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Algebraic structure: an associative product on A

2 BRUNO VALLETTE

This text does not pretend to be exhaustive, nor to serve as a faithful reference to the existing literature. Its
only aim is to give a gentle introduction to the ideas of this field of mathematics. We would like to share
here one point of view on the subject, from “student to student”. It includes many figures and exercises to
help the learning reader in its journey. To ease the reading, we skipped many technical details, which can
be found in the book [LV10].

CONVENTION. In this text, a chain complex (V, d) is usually a graded module V := {Vn}n2Z equipped
with a degree�1 map d (homological convention), which squares to zero. For the simplicity of the presen-
tation, we always work over a field K of characteristic 0, even if some exposed results admit generalizations
beyond that case.

1. WHEN ALGEBRA MEETS HOMOTOPY

In this section, we treat the mother example of higher algebras: A1-algebras. We show how this notion
appears naturally when one tries to transfer the structure of an associative algebra through homotopy data.
We provide an elementary but extensive study of its homotopy properties (Homotopy Transfer Theorem,
A1-morphism, Massey products and homotopy category).

1.1. Homotopy data and algebraic data. Let us first consider the following homotopy data of chain
complexes:

(A, dA)h
%%

p
// (H, dH)

i
oo

IdA � ip = dAh + hdA ,

where i and p are morphisms of chain complexes and where h is a degree +1 map. It is called a homotopy
retract, when the map i is a quasi-isomorphism, i.e. when it realizes an isomorphism in homology. If
moreover pi = IdH , then it is called a deformation retract.

EXERCISE 1. Since we work over a field, show that any quasi-isomorphism i extends to a homotopy
retract. (Such a statement holds over Z when all the Z-modules are free.)
Hint. Use the same kind of decomposition of chain complexes with their homology groups as in Sec-
tion 1.4.

Independently, let us consider the following algebraic data of an associative algebra structure on A:

⌫ : A⌦2 ! A, such that ⌫(⌫(a, b), c) = ⌫(a, ⌫(b, c)), 8a, b, c 2 A .

By simplicity, we choose to depict these composites by the following graphically composition schemes:

where we forget about the input variables since they are generic. Actually, we consider a differential graded
associative algebra structure on (A, dA), dga algebra for short, on A. This means that the differential dA

of A is a derivation for the product ⌫:

(In this section, we do not require that the associative algebra has a unit.)ν : A⊗2 → A, s.t. ν(ν(a,b), c) = ν(a, ν(b, c)) .
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Isomorphic vector space:

A
p //

H
i

oo ip = idA, pi = idH .

Transported structure: µ2 := p ν i⊗2 : H⊗2 → H

is associative.
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Homotopy equivalent space:

Deformation retract of chain complexes

(A,dA)h
&& p //

(H,dH)
i

oo idA − ip = dAh + hdA .

= algebraic version of topological deformation

h !!
p //

i
oo
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(A,dA)h
%% p //

(H,dH)
i

oo idA − ip = dAh + hdA .

Transferred structure: µ2 := p ν i⊗2 : H⊗2 → H

is not associative.
i i

p

i i

p

∼h

i i

i

p

=

i i

i

p

∼h

i i

p

i i

p
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Idea: Introduce µ3

In Hom(H⊗3,H), it satisfies

=⇒ µ3 is a homotopy for the associativity relation of µ2.
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Higher up: in Hom(H⊗n,H), we consider

µn := for n≥2 .

In Hom(H⊗n,H), it satisfies
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Definition (A∞-algebra, Stasheff ’63)
An A∞-algebra is a chain complex (H,dH , µ2, µ3, . . .) endowed with a
family of multlinear maps of degree |µn| = n − 2 satisfying

Associative algebras ⊂ A∞-algebras

Associative algebra = A∞-algebra s.t. µn = 0, for n ≥ 3.
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Theorem (HTT for A∞-algebras, Kadeshvili ’82)
For any deformation retract

(A,dA)h
%% p //

(H,dH)
i

oo idA − ip = dAh + hdA

and any associative algebra structure on A, there exists an
A∞-algebra structure on H which is “homotopy equivalent”.

Application: A = (C•Sing(X ),∪), transferred A∞-algebra on
H•Sing(X )
= lifting of the higher Massey products.

Borromean rings : non-trivial linking
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Next goals:

� Understand conceptually why the notion A∞-algebra.

