p — j smaller than ny to be able to use
the inequality (5.3.23). On the other hand, with the assumption that K(n) ~
cxgn~ 0+ there exists a constant ¢ > 0 (not depending on ng) such that one has

(1+2) * And thus for any 2ng < p < 4ng one has that

2
pha A

that min,, < 4, K(n) > cno

Then, summing over p, we get an inequality similar to (5.3.23):

4ng 4ng
Sz > S 22 > eAPng = cA%(dng)° (5.3.25)
p=0 p=2ng

Now, we are able to repeat this argument with ngy replaced with 4ny and A with
¢A?. By induction, we finally have for any k > 0

4kng

Z )2 1A% (4Fng)e. (5.3.26)

To find a contradiction, we choose A > ( ) , SO that (6)2" 1A% > 42" with v > 1.
Now, we can choose k € N such that ~? (4’“ 0)*~ ' = 2C; (C4 being the constant
in Claim 5.3.2). Thanks to (5.3.26), we get that at least one of the terms Z ;. for
n < 4%ng is bigger than (4%ng)*~'4%" > 20}, which contradicts the Claim 5.3.2. [

Lower Bound. We use the following Lemma

Lemma 5.3.4. If a < 1, there exists some n > 0, such that if for some ng > 1 one

has
Z Z2 Z K(j —i) < and i Z2, <, (5.3.27)
=0

J=no

then F*(, h) =

This Lemma comes easily from [GLT10b, Lemma 5.2] where the case a = 1/2
was considered, and gives a finite-size criterion for delocalization. It comes from
cutting the system into blocks of size ng, and then using a coarse-graining argument
in order to reduce ourselves to finite-size estimates (on segments of size < ng). It is
therefore not difficult to extend it to every a < 1, in particular thanks to the quasi-
renewal property (5.3.14)-(5.3.13), that allows us to proceed to the coarse-graining
decomposition of the system.

From this Lemma, one deduces that at h = h2, for all n € N one has

Dt 2o Lina K — (5.3.28)
or > iy Zipg 2 %na- (5.3.29)
Indeed, otherwise, one could find some ny > 0 such that both of these assumptions

fail, and then one picks some € > 0 such that Z} ,... verifies the conditions of
Lemma 5.3.4, so that F*(5, h? 4+ ) = 0. This contradicts the definition of k2.
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We now try to deduce the behavior of 222()\) from (5.3.28)-(5.3.29). We define
the sets

E; :={n >0, such that (5.3.28) holds},

5.3.30
Ey :={n >0, such that (5.3.29) holds} . ( )

For A > 0, we define f(A\) = Y > e™*"(n+ 1)7*. We know that f(\) ~ cst.A\*"*
thanks to an Abelian Theorem [BGT87, Th.1.7.1]. Then, using the assumption
on K(-) to find some constant ¢ > 0 such that for all i < n one has 37 K(j —
i) <c(n+1—14)"% one gets

Zha Ze‘MZtha n+1—1) ic_le_)‘"ZthaZK (j—1)
n=0 i=1

>c'n/2) e zcleTn/2|EiN{L,. Ll/)\j}|, (5.3.31)

nek;
where in the second inequality we used the definition of F;, and in the last one we
cut the sum at [1/A]|. Thus we get from our estimate on f(\), that for any A < 1
Zne = NN BN AL, 1A, (5.3.32)

Using the definition of E5, we also have

|1/A)
D) Z 7 Y D 2 2 [max(Ey 0 {1, LA}

> AN BN {L,.. ., [1/A]H)T. (5.3.33)

Let us now notice that from (5.3.28)-(5.3.29), for all n > 0 we have n € E; U Ey, so
that max (= |Ey N{1,...,n}|,+|E>2n{1,...,n}|) >1/2. Then, combining (5.3.32)
and (5.3.33), we get that Eag()\) > cA™* for A < 1. O
5.3.3.1. Improvement of Proposition 5.3.1 in the case a > 1. In this case, we

can estimate Z7 ;. more precisely, and estimate not only the Laplace transform of
Zi pa (cf. Proposition 5.3.1), but Z} . itself.

Proposition 5.3.5. Let a > 1. Assume that the quasi-renewal property (5.3.14)-
(5.3.13) holds. Then there exist two constants ¢; and co such that, for any N > 2
and any sequence of indexes 1 <13 <ig < ... < i, = N with m > 1, we have

(c))"E(6;, ... 8;, ) <E |6, .6, "Mt | < ()" B(0;, ... 6,). (5.3.34)
In particular, if m =1 one has that c\P(N € 7) < Zy ;o < @P(N € 7).

This Proposition tells that the annealed polymer measure at the critical point
is “close” to the renewal measure P, so that the behavior of the annealed model
is very close to the one of the homogeneous model. In Proposition 5.3.1 we only
had the behavior of the Laplace transform of the sequence (Zf; hg)neN, which lead to
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HO o
control the sum > _; _ . _yE |0, ...d;,¢€ "»’Lc]. In the case a > 1, we therefore

control every term of this sum.

We have P(&;,...0;,) = [[1—, P(ix — tk—1 € 7), so that recalling (5.3.17), we
only have to compare Z; ;. with P(n € 7). If we get two constants ¢; and ¢, such
that c;P(N € 7) < Z} s < @P(N € 7) for all N > 0, then we are done.

For a > 1, we have limy_,., P(N € 7) = E[r;]™! (see Theorem 1.1.7). Thus, we
only have to show that Z7 ,. is bounded away from 0 and +oo, which is provided
by the following lemma.

Lemma 5.3.6. If (5.3.14)-(5.3.13) hold, and if a > 1, there exist constants co > 0
and C7 > 0, such that for all N >0

Co < Z]a\f’hg < Cl (5335)

Proof The upper bound is already given by Claim 5.3.2, thanks to quasi super-
multiplicativity. For the other bound, we show the following claim.

Claim 5.3.7. If (5.3.14)-(5.3.13) hold, and if « > 1, let € > 0 (small) and A > 0
(large) be fized according to the conditions (5.3.41)-(5.3.43) below. Then for every
N >0, there exists some ny € [N — A, N| such that Zf;l’h;g > e,

From this Claim and inequality (5.3.13) with the choice M = N — 1, we have
N-1
Zpe = C70 Y Z0 ) K(N —m)e /20 > ¢ 72 | JK(N = ny), (5.3.36)
n=0

where we only kept the term n = n; in the sum, n; being given by the Claim 5.3.7.
We get that for every N > 0,

Zi e 2 €C" (min K (i) e 2 =: ¢, (5.3.37)

i< A

which ends the proof of Lemma 5.3.6. O
Now, we prove the Claim 5.3.7 by contradiction. The idea is to prove that if

the claim were not true, we can increase a bit the parameter h and still be in the

delocalized phase.

Proof of Claim 5.3.7 Let us suppose that the claim is not true. Then we can find

some ng, such that for any k € [ng — A, ng] one has Z,j’hg < e. The integer ng being

fixed, we choose some h > h? close enough to h2 such that for this ny, we have
(recall Z3, ;. < Ch)

Z5, <20, forall n < ny, (5.3.38)
and Zp, <2 forall k€ [ng— A, ngl (5.3.39)
We will now see that the properties (5.3.38)-(5.3.39) are kept when we consider
bigger systems: we show that we have Z7, < 2C; for all n < 2ng , and 7}, < 2¢

for all k € [2nyg — A, 2ny]. By induction one therefore gets that Zyn < 2CY for all
N, such that F*(3, h) = 0, which gives a contradiction with the definition of h2.
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e We first start to show that for any p € [ng + 1,2n), one has Z3, < 2C; . We
use the r.h.s. inequality of (5.3.13) with M = ng, and we divide the sum into two
parts:

nog—A—1 p
Z;h Z Z p3h+C1 Z Z Z;Jh
i=ng—A j=no+1 i=0 j=no+1
<4eCT Y " nK(n) +4C7 > nK(n), (5.3.40)
n>1 n>A

where we used the properties (5.3.38)-(5.3.39), and the fact that K(j — i) appears
at most j — ¢ times. Thus we have Z,, < 2C, for p € [ng + 1, 2ng| provided that

e<(4CE[R])™  and ) nK(n) < (4CH) 7, (5.3.41)
n>A
and we have the property (5.3.38) with ng replaced by 2n,.

e We now show that 7%, < 2e for all p € [2ng — A, 2ng]. Again, we use the r.h.s.
inequality of (5.3.13) Wlth M |p/2], and the properties (5.3.38)-(5.3.39) to get

lp/2]  |p/2]+A/2

Zan<Ci Y >, 7 —0)Zp it Cr Y ZNKG-0Z g,
i=|p/2|—-A/2 j=|p/2]+1 i<|p/2|—-A/2
or j>|p/2]+A/2

<4£°C1 Y nK(n) +4CF Y nK(n), (5.3.42)

n>1 n>=A/2

where we also used that we have i,p — j € [ng — A,ng] in the first sum (since
p € [2ng — A,2ng)), and j —i > A/2 in the second sum. Thus we have Z,,, < 2¢ for
p € [2ng — A, 2ng) provided that

e < (4C,E[n])™'  and D nK(n) < (4C7) 7, (5.3.43)
n>A/2
and we have the property (5.3.39) with ng replaced by 2n,. O

Claim 5.3.7 controls directly the partition function (it is the analogue of Lemma
4.4.1), instead of its Laplace transform as in Proposition 5.3.1. We emphasize that
this improvement can be very useful, because it allows us to compare Zy; . Ej, , [6;]
with P(i € 7), as we did in the hierarchical case (Chapter 4), thanks to Proposition
4.3.2. For example an easy computation (expanding the exponential) gives that

exp (uZé ) e'hng
(5.3.44)

which gives more directly Theorem 5.2.2. Proposition 5.3.5 could be the key to a
future study of the disordered system via annealed bounds, as it was the case in
Chapter 4, with Proposition 4.3.2.

N N
E echn:l On 1{N67—} < Zz,h — < E |:eC2uZn:1 On 1{N€T}] ’
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Propositions 5.3.5-5.3.1 and Theorem 5.2.2; in view of the results in Chapter 4,
give the hope of proving that the Harris criterion (irrelevance if o < 1/2, relevance
if &« > 1/2) holds if my < 0o, especially in terms of critical point shifts. We do not
develop the analysis in the direction of the study of the critical point shift, which
is still open and would require a stronger knowledge of the annealed system, even if
Chapter 4 give some clues to solve this problem.

5.4. Proof of the results on the disordered system

5.4.1. The case of summable correlations. As we saw in Section 5.3, the
annealed model is well-defined only under the Assumption 5.1.3 of summable corre-
lations.

5.4.1.1. The smoothing phenomenon, proof of Theorem 5.2.3. We give here the
proof of this Theorem for the sake of completeness, but it is very similar to what is
done in [GT06] for the case of independent variable. The main idea is to stand at
he(B) (he(B) = h2(B) > —oo since the correlations are summable), and to get a lower
bound for F(f3, h.(5)) involving F(53, h), by choosing a suitable localization strategy
for the polymer to adopt, and computing the contribution to the free energy of this
strategy. This is inspired by what is done in [Gia07, Chapter 6] to bound the critical
point of the random copolymer model. More precisely one gives a definition of a
“good block”, supposed to be favorable to localization in that the w; are sufficiently
positive, and analyses the contribution of the strategy of aiming only at the good
blocks.

Let us fix some [ € N (to be optimized later), take n € N and let Z C {1,...,n},
which is supposed to denote the set of indexes corresponding to “good blocks” of
size [, and we order its elements: 7 = {i,}yen With i3 < iy < ---. We then divide

a system of size nl into n blocks of size [, and denote Zx}’l(k) the (pinned) partition
function on the k™ block of size [, that is Z;, () — Zle,;ffl)l“’ﬁ (6 being the shift
operator, i.e. 0w = (Wntp)n>o0)-

For any fixed w and n € N, we denote Z,, = Z N [0, n|, so that targeting only the
blocks in Z,, gives

|Zn|

Z:fii = K((n —iz,))! HK ((ix — ig—1 — 1)1 H Z) ’B "), (5.4.1)

keZy,

with the convention that K(0) := 1. Then if ¢ > 0 is fixed (meant to be small),
taking [ large enough so that log K(kl) > — (14 ¢)(1 + «) log(kl) for all k£ > 0, one
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has

1 w
m log an:i

T
1 w,(k 1 . - o
> — Z log Zl,h( ) _ (1 +5)(1+a)ﬁ (log((n — iz, )l) + Zlog((zk — Qg1 — 1)l)>

ke, k=1
1|Z,] +1 n
- lo

l |Z.| + 1

I—1, o
>~ > zlongvh( ' (1+e)(1+a)

keZy,

—~ 1) , (5.4.2)

where we used Jensen inequality in the last inequality (which only means that the
entropic cost of targeting the blocks of Z, is maximal when all its elements are
equally distant). Note that (5.4.2) is very general, and it is useful to derive some
results on the free energy, choosing the appropriate definition for an environment
to be favorable (and thus the blocks to be aimed), and the appropriate size of the
blocks (see Section 5.4.2 for another example of application).

We fix § > 0, and set u := h — h.(f). Then, fix £ > 0, and define the events

AP = { Z:300 = exp (1 — e)IF(B, he(B) + u))} , (5.4.3)
and define Z,, the set of favorable blocks
T(w) :={k e N : A™ is verified}. (5.4.4)

Then taking [ large enough so that (5.4.2) is valid for the £ chosen above, one
has
1 7, 1Z,| +1 n
o 23, > Tl a-er(o,ns) +o- (a1 2 g (s 1)

(5.4.5)

We also note p; := P(Al(l)) =P(1 € Z,), so that one has that P-a.s. lim,_, ~|Z,| =
pi, thanks to Birkhoff’s Ergodic Theorem (cf. [Nad98, Chap. 2]). Then, letting n
go to infinity, one has

0=F(5,he(8) > p(1 ~ (5, () + ) — (1 + )1+ a)pr ol — 1)

> (1= P8, B) +10) + (14 21+ ) log(an) ) . (5.4

the second inequality coming from the fact that p; ' is large for large [.

We now give a bound on p;, with the same change of measure technique used
in the proof of Lemma A.2.1. We consider the measure P on {wi,...,w;} which
is absolutely continuous with respect to P, and consists in translating the w;’s of
u/B, without changing the correlation matrix Y. Then, using that [~!log Z;j;f )
converges to F(8,h.(3) + u) in P-probability as [ goes to infinity, we have that
IF’(Al(l)) > 1 — ¢, for [ sufficiently large. We recall the classic entropy inequality

P(A) > B(A) exp <—ﬁ(H(P|P) + e—l)) , (5.4.7)
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with H(P|P) the relative entropy of P wr.t. P. As in Appendix A-(A.2.3), one
computes H(P|P) =
equal to 1.

From Lemma A.1.1 one directly has that H(P|P) = (1 + 0(1))2T 7= |, so that for
[ large one gets that

262 <T 11;,1;), where 1; is the vector whose [ elements are all

1 1 _ 142 u?
- > - “(1—g)t > = 2 4.
llogpl > (1+6)l(1 8) H(IP’HP) > ¢ 9T 7 (548)

This inequality, combined with (5.4.6), gives

1+ 2 1 1+2:\° 1+a
F(3, he < - 1 —1 < 2 4.
o) 40 < - E@ o< (TEE) ime 6.9)
which, thanks to the arbitrariness of e, concludes the proof. O

5.4.1.2. On the critical points at low temperature, proof of Proposition 5.2.4.
We now estimate the quenched critical point when 5 goes to oo, in the case of non-
negative summable correlations. The techniques are very similar to what is done in
[Ton07], and we include it here for the sake of completeness.

As far as the lower bound is concerned, one uses a fractional moment method.

Indeed, if one shows that + log E[(Zﬁi) | N_m 0, then using Jensen inequality, one
gets that

1 w 1 w,
NEl gZNh - W—NElog(ZN’ﬁ)'y < N logE[(ZNﬁ)”’], (5.4.10)

and therefore F(, h) = 0, giving a lower bound on h.(3).
We fix 1 > v > HLQ (this choice will be clear in a moment), and we estimate

(Z%’ﬁ)”’, using that for any v < 1 one has (> a;)? < > (a;)?, if the a;’s are non-
negative:

(Zh) Z S TP nK iy — ip-). (5.4.11)
m=11i1<iz<...<im=N k=1
Then we write C,, := > _K(iy —i,-1)7 < oo (finiteness is provided by the as-
sumption y(1 + «) > 1), so that defining K, (n) := C7'K(n)?, one gets a recurrent
renewal process 7,, with inter-arrival distribution given by K,(-). One obtains the
bound

E(Zy3)" < EE,

exp (Z(vh + log(C,) + 75“2‘)6%)]
exp ((Wz + log(C,) + @ + 4232 Z pk> ; 5n>] , (5.4.12)

<E,

keN

where we used a uniform bound on the correlations for the second inequality, as in
(5.3.1). Therefore, thanks to (5.4.10), one has that h.(3) > — L§2Tm — log(C,),
which gives the lower bound for Proposition 5.2.4, since v can be chosen arbitrarily
close to (14 «a)~h
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To get the upper bound, one uses a localization strategy for the polymer, target-
ing regions where the empirical mean of the w;’s is large. One uses the same strategy
as in Section 5.4.1, that is to get a lower bound on F(f, h) involving F(8, h+u), and
using (5.4.2). For any fixed € > 0, provided that [ is large enough, and analogously
with (5.4.6) one has

1
F(G,h) = p <(1 —e)F(B,h+u)+ (1 +2)(1 + oz)z logpl) , (5.4.13)
with
p=P (Z“ﬁ > e(1-o)F(B, h+“)> > exp —ll i 25”72 (5.4.14)
L - - 1—¢e 27,3 o
as shown in (5.4.8). If one sets ug := (1 —n)(14+a) ' Too f?, with 1 -5 := {== (that
can be made arbitrarily close to 1 by taking ¢ small), one finally has
T
F > (1 - F -2 3% 4.1
(501> (1= 2 (F(B ot ) = 5 (5.4.15

Then for any ¢t € R, by imposing all contacts, one gets that v log Z%, = log K(1)+

t++ Zi:l w;, and in the end F(5,t) > t+log K(1). Therefore, recalling the definition
of ug, one has

F(B,h) > (1—¢)p <h+(1 27;)%52“0@{(1)), (5.4.16)

which yields that h.(3) < — (1 — 3n)5~ s BZ if § is large. As 7 can be made as
small as desired, it gives the upper bound for Proposition 5.2.4. 0

Note that the proof shows that for 3 large, if h is close to — 2(1 = Too, the right
strategy in order to locahze is to target large regions where the emplrlcal mean of
the w;’s is close to 7 T

5.4.2. The case of non-summable correlations, proof of Theorem 5.2.5.
This Theorem is the non-hierarchical analogue of Theorem 1.3.9, which is proved
in [BT11, Sec.4]. But because there are some technical differences, we include the
proof here for the sake of completeness.

Proof The idea is to lower bound the partition function by exhibiting a suitable
localization strategy for the polymer, that consists in aiming at “good” blocks, i.e.
blocks where w; is very large. We then compute the contribution to the free energy
of this strategy, in the spirit of (5.4.2). For ( < 1 (non-summable correlations), it
is a lot easier to find such large block (see Lemma 5.4.1 to be compared with the
independent case). In this sense, the behavior of the system is qualitatively different
from the ¢ > 1 case.

Clearly, it is sufficient to prove the claim for h negative and large enough in
absolute value. Let us fix h negative with |h| large and take | = [(h) € N, to be
chosen later. Recall (5.4.2), and define

AW = {for all i € [(k — 1)L, k] NN, one has Sw; + h > |h|}, (5.4.17)
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and as in Section 5.4.1 the set of favorable blocks Z,, and p; := IP’(Al(l)) =P(1e€Z,).

One notices that Zx}’l(k) > 7 “;Lﬂ for all k € Z,, so that provided that [ is large
enough, one has [~!log Zi"i}r;"pum > LF(|h|). Therefore, from (5.4.2), if [ is large
enough so that the above inequality is valid, and letting n goes to infinity, we get
P-a.s.

1 1
F(B,h) > %F(W) - szj log(p; ' — 1) = py (C|h| +c 7 10gpl) , (5.4.18)

where we used that P-a.s. lim,,_, %|In| = p;, because of Birkhoff’s Ergodic Theorem
(cf. [Nad98, Chap. 2]). The second inequality comes from the fact that, for |h| > 1,
one has F(|h]) = cst. |h|, and that p; ' is large if [ is large.

It then remains to estimate the probability p;.

Lemma 5.4.1. Under Assumption 5.1.4, there exist two constants ¢,C' > 0 such
that for every | € N and A > C(logl)'/? one has

P(Vie{l,...,1}, w; > A) > c ' exp (—cA%). (5.4.19)

From this Lemma, that we prove in Appendix A (Lemma A.2.1), and choosing
[ such that v/log! < 2|h|/(Cf), one gets that

p=P(Vie{l,....0}, w; = 2/h|/B) = " exp (—cl*h*/B?). (5.4.20)

Then in view of (5.4.18) one chooses | = (C|h|/3%)Y1=9) (this is compatible with
the condition y/logl < 2|h|/(Cp) if |h| is large enough) so that one gets c|h| +
A7 ogp = c|h|/2 = ¢/2, provided that C is large enough. And (5.4.18) finally
gives with this choice of [

F(B8,h) > cst. exp (—cl*h®/B%) = cst. exp (—c’|h| (1n/5%) 1/(1—<)> . (5.4.21)
U



CHAPTER 6

Sharp critical behavior in random correlated
{—1,0}-environment

6.1. Description of the model and preliminary results

6.1.1. The model. We recall briefly the definition of the polymer measure.
Let 7 := {7.}n>0 be a recurrent renewal sequence (as defined in Section 1.1.2),
whose law is denoted by P, and with inter-arrival distribution denoted by K(-). We
assume that K(-) satisfies

CK
K(n):=P(rn=n)=(1+ 0(1))W, (6.1.1)
for some o > 0, o # 1 (again, the assumption o # 1 does not hide anything). We
assume also for simplicity that K(n) > 0 for all n € N. We use the notation

K(n):=P(n >n)= Y K(). (6.1.2)

i=n+1

With a slight abuse of notation, 7 also denotes the set {k € N | 7,, = k for some n}.
As explained in the Introduction, the set 7 can be thought of as the set of re-
turn times to its departure point (call it 0) of some random walk X on some state
space, say Z4. The graph of the random walk (k, Xk )keo,n) is interpreted as a one-
dimensional polymer chain living in a (d + 1)-dimensional space, and interacting
with the defect line [0, N] x {0}.

