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Eventually, explicit comparisons were made, as shown in the following diagram:
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The single arrows indicate that Quillen equivalences were given in both directions,
and these were established by Joyal and Tierney [48]. The Quillen equivalence
between simplicial categories and quasi-categories was proved in different ways by
Joyal [47], Lurie [53], and Dugger-Spivak [32], [33]. The zig-zag across the top row
was established by the author [24]. It should be noted that the additional model
structure SeCatf for Segal categories was established for the purposes of this proof;
the original one is denoted SeCatc.

At this point, one might ask what these ideas are good for. Are they just a
nice way of expressing abstract ideas, or do they help us to understand specific
mathematical situations? The answer is that they are being used in a multitude of
areas. We list several here, but do not claim that this list is exhaustive.

(1) Algebraic geometry
Many of the models are being used for various purposes in algebraic geome-
try. Authors such as Simpson, Toën, and Vezzosi are using Segal categories
[43], [72], Lurie is using quasi-categories [50], [51], and Barwick is using
complete Segal spaces and quasi-categories [3].

(2) K-theory
Simplicial categories are used frequently in this area; we mention Blumberg-
Mandell [26] and Toën-Vezzosi [73]; the latter mention ways to generalize
their work to Segal categories as well.

(3) Representation theory
Quasi-categories are being used, for example by Ben-Zvi, Francis, and
Nadler [10], [11], [12], [13], [14]. The author has done some work using
complete Segal spaces [18].

(4) Deformation theory
Lurie is using quasi-categories [52], and Pridham has developed an appli-
cation of complete Segal spaces [60].

(5) Homotopy theory
Lurie has used quasi-categories to prove results in stable homotopy theory
[56], and other models for Goodwillie calculus [54].

(6) Topological field theories
Lurie has used complete Segal spaces to prove the Cobordism Hypothesis
[55].

Two of these last examples, Goodwillie calculus and the Cobordism Hypothesis,
are actually applications of (∞, n)-categories, in which k-morphisms are invertible
for k > n, not just the case where n = 1. Developing models for these more general
structures has begun but is still very much a work in progress, especially in terms
of comparisons.

The earliest model for (∞, n)-categories was that of Segal n-categories; in fact
the work of Hirschowitz-Simpson [43] and Pelissier [58] is in this generality. In the
last few years, Barwick developed n-fold complete Segal spaces, and this was the


