ON INVARIANTS RELATED TO NON-UNIQUE
FACTORIZATIONS IN BLOCK MONOIDS AND RINGS
OF ALGEBRAIC INTEGERS
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ABSTRACT. Let K be a number field, R its ring of integers and H
the set of non-zero principal ideals of R. For each positive integer
k the set Bx(H) C H denotes the set of principal ideals for which
the associated block has at most k different factorizations. For
the counting functions associated to these sets asymptotic formu-
lae are known. These formulae involve constants that just depend
on the ideal class group G of R. Starting from a known combina-
torial description for these constants, we use tools from additive
group theory, in particular the notion of Davenport’s constant and
a classical addition theorem, to investigate them. We determine
their precise value in case G is an elementary group or a cyclic
group of prime power order. For arbitrary G we derive (explicit)
lower bounds.

1. INTRODUCTION

Let R be the ring of integers of an algebraic number field K and G
the ideal class group. If |G| > 1, then R respectively the monoid H of
non-zero principal ideals of R is not factorial. Quantitative aspects of
non-unique factorizations were first investigated by W. Narkiewicz and
then by many authors (see [20, Chapter 9], [12], [9]). Among others,
the following sets have been studied for every k£ € N:

e Fi.(H), the set of all non-zero principal ideals aR where a € R
has at most k distinct factorizations,

e Bi(H), the set of all non-zero principal ideals aR where a € R
and the associated block B(aR) has at most k distinct factor-
izations,

e Gi.(H), the set of all non-zero principal ideals aR where a € R
has factorizations of at most k different lengths.

If Z is any of these sets and z € R> 1, then let Z(x) denote the number
of principal ideals aR € Z with (R: aR) < x. It has turned out that,
for z — oo, Z(x) has the following type of asymptotic behavior:

Z(z) ~ Cx(logz) *(loglogz)?,
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where C' € R, A € Ry and B € Ny. For the sets F(H) and Gx(H),
the exponents A and B have received a lot of attention, but there are
still many open questions around them (see [18, 19, 5, 10, 13, 4, 26, 28]).
In this paper we concentrate on the set Bx(H). In [6] it was proved
that
14+ r(G)
G|

and a (rather involved) combinatorial description of B was given (in
terms of G and k). In Section 2 we first introduce the necessary ter-
minology to give this description (Definition 2.1.2) and then we derive
a result on the oscillatory behavior of the counting function associated
to By(H), which is based on recent work of M. Radziejewski (Theorem
2.3.2). In the subsequent sections, we start from the combinatorial
description of B and derive, for every k € N, an explicit lower bound
for B (Theorem 7.1) and the precise value of B, in the case where G
is an elementary group or a cyclic group of prime power order (Theo-
rems 4.2, 5.4, and 6.1). For these investigations we use methods from
additive group theory, in particular the notion of Davenport’s constant
and a classical addition theorem.

A=1 where r*(G) is the total rank of G,

2. PRELIMINARIES

Let N denote the set of positive integers, P C N the set of prime
numbers and we set Ny = NU{0}. For m,n € Z let

m,n]|={x€Z|m<x<n}

For n € N let (), denote a cyclic group with n elements. Let G be an
additively written finite abelian group. A subset Gy = {e1,...,e,} C G
is called independent (resp. its elements are called independent), if
0 ¢ Gy, ey, ...,e. are pairwise distinct and every equation of the form

T
Zmiei =0 withmy,...,m, € Z implies me; =...=m,e, =0.
i=1
The maximal cardinality of an independent set of elements having

prime power order is called the total rank of G, which will be denoted
by r*(G). Then
(G) =D _n(G)
peP

where, for every p € P, r,(G) denotes the p-rank of G. Our terminology
in factorization theory is consistent with that in [7] and with the survey
articles in [2]. For convenience and to fix notations, we recall some key
notions and some basic facts.

Monoids and factorizations. Throughout, a monoid is a multi-
plicatively written commutative cancellative semigroup with identity
element. Let H be a monoid. We denote by H* the group of invertible
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elements of H and by H,.q = {aH* | a € H} the associated reduced
monoid of H. We call H reduced if H* = {1} (and then H,q = H).
An element v € H is called an atom of H (or an irreducible element
of H), if u¢ H*, and for all a,b € H, u = ab implies that a € H* or
b€ H*. We denote by A(H) the set of atoms of H, and H is called
atomic if every a € H \ H* is a product of atoms. An element p € H
is called a prime of H, if p ¢ H*, and for all a,b € H, p | ab implies
that p | a or p | b. Then H is factorial, if it is atomic and every atom
of H is a prime.

