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ABSTRACT. This is a short survey on the recent developments made in the integration theory with
effective formulas of algebraic structures stronger or higher than Lie algebras.
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INTRODUCTION

In Lie theory, the local structure of a Lie group is faithfully encoded into its tangent Lie algebra. Lie’s
third theorem goes the other way round and tells us how to integrate finite dimensional real Lie al-
gebras in order to obtain simply connected real Lie groups. The fundamental exponential map yields
a group morphism from the Lie algebra equipped with the universal Baker–Campbell–Hausdorff for-
mula to the underlying Lie group.

In deformation theory, the underlying heuristic of the characteristic 0 case says that in the study of
the moduli spaces of a certain type of structures, there should exist a differential graded Lie algebra
whose Maurer–Cartan elements should correspond to the various structures and where the gauge group
action should encode the equivalences between them. Many examples were worked out like complex
manifolds (Kodaira–Spencer [KS58]), associative algebras (M. Gerstenhaber [Ger64]), and Poisson
manifolds (M. Kontsevich [Kon03]), before that this becomes a precise statement settled by J. Pridham
[Pri10] and J. Lurie [Lur10] using homotopical methods and recently by B. Le Grignou and V. Roca i
Lucio [GiL23b] using the operadic calculus.
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The general formulas of deformation theory are rather intricate, both for the gauge group structure,
produced by the Baker–Campbell–Hausdorff formula, and for its action on Maurer–Cartan elements.
But, for Lie brackets that are obtained by skew-symmetrizing non-symmetric products, one can apply
the ideas of the classical Lie theory to produce another (topological) group related to the gauge group
under an exponential map. This approach has the bright advantage to produce simpler explicit and
effective formulas for the new “exponential” group and its action on Maurer–Cartan elements. After
recalling the straightforward case of associative algebras, we treat in detail the cases of pre-Lie alge-
bras and Lie-graph algebras, which is a new type of Lie type algebraic structure introduced to control
to deformation theory of morphisms of properads.

associative ⊂ pre-Lie ⊂ Lie-graph
−
−→ Lie ⊂ L∞ ⊂ curved L∞ ⊂ absolute curved EL∞

Dually, one can ask how to integrate effectively algebraic structures which are weaker versions of Lie
algebras, like homotopy Lie algebras, where the Jacobi relation is not fully satisfied. The answer is
actually produced by homotopy theory and it amonts to considering higher gauges. This higher Lie
theory carries the advantages of producing algorithmic Lie type models for the rational and the p-adic
homotopy type of spaces.

This short survey is by no means exhaustive as this subject is rich enough to form the topic of a
whole book. For instance, we do not address here the interesting integration theories of Leibniz
algebras or post-Lie algebras. The sole purpose of the present text is to offer the reader a glimpse of
the global picture of this program. Like the celebrated effective formulas of Agrachev–Gamkrelidze
[AG80] and Bruned–Hairer–Zambotti [BHZ19], the results detailled here are expected to receive more
applications in the future; we hope that the present survey will ease the way in this direction.

Convention. Except in the last section, we work over a field k of characteristic 0. Chain complexes
are homologically graded, that is their differential maps have degree −1.

1. THE CLASSICAL LIE CASE

We begin by recalling of the universal formulas for the deformation and the integration theories of
differential graded Lie algebras. One way to get them amonts to considering the stronger case of
differential graded associative algebras.

Definition 1.1 (Complete differential graded Lie algebra). A complete differential graded (dg) Lie
algebras is a Lie algebra g = (A, d,F, [ , ]) in the symmetric monoidal category of chain complexes
equipped with compatible and complete filtrations:

An = F0An ⊃ F1An ⊃ · · ·Fk An ⊃ Fk+1An ⊃ · · · & d (Fk An) ⊂ Fk An−1 .

Definition 1.2 (Maurer–Cartan element). A Maurer–Cartan element of a complete dg Lie algebra g
is a degree −1 element α satisfying the Maurer–Cartan equation:

dα + 1
2 [α, α] = 0 .

We denote by MC(g) the set (or variety) of Maurer-Cartan elements. The degree 0 elements λ ∈
F1A0 , called the gauges, canonically give rise to a vector fields

−dλ + adλ ∈ Γ(TMC(g)) ,
where the adjoint representation is adλ(x) B [λ, x] .

Definition 1.3 (Gauge equivalence). Two Maurer–Cartan elements are gauge equivalent if there exists
a gauge λ ∈ F1A0 for which the flow of the vector field −dλ + adλ relates them in finite time.
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In order to solve the associated differential equation, we consider the differential extension

g
+ B (A ⊕ kδ, d,F, [ , ]) , with |δ| = −1 , d(δ) = 0 , [δ, x] = d(x) , and [δ, δ] = 0 ,

inside which we embed g as follows: x 7→ x when |x | , −1 and x 7→ δ + x when |x | = −1 . In the
differential extension, the Maurer-Cartan equation becomes the square-zero equation [δ + α, δ + α]
and the vector field becomes simply adλ(δ + α) . Therefore the solution to the associated differential
equation starting at δ + α is equal to

exp(t adλ)(δ + α) = �
id + t adλ + 1

2 t2 ad2λ + · · ·
� (δ + α) .

In the end, using the degree 0 element λ, the Maurer-Cartan element α is gauge equivalent to

exp(adλ)(α) + id − exp(adλ)
adλ

(dλ) .
The gauge equivalence actually comes from a group action as follows. When the complete dg Lie
algebra is given by a complete dg unital associative algebra (A, d,F,?, 1) under skew-symmetrization
of the product [ , ] B ?−?(12) , the Maurer–Cartan equation is equal to

dα + α ? α = 0 .