Given a sequence w = (wy,)nen Of real numbers (the environment), h € R (the
pinning parameter) and 8 > 0 (the inverse temperature), we define the sequence of
polymer measures va’i, N € N as follows

dP, 1 N
(1) = e exp [ > (h+ Bwn)linery | - (6.1.3)

s n=1
where Z]“\’,/Z =E [exp (ZnNzl(h + ﬁwn)l{n@}ﬂ is the partition function of the sys-
tem.

This definition is slightly different of the one used up to now, because we left aside
the condition { N € 7}. This is the polymer measure with free boundary condition,
whereas the one defined in Section 1.4, is with pinned boundary condition. Both the
free and pinned partition functions are useful, and we keep the superscript “pin” to
distinguish the pinned one.

171
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We study the properties of 7 N [0, N] under the polymer measure P‘fvi for large
values of N. In this Chapter, we focus on a particular type of environment w,
constructed as follows: R

Let 7 = (Tw)n >0, 70 = 0 be a recurrent renewal process (let P denote its law),

with inter-arrival law K(-) that satisfies

~

K(n):=P(7 =n) = (1%(1))%, (6.1.4)

for some @ > 1. These conditions ensure that E[ﬂ] < oo which is crucial to ensure
that the free energy is self-averaging (see below). Then let (X;);>1 be a sequence
of i.i.d. random variables (with law P independent of P) satisfying

P(X; = 0) = P(X, = —1) = 1/2 (6.1.5)
and set
Wy = XZ', Vn € (Ti 1, Ti] (6 1. 6)

For later convenience we may use another construction to get w. We start from
the renewal process 7 (let P denote its law), with inter-arrival law K(-) given by

P(7 =n) 22 "P(F (6.1.7)

One can check (using Proposition 6.A.2 in the appendix), that

R(n) = (1 + 0(1))51?;. (6.1.8)

Then one sets

0 such that i € (Tan, Tons1],

o = { 0 if there exists some n (6.1.9)

—1 if there exists some n

VoV

0 such that 7 € (772”4_1, f7\:2n+2].

This construction gives an environment with the same law as the first one, condi-
tioned to X; = 0, and this conditioning is harmless for our purpose.

Remark 6.1.1. The reason to choose such an environment is that it is a simple
framework to study the influence of long-range power-law correlations for disordered
pinning models. One can compute the correlation easily: for any ¢ € N, & > 0

1~
Cov(wi, wipk) = ZP (FneN, (Gi+k) € Tuor, 7)) (6.1.10)

The latter term is equal to

P(le?)P 7'1>k+z—l)k_>°ocKZPl€T(z—l+k:) (6.1.11)

I "Elﬂ}_kl

One uses the renewal theorem to get that P(i ET) ~isoo E[7]!, so that taking i
large, one has that Cov(w;, w;,) is of order k=%, which decays slower and slower as
a is taken close to 1.
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The reason why we impose a > 1 is that for @ < 1 the model is somewhat trivial.
Indeed, in that case, the infinite-volume quenched (averaged) free energy has the
same critical behavior as for the non-disordered model. Moreover, in this case one
loses the ergodicity of the environment sequence and the free energy is no more a
self-averaging quantity (i.e. the almost sure limit in (6.1.15) does not exist).

6.1.2. Reminder of the homogeneous model. Before giving our results, we
recall some facts about the easier case 5 = 0, that is the homogeneous pinning model
of Section 1.1.2. Recall the definition of the polymer measure with free boundary
condition (different from the one with pinned boundary condition given in Section
1.1.2):

dPN7h Py—
(1) = ZNh exp (Z hl{neT}> (6.1.12)

where Zy p, == E [exp (Zi\le hl{ng})] is the partition function with free boundary

condition.
As far as the free energy is concerned, it is equivalent to work with the free or
pinned boundary condition. We recall that the free energy (of the homogeneous

system) is F(h) := limy_,o0 % log Znn, and has a phase transition at the critical
point h. = 0, with critical exponent v** =1V 1/« (recall Theorem 1.1.6).
We know from Section 1.1.2 that the number of contact points |7 MN[0, V]| under

the polymer measure is of order N for h > 0 (and also for h = 0, @ > 1 by the
renewal Theorem 1.1.7, [Asm03, Chapter 1, Theorem 2.2]), and o(V) in the other
cases. In fact one can get a precise statement on the number of contacts under the
homogeneous polymer measure, see Proposition 1.1.9, that we recall here

Proposition 6.1.2. (Asymptotic behavior of the path measure)
e When h <0, for all k one has

lim Py(jrn[0, N =k+1) = (1 —eMyeth., (6.1.13)

e When h =0 and o € (0,1), one has that under P = Py o
N~ N[0, N]| = A,, (6.1.14)
where A, s the inverse of an «-stable law.

6.1.3. Preliminary results on the disordered model. This Chapter presents
results for our inhomogeneous model that exhibits sharp contrast with Theorem 1.1.6
and Proposition 6.1.2. We show that disorder modifies the phase transition between
the localized phase (order N contacts, positive free energy), and the delocalized
phase, (O(1) contacts, zero free energy). Due to the correlations present in the en-
vironment, this phenomenon is very different from what was observed for the i.:.d.
environment case.

In order to state our results, we first need to show the existence of the free energy
for the inhomogeneous model.
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Proposition 6.1.3. The limit
3 1 va
F(B,h) = lim —log Zy}, (6.1.15)

exists P x P almost surely. One has F(5,h) = limy_,o0 %E E [log Z]“\’,/Z] )

Proof One (re-)introduces (see Section 1.4) the partition function with pinned
boundary condition:

w7/37pin Pyp—
Z5n = E

N
exp <Z(h + ﬁwn)1{ng}) 1{N€T}] : (6.1.16)

n=1

Note that (see in [Gia07, Equation (4.25)] and its proof) there exists a constant
¢ > 0 such that

CN_1€_B+hZ]°</:fL < Z}«\;ﬁypin < ZR}:EL, (6117)

so that it is equivalent to work with Z or ZP™ as far as F is concerned. Then one
notices that

N
w,B,pin w,B,pin 6N w,B,pin
Z30E > B [exp <Z(h + 5%)1{%7}) Liner, (vianery | = Zan™" Za P,
n=1
(6.1.18)
where 6 is the shift operator, i.e. 0Yw := (WpyN)n 0. So that in particular
w,B,pin w,B,pin 7N w,B,pin
log Z?N+JI\)/[7h > log Z27P" + log Z?M+N—$N,h' (6.1.19)

Note that from the renewal construction of the environment, the two terms on the
right hand-side are independent and that the law of the second one is the same
as the law of log Z%f »". Therefore one can use Kingman’s superadditive ergodic

Theorem [Kin73, Th.1], or simply the law of large numbers (like it is done in [Gia07,
Sec.4.2]) to conclude that

1 . 1~ .
3 w757 n 3 w757 1n
lim NIOgZ?Nsz = lim NEE [log Zw ]

N—oo N—o0

1~ .
— sup ~EE [1ogzgjfm] — F(B,h). (6.1.20)

NZ=0

Then the law of large numbers for 7 gives that

ERT 1 w,B,pin __ q- N . 1~ w,B,pin| 1 -
F(3.h) = Jim = log ZZ"" = Jim =~ lm FER [logZ?NJL } - E[?l]F(ﬁ’ h).
(6.1.21)

Note that we have proved only convergence almost surely along the random subse-
quence 7. Then one can use standard arguments to show that convergence holds for
the whole sequence and also in L, (details are omitted).

O
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A matter of interest for disordered pinning models in the i.i.d. environment case
is how the free-energy compares with the annealed free-energy defined by

1 ~
FY(3,h) = lim —logEE 1z (6.1.22)

Jensen’s inequality gives that F(5,h) < F*(5,h). In our case this bound does not
give much information. Indeed,

1~
Znn>EE [Z;;ﬂ > SP(R > N)Z. (6.1.23)

As P[7, > N] behaves like N=@ for N large, this factor does not affect the limit
after taking the log and dividing by N. Therefore, F*(/3,h) = F(h) and the annealed
bound for the free-energy becomes simply

F(3,h) < F(h), (6.1.24)

which is obvious from monotonicity in w of Z N’/Z This contrasts with the case of
1.7.d. environment, for which the annealed bound gives a non-trivial upper-bound
on the free—energy.

6.2. Main results

6.2.1. Statement of the results and comparison with the previous lit-
erature. What we show concerning the free-energy of our disordered model is that
it is positive for every positive h (i.e. that the presence of negative w is not sufficient
to repel the trajectories from the defect line). Moreover, we are able to compute the
asymptotics of the free-energy around h = 0, up to a constant.

Theorem 6.2.1. There exist two constants C; > 0 and Cy > 0 (depending on 3),
such that for any h € (0,1), one has

Cih@a | log h|1=8 < F(B, h) < CohT® | log b1~ (6.2.1)

Remark 6.2.2. Note that in the statement of the theorem the constants depend on
[. This will be the case of many constants introduced during the proof, and we may
not mention it, as in the sequel we always consider § as a fixed positive parameter.

Our second result is that at the critical point h = 0, the trajectories are strictly
delocalized, in the sense that typical trajectories have only finitely many returns to
zZero.

Theorem 6.2.3. The sequence of law (vn)n >0 on N defined by
vn(A) = P@“;l o(T N[0, N]| € A), (6.2.2)

the laws of the number of contact under P 18 tight for almost every realization
Nh 0 g Y
of w.

We prove this result in Section 6.6.1, and actually we get a more precise result
in Corollary 6.6.2 and Proposition 6.6.3 that we sum up as follows.
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Proposition 6.2.4. For almost every w, for any e > 0 there ezists ag = ap(w, B,¢€) €

R such that for a > ag and a < N(l/(gm —€ one has
Slat)—1 w —&(1va
o T < PYA_ (1m0 [0, N]| = a) a0V, (6.2.3)

Remark 6.2.5. Proposition 6.2.4 indicates that the asymptotic law of the number of
contacts under P;‘(,’ﬁlzo has a power-decaying tail. This power-law behavior contrasts
with what happens for h < 0, where the law of |7 N[0, N]| has an exponential tail.
In view of how our results are obtained, we conjecture that it is the lower-bound
given in Proposition 6.2.4 that is sharp.

It is instructive to compare the sharp estimates of Theorems 6.2.1 and 6.2.3 with
the results available in the literature on other pinning models.

The first important remark is that the free energy critical exponent (call it v,
so that v = a/(1 A a), cf. (6.2.1)) is different both from the critical exponent
of the homogeneous model: v = 1/(1 A ) (cf. Theorem 1.1.6) and from that of
the disordered model with i.7.d. disorder. In the latter the critical exponent equals
v=1/aif a < 1/2 and f small (regime of irrelevant disorder [Ale08, Ton08b]),
and in all cases (every «a, 8 > 0) one observes a disorder induced smoothing of the
free-energy curve near the critical point, that implies ¥ > 2 when it exists [GT06]
(in contrast, remark that the critical exponent in (6.2.1) can be smaller than 2 for
our correlated model). Always concerning the critical exponent, let us also add
that, up to now, precise asymptotics of the free-energy (close to the critical point)
for pinning models had been proved only for the case of homogeneous (or weakly
inhomogeneous, i.e. periodic) environment (Theorem 1.1.6), and for the mentioned
case of i.i.d. environment, o < 1/2 and [ small [Ale08, Ton08b, GT09] (we let aside
[Ale09] where it is proved that first order transition occurs for a very special model).

A second important observation concerns the value of the critical point. In our
model, it equals zero for the homogeneous model (and therefore for the annealed
one) but also for the quenched model (for every «, @, ). This is in contrast with
what happens for i.i.d. random environment: in that case, the critical point of
the annealed model equals h?(3) = —log E[e®*1]. Also, for 4.i.d. environment it is
a crucial issue to know whether the critical point h3"¢((3) of the quenched model
coincides or not with h%(3): one has h2*(3) = h2(f) if a < 1/2, [ small [Ale08,
Ton08b], and hd™(5) < h2(f) if & > 1/2 (every 8 > 0, with sharp bounds on
their difference in the limit of § small [AZ09, DGLT09, GLT10b, GLT11}); another
situation where hd"(5) < h2(B) is a < 1/2, B large [Ton08a].

Finally, we make some observations concerning the behavior of the trajectories
at the critical point, given by Theorem 6.2.3. The exact behavior is known for the
pure model (cf. Proposition 6.1.2), in the irrelevant disorder regime for 4.i.d. disorder
(see [Lacl0]), but very little is known in the other cases (in [Lacl0] it is shown that
there are at most N'/?*¢ contacts with large probability, this result being linked to
the above mentioned free energy critical exponent bound v > 2). In contrast, in
our model the number of contacts at the critical point is not directly related to the
critical behavior of the free energy (see however Proposition 6.2.4). Note that up
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to now, for i.i.d. disordered pinning models, the best general bound one has for the
number of contact points in the delocalized phase is O(log N) [Gia07, Sec.8.2] or
[Mou], but in our case one has that it is O(1).

We stress that the results we have are in complete contradiction with the Weinrib-
Halperin criterion, which predicts disorder relevance/irrelevance for a large class of
correlated systems, in the case where the correlation function decays like r=¢, r
being the displacement and ¢ > 0. Weinrib and Halperin figured in that case an
extension of the so-called Harris criterion, which predicts that disorder is relevant
if v < 2/(C A1), and irrelevant if v < 2/(¢ A 1). Contrary to this prediction,
we find in the present case that disorder is relevant, for every value of a (and thus
of vP") and for every decay of the correlation function ( = & — 1 (see Remark
6.1.1). As argued in details in Chapter 7, the important quantity is actually not the
parameter (, but the size of the regions with w = 0.

Concerning previous results on pinning models with correlated random envi-
ronment, the only work we are aware of is [Poil2, Poill], where a model with
finite-range disorder correlations is studied. Let us also mention that the authors
of [BL11, BT10, BS10, BS11] consider a random walk that is pinned on a second
(quenched) random walk: this can also be seen as an example of a pinning model in
a correlated environment. In both of this cases, however, the results one finds are
similar to the ones of the i.i.d. environment case.

Remark 6.2.6. We have chosen to constrain ourselves only to a very particular
setup for the sake on simplicity, however our results should hold with much greater
generality for correlated environment w € {—1,0}", see Chapter 7.

6.2.2. Strategy of the polymer under P“]Gﬁl, ideas of the proofs. We give

in this section an idea on the strategy the polymer adopts under the measure P“ﬁﬁl,
this understanding clarifying the schemes of the proofs of Theorems 6.2.1 and 6.2.3.

The proof of Theorem 6.2.1 gives the right bounds on the free energy, but also a
heuristic understanding of the typical behavior of the trajectories under the measure
Pﬁ,ﬁh The idea is that the polymer tends to pin on the regions where w = 0, but

only those of length larger than h_ﬁ\ log h|, whereas they are repelled from the
interface by any other region. Thus the idea to prove Theorem 6.2.1 is to estimate
the contribution of all these different kinds of regions to the partition function.
For the lower bound the strategy of targeting only regions of length larger than
h_ﬁ| log h| already gives the right result. To get the upper bound, one has to
control the contribution of all the possible trajectories. Roughly, the argument is
that one uses a coarse-graining argument to cut the system into blocks of finite size,
and sees that if one block does not contain a region of length larger than h™ira | log hl,
then it does not contribute to the partition function.

A consequence of this observation is that the behavior of the free-energy near the
critical point depends on the frequency of occurrence of regions of length h™ira | log h|
where w = 0. When « is close to one, these regions occur relatively frequently, and
for this reason the critical exponent for the free-energy in our model is close to the
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one of the homogeneous model. The two exponents get more and more different
when a grows and this type of regions becomes more rare.

Now, let us explain how we intend to prove Theorem 6.2.3 and Proposition 6.2.4.
We bound from above the probability of having exactly a contacts before N under
the measure PTV’F,L:O by considering the contribution of the different strategies for
the polymer trajectory. For a trajectory 7, let V7 (7) be the number of 7-renewal

stretches (we call 7T-stretch a segment of the type (7;, 7;41]) visited by 7:
Vi(r)=|{ieN[3jern(0,N],j€ @ Tnl}l (6:24)
We split the set of trajectories such that {|7 N[0, N]| = a} into two cases

e The trajectory 7 visits a lot of 7-stretches (say V(1) = af),
e The trajectory 7 visits only a few 7-stretches (V3 (1) < a®).

One remarks that for any trajectory 7

8\ V&(™)
E[ezgzlﬁwnl{nET}} < <1+26 ) s (625)

where we recall that E denotes the average only on the values of {X;};en, i.e. on
the disorder w conditionally on the realization of T. Equation (6.2.5) tells us that
visiting a lot of stretches has, in average, a strong energetic cost, and that therefore
these trajectories do not contribute a lot to the partition function (this is formalized
in the proof of Lemmas 6.6.4 and 6.6.8). In order to have a result that holds almost
surely, however, one has to be careful in the way of using Borel-Cantelli Lemma.

For the second type of trajectories, on the other hand, we observe that in order
not to visit many 7-stretches, one has to put a lot of contacts in very few 7-stretches,
and this strategy has a large entropic cost (which is a priori not that easy to control).
The most convenient way of doing this is to target sufficiently large stretches and
put the contacts there. The key idea to estimate this is to realize that in order to
visit the long stretches without having too many contacts before, 7 has to grow much
faster that it would typically do, in the sense that 7, has to be larger than (")
(cf. Lemmas 6.6.5 and 6.6.9), which is much larger than what it would typically
be, that is, ("), We get this thanks to Lemma 6.A.4 which says that the first
T-stretch of size [ > 1 occurs at distance approximately (* from the origin. One also
notices that targeting at the first jump a sufficiently large 7-stretch and putting all
the contacts in it already gives the right lower bound in Proposition 6.2.4, and we
believe this is the right strategy for the polymer to adopt.

6.3. Lower bound on the free energy

We prove in this section the easier half of Theorem 6.2.1. Here and later we
choose h small enough (then one can say that the results hold for all A € (0,1)
by modifying the constant C7). For practical reasons we compute a lower bound
for F(8,h), which according to (6.1.21) is equal to F(S,h) up to a multiplicative
constant. Then, according to (6.1.20), it is sufficient to estimate E E[log Z;JNB P for
a given N to get a lower bound.
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We define My to be the size of the longest inter-arrival among the NV first of the
renewal 7:

My = Ti— Tic1)s 6.3.1
N igﬁﬁ}(f Tic1) ( )

and iy, to be the smallest index such that 7, — 7,1 = My. In order to get an
explicit lower bound on ZA’B P we consider the contribution of trajectories 7 that
have contacts with the defect hne only in the interval (7., |, 7ol

Timax -1 Timax

Y

FIGURE 6.1. The strategy to get the lower bound is to target only the longest
7-stretch, which is of size My, starting at 7;,_, —1 and ending at 7;,___.

If X;

tmax

= 0, then one has

TNv

where ijvif;l denotes the partition function of the homogeneous pinning model with
pinned boundary condition (similar to (6.1.16) but with 8 = 0). Now note that our
assumptions on K(-) ensures that for N sufficiently large one has

~ P 1.
min(K (70 -1), KON = Tipa)) 2 §CK(TN) (te), (6.3.3)

From all this one gets that there exists a constant C5 (depending on ) such that
EE [1og Z;’j;fi“} > P(X;,. = 0) <03 —2(1 + a)B[log 7] + Blog 28" ) . (6.3.4)

tmax
Then, one must estimate Elog Zi’}n - We use the following estimate for Zﬁ,m
N>

Lemma 6.3.1. There exists a constant Cy such that for every h € (0,1), and every
N,
ZR5 = CaN 1N, (6.3.5)

Proof We first observe that for every pair of integers (ni,ns), decomposing over
the first return time after n;, one has

(& Zn1+n2 h € an h€ an hs (636)

so that the sequence {log(e"Zy )} nen is subadditive. Then one has that F(h)
verifies F(h) = infyey % loge"Zyy, and Zyp > e "eNF() for all N. And therefore,
one gets the result by using (6.1.17) which gives

285 = N Zy . (6.3.7)
O
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Plugging the above result into (6.3.4) one has

EE [1og z%,pm} . (;3 (1+ a)Eflog7y] + %E (MNF(h) — log My] + 12251
> LBIMVJF(h) — Cslog Blfx] + Cs > ~B[My]F(h) — Cslog N — Cs, (6.3.8)

2

where we used in the second inequality that My < Ty and Jensen inequality so that
Cs = 2+a, and in the second one that E[7y] = NE[7] so that C7 = C5log E[7,]—Cs.
From the assumption we have on K, one has, uniformly for all n > N¢|

[\D

~

P[My <n]=PF <n)N =exp (—%(Nn_a(l + 0(1))) . (6.3.9)

So that using Riemann sum as approximation of integral, one gets that E[M N] =

(Cs + 0(1))N®" where
Csg = /Ooo (1 — exp (—%x_a)) : (6.3.10)

Now we choose N to be equal to N, := Cgh_ﬁ |log h|%, so that if h is small enough

1 ~
—F(h)E[MNh] — CG log Nh

5 C F(h) 1/a — Cﬁ log Nh | 10g h|, (6311)

2

where the last inequality holds provided Cy (entering in the definition of N,) is large
enough, using the behavior of F(h) as h goes to 0. This combined with (6.3.8) gives
the lower inequality in (6.2.1) as

1 ~ .
F(3,h) > B E log 257" (6.3.12)

6.4. Upper bound on the free energy when a > 1

The next two sections are devoted to the proof of the upper bound for the free-
energy. This is much more complicated than the lower bound, as one has to control
the contribution of all possible trajectories for 7.