For a set P, we denote by F(P) the free abelian monoid with basis
P. 1t is a reduced factorial monoid, and every a € F(P) has a unique
representation of the form

a= Hp"p(“), where v,(a) € Ny and v,(a) = 0 for almost all p € P,
peP

whence
la| = va(a) € No.
peEP

The monoid Z(H) = F(A(H,eq)) is called the factorization monoid
of H. The unique homomorphism 7: Z(H) — H,q satisfying 7 |
A(H,eq) = id is called the factorization homomorphism of H. It is
surjective if and only if H is atomic, and it is an isomorphism if and only
if H is factorial. For a € H, the elements in Z(a) = 7~ (aH*) C Z(H)
are called the factorizations of a, and L(a) = {|z| | z € Z(a)} C Ny
is called the set of lengths of a. For k € N we set

Fr(H)={a€ H||Z(a)| <k} and Gy (H)={a€ H ||L(a)| < k}.
Then Fi.(H) C Gx(H), and H is factorial if and only if it is atomic and
H = F(H).
Block monoids. Let G be an additively written abelian group and
Gy C G a subset. An element
l
S = Hgi = H g'r¥
=1 g€Go
of the free abelian monoid F(Gy) is called a sequence in Gy. We denote
by
o [S|=1=3" cq,Ve(S) € Ny its length, by
e o(S) =" 9= > geay Vo(9)g € G its sum, and by
e X(S) = {300 | 0 # T C [LI]} C G the set of sums of
non-empty subsequences of S.
Then B(Gy) = {S € F(Gy) | ¢(S) = 0} is an atomic submonoid of
F(Gy), called the block monoid over Gy. It is factorial if and only if

Go \ {0} is independent (see [6, Proposition 3]). Its elements are called
blocks (or zero-sum sequences), its atoms are called minimal zero-sum
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sequences and the identity element 1 € B(Gy) is also called the empty
sequence. The sequence S is said to be zero-sumfree, if 0 ¢ 3(S5). A
sequence T € F(G)) is called a subsequence of S, if it is a divisor of
S in the monoid F(Gy) (equivalently, v,(T') < v,(5) for all g € Gy).
Subsequences T, ...,T; of S are called disjoint, if their product is a
divisor of S. For brevity, we set

Krull monoids. Let H be a reduced Krull monoid (see [14, Chapter
22]), H — D = F(P) a divisor theory, G = {[a] | a € D} the class
group of H and Gy = {[p] | p € P} C G the set of classes containing
primes. The block monoid B(Gy) is a reduced Krull monoid and the
homomorphism 3: H — B(Gj), defined by

I I
B(a) = H[pl] for every a = Hpi € H, wherepy,...,p € P,

i=1 i=1
is called the block homomorphism of H. 1t is a transfer homomorphism
(see [8]) and, among others, we have
B(A(H)) = A(Go) and Gi(H) ={a € H | B(a) € Gr(G)}.
For every k € N we define
Bw(H) ={a € H | B(a) € Fu(G)}

and clearly

Let R be the ring of integers of an algebraic number field K, Z°(R)
the set of non-zero ideals of R and H = H(R) the set of non-zero
principal ideals of R. Then H is a Krull monoid, the embedding H —
Z°(R) is a divisor theory whose class group G is the usual ideal class
group of R. Thus G is finite and every class contains a prime divisor.
For k € N and = € R, the functions

Fi(x) = H{aR € Fr(H) | (R: aR) < z}|,

Bi(z) = {aR € By(H) | (R: aR) <z}| and

Ge(x) = {aR € Ge(H) | (R: aR) < x}|
are just the counting functions already discussed in the introduction.
There is a general combinatorial machinery to tackle “block depen-

dent” factorization properties. We introduce the necessary combinato-
rial terms (for a more general setting see [12, Section 4]).

