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ω × (0, 1)
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{
∂tNs − div x(D(∇xNs + Ns∇xVs)) = 0, t > 0,

Ns(0, x) = N0
s (x), x ∈ ω,

(S)





−1

2
∂2

zχk + V χk = εkχk (k ≥ 1),

χk[V ](0) = χk[V ](1) = 0,

∫ 1

0

|χk[V ]|2 dz = 1 ,

(P ) −∆x,zV = N = Ns

+∞∑

k=1

e−εk

∑
` e−ε`

|χk|2 ,
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Vs(t, x) = − log (Z(t, x)) , Z(t, x) =
+∞∑

k=1

e−εk(t,x).
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∂νV (t, x, z) = 0
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∂ω × (0, 1), V (t, x, 0) = V (t, x, 1) = 0
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x ∈ ω,
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∂νNs(t, x) = 0
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∂ω × (0, 1),
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ρk(t, x) =
Ns(t, x)

Z(t, x)
e−εk(t,x) = u(t, x)e−εk(t,x),
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W =
∑

k≥1

∫

ω

ρk log ρk dx +
1

2

∫∫

Ω

|∇x,zV |2 dxdz +
1

2

∑

k

∫

ω

ρk〈|∂zχk|2〉 dx.
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f(z) dz
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x ∈ Ω I �=�D"989� D(x) ≥ αI J

I ����4K� α > 0
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d ��� j �	�9nwts�yx�
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N0
s log N0

s ∈
L1(ω)
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NI =

∫

ω

N0
s dx.
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T > 0
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Ns log Ns ∈ L∞([0, T ], L1(ω))
"9�O' √

Ns ∈ L2([0, T ], H1(ω)),

V ∈ L∞([0, T ], H1(ω)).
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u∞ =
NI∑

k

∫
Ω

e−εk[V ∞](x) dx
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V ∞ ∈ C2(Ω)
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C > 0
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t ≥ 0
‖Ns − N∞

s ‖L1(ω)(t) + ‖V − V ∞‖H1(Ω)(t) ≤ Ce−κt.
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c�¤a( :s2��-4J7vF 0#X�45')S#X)CE'A(U*�45!#+T&#"H'�:;4%<a&U')>?0#@H')6,(¬+J/1032�4H'A6,(
(DD)

O�C
Ns

2�(#&
'A(�45+-*,"52�45'A(U*²O1CpS#2�"%4H@�XA+�2�&p4H6

1

2

d

dt

∫

ω

N2
s dx +

∫

ω

(∇Ns)
>

D∇Ns dx +
1

2

∫

ω

(∇(N2
s ))> D∇Vs dx = 0.
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V ∈ H1(Ω)
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a > 0
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ab ≤ a log a − a + eb.
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ω ⊂ R
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γ > 0
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ω
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u ∈ H1(ω)
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∫

ω

exp

(
γ

u(x)2

‖u‖2
H1(ω)

)
dx < ∞.
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∫

ω

Ns‖V ‖L2
z(0,1) dx =

1

γ

(∫

ω

Ns

γ‖V ‖L2
z(0,1)

‖V ‖H1(Ω)

dx

)
‖V ‖H1(Ω)

≤ 1

γ
‖V ‖H1(Ω)

(∫

ω

(Ns log Ns − Ns) dx +

∫

ω

e

γ‖V ‖
L2

z(0,1)
‖V ‖

H1(Ω) dx

)
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z(0,1) ∈ H1(ω)
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0 < β ≤ 2
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∫

ω

Ns‖V ‖β
L2

z(0,1) dx ≤ C‖V ‖β
H1(Ω).
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2�@
ε → 0

cpª�@H032�X 4H+J��!#(U'A/10#+J@-, | 7��U7 §,§ 7	z��10V�J6,(#@%'A@D4�')(
23(#&#')(#*¬@H6,X)0U45')6,(#@ 6�:�45!#+p"H+-*,0#XA2�"H')_J+J&�S#"H6,OUXA+JF 2�(#&¡X)+-4H4H'A(#*