Somehow, things get technically simpler if one does not try to capture the
(log h)1=% factor. Therefore we prove first a rougher result, to give a clear pre-
sentation of the strategy we use. For the two next sections, we use the alternative
construction for the environment w based on the renewal 7, and presented in equa-
tion (6.1.9).

For this section we introduce the following notation

Tn = 7/:2na Vn =0
o (6.4.1)
gn:Tn_Tn—lv VTL} 1
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6.4.1. Rough bound.

Proposition 6.4.1. When o > 1, one can find a constant Cs such that
F(B,h) < Cyh°. (6.4.2)

Proof The idea of the proof is to say that only the long stretches of w with w = 0 can
contribute to the free energy, and that others cannot. The first step is to perform a
kind of coarse-graining procedure in order to treat the contribution of each segment
(T, Thi1], separately (Lemma 6.4.2 below), and then to show that the contribution
of segments that are too short is zero.

It turns out that the coarse graining we present here is not optimal, and this is
the reason why a log factor is lost. An improved coarse graining method is presented
in the next subsection.

We introduce a new notation to describe the contribution of a given segment:
for a and b € N, one defines (recall that 6 is the shift operator defined just before
(6.1.19))

Zign = oxp(Bwa + B ZG 0. (6.4.3)

Here is our coarse graining Lemma

Lemma 6.4.2. For every N € N

max Z9° V1. 6.4.4
(mG(Tl 1T} [:(:Tl] h) ] ( )

Proof We proceed by induction. The claim is obvious for N = 1. For the process
7, define (V) = inf{n > Ty,n € 7}, then one has (using the Markov property for

r)

i=1

‘576 TN+1
Tny1,h w,p
B ETN,h exp Z (Bwn + 1) 1iery
fN+1
va (N va va (N)
Z PTN h ( Thext — ) Z[xnyJrth + Pf]\“h ( Thext = TN+1> (645)
r= TN—l—l
And the above sum is smaller than <maxxe(TN T 1] E‘;{; | h) V1 as it 1s a convex
’ y I N+41]s
combination of the terms in the maximum. O

Now we remark that by definition wz = —1. Therefore, for any = € (ﬁ_l +1, ﬁ]
one has

[wﬁfﬁ] L= E 62521(5Wn+z+h)1{nef}] < eh(ﬁ—x)E [eﬁwfil{frzer}]
Tylil,

= M 1 (1= )P(T -~ € 7)

< eh& <1 _ (1 _ 6—5) ir;flP(n c 7‘)) . (6.4.6)
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As E[ry] < oo, the renewal Theorem [Asm03, Chapter 1, Theorem 2.2] ensures that
inf, > 1 P(n € 7) > 0. From this one obtains the following result that we record as
a Lemma

Lemma 6.4.3. One can find a constant Cyy > 0 (depending on ) such that the
following bounds hold

max  Z“% < (1—Ch) if & < Cyoh ™!,
max_ Z27 V1< e if & > Croh™ . o
Z‘E(Tifl,Ti] [w’ i}’

Then, the only segments that contribute to the free energy are the segments
longer than Cjph~!. From Lemma 6.4.2 and 6.4.3 one gets that

N
log Zgﬁ L S<BDY Gl ooy (6.4.8)
i=1
Now using (twice) the law of large numbers one gets that
. N1 W 1 =~
F(ﬁ, h) = ]\}1_1)1;1)0 T_NN IOg ZTN,h < th [511{§1>010h71}} . (649)

From the definition of £ and the properties (6.1.8) of the renewal 7 one gets that
E [¢] is a positive constant, and that

E [G1(e>c0n-1y] < Crh® (6.4.10)

This finishes the proof. U
6.4.2. Finer bound. The reason why we lose a power of log h in the previous
proof is that our coarse graining Lemma does not take into account the cost for 7
to do long jumps between the segments contributing to the free energy. We present

in this section a method to control this. This is rather technical but allows to get
an upper bound matching the lower bound proved in Section 6.3.

Proposition 6.4.4. When o > 1, one can find a constant Cy such that

F(,h) < Coh®|log h|'~® (6.4.11)
Proof We define the sequence (J;); > as Jp := 0, and
Jiv1 = inf{n > J;, &y = Croh ™'Y, (6.4.12)
with the constant (' given in Lemma 6.4.3. Furthermore one sets
Ta =Ty, (6.4.13)

We have cut the system in metablocks composed of one block bigger than Cjoh~!,
and then other smaller blocks. As the free-energy is a limit in the almost sure sense,
conditioning to an event of positive probability (for the environment) is harmless.

For matters of translation invariance (we want the sequence {(wn)ne(7 . 7v1l} = o

to be i.i.d.) we choose to observe an environment conditioned to satisfy & > Cjph™L.
We denote this conditioned probability by P™).
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fl j:‘2 7‘1 = TJl j:‘J1+1

&1 §283 &n §nt1

FIGURE 6.2. The above figure represents the decomposition of our environment
according to the metablocks (7;-1, 7;], constituted of J; — J;—1 unit blocks enti-
ties. A metablock is composed of a unit block larger than Cioh~", followed by a
sequence of J; — J;_1 — 1 (possibly equal to zero but that is quite rare) smaller unit
blocks. As we explained in Section 6.2.2, the trajectory of the polymer targets the
blocks with & > h~!logh|. Our proof, and in particular Lemma 6.4.5 confirms
this idea. It also says that regions of smaller length but located close to each
other could possibly contribute to the free energy, but the quantitative estimates
in equation (6.4.24) show that this contribution is negligible.

In analogy with Lemma 6.4.2 one has the following decomposition for the parti-
tion function

N
w,3 w,B
Ton S E (xe(r%aim Z[m,ﬂ-],h) V1. (6.4.14)

(the proof being exactly the same). This allows to treat the contribution to Z%VB h
of the different segments (7;, 7;+1] separately.

Now what we show is that the segment (7;, 7;1+1] gives a contribution to the free
energy only if one of the two following condition is satisfied:

e &1y is much larger than Coh™! (by a factor |loghl),
e J, .1 — J; is unusually small.

In the other cases, we show that the energy gain that one has on the block (7;, T i)

is overcome by the entropic cost of aiming at the segment (f Jit1s Tit1)-

Lemma 6.4.5. For anyn > 0, any 6 > 0 there exists a constant Cy depending on
B and & such that if &5, 1 < C1oh™Ylogh| and J,y1 — J, = h™170, then

max Z“% <1 6.4.15
x€(771,7}—i+1} [2,Tn+1] ( )

]f SJn+1 > Clgh_1| log h| or Jn+1 —J, < h=179 then

va th 1
max Z L e'sIntt 6.4.16
2€(Tn,Tpa] @ Tn]l ( )

We postpone the proof of the Lemma to the end of the section and prove Propo-
sition 6.4.4 now.
Combining Lemma 6.4.5 and the decomposition (6.4.14) one gets that

N-1
log Z%\rﬁ,h <h Z §1nt11{e, 41 > Croh—1|logh| or Jps1—Jn < h=1-0} (6.4.17)

n=0
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Note that the terms in the sum of right-hand side are 4.i.d. distributed and have
finite mean. Therefore using twice the law of large numbers, one gets

N-1

F(8,h) < 11_1‘}{1)0 ?—h Z §J7L+11{§Jn+1 > Ciah~1logh| or Jpi1—Jn < h=1-0}

N n=0
h s
= E(l) [7_1]E |:§11{§1 > Clghfl‘logm or Jl < h—l—é}:| . (6418)

From its definition one has

~ D 1 _ ~ E 1 —1 E

E(l) [7-1] _ [51 {&1 = Cioh 1}] +E[J1 o 1] N[gl {£&1<C10h }} — [51] ,

[51 Cioh™!] P& < Cioh™Y P& > Coh™1

(6.4.19)
where the last equality comes from the fact that J; is a geometric variable of pa-
rameter P(& > Cioh™!). It remains to estimate

E(l) [511{51 > C12h~1|logh| or J1 < h*1*6}}
<SEY [G14 = ciontjiognpy] + BV [G10y, cpo10y] . (6.4.20)

The first term gives the main contribution, it is equal to

E [511{51 > Crah=1[log hl}]
P [& > Cioh™!]

(6.4.21)

The second one is equal to

E [511{51 > Cloh’l}} P [

= Ji <0 (6.4.22)
P& > Cyoh™Y

so that overall
F(B,h) < h(E[&]))™
(E (1146, > coniogany) + B [S1¢e, > cion1} P [ < h_l_é]) - (6.4.23)

Then one can check, using (6.1.8), that there exists C3 such that

E (611, = cron-1y] < Cish™ 1,
E[114e, > cuan-110gnpy] < Cusl log A A, (6.4.24)
P <) S TOP(E > Coh ") < Cish®™ 10
which is enough to conclude. 0

Proof of Lemma 6.4.5 We start by remarking that by translation invariance (from
our choice to impose that & > Cioh™!) it is sufficient to prove the result in the case
n=0.

We have to control the value of ZE‘;’%] , for every x € (0, 71]. We start with the

casier case z > T;. In that case we can use the strategy of the previous section:
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supposing that = € (TV a,faﬂ] then one has (exactly like in the proof of Lemma
6.4.2),

Zen < H [( max Z[prz] h) \/1] : (6.4.25)

i=a+1 yE(TZ 1 T
and one can show that all the terms in the product on the right hand-side are equal

to one, since all blocks [T;_1,T}] are smaller than Cyoh™"! (cf. Lemma 6.4.3).

To prove (6.4.16) one also uses equation (6.4.25), and then Lemma 6.4.3 to bound
the different factors of the product on the right-hand side.

Now we turn to the case z € (O,ﬁ], & < Cph~Ylogh|, J; = h~(F9) . We use
the following refinement of our block decomposition

Lemma 6.4.6. For any x € (0,T1] there exists a constant C14 € (0,1) (depending
on 3, but not on C13) such that

Ji
Zom <] (1 — CM%) : (6.4.26)

Proof For notational convenience we also restrict to the case x = 0, but the proof
works the same for all values of x.
We prove by induction on j, that for any j € [1, .Ji],

J

w gz

foh < exp(&ih) H (1 - CMT- A (6.4.27)
i=2 i

The case j = 1 is just the second point of Lemma 6.4.3. Then for the induction step
one remarks that

Z;B h Tjﬂ
foé =E2 lew | D (Bun+Wlpen | |- (6.4.28)
kJZTj-i-l
Define
G . o~
Toro, i=max Ty | Tk < 15},
. s (6.4.29)

(J)

nex

. r=min{r, | 7, > T}}.

One can notice that the distribution of Tnm knowing ré{?w under P;i’ﬁ . does not

depend on w nor 3, and that one has (recall K(n) := P(7; > n)) |

=z) = Kly-2) (6.4.30)

P“’B(
K(T; — 2)

next - y‘ prov
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Therefore
Tjt1
E%’i exp Z (ﬁwn + h>1{k€7’}
k:fj-i-l
Tji1
_ wﬁ G _ w,pB w,B () T,
- Z P ( next y) Z[y,fj+1],h + Pfj,h (Tnext > T‘]-i-l)
y=T;+1
Tyt -
> 5 Kt —2) R(Tor —
< max eh max Z“7 - M . (6.4.31)
z€[0,T;] K(T} - 2) ye(T; Typy]) W Talh K(Tj - 2)
From our definitions, we know that &1 < Cyoh™! for all j € [1,J; — 1), and
therefore Lemma 6.4.3 gives an upper bound to the partition functions ZE;? Ln
j+1
for ye (7}77}—1—1]‘
Tjta ijtl K(t - z)
| Dy exp Bw, + h)1per < 1 — (Cjp min il
Tj,h Z ( ) {ker} 1 ZG[O,TJ'} K(CZT] - Z)
k:Tj-i-l
(6.4.32)

From there, we finish the proof by remarking that from our assumption on K(-) (and

using the change of variable 2’ = T — z), there exist constants C14 and Cy5 such
that

Tt ,
205 Kt —2) R C
m1I~1 t—iTJJ’j 2 015 m1n~ (Zl + l)a Z(Zl + u)—(l-i—a 14 g]—l—l
2€[0,T5] K(T] —2) 2/€[0,T5) — 010 T
(6 4.33)
where the last inequality comes from a straightforward computation. O

We can now finish the proof of Lemma 6.4.5. Note that for all j € [2, Ji] one
has &;/T;-1 < &/& < 1 so that if Ch4 < 1 one has

J1 J1
logH (1 — C’MTV—j) < —Cp Z T—j 1- (6.4.34)
j=2 Li-

j=2 Jj—1

Then one remarks that

Z gj >Z Z % ~log(T1/&). (6.4.35)

J=25=T; 141

Given our assumptions 7; > J; = h~(%9) and & < Cish~ Y logh|, one has that
log(71/&1) is larger than %\ log h| if C45 is small enough. Then using Lemma 6.4.6
one gets that

log Z12% < (Cra — Chu )\ log h| < (6.4.36)
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if (15 has been chosen small enough. O

6.5. Upper bound on the free energy when a < 1

The case a < 1 is a bit more difficult than the case o > 1. The reason is that one
has not inf,eyP(n € 7) > 0 (which was really crucial to prove Lemma 6.4.3), and
one has to replace this by technical estimates on the renewal (for example Lemma
6.5.5), that are a bit more difficult to work with.

We have to change the length of the blocks in our coarse graining procedure,
and therefore we renew our definition of 7" and ¢ for this section. Let Cjg be a
fixed (small) constant (how small is to be decided in the proof). Set L = L(h) :=
|_016h_1/ aJ .

In analogy with the previous section, define

T; = Tir, Vi =0,

-~ 6.5.1
&G =T, —Tiy, Vi 2 1. (021

As for the case o > 1, the proof simplifies considerably if one drops the |log h|
factor in the result. We expose first this simpler proof in the next Section. Then
in Section 6.5.2 we refine the argument in order to get the exact upper bound in
(6.2.1).

6.5.1. Rough bound. The result we prove in this section is
Proposition 6.5.1. When o < 1, one can find a constant Cy such that
F(B,h) < Cyhs. (6.5.2)

In order to do so, we prove an asymptotic upper bound for Z;’ﬁ . The first step
N>

is a coarse-graining decomposition of Z;’B , that allows to treat the contribution of
each segment (fn, an] separately. It turns out that we need something a bit more

sophisticated than Lemma 6.4.2.

Lemma 6.5.2. For every N € N

ﬁzn K(z+Y) L K& t+)

% _ ) 6.5.3
K@) Tertafin T TK(y) (0:5:9

The second ingredient we need is that segments (7,1, T},] that are short do not
contribute to the free energy, or more precisely that only uncommonly long segments
(T5,—1,T,] contribute effectively to the free-energy. Set m := E [r].

Lemma 6.5.3. If &, < 2mL(h) then

€n _
Z K(ZL’ + y) Zw,ﬁ + K(én + y) < 1’ (654)

max
y=0

K(y) ~TteTlh © K(y)

r=1
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more precisely there exists a constant Ci7 > 0 such that for every y >0
&n &n

ZK (z+y Z“}f e S Cir) Y Kz +y). (6.5.5)
r=1
There ezists a constant Cig such that if £, = 2mL(h), then
gn 7
K(z +y) K& +v) h Chghl/e
> < < oG8 &n 5.
mas Z; K(y) Z[Tn o Tolh T K(y) SeZgnse (6.5.6)

Proof of Proposition 6.5.1 .
Combining Lemma 6.5.2 and Lemma 6.5.3 (inequalities (6.5.4) and (6.5.6)), one
obtains

N
log 57 < Cish'/® Y " &ulie, > omrn- (6.5.7)
n=1
Using (as in the previous sections) twice the law of large numbers one gets that
F(3,h) < Ble ]C1sh1/a]§ [6114e, > 2mrnyy] - (6.5.8)
1

By definition, E [&1] = mL(h). Using Proposition 6.A.2, one can estimate

oo

E [511{51 > 2mL(h)}} < Oy Z gLy~ (0+%) < 020L2_a. (659)
x=2mL(h)
Replacing L(h) by its value gives the result. O

We turn to the proof of the Lemmas,

Proof of Lemma 6.5.2 We prove this once again by induction on N. The result
is obvious for N = 1. As in Section 6.4, we use the notation

Trfii’t = min{7g | 7 > TN} (6.5.10)

T[E?c?/ = maX{Tk | T X TN}
Decomposing on the different possible values for rﬁfi{ one obtains
Z2" Ty
Tainh
Zi:;1 - ETN,h exXp Z (Bwn + 1) Liner
TN h n:TN—i-l
Tn+1
w N w, w, N —
= > P ( Toot = )Z[m%m +P’, (TIEOX{ > TN+1). (6.5.11)
r= TN—l—l

Recall that

K _
P2’ ( T = 2|7l = y) Rie—y) (6.5.12)
K(Tn —y)
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N)

Taking the maximum over all possibilities for Témv we have
w,B TN+1 o~
7 K(z — K(Tny1 —
7T5§’h < max Z e (ic y) ZB”% ., —_( Nl v) , (6.5.13)
Z',f;v,h y< TN x:'fN-i-l K(TN — y) [, TN 1], K(TN - y)

and we get the result by making the change of variables © — = — T Ny and y —
j:‘N — . U

The statement of Lemma 6.5.3 is translation invariant; therefore it is enough to
prove it for N = 1. The core of the proof consists of proving two technical estimates.

Lemma 6.5.4. If T} = & < 2mL(h), then one can find ho(B8) > 0 and two constants
Cy1 > 0 and Cy > 0 (depending on B), such that for all h < ho(S) one has

A 6.5.14
celoL /4 * Tilh Can, ( )

and

w?/B
xg%i()m Z[r,ﬁ],h < Zomrwyh < 14 Cho. (6.5.15)

where Coy can be made arbitrarily small by choosing Cig (entering in the definition
of L) small. On the contrary Cy can be chosen independently of Cig.

Proof of Lemma 6.5.4 The second point is standard and we include it here for
the sake of completeness. We notice that

P(rNn[,N]|=>n) <P@icl,n], n—7i1>N) <(1-K(N)" (6.5.16)

Therefore

Zyn =1+ (" =" MP[rN[L,N] > n]
<1+ ) hle"(1-K@N)]" <1+ - eh(lh— X)) (6.5.17)

where the last inequality holds only if e"(1 — K(N)) < 1. Now one uses that for h
small

1—e"(1—K(N)) = 1— (1+2h)(1 — K(N)) > K(N) — 2, (6.5.18)

and also that K(N) > (2a) leg N~ for N large enough (from the definition of
K(+)). Then plugging N = 2mL(h), and recalling our definition of L(h), one has
(for h small enough)

1—e"(1—K(N)) = h((2a) 'ex(2mCig) ™™ —2). (6.5.19)
Then the result holds, setting Cos := ((2a) ex (2mCig) ™ — 2) .

The first point is more delicate and we focus on it now. Take x < L/4, and note
that [77/2, 72| C [z, T3], so that

{i €[z, Th] | wi = —1}| > L/4. (6.5.20)
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As T1 = & < 2mL, this means that the proportion of w equal to —1 in [z, T3] is
at least 1/(8m). We use this fact to prove that the renewal 7 starting from z has
to hit one of these —1 with positive probability. This is the content of the following
Lemma whose proof is postponed at the end of the section.

Lemma 6.5.5. There exists some constant Coz > 0 such that for any M > 0, a > 0,
if one takes A a subset of [1, M] of cardinality at least aM , one has

P(rNA#0D) > Cya™. (6.5.21)

Set a = 1/(8m), M =Ty —z and A := {n € [1,T) — 7] | wppn = —1}. Using
translation invariance of 7, one gets

T —x T —z
e_hZF;ﬂTﬂ y SE X hl{"eﬂl{mAzw}} +eE {eznlﬂ e L aze)

< Zﬁ—m,h B (1 - e_B)P (T nA 7& (Z)) < Z2mL7h - 023(1 o 6_5)(8m)_(1+a)7 (6522>

where in the last line we used Lemma 6.5.5. This allows us to conclude using (6.5.15):
provided that Cyy is sufficiently small (which is ensured by choosing C' small) one
can take Co; = 22(1 — e 7)(8m) 1+, provided also that h is small enough to
absorb the e" factor. O

Proof of Lemma 6.5.3 We leave to the reader to check that (6.5.4) is a conse-

quence of (6.5.5) and focus on the proof of the latter. For Ty = & < 2mL(h) and
for any y > 0, Lemma 6.5.4 gives us

&1 L/4 &1
w?/B
E_l K([L’ + y)Z[:c,Tl] < (1 — 021) E_l K(ZL’ + y) + (1 + 022) _LE/4+1 K(ZL’ + y) (6523)

And therefore (6.5.5) holds if for all y > 0

YLKty S K@ty) | Gt O
ML K@+y) T Y K(r+y) T O = Cir

r=1

(6.5.24)

The middle term above is bounded away from zero uniformly in L and in y. Therefore
(6.5.5) holds if C}7 and Cy are small enough (and from Lemma 6.5.4, one can make
Cy as small as needed by adjusting C'g).

For (6.5.6), first notice that for every value of y

S K@Yy K ty)

w, _ h
£ K(y) [z, T4] K(y) xe(é’fgﬂ (2, T1]h < J&éﬁi} i S € Zeh
(6.5.25)
which gives the first inequality.
Then from equation (6.5.15) one has that e"Z,,1,5 is bounded above by a con-
stant, so that one can write ethmL,h < e%ihl/%mL, choosing Cg sufficiently large.
Then using the observation (6.3.6), one has that for every pair of integers (n, ns)

6th1+n2,h < ethl,hethg,ha (6526)
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which allows us to say that for every £k € N

Ci18 p1/a
" Zoyprp < 2L (6.5.27)

so that (by monotonicity of Zy in N), (6.5.6) holds for every & > 2mL. O
Proof of Lemma 6.5. 5 First notice that

P(rNA#0) Z P (1,1 < aM/2,7, € AN (aM/2, M]) . (6.5.28)

Now for every = < aM /2, one has

P(r, € AN(aM/2,M] | 7per=2)= >  Ky—z)>
yEAN(aM/2,M)
M
AN (M2, M]| min K(m) > %024M—<1+a>, (6.5.29)
and therefore
(aM)™
P(rNA#D) > M Cy Z Plr,_1 < aM/2). (6.5.30)

As Plr,_1 < aM/2] is bounded away from zero uniformly for all n < (aM)* (see
for example (1.8) in [Don97]), on can find Cy; such that

P (T NnA # @) = C23a1+a. (6531)
U

6.5.2. Finer bound. As in Section 6.4, to get the | log h|'~® factor, one needs
a new coarse graining procedure which takes into account the cost for 7 of doing
long jumps between blocks that effectively contribute to the free energy. We are
then able to get an upper bound on the free energy that matches the lower bound
proved in Section 6.3.