Definition 2.1. Let G be a finite abelian group.
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(1) For a subset @ C G and a sequence S € F(G \ Q), we set
QQ,5) = SFQ)NB(G),
and the pair (Q,S) is called a k-system, if ) # Q(Q,S) C
Fi(G).
(2) For every k € N, we define
br(G) = max{|S| | @ C G with @ \ {0} independent, |Q] =1+ r*(G),
and S € F(G\ Q) with 0 # Q(Q,S) C Fi(G)}.
Note that for |G| < 2 we have by (G) = 0.

Proposition 2.2. Let G be a finite abelian group with |G| > 3 and
k € N.
(1) If (@, S) is a k-system, then Q \ {0} is independent.
(2) There ezist finitely many k-systems (Q;, S;) with i € [1,m] such
that

Fir(G) = U Qi S;).

(3) br(G) > 0.
Proof. See [6], Proposition 3, Theorem 1 and Corollary 1. O

By Proposition 2.2.1 it is clear that
br(G) = max{|S| | (Q,S) a k-system and |Q| =1+ r"(G)},

which is an alternative way to define b(G) (see [6, Definition 3]).

In the following theorem we summarize results on the asymptotic
behavior of the functions By (z). The first part of the theorem is proved
in [6, Theorem 2]. The second part is an immediate consequence of
recent results obtained in [25, 24] building, among others, on results of
(17, 16].

Theorem 2.3. Let R be the ring of integers of an algebraic number
field K, H the set of non-zero principal ideals, G the ideal class group
with |G| > 3, and k € N.
(1) Forx > e°,
) log log 2)M
Bi(z) = z(log z) T OVIGN (v (loglog z) + O(%))
with Vi, € C[X]| a polynomial with positive leading coefficient
and deg Vi, = bi(G), v = ﬁ(l — CO8 %) and M € N depends
on k and K.
(2) The error-term
1
211

By(x) — /CC(S,Bk(H))%S ds.
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1s subject to oscillations of positive lower logarithmic frequency

and size x%’ﬁ, where
1
(s, Bu(H) = > (R:aR) for R(s) > 1,
aREB(H) ’

and the contour of integration C goes counterclockwise around
the points % and 1.

Proof. We briefly outline the argument.

1. By Proposition 2.2, F;(G) is a finite union of k-systems. For a
subset @@ C G and a sequence S € F(G \ @), the asymptotic behavior
of the counting function

Q(Q,95)(x) ={aR € H | B(aR) € 2(Q,S) and (R: aR) < x}|
is studied in [15]. Combining these two results the assertion follows.

2. By [25, Theorem 1], it suffices to verify that the Mellin trans-
form of the error-term fulfills certain conditions. (Note that in the
terminology of [24] the result of [25, Theorem 1] can be expressed by
saying, that the function is subject to oscillations of lower logarithmic
frequency « and size 2%7¢.) Using again the decomposition of Fi(G),
this can be done analogously as it was done in [24] for the functions
Gr(x). Indeed, the technical results there, namely Theorem 6, Lemma
3 and Lemma 4, are formulated for counting functions (@, S)(z), and
thus they can be applied immediately. Note that in order to apply [25,
Theorem 6], we use that by(G) is positive. O

3. AUXILIARY RESULTS
In this section we recall respectively establish some auxiliary results.

Lemma 3.1. Let G be a finite abelian group.
(1) If G' C G is a subgroup and k € N, then by(G") < by (G).
(2) If G =G ® Gy and k; € N fori € [1,2], then by, (G1 ® Gy) >
br, (G1) + by, (G2).

Proof. This is [6, Proposition 7], except for the cases |G| < 2, and
|G1] <2 or |Gy| < 2. However, the statements are obvious for |G| < 2.
And, if |G;| = 2, say, then 2. follows from 1., since Gy C G and
by, (G1) = 0. O

In the following lemma we fix a subset () C G and compare factor-
ization properties of the elements of 2(Q, S) with those of Q(Q,T") for
a subsequence T of S.

Lemma 3.2. Let G be a finite abelian group, QQ C G such that Q\ {0}
is independent, S; € F(G\ Q) and k; € N fori € [1,2]. If Q(Q, S;) ¢
Fi.(G) fori € [1,2], then

Q(QasISQ) §Z Fk1+k2<G)'
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In particular, if S € F(G\ Q) such that Q(Q,S) # 0 and T a sub-
sequence of S such that QUQ,T) ¢ Fi(G) for some k € N, then

QQ, 8) ¢ Fi(G).

