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Abstract. A Drift-Diffusion-Schrodinger-Poisson system is pretgeh which models the transport of
a quasi bidimensional electron gas confined in a nanosteictWe prove the existence of
a unique solution to this nonlinear system. The proof makesafisomea priori estimates
due to the physical structure of the problem, and also irsthe resolution of a quasistatic
Schrddinger-Poisson system® Académie des sciencé&glitions scientifiques et médi-
cales Elsevier SAS

Analyse d’'un moele coupé Dérive-Diffusion-Schibdinger-Poisson

Résumé. Nous présentons un systéme de Dérive-Diffusion-8agér-Poisson qui décrit le trans-
port d’'un gaz d’électrons confiné dans une nanostructdi®@us montrons que ce systéme
admet une unique solution. Cette preuve d’existence eshoéta I'aide d’estimationa
priori dues a la nature physique du probleme et passe par lauéeald’un systeme qua-
sistatique de Schrodinger-Poisson®) Acadéemie des sciencéslitions scientifiques et
médicales Elsevier SAS

Version francaise abr égée

Nous présentons I'analyse mathématique d’un systemplemuantique-classique modélisant le trans-
port d'électrons dans des nanostructures. Un gaz drelesest confiné selon une directiondimension
dans laquelle le gaz présente un caractére quantiqust #arsporté dans les deux autres directions spa-
tiales notées;, ou son comportement est de nature classique.

L'équation qui décrit ce transport est I'equation (1)tgpe Dérive-Diffusion instationnaire en dimen-
sion 2, que vérifie la densité surfacique du gazt, z). Le potentiel effectifV; (¢, =) qui intervient dans
le courant de dérive garde trace du caractere quantiqeemnfinement du gaz d’électrons. En effet, étant
donné un potentiel électrostatiqli&t, «, =), le potentielV; se calcule selon (4), ou les, (¢, z) sont les
niveaux d’énergies du Hamiltonien transverse, c’edirales solutions de I'équation de Schrodinger sta-
tionnaire (2). Enfin, le systeme complet étudié dansecitite est entierement couplé par le fait que le
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potentiel électrostatiqui considéré est le potentiel autoconsistant généréegatlectrons eux-mémes et
déterminé par I'équation de Poisson (3). Le modéle gé&atobtenu, du moins formellement, comme une
limite de diffusion d’un systeme de Boltzmann-Schrodir§oisson [2]. Signalons qu’un systeme Vlasov-
Schrodinger-Poisson, présentant le méme type de cgeipiaantique-classique, est analysé dans [1].

Ce probléme est étudié sur un cylindre borng, c’edird{z, z) € & = w x (0, 1), avec les conditions
aux limites “isolantes” (5). Le résultat principal de esMote concerne I'existence et I'unicité de solutions
faibles pour ce systeme Dérive-Diffusion-SchrodinBeisson :

THEOREME 0.1. — Soit7 > 0 arbitraire. Si la donrie initialen? € L?(w) vérifiens > 0 p.p., alors le
syseme(1)+5) admet une unigue solution faible telle que

ns € C([0,T], L*(w)) N L2((0,T), H' (w)), V e C(0,T], H*(Q)).

Ce résultat est demontré a I'aide du théoreme de fisimtde Banach. Nous présentons ici les deux outils
principaux de cette preuve.

Une bonne facon de regarder le systeme (1)-(2)-(3) est derisidérer comme un couplage entre d’'une
part 'équation d’évolution (1) et d’autre part le sysi& non linéaire quasistatique de Schrodinger-Poisson
(2)-(3). Ce couplage se fait par I'intermédiairerdeet deV. Pour tirer parti de cette structure du systeme,
il faut donc en particulier s’assurer que lorsqueest donnée, le systeme (2)-(3) est bien posé. C'esitobj
de la proposition suivante que nous démontrons par desoaés variationnelles :

PROPOSITIONO.2. — Soitn, € L?(w) telle quen, > 0. Alors le systme(2)-(3) admet une unique
solution (V, (€,, xp)p>1). De plus l'applicationn, — V; est localement Lipschitzienne dé(w) vers
H?(w).

Ce résultat suffit a donner un résultat d’existence kche caractere global de la solution provient des
estimationsa priori suivantes.