ε → 0
')(�45!#+-@H+p@H6�XA0U4H'A6,(#@-c

�N+¶[,+J"D45!#+-XA+-@H@J745!U+J@H+ 45+-��!#(#')/E0U+J@�&U6 +-@�(#6�4�*,')[�+�0#(#')/E0U+J(#+-@H@�6�:v@%6,XA0U4H'A6,(U@Jc
`�!U+�6,0U4HXA')(#+�6�:K45!#+NS32�Sy+J"V'A@Z2�@Z:L6�XAXA6���@-cv¤a(�@%+J�-4H'A6,(f� 7E�Z+�S#"%+J@%+J(�4 45!U+�XA')(#+�2�"V"%+J*,0UX�2�"Q<

'A_J2�45')6,( 6,S?+-"52�4H6,"�2�(#& 2�SU"H'A6�"H'�+J@D45')F^2�4H+J@K6,O 4�2�')(#+J& :L6,"K45!#+V"H+-*,0#XA2�"H')_J+J& @DC @D45+-F�cR¤a(.@H+-�-4H'A6,(
zp�Z+W2�(32�X�CE_J+²45!#+�"%+J*,0#XA2�"H')_J+-&I� ��!#"H$E&#')(#*,+J"Q<QG�6,'A@%@H6,(¬@%CE@D45+JF ')(¬4H!#+²*,+-(#+J"H2�XR:L"52�FW+-�Z6,"%�
*,')[�+J(BO�C�6,0#"N+J@%4H'AFT2�45+-@Jc�M�(U&'A(¥@%+J�¶45'A6�(B~T�Z+ &#+¶4�2�')X94H!#+�SU"H6E6�:�6�:�`�!U+J6,"%+JF § c zW��!#'A��!
'A@�&#+J�-6,FWS?6,@%+J&B')(�456^@%+-[�+J"52�Xv@%4H+JS#@A5�+¶\ 'A@D45+-(#�J+ 6�:�@H6�XA0U4H'A6,(#@�:L6,"�45!U+�"H+-*,0#XA2�"H')_J+J&¢@%CE@D45+JF¢7
0#@H')(#*�45!#+�0U(#'):L6,"%Fh+-@%45')F^2�45+J@	456 S32�@%@ 4H6�45!#+�X)'AFW')4

ε → 0
'A(²45!U+�@H6,X)0U45')6,(#@R6�:4H!#+�"H+J*�0#X�2�"Q<

'A_-+J&B@DC @D45+-F�4H6^6,OU452�'A(¢@H6�XA0U4H'A6,(#@�6�:v45!#+ 0#(#"H+-*,0#XA2�"H')_J+J&�@%CE@%4H+JF¢c�¤a(¥45!#+ X�2�@D4�@H+J�¶45')6,(87��+
S#"H+-@H+-(14 4H!#+ S#"%6 6�: 6�: `�!#+J6,"%+JF § cµ~Uc�`�!#+²�J6,(U@H+J"D[�2�45')6,(B6�: 45!U+ F^2�@H@�2�XAXA6���@N0#@�456f0U@H+�2
*,+J(U+J"52�X FW+-45!U6 &TO32�@H+-&f6,(^4H!#+�X)6,*�2�"%')45!UFT')��� 6,Oy6,XA+¶[W'A(#+-/E0#2�XA'�45'A+-@7, �E7UzU7 § �U7 § ~ 7#� § 0YcR`�!U'A@
FT+¶45!#6E&B�-6,(#@H')@%4H@�'A(BS#"%6�[ ')(#*^4H!#+ +¶\ Sy6,(#+-(14H'�2�X	&#+J�J2�C2�@

t
*�"H6���@�456

+∞ 6�:�45!#+ "%+JXA2�45'�[,+
+J(�45"%6,S�C,c

� � ���`� �*���Ê����# ����) � ����������� �*��� � � ��� �*�

=�+."H+-��2�X)X845!#+."H+-*,0#XA2�"H')_�2�4H'A6,(f@D45"52�45+J*�Cp&#+-[�+JXA6�S?+-&¥'A( , �U7y�40´c �36,"�2WS#2�"52�FW+-4H+J"
ε ∈ [0, 1]