Proof. If Q(Q, S;) ¢ Fi,(G) for i € [1,2], then there exist blocks B;
with |Z(BZ)’ Z kz +1 for ¢ € [172] Since B1B2 € Q(Q,Slsz) and
|Z(B1By)| > |Z(By)| + |Z(Ba)| — 1 > ki + ko + 1, the result follows.
The ‘in particular’-statement follows by noting that Q(Q,S) # 0 is
equivalent to Q(Q,S) ¢ Fo(G), and Q(Q,T~1S) # 0 if both Q(Q, S)
and Q(Q,T) are non-empty. O

4. ELEMENTARY GROUPS

A finite abelian group, G, is called elementary if every element in G
has squarefree order, i.e., GG is equal to a direct sum of cyclic groups of
prime order. Also, elementary groups are characterized by the property
that every subgroup is a direct summand. Thus for elementary groups
maximal independent sets are necessarily generating. This fact sim-
plifies the investigations considerably and allows us to determine the
value of bg(G) for elementary groups. Namely, we show (see Theorem
4.2) that equality holds at the lower bound (implicitly) obtained in [6].

First we introduce some additional notation and recall basic facts.
Let £ = {ej,...,e,} C G be an independent generating set. For each
g € G there exist uniquely determined coordinates b; € [0, ord(e;) — 1]
for i € [1,7] such that ¢ = —>_;_, bie;, and if g ¢ E. there exists a
uniquely determined atom A, € A({g} U E) with v4(A,) = 1, namely
A, =gl e?i (see [27] for more general results of this type). For
i € [1,r] let m; : G — (e;) denote the projection, with respect to
{e1,...,e.}, on the i-th coordinate.

Proposition 4.1. Let G be a finite abelian group with |G| > 3. Fur-
ther, let {ey,...,e,} be an independent generating set, ro = {i € [1,r] |
ord(e;) =2}, and Q = {ey,...,e,} U{0}. If S € F(G\ Q) and

: r

151> Y (ord(e;) — 1) — {Eﬂ ,

i=1
then there exists a subsequence T of S with |T| < max{ord(e;) | i €
[1,7]} and Q(Q,T) ¢ Fi1(G).

Proof. We start with the following immediate observations. For each
h € G\ Q, since h # 0, there exists some i € [1,7] with m;(h) # 0.
Moreover, if j € [1,r] and ord(e;) = 2, since h ¢ {0, e;}, there exists
some i € [1,7]\ {7} with m;(h) # 0.

Let S € F(G\ Q) with |S| > > (ord(e;) — 1) — [2]. By our
above considerations it follows that there exists some ¢ € [1,7] and a

subsequence T" of S such that 7,(g) # 0 for each ¢g|T" and |T'| > ord(e,).
We consider the block B = ][, AT Clearly, B € Q(Q, T). For each
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g|T we have e,|A,, and |T| > ord(e,). Thus it follows that e™“)|B.

Consequently, B has at least two different factorizations into atoms

and Q(Q,T) & Fi(G). O

Theorem 4.2. Let k € N and G = @©;_,C,, be an elementary group
with |G| > 3. Then

0e(G) = (k — 1) masclp, | € [1,7]} + 3 (i~ 1) - P@] |

2

Proof. Without restriction assume p; < --- < p,. We set s = ry(G).

First we prove that the expression on the right hand side is a lower
bound for bi(G). In case s = r, i.e., G = C}, the statement is just [6,
Proposition 9]. Thus assume s < r. By repeated application of Lemma
3.1.2 we have that

bi(G) > by (C5) Zbl b))+ br(Ch,).

Jj=s+1

The result follows since ry(G) = s by definition, by (C5) = |£] by [6,
Proposition 9], and by (C),) = kp — 1 for p > 3 by [6, Proposition §].

We proceed to prove that the expression is an upper bound. This is
done by induction on k. Let Q C G with |Q| = 1+r*(G) such that @\
{0} is independent. Note that since G is elementary, @) is a generating
set and the orders of the elements of () are uniquely determined.

Let k=1and S € F(G\Q) with [S| > > (pi—1) — [@—‘ such

2
that Q(Q, S) # (. By Proposition 4.1 there exists a subsequence T of S
with |T'| < p, and Q(Q,T) ¢ F1(G). The result follows by Lemma 3.2.