Notonsu = > "eiep etp, = ue . Lafonction énergie libre dy systéme est définie par

P

1 1
W:Z/pplogppdx—i—52//Q|8ZXP|2ppdxdz+5//Q|VLZV|2dxdz.
p "¢ P

LEmMME 0.3. — Toute solution d¢1)~(5) telle quelV (0) < +oo vérifie a tout instanti?’(¢) < W(0).

LEMME 0.4. — SoitT > 0. Toute solution du sysine(1)+5) avecn? € L?*(w) vérifie : ns €
C([0,T], L?(w)) N L%((0,T), H(w)). La norme de1, dans ces espaces est m&eipar une constante ne
dépendant que d€ andn!.

1. Introduction

This Note is devoted to the analysis of a coupled quantumssitlal system, modeling the transport of
a quasi bidimensional electron gas confined in a nanosteictihe coupling occurs in the momentum
variable: the electrons are like point particles in the dimnsx parallel to the gas (classical transport)
while they behave like waves in the transversal directigguantum description).

The transport of the gas is described by a 2D Drift-Diffusexjuation, governing the evolution of a
surfacic densityns. The originality of this system is that the parameters of #tjuation keep a trace of
the quantum confinement in the transversal direction. ldgdiw effective potential which gives the drift
current is calculated with theubband modeahrough the resolution of an adiabatic Schrodinger-Pwiss
system. It takes into account the selfconsistent electriergial generated by the electrons and the quantifi-
cation of the energy in thevariable. The system can be obtained, at least formalljyadiffusion limit of
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a Boltzmann-Schrodinger-Poisson system [2]. A Vlasokis8dinger-Poisson system, which presents also
a quantum-classical coupling, is analyzed in [1].

Letw C R? be aregular and bounded domain andlet w x (0, 1). The spatial variables ate, z) € (.
The model studied in this Note is the following coupled syste

8tns - ler (vrns + ns Vz‘/s) = Oa (1)

1
_5 8szp + VXp = erp (p > 1)7

1
Xp(tvxv') EH&(O,l), / XPquZZ5PQ’
0

—A, .V =n, (3)

()

where the unknowns are the surfacic densitt, =), the eigen-energies, (¢, z), the eigenfunctiong, (¢, z; z),
and the electrostatic potentigl(¢, x, z). These equations are coupled through the denmsityd the effec-
tive potentialV,, which are defined by

—€p

€ _
n=md e holts Va=—logd e @
P q P

This system (1)—(3) is completed with an initial conditiex(0, x) = n%(x) and with the following con-

servative boundary conditions, whebe is the boundary ofv andv(z) denotes the unit outward normal
vector atr € Jw:

{ Ons(t,x) =0, 9 V(t,x,z) =0 forz € dw, ze€(0,1), )

V(t,z,0)=V(t,z,1) =0 forz e w.

The main result of this Note is the following existence resul

THEOREM1.1. — LetT > 0. If n? € L?(w) andns > 0 a.e., then the syste(t)~(5) admits a unique
weak solution such that

ns € C([0,T], L*(w)) N L2((0,T), H (w)), V e C(0,T], H*(Q)).

This preliminary result will be developped and improved ifoehcoming paper [2], where more general
boundary conditions and the addition of an external eleéigld will be considered.

Following [1], the system is viewed as the coupling betwerewlution equation— the Drift-Diffusion
equation (1)- and the quasistatic Schrodinger-Poissstesy(2)-(3). This structure suggests to solve this
system by using a fixed-point procedure for the unknaewnas for the standard Drift-Diffusion-Poisson
problem [3, 5]. To this aim, we first exhibit sonaepriori estimates for the whole system. Then we show
that for a givern the Schrodinger-Poisson system (2)-(3) is well-posedalii we sketch the existence
proof, based on the Banach fixed-point theorem.

2. A priori estimates

Introducing the so-called Slotboom variable= n,/(_, e~“) and settingj; = — > e~V u, the
Drift-Diffusion equation write$);n, + div, js=0. The occupation factor of thegh subband is denoted by
pp =ue %, sothatn =} p, Ixp|? andng = >, pp- We define the total free energy of the system by

1 1
W:Z/pplogppdx—i—52//Q|8ZXP|2ppdxdz+5//Q|VLZV|2dxdz.
p ¢ P
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LEMMA 2.1. — Any solution of1)~5) such thatiV (0) < +oc satisfies

Vi>0 W) = W(O)—/t/ (Zaﬁp) [Vwul® dzds < W(0).
0 Jw » u

Proof. — We have

d d
E%Applogppdx:L@mﬂogudw—%/atppﬁ +dt/ns.

