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Problem 1. Let k be a field.

1. Recall (without proof) the description of the functor of points of P1
k in terms of invertible

sheaves that we discussed in class.

2. Let X be the blowup of A2
k at the origin. Determine (with proof) the functor of points of X.

More precisely, for every k-scheme S, give a functorial bijection between hX(S) and the set
of 4-tuples (x, y, L, φ), where x, y ∈ Γ(S,OS), L is an invertible sheaf on S, and φ : O⊕2

S → L
is a surjection such that ... modulo the equivalence relation ... . (You may use (1).)
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Problem 2. Let k be an algebraically closed field, and let n ≥ 1 be an integer.

1. Give an example (with proof) of a k-variety S (an integral separated k-scheme of finite type)
and a coherent sheaf F on S with support equal to S and whose flattening stratification
consists of exactly n strata S1, . . . , Sn.

2. Let S be a k-scheme of finite type, and let Sred be the underlying reduced scheme of S.
Determine (with proof) the flattening stratification for the coherent OS-module OSred

.

3. Let S = A2
k, and let π : T → S be the blowup of S at the origin. Determine (with proof) the

flattening stratification of the coherent OS-module π∗OT over S.
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Problem 3. Let t be a coordinate on A1
k, that is, A1

k = Spec(k[t]).

1. We saw in class a locally free sheaf E on P1
k ×k A1

k such that E|t ∼= O ⊕ O if t ̸= 0 and
E|0 ∼= O(−1)⊕O(1). Reprove this with all the details.

2. Prove that there is no locally free sheaf F on P1
k×kA1

k such that F|t ∼= O(−1)⊕O(1) if t ̸= 0
and F|0 ∼= O ⊕O.
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Problem 4. Let k be an algebraically closed field, let E be an elliptic curve over k, and let
O ∈ E(k) be the origin of E. The goal of this problem is to determine the Picard scheme of E.

1. Define the Picard functor PicE of E. (As I mentioned in class, the definition of p. 88 of
Mumford’s book is given for a surface but is the correct definition in general.)

2. Construct a morphism φ : E → PicE which, at the level of k-points, sends P ∈ E(k) to the
invertible sheaf OE(P −O).

3. Prove that, if R is a k-algebra of finite type and L is an invertible sheaf on ER, of degree 1
on the fibers of the projection p : ER → Spec(R), then R1p∗L = 0 and p∗L is an invertible
sheaf on Spec(R) whose formation commutes with arbitrary base change.

4. Show that the map φ induces an isomorphism E
∼−→ Pic0E , where the target is by definition

the identity component of the Picard scheme of E. (Hint 1: Use (3) to construct an inverse.
Hint 2: Consider relative effective Cartier divisors on ER.)
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Problem 5. Let k be an algebraically closed field, let E be an elliptic curve over k, and consider
the surface F = E ×k P1

k. In this problem, we fill in the missing details in Example 3 p. 2 of
Mumford’s book.

1. Determine the abelian group Num(F ).

2. For every ξ ∈ Num(F ), determine the dimension of P (ξ) (the scheme representing the Picard
functor of line bundles with numerical class ξ). You are allowed to use Problem 4 even if you
have not completed its solution.

3. For every ξ ∈ Num(F ), determine the dimension of C(ξ) (the scheme representing the functor
of curves with numerical class ξ).
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Problem 6. Let k be an algebraically closed field, let F be a smooth projective surface, let S be
a (separated) k-scheme of finite type, let s ∈ S be a closed point, and consider a family of curves
D ⊂ F × S. We defined in class the characteristic map ρ : TS,s → H0(F,NDs) (cf. p. 154 of
Mumford’s book).

1. Recall the definitions of TS,s, NDs and ρ.

2. Prove that the map ρ is a linear transformation.
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