Let k> 2and § € F(G\Q) with |S] > (k—1)p,+37, (pi—1)— [ﬁw

2
Again by Proposition 4.1 there exists a subsequence T'|S with |T| <
p, and Q(Q,T) ¢ Fi(G). By induction hypothesis Q(Q,T7'S) ¢
Fi—1(G) and the result follows by Lemma 3.2. d

5. CYCLIC GROUPS OF PRIME POWER ORDER

We start with a technical lemma. We use the following notations.
For subsets A;,...,A; C Gandn € Nweset >0 A = {37 a |
a; € A;}, but nA = {na | a € A} and not the n-fold sum of A.

Lemma 5.1. Let G be a cyclic group of prime power order p™ with
m > 2. If S € F(G\ {0}) and |S| > 2p — 1, then there exists a zero-
sumfree subsequence T of S with |T| < p such that o(T) € pG \ {0}.

Proof. Let S € F(G\{0}) and |S| = 2p—1. We assume S € F(G\p G),
since otherwise the result follows by setting 7' = g with g € pG \ {0}.
Further, let 7 : G — G/p G denote the canonical projection.

We note that it suffices to show that there exists a subsequence T’
of S such that o(T) € pG \ {0}. Suppose T is such a sequence. Then
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m(T) € F(G/pG), the sequence obtained by projecting each element
of T, is a zero-sum sequence. We consider its factorization into atoms,
say Uy, ..., U, are sequences such that [[[_, U; = T and 7(U;) is an
atom for each i € [1, s]. It follows that U; is zero-sumfree and |U;| < p
for each 7 € [1, s], and since o(T") # 0, there exists some j € [1, s] such
that o(U;) # 0.

We assert that for every R € F(G \ pG) we have |X(R) U {0} >
min{|R|+1, p"} and |E(7(R))U{0}| > min{|R|+1,p}. Let R=][_, g
and for each j € [L,r] we set A; = > 7_{0,¢9;}. We have [A| =
|m(Ay)] = 2. By I. Chowla’s theorem (see for example [21, Theorem
2.1]) it follows for each j € [2,r] that |A;| > min{|A,_;| + 1,p™}
and |7(4;)| > min{|7(A;_1)| + 1,p}, thus |4;| > min{j + 1,p™} and
|T(A;)| > min{j + 1, p}. Since X(R)U {0} = A, and X(7(R)) U{0} =
m(A,), the assertion follows.

Let S = 8152 with |Sl| =P and |SQ| =p— 1. Since |Z(Sl) U {O}l Z
p+ 1> |G/pG|, there exist two, possibly empty and not necessarily
disjoint, subsequences T4, 7] of S such that 7(o(71)) = w(o(77)) but
o(Ty) # o(T]). Moreover, since X(m(S3)) U {0} = G/pG, there exists
a subsequence T of Sy, such that n(0(73)) = —n(o(T1)). We have
o(T\Ty),0(T1T2) € pG and o(T1Ty) # o(T]13), thus setting T' = 11T
or T' = T]|T; the result follows. O

As the following example shows the value 2p — 1 in Lemma 5.1 is
best possible.

Example 5.2. Let G be as in Lemma 5.1. The sequence (—g)P~1gF=1
for some generating element g € G, has length 2p — 2 and no subse-
quence with sum in p G \ {0}.

The following proposition will be the main tool in the proofs of The-
orems 5.4 and 6.1.

Proposition 5.3. Let G be cyclic of prime power order p™ with m > 2
and S € F(G\{0}) with |S| > p™+p™t—1. For eachn € [1,m —1],
there exist p™ " 4 p™ "t — 1 disjoint, zero-sumfree subsequences T of
S with |T| < p™ and o(T) € p" G \ {0}.