Proposition 6.5.6. When o < 1, one can find a constant Cs such that
F(B,h) < Coh™®|log h|*~%. (6.5.32)

The method is quite similar to the one used in the case o > 1. Define the
sequence (J;); >0 as Jy := 0, and

Jiv1 = inf{n > J;, &1 = 2mL(h)}. (6.5.33)

Set Ty := fJN. Note that we used for 7} and &; the definitions (6.5.1).

Our system is decomposed in metablocks made of one block bigger than 2mL,
and then other smaller blocks. This is the same type of decomposition as shown
in Figure 6.2, except that the blocks that constitute one metablock are already

composed of L 7-jumps (instead of 2 in the case o > 1), so that their typical size is
mL.
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We proceed as in Section 6.4.2, conditioning the environment to satisfy {&; > 2mL.
We denote this conditioned probability P®"), and underline that as far as the free
energy is concerned, conditioning the environment to an event of positive probabil-
ity is harmless. This is done for a matter of translation invariance: thanks to this
trick, the sequence {(wn)ne(Ty. 7na]}N >0 1 @.4.d. under PO,

As we did in Lemma 6.5.2, we can get an upper bound on the free-energy that
factorizes the contribution of the different blocks

N-1 Tnt+1—Tn K(x I y) Zwﬁ K(EH T y)

Z98 < max — + =
Tn,h il YE[0.Toi1] Z K(y) [Tn+z,Tn+1],h K(y)

(6.5.34)
The proof being exactly the same that for Lemma 6.5.2, we leave it to the reader (we
will use this kind of coarse graining repeatedly in the remaining of this Chapter).

Now, we show a Lemma analogue of Lemma 6.4.5, which tells that a block
(7i, Ti+1) contributes to the free energy only if £;.+1 is much larger than 2mL (by a
factor log L), or if J;11 — J; is relatively small.

Lemma 6.5.7. There exists a constant Cyg (entering in the definition of L(h)),
such that for any n > 0: B
If€5. 01 < Llog L and Jyyq — J, = LED/2 then

[Tnin K(z + ?/)Zw,ﬁ K(Tns1 — T+ y)

_|_

=1 (6.5.35)

y > 0 K(y) [7;L+55777n+1}7h

r=1
If€5. 01> LlogL or Jyy — J, < LOTI/2 then

[Tni% K(z + y)Zw,B K(Toi1 — Tn +y)

= . + < eCrsh'/ i1
K(y) =~ teTealh (y) h

=i

>0
v r=1

(6.5.36)
(For the same constant Cig as in Lemma 6.5.3).

We postpone the proof of the Lemma to the end of the section.

Proof of Proposition 6.5.6 From the decomposition (6.5.34) and Lemma 6.5.7,
one has

N-1
b 1
log Z5P), < Cish'™ > " €hi1lie, 5 Liog L or duss—Ju<L@HD/2- (6.5.37)
n=0

Using twice the law of large numbers one gets as a consequence

018
F(B,h) < BO[T]

Then in analogy with (6.4.19), one gets from the definition of 7; that

hl/aﬁ(l) [511{@*1 > Llog L or J1<L(&+1)/2}:| . (6538)

B[] = E[&l{gl > omi}] LR, - 1]E (611 (e, <2miy] E[¢]

- . = = . (6.5.39)
P&, > 2ml) Pl¢, <2mL] P& > 2mli]
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One also has

E(l) [511{& > Llog L or J1<L(5¢+1)/2}:|
S E(l) [511{51 = LlogL}:| + E(l) [511{J1<L(a+1)/2}}
E [511{51 > LlogL}] E [511{51 > 2mL}:| P(Jl < L(&+1)/2)

== + ~ . (6.5.40)
P(¢, > 2mL) P(¢ > 2mL)

and hence

F(83,h) < (mL)~'n'/ (E (61146, > L10g2y] + E [€114¢, 5 2mpy] P(1 < Lﬁ_lw)) :
(6.5.41)

where we also used that E[{l] = mL. Then Proposition 6.A.1 allows us to bound
the right-hand side of the above equation: one can check that there exists a constant
(5 such that

E [511{51 > 2mL}:| < Oy LP79,
E &1, > p1ogry] < CosL? % (log L)', (6.5.42)
P(J; < LOD2) < LEHDPP (g > 2mL) < Cos LU0,

which is enough to conclude, recalling the definition of L(h). O

Proof of Lemma 6.5.7 By using translation invariance, it is sufficient (and nota-
tionally more convenient) to prove the result only in the case n = 0.
We first prove that in all cases

> Ka+y)zoh,< Y. Ka+y), (6.5.43)
ze(T1,Th) z€(T1,Th)

which is the easy part, and then prove that for every x € (1, ]

Z20 <1 when & < LlogL and J; > L@+D/2,
et (6.5.44)
Zf;’fm’h < 8% ip every other cases.

Combining of (6.5.43), (6.5.44) we prove both (6.5.35) and (6.5.36).

If # € (T, Tysr] with a € {1,...,J; — 1}, one uses a coarse graining argument
similar to the one of Lemma 6.5.2 to factorize Zr:;:’,?m,h’ and also equation (6.5.4) in
Lemma 6.5.3 to show that since all blocks we consider are of size & < 2mL, most
of the terms in the factorization are smaller than 1:

J1 &i =
K(t+y) K(&n +v)
Zw’ﬁ < W’B,v max %Z“L’B -+ _—n I
[, Tilh = (2, Tora]h imat1 20 ; K(y) (T;—1+t,T5],h K(y)
< Z90 (6.5.45)

= e Tapalh



194 6. SHARP CRITICAL BEHAVIOR IN RANDOM CORRELATED {-1,0}-ENVIRONMENT

Then from this and equation (6.5.5) in Lemma 6.5.3, one has

5a+1
Y Ke+y)Zpqa< Y Ke+y+T)zs" o < > K@+y)
2€(Ta,Tat1] r=1 2€(Ta,Ta+1]

(6.5.46)
which ends the proof of (6.5.43).
Let us deal with the case z € (0,&]. One needs a statement analogue to the one
of Lemma 6.4.6, that is

Lemma 6.5.8. There exists a constant Cys < 1 such that for any x € (0,&],

J1

b=2 Tb—l
Note that the second line of (6.5.44) is an immediate consequence of this Lemma.

Proof of Lemma 6.5.8 One uses the coarse graining procedure similar to the one
of Lemma 6.5.2 to get

ZK(ter)Z +K(5b+y)

K(y) =~ @oa+tTilh R | (6.5.48)

Zr;g—l Z& hH max

b= 2y€0Tb 1]

One uses equation (6.5.6) to bound Ze, - As for the other factors of the product,
one already has good bounds on them thanks to Lemma 6.5.4. Indeed, equation
(6.5.5) gives directly

&b

K(t +y) K(& +y) EVK(t +y) &
; RG] 28 T2 S (1-Chr) ; Ky <! C%Tb_l’
(6.5.49)
where the last inequality holds for all y € [0, ﬁ,_l] and is obtained in the same way
that (6.4.33). O

We are now ready to prove (6.5.44). If &, < Llog L and J, > L&+Y/2 then from
Lemma 6.5.8,

J1
log Z20 , < Cish'/*Llog L — Cag fi, (6.5.50)
T bh=2 Tb—l
where we used that &,/ T, -1 < & /& < 1, and Co < 1. Moreover, one also has
Ji ¢ 1
> = > 5 log(Th/&) (6.5.51)
bh=2 Tb—l

(see (6.4.35)), so that with our assumptions 7; > J; > L@+Y/2 and & < Llog L,
the inequality (6.5.50) gives (recall also that L = |Cjgh™ /)
C
logZz e < C1sCiglog L — % log (L(O‘ D72 /og L), (6.5.52)

which is negative if one chooses Cg small enough, and h sufficiently small (so that
L(h) is large). O
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6.6. Number of contacts under P;‘(,’ﬁlzo, proof of Theorem 6.2.3

As for Theorem 6.2.1, the cases @ < 1 and a > 1 present some dissimilarities
and therefore the details for them will be treated separately. However, in the first
part of this section, we give the ideas behind the proof and its first step for the two
cases. As we always have in this section h = 0, we drop dependence in A in the
notation.

Recall the definition (6.1.6) of our environment w. For any event A, define

ZR’;B(A) — E 62'{;[:1 BOJnl{nET}]_{TEA}] . (661)

We prove Theorem 6.2.3 (in fact a finer result that gives an estimate on the
asymptotic of the tail behavior of |7 N [0, N]]).

Proposition 6.6.1. For almost every w, for every ¢ > 0 there exists some ag
(depending on w, 5 and ), and some § = 6(¢) which can be made arbitrarily small,
such that for all a > ag and for all N € N one has:

if o >1

Z3(Ir 0 [0, V)| =a) < a'N " max(a™* N7, ifa <N

Z9%(|T N[0, N]| = a) < N ifa> N, (6.6.2)
and if o < 1

Zy°(Ir N[0, N]| = a) <a*N"*a™®,  ifa < N, (6.6.3)
6.6.3
Z8%(r 00N = a) <™ ifa > NEF

From the above proposition, that we prove in Section 6.6.1, we get the following
result that is stronger than Theorem 6.2.3, and gives an upper tail for the number
of contacts points.

Corollary 6.6.2. For almost every w, for every e, there exist some 6 > 0 and a
constant C = C(w, B,¢) such that for all N, for every a < N'&+

Cat=® if o < 1
P2 (17N [0, N]| = a) < _ ’ 6.6.4
N (|T [ ’ ” a) {Caamax(a_w,]\f_l) if o > 1, ( )
and \
Py’ (|T A0, N]| > N%‘*M) < Ce N, (6.6.5)
Moreover
Z9P < CN~e, (6.6.6)

Proof We prove everything in the case a < 1, the other case being similar. Let us
start with the last statement. Fix ¢ > 0 small, and then some 6 < ¢ and ag such
that Proposition 6.6.1 holds for e. Then, ag being fixed, there exist a constant C(ay)
such that for all a < ag

Z5%(|7 N[0, N]| = a) < P(|7 N[0, N]| = a) < aC(ag)N~°, (6.6.7)
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where we used Proposition 6.A.1 to get the last inequality. This, together with the
estimates (6.6.3), implies that

78 = 728171 [0, N]| < ao) +ZZ“’5 (I N[0, Nl = a)
a=ag
ap—1
Clag) N~ Za—i—N Za < CN™™ (6.6.8)
a=aq

For the first two statements, one uses that
Z%97 > P(ry > N) = Cyr N7, (6.6.9)

for some constant Cy; > 0. Combined with (6.6.3) (or with (6.6.7) for a < ay), this
gives the right bound for the first statement for a < N&. The second statement
is also an easy consequence of (6.6.9) and (6.6.3), writing

P (7 N[0, N]| = N&+9) < Zwﬁzwﬁ(\m[ N]| > N&*9)
N 54 54 /2
<(Cor)™'N" > e < e ™ L (6.6.10)
k=N&t°

O

At the end of the Section, we prove the following result that complements the
above, and gives a lower tail for the number of contact points under va’ﬁ .

Proposition 6.6.3. For almost every w, for any €, there exists ag such that for
a > ag, and a < N3¢ one has

222170 [0,N]| = a) > a "N 0~ T (6.6.11)
and
ala+1)—1
Pw,ﬁ(‘T N[0,N]| =a) > g = (6.6.12)

Note that Corollary 6.6.2 and Proposition 6.6.3 give respectively the upper and
the lower bound in Proposition 6.2.4.

We recall briefly here Section 6.2.2, which describes the strategy to adopt to prove
Proposition 6.6.1. Recall the definition (6.2.4) of V7(7), the number of 7-stretches
visited by 7, and inequality (6.2.5)

—p\ VAT
E [627]:7:1 BW7L1{7LET}:| < (1 +2€ ) 5 (625)

where E denotes the average only on the values of {X;}icn, i.e. on the disorder w
conditionally on the realization of 7. One estimates in Lemmas 6.6.4 and 6.6.8 the
contribution of trajectories of 7 that visit many 7-stretches, and in Lemmas 6.6.5
and 6.6.9 the contribution of trajectories of 7 that visit few 7-stretches.
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6.6.1. Proof of Proposition 6.6.1 in the case o > 1. We prove the Propo-
sition from the two following Lemmas.

Lemma 6.6.4. Given § > 0, there exists some xo(w, 3, €) such that for every x > xg,
and every y € [z, v%179] one has

w,B _ —x
Z7(r =y) <e (6.6.13)

Lemma 6.6.5. If a > 1, for any € > 0 there exists some 6 > 0 and ay € N such
that for all a > ag, and for all N € N one has
PllrN[0,N]|=a; Vz €[’ a—1],7, > xa(l_‘s)} < a*N™%max(a"*% N71)/2.
(6.6.14)

5/2

Proof of Proposition 6.6.1 Let us fix ¢ > 0. As w is non-positive, the definition
of ZP(A) implies that for every A

Z9P(A) < P(A). (6.6.15)

Therefore, Lemma 6.6.5 gives us directly that one can find § such that for a large
enough one has

Z2P(r 0 [0,N]| = a; Vo € [0’ a— 1], 7, > 27079) < a° N~ max(a™% N71)/2.
(6.6.16)
Let us show now that
Z98(lr N [0,N]| = a, 3z € [a,a —1],7 < 2°07Y) < a*N™®max(a™*%, N71)/2,
(6.6.17)

(which combined with (6.6.16) gives the first part of (6.6.2)). We do so by decom-
posing over all possible values for x and 7.

a—1 xa(l §)

Z5%(|mn[0, N]| = a, 3z € [a°,a—1], 7, < Z Z Z9%(1y = y; 74 > N)

r=al Y=

<) Z 2921, = y)P(rae > N —y). (6.6.18)

Using Lemma 6.6.4, one gets that the above is smaller than

a—1 z%1=IAN

> Z P(r,s > N —y). (6.6.19)

r=a’

If @ > N° then e *"? < e‘N "2 o that (6.6.19) is smaller than NZe -N2nd
(6.6.17) holds. If a < N° and § is small enough, from Proposition 6.A.2, P(7,_, >
N —y) < 2aK(N), and therefore one has

a—1 z%1=OAN

Z Z P(r,_p >N —y) < 2aaa(1_5)+16_“62/2K(N) (6.6.20)

which implies (6.6.17).
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For the case a > Nt the left-hand side of (6.6.16) is equal to zero for &
small enough, since the condition 7, > a®1=9 > N'+9@=1=9) would contradict the
event {|7 N[0, N]| = a}. Moreover the left-hand side of (6.6.17) is smaller than

9 _N33/2 _not . .
N<e <e for N large enough, so that Proposition 6.6.1 is proved. 0

Proof of Lemma 6.6.4 Note that if one wants to visit only a few T-stretches, one
has to put a lot of contacts in very few 7-stretches. One then notices that, according
to Lemma 6.A 4, if y is larger than some Ny(7), the longest T-stretch in the interval
[0, 4] is of length smaller than y'/®logy < az'~°logx for any y < (1799, For that
reason if 7, = y, with 2 > Ny(7) and for the values of y considered, there cannot be
a T-stretch longer than z'739/4 so that

~ xXr
Vi) > > o304, 6.6.21
() > max{741 —7; | n <y} v ( )

and from (6.2.5) one gets that for = large enough

2(1—6)@ p(1-0)@ 1 5 238/4 1 3 238/4
w +e” +e”
Bl Y zm-n| < ¥ pn-n(t) < (K5
Yy=x y=x
(6.6.22)

Using the Markov inequality and the Borel-Cantelli Lemma, one gets that there
exists a (random) xo(w) such that for all x > zq(w)

L(1-0)a

> Z)e(r=y) < exp (—2'?). (6.6.23)
Yy=x

O

The condition Vz > a®, 7, > z(1=9% implies that 7, is stretched out at all scales,
and one has to sum over the different ways of stretching 7. Thus Lemma 6.6.5 re-
quires a multi-scale analysis and for the sake of clarity, we restate it in an apparently
more complicated version. One reason for doing so is that it allows to do a proof by
induction.

Lemma 6.6.6. For all values of | € N, if 6o < 6(l) there exists a constant C(l) such
1
that for all N € N and a € N large enough with a < N%-%  one has
max P[lrn[0,N—dl|=a; Vz € [a” a—1],7, > 287% d]
de[0,a0  (@=02) 711 /o)

< C(H)N~ (@0 max(q=*@%) N=1). (6.6.24)

Remark 6.6.7. The probability of the event on the left hand side of (6.6.24) is zero

when a > N¥% as |7 N[0, N —d|| = a implies 7,1 < N — d. Therefore the result
holds in fact for all a. Using (6.6.7) one notices that the result holds for all a and
N (after eventually changing the constant C'(()).
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One gets Lemma 6.6.5 from this by taking d, small enough and [, a large enough
and d = 0. The reason we prove the result for all d € [0,a® ' @=92)""" /2] and not
only for d = 0 is to make the induction step in the proof work.

Proof We introduce some additional notations that will make the proof more read-
able. We define for all 7 > 0

r; = (a(a—d2))~7 (xO _ CI,)
y; = lx&—c& a® I (@—0)~9+1 (6625)
With these notations, (6.6.24) reads

def0,y]

< C(I)N™*zymax(y;®, N71). (6.6.26)

Note that z; and y; are decreasing in j, and also that provided that d, is small
enough, one has for any j > 0 that both z; and y; tends to infinity with a, and

Let us start with the proof of the case [ = 0. On the event we consider, 7,_; has to
be larger than (a —1)87% — d, i.e. larger than what it would typically be under P.
We use Proposition 6.A.2 to bound from above the probability of this event. The
quantity we have to bound is smaller than

Plr,>N—d; 7o1€ ((a—1)*"—d, N —d]
N—d
= Z P(roe1 =y)P(mi > N —y—d)
y=(a—1)*"%2+1-d
N—d
= (1+0(1)) aK(y)K(N —d —y)

y=(a—1)8=%241—-d

< C(0)aN~“(a=*@%2) v N71) (6.6.28)

where here (and later in the proof) o(1) denotes a quantity that goes to zero when
both @ and N are large. Proposition 6.A.2 was used to get from the second to the
third line, the last inequality coming from a straightforward computation, using the
assumption on K(-).

We assume now that (6.6.26) holds for all I’ < [ and prove it for [. Fix d < y,
Assume that d2 = d5(1) is small enough, so that z; > a’. We decompose over all the
possible values for 7,,, and use the Markov property for the renewal process. The
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L.h.s. of (6.6.26) is smaller than

N
Pllrn[0,N—d||=a; Vx € [z,a— 1], 7, > 2" % —d]| = Z P (7, = dy — d)
d1=2y;+1
x P [|7’F‘|[0,N—d1]| =a—x Ve e0,a—x — 1,7, > (:l?—l—il?l)a_62 —dl} .
(6.6.29)

On the event we are considering in (6.6.26), 7., has to be larger than 2y, — d > y,,
i.e. larger than what it would typically be under P (cf. (6.6.27)). Therefore
P (7,, = d; — d) can always be estimated by using Proposition 6.A.2. If d; < y;,
the quantity

Plrn[0,N—di]| =a—a;;Vz € [0,a— ], 70 > (x4 2) " — dy]
SPrn[0,N—d]l=a-z;Vre0,a—aln > —d] (6.630)

can be estimated by using the induction hypothesis (6.6.26) for i < [. For this reason
we decompose the sum in the right hand side of (6.6.29) in [ terms, corresponding to
d, € (le,yl_l], dy € (yj,yj_l] (] € {1, .. l—l}) and d; € (yo,N]. When d; > yq one
cannot use the induction step and for this reason the contribution from d; € (yo, V]
is dealt with separately.

Notice that

> Plr,=di—d)

d1€(y;,y5-1]
XxPrn[0,N—di)|=a—az Ve >0,7 > (x+2)"% —d]
<(1+0(1) > mK(d —d)C(j — )N z;_ max(yy®, N7
d1€(y;,y5-1]
< C'(j)amy; “wj max(yg®, N1, (6.6.31)

From the definitions of 2; and y; one has y¥ = s-2;_1, so that y; “wjq = 2% for
all 7 > 1. The term corresponding to d; € (2y;, y;—1] can be dealt with in the same
manner.

Now we estimate the sum on d; € (yo, N|. By Proposition 6.A.2 one has

Y P, =di-d)P(rn[0,N-di]| =a—x)
d1€(yo,N]
<(+o(1) > xK(d —dP (7NN -di|=a—-mz). (6632)

d1€(yo,N]
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If dy is less that N/2, then choosing § small enough

N—dy
P(rN[N—dl=a-z)= > P(Tag-1=2) KN —dy —x)
=1
N1-9 N—d;
=Y P(raga=2)K(N=di—2)+ > P(rag1=2)K(N —d — )
z=1 x=N1-041
N—dy
=(1+0(1) [K(N=d)+ Y  aK@)KN —d—z)| <c()N™*, (6.6.33)
z=N1-641

where we made use of K(N — dy — ) = K(N — d;)(1 + o(1)) for x < N'*=%, and of
1
Proposition 6.A.2 for z > N'=%. Note that we also used the restriction a < N %
for the last inequality, to get that aN~*(1=9) < 1. Hence one has
> wK(d - d)P[|rN[0,N —di]| =a—xz] < (Dayg®N™,  (6.6.34)
d1€(yo,N/2]

for /(1) large enough. To estimate the contribution of d; € (IN/2, N], one notices
that

S P(rn[0,L]| =a—a) =E[#{LER, LE[rn, Ta_xlﬂ)}]

L=0

- E[Ta—xl—l—l — Ta—xl] = E[Tl]. (6635)

so that
> wK(d —dP (N[N —di]| = a— )
d1€(N/2,N]
< e(l)z N~ Z P[TN[N —di]|=a—z] <D)aN"UF. (6.6.36)

d1€(N/2,N]

This, together with (6.6.31) and (6.6.34) gives the result.
U

6.6.2. Proof of Proposition 6.6.1 in the case a < 1. One has to adapt
Lemmas 6.6.4 and 6.6.5 to this new case. The difference lies in the following fact:
as here the renewal does not have finite mean, one needs a stretch of length much
longer than x to set x contacts on the defect line.