In this case, one can consider the topological complete group made up the group-like elements:

G B (1 + F1A0 ,?, 1) .
Under the classical exponential exp(λ) B 1 + λ + 1

2λ
?2 + 1

6λ
?3 · · · and logarithm ln(1 + λ) B

λ − 1
2λ

?2 + 1
3λ

?3 + · · · maps, this topological complete group is isomorphic to

Γ B (F1A0 ,BCH , 0) ,
where BCH(λ, µ) B ln (exp(λ)? exp(µ)) . In this case and forgetting the differential, the gauge
action is given by the conjugaison with the exponential:

exp(adλ)(α) = exp(λ)? α ? exp(−λ) .
Theorem 1.4 (Baker–Campbell-Hausdorff, see [BF12]). Defined in the free complete unital associa-
tive algebra on two generators x, y, the Baker–Campbell–Hausdorff (BCH) formula

BCH(x, y) B ln (exp(x) exp(y)) ∈ L̂ie(x, y)
actually lives in the free complete Lie algebra on x and y.

This celebrated theorem of Baker–Campbell-Hausdorff says that the BCH formula is actually made up
of iterated brackets. Therefore it shows that the gauge group is actually well-defined in any complete
dg Lie algebra.

Definition 1.5 (Gauge group). The gauge group of a complete dg Lie algebra is the topological
complete group defined by

Γ B (F1A0 ,BCH , 0) .
Proposition 1.6 (Gauge group action). In any complete dg Lie algebra, the gauge group acts contin-
uously on Maurer–Cartan elements under the formula

exp(adλ)(α) + id − exp(adλ)
adλ

(dλ) .
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Sketch of proof. This proof relies on the following characterisation of the BCH formula

exp
�
adBCH(x,y)

�
= exp(adx) ◦ exp(ady)

established in [RV20, Proposition 5.14]. �

One can know wonder how effective or algorithmic is the BCH formula. Some closed forms exist, the
first and most famous one was given by Dynkin (1947)

BCH(x, y) =
∑
n>1

(−1)n
n

∑
pi+qi>1
i={1, . . .,n}

ad
p1
x ◦ ad

q1
y ◦ · · · ◦ ad

pn
x ◦ ad

qn−1
y (y)

(∑n
i=1 pi + qi)p1!q1! . . . pn!qn!

.

However, the BCH formula and the formula the action on Maurer–Cartan elements remain intricate
and difficult to evaluate.

To summarize, like in the case of a Lie algebra given by a Lie group and related to it by an exponential
map, when a complete dg Lie algebra comes from the skew-symmetrization of a complete dg unital
associative algebra, the analytic exponential map defines a topological complete group isomorphism
from the gauge group to the deformation gauge group

G = (1 + F1A0 ,?, 1) .
Its action on Maurer–Cartan elements is much simpler since given by the conjugation, up to a constant
term coming from the differential:

(1 + λ)? α ? (1 + λ)−1 − dλ ? (1 + λ) = (1 + λ)? α ? (1 − λ + λ?2 − λ?3 + · · · ) − dλ ? (1 + λ) .
APPLICATION 1.7. These effective formulae can be used to the complete dg unital associative algebra
encoding morphisms of dg associative algebras, see [DSV16, Section 3].

2. THE STRONGER CASES: PRE-LIE AND LIE-GRAPH ALGEBRAS

There are two intermediate algebraic structures between Lie algebras and associative algebras, pre-
Lie algebras and Lie-graph algebras respectively: the skew-symmetrization of their product produces
a Lie bracket and any associative product satisfy their defining relations. In these two cases, one can
also coin simpler and effective integration formulas for a group isomorphic to the gauge group and its
action by "conjugation" on Maurer–Cartan elements. This was developed in [DSV16, DSV23, CV24]
with in view toward application to the deformation theories of morphisms of operads and properads
respectively.

2.1. Pre-Lie algebras.

Definition 2.1 (Pre-Lie algebra). A pre-Lie algebra is defined by a binary product whose associator
is right symmetric:

(x ? y)? z − x ? (y ? z) = (−1)|y ||z |�(x ? z)? y − x ? (z ? y)� .
Associative products are particular examples of pre-Lie products and the skew-symmetrization of a
pre-Lie product gives a Lie bracket. The Maurer–Cartan equation takes the simpler form

dα + α ? α = 0 .

We consider complete dg pre-Lie algebras (A, d,F,?, 1) which are left unital, that is 1? x = x . Since
pre-Lie products fail to be associative in general, we need to consider the following product to define
the relevant deformation gauge group on group-like elements.
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Definition 2.2 (Circle product). For any y ∈ F1A0, the circle product is defined as the sum

x } (1 + y) :=
∑
n>0

1

n!
{x; y, . . . , y︸   ︷︷   ︸

n

}

of the symmetric braces

{x; } := x
{x; y1} := x ? y1

{x; y1, y2} := {{x; y1}; y2} − {x; {y1; y2}} = (x ? y1)? y2 − x ? (y1 ? y2)

{x; y1, . . . , yn} := {{x; y1, . . . , yn−1}; yn} −
n−1∑
i=1

{x; y1, . . . , yi−1, {yi; yn}, yi+1, . . . , yn−1} .

The last missing ingredient is the pre-Lie exponential map

exp(λ) := 1 + λ +
λ?2

2!
+
λ?3

3!
+ · · · ,

which is defined by the right hand-side iteration of the pre-Lie product

λ?n := (· · · ((λ ? λ)? λ) · · · )? λ︸                            ︷︷                            ︸
n times

.

It admits an inverse map given by the "pre-Lie logarithm map" known as the Magnus expansion map
[Man11]

ln(1 + λ) = Ω(λ) := λ − 1

2
λ ? λ +

1

4
λ ? (λ ? λ) + 1

12
(λ ? λ)? λ + · · · .