Proof. Let S € F(G\ {0}) and |S| > p™ + p™ ! — 1. We prove the

result by induction on n. Let n = 1. We note that
P 1= (" T = 2)p+2p - L

Thus the result follows be repeated application of Lemma 5.1. Let
n > 2. By induction hypothesis we know that there exist disjoint zero-
sumfree subsequences T; of S with |T;| < p" ! and o(T;) € p" 1 G\ {0}
for each i € [1,p™ " 14p™ " —1]. Let S’ denote the sequence formed by
the o(T;). The sequence S’ is a sequence in p"~* G\ {0}. Since p"~! G
is a cyclic group with p™~"*! elements and |S'| = p™" 4 pm—" — 1,
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we can apply the result for ‘n = 1’ to the group p" 'G and ob-
tain that there exists for 7 € [1,p™™™ + p™~"~1 — 1] disjoint subsets
Ji C [1,pm "t 4 p™=" —1] such that | J;| < p, the sequence [];.; o(T})
is zero-sumfree and o([];., o(T})) € p(p"~"' G) \ {0}. We consider the
sequences [ [;, Tj fori € [1,p" " 4pm =1 —1]. Clearly, these are dis-
joint subsequences of S. For the length we have | [T, 75 < [Ji[p" " <
p" and for the sum o([ [, ;. Tj) = o([1,c;, 0(T3)) € p" G\ {0}. We fac-
torize ] jen I = S;B; where B; is a zero-sum sequence, possibly the
empty sequence, and 5; is zero-sumfree. It follows immediately that
|S;| < p" and o(S;) € p" G\ {0} for each i € [1,p"™ " +pm "1 —1]. O

Now we are ready to prove the main result of this section.

Theorem 5.4. Let k € N and G be a cyclic group of prime power
order p™. Then

bi(G) = kp™ + p™ ! — 2.

Proof. For m = 1 the result is a special case of [6, Proposition 8] (or
Theorem 4.2), thus we assume m > 2. Let ¢ € G be a generating
element, Q@ = {0,p" g} and S = (—g)"*"1¢g?"'~'. We assert that
0 #QQ,S) C Fr(G). This proves the lower bound. First we deter-
mine the atoms A € A({0, g, —g,p™ '¢}) that satisfy v,(A4) < p™ -1
and v_,(A) < kp™ — 1, ie., can occur in a factorization of a block
in Q(Q,S5). If Ais an atom with vy(A) > 0 and v_,(A4) > 0, then
clearly A = (—g)g. Since there cannot exist a zero-sum sequence
G (p g with 0 < j < p™ ', it follows that 0, (—g)?"  (p™ g),
(—g)P", (p™ tg)? and (—g)g are the only atoms with the prescribed
properties.

Since o(S) = p™ g, it follows that Q(Q, S) is non-empty. Let B €
Q(Q, S) and let B = [['_, U; be a factorization into atoms. It follows
that exactly p™~! — 1 of the atoms are equal to (—g)g. Thus it suffices
to consider blocks in Q(Q, (—g)*"~*"""). Let B’ be such a block and
[T, Vi a factorization into atoms. We have that

V; S {O’ (_g)pm_l(pm_lg>’ (_g)p ) (pm—lg)p}

for each i € [1,n]. Thus the factorization is determined by giving the
number v of i € [1,n] such that V; = (—g)?". Clearly, v € [0,k — 1]
and therefore |Z(B’)| < k.

We prove the upper bound by induction on k. First we prove a
preparatory assertion. Let {0} € @ C G with |Q| = 2 and S €
F(G\ Q) with |S] > p™ + p™~! — 2. Then there exists a subsequence
T of S with |T| < p™ such that Q(Q,T) ¢ Fi(G).

We have Q = {0,p'g} for some generating element g € G and | €
[0,p — 1]. We apply Proposition 5.3 with n = m — 1 and obtain that
there exist p disjoint subsequences T, . .., T}, of S such that |T;| < p™~*

m
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and o(T;) € p™ 1 G \ {0} for each i € [1,p]. Let b; € [1,p — 1] such
that o(T;) = —b;p™ g and we set

B; = Ti(p'g)""

Weset T' = [["_, T; and B = [[?_, B;. Since B € Q(Q,T), it suffices to
show that |Z(B)| > 1. We have 3?_, b; > p and therefore (p'g)*" " | B.
On the other hand we note that (p'g)?"" + B;. Thus there exists a
factorization of B, in which the atom (p'g)?" " does not occur. This
implies that there exist at least two different factorizations of B and
proves the assertion.