7
45!#+ X)'A(#+J2�" "H+-*,0#XA2�"H')_�2�4H'A6,(�6�S?+-"52�4H6,"�'A@

Rε : L1(Ω) → C∞(Ω)
V → Rε[V ](x, z) = (V ∗x ξε,x ∗z ξε,z)|Ω,

&´� c/.?+

��!#+J"%+
V

')@v45!U+�+¶\E45+-(#@H')6,(�6�:
V

O�C�_J+J"%6 6,0U45@%'A&#+
Ω
2�(U&

ξε,x

2�(U&
ξε,z

2�"%+
C∞

(#6�(#(#+J*,2�45'�[,+
�J6,FWS32��¶45X�C¬@H0#S#Sy6,"D45+J&�+-[,+-(�2�S#S#"%6�\U')F^2�45'A6�(#@ 6�: 45!U+T0#(U')4aC,7v"H+J@%S?+-�-4H')[,+-X)CI6,(

R
2 2�(#&

R
c

=�+ �J2�(�SU"H6�[,+.@%4H"52�')*,!�4H:L6,"D� 2�"%&#X)CW:L"H6�F �J6,(�[�6,XA0U4H'A6,(p"%+J@H0UX)45@�4H!#+�:L6,XAX)6���'A(#* SU"H6,Sy+J"D45'A+-@ 5

�V�E� � r	P8��
������
Rε �! " +������O'��(' �$6���4 "9�/��4-���

Lp
xL

q
z(Ω)

�F��4
1 ≤ p, q ≤ +∞ "9�O'

 U"9�5�! <;G�$ Y�F��4 "9H.H
V ∈ Lp

xL
q
z(Ω) J,I ����4K� Lp

xL
q
z(Ω) = {u ∈ L1

loc(Ω)
 UN!��N ‖u‖Lp

xLq
z(Ω) =

(
∫

ω
‖u(x, ·)‖p

Lq(0,1) dx)1/p < +∞} J

‖Rε[V ]‖Lp
xLq

z(Ω) ≤ ‖V ‖Lp
xLq

z(Ω)

"9�O'
lim
ε→0

‖Rε[V ] − V ‖Lp
xLq

z(Ω) = 0.

���.���
Rε �! 0 1��H �
	 "V'��F���.���G��� L2(Ω)

"9�O' �F��4#"9H.H
V ∈ W 1,2(Ω) J

∇xR
ε[V ] = Rε[∇xV ] ; lim

ε→0
‖∇xR

ε[V ] −∇xV ‖L2(Ω) = 0.

�



`�!U+J(p45!#+ "H+-*,0#XA2�"H')_J+J&p@DC @D45+-F
(DDSPε)

')@�&#+ 23(U+J&�:L6�"
ε ∈ [0, 1]

O�C<5

(DDε)





∂tN
ε
s − div x(D(∇xN

ε
s + N ε

s∇xV
ε
s )) = 0, t > 0,

N ε
s (0, x) = N ε,0

s (x) := min{N0
s , ε−1}, x ∈ ω

∂νNs(t, x) = 0
6,(

∂ω × (0, 1),

(SPε)









−1

2
∂2

zχ
ε
k + Rε[V ε]χε

k = εε
kχ

ε
k (k ≥ 1),

χε
k(t, x, ·) ∈ H1

0 (0, 1),

∫ 1

0

χε
k χε

` dz = δk` ,

−∆x,zV
ε = Rε

[∑

k

N ε
s

e−εε
k

Zε
|χε

k|2
]

,

∂νV (t, x, z) = 0
6,(

∂ω × (0, 1), V (t, x, 0) = V (t, x, 1) = 0
:L6,"

x ∈ ω.