Lemma 6.6.8. Given § > 0, there exists some xo(w, 3, €) such that for every x > xy,

every y € [z, 25079] one has
w,B _ —z0/8

Zg (e =y) <e (6.6.37)
Lemma 6.6.9. If o < 1, for any € > 0 there exists 6 > 0 and ag € N such that for
all a > ag, for all N one has

a

3 [\T A[O,N]|=a; Ve eldd,a—1],7 > 2209 <a=FN"/2.  (6.6.38)
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The proof from the two Lemmas of the case o < 1 in Proposition 6.6.1 is exactly
the same as in the case a > 1, and therefore we leave it to the reader.

Proof of Lemma 6.6.8 First note that if one wants to visit only a limited number
of stretches after z jumps (say less than 2%/2), one must do at least #'7%/2 jumps in
the same stretch. On the other hand, note that provided z is large enough, from

Lemma 6.A.4 the longest T-stretch in [0, y] for y < 2519 has length smaller than
=5 For these reasons if = is large enough, and for the values of y that we

consider
V() <am=ybc {3t e0.0), (e —m) <z 5} (6639)

As a consequence

ZAV(0) <2 s =) <P (€ 0.0), (o =) <20

B B p1—0/2 1
< 2P (Twl,m T 4)) <z [P (71 T %‘”‘“)] <5 (6.6.40)
if = is large enough. On the other hand according to (6.2.5)
w%(lfé) 1 5 1'76/2
E ; ZoBWVI(r) > 2" s =y)| < ( +2€ ) . (6.6.41)

Using the Markov inequality and the Borel-Cantelli Lemma, one gets that there
exists a (random) integer zo such that for all = > x
xg(w)
Z 2P (Vi) > 2 i =y) <" )2, (6.6.42)
y=x
which together with (6.6.40) ends the proof.
O

For Lemma 6.6.9 one proceeds as for Lemma 6.6.5, and prove a recursive state-
ment.

Lemma 6.6.10. For all values of 1, if 95 < 0(l) there exists a constant C(l) such
that for all N € N and a € N large enough with a < N®@=%)"" " one has

max P ‘Tﬂ[O,N—dH:CL;VSL’E[CLJQ,CL—l],Tw>I%_52—d
def0,a0” H(G—ady)TIHL o)
< ()N~ (@002 =(@=ad2) - (6.6.43)
Note that Remark 6.6.7 made for Lemma 6.6.6 applies also here.
Proof This is very similar to the o > 1 case. One uses some different notations this
time:
xj = a @7 (g = a),

1 %_62 1 a Y (@—ady) It
Yi-=35% =3 (Emedl T,

(6.6.44)
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With these notations, (6.6.43) reads

maxP[|7‘F‘|[ N—d|=a;Vrea?a—1],7 >ze —d| <COUON “zy;®.

de[0,y,]

(6.6.45)
We also have that x; and y; are decreasing in j, and that provided that d, is small
enough, one has for any j > 0 that both z; and y; tends to infinity with a, and that

y; > . (6.6.46)

We prove the statement first in the case [ = 0. Note that on the event we
consider, 7,_1 > a“ i.e. 7,_1 has to be much larger than what it would typically be
under P. Therefore one can use Proposition 6.A.1 to estimate its probability. We
get that the Lh.s. of (6.6.45) is smaller than

P[Ta>N—d; Ta_le((a—1)%—52—d,z\f—d]]

N—d N—d
= Y Pl =yPn>N-d—yl=(1+o(1)) aK(y)K(N—d—y)
y=(a—1)& 02414 y=(a—1)5 2414

< C(0)aN~" max (a(a_o‘éz),N *)=C(0 Jal~@e2) N (6,6.47)

Proposition 6.A.1 was used to get the third line. The last equality comes from the
fact that we consider only a < N°(@-%22)""  Here (and later in the proof) o(1)
denotes a quantity that tends to zero when both a and N gets large.

We now assume the statement for all I’ < [ and prove it for . Fix d < y;. Assume
that d = d() is small enough, so that z; > a®2. We decompose over all the possible
values for 7,, and use the Markov property for the renewal process, so that the L.h.s.
of (6.6.45) is smaller than

N
> P(r,=d —d
d1=2y;+1
P [|7‘ﬂ O,N —di]|=a—z;; Ve e [0,a —x;— 1], 7, > (:E—l—:El)%_‘Sz —dl} )

(6.6.48)

Note that in the above sum, one always has 7,, > 2y, —d > y;, i.e. is much larger
than the value it typically takes under P (cf. (6.6.46)). Therefore one can use
Proposition 6.A.1 to estimate the term P (7,, = d; — d). As for the second term

P [\Tﬂ[O,N—dlﬂ =a—x; Ve e0,a—x — 1], 7, > (x+xl)§—52_dl]

P [|7‘ﬂ 0,N —di]|=a—a;; V€ [0,a— a2 — 1], 7, > za —dl} , (6.6.49)

and it can be bounded from above by using the induction hypothesis when d; < y;,
1< L
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For this reason, we separate the contribution of the different terms d; € (2y;, y1—1],
di € (yj,yj-1] (j € {1,...1—1}) and d; € (yo, N] in the sum (6.6.48). We just focus
on the last one, as the computation for d; < yy is exactly the same as in Lemma 6.6.6
(see (6.6.31)), using Proposition 6.A.1 instead of Proposition 6.A.2. For d; € (yo, N],
one cannot use the induction hypothesis. Using Proposition 6.A.1, one gets

Y P, =di—-d)P(rn[0,N—di]| =a—x)
d1€(yo,N]
<(A+o(1) Y @K(d)P(rN[0,N—d]l=a—). (66.50)
d1€(yo,N]
Asin (6.6.33) one shows that for d; < N/2, uniformly on the choice of a < N*(@-a%2)""

one has
P(rNn[0,N—di]|=a—x) <c(l)N™, (6.6.51)

so that
> @K d)P (TN [0, N —di]| =a—z) <Dz N (6.6.52)

d1€(yo,N/2]|

For the case d; > N/2, one remarks that

N/2—1
Y P(rn[0,L]=a-z)=E|{L€[0,N/2-1] : L€ [Tara, Ta—ar+1)}]
L=0
< E [max(m, N/2)]. (6.6.53)
Therefore
> wK(d)P[rN[0,N —di]| =a— ]
d1€(N/2,N]
< (D N~UFYE [max(ry, N/2)] < ()N~ < (Da(yoN)™.  (6.6.54)
The last inequality comes from the fact that yo < N for the range of a that we

consider.
O

6.6.3. Proof of Proposition 6.6.3. Here the strategy consists in targeting
directly the first 7-stretch with w = 0, of size larger than 2ChgaTha (with Cg a con-
stant to be determined, depending only on K(+)), and then getting a contacts in that
stretch before exiting the system. Define 7, := min{i | 7,41 —7; > Qngaﬁ, W, =
0}, so that w =0 on (7, Ty, +1]-

One wants to estimate i, and 7;,. Let us define

My = max {Tip =7 | ws = 0} (6.6.55)

1<i<N

Adapting the proof of Lemma 6.A.4, one gets a random integer Ny such that for all
N > Ny

M3(7) = NY%(loglog N) ™. (6.6.56)
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So that if a is large enough

20y sama > M} > it/%(loglogi,) ™", (6.6.57)

and hence _
i, < atre(loga). (6.6.58)
By the law of large numbers for 7, the above inequality transfers to 7;,: one also has

for a large enough 75, < atrs (loga). Note that under the assumption a < N R
one has 7;, < N.
Then, decomposing Z%”(]7 N [0, N]| = a) according to the position of 7, and

Ta—1, and restricting to the event 7 € (7;,, 75, + C@aﬁ], one gets

7):7«'11‘1'0280«ﬁ ?ia+2c2804ﬁ
(o NMi=a)> 3, K@ Y, Plaa=f-dPn>N-f)
d:%a f:d

1

U 1\ ~(1+e) 1 . 1,
> CyaTha (Tia V alAa) P (Ta_g < C’ggalm) (N —7;, — 2C5aTra)
(6.6.59)

where we used the asymptotic properties of K(-) and the fact that 7;, < N. Then
one chooses the constant Chg such that P (7, < C’28aﬁ) is bounded away from 0
(take Cos = 2E[n] if @ > 1 and Cy = 1 if a < 1), and use our bound on 7;, to get
the result. H

6.A. Renewal results

We gather here a set of technical results concerning renewal processes. They are
used throughout this Chapter for the different renewals 7,7 and 7, and therefore we
state them for a generic renewal 0 = {0, }, > o, starting from oy = 0, whose law is
denoted P, and whose inter-arrival law satisfies

K(n) :==P(o1 =n) = (14 o(1))cyn 1, (6.A.1)

where ¥ > 0 and ¥ # 1. We also assume that ¢ is recurrent, that is K(oco) =
P(o; = 4+00) = 0. The results would stand still if ¢, was replaced by a slowly
varying function but for the sake of simplicity, we restrict to the pure power-law
case. We have two subsections concerning respectively results for positive recurrent
renewals (¢ > 1), and null-recurrent renewals (0 < 1).

6.A.1. Null recurrent case, ¥ < 1. We present a result of Doney concerning
local-large deviation above the median for renewal processes.

Proposition 6.A.1 ([Don97], Theorem A). If ¥ < 1, then one has that uniformly
for x> NV

Poy=2)=(1+0(1)NK (). (6.A.2)
More precisely, for any sequence ay such that N” = o(ay) one has
. P(O’N = [L’)
1 ——~= —1|=0. A
i sp [P ) =0 oA
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6.A.2. Positive recurrent case, ¥ > 1. In this case we introduce m = E[r] <
oo. We first prove the following equivalent of Proposition 6.A.1. The proof present
some similarities as well as some crucial differences with the one in [Don97].

Proposition 6.A.2. For all 6 > 0, one has uniformly for all x > (m + §)N.
Poy=2)=(1+0(1))NK (x —mN), (6.A.4)
or more precisely

P _
lim sup (on =)

-1} =0. 6.A.5
N=00 4 > (m+8)N NK(:);—mN) ( )

A simple consequence is that uniformly for x > N,

P (o =) = (1 + o(1))NK (z). (6.A.6)

Remark 6.A.3. The idea behind this result (like for Proposition 6.A.1) is that if
on has to be way above its median, the reasonable way to do it is to take all the
excess in one big jump, the rest of the trajectory being typical. Other strategies with
several long jumps are proved to be comparatively unlikely. This is an important
point to understand what is going on in Sections 6.4,6.5 and 6.6.

Proof Given ¢, we set € > 0 that is meant to be arbitrarily small. Take some
x> (m+0)N.

Let us start with the lower bound,

Poy=2z) 2P(oy=2; ANi€[l,N], 0, —0;_1 > €x)

= NZ Ploy=y)P(on-1y=2—y; Vie[l,N—-1], 0, —0;_1 <€)
Yy=€ex
>N [ mi(n )N}K(y)P(aN_l € [(m—e)N, (1—e)z]; Vi € [I, N=1], 0,—0;_1 < ex).
yElex,x—(m—e
(6.A.7)
The second line is obtained by using independence and exchangability of the incre-
ments (decomposing over all N possibilities for 7), and the third line by restricting to

the values y € [ex,z — (m —¢)N]. Then the assumption one has on K(-) guarantees
that

min K(y)=(140(1))K(zx — (m —¢)N). (6.A.8)

y€lex,x—(m—e)N]
Using the law of large numbers for on_1, one has that for ¢ sufficiently small
P(oy-1€[(m—e)N,(1—¢)x]; Vie[l,N —1], 0, —0;_1 < €x)
>P(oy_1€[(m—¢e)N,(1—¢)z]) =P (Ji€[I,N —1], 0, —04_1 > €x)
=1+0(1)+NO((ex) ) =1+0(1). (6.A.9)

One gets the result by taking ¢ arbitrarily close to zero.
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For the upper bound, it is easy to control the contribution of trajectories that
make at least one large jump of order . We start with the more delicate part of
controlling the contribution of trajectories that do not. We prove it to be negligible.

P(oy=x; Vie[l,N], 0, —0;_1 <€)
<P(oy=x; In,ng € 1, N, 04, — 0py1 € [2'7%, 2] for i = 1,2)
+P (O’N =x; HE€[,N], 0;—0;_1 € [x"F ex]; Vj#£i gj —0j_1 < xl_a)
+P(oy=a;Vje[l,N], 0;—0j_1 <z'°). (6.A.10)

We can bound the first term by using the union bound on the different possibilities
for ny and ns, to get some constant C'sg

l—e

P (JN =x; 3,j€[,N? os—0i1 =205 —0,1 2> xl_a)

N X
< (2) S P01 =y)P(oy = )P oy = 7~y — 2) < CypNPaz20-040),

y,z=xl¢

(6.A.11)

which smaller than Nz ~=2¢+220+9) yniformly in 2 > N. Hence this term is negligible
compared to the bound Nz~0+?) if ¢ is strictly smaller than (¥ — 1)/(2(1 + 99)).

To estimate the other terms in (6.A.10), define a renewal process ¢ with g := 0,
and ¢; — 0,1 = (0; — ai_l)l{ai_aiflqlf}. One can bound the second and third
term in the r.h.s. of (6.A.10) from above by P (6y-1 = (1 — ¢)z). Now we estimate
this term by using Chernov bounds. For any positive A, one has

P(oy > (1-e)z) <E[]" M0, (6.A.12)

Using the trivial bound E[(71)*] < (x'7%)*"1m, one finds that

m

E[] <14+ ——( " 1), (6.A.13)

xl—a

If one chooses A = o(z17¢), one gets as N goes to infinity
E [¢]" < exp(AmN(1 +0(1))), (6.A.14)

such that for N large enough,

e/2

Py = (1—2)z) < exp(AmN — (1 —e)a)(1+0(1))) <e @7 (6.A.15)

where the last inequality comes from taking e small enough, and A = x~'+</2 (the
constant C3; depends only the choice of §). This is negligible compared to the bound
one must obtain.
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Then, we estimate the main contribution, using the union bound and exchange-
ability of the increments

Ploy=x; 3i€[l,N], o, —0,-1 2 ecx) <N Z P(oy =y)P (on_1 =2 —y)
y=ecx+1

<N max K(y)P (ony-1 < (m+¢)N)
yElz—(m+e)N,z]

+ max K(y)P (on-1 > (m+¢e)N)|. (6.A.16)
ye(ex,o—(mte)N)
The law of large numbers gives
P(on_1 > (m+e)N)=o0(1). (6.A.17)
On the other hand, one has from the assumption on K(-) that
max  K(y)=(1+o0(1))K(x — (m+e)N),

yelz—(m+e)N,z|
max K(y) = (1 +0(1))K(ex) = O(x~ 1)),

yElex,x—(m+e)N]

(6.A.18)

This, together with the fact that £ can be chosen arbitrarily close to zero, gives the
result.

O

We finish with giving a result on the size of the longest inter-arrival interval up
to the N* jump,

My = ) iniagN{ai — i1} (6.A.19)

Lemma 6.A.4. If 9 > 1, there exists a random integer No(o), such that for all
N > Ny

NY?(loglog N) ™' < My < NY?log N. (6.A.20)

Proof We use the fact that increments are i.i.d. to get
P (My < A) =P(o; < A)Y. (6.A.21)

Then, using that P(o; > A) is of order A=?, one has that there exist constants
032, 033 > 0 such that

P (My > N""1og N) <1 —exp (—Cs(log N)™") = (1 + 0(1))Cs2(log N) ™,
(6.A.22)
and
P (My < NY?(loglog N)™) < (1 — CssN~"(loglog N)?)"
= exp (—(1 + 0(1))Cs3(loglog N)”)  (6.A.23)
Since ¥ > 1, one has from (6.A.22) that the sequence P (My. > 2:=1/7 Jog 25=1) for

k > 1is summable, and from (6.A.23) that the sequence P (My. < 2+1/7(loglog 2¢1)71)
is also summable.
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The Borel-Cantelli Lemma gives that there exists a random integer kg, such that
for all k > ky

24D/ (1oglog 261 71 < My < 20 1/7 Jog 281, (6.A.24)

One notices that (My)n > o is a non decreasing sequence. Thus, taking N > Nj :=
2ko+1 “and choosing k such that 2¥=' < N < 2* then one has k — 1 > kg and so

My < Mye < 207D/710g 21 < NV Jog N, (6.A.25)

and
My > My = 2" (loglog 2%)~! > N*?loglog N. (6.A.26)
U






CHAPTER 7

On the appearance of a strongly relevant regime

7.1. Introduction

In this thesis, we extensively studied the influence of correlated disorder on
the phase transition, to decide whether the presence of inhomogeneities affects the
critical properties of the system. In the case of an i.i.d. environment, the Harris
criterion was discussed (disorder is relevant if vP"" < 2, irrelevant if #P"* > 2), and in
the case of a correlated environment, with power-law decaying correlation function,
of type r7¢, ¢ > 0, one refers to the Weinrib-Halperin prediction.

We have seen previously that this prediction is valid in the hierarchical version of
this model (see Chapter 4), when correlations are of Gaussian type and summable,
i.e. if ¢ > 1. The case ¢ < 1 turns out to be much more problematic: we have already
seen in Chapters 4-5, that strong correlations are in a way shifting the critical point
he(B) towards —f esssup(w;). That is why, in Chapter 6 and in the present one, we
consider only the case of a bounded correlated environment, to be able to study the
phase transition, that occurs at some finite h.(/3).

Chapter 6 deals with the case where the sequence w = {wj, }nen (the environment)
is {—1, 0}-valued, and constructed by concatenating blocks of random size, in which
w is constant equal to 0 or —1, see construction (6.1.6). We consider in this Chapter
a more general case, where w is ergodic (this is needed to ensure the existence of
the free energy), and {—1,0}-valued for the simplicity of the statements.

7.1.1. Reminder on the pinning model. Let 7 be a recurrent renewal pro-
cess, as defined in Section 1.1.2, with law P, that represents the contact points
of the polymer trajectory with the defect line. We make the assumption that the
inter-arrival distribution, denoted by K(-), satisfies

K(n) := P(r = n) "= (1%(1))%, (7.1.1)
for some a > 0 and cx > 0 (we take a # 1 to avoid some technicalities).

We define as in Chapter 6 the quenched polymer measure with free boundary
condition (analogously with Section 1.4, where there is a pinned boundary condi-
tion), as a Gibbs transformation of the law P. Given the environment w = {w; }ien
which is an ergodic sequence, and parameters h € R, 5 > 0, we define

dP%ﬁ‘ L 3 h ) 7.1.2
—p (1) = g exp [ > (h+ Bwn)dn | | (7.1.2)

s n=1

211
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with the notation ¢, := 1y}, and where Zf,:h =E [exp (ZnNzl(h + ﬂwn)dnﬂ is
the partition function of the disordered system.
One defines the quenched free energy of the system

1
F(f.h) = lim Nlogz;qi, (7.1.3)
which is known to exist and be P-a.s. constant, thanks to the ergodicity of the
sequence w (see Proposition 5.1.1). There exists a (quenched) critical point h.(53),
for which one has that F(5,h) > 0 if and only if A > h.(5). As noticed in Chapter
1, there are two distinct phases: a delocalized phase for h < h.(3), where the
trajectories are wandering away from the defect line, and a localized phase for h >
h.(B), where the trajectories stick to the line.

Moreover, we define the annealed system as in Chapter 1: the annealed partition
function is E[ij,g], the annealed free energy F*(5,h) := limy_ % log EZE’?L, and
there is an annealed critical point h2(3). It is classical to get from the Jensen
inequality that F*(5, h) > F(8, h), and therefore that h2(5) < h.(f).

Note that, as in Chapter 6, (7.1.2) is the definition of the polymer measure
with free boundary conditions at the right endpoint. We also consider the pinned
version of the measure (the one introduced in Section 1.4.1), denoted va’,ﬁh’pin, where
a trajectory is constrained to return to 0 at its endpoint,: the pinned partition

function is Z]f,”ﬁ’pin =E [exp (Zi\;l(h + Bwn)én) ) N} As far as the free energy is

concerned, working with the free or pinned partition function are equivalent, see
[Gia07, Ch.4].

We compare the characteristics of the phase transition of the disordered system
with the homogeneous ones (with no disorder, § = 0), in order to decide if disorder
is relevant, i.e. if the presence of homogeneities changes the critical behavior of the
system. We recall Theorem 1.1.6, which says that the pure free energy F(0,h) =:
F(h) exhibits a phase transition at the critical point h.(0) = 0 (since 7 is recurrent),
with a critical exponent vP"" = 1V 1/« (there is a logarithmic correction in the case
a=1).

7.2. A general {—1,0}-disordered model

7.2.1. Definition of the model. We consider an ergodic sequence w := (wy, )nen
with values in {—1,0}, whose law is denoted by P.

Since w € {—1,0}", the environment we consider is either neutral or repulsive,
and one trivially has Z%i < Z3),» so that F(3, h) < F(0,h) for all 8 > 0. Therefore,
the localization phase transition occurs at some h.(f) > 0. As suggested in Chapter
5, when the correlations are sufficiently strong, the critical point is shifted towards
its minimal possible value —f esssup(w; ), and is therefore equal to h.(0) = 0. The
possibility to know exactly the critical point allows us to analyze the system close
to criticality in detail, so that one gets precise statements, the fact that the critical
point h.(B) is equal to the homogeneous critical point h.(0) = 0 making these
statements more readable.
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We comment briefly our choice to restrict to sequences w that are {—1, 0}-valued,
the results we present in this Chapter being very general and holding for any se-
quence of bounded (discrete) random variables. The assumption that w can only
take two values —1 and 0 could be weakened, assuming that the largest value M
that w can take is bounded, and that the second largest is strictly smaller than M.
If w is a discrete random variable with law P, it means M := esssup(w;) < oo, and
that there exists some 6 > 0 such that P(w € (M — 6, M)) = 0. Thanks to a scaling
and translation argument of the parameters h and 3, one can come down to the
case where M = 0 and 6 = 1, and results for more general (discrete) environments
w could then be derived from our analysis. One could also possibly extend this to
continuous variables, the important assumption being that M := esssup(w;) < co.
In what follows, we restrict ourselves to the case w € {—1,0}" to keep our analysis
and the statement of our results simpler.