Theorem 2.3 ([DSV16]). Under the pre-Lie exponential map and the Magnus expansion map, the
gauge group associated to any left-unital complete dg pre-Lie algebras is isomorphic to the deforma-
tion gauge group made up of group-like elements equipped with the circle product:

Γ B (F1A0,BCH, 0) � (1 + F1A0,}, 1) C G .

The latter acts on Maurer–Cartan elements under the following conjugation type formula
�(1 + λ)? α�

} (1 + λ)−1 − dλ } (1 + λ)−1 .
Sketch of proof. The various elements of proof of this theorem can be found in [DSV16, Section 4],
except for the last term of the action formula. Instead of showing it here, we refer to the proof of the
same statement (Theorem 2.9) in the next and more general case (Lie-graph algebras), which includes
the present one. �

When the pre-Lie product is associative, one recovers the previous formulas.

APPLICATION 2.4. The Maurer–Cartan elements of the left-unital complete dg pre-Lie algebra
�
HomS(P¡,EndV ), d,?, 1�

associated to a Koszul operad Pand a chain complex V correspond to homotopy P-algebra structures,
i.e. P∞ = ΩP¡-algebra structures, on V . In this case, the deformation gauge group is the group of∞-
isotopies between such algebraic structures, that is the invertible∞-morphisms whose first component
is the identity of V , see [DSV16, Section 5].

These results were used in a crucial way in the proofs given in [CPRNW19] of the following two
fundamental theorems that were so far out of reach in representation theory and rational homotopy
theory respectively: the universal enveloping algebra detects the isomorphism classes of nilpotent Lie
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algebras and the rational homotopy type of a space is determined by its associative dg algebra of
rational singular cochains.

There is a little caveat: in the above displayed formula for the deformation gauge group action appears
the inverse can theoretically be computed by (1 + λ)−1 = exp(−Ω(λ)), but we are lacking (so far) a
closed formula for the Magnus expansion map. It turns out that the free pre-Lie algebra on a space
V is given by rooted trees [CL01] with vertices labelled by elements of V . Equivalently this means
that rooted trees are in one-to-one correspondance with all the possible iterations of generic pre-Lie
products. In this language, the inverse of group-like elements for the circle product is given by the
sum of rooted trees normalized by the cardinal of their automorphism group:

(1 − λ)−1 =
∑
t∈RT

1

|Aut t | t(λ) .

2.2. Lie-graph algebras. In the associative and pre-Lie cases, there were clever ways to iterate the
original binary product in order to produce all the required integration-deformation formulas. This
method fails for general Lie-admissible products that are products whose skew-symmetrization yields
a Lie bracket. The formula for the inverse mentioned just above suggests another approach: introduce
a suitable algebraic structure with all its operations at once, not by generating operation(s) and their
relation(s). This is precisely the main advantage of the notion of an operad introduced more than 50
years ago.

Definition 2.5 (Directed simple graph). We call directed simple graph a connected graph g, directed
by a global flow from top to bottom, with at least one vertex, and at most one edge between two
vertices. The number of vertices of a graph g is denoted by |g| and they are labeled bijectively by
1, . . . , |g|.

1 2

1 1

2 3 1

2 3

3

2

1

3

2

1

1 2

3 4

1

2 3

4 5

FIGURE 1. The first directed simple graphs.

The set of directed simple graphs is denoted by dsGra and we endow its linear span with the partial
composition products g1 ◦i g2 defined by the sum of directed simple graphs obtained by first inserting
the graph g2 at the vertex i of the graph g1, by shifting the indices of the vertices, and by replacing the
edges between the vertices j and the vertex i in g1 by all the possible ways to connect the vertices j
to the vertices of g2, see Figure 2.

Definition 2.6 (Lie-graph algebra). A Lie-graph algebra is an algebra over the operad

Lie-graph B (kdsGra, {◦i}, 1 ) .
In any Lie-graph algebra, the binary product, denoted by ?, corresponding to the graph with two
vertices is Lie-admissible, i.e. its skew-symmetrization produces a Lie bracket. So the Maurer–Cartan
equation of dg Lie-graph algebras is

dα + α ? α = 0 .
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◦2
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=

2

3

1 4

+

2

3

1 4

+

2

3

1 4

+

2

3

1 4

+

2

3

1 4

+

2

3

1 4

+

2

3

1 4

+

2

3

1 4

+

2

3

1 4

FIGURE 2. Example of a partial composition in the operad Lie-graph.

The dimensions of the components of the Lie-graph operad are strictly greater than the ones of the
Lie-admissible operad: this means that the iterations of the binary product ? of a Lie-graph algebra
fail to recover all the operations of this algebraic notion. Even worse, contrary to the operads Lie, Ass,
pre-Lie, Lie-adm the operad Lie-graph is not finitely generated. This implies that we cannot bypass
operad theory to even define Lie-graph-algebras by means of a finite set of structural operations
satisfying some relations.

The projection of directed simple graphs onto rooted trees and the projection of rooted trees onto
ladders define two surjective morphisms of operads

Lie-graph� pre-Lie� Ass .

On the level of categories of algebras, this means that pre-Lie algebras are Lie-graph algebras whose
operations vanish for graphs different from rooted trees and associative algebras are pre-Lie algebras
whose operations vanish for rooted trees different from ladders.

Definition 2.7 (Graph circle product). Given any complete dg Lie-graph algebra (A, d,F, {g}g∈dsGra),
we consider the set of formal group-like elements

1 + F1A0 B {1 + x, x ∈ F1A0} ,
where 1 is a formal symbol. We equip it with the following graph circle product:

(1 + x) } (1 + y) B 1 +
∑

g∈2-dsGraS

1
|Aut(g)| g(x, y) ,

where g(x, y) stands for the Lie-graph action of 2-leveled directed simple graphs g with bottom ver-
tices labelled by x and top vertices labelled by y.