Sinced, €, = <|><p|2 8VV>, the boundary conditions (5) impl,u« = 0 on dw. Hence we havg; - v = 0
ondw and the total chargg¢ n. is conserved. Besides, with the notatigf) = fol fdz, we haved, €, =
{Ixp|? 8:V'), which leads to

d
%Z/pplogppdx:/divm (Ze—ﬁpvmu> 1ogudx—%/2pp€pdx+// no:V dxdz.
p w w p w o p Q

Since(|0:.x,|?) — €, = —(V|x,|?), we deduce

d . e 1d 5
— = - > PV, I - 4 S . x,z U<
dtW /wdlv <Ep e~V u) ogudx //QVﬁtnda"dz+ 2dt//g|v LVI|*dxdz

The Poisson equation gives [ V dyndzdz = _§E ﬂ |V .V|?dxdz. We conclude this proof after an
integration by parts on the first term of the right-hand side. ]

LEMMA 2.2. —LetT > 0. Any solution of1)—(5) such that:? € L?(w) satisfies
ns € O([Ov T]a LQ(w)) N LQ((Oa T)a Hl(w))a

foranyT > 0, with a bound depending only dhand on the data.
Proof. — Multiply (1) by ns and integrate ow. After some integrations by parts we get

1d 2 1 2 _
oy ndx—|—/|V ng| da:+2/wns(—AzVS)da:—O.
Straightforward calculations lead to the following idéynti
€ e Cr e ((V +€,)0.
—n*AV, = —4n ?Z —|—ns<n2+4V2n>+2n§Zp <( ») Xp|>
Z e 2pe e
P — e 6(1 2
s XY () Y
P q#p
2
Z e <|Xp|2v V> 2 Zpeiep <|Xp|2vﬂcv>
2p€” ’ dp€ €

By the Cauchy-Schwarz inequality the sum of the two term$ianthird line is nonnegative. Moreover,
except for the first one, the other terms are obviously noatineg We deduce

22 2 76

d 2,6
< [ da:—|—/|vrns| da:<4/w E,,e 200 gy < dfny |2, |22

D

L2 (w)
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By Proposition 3.1, the assumptiaf € L2(w) implies thatiW (0) < +oo. Thus by Lemma 2.1V (t) is
bounded for any and, in particulary is bounded inL>((0, T'), H'(£)) (thanks to Poincaré’s inequality).
Consequently, from the technical Lemma 2.3 below, we dethatg) € e%)/(3_, e ) is bounded

in L>=((0,T), L*(w)). We conclude the proof by using Gagliardo-Nirenberg’s irdify to interpolate the
L* norm ofn, between itsL.? andH' norms, then by applying Gronwall’s lemma. O

LEMMA 2.3. —Assumé’ € H'(Q). Then the eigenvalues, defined by(2) satisfy

Zp |6P|a e_ep
S0

€ LY (w) foranya > 0 andg < +o0.

Proof. — The eigenvalues and eigenvectors of (2) satisfy the (umifarp) estimate [7]

7T2 C x.-
€p(2) — =p*| + xp(a, Y pow < Oy eIV @Iz, 6)

2

aCal|V (@)l 2

A lengthy but elementary computation gives,, |€,|* =)/ (Zp e*EP) < Cse . Since

a2
IV (2, )| 2 is bounded inf (w), Trudinger's inequality implies that " “12 ¢ £1(w), which insures
thate® @IV =)z ¢ La(w) forall ¢ < +o0. O

3. The quasistatic Schiddinger-Poisson system

In this section, the surfacic density, is assumed to be given and the system (2)-(3) is solved with th
boundary conditions (5) ofr. For the sake of simplicity the time parameter is omittecehemndn, =
ns(x). In the sequel, we use the functional spagls = {V € H'(Q) : V(z,0) = V(z,1) = 0} and

1/p

LP(Q) = {u € LL,(Q) suchthat [u] s = (fw e, ME o0 dw) < +o0}.