7.2.2. Notations and preliminary results. It is discussed in Section 1.4.4
that the correlation function is not the main object that quantifies the appearance of
a new type of behavior. The right quantity to look at is the length of the “favorable”
blocks (i.e. zones where the value of w is high), and how they are spread along the
defect line.

The main result below is a sufficient condition, that we conjecture to be also
necessary in the case a > 1, on the sequence w to get localization as soon as h > 0,
and bounds on the free energy in the case where h.(5) = 0 (see Theorem 7.3.2). This
is analogous to Theorem 6.2.1, where the sharp critical behavior of the free energy
is given, but the result we give here is more general, since there is no special renewal
construction of the environment, the proofs relying however on similar ideas.

From Theorem 7.3.2, we observe that if correlations are strong enough (in a sense
we explain in Section 7.3), disorder can be strongly relevant: it always modifies (i.e.
for all @ > 0 and all 5 > 0) the characteristics of the order transition with respect to
the homogeneous one. Moreover we provide natural examples of correlated {—1,0}
environment on which results can be derived from Theorem 7.3.2. In particular in
Section 7.3.2, we give Theorem 7.3.4 in the case of an environment based on the
sign of a correlated Gaussian process, that show that in the case of non-summable
correlations, disorder is relevant for all o > 0.

The appearance of a strongly relevant regime was not expected, and is in contrast
with the Weinrib-Halperin prediction. In the case where h.(8) > 0, which occurs
when correlations are weak enough (in a sense we comment in a moment), we believe
that the Weinrib-Halperin criterion should hold.

We consider a sequence w € {w;}i> 1 (we choose i > — 1 instead of i € N
for notational convenience, see the following definitions), and we assume that w
is ergodic and {—1,0}-valued (we note abusively w € {—1,0}"). We also take w
non-trivial, in the sense that P(w; = 0) > 0 and P(w; = —1) > 0.

As it is suggested by the construction of the environment in Chapter 6, we
divide our system into blocks where the sequence w is constant valued. Given the
environment w = {w;}; > _1, we condition it to have w_; = —1, wy = 0 (which has
positive probability, so that the free energy is not affected). We then define the
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sequences (1)), >0 and (&,), > 1 iteratively, setting Ty := 0, and for all n > 1
T, = mf{z > T, ; Wit 7& wi},

é" — T _ T 1 (721)

Thus we have divided our system into blocks of size &,, on which w is constant
valued, equal alternatively to 0 and to —1 (we write w = 0 and w = —1). The
choice of conditioning to w_; = —1,w; = 0 enables us to identify the blocks with
odd indexes [Toy, Tors1) for k > 0 (therefore of size £a1.41), as the blocks on which
w = 0.

Remark 7.2.1. The ergodicity and non triviality of the sequence w implies that
E[¢1] < 400 and E[§,] < +00. Indeed, one considers the (ergodic) sequence w =
{@n}n >0 defined by @, := (w,_1,w,) for all n > 0. This sequence is, according to
our notations, conditioned to start with wy = (—1,0). Then in [Shi96, Ch.I.2.c], the
generalized renewal process of the set {(—1,0)} is defined as the sequence of indexes
{k > 0,0, = (—1,0)} = {T%;}; > 0, and the return-time process to the set {(—1,0)}
(of positive measure) is defined as the sequence (T5; — To(j—1))jen = (§2j-1 + &25) jen.
It is shown that the return-time process is ergodic (see [Shi96, Th.I.2.19]), and
[Shi96, Eq. (14) Ch.1.2] states that the first return time to (—1,0) (i.e. Ty = & + &)
has expectation P(w_; = —1,wp = 0)~! < +00 (since w is non trivial).

We now introduce a notion of “good” block: we call “A-block” a block (17, T;44],
on which w = 0 (take i even), and whose size is larger than A. We denote

Bn(A) = #{i ; Toiy1 < N, &1 = A}, (7.2.2)

the number of A-blocks before N.
One remarks that, applying Birkhoff’s Ergodic Theorem (see [Nad98, Chap. 2])
to the sequence (£25_1,&2;)jen, one has P-a.s.

lim By (4) = !
Nooco N E[& —|—§2]

Note that the ergodicity of the sequence (£2;-1,&a;)jen comes from Remark 7.2.1,
with a slightly different version of the sequence w (that do not change the main prop-
erties of our system). We should condition our environment to wy € {(—1,0), (0, —1)}:
then, in the definition (7.2.1), we do not impose the first block to be constituted
of 0’s, but we have that the sequence (;)jen is the return-time process to the
set {(—1,0),(0,—1)} (of positive measure), and is therefore ergodic (see [Shi96,
Th.1.2.19]).
The limit in (7.2.3) denotes the asymptotic density of regions of 0 larger than A.

In the sequel, we make the assumption that P (§; > A) > 0 for all A € N. Otherwise
there is some ag > 0 such that P-a.s., all the blocks of 0’s are of size smaller than
ap. In this case, it is easy to see that h.(8) > 0, from (7.3.5) (one actually would
have h.(5) = ¢f).

We define Jy := 0, and then by iteration
Jnt1 = Jpp1(A) ==min{j > J, ; jisodd,§ > A} forn >0, (7.2.4)

P& > A). (7.2.3)
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so that the k™ A-block is [T}, _1,Ty,), of size ;. (we do not write the dependence

on A if there is no ambiguity).
We also define T;(A) as the position of the endpoint of the k™™ A-block, and
di(A) the (approximate) distance between the k*® and the (k + 1) A-block:

7;(14) = TJk,
di(A) = Te(A) — Te-1(A).

We regroup in Figure 7.1 the above notations, i.e. the decomposition of our envi-
ronment w into blocks [T;_1,T;);en of size &, and for A > 0 fixed, in metablocks

[Te—1(A), Te(A))ken of size di(A).

(7.2.5)

A-blocks _
VENE ¢uw=-
Ghel S w=l
0 &n = A T §b>AT
dy(A) da(A)

Ti(A) T2(4)

FIGURE 7.1. We have a decomposition of the system into segments [T;_1,T})ien
of size &;, in which the value of w is constant. We define a A-block as a segment
[T;-1,T;)ien constituted of 0’s, and which is larger than A. With a fixed parameter
A, we divide our system into metablocks [Tr—1(A), Tr(A))ken, composed of blocks
with w = —1 or smaller than A, and then of one ending A-block. The integer
Jy is the index of the k' A-block, so that T.(A) = T, and we also denote
dy(A) the size of the k™ metablock [Tz_1(A), Tr(A)), which represents also the
(approximate) distance between two A-blocks, since dj(A) is guessed to be > A.

We remark that P(§; > A), linked to the limiting density of A-blocks, cf. (7.2.3),
is also related to the expectation of dj(A), interpreted as the mean distance from
the origin of the first A-block. Indeed, applying again Birkhoff’s Ergodic Theorem
for Tx(A), one gets that P-a.s.

o TA) L T(A)
Bl (A)] = Jlim == = fim 20

=EG+&P(&G=A)", (7.26)
where we used Equation (7.2.3) for the last inequality.

7.3. Results on the disordered model

7.3.1. Main Theorem: bounds on the free energy in the general case.
Definition 7.3.1. One defines
.1
e(z) == Alréfm ZE[log di(A)], (7.3.1)
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which is non-increasing, and one can therefore note e~! its generalized inverse, de-

fined by
e () ;= sup{y, e(y) > z}. (7.3.2)

We stress that the constants appearing in the following Theorem depend on f3
(as we consider 3 to be a fixed parameter, we often drop a priori the dependence of
the constants on f3).

We also stress that P(& > n) "= o(1/n) since P(§; > n) is decreasing and
summable (because E[¢;] < 00). Therefore, nP(§; > n) is asymptotically decreasing.

Theorem 7.3.2. 1. We assume that P(§; > A) > 0 for all A € N. Iflim, ,o e(x) =
0, then lim, ,oe~*(u) = +oo, and there exist two constants cy,cjy > 0 such that for
all h e (0,1) and § € (0,1),

F(8.h) > chAnF(R)B(&: > Ay, (7.3.3)

where we defined Ay, := 7 (coF(h)), that goes to infinity as h goes to 0. In particular
one has h.(f) =0, and the r.h.s. of (7.3.3) goes to 0 as h goes to 0 (thanks to the
remark above).

2. If there exists a constant ¢ > 0 such that one has that for all indexes 1 < i1 <
e <l

P(wj, =0,...,w;,, =0) <e ™, (7.3.4)
then there exists a constantn > 0 such that for all 5 € (0,1) one has h.(8) = h2(5) = np.

3. In all cases, one also has a rough upper bound on the free enerqgy: there exist
two constants C,c > 0 (that do not depend on [3) such that for all 5 € (0,1), one
has some hg > 0 such that for all h € (0, hg) and S € (0,1) one has

F(6,h) < ChE [§11{§1>cﬁh*1}] . (7.3.5)

This theorem is actually very useful, because it applies to many types of en-
vironment, and we give possible applications in the sequel, in particular Theorem
7.3.4.

We remark that the asymptotic behavior of E[logd;(A)] captures a lot of in-
formations on the behavior of the sequence w, and in particular on the size and
distribution of the blocks with w = 0, but this quantity is often difficult to estimate.
However, using Jensen inequality, one has

c(2) < e(a) = jnf. L log Eldy(A)] = Aigfx—% logest P61 > 4),  (7.3.6)
where we already saw that E[d;(A)] = cst.P(§; > A)~! in (7.2.6). Therefore if
E(z) "= 0 one also has e(z) “=° 0, and using that &' > ¢! and that nlP(&; > n)
is asymptotically decreasing to 0 as n goes to infinity, one gets the same statement
as in Theorem 7.3.2-(part 1), with A, replaced by A, = &7 1(coF(h)~1). This is a
much more handy formulation, since one only has to estimate log P(§; > A), instead
of E[log dy(A)].
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Moreover, if one knows the behavior of P(§; > A), one is able to get an upper
bound on the free energy of the system from Theorem 7.3.2-(part 3). For example,
a small computation gives that

El6lgsm] =Y nPE>n)-PE2n+1)=APE>A)+ Y P& =>n).
n>A n>A

(7.3.7)

If P(¢, > A) decays sufficiently fast (essentially, faster than A=(!¥9)) one therefore

gets that E [&1¢, > 43] < cAP(€ > A), and from (7.3.5) one has
F(8,h) < C'P(& = ch™), (7.3.8)

which gives a very simple (but rough) upper bound. One already notices that
F(B,h) h20 o(h), using the previous observation that P(& > n) "=" o(1/n). Disor-
der is therefore relevant for all @ > 1 as in the i.i.d. case, and thanks to (7.3.8), it
is actually relevant for all a > 0 if P(§; > n) decays faster than any power of n: we
say that we are in the strongly relevant regime.

One can actually try to get better estimates on the upper bound, in order to
track the real criterion that decides whether h.(8) = 0 or not. As we explain and
justify in Section 7.4.3, we can improve the upper bound on the free energy (and
(7.3.3) should be sharp, at least for &« > 1, up to a constant in the definition of A).
One should actually have the following criterion, valid for all o > 0

Conjecture 7.3.3. Ifw € {—1,0}" is ergodic and non trivial, we have the following
equivalence

liA}rninf %E[logdl(A)] >0 <=  hJ(B)>0 forallp>D0. (7.3.9)

If lim, oo £(x) = 0 (with £(-) the function defined in (7.3.1)), then h.(8) = 0 for
all B > 0. Moreover, for all € (0,1) there exists some hyg > 0 such that for all
h € (0, hy) one has

F(B,h) < chE [&11¢e, > a13] » (7.3.10)
where we defined A} = e 1(cyh) with some constant ¢y > 0 (that depends on (3).
Note that Aj, h30 oo, and that the upper bound in (7.3.10) goes to 0 as h goes to 0.

This bound does not match exactly the lower bound (7.3.3), but one has the
upper bound

E [&1¢e, 5 a13] < cALP(& > A)), (7.3.11)

provided that P(&; > A) decays sufficiently fast (faster than 1/A), the same way as
(7.3.8) is obtained from (7.3.5). The bound (7.3.11) then matches (7.3.3) in the case
a > 1, the case a < 1 requiring a more delicate analysis.

Therefore, the quantity E[log d;(A)] should encode the right properties of the
sequence w, that is to answer whether one has localization as soon as h > 0. As
discussed in Section 7.4.3, one might need an additional assumption on the sequence
w to prove this conjecture, especially on the concentration of logd;(A) around its
mean value.
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7.3.1.1. A first example of application: the block-environment of Chapter 6. In
the previous Chapter, the environment w is constructed by defining directly the law
of the sequence (&x)ren as an i.i.d. sequence, or equivalently taking (7},),en a renewal
sequence with an inter-arrival law with heavy tail of exponent 14+a, a > 1. One can
actually generalize to the case where there is an asymmetry between 0's and —1s,
and define (£5441)k > 0 as an i.i.d. sequence with P(& = n) = K(n) " ¢gn~ 1+,
a > 1; and then set also (&ax)ren another i.7.d. sequence, independent of (£ox41)k > 0,
with E[&] < +00.

In that case, one computes easily logP(§; > A), and one is therefore able to get
sharp bounds on the free energy, similar to the lower bound (7.3.3), which gives in
that case F(3,h) > c|logh|'~®F(h)%, see Theorem 6.2.1. The upper bound (7.3.8)
gives that F(8,h) < ¢h®, which is a rough bound, given in Sections 6.4.1 (for the
case a > 1, the case a < 1 needing more work). Getting the sharp upper bound
(Theorem 6.2.1) is more tricky, and one uses strongly the independence of the blocks’
sizes. We only mention that the sharp upper bound matches the one of Conjecture
7.3.3 in the case o > 1, the method sketched in Section 7.4.3 generalizing the one
used in Chapter 6.

We now give an example of a very natural environment w, and we give therefore
a concrete and very interesting application of Theorem 7.3.2.

7.3.2. Case of an environment based on a correlated Gaussian se-
quence. In Chapter 5, we considered w to be a Gaussian correlated sequence, but
when the correlations were too strong, the phase transition disappeared (h.(5) =
—00). We consider here a sequence w that is also based on a correlated Gaussian
sequence, but with all the w;’s bounded, so that the system always exhibits a phase
transition.

Let W := (W,,),, > 0 be a centered normalized stationary Gaussian process, with
covariance matrix T, whose law is denoted PP. Because of the stationarity, the
correlations depend only on the distance between ¢ and j, that is T;; := E[W,W,] =
pli—j, po = 1. We also assume that correlations are non-negative, and that there
exists some ¢ > 0 and some constants cg > 0 such that the correlation function
(Pn)n > o verifies

Dk e cok™, and p >0 for all k > 0. (7.3.12)

It is natural from the Gaussian sequence {W,, },¢cn, to define the environment w

with values in {—1,0} by
Wi ‘= _1{Wz <0}y (7313)

and we often refer in the sequel to this choice as the Gaussian Signs environment.
Thanks to a standard Gaussian computation, it is easy to check that for any
1,k € N, if we define W; := W, and W, := \/1+—pi(wi+k — peW;), then Wy and W,

are independent (centered and unitary) Gaussian variables A'(0,1). One has that

Elwiwiyk] =P(W; >0, W1y, > 0) =P <W1 >0, Wy > — le) ;
(7.3.14)
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so that, substracting P(W; = 0)P(Wisy = 0) = P(W; = 0, W, > 0) = 1/4 one gets
2

Cov(wi,wirk) =P(W; 2 0,W; 1, >0)—1/4

o vy vy . Pk YTy k:)Joo &
— P(W, > 0)P (0 > W > — Wi, > o) B (7315)

where the last asymptotic comes after a short computation, using that py "2,

The sequences W and w are ergodic, so that F(3,h) exists, and one has the
following bounds on the free energy.

Theorem 7.3.4. Forw = (w;)ien defined in (7.3.13), and with Assumption (7.3.12)
on the sequence W, one has
o If( <1, then h.(B) =0 for all 5 > 0. One has some constant ¢ > 0 such that

F(B,h) > exp (—c|log h|1/(1_<)F(h)_</(1_<)) . (7.3.16)
Moreover, for all B € (0,1), there exists some hg > 0 and some ¢’ > 0 such that, for
all h € (0, hy) one has
F(B,h) < exp (—'h™°) (7.3.17)
e If( > 1, then there is some n > 0 such that F(5,h) < F*(5,h) < F(h —np),
so that he(B) = hz(8) = npB.

This is based on Theorem 7.3.2 and on the following Proposition that estimates
the probability for a Gaussian correlated vector to be componentwise non-negative.

Proposition 7.3.5. We suppose that the Gaussian stationary sequence W verifies
Assumption (7.3.12). Then,
e If ( <1, one has two constants ¢y, cy > 0 such that one has

P(W, >0:Vie{l,. .. n}) >ecntler (7.3.18)
and also that for all indexes 1 < iy < ... < i, one has
P(W; > 0;Vi€ {ir,....in}) <e @™, (7.3.19)

o I[f( > 1, there exists some constant ¢y, > 0 such that for all indezes 1 < iy <
... <1, one has

We mention that [BDZ95, Th.1.1] gives a much sharper result in the case where
the covariances of {W,, },en are given by the Green function of some transient random
walk on Z¢. They note that one can construct a transient Random Walk on Z¢ so
that p, ~ c¢;n~¢ for ¢ € (0,2Ad), with some explicit constant ¢, (see [BD94, BDZ95]
for more details). One then has, in dimension d = 1 and for ¢ < 1, that the lower
bound in Proposition 7.3.5 is of the right order:

lim —
n—oo  nélogn

logP(W; >0;Vie{l,...,n}) =C, (7.3.21)

where the constant C is explicit.
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The limit (7.3.21) is therefore a great improvement of our Proposition in a par-
ticular case (refer to [BDZ95] for the explicit Assumptions one has to make), and
would allow us to get a slightly more precise upper bound in Theorem 7.3.4. As
we do not hunt for the sharp upper bound in Theorem 7.3.4, and as improving
(7.3.18)-(7.3.19) to a result of the type (7.3.21) would only give a slightly better
upper bound (that however would not match the lower bound (7.3.16)), we are sat-
isfied with Proposition 7.3.5 which is valid with very weak assumptions, and that
we prove in Appendix A.3.

The case ¢ = 1, being marginal, is more problematic, and we refer to the Remark
A.3.2 in Appendix A: we believe that a statement similar to (7.3.20) holds also in
that case, and that the system should stand in the “classical regime” where h.(3) > 0
for all g > 0.

With Proposition 7.3.5 in hands, one estimates rather precisely P (§; > A) which
is equal to P(W; >0 ; Vi e {1,...,A}). If ( > 1 one has £(A) > § uniformly in A,
for some § > 0 (recall the definition (7.3.6) of £).

On the other hand if ¢ < 1, one has e(z) < &(z) < 2% 'logx, and thus
there exists a constant ¢ such that we have e~*(u) < c(u™!|logu|)*1=9. From the
definition Ay, := 7 !(coF(h)) in Theorem 7.3.2-(part 1), one therefore has the bound
A, < c(F(h)™Ylog h|)"/(=9). One concludes using Proposition 7.3.5, which gives
that P(& > Ap) = exp (—c|log h|V/O=OF(h)=¢/(1=9) which combined with (7.3.3)
brings (7.3.16). Moreover, Proposition 7.3.5 also implies that P (£, > A) < e~
so that (7.3.17) follows directly from the bound (7.3.8).

7.3.3. Observations on the effects of correlations. In analogy with Chap-
ter 5, where the system had a different behavior according to whether correlations
were summable or not, we have here two very different regimes. The first one,
that we call Classical regime, is when lim, ,.,e(x) = 6 > 0 and hence h.(5) > 0
(according to Conjecture 7.3.3), and where we believe that the Weinrib-Halperin
prediction holds. The second one, that we call Strongly Relevant regime, is when
lim, oo e(z) = 0 and h.(5) = 0 (see Theorem 7.3.2), and where disorder smoothes
the phase transition for all values of a > 0, if P(§ > n) decays faster than any power
of n.

We comment our results more in terms of the exponential decay of P(&; > A)
than in terms of lim, ,. £(z) (as it was the case in Theorem 7.3.2 or Conjecture
7.3.3), for the simplicity of the exposition.

7.3.3.1. Classical regime: if P(& > A) decays exponentially fast. If (x) > §
(which is the case in Theorem 7.3.2-(part 2)), the decay of P(§; > A) is exponential.
One could think that the system behave as if the w;’s were i.i.d., at least regarding
the distribution and size of the regions of 0’s and —1’s. The situation is actually a bit
more complicated. In particular, one could have that P(§; > A) decays exponentially
fast (and &(z) “=° & > 0), but that £(x) still goes to zero: for example if the large
regions where w = 0 do aggregate too much, E[logd;(A)] would be much smaller
than log E[d;(A)].
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In the case where lim, ., e(z) > § > 0, the model should exhibit the same fea-
tures as in the i.i.d. case, the blocks of —1’s and 0’s having (more or less) the
same typical distribution and size. We therefore expect that, in this case, the
presence of the correlations does not modify the Harris criterion for disorder rel-
evance/irrelevance, as suggested by the Weinrib-Halperin prediction.

7.3.3.2. Strongly relevant regime: if P(§; > A) decays sub-exponentially. Thanks
to the inequality (7.3.6), if (z) “=° 0 one has h.(8) = 0. In that case, P(& > A)
decays sub-exponentially, and the behavior of the sequence w is then very different
from the case where the w;’s are i.i.d. We find that, if P(§;, > A) decays faster
than any power of A, disorder is always relevant. We actually believe that, in great
generality, F(f,h) has a smoother smoother phase transition than F(0,h), for all
values of a > 0. This is a striking result, in view of the Weinrib-Halperin criterion,
which does not predict such an atypical behavior.