Definition 2.8 (Graph exponential and logarithm maps). For any complete dg Lie-graph algebra, the
graph exponential map is defined by

exp : F1A0 → 1 + F1A0

λ 7→ 1 +
∑

g∈dsGraS

`g

|g|! g(λ) ,
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(1 + x) } (1 + y) = 1 + x + y +
x

y
+ 1

2

y

x x
+ 1

2
x

y y
+ 1

4

y y

x x
+ · · ·

FIGURE 3. The first terms of the graph circle product } .

where `g is equal to the number of ways to place the vertices of the graph g on |g| levels. It admits an
inverse map called the the graph logarithm map: ln : 1 + F1A0 → F1A0 .

exp(λ) = 1+ λ +
1
2
λ

λ
+ 1

6

λ

λ λ
+ 1

6
λ

λ λ
+ 1

6

λ

λ

λ

+ 1
6

λ

λ

λ

+ 1
8

λ

λ

λ λ +
1
24

λ λ

λ λ
+ · · ·

ln(1 + λ) = λ −
1
2
λ

λ
+ 1

12

λ

λ λ
+ 1

12
λ

λ λ
+ 1

3

λ

λ

λ

+ 1
3

λ

λ

λ

+ · · ·

FIGURE 4. The first terms of the graph exponential and logarithm maps.

Theorem 2.9 ([CV24]). Under the graph exponential and logarithm maps, the gauge group associ-
ated to any complete dg Lie-graph algebras is isomorphic to the deformation gauge group made up of
formal group-like elements equipped with the graph circle product:

Γ B (F1A0,BCH, 0) � (1 + F1A0,}, 1) C G .

Sketch of proof. The detailed proof can be found in [CV24, Section 2.2]. The main idea amounts to
work in the free complete Lie-graph algebra on two generators with rational coefficients, since all
the formulas involve only this type of numbers. Viewed with real coefficients, truncating modulo
any layer of the complete filtration, one gets a finite dimensional real Lie algebra and its associated
Lie group. Finally, the graph exponential map is showed to be the Lie theoretical exponential map
between them. �

It remains to make effective the formula for the action of this deformation gauge group on Maurer–
Cartan elements.

Definition 2.10 (Bowtie element). For any elements x, y ∈ F1A0 and α ∈ A in a complete Lie-graph
algebra, we consider the associated bowtie element of A :

(1 + x) α
1 (1 + y) B

∑
g∈1-dsGraS

1
|Aut(g)| g(x, α, y) ,

where the sum runs over the actions of 3-leveled directed simple graphs with only one vertex on the
middle level labelled by α and (possibly empty) top and bottom levels (labelled respectively by y and
x).
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(1 + x) α
1 (1 + y) = α +

x

α
+

α

y
+ 1

2

α

x x
+ 1

2
α

y y
+

x

α

y

+

x

α

y

+

x

α

y

+

x

α

y

+ 1
2 α

x x

y

+

y

α

x x

+ · · ·

FIGURE 5. The first terms of the bowtie element (1 + x) α1 (1 + y) .

Theorem 2.11 ([CV24]). The deformation gauge group acts on Maurer–Cartan elements under the
following formula

(1 + λ) α
1 (1 + λ)−1 − (1 + λ; dλ) } (1 + λ)−1 ,

where the last term is given by the sum of the actions of 2-leveled directed simple graphs with one
bottom vertex labelled by dλ and all the other bottom vertices labelled by λ.

Sketch of proof. The detailed proof can be found in [CV24, Section 2.3]. It relies on classical Lie
theoretical methods again and the introduction of the notion of the differential extension of a dg Lie-
graph algebras, which is more subtle than in the Lie case where one-dimensional extensions were
enough. �

The inverse of formal group-like element is explicitly given by

(1 + λ)−1 = 1 +
∑

g∈dsGraS

(−1)|g|
|Aut(g)| g(λ) .

For Lie-graph algebras whose operations vanish for graphs different from rooted trees, one recovers
all the formulas given previously for pre-Lie algebras.

APPLICATION 2.12. The Maurer–Cartan elements of the complete dg Lie-admissible algebra
�
HomS(P¡,EndV ), d,?, 1�

associated to a Koszul properad Pand a chain complex V correspond to homotopy P-gebra structures,
i.e. P∞ = ΩP¡-gebra structures, on V . The operad of “all the natural operations” acting on this
deformation complex of morphisms of properads is the operad Lie-graph introduced above. Like
in the operadic case, the deformation gauge group is the group of ∞-isotopies between homotopy
P-gebras, see [CV24, Section 3.1].

The Lie-graph integration-deformation context plays a key role in the definition of the Kaledin–
Emprin classes which faithfully detect the formality of algebraic structures encoded by groupoid
colored properads [Emp24]. Considering the exponential side of the theory, namely the the group
of ∞-isotopies, allows C. Emprin to successfully address the intricate formality property in prime
characteristic.

3. THE HIGHER CASES: L∞-ALGEBRAS AND ABSOLUTE CURVED EL∞-ALGEBRAS

So far we have been considering only the Maurer–Cartan elements (degree −1) and the gauges (degree
0). Which role could play the higher degree elements? Degree 1 elements can actually be interpreted
as comparisons between gauges, degree 2 elements as comparisons between these comparisons, etc.
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Considering all these higher gauges will pave the way to the effective integration theory for the ho-
motopy meaningful notions associated to dg Lie algebras: L∞-algebra in characteristic 0 [RV20] and
absolute curved EL∞-algebra in prime characteristic [Roc23].

3.1. L∞-algebras.

Definition 3.1 (Shifted L∞-algebras). A shifted L∞-algebra g = (A, d, {`m}m>2) is a chain complex
equipped with symmetric operations `n : A�m B (A⊗m)Sn

→ A of degree −1 satisfying

∂ (`m) +
∑

p+q=m
26p,q6m

∑
σ∈Sh−1p,q

(`p+1 ◦1 `q)σ = 0 ,

for any m > 2 , where Sh−1p,q denotes the set of the inverses of (p, q)-shuffles and where ∂ (`m) B
d ◦ `m + `m ◦ dA�m .