���E��r#�w� P8�!P��������
ε = 0 J I �B�D"989� R0 = Id

"9�O'��<���#4K��L9��H "94������('#6O4$�9+UH!��%�4$�('9���$�$ #�/�
�<���#����4K��L9�&H "94������(') �21 ��/��%?N

`�!U+J"H+¶:L6,"H+�45!#+N@H6,X)0U45')6,(#@ 6�:84H!#+�6�[�+J"52�XAXS#"H6�O#XA+-F 2�"H+�6,OU4�2�'A(#+-&^O�C�45!#+NS32�@H@H2�*,+�456 4H!#+
XA')FT'�4

ε → 0
6,( @%6,XA0 45'A6�(#@�6�:V45!#+�"%+J*,0#XA2�"H')_J+-&ISU"H6,O#X)+JF

(DDSPε)
c²`�!#+T��+-C¬Sy6,'A(�4H@�:L6,"

45!#+�S32�@H@52�*,+�2�4�45!#+�X)'AFW')4	'A@R4H!#+J(�456 +J@D4�2�OUXA'A@%!²0#(#'�:L6,"HF +J@%4H'AFT2�45+-@R'A(U&#+JSy+J(#&U+J(�45@V6�:
ε
cv�36,"

45!#+ @H2���+.6�:	�JX�2�"H')4aCT��+ @%�E')S¥2�XAX8+]\USy6,(#+-(�45@
ε
'A(f4H!#+�:L6,XAX)6w��')(#*#c

�V�E� � r	P8� ��� ���
ε ∈ [0, 1]

N�� ���D ���'���4,"9��2 I �("��  1��H ���5����� (Ns, V )
�*�?�<���,4K��L9�&H "94������('

 �2  ��/��%
(DDSPε)

 �� �$� �<�D"9�
Ns log Ns ∈ L∞(R+, L1(ω)) J V ∈ L∞(R+, H1(Ω))

"9�O'
√

Ns ∈ L2(R+, H1(ω))
N ������ �<��� �/����"9H ��4K�$� ������45L92 �*� �<���  �21 ��*��% '��<;=���('S�.� & § c ~ +

 U"9�5�! <;G�$ ��
d

dt
W (t) = −D(t) := −

∫

ω

Z (∇xu)>D∇xu

u
dx.

	 �w�8��
5� �v'A"%@%4�71�Z+�(#6�4H'A�J+�45!32�4 6,0#"�O?6,0U(#&32�"DCT�-6,(#&#'�45')6,(<& § c z>+V'AFWS#X)'A+J@�4H!#+��J6�(#@H+-"%[�2�45')6,(
6�:�45!U+T456�4�2�XVF^2�@H@.6�:�45!#+T@%CE@%4H+JF¢c¬� ')(#�J+W45!#+T"H+J*�0#X�2�"%'A_J2�45')6,(¬6,S?+-"52�4H6,"

Rε ')@ X)'A(#+J2�"���+
6,OU452�'A(87 45!32�(U�E@�4H6W4H!#+ &#"H'�:;4%<a&U')>?0#@H')6,(^+-/E0#2�45')6,(

(DDε)
7#45!U+.')&#+J(�4H')4aC

d

dt

∑

k≥1

∫

ω

(ρk log ρk − ρk) dx =

∫

ω

div x

(
D

(∑

k

e−εk∇xu

))
log u dx

+
∑

k

∫∫

Ω

ρk|χk|2Rε[∂tV ] dxdz − d

dt

∑

k

∫

ω

ρkεk dx.

&´� cµ�?+
��6,"%+J6�[,+-"J745!#+ @H+-X):s2�&�%6,'A(�45(U+J@H@�6�:

Rε 6,(
L2(Ω)

2�(#&f45!#+.G	6�'A@H@%6,(¢+J/1032�4H'A6,(p'AFWS#X�C

∑

k

∫∫

Ω

ρk|χk|2Rε[∂tV ] dxdz =
d

dt

∑

k

∫

ω

ρk〈|χk|2Rε[V ]〉 dx− 1

2

d

dt

∫∫

Ω

|∇x,zV |2 dxdz.

�



�N+-(#�J+�72�:;45+-"�2�(�')(14H+J*,"H2�45')6,(^O�C^S32�"%4H@ 6,(�4H!#+$23"%@%4�45+-"HF 6�:K45!U+�"H')*,!�4 !32�(U&¢@%'A&#+N6�: &Y� cµ�?+]7
��+.6,OU452�'A(

d

dt

∑

k

∫

ω

(ρk log ρk − ρk) dx +
1

2

d

dt

∫∫

Ω

|∇x,zV |2 dxdz

+
d

dt

∑

k

∫

ω

ρk(εk − 〈|χk|2Rε[V ]〉) dx = −
∫

ω

(∑

k

e−εk

)
(∇xu)>D∇xu

u
dx.