In the case where P(§; > A) decays faster than any power of A (for example
stretched-exponentially), inequality (7.3.8) shows that the phase transition is even of
infinite order, whereas it is of order " := o A 1 in the homogeneous case: disorder
is strongly relevant, in the sense that it makes the phase transition infinitely smooth,
for every value of the renewal parameter o. This is the case with the Gaussian Signs
environment in Section 7.3.2: in Theorem 7.3.4, even if the upper bound (7.3.17)
on the free energy does not match the lower bound (7.3.16), the free energy has a
stretched-exponential decay. It is the first example we are aware of in the pinning
model framework, in which it is shown that the presence of disorder makes the phase
transition of infinite order (the case & = 0 where one already has vP" = oo being
left aside).

( > 1 classical regime ¢ <1 strongly relevant regime
Fa(ﬁ> @} , .
// ”Fa 5 h =F O7 h
? Weinrib-Halperin criterion 2” -7 (6, h)=F(0, h)

e l/a:l/\l/a ,’/

R CAD = FEL)

0 /t h 0 que _ h
ha(8) hd(B) =

FiGURE 7.2. Difference of behavior of the system in a Gaussian Signs environ-
ment (Section 7.3.2, definition (7.3.13)), in the case ¢ > 1 (left) and in the case
¢ < 1 (right). In the case where ¢ > 1, the question of disorder relevance/relevance
is still open, and we believe that the Weinrib-Halperin criterion is valid. There
should be an extension of the Harris criterion to the correlated case, with no
modification of it (as settled in the hierarchical framework, Chapter 4): it is the
classical regime. In the case where ( < 1, one has a completely different picture.
The critical point h.(8) is equal to 0 (its minimal possible value), and the phase
transition of the disordered system is of infinite order: it is the strongly relevant

regime.
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The passage from a classical to a strongly relevant regime is due to the appear-
ance of exceptional large stretches where w = 0, that are responsible for the new
behavior of the system. We also note that the closer ( is to 0, the closer the behavior
is to the homogeneous one: see (7.3.16) that gives a polynomial decay of the lower
bound when ¢ — 0, and Theorem 6.2.1, where the bounds on the free energy are
matching the ones of the homogeneous case when & goes to 1 (that corresponds to
¢ — 0). This is due to the fact that the stretches of 0’s occur more and more often,
and are larger and larger, the system looking piecewise homogeneous.

7.3.3.3. Strategy of localization. We now give a hint on how the trajectories be-
have under the measure P“ﬁﬁl, in particular in the case where £(z) “=5° 0 and hence
h.(8) = 0. We underline that the blocks of 0’s and of —1’s play different roles. The
blocks with w = 0 are energetically rewarding (if A~ > 0), whereas the —1’s regions
cause entropic loss, because the trajectories avoid them as much as possible.

This intuition is confirmed by the proof of Theorem 7.3.2. Indeed, the proof of
the lower and upper bounds (7.3.3)-(7.3.5) on the free energy (and Conjecture 7.3.3,
see Section 7.4.3) shows that when e(z) "= 0, very large regions where w = 0
appear, and the polymer targets these regions, in particular the very large ones,
where the energy reward compensates the entropic cost of the targeting strategy.

To be more specific, for h > 0 fixed, the right localization strategy consists in
aiming only at the A,-blocks, with Aj, = e~'(¢F(h)) for some constant ¢q > 0, and
avoiding the other regions. The value of A, is justified by the fact that the entropic
cost of aiming at the first Aj-block, which is K(d;(Ay)) ~ exp(—(1+ a)Are(Ap)), is
compensated by the energy reward one gets on this block, which is approximately
exp(F(h) Ay).

The idea of the proof is to divide our system into segments [7Tz_1(A), Tr(A)] for
some A = A(h) (recall the definition (7.2.5) of Tx(A), Figure 7.1), and to estimate
the contribution of the different segments separately. For the lower bound (7.3.3),
it is enough to take A = A;, = e~ '(¢oF(h)), and to use the strategy described above:
one does a large jump up to the ending Ap-block of the segment [T_1(Ap), Tr(An)],
and collects the energetic reward of this Aj-block. For the upper bound on the free
energy, the analysis is much more delicate, since one has to compare the contribution
of all trajectories.

Section 7.4.3, thanks to a multiscale iterated argument, actually suggests that a
block [Tx-1(A), Tr(A)] do not contribute to the partition function, except if A > A} =
e~ !(cyh), the other ones being globally repulsive and therefore avoided by the re-

newal. In the case a > 1 (where F(h) i~ ch), this confirms the idea mentioned
above that the trajectories jump from one Aj-block to another.

Thus, the behavior of the polymer trajectories under P“]’Vi is described in a sharp
way if lim, , e(z) = 0. We note that in the case where lim, ,,, e(z) > § > 0, the
entropic cost of aiming at some A-block (=~ exp(—(1 + «)dA)) is not balanced by
the energy reward one gets on this block (= exp(AF(h))) if F(h) is smaller than
7', no matter how A large is. If lim, ,e(x) > § > 0, then there should be some
ho = ho(6), such that for h < ho(d) one cannot find segments [Tx—1(A), Tr(A)] that
contribute to the partition function, which explains Conjecture 7.3.3-(7.3.9).
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7.3.4. Annealed estimates. To compare the disordered system to the homo-
geneous one, we usually study the annealed system, that in the present case shows
some peculiar behavior.

7.3.4.1. Triviality of the annealed system in the strongly relevant regime. We
note that under the assumption that liminfs ., A~ logP(&; = A) = 0 (strongly
relevant regime), the annealed model is trivial. Indeed, imposing all w;’s to be equal
to 0 in a system of size IV, one gets that EZX,?L >P(& > N)ZY, . Thus, we readily
have ’ 7

F(8.h) = lim % log EZ} > lim} ioréf%logp(& > N) +F(0, h) = F(0, h).

(7.3.22)
Since one has the other trivial bound Z:jf < Z),, one gets F*(3,h) = F(0,h). The
bound F(5,h) < F*(3, h) therefore gives no more information than the trivial one
F(B,h) <F(0,h) (see Figure 7.2).

On the correlation lengths. In the i.i.d. case, F(5, h) is P-a.s. equal to the
exponential decay rate of the two-point function E‘;{,’ﬁl(&éHk) — Efvi(él)E%i(él+k)
when k — oo, as proven in [Ton07, Th.3.5], under particular assumptions on the
renewal law (when P is the law of the return times to the origin of the simple random
walk). This yields that F(3, h)~! is the quenched correlation length in the i.i.d. case.

We also have the usual quenched-averaged correlation length, i.e. the inverse of
the exponential decay rate of E[Efvi(cS,dZJrk) - Efvi(cS,)E?i,Bh(éHk)] In the i.i.d. case,
the quenched-averaged correlation length is shown to be equal to u(3, k)~ [Ton07,
Th.3.5] (under particular assumptions), where

.1
w(B,h) = —J\lgnooﬁlogE P

N,h

! ] | (7.3.23)

We believe that one has this correlation length(s) interpretation also in the corre-
lated framework, and we compare the two quantities F(/3, h) and pu(5, h). One easily
gets from Jensen inequality that u(3,h) < F(8,h), and in the i.i.d. framework one
actually has that csF(8,h)? < (B, h) < F(8,h) for h > h.(B) (a better lower bound
is given in [Ton07, Th.3.3]), which means that the quenched and quenched-averaged
correlation lengths diverge at the same critical point, namely h.(5).

Now we apply the idea of (7.3.22) to (5, h). If we assume that the distribution of
0’s and —1’s are symmetric, then one also has that liminf ,,, A~ logP(& > A) =
0, and

1 1 ur
2 N logP(& = 1,&2 2 N) — N log Zifﬁ_ﬁ, (7324)

which directly give that u(3,h) < F(0,h— () by letting N go to infinity. The trivial
bound Z]f,g > Zy,_p then gives that u(B, h) = F(0,h — 3).

Therefore one has that h.(5) = 0 and F(8,h) grows in a smoother way than
F(0,h) = F*(5,h), but u(B,h) = F(0,h — B) has a transition of the same order
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as F(0, h), at the critical point h = f. In particular, the quenched and quenched-
averaged correlation lengths diverge at different points, 0 and S respectively. This
stresses even more the abnormal behavior of the system, and gives the first (de-
generate, in a way) example for pinning models in which one gets that F((, h) and
(B, h) have different critical points, and where F(/3, h) possibly has a strictly larger
critical exponent than u(f3,h) (for example in the Gaussian Signs example).

7.3.4.2. Annealed bounds in the Classical regime. We saw that in the strongly
relevant regime, the annealed bound F(S,h) < F*(,h) is trivial. The following
result shows that in the classical regime, easy bounds on the annealed free energy
are useful, in particular to show that h.(3) = h2(8) > 0 (see Figure 7.2).

Proposition 7.3.6. For w € {—1,0}" ergodic, if there exists a constant ¢ > 0 such
that for all indexes 1 <11 < ... < i, one has
Pwy, =0,...,w;, =0) <e ", (7.3.25)
then there ezists a constant n > 0 such that F*(5,h) < F(h —np) for all B € (0,1).
In particular one has h.(8) = h2(B) = np.
We mention that this gives exactly Theorem 7.3.2-(part 2).
Proof As w is {—1,0}-valued, the sequence (1 4+ wy)nen is {0, 1}-valued. We can

expand e’ ZnN=1(1+w")5", using as in Sections 1.1.2 and 5.3.3 the binomial expansion
of (e —1+ 1)25:1(”“’”)5”, that gives

N N m
exp (6 >+ wn)6n> =y (-1 > [T +wi)on.  (7.3.26)
n=1 m=0 1<ii<..<im < N k=1

Thus from the assumption (7.3.25) one gets

N m
E[anl”w" } 3 (e Y P, =0.w, =0) [ 6

m=0 1<i1<..<im <N k=1
N
<) (e —1mem > H(Sk — 1)+ 1)Zn=0n (7.3.27)
m=0 1<i1<..<im < N k=1

Using that there exists some 1 = n(c) > 0 such that e=¢(e® — 1) +1 < =5 for all
p € (0,1) one has

EZy) =E [e(h—ﬁ) PO ) [eﬁzﬁzluwn)anﬂ <E [ew—nm D /S

(7.3.28)
0

7.4. Bounds on the free energy, proof of Theorem 7.3.2

7.4.1. Lower Bound. For this part of the proof, we work with the pinned
partition function, and we recall that, as far as the free energy is concerned, this is
equivalent to working with the partition function with “free” boundary condition.
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To get a lower bound on the free energy, we use a classical technique, that is
to find a strategy of localization for the polymer, aiming only at favorable blocks.
We consider that a block (7,_1,T,] is favorable if it is a A,-block, where A; > 2
is chosen later, to optimize the lower bound. Note that the partition function on a
good block is only a homogeneous partition function with parameter h (since w =0
on a A-block).

The parameter h and the quantity A, being fixed, we consider a system of size
T := Tn(Ap) and collect all the N (good) Ap-blocks in it:

N N
zgem > TTK (di(An) = &) TT e 280 (7.4.1)
k=1 k=1
Then Lemma 6.3.1 gives that there exists a constant Cy such that for all h € (0,1)

and all n, one has Zfiiz > COyn~'e™ M 5o that one has Zgn = C4£jkleAhF(h) for all
b P k?

k > 0. Moreover, the assumption (7.1.1) on K(-) gives that there exists a constant
¢ such that K(n) > cn=(F for all n € N.
Finally one has

] =

log Z&£PP™ > N " —(1 + ) log dy,(An) + AF(h) —log &, — C, (7.4.2)

ol

=1

so that using that dy(Ap) > £, (and that di(Ay) > 2), one gets
L
T

Then, letting N go to infinity and using Birkhoft’s Ergodic Theorem, one gets
that P-a.s.

o N 1w
k=1

F(B,h) > A, (F(h) _ coihE[log dl(Ah)])

1
> P& > An)An (F(h) — Coe(Ar)), (7.4.4)

where we used the definition (7.3.1) of ¢, and (7.2.6).
We can now optimize the choice of A, by choosing

A= coF(h)),  coi= (2Cy) " (7.4.5)
so that using the definition of e7*(-) we have

S(Ay) < eoF(h) = QLCOF(h). (7.4.6)

All together, one gets (7.3.3) with ¢, = ¢/2.

7.4.2. Upper bound. The technique used to get the upper bound in Theorem
7.3.2 is very similar to the one used in Chapter 4 in the case o > 1. We recall that
the upper bound (7.3.5) is somewhat rough: for example in the case of Chapter 6, it
does not give the right bound of Theorem 6.2.1 when o < 1, and it does not capture
the |log h|'~® correction in Theorem 6.2.1 when a > 1.
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The idea is to use a coarse-graining argument in order to estimate the contribu-
tion of the different segments [T;_;,T;) separately, and then identify the blocks that
could actually contribute to the free energy. We show that only the blocks where w is
constant equal to 0, and that are sufficiently large (£2;11 larger than some threshold
value) have a non-zero contribution in our coarse-graining decomposition.

We (re-)introduce the notation used in Chapter 6 of the contribution of a given
segment [a,b], a,b € N, a < b (recall (6.4.3))

Zig = oxp(Bwa + h) 240 (7.4.7)

with 6 the shift operator.
The following coarse-graining Lemma is directly extracted from Lemma 6.4.2

Lemma 7.4.1. For every N € N

w,

This coarse-graining Lemma is the first step of our analysis, and we already
notice that the blocks (Ts;_1,T%], ¢ € N (i.e. where w = —1, except wr,, = 0) do not
contribute to the free energy for h small. Indeed, since these blocks are composed
of —1’s, one has fw, + h < h— 5 < — p/2if h < /2, for all n € (Ty;_1,Ty).
Definition (7.4.7) therefore gives that for all x € (Ty;_1, T5;] one has

UJ’B —B/2 OJ,B h
Z[w Toi],h ™ <e o Z[m Tgl—l],h6 < 17 (749)

provided that h < /2. In v1ew of Lemma 7.4.1, the contribution of the blocks
(Toi—1, To;] to the quantity logZ , is therefore equal to 0.
We are left with the contribution of the blocks (T%;, T5;11], ¢ = 0, that we treat

with the following lemma.

Lemma 7.4.2. For every 5 € (0,1), there exist some hg > 0 and some constant
c1 > 0 such that for any h € (0, hy),

w?/B . _1
xe(]{l;]&%;#ﬂ Z[$7T2i+1],h < 1 Zf £2i+1 < C1ﬁh ,
e (7.4.10)
) 7 h - —1
xe(f:;nz-aé'ﬂ} Zfié%ﬂ]ﬁ < et if §2i41 = c1BhT.

Proof The second inequality is trivial, using only that §,, < 1, and that Ty, —
x < &9i11. We therefore focus on the first one, in the case a € (0,1) (the case a > 1
being treated in (6.4.7)).

On the blocks (7%, T541], ¢ = 0, one has w = 0 except for wy,,,, = —1. Thus
one gets for x € (Ty;, Toit1],

T21+1 x
exp (h Z 5 ) exp( ﬁ1{TQiH_m€T})] . (7.4.11)

76
[(E T21+1] h
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Then, setting | = T5; 11 — x, we notice that

E [6hzilzl‘s7le_m{l“}} <E [€hzl":16n] — cfE [ehzl'L:lé"l{IET}] = i — cBZEY,

(7.4.12)
where we used that S1yey < 1 to expand e Pluery . We are therefore left with
estimating the pinned and free partition function. When [ < h™!, we have easy
bounds:

+o00 h,k ! k
Zl,h:1+ZFE <25n> <1+ hE
k=1 n=1

k!
k=1

l +oo k—1
> 5n] (hl) <14 dhl?,
n=1

(7.4.13)
and also

ZPr=>Pler) =7, (7.4.14)

where we used twice Proposition 1.1.8, to estimate P(n € 7). Note that these
bounds are actually sharp when [ is smaller than the correlation length (which is

F(h)™!, cf. [Gia0g]).
All together, if &,,1 < h™', one has that

ZE‘;:%MM < e (1+ (i) (h— cB(&airr) ™)) - (7.4.15)
If 9501 < cih™! with ¢; := ¢(/2, one finally has

e(jrpajg( }Zf;’gmﬂm < el (1 — cst. 5(§2i+1)a_1) < exp (h — cst. 5(§2i+1)a_1) ,
T 27,4 2i4+1

(7.4.16)
which is smaller than 1 provided that h is small enough, since (£5;,1) 71> ch!™ >
h. 0

Lemma 7.4.2 gives that the contribution of a block (Ts;, T5;41] is therefore null
if &1 = T — Ty < ¢Bh™1, and (possibly) non-zero otherwise. The bounds
(7.4.10) are equivalent to Lemmas 6.4.3 (for @ > 1) and 6.5.3 (for @ < 1) in the
previous Chapter, but in the present case, we deal with the cases @ > 1 and a < 1
at the same time (with however some loss in the case o < 1).

The coarse graining Lemma 7.4.1 therefore gives

1 N 1 &
w?/B
—T2N 10g ZTQN,h < —T2N _N ZEZO C2h§2i+11{§2i+1 > ¢ h1} (7417)

Letting N go to infinity, one gets the upper bound (7.3.5), thanks to Birkhoff’s

Ergodic Theorem, that gives in particular limy_,« TZTN =E[& + &) < +oc.

7.4.3. Conjecture on the appearance of a strongly relevant regime. In
order to get a better upper bound on the free energy, it is necessary to take into
account the cost for 7 to do long jumps between the blocks that actually contribute
to the free energy. Our coarse-graining Lemma 7.4.1 has therefore to be refined, as
in Section 6.4.2 (and Section 6.5.2). We now give only a scheme on how one should
proceed to get Conjecture 7.3.3, and in particular a precise bound on the free energy
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(that is sharp when a > 1): it is based on a multistep improvement of the coarse
graining argument presented in Section 7.4.2.

7.4.3.1. First step of improvement of our coarse-graining. The idea of Section
6.4.2, and especially of Lemma 6.4.5, is to say that blocks that are composed of
—1’s, or that are small (with w =0, £ < ¢;h™! in view of Lemma 7.4.2) are globally
repulsive: one would have on these segments Zﬁ’fckﬁ < 1 — 4, and trajectories of 7
avoid them.

The method consists in cutting our system into metablocks (7x—1, Tx|ren, where
we denoted Ty := Ti(c;h™'). Recall the definition (7.2.5) of Ty, and Figure 7.1:
each segment (T;_1, Tg|ken is composed of (many) small blocks (that are therefore
repulsive), and finally of one ¢;h~'-block. Then, analogously to the coarse-graining
Lemma 7.4.1, one can decompose the partition function according to the segments

(E_l, 779]1961\1 (instead Of (Tk—la Tk])

N

w7ﬁ w,ﬁ

ZTNJL < [(me%ai{T} Z[:&TiLh) \ 1:| . (7418)
Z:l 1—1s72

This decomposition allows us to estimate the contribution of the different metablocks
separately.

Let us compute briefly what should be the contribution of one of these metablocks.
By translation invariance, we only study the contribution of the first metablock
(0,71] = (0,d;]. Using again a coarse-graining argument on this system, accord-
ing to a decomposition into inner blocks (7}_1,7T}], one sees that the only non-
repulsive block is the last one, since it is the only one larger than ¢;h ™!, cf. Lemma
7.4.2. The strategy of 7 is therefore to skip the first segments, and then to aim at
the ending c;h~!-block, the most favorable. One would approximately have that
Z2h < K(d1)Zfp, 1, s (vecall the definition (7.2.4) of J; = Ji(c1h™"), see Figure

7.1), so that setting A©® := ¢;h~" one has
log Z2, < &1,h — ' log di (A (R)). (7.4.19)

In view of the Definition 7.3.1, and provided that log dj(A) is concentrated enough
around its mean (this is the most problematic point of our argument), one would
have that log di(A) 2 Aec(A). In view of (7.4.19), this tells that the first metablock
has a non-zero contribution only if &;, > AW (h), where we denoted AWM (h) :=
h7PAQ (h)e(AD) (h)). Equation (7.4.18) therefore tells that a metablock (T_1, Tx]
contributes to the free energy only if log Zz%il’mﬁ >0, i.e. only if &5, > AD(h).

We now stress that, in view of the definition of A)(h), one has
AV (h) > cAO (R)E[log di(AD(h))] = cA® (h)log AV (R). (7.4.20)

As a result one has that A (h) > A (h) for h small, and we improved our coarse-
graining argument since we eliminated the metablocks with too small ending seg-
ment, that give no contribution to the free energy.
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After this first step, one gets a better upper bound for the free energy than
(7.3.5). Indeed, in the spirit of (7.4.17) and using the estimate (7.4.19), we get that

N-1

N 1 .
D hEndie, s amgy  with Jp = J(AQ(R)),  (7.4.21)
k=0

1 w

U
so that letting N goes to infinity (and recalling (7.2.6)), one has

F(8,h) < ChP(& = AD(M))E [€11g, > ampl€s = AV (h)]
= C/hE[€11{§1 > A(l)(h)}]. (7422)
This is much smaller than (7.3.5), since AM(h) > AO(h) = ¢,

We mention that we skipped two technical points, making unjustified approx-

imations. The first one is that Z%(BA(O)),;L A K(dl(A(O)))Z%rl,l,Th],h' One has to

justify that all the “small” segments (T;_1, T;] (smaller than A (h)), which give no
contribution to the partition function, cf. (7.4.10), are actually repulsive, and that
the trajectory of 7 just skips them. This needs some work, as in Section 6.4.2, and
essentially comes from a refinement of Lemma 7.4.1 that would keep track of the
K(dy) term, as done in Chapter 6 (see inequality (6.4.14) and Lemma 6.4.5).

The other approximation we made is that logd;(A) < Ae(A), and is more prob-
lematic. More should be known on the sequence w, especially concerning the con-
centration of logd;(A) around its mean. However we mention that in the case of
the Gaussian Signs environment of Section 7.3.2, one could use Proposition 7.3.5
combined with Borel-Cantelli lemma (we skip details), to get that P-a.s., there is
a constant ¢ such that max{¢;, i € {1,...,N}} < clog NY©"D_ One deduces that
log dy(A) > e“A"" P-a.s., and one would be able to pursue the argument.