A dg Lie algebra structure on a chain complex (A, d) is a shifted L∞-algebra structure on the suspen-
sion sA such that the higher bracket `m vanish for m > 3. We denote by sL∞ the dg operad encoding
shifted Lie algebras. A complete sL∞-algebra is a shifted L∞-algebra in the symmetric monoidal
category of complete chain complexes. We denote by sL∞- alg the associated category made up of
strict morphisms, i.e. single maps preserving the structural operations. The notion of an L∞-algebra
contains more elaborate signs. On the opposite to one might think at first sight, the theory of (shifted)
L∞-algebras is simpler than that of Lie algebras. For instance, the free (shifted) L∞-algebra sL∞(V )
on a chain complex V is easy to make explicit, on the opposite to the free Lie algebra: it is simply
given by rooted trees with leaves labelled by elements of V .

vi1 vi2 vi3 vi4

vi5 vi6

Definition 3.2 (Maurer–Cartan element). A Maurer–Cartan element of a complete sL∞-algebra g is
a degree 0 element α ∈ F1A0 satisfying the Maurer–Cartan equation:

dα +
∑
m>2

1
m!`m(α, . . . , α) = 0 .

We denote by MC(g) the set of Maurer-Cartan elements. In order to get cleaner formulas, one often
introduced the convention `1 B d . The degree 1 elements λ ∈ F1A1 are called the gauges; they
canonically give rise to a vector fields

α 7→
∑
m>1

1
(m−1)!`m(α, · · · , α, λ) ∈ TαMC(g) .

Definition 3.3 (Gauge equivalence). Two Maurer–Cartan elements are gauge equivalent if there exists
a gauge for which the flow of the associated vector field relates them in finite time.

This gauge equivalence relation admits the following explicit formula.



EFFECTIVE INTEGRATION OF LIE TYPE ALGEBRAS 11

Proposition 3.4 ([Get09, Proposition 5.9] and [RV20, Proposition 1.10]). Using the gauge λ ∈ F1A1,
any Maurer–Cartan element α is gauge equivalent (at time 1) to∑

τ∈PRT

1
C(τ)τ

λ(α) ,

where the sum runs over planar rooted trees, where the decomposition of a planar rooted tree τ =
cm◦(τ1, . . . , τm) as the grafting of m planar rooted trees τ1, . . . , τm along the leaves of the root corolla
cm defines recursively the coefficients C(τ) ∈ N by

C( | ) B 1 , C (cm) B m! , C(τ) B m!|τ |
m∏
i=1

C(τi) ,

and the elements τλ(α) ∈ A0 by

|λ(α) B α , cλm(α) B `m+1(α, . . . , α, λ) , τλ(α) B `m+1
�
τλ1 (α), . . . , τλm(α), λ

�
.

EXAMPLE 3.5. For the planar rooted tree

τ B

•

• •

•

the coefficient C(τ) is equal to 96 and the element τλ(α) is equal to

τλ(α) = `3(`4(α, dλ, α, λ), `2(α, λ), λ) ,
which corresponds graphically to

τλ(α) =

•

• •

•

α α α

λ

λ λ

λ

`3

`4 `2

`1=d

There is no hope to write this equivalence relation as a gauge group action: since the Jacobi relation
does not hold any more, the BCH formula fails to be associative. One solution is to look for a much
wider context, i.e. include the higher gauges into the picture. In the Lie case, the data of the Maurer–
Cartan elements and the action of the gauges form the Deligne groupoid. Heuristically speaking, it
is made up of points, some of which related by paths. Higher up, one expects to have homotopies
between paths, and homotopies between homotopies, etc. In the end, this should form some kind of
topological space, a combinatorial model of which is provide by the notion of a Kan complex, also
known as a,∞-groupoid, that is a simplicial set such that every horn can be filled.
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Recall that the data of a pair of adjoint functors

L : sSet sL∞- alg : R⊥

is equivalent to the data of a cosimplicial object in the right-hand side category [Kan58]; this provides
us with an efficient way to construct a functor from complete sL∞-algebras to simplicial sets. To this
extend, one can consider Dupont’s simplicial contraction [Dup76]:

Ω• C•
p•

i•

h•

between the piece-wise polynomial differential forms and the cellular cochains of the standard geo-
metric simplices. The former being a simplicial commutative algebras, one can apply the homotopy
transfer theorem to endow the latter one with a kind of simplicial homotopy commutative algebra
structure. Since it is degree-wise finite dimensional, one can consider its linear dual: the cellular
chain complexes of the standard geometric simplices C• carry a canonical cosimplicial homotopy
commutative algebra structure. By Koszul duality, its image under a suitable cobar functor Ω̂π pro-
duces the required cosimplicial complete sL∞-algebra.

Definition 3.6 (Universal Maurer–Cartan algebra). The cosimplicial complete sL∞-algebra

mc
• B Ω̂πC

• �
(
ŝL∞

�
C(∆•)�, d) .

is called the universal Maurer–Cartan algebra.

We denote by aI , for ∅ , I ⊆ [n], the cells of the geometric n-simplex. For n = 0, one gets the
quasi-free complete sL∞-algebra on one Maurer–Cartan element:

mc
0 �

(
ŝL∞(a0), d

)
, with da0 = −

∑
m>2

1
m!`m(a0, . . . , a0) .

For n = 1, one gets the quasi-free complete sL∞-algebra on two Maurer–Cartan elements and a gauge
relating them:

mc
1 �

(
ŝL∞(a0, a1, a01), d

)
.

