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Worksheet 2

HOMOTOPY THEORY OF TOPOLOGICAL SPACES II

Exercise 1 (Homotopy invariance).
(1) Is the property of being a cofibration a homotopy invariant notion: if i : A � X is a

cofibration and if j : A→ X a map homotopy equivalent to i, is j a cofibration?
(2) Is the property of being a fibration a homotopy invariant notion: if p : E � B is a fibration

and if q : E → B a map homotopy equivalent to p, is q a fibration?

———— � ————

Exercise 2 (Fibrations and cofibrations).
(1) Show that cofibrations are stable under composition: if i : A � B and j : B � C are two

cofibrations then ji : A� C is a cofibration.
(2) Show that cofibrations are stable under coproduct: if i : A � X and j : B � Y are two

cofibrations then i t j : A t B� X t Y is a cofibration.
(3) Show that cofibrations are stable under pushout: if i : A� X is a cofibration then

A
��

i

��

f // B
��

j

��

X // X t
f

B
p

the map j : B� X t
f

B is a cofibration.

(4) Show the map E � {∗} is a fibration.
(5) Show that fibrations are stable under composition: if p : C � D and q : D � E are two

fibrations then qp : C � E is a fibration.
(6) Show that fibrations are stable under product: if p : D � A and q : E � B are two fibrations

then p × q : D × E � A × B is a fibration.
(7) Show that fibrations are stable under pullback: if p : E � B is a fibration then

X ×
f

E

q

����

//
y

E

p

����
X

f // B

the map q : X ×
f

E � X is a fibration.

———— � ————
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Exercise 3 (Uniqueness of factorisation). We work in the category TopA of maps under A: its objects
are maps i : A→ X with domain A and its morphisms between two maps i : A→ X and j : A→ Y
are maps f : X → Y , such that f i = j:

A
i

��

j

  
X

f // Y .

A homotopy H : X × I → Y under A between two such maps f ∼ g is a homotopy such that every
map H(−, t) lives in TopA(i, j), for t ∈ I, i.e. H(−, t)i = j. This induces an equivalence relation called
homotopy equivalence under A. We will admit the following (seminal) theorem.

Theorem. Let i : A→ X and j : A→ Y be two co�brations and let f : X → Y such that f i = j . If f is a
homotopy equivalence, then f is a homotopy equivalence under A.

(1) Show that if a map is a cofibration and a homotopy equivalence, then it is a deformation
retract.

(2) Show the following uniqueness statement for the factorisation of a map into the composite
of a cofibration with a homotopy equivalence: let

X //
j
// Z

q

∼ // Y and X //
j′
// Z ′

q′
∼ // Y

be two such factorisations, then there exists a homotopy equivalence k : Z
∼
−→ Z ′ such that

the following diagram is commutative on the left-hand side and homotopy commutative on
the right-hand side

Z
q

''
h

��
X ''

j′ ''

77
j 77

Y

Z ′ .
q′

77

———— � ————

Exercise 4 (Fibrations). Let p : E → B be a fibration with B path connected.
(1) Show that p is surjective.
(2) Show that two fibers p−1(b) and p−1(b′), for b, b′ ∈ B, are homotopy equivalent.

———— � ————

Exercise 5 (Hopf fibration).
(1) Show that there exists a fiber bundle of the form S1 −→ S2n+1 −→ PnC .
(2) What can you say about the homotopy groups πn

�
PnC

�
, for n > 0, of the complex projective

spaces?
(3) Compute π2(S2) and prove that πn(S3) � πn(S2), for n > 3.

———— � ————

Exercise 6 (Real projective spaces).
(1) What can you say about πn

�
P1R

�
, for n > 0?

(2) Show that the embedding PkR ↪→ PnR does not admit a retraction when 0 < k < n.
(3) Let d > 2. Compute the homotopy groups πn

�
PdR

�
for 0 6 n 6 d.

(4) What can you say about πn(PdR), for n > d + 1 ?

———— � ————
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Figure 1. The first homotopy groups of spheres
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Perhaps the simplest noncontractible spaces are spheres, so to get a glimpse of

the subtlety inherent in homotopy groups let us look at some of the calculations of

the groups πi(S
n) that have been made. A small sample is shown in the table below,

extracted from [Toda 1962].

πi(S
n)

i !→
1 2 3 4 5 6 7 8 9 10 11 12

n 1 Z 0 0 0 0 0 0 0 0 0 0 0

↓ 2 0 Z Z Z2 Z2 Z12 Z2 Z2 Z3 Z15 Z2 Z2× Z2
3 0 0 Z Z2 Z2 Z12 Z2 Z2 Z3 Z15 Z2 Z2× Z2
4 0 0 0 Z Z2 Z2 Z × Z12 Z2× Z2 Z2× Z2 Z24× Z3 Z15 Z2
5 0 0 0 0 Z Z2 Z2 Z24 Z2 Z2 Z2 Z30
6 0 0 0 0 0 Z Z2 Z2 Z24 0 Z Z2
7 0 0 0 0 0 0 Z Z2 Z2 Z24 0 0
8 0 0 0 0 0 0 0 Z Z2 Z2 Z24 0

This is an intriguing mixture of pattern and chaos. The most obvious feature is the

large region of zeros below the diagonal, and indeed πi(S
n) = 0 for all i < n as we

show in Corollary 4.9. There is also the sequence of zeros in the first row, suggesting

that πi(S
1) = 0 for all i > 1. This too is a fairly elementary fact, a special case of

Proposition 4.1, following easily from covering space theory.