7.4.3.2. A multiscale coarse-graining argument. One can actually improve the
previous estimate (7.4.22), the above argument being only the first step of an iter-
ative improvement of our coarse-graining decomposition. The first step above tells,
pushing a bit further the argument, that a metablock (7;_1(A®(R)), Te(A© (h))]
with ending A (h)-block smaller than AW (h) is actually repulsive, see (7.4.19).
The second step of improvement consists in decomposing the system into meta-
metablocks (Tx_1(AM(h)), Te(AM(h))] composed of (many) repulsive metablocks
(Tro1 (AO(R)), T(A©(R))], and then of one metablock (T;_1 (A (h)), Tu(A®(R))],
with ending AM (h)-block.

One should actually introduce a multiscale coarse-graining analysis. We fix h >
0 small, and introduce an increasing sequence A© < AM < ... where AY) is
converging to some A} (possibly infinite) when j goes to infinity. We now decompose

our system into segments at different scales. Define 77€(j )= Te(AY): the segments
(7;(1)1,7;(])]1@61\1 constitute a partition (at scale j) of our system into metablocks

with at their end some AU)-block. Each segment (7;(1 )1, 77€(j )] is itself divided into
metablocks according to the decomposition at the scale j — 1, see Figure 7.3.

We define (wisely) the sequence (AY), - ¢ iteratively, in a way that one is able
to reproduce the argument of the first step of improvement of our coarse-graining
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(Section 7.4.3.1) at a higher scale. The idea is that, at scale j, a segment (7;@1, 7;(])]
should be non-repulsive only if its ending AY)-block is actually larger than AU+Y.
Therefore, when one factorizes the partition function into a product of partition
functions over metablocks (7;(1)1,7;(])] (see (7.4.18), that we use at scale j), one
identifies the metablocks that actually contribute to the free energy as the ones
with an ending AU+Y-block, in the spirit of Lemma 7.4.2, see Figure 7.3.

T = T (AD)YTD ¢ > AU
V v - -
\,{\\"b\\f}\\f}\\f}\\r\/\/\/\l,\ L CNANAA SSSSSESSEESeeStEItttg AAAA
P $2223¢8¢%¢esl VATV R0 <3233 ek NVE IR £ 222808839 8¢ 88 29898¢% Y VVV

IR ARaAT] scale j — 1
N\ repulsive metablocks at scale j — 1

FIGURE 7.3. We use a coarse-graining argument at scale j, and estimate all the

contributions of the segments (7;(1 )1,’7;“ )] separately. In order to estimate each
one of these, we use a coarse-graining argument at scale j — 1, to deduce that all

blocks (ﬁ(j; 1),7;“ 71)] are repulsive (at scale j — 1, only segments with ending

AU)_block are contributing to the partition function), except the last one, that
ends with a AY)-block. To sum up, we have identified repulsive zones at each scale
(clearer zones in the figure), this identification relying on an iterative multiscale
analysis: repulsive zones at scale j are recognized thanks to a coarse-graining
argument, using that the repulsive zones at scale 7 — 1 have already been singled

out.

We now give the details of the choice of the sequence (AV)) jen. We set A0 =
c1h™!, so that in view of Lemma 7.4.2, all blocks (Ty_1, T}], if they are not a A©)-
block, are repulsive. We suppose that step j has been completed, AY) being chosen
so that the partition function over a segment (7;(1 Il), 7;0 _1)] is strictly smaller than
1 (and thus repulsive) if the ending AY~V-block is smaller than AY). We decompose
the partition function at scale j, according to the segments (ﬁ(f)l,ﬁ(j)]keN, and
estimate the contribution of the different metablocks separately.

We restrict ourselves to study the contribution of the first segment (0, 7‘10 )] =
(0,d1(ADW)], by translation invariance. The coarse-graining at scale j — 1, tells us
that thanks to our choice of AW all segments at scale j — 1 inside of (0, 71(j )] are
repulsive, except the last one that ends with a AY)-block (we used the informal
iterative definition of AU)). For that reason, one should observe that 7 avoids all
the first blocks, landing into the ending AY)-block, the most favorable, giving

log Z;il’(f)ﬁ <& uh = Clogdi(AV) ~ €5y h — C"AVe(AD), (7.4.23)
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where J,gj) .= Ji(AU)) (recall the definition (7.2.4) of J,): § ;) s the size of the first
1

AU)-block. As a consequence, a metablock (7;@ ), 7;(_{)1] is contributing to the free
energy only if, £ ;) > Ch™'AWe(AY)). Thus we define
k

AU = Chp AW £(AD)), (7.4.24)

which is the threshold for the ending AY)-block of a segment (77;1 )1, 7;(] ] to really
contribute to the partition function at scale j.

As done for the first step, one would get in the spirit of (7.4.22) and using
estimate (7.4.23),

F(5,h) < hP(& > A(j)(h))E [511{51 > A+l = A(j)(h)}
< C,hE[fl]_{gl > A(j+1)(h)}]. (7425)

Note that from the definition of AUV, we have that AUTV(h) > AU)(h) only if
£(AU)) > h: the (j+1) step of the coarse-graining argument improves significantly
the upper bound (7.4.25), only if e(AY)) > Ch, for some large constant C. Therefore
we define jy := sup{j, AY) < e7*(Ch)} (we choose C in a moment), and we stop the
iterative argument at j = jo (which is possibly infinite): pushing it further would
not improve the bound significantly. Formally, we set AY) = AU0) for all j > jo.

7.4.3.3. Conclusions of the heuristic analysis. Our previous observations suggest
that a segment (7x—1(A), Tx(A)] does not contribute to the partition function if its
ending A-block is smaller than AU0) A question is therefore to know whether j; is
finite or not.

o If lim, ,,e(x) =46 > 0.

Then Equation (7.4.24) translates into AV > CSAUVR™! with AQ = AO(h) =
cih™'. As a result, one should have that AY) > ¢;(CSh™)7, and jo is infinite if
h is chosen small enough (h < C§). One would have in that case that AV) — oo
as 7 — oo. This argument concludes that for h positive and small, none of the
segments (7x—1(A), Tx(A)] for A € N has a positive contribution to the free energy,

and then F(h, ) = 0 (see (7.4.25) with AV =g 00). We therefore conclude that if
lim, ,. e(x) > 0, we should have h.(5) > 0.

o If lim, ,, e(z) = 0.
We show that jo is finite for every h > 0. Indeed the iterative Equation (7.4.24)
would give that while j < jy one has e(AY)) > Ch, so that (7.4.24) gives

AUD > ccAb) > (CC)jA(O)(h).

Then, provided that we choose C > C~', one has that AY) overcomes the threshold
e~ 1(Ch) at some finite jo = jo(h), since e~1(Ch) is defined and finite for all A > 0
(we use here that e(z) "= 0)

Considering the system at scale jy, one therefore have from (7.4.25)

F(ﬁ, h) < ClhE[§1 1{51 > A;L}], (7426)
where A} := AU0) > c~1(Ch).
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We stress that the argument sketched in this Section suggests that the renewal

jumps from one A) block to another (see Figure (7.3)). This matches the strategy of

the lower bound of Section 7.4.1 at least in the case a > 1 (for which F(h) h20 ch),

where the right localization strategy was exactly to target Ap-blocks, with A, =
e (coF(h))



APPENDIX A

Estimates on correlated Gaussian sequences

In this Appendix, we give some estimates on the probability for a strongly corre-
lated Gaussian vector to be componentwise larger than some fixed value (for exam-
ple Lemma A.2.1). These estimates lies on the study of the relative entropy of two
translated correlated Gaussian vectors. Let W = {W,,},en be a stationary Gaussian
process, centered and with unitary variance, and with covariance matrix denoted by
T. The stationarity of the process tells that for any i, j > 0, T;; = E[W,W;]| = p;_;
depends only on |i — j|, and one calls (pg)r > o the correlation function. Let Y, de-
note the restricted correlation matrix, that is the correlation matrix of the Gaussian
vector W& := (W, ..., W,), which is symmetric positive definite.

We recall that two very different behaviors occur, according to whether corre-
lations are summable or not, and we repeat once again the (slightly simplifying)
assumptions we make in both cases. Note that we try to get the most general
point of view possible, but we often assume that p; is power-law decaying, i.e. that
pr ~ ck=¢ for some ¢ > 0 (that clarify the statement of the results).

Assumption A.0.3 (Summable correlations). Correlations are said to be Summa-
ble if > |pr| < 400, which corresponds to a power-law decay ( > 1 of the corre-
lations. This means that Y is a bounded operator, i.e. that |||Y||| is uniformly
bounded in I € N, where ||| - ||| denotes the operator norm. We make the addi-

tional assumption that Y~! is also a bounded operator: there exists some A such
that ||| ;]| < A for all | € N,

Assumption A.0.4 (Non-Summable correlations). Correlations are said to be Non-
Summable if > |pr| = +00. We make the additional assumption that py = 0 for all
k >0, and that there exists some ¢ € (0,1) and a constant ¢o > 0 such that

o R ek ¢ (A.0.27)

A.1. Entropic cost of shifting a Gaussian vector.

In Section 5.4.1, and in Lemma A.2.1, one has to estimate the entropic cost of
shifting the Gaussian correlated vector W% by some vector V', V being chosen to be
1,, the vector of size [ constituted of only 1, or U, the Perron-Frobenius eigenvector
of T (if the entries of T are non-negative). It appears after a short computation
that the relative entropy of the two translated Gaussian vector is %(T_lV, V). We
therefore give the two following Lemmas that estimate this quantity, one regarding

the summable case, the other one the non-summable case.

233
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Lemma A.1.1 (Case of summable correlations). Under the Assumption A.0.3 one
has

(0711, 1) "22° (1 + 0(1))(Too) M, (A.1.1)
where Yoo =14+ 23"« pr (and 1; was defined above).

Now we give here a result which is the analogous of Lemma A.1.1, in the case of
non-summable, non-negative correlations: we make Assumption A.0.4.

We then note A the maximal (Perron-Frobenius) eigenvalue of T, so that thanks
to the Perron-Frobenius theorem we can take U an eigenvector associated to this
eigenvalue with U; > 0 for all 7 € {1,...,l}. Up to a multiplication, we can choose
U such that min;eq, . 3 Uy = 1.

Lemma A.1.2 (Case of non-summable correlations). Under Assumption A.0.4, one
has that 1; < U < c1;, where the inequality is componentwise. Moreover, there exist
two constants cy,co > 0 such that for all 1 € N one has ci1'™¢ < X < ¢l'~¢, and

therefore
e 1 < (00U, UY < eer S (A.1.2)

Proof of Lemma A.1.1 The proof is classical, since we deal with Toeplitz ma-
trices, and we include it here briefly, for the sake of completeness. The idea is to
approximate Y; by the appropriate circulant matrix A;

ot Pm Pm P
p;n | 0 | p;n

A= Pm 0 Po Pm . withm = [VI]. (A.1.3)
Pm 0 | | Pm
PR o o

One has that T; and A; are asymptotically equivalent, in the sense that their respec-
tive operator norms are bounded, uniformly in [ (thanks to the summability of the
correlations), and that the Hilbert-Schmidt norm || - ||gs of the difference YT, — A,
verifies

l l m m
1 c I—00

-l = 10— 5 (38 A+ 3 0k) o

ij i=1 k>m i=1 k=1
For the convergence, we used that m < [, and the summability of the correlations.
One notices that 1; is an eigenvector of A, and that A;1; = v;1;, where v; := 1+
2> 7", pr, which converges to To,. Then we use the idea that, as the operator norms
of T, ! and of A;! are asymptotically bounded, Y; ' and A; " are also asymptotically

equivalent. One has

(0 = AL 1)) = o 'O (Y = AL, 1] < Lo I - Azl(lgs- |
1.5
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Therefore (Y;'1;,1;) = (A;'1;,,1)) + o(l) = (1 + o(1))v; 1, which concludes the
. l—00
proof since b, — Y. O

Proof of Lemma A.1.2 We remark that the idea of the proof of Lemma A.1.1
would also work if ( > 1/2 (and without the assumption of non-negativity), because
in that case > p? < oo, and (A.1.4) is still valid. It is however difficult to adapt
this proof to the ( < 1/2 case, and that is why we develop the following technique,
that gives estimates on the eigenvector associated to the largest eigenvalue of Tl_l.

We consider the Perron-Frobenius eigenvector U (not necessarily normalized) of
T, with eigenvalue \. We have that U; > 0 for all i € {1,...,l}, and as already
mentioned, we choose U such that min;cq;,. ;3 U; = 1. Let us stress that one has, in
a classical way

l
A 2 min Tij 2 Cll_c,

l

A < max Tij < Cll_g,

(A.1.6)

where we used the assumption (A.0.27) on the form of the correlations, and that
¢ < 1. Then one has (Y;'U,U) = A"1(U,U), so that we are left to show that the
Perron-Frobenius eigenvector U is actually close to the vector 1;. One actually shows
that 1; < U < c1; where the inequality is componentwise, so that ¢l < (U,U) < (I,
and it concludes the proof thanks to (A.1.6).

We now prove that Us, := max;eq1,..n) Ui < ¢ (we already have min;eqr . U; = 1).
Let us show that for i < j

j =i

|Ui—Uj| <C i—C

Use. (A.17)

One writes the relation (Y,U), = AU, for a = i, j, and gets

AlU; = Uj| =

!
Z(Tik — Y ) Us
=1

l

l
SUxe > (it = Tit)Liror,t + Use D (Tik = Tir) Ly om0y (ALS)
k=1 k=1

From the assumption (A.0.27) on the form of the correlations, there is some constant
C > 0 such that, if |j — 4| > C, then one has p, > ppi|i—; for all p > |j —i|. Then
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one can write, in the case ¢« — j > C, that

l i 2(j—1)
Z(Tz’k = Tjr)Lir,sr,) < Z (Pp — Pptj—i +QZK + Z i)
k=0 p=j—i p=j—i

2(—

<23 p <ej—i'C (AL9)

The second term in (A.1.8) is dealt with the same way by symmetry, so that one
finally has \|U; — U;| < cUx|j —i|'~¢ for |i — j| = C. Inequality (A.1.7) follows for
every 1, j € N by adjusting the constant.

Suppose that U,, > 4. The relation (A.1.7) gives that the components of the

vector U cannot vary too much. One chooses iy such that U;, = U, and from
(A.1.7) one gets that for all j € N

s 1_<‘
Us — U; < %Uw. (A.1.10)
There is therefore some ¢ > 0, such that having |j—io| < 6/ implies that U; > $Us( > 2).
Then, take jo with U;, = 1 so that from writing (KU);, = AU,, one gets
I !
U _ Uxd
A:ZTjokUk > Y Tk 2 55 ¢, (A.1.11)

k=1
k—ko| < /2

where we used in the last inequality that from (A.3.1) there exists a constant ¢ > 0
such that for all k € {1,...,l} one has Y;x > cl~¢, since |jo — k| < I. One then
concludes that U,, < cst. thanks to (A.1.6). O

A.2. Probability for a Gaussian vector to be componentwise large

We prove the following Lemma

Lemma A.2.1. Under Assumption A.0.4 of non-summable correlations, there exist
two constants ¢, C' > 0 such that for every | € N, one has

P(Vie{l,....0}, W, >A) >cexp (—c(A v C\/logl)2l<> . (A.2.1)

This Lemma, taking A > C+/logl, gives directly Lemma 5.4.1. Setting A = 0,
one would also have an interesting statement, that is that, when ( < 1, the proba-
bility that the Gaussian vector is componentwise non-negative does not decay expo-

nentially fast in the size of the vector, but stretched-exponentially, see Proposition
A3.1.

Proof First of all, note A := {Vi € {1,...,1}, W; > A}. Set P the law P on
{Wi,...,W;}, where the W;’s have been translated by B = 2(AV Cy/logl ) (the

.....
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matrix Y;, and such that EW; = B for all 1 < i < [. Then one uses the classical
entropic inequality

P(A) > P(A) exp (~P(A) " (H(P|P) + 7)), (A22)
where H(P|P) := [ log dp] denotes the relative entropy of P with respect to P.

Note that P(A) = P ( minlW,- > A-—- B) =P ( max, W; < B - A) so that from

..........

the Claim A.2.2 below, and using that B — A > C+/logl, one gets that P(A) > 1/2.
One is thus left with estimating the relative entropy H(P|P) in (A.2.2). A
straightforward Gaussian computation gives

H(P|P) = B*(Y; '1,,1,), (A.2.3)
so that from Lemma A.1.2 one has directly that H(P|P) < ¢B2~¢, which combined
with (A 2.2) gives the right bound. O

-----

ance matmx Tl such that all pi; = 0 and p; = 1. There exists a constant C>0

such that
P < max, W; < C’\/logl) >1/2. (A.2.4)

.....

It follows from the classical Slepian’s Lemma that if {VA\/Z-}Z-E{I 1y is a vector of

.....

i.i.d. standard Gaussian variables (whose law is denoted @), then one has

E ['Enlaxlwi] <E {rriax W} < cy/logl, (A.2.5)

where the second inequality is classical. Thus one gets

IP’(n%ax W, > c\/logl) <

.....

1
LI, w,| <1/2. A26
2cv/Iog Lrﬂ?.)f } / (4.26)

A.3. On the sign of a Gaussian sequence

In this Section, we make the assumption that the correlation are power-law
decaying. We also suppose that the correlations are non-negative and that there
exists some ¢ > 0 and some constants ¢y > 0 such that

o " ok (A.3.1)

Proposition A.3.1. e If ( < 1, one has two constants cy,co > 0, such that for
every n € N one has

P(W, >0:Vie{l,... n}) >enlosn (A.3.2)
Moreover, for all subsequences 1 < 11 < ... < 1,, one has

P(W; > 0;Vi€ {ir,....in}) <e @ (A.3.3)
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o If ( > 1, there exists some constant ¢, > 0 such that for all subsequences
1<y <... <1, one has

P(W; >0:Vie{i,... i) <e %" (A.3.4)

Proposition A.3.1 states that if ( > 1 the behavior is the same as in the i.i.d.
case, that is that the probability of observing only non-negative values decays ex-
ponentially fast, whereas if ( < 1 this probability decays stretched-exponentially.

Let us mention that in the case ¢ < 1, [BDZ95, Th.1.1] improves in a significant
way the above result. If the covariances of (W,,),en are given by the Green function
of some transient random walk on Z< (one can construct such a random walk in a
way that p, ~ cn¢, with some explicit constant c¢, see [BDZ95]), then the lower
bound in Proposition A.3.1 is of the right order. More precisely one has

1
im ——— ;=0 V1 e = 3.
nh_):rrolo Clogn logP(W; > 0; Vie {1,...,n}) =Cq, (A.3.5)
where the constant C; is explicit.
Since we actually do not need to know the constant in Proposition A.3.1, our
result is enough, and we stress that it is true with very weak assumptions on the
correlation structure.

Remark A.3.2. The case ( = 1 is more problematic because it is a marginal case,
and our proofs would adapt to this case, giving

e~er/loen > P(W,; >0;Vie{l,...,n}) >e . (A.3.6)
In view of (A.3.5), and because the term n¢ (= Y.7_, px) when ¢ < 1 would be
replaced by n/logn if ( = 1, we believe that logP (W; > 0; Vi € {1,...,n}) is of
order n. When ¢ = 1, one would therefore have a statement similar to the case
¢>1.

Proof The lower bound in the case { < 1is a direct consequence (already remarked)
of Lemma A.2.1. We therefore focus on the upper bounds.
To simplify notations, we prove the result for the specific sequence i;, = k for all

k € {1,...,n}, the general proof following the same reasoning. One first observes
that for any subset {k1,...,k,} C {1,...,n}, m € N, one has

PW;20;Vie{l,...,n}) <P(W >0;Vje{l,...,m}) (A.3.7)
The idea is that if the k;’s are sufficiently far one from another, the Gaussian vector
(Wi, ..., Wy, ) behaves like an independent Gaussian vector.

Claim A.3.3. e If ( < 1, then there exists some A > 0 such that taking k; :=
jlAnY=¢] for j € {0,...,m = [A7In¢]}, one has some constant ¢ > 0 such that for
alln e N
P(Wy, >0;Vje{l,...,m}) <e ™ (A.3.8)
e If ¢ > 1, then there exists some integer A > 0 such that taking k; := jA for
j€40,...,m:=[A"'n]}, one has some constant ¢ > 0 such that for alln € N

P (W, =20;Vje{l,....,m}) <e " (A.3.9)
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This claim together with (A.3.7) gives the conclusion, and we now prove the
claim.
Under P, the vector (Wy,, ..., Wy, ) is a Gaussian vector with covariance matrix

T,,, with T” = Thok, = pr,_, fori,j € {1,...,m}. We note P the law of this
m-dimensional vector. Then if P denotes the law of a m-dimensional independent

standard A(0,Id) Gaussian vector, a change of measure procedure gives thanks to
the Cauchy-Schwarz inequality

97 1/2

_ ‘ N~ | [ dP

One has —A( ) = (det T,,) Y2 2{Tw'=DXX) from the definitions of P and P, so
that
1 1/2

E (j—@ = (det T) " V2(det(2(Tpn) ™ = 1) "4 = det(I — V)4 (A.3.11)

where we defined V := T, — I.
We now estimate det([ V2) thanks to the study of its eigenvalues. Note that

the maximal eigenvalue A of T,,, as noticed in (A.1.6), verifies
A< max T” <142 Zpkp (A.3.12)

Then we use the definition of &, and m, and the assumption (A.3.1) on (pg)k > o-
We get:

o if ( <1onehas A <1+ cASn=0=Oml=C <14 cA,

e if ( > 1 one has A < 1+ cA=S.

In both cases one chooses A large enough so that A<3 /2. Thus the eigenvalues
of I — V2 are bounded from below by 1 — (X —1)? > 3/4, so that in the end one has
det(I —V?) > (3/4)™. Combining (A.3.11) and (A.3.10) one gets

~ 1 m/2 3 —m/4
PW;>0;Vje{l,....m}) < <§> (Z) <37 (A.3.13)
O
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