Definition 3.7 (Integration functor). The integration functor of complete sL∞-algebras is defined by

R : sL∞- alg −→ sSet

g 7−→ Hom sL∞- alg (mc•, g) .
A direct corollary of the explicit form for mc0 and mc1 given above is

R(g)0 � MC(g) and π0(R(g)) � MC(g) ,
where the latter stands for the moduli space of Maurer–Cartan elements up to gauge equivalences. By
definition, the integration functor R comes equipped with the following left adjoint functor

L B LanYmc
• : sSet→ sL∞- alg ,

where LanY stands of the left Kan extension along the Yoneda embedding.

HISTORICAL REMARK 3.8. The definition of a first integration functor can be traced through D.
Sullivan’s funding article on rational homotopy theory [Sul77]; it was extensively studied by V. Hinich
in [Hin97]. It is explicitly given by

MC•(g) B MC
�
g ⊗̂Ω•

�
,
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where the tensor product of a complete sL∞-algebra with a simplicial commutative algebra carries
a canonical simplicial complete sL∞-algebra structure. The 0-simplicies coincide with the Maurer–
Cartan elements MC0(g) � MC(g) but the set of 1-simplicies MC1(g) is way too big to contain only
the gauges. E. Getzler introduced in [Get09] the following gauge condition

MC•(g) ∩ ker h• � R(g) ,
which fixes this issue. Bypassing this intrinsic definition, Getzler’s functor was proved to be repre-
sented by the aforementioned universal Maurer–Cartan algebra in [RV20].

One can also endow g ⊗̂C• with a complete sL∞-algebra structure such that

R(g)n � MC
(
g ⊗̂C

�
∆
n

�∨)
3 x =

∑
∅,I⊆[n]

xI ⊗ a∨I ,

with the degree equal to |xI | = |I |−1 . So its elements can be represented on the geometric d-simplex
by

x0

x1

x2

x01 x12

x02

x012

which provides us with an efficiently way to work out the properties of the representation functor.

It remains to prove that the integration functor renders an∞-groupoid. In the present case, there exists
a neat description of the set of horn fillers.

Theorem 3.9 ([RV20]). There is a canonical natural bijection




Λn
k R(g)

∆n

∼




� gn .

Sketch of proof. The proof given in [RV20, Section 5.1] relies on the following use of the left-adjoint
functor, which satisfies

mc
n = L

�
∆
n

�
� L

�
Λ

d
k

�
t̂ ŝL∞(u, du) ,

for n > 2 , where u is a generator of degree d and where the differential is given by d(u) = du . This
implies that there exists a natural bijection

(∗) HomsSet (∆n,R(g)) � HomsSet
�
Λ

n
k,R(g)

�
× gn .

�

Corollary 3.10. The image R(g) of any complete sL∞-algebra g under the integration functor is
canonically an algebraic∞-groupoid.

Not only the set of horn fillers is non-empty since 0 ∈ gn , but it carries a canonical element that can be
considered from the beginning in the definition of an ∞-groupoid. This changes radically the nature
of R(g) making it leave the realm of homotopy theory (defined by a property) and casting it into the
world of algebra (defined by some structure).
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Definition 3.11 (Higher Baker–Campbell–Hausdorff products). We call higher Baker–Campbell–
Hausdorff products the maps

HomsSet
�
Λ

n
k,R(g)

�
−→ gn−1

x 7−→ Γ
n
k (x)

defined by the evaluation at the cell a0,...,k̂,...,n of ∆n of the n-simplex inverse to (x; 0) under the
bijection (∗).

Let (A,F, [ , ]) be a complete Lie algebra; its suspension sA forms a complete sL∞-algebra concen-
trated in degree 1. Therefore, it is made up of the trivial Maurer-Cartan element and trivial higher
gauges, for any n > 2; only its set of gauges F1A0 might not be trivial. In this case, the data of a horn
Λ2
1 → R(g) is equivalent to the data of two elements x and y in F1A0.

Proposition 3.12 ([Ban14, Proposition 5.2.36]). For any complete Lie algebra, the canonical horn
filler

Γ
2
1(x, y) = BCH(x, y)

is equal to the Baker–Campbell–Hausdorff formula.

0

0

0

x y

BCH(x, y)

0

So the very first example of horn fillers provides us with the most universal formula in Lie theory,
which is in fact obtained via (simplicial) homotopy theory. We can pursue this study further since the
constructive proof of Theorem 3.9 allows us to give explicit formulas for all the horn fillers. To do
so, we consider the set PaPRT of planarly partitioned rooted trees, which are rooted trees with the
additional data of a partition into sub-trees called blocks satisfying

� each block contains at least one vertex,
� each block is either a tree with vertices of arity at least 2 or the single 0-corolla, and
� the tree obtained by stripping the partitioned tree of all of its leaves and contracting the blocks

to vertices is planar but the rooted sub-trees inside each block have no planar structure.

1

•

2 4

5 6

3

FIGURE 6. Example of a planarly partitioned rooted tree.
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We consider the set Lab[n],k(τ) of maps

χ : Leaves(τ) −→ {
I  [n] | I , ∅, k̂

}
,

which amont to labelling the leaves of τ . For any horn x : Λn
k
→ R(g) and any element z ∈ g , we

denote by `τ(xχ(1), . . . , xχ(p); z) the element of g obtained by forgetting the partition, replacing the
leaves l by the corresponding elements xχ(l) ∈ g and the vertices of arity 0 by z , and then applying
the structure operations of the algebra at the vertices of the tree with the corresponding arity. In the
example of the planarly partitioned rooted tree τ given in Figure 7, we get

`τ(xχ(1), . . . , xχ(6); z) = `3 �
`3

�
xχ(1), z, xχ(2)

�
xχ(3), `2

�
xχ(4), `2

�
xχ(5), xχ(6)

���
.