The inductive argument is a simple application of our assertion and
Lemma 3.2. For &£ = 1 the statement is now obvious. Let £k > 2
and further let {0} C @ C G with |Q| = 2 and S € F(G \ Q) with
|S| > kp™ + p™~! — 2 such that Q(Q,S) # 0. By our assertion there
exists a subsequence T" of S with |T'| < p™ and Q(Q,T) ¢ Fi(G). It
follows that |771S| > (k—1)p™ +p™ ' —2 and Q(Q,T'S) # 0. Thus
by induction hypothesis Q(Q,T~'S) ¢ F._1(G) and by Lemma 3.2
this implies Q(Q, S) ¢ Fi(G). O

m—1—1

6. A FURTHER CLASS OF GROUPS

In the following theorem we show that a combination of Theorem
4.2 and Theorem 5.4, respectively the proofs, can be used to determine
bi(G) for groups that are direct sums of an elementary and a cyclic
group of prime power order (with the restriction that the orders of the
two direct summands have to be co-prime).

Theorem 6.1. Let k € N, G’ be an elementary group and G = Cpym &G’
with pt |G'|. Then

by(G) = (k — 1) max{p™, '} + by (Cpm) + by (G,
where p' =max{p € P | p | |G'|}.
Proof. By Lemma 3.1.2 we have

br(G) > max{by(Cym) + b1 (G"), b1 (Cpm) + br(G')}

and thus by Theorem 4.2 and Theorem 5.4 we have by(G) > (k —
1) max{p™,p'} + bi(Cpm) + b1 (G"). Since for m = 1 the group G is
elementary, we can assume m > 2.

Let {eg, €1, ..., €.} be an independent generating set of G with max-
imal cardinality and such that (eg) = Cpm and ({e1,...,e.}) = G'. Let
{0} C @ C G such that |Q| =14 r*(G) and @ \ {0} is independent.

For each g € @ \ {0}, since ord(g) is a prime power and p 1 |G’|, we
have g = aeq for some a € N or ¢ € GG'. Therefore we may assume,
possibly after replacing eq by a’eq with @' € N co-prime to p, that
Q= {plee} UQ' with [ € [0,m — 1] and Q' C G'. We have Q" \ {0} is
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independent with maximal cardinality r*(G’). Since G’ is an elementary
group, it follows that (Q') = G'.

We consider £ = 1 and prove a slightly more general statement in
order to be able to prove the general case with an inductive argument.

Let S € F(G\ Q) with |S| > by (Cym) +b1(G') and Q(Q, S) # 0. We
show that there exists a subsequence T of S such that Q(Q,T) ¢ Fi(G)
and |T| < max{p™,p'}.

Every g € G has a unique representation g = ¢, + h, with ¢, =
mo(g) € Cpm and h, € G'. We consider the subsequence T of S of those
elements g[S with my(g) = 0. Note that if |G'| = 2, then, since g ¢ @,
it follows that T is the empty sequence.

We distinguish two cases.

Case 1: |T| > by(G"). Since T € F(G'\ Q') with |T| > by(G’), it
follows by Proposition 4.1 and Theorem 4.2 that there exists a subse-
quence 7" of T with |T"| < p’ such that § # Q(Q',T") ¢ F1(G"). Since
Fi(G) = B(G") N Fi(G) and Q(Q', T") C Q(Q,T"), this implies, using
Lemma 3.2, that Q(Q,T) ¢ F1(G).

Case 2: |T| < by(G’). Then |T7'S| > by(Cym). We consider the
projection R = mo(T~1S), the sequence in Cym obtained by applying
o to each element of T-1S. We note that if my(g) = p'eg, then h, # 0.
The argument is now almost the same as in the proof of Theorem 5.4.
Note that in Proposition 5.3 the only condition on the sequence is that
the elements are non-zero, thus the possible occurrence of pley in R
causes no problem. We obtain that there exist disjoint subsequences
Ti,...,T, of R such that |T;] < p™' and o(T;) € p™ ' Cpm \ {0} for
each i € [1,p]. Let b; € [1,p — 1] such that o(T;) = —b;p™ ey and we
set

B = Ti(p'g)"™"
Let T denote the subsequence of T~'S such that 7} is obtained by
projection of T;. The sequence T;(p! g)b”’m_l_l is in general no zero-sum
sequence. However, there exists a uniquely determined zero-sumfree
sequence F; € F(Q') such that B; = Fii-(plg)bipm_l_l is a zero-sum
sequence. We set T = [[?_, T; and B = [['_, B;. Clearly, we have
IT| < p™. Since B € Q(Q,T), it suffices to show that |Z(B)| > 1. This
follows since (p'g)?" " | B but (p'g)*" " 1 B;.

