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• We show that these axioms uniquely characterize the homotopy theory of
(1, n)-categories up to equivalence. [Rk. 6.9]

• We show that the topological group of self-equivalences of this homotopy
theory is homotopy equivalent to the discrete group (Z/2)n [Th. 8.12].

• We provide a recipe with which one may generate models of (1, n)-categories
satisfying these axioms [Th. 9.2], and we apply it to show that two of the
best-known models of (1, n)-categories satisfy our axioms [Th. 11.15 and
Th. 12.6].

For the theory of (1, n)-categories, we regard this as a complete solution to the
Comparison Problem. Our result verifies two conjectures proposed by Simpson [37,
Conjectures 2 and 3] and also permits us to generalize beautiful and di�cult theo-
rems of Bergner [10] and Toën [39].

The Comparison Problem when n = 1. The Comparison Problem for (1, 1)-
categories has already received a great deal of attention, and by now there is a
solution that is both elegant and informative. The theory of (1, 1)-categories, oth-
erwise known as the homotopy theory of homotopy theories, admits a number of
di↵erent descriptions. The most popular of these are the Quillen model categories
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Figure 1. Some right Quillen equivalences among models for the
homotopy theory of homotopy theories.

depicted in Fig. 1. These model categories are connected by the intricate web of
Quillen equivalences depicted,1 but this diagram fails to commute, even up to natu-
ral isomorphism; so although these model categories are all Quillen equivalent, there
is an overabundance of ostensibly incompatible Quillen equivalences available.

This unpleasant state of a↵airs was resolved by Toën’s groundbreaking work [39],
inspired by conjectures of Simpson [37]. Toën sets forth seven axioms necessary for
a model category to be regarded as a model category of (1, 1)-categories, and he
shows that any model category satisfying these axioms is Quillen equivalent to

1The dotted arrow connecting the simplicial categories with the relative categories is not a
Quillen equivalence, but it is an equivalence of relative categories. See [19, 2, 20]