Theorem 3.13 ([RV20, Proposition 5.10]). The higher BCH products are given by

Γ
n
k (x) =

∑
τ∈PaPRT

χ∈Lab[n],k (τ)

∏
β block of τ
λ
β(χ)
[n] ,0

(−1)k
λ
β(χ)
[n] [β]!

`τ *
,

xχ(1), . . . , xχ(p);
∑
l,k

(−1)k+l+1x
l̂
+
-
,

where [β] denotes the arity of the block β and where the coefficients λβ(χ)[n] are the structure constants
of the simplicial homotopy commutative algebras structure on C• , see [RV20, Equation (3)].

Sketch of proof. This formula is a direct corollary of Theorem 3.9 and the solution to the fixed-point
equation associated to analytic functions given in [RV20, Proposition A.5]. �

APPLICATION 3.14. These higher BCH products allow us to give in [RV20, Section 6.1] a short proof
of a functorial version of Berglund’s Hurewicz type theorem [Ber15]: for any complete sL∞-algebra
g and any Maurer–Cartan element α ∈ MC(g) , there is a functorial group isomorphism

πn(R(g), α) � Hn(gα) , for n > 1 ,

where gα stands for the complete sL∞-algebra twisted by α [DSV23, Chapter 4] and where the group
structure on the right-hand side is given by the Baker–Campbell–Hausdorff formula for n = 1 and by
the sum for n > 2 .

These higher BCH products also allow us to prove the homotopy invariance of the integration functor:
it sends filtered ∞π-quasi-isomorphisms of complete sL∞-algebras to weak equivalence of simpli-
cial sets [RV20, Section 6.2]. This is an advanced generalization of the Goldman–Millson theorem
[GM88] saying that quasi-isomorphic dg Lie algebra encode equivalent deformation problems.

This higher Lie theory provides us with well behaved model of the rational homotopy type of spaces:
for any pointed connected finite type simplicial set, the unit of the L̃ a R̃-adjunction, obtained from
the LaR-adjunction by removing artificial base points, is homotopy equivalent to the Bousfield–Kan
Q-completion, see [RV20, Theorem 7.19]. V. Roca i Lucio removed the pointed and connected as-
sumptions by generalizing this theory to curved complete sL∞-algebras in [Roc24]. Notice that this
work refines the methods in many fundamental ways: for instance, all the homotopical properties of
the integration functor (∞-groupoid, preservation of fibrations, homotopy invariance) are straightfor-
ward consequences of genuine new model category structures.

3.2. Absolute curved EL∞-algebras. Let us conclude this survey with the following question: is it
possible to extend the (effective) integration theory of Lie type algebras beyond characteristic 0? At
first sight, since all the aforementioned formulas include rational coefficients with non-trivial denom-
inators, there seems to be no hope in that direction. But once again, homotopy theory will lead us in
the right direction.
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In characteristic 0, D. Sullivan [Sul77] used commutative algebra structures on the cochains (or on
the cohomology groups) of topological spaces to recover their rational homotopy type. The Koszul
dual picture was given by D. Quillen [Qui69] who rather considered Lie structures on the homotopy
groups; a more direct approach is provided by the above integration theory of L∞-algebras, see also
[BFMT20]. In characteristic p > 0, the p-adic homotopy type of spaces was shown to by faith-
fully encoded in the E∞-algebra structure of singular cochains by M. Mandell [Man01]. Recall that
E∞ means “everything” homotopy commutative, where one relaxes both the associative relation and
the symmetry of the binary product, on the opposite to the abovementioned homotopy commutative
structure on the cellular cochains C• of the standard geometric simplices where only the associative
relation is relaxed up to homotopy. The following Koszul dual theory was recently developed by V.
Roca i Lucio in [Roc23]: it produces at the same time models for the p-adic homotopy type of spaces
from their homotopy groups and an (effective) integration theory in characteristic p.

Unlike the above integration theory of L∞-algebras, one cannot start anymore from the simplicial
Dupont contraction to endow the cellular chains C• of the standard geometric simplices with a cosim-
plicial homotopy commutative coalgebra structure. The entry door to this new theory is the following
canonical simplicial unital E∞-coalgebra structure on C•.

Proposition 3.15 ([BF04]). The cellular chains C• of the standard geometric simplices admit a
canonical cosimplicial unital E-coalgebra structure, where E is the Barratt–Eccles operad, whose
arity m component is made up of the bar construction of the symmetric group Sm.

There is a remarkable paradigm shift here: one encodes coalgebra structures with operads whose
operations are viewed upside down with one input and several outputs, i.e. in a prop way. This is
mandatory here since cooperads encode conilpotent coalgebras, property that is not satisfied in the
present case. Dual structures should then be algebras over a cooperad, notion that already exists.

Definition 3.16 (Absolute C-algebra). For any cooperad C, an absolute C-algebra is an algebra over
the dual Schur monad

γ :
∏
m>0

HomSm

�
C(m), A⊗m

�
7→ A .

In an absolute algebra, the action of series of operations make sense without any prescribed com-
plete topology. In the present case, one considers the Koszul dual curved cooperad given by the bar
construction BEof the Barratt–Eccles operad.

Definition 3.17 (Absolute curved EL∞-algebras). An absolute curved EL∞-algebra is an algebra
over the curved cooperad BE .

By definition, this notion is a suitable homotopy generalization of Lie algebras in prime characteristic,
which is an explicit point-set model for the (spectral) partition Lie algebras introduced in [BM19], see
also [BCN23]. In a way similar to E∞-algebras, the letter “E” in the chosen terminology “EL∞”
means that not only the Jacobi relation is relaxed up to homotopy, but also the skew-symmetry of the
Lie bracket. Like in the above integration theory for L∞-algebras, the complete cobar construction
of the cosimplicial unital E-coalgebra on C• produces a universal cosimplicial absolute curved EL∞-
algebra Ω̂ιC• . Now we have all the key ingredients for the integration theory in prime characteristic.