This proves the result for £ = 1 and the result for general k follows
by Lemma 3.2 and the usual inductive argument, as in the proofs of
Theorem 4.2 and 5.4. U

7. LOWER BOUNDS

In Theorem 7.1 we establish lower bounds for by (G) valid for arbi-
trary finite abelian groups. Then, in Example 7.2, we compare these
bounds for cyclic groups.
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First, we recall the definition of Davenport’s constant and some re-
sults. For a finite abelian group G Davenport’s constant, D(G), is
defined as the maximal length of a minimal zero-sum sequence, i.e.,
D(G) = max{|A| | A € A(G)}.

Let G =2 @!_,C,, with 1 <n4|...|n,. Then

(1) D(G) =1+ (ni—1)

and it is known that equality holds if » < 2 or n, is a prime power
(i.e., G is a p-group) (see [29, 22, 23]). However, it is also known that
equality in Equation (f) does not hold in general. More precisely, for
each r > 4 there are known infinitely many groups with rank r such
that equality does not hold (see [11]) and the problem to determine
D(G) in general is wide open. It is even open whether for groups with
rank 3 equality holds in () or not (see [3, 1] for recent results).

Theorem 7.1. Let G = ©j_,C m: with prime powers p;" and |G| > 3.
(1) Let k e N and ro = |{i € [1,7] | p;"" = 2}|. Then

7

b (@) > (k= Ly max{p™ [ i € [Lr]} + (o1 + " —2) - 2]

(2) b1(G) 2 D(@],Cypr ).

Proof. 1. The result follows by Lemma 3.1.2, Theorem 4.2 and Theo-
rem 5.4.

2. Let {e1,...,e,} C G be an independent generating set with
ord(e;) = p" for each i € [1,7]. Further, let Q = {0} U {p/" 'e; |
i€ [1l,r]} and G’ = (Q). We note that |Q| = 1+ r*(G) and G/G" =

T 1C mi-1.

i=1 p; ¢

First we show that there exists a sequence S € F(G \ Q) with |S| =
D(G/G") such that o(S) € G' but o(T) ¢ G’ for every proper 1 # T'|S.
If D(G/G") = 1, we set S = g for some g € G\ . Thus we assume
D(G/G") > 2. By definition of D(G/G") there exists a minimal zero-
sum sequence S = [[_, g, € F(G/G') with |S| = D(G/G"). Let
S € F(G) such that S is the projection of S, ie., S = Hi.zl g; such
that ¢g; + G’ = g, for each i € [1,1]. Since o(S) = 0 € G/G’, we
have o(S) € G, and since S is a minimal zero-sum sequence, we have
o(T) ¢ G’ for each proper 1 # T'|S. Since D(G/G") > 2, it follows that
SeF(G\G)CF(G\Q).

It suffices to show that 0 # Q(Q,S) C Fi(G). The set @ \ {0} is
independent and generates G’, thus there exists for every h € G’ a
uniquely determined zero-sumfree sequence F' € F(Q) with o(F) = h
(for h = 0 this is the empty sequence). Since o(S5) € G, it is clear
that Q(Q,S) # 0. Let B € Q(Q,S) and B = [[_, U; a factorization
into atoms. Without restriction let Uy ¢ A(Q). Thus Uy = S'F’ with
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1 # 8|S and F' € F(Q). It follows that ¢(S") € G' and therefore
S’ = S. Moreover, F’ is zero-sumfree and thus uniquely determined.
Since Uy 'B € B(Q) and B(Q) is factorial, the atoms Uy, ..., U, are
uniquely determined as well and |Z(B)| = 1. O

The following example shows that there exist groups for which the
bound in 1. yields better estimates than the one in 2., and vice versa.

Example 7.2. Let n = [[,_, p/"* with m; € N and different primes p;.
First we note that if p;* = 2 for some ¢ € [1,7], then the lower bounds
for €', are equal to those for Cz. Thus we assume that pit # 2 for
iell,r].

By Proposition 7.1.1 we get

bi(Cr) = > (P +p™ " - 2)

i=1
but 2. yields

b1(Cp) > D(@_,Cyprit) = D(Cppr i) = [ [ 7"
i=1

Thus depending on n either the former or the latter estimate is better.
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