⇓
� Generalise the HTT to other types of algebras.
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Idea: Consider all the iterated compositions of operations
of type P modulo their relations.

As :=



1

; =

1

 =
{
�2 = =

1

, �2 = =

1

,�2 = =

1

, . . .
}

Compositions:

�2 = =

1

Definition (Operad)

A collection of operations P with compositions {◦i} is an
operad (=“Operations+Monad”).
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Rings Operads

Free operad: answers the universal property

V

ϕ

""

// T (V )

∃!Φ : morphism of operads
��
P

Example: T
(
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where we forget about the input variables since they are generic. Actually, we consider a differential graded
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)
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Notions: Ideal, Quotient Operad, etc.

Example: As = T
(
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Method:

an operad P

��

P∞: quasi-free resolution (cofibrant)

��

∼oo

category of algebras
of type P

⊂ // category of P∞-algebra =
category of homotopy P-algebras

Example:

the operad As

��

???: quasi-free resolution

��

∼oo

Associative Algebras ⊂ // A∞-algebras (?)
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Example:

(T (???),d) ∼−→ As = T
( )

/
( )

=
{
�2 = =

1

, �2 = =

1

,�2 = =

1

, . . .
}

Arity 2/Dimension 0:

=⇒
(
T ( , ???),d

) ∼−→ As

Arity 3/Dimension 1:
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=⇒
(
T ( , , ???),d

) ∼−→ As

Arity 4/Dimension 2:
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=⇒
(
T ( , , , ???),d

) ∼−→ As

Arity 5/Dimension 3:

Arity n/Dimension n-2: add one generator.
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Final solution: A∞ =
(
T
(

, , , . . .
)
,d
)
∼−→ As

Theorem (Resolution A∞)
With the boundary map

the operad A∞ is a quasi-free resolution of As.

Step-by-step resolution: “Koszul-Tate resolution”
(=operadic syzygies).

Bruno Vallette (Université Nice Sophia-Antipolis) Higher Algebra via Rewriting of Trees



Algebra+Homotopy=Higher structures
Operadic homotopical algebra

Rewriting method

Operad
Homotopy theory for operads
Koszul duality theory

Koszul Duality Theory

Extra data: Presentation of the operad

P = T (V )/(R)

with generators V and relations R.

Upshot: creates infinitely many higher operations under a
universal property

P ¡ := C(V ,R) .

Koszul operad: when this gives a quasi-free resolution

(T (P ¡),d) ∼−→ P .
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Rewriting method

Computational method to prove P = T (V )/(R) is Koszul.

Dimension 0: add a total order on the generators.

Dimension 1: Consider a “good” order on trees,

Relations =⇒ Rewriting rules

=⇒
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Dimension 2:

Theorem (Hoffbeck, Dotsenko–Khoroshkin ’10)
∀ critical pairs confluent =⇒ P Koszul.

Proof.
Diamond Lemma, Gröbner bases for operads.
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Oriented Jacobi identity:

Diamond for the operad Lie:

⇐⇒ Zamolodchikov tetrahedron equation (Lie 2-algebras).
Bruno Vallette (Université Nice Sophia-Antipolis) Higher Algebra via Rewriting of Trees



Algebra+Homotopy=Higher structures
Operadic homotopical algebra

Rewriting method

Rewriting method
State of Art
Further directions

State of Art

Inhomogneous Koszul duality theory:
Confluence =⇒ minimality of generators and maximality of
relations.

Reduction by filtration method:
see the book “Algebraic Operads” [Loday–Vallette ’12].
(free at http://math.unice.fr/∼brunov/Operads.pdf)

Koszul duality for properads (props): [Vallette ’03]

Bruno Vallette (Université Nice Sophia-Antipolis) Higher Algebra via Rewriting of Trees



Algebra+Homotopy=Higher structures
Operadic homotopical algebra

Rewriting method

Rewriting method
State of Art
Further directions

For the next 60 years

Main issue for the rewriting method for properads: find
a “good” order graphs of any genus. (????????)
Most exciting example: The properad

Frob := G
(

, ; , , ,
)

of Frobenius (bi)algebras. =⇒ TQFT, Poincaré duality,
String topology, Symplectic geometry, Floer homology, etc.

Relation Properads–Clones: [Pierre-Louis Curien ’06]
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Joyeux Anniversaire, Pierre-Louis !
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