PROPOSITION3.1. — Letn, € L?(w) such thatns > 0. Then the syster2)-(3) admits a unique
solution(V,, (€,, xp)p>1), Which satisfies the estimalté’|| ;12 () < C(ns), the constanC(n,) depending
only on theL?(w) norm ofn,. Moreover ifn, andn, are two data, the corresponding solutions satisfy :
||V - VHHz(Q < C(nsa n/vs) Hns - ﬁ;HLz(u))'

Proof. — Proceeding as in [1] and in the spirit of [6], we can show thateak solution of (2)-(3) in
HY, is a critical point with respect t& of the functional

1
J(V, ns) = JO(V) + Jl(Va ns) = 5 // |vm,zv|2 + / Ng 10g26_€p[v] dxa
Q w p

where(€,[V]), ., are the eigenvalues of the Hamiltonia@% + V, i.e. satisfy (2). The functional,

is clearly continuous and strongly convex Big,. The analysis of the function& — J;(V,n;) relies on
the properties o€ ,[V], x,[V]. From the inequality€, [V] — €,[V]|(z) < ||V (z,-) = V(2,)||1=(0,1), We
deduce by straightforward computations that

|hwma—aﬁﬁmns/

w

s (@)] sup (16[V] = €,[V1(@)) do < [nillzz) IV = Vllzz)-
P

The functionalJ; (-, ns) is globally Lipschitz onL?°(€2), thus onH'(Q2), since we have the embedding
H'(Q) C L¥>(Q) (see [1]).
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Next we remark thaf, (-, n,) is convex whem, is nonnegative. Indeed, it is twice Gateaux differengabl
on L*>(§) and we have

—€q

& —e
&I (Ving)W - W = /Z . GPZZ 6, —¢, (Xpxg W)? da
p

S, e P2 (S, e (W)
+/wns Zp s - < Zp s ) dz.

This quantity is nonnegative thanks to the Cauchy-Schweaeguality. As a consequence, the functional
J(-,ns) = Jo + J1(+, ns) is continuous and strongly convex &, . Moreover using Poincaré’s inequality
on Hi, we have

J(V,ns) > ClIV[5n 0y = Clinsllzz@ IV 1@ + J(0,15),

thus.J (-, n) is coercive and bounded from below &, : it admits a unique minimizer.

The H? estimate of/ is obtained in several steps. FirstlyHa estimate comes directly from(V, n,) <
J(0,n). Therefore, since the eigenfunctions satisfy (6), Truditenequality implies thag,, is bounded
in any L9*°(9), ¢ < 4oo (uniformly with respect tg). Hence the density given by (4) is bounded in
anyL4(Q2), 1 < ¢ < 2 and the elliptic regularity gives an estimatelofin W24, ¢ < 2. In particular we
can choose a valug > 3/2 : with a Sobolev embeddiny is bounded inL>°(€2). Then the last step is
immediate: by (6) the,’s are bounded i.>°(2) andn is bounded inL?(Q2), which givesV € H%(Q).

The Lipschitz dependency &f with respect tau, is also obtained with the same several steps agfthe
estimate. We only give a sketch of the first one, fhe estimate. Let” andV denote the minimizers of
J(-,ns) andJ(-, ny). Using the linearity of/; with respect tous, its Lipschitz dependency with respect to
V' and its strong convexity, we get

1 7 T 17 — —— iy —~ —
EHV — Vi< J(V,ns) = J(Ving)= Ji(V,ns — n3) — JL(Vons — ) + J(V, 1) — J(V, )
<OV = Vg e ns — 76l L2 ) -

O
4. The fixed-point procedure

The proof of existence and unigueness relies on a contreatgument. Define the mappi®g n, — n,
onX = C([0,T], L*(w))NL?*((0,T), H'(w)) as follows. The potentidf is first defined irC([0, T, H2())
by solving the quasistatic Schrodinger-Poisson systgri3Rwith the daten(t, z). NextV; is defined by
(4): it has the same regularity &5 i.e. belongs toC([0, 7], H?(w)). Thenn is the solution of (1) with
the effective force field/ .V, € C([0,T], H'(w)) and the initial data! € L?(w).

By Proposition 3.1 and the standard results on linear pdicabquations [4], the mapping is well-
defined. To prove that is a contraction for small', it suffices to write a Duhamel representatiomgfand
to use the Lipschitz dependencyléfwith respect tav,. The solution is global thanks to Lemma 2.2.
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