The coincidences in the second and third rows can hardly be overlooked. These

are the case n = 1 of isomorphisms πi(S
2n) ≈ πi− 1(S

2n− 1)× πi(S4n− 1) that hold for

n = 1,2,4 and all i . The next case n = 2 says that each entry in the fourth row is

the product of the entry diagonally above it to the left and the entry three units below

it. Actually, these isomorphisms πi(S
2n) ≈ πi− 1(S

2n− 1)× πi(S4n− 1) hold for all n if

one factors out 2 torsion, the elements of order a power of 2. This is a theorem of

James that will be proved in [SSAT].

The next regular feature in the table is the sequence of Z ’s down the diagonal. This

is an illustration of the Hurewicz theorem, which asserts that for a simply-connected

space X , the first nonzero homotopy group πn(X) is isomorphic to the first nonzero

homology group Hn(X) .
One may observe that all the groups above the diagonal are finite except for

π3(S
2) , π7(S

4) , and π11(S
6) . In §4.C we use cup products in cohomology to show

that π4k− 1(S
2k) contains a Z direct summand for all k ≥ 1. It is a theorem of Serre

proved in [SSAT] that πi(S
n) is finite for i > n except for π4k− 1(S

2k) , which is the

direct sum of Z with a finite group. So all the complexity of the homotopy groups of

spheres resides in finite abelian groups. The problem thus reduces to computing the

p torsion in πi(S
n) for each prime p .

Figure 2. Examples of tables in stable homotopy theory
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The figure below is a schematic diagram of the 2 components of π si for i ≤ 60.

A vertical chain of n dots in the ith column represents a Z2n summand of π si . The

bottom dot of such a chain denotes a generator of this summand, and the vertical

segments denote multiplication by 2, so the second dot up is twice a generator, the

next dot is four times a generator, and so on. The three generators η , ν , and σ in

dimensions 1, 3, and 7 are represented by the Hopf bundle maps S3→S2 , S7→S4 ,

S15→S8 defined in Examples 4.45, 4.46, and 4.47.

1  3    7    11   15   19   23   27   31   35   39   43   47   51   55   59    
η ν σ

ν 2

2σ

η
η

2

3

ν 3

σ 3

The horizontal and diagonal lines in the diagram provide some information about

compositions of maps between spheres. Namely, there are products π si × π sj→π si+j
defined by compositions Si+j+k→Sj+k→Sk .

Proposition 4.56. The composition products π si × π sj→π si+j induce a graded ring

structure on π s∗ =
⊕
iπ

s
i satisfying the commutativity relation αβ = (− 1)ijβα for

α ∈ π si and β ∈ π sj .

This will be proved at the end of this subsection. It follows that pπ
s
∗ , the direct sum

of the p components pπ
s
i , is also a graded ring satisfying the same commutativity

property. In 2π
s
i many of the compositions with suspensions of the Hopf maps η

and ν are nontrivial, and these nontrivial compositions are indicated in the diagram

by segments extending 1 or 3 units to the right, diagonally for η and horizontally for

ν . Thus for example we see the relation η3 = 4ν in 2π
s
3 . Remember that 2π

s
3 ≈ Z8

is a quotient of π s3 ≈ Z24 , where the actual relation is η3 = 12ν since 2η = 0 implies

2η3 = 0, so η3 is the unique element of order two in this Z24 .

Across the bottom of the diagram there is a repeated pattern of pairs of ‘teeth.’

This pattern continues to infinity, though with the spikes in dimensions 8k− 1 not all

of the same height, namely, the spike in dimension 2m(2n+1) − 1 has height m+1.

In the upper part of the diagram, however, there is considerably less regularity, and

this complexity seems to persist in higher dimensions as well.

The next diagram shows the 3 components of π si for i ≤ 100, and the increase in

regularity is quite noticeable. Here vertical segments denote multiplication by 3 and

386 Chapter 4 Homotopy Theory

the other solid segments denote composition with elements α1 ∈ 3π
s
3 and β1 ∈ 3π

s
10 .

The meaning of the dashed lines will be explained below. The most regular part of the

diagram is the ‘triadic ruler’ across the bottom. This continues in the same pattern

forever, with spikes of height m + 1 in dimension 4k − 1 for 3m the highest power

of 3 dividing 4k . Looking back at the p = 2 diagram, one can see that the vertical

segments of the ‘teeth’ form a ‘dyadic ruler.’

β

α1

1

β2

2

β3
β5

γ2

β6

β3/ 3β6/

2β6/

β2
2

3  7  11  15  19  23  27  31  35  39  43  47  51  55  59  63  67  71  75  79  83  87  91  95  99  103

Even more regularity appears with larger primes, beginning with the case p = 5

shown in the next diagram. Again one has the infinite ruler, this time a ‘pentadic’

ruler, but there is also much regularity in the rest of the diagram. The four dots with

question marks below them near the right edge of the diagram are hypothetical: The

calculations in [Ravenel 1986] do not decide whether these potential elements of 5π
s
i

for i = 932, 933, 970, and 971 actually exist.

39 79 119 159 199 239 279 319 359 399 439 479 519 559 599 639 679 719 759 799 839 879 919 959 999

? ?

1
2

3
4

5
5/2

5/3
5/4

10/2

10/3
10/4

15/2

15/3
15/4

20/2

20/3
20/4

2·19

2·9

6
7

8
9

10
11

12
13

14

15
16

17
18

19

20
21

2

10/5

15/5

20/5

2·14

2·4

γ ??

These three diagrams are drawn from tables published in [Kochman 1990] and

[Kochman & Mahowald 1995] for p = 2 and [Ravenel 1986] for p = 3,5.———— � ————
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