EFFECTIVE INTEGRATION OF LIE TYPE ALGEBRAS 17

Theorem 3.18 ([Roc23, Theorem 2.5]). There is a commuting diagram of Quillen adjunctions

ΩBE-coalg

sSet

abs curv EL∞-alg ,

Ω̂ι

C

L

a

B̂ι

R

a

a

where C stands for the cellular chain functor.

Sketch of proof. The two left-most adjunctions with the category of simplicial sets are produced re-
spectively by the cosimplicial unital E-coalgebra structure on C•, pulled back along the cofibrant
resolution ΩBE

∼
−→ E, and the cosimplicial absolute curved EL∞-algebra Ω̂ιC• . A tour de force of

op. cit. lies in the achievement of a complete bar construction B̂ι right-adjoint to the complete cobar
construction: it relies on the intricate description of the not-necessarily conilpotent cofree coalgebra.
One considers the classical model category structure of Kan–Quillen on simplicial sets, a canonical
one on ΩBE-coalgebras where weak equivalences are quasi-isomorphism, and where one transfers
this latter model category structure onto absolute curved EL∞-algebras under the complete cobar
construction, see [GiL23a]. The category of ΩBE-coalgebras is homotopically better behaved than
that of E-coalgebras since ΩBE is a cofibrant operad. �

The sole fact that the integration functor R is a right Quillen functor implies all the required homotopi-
cal properties: the image of the integration functor lies in ∞-groupoids and it sends respectively epi-
morphisms to fibrations and filtered quasi-isomorphisms to weak equivalences [Roc23, Theorem 2.6].

APPLICATION 3.19. This new integration theory of absolute curved EL∞-algebras provides us with
Lie type models for the p-adic homotopy theory: for connected finite type nilpotent simplicial sets,
the unit of the L a R-adjunction is a Fp-equivalence [Roc23, Theorem 3.5].

The integration theory of curved absolute EL∞-algebras described above is not only fundamental,
it is all constructive; we conclude this text with the explicit form of the main formulas. The set of
planar rooted trees with vertices of positive arity m , 1, labelled by strings (σ0, . . . , σr−1) ∈ (Sm)r
of permutations such that σi , σi+1, forms a basis for the curved cooperad BE. Therefore, this set
parametrises the structural operations of absolute curved EL∞-algebras. Among these labelled rooted
trees, we denote the labelled corollas by c(σ0,...,σr−1)

m .

Definition 3.20 (Maurer–Cartan element). A Maurer–Cartan element of a curved absolute EL∞-
algebra g = (A, d, γ) is a degree 0 element α ∈ A0 satisfying the Maurer–Cartan equation:

dα + γ *.
,

∑
m>0 ,m,1

c(id)m (α, . . . , α)+/
-
= 0 .

The first operations corresponding to the trivially labelled corollas of any absolute curved EL∞-
algebra form an absolute curved A∞-algebra, which provides us with the aforementioned Maurer–
Cartan equation. As usual, we denote by MC(g) the set of Maurer–Cartan elements.
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The gauge equivalence between them uses more planar rooted trees than corollas. We consider the
set LaPRT of planar rooted trees with leaves labelled by 01 or 1 and with all the vertices having
non-negative arity m , 1, being labelled by strings (σ0, . . . , σr−1) ∈ (Sm)r of permutations such that
σi , σi+1, and satisfying the following conditions:

� from left to right appear first the leaves 1, . . . , a labelled by 01, with a > 1, then the leaves
a+1, . . . , a+b labelled by 0, with b > 0, and finally the internal edges a+b+1, . . . , a+b+c =
m, with c > 0 ,
� the string (σ0, . . . , σa−1) ∈ (Sm)a labelling the vertex has a permutations,
� σ−1a−1(a + b + 1) < σ−1a−1(a + b + 2) < · · · < σ−1a−1(m) , when c > 1 ,
� for any 0 6 i 6 a−1, the set Ii B σi

��
1, . . . , σ−1i (i + 1) − 1	�

is a subset of {a+1, . . . , a+b}
and the sets Ji B Ii\

⋃i−1
j=0 Ij form an ordered J0 < · · · < Ja−1 partition of {a + 1, . . . , a + b} .

•

• •

•

01 01

01 010 0

([21]) ([213])

([1234],[2341])

FIGURE 7. Example of a labelled planar rooted tree.

Definition 3.21 (Gauge equivalence). Two Maurer–Cartan elements α, β of a curved absolute EL∞-
algebra g = (A, d, γ) are gauge equivalent if there exists a gauge λ ∈ A1 satisfying

β = γ *
,

∑
τ∈LaPRT

τ(λ, α; dλ + α) , +
-

where τ(λ, α; dλ+α) is the image under the operation corresponding to the tree τ with leaves labelled
by 01 having input λ, leaves labelled by 1 having input α, and vertices of arity 0 labelled by dλ + α.
In this case, we use the notation α ∼λ β .

Notice that all the coefficients are equal to 1, which justifies the relevance of this formula in prime
characteristic.

Theorem 3.22 ([Roc23, Theorem 2.14]). The image of any curved absolute EL∞-algebra g = (A, d, γ)
under the integration functor satisfies

R(g)0 = MC(g) , R(g)1 = �(α, β, λ) ∈ A2
0 × A1 , α ∼λ β

	
, and π0(R(g)) � MC(g) .

Sketch of proof. This is a consequence of the respective E-coalgebra structures on the cellular chains
C(∆0) and C(∆1) given in [BF04] and the the solution to the fixed-point equation associated to analytic
functions given in [RV20, Proposition A.5]. For more details, we refer the reader to op. cit.. �
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