`	6p�-6,(#�JX)0#&#+ 4H!#+²S#"H6E6�:V')4�@H0��W�-+J@ 456f(#6�4H'A�-+ 45!32�4J7 :L"H6�F�4H!#+W� ��!#"%$ &#')(#*,+-"�+J/1032�4H'A6,(87?��+
!32�[,+

εk − 〈|χk|2Rε[V ]〉 =
1

2
〈|∂zχk|2〉.

`�!U+.�-6 +-"H�-')[E')4aC^6�:	4H!#+ F^2�45"H'�\
D

'A(#@%0#"H+-@�4H!#+ (#6,( <=(#+J*,2�45'�[ '�4aC^6�:	4H!#+ &#'A@%@H'AS#2�45')6,(�"52�45+
D

2�(#& 4H!#+J"%+-:L6,"%+Z4H!#+ &#+-��2�C 6�:U45!#+�:L"%+J+ +-(#+J"%*�C,c	`�!#'A@R2�XAX)6w��@�0#@v4H6�S#"%6w[�+ @H6�FT+�2�S#"H')6,"H'1+-@D<
45')F^2�4H+J@�@D4�2�4H+J&W'A( 45!U+�:L6�XAXA6���')(#* £�6,"%6,XAXA2�"%C.��!#6,@%+�SU"H6E6�: ')@�S?6�@%45Sy6,(#+-&T')(²45!#+�MNS#S?+-(#&#'�\ 5

o �y�w�yqsqsr#��� P8� � � ���
ε ∈ [0, 1]

"9�O'
(Ns, V )

 ����$� "� C�.� � ��%3%?" �N�� "9�O', U"9�5�! <��2��.��L)X0 	
 ��&%M6O�������D �	VN�	 "9�O' 	VN��N)������ �<���=�F��H.H!� I �.��L �$ ��5�.%?"9�/�$ 0����H '� ������3%?"� $ �

∀ t ∈ R
+,

∫

ω

Ns dx = NI

���.��� ������4K�$6O2 �0�.����4K�3� @E�! �� ����������LV"9���.89� �$���D ���"9���< 
C1 J C2

"9�O'
C3

�.�O'��/6����O'������:�*�
ε J �� �$� �.�D"9�

∀ t ∈ R
+,

∑

k≥1

∫

ω

ρk(1 + k2 + | log ρk|) dx ≤ C1,
&´� c § �?+

∀ t ∈ R
+,

∫

ω

Ns| logNs| dx ≤ C2,
&´� c §�§ +

∀ t ∈ R
+,

∫∫

Ω

|∇x,zV |2 dxdz ≤ C3.
&´� c § �>+

���.�.��� '9�! $ �� 6D"9������� �3�<����4K�,� @E�! ��:����������LV"9�5�.89�?�$���D ���"9���. 
C4

"9�O'
C5

�.�O'��/6����O'������ �*�
ε �� �$� �.�D"9�

∀ t ∈ R
+,

∫ t

0

∫

ω

|∇x

√
Ns|2 dxds ≤ C4

&´� c § z?+

∀ t ∈ R
+, ∀ p ∈ [1, +∞)

∫ t

0

∫

ω

‖Ns‖Lp(ω)(s) ds ≤ C5.
&´� c § ~ +

���E��r#�w� P8� ��� 2 �$���D ���'���4��.��L �.���?4K��H "9�5�.89� ������4K�$6O2 �*�
(ρk, V ) I �.�.�S4$�$ /6��$��� �/� �<��� � @ 	

�*���D ������D )���
ω
�*�#�<��� +������O'V"94�2 'V"9��"

(ρk, V )
�5 1�$�����	� � J I �)�("9�	�9+U��"9�.�  ��.%3�.H "94Y"Y6O4�����4��

�$ ��5�.%?"9�/�$ 7�F��4�
 �.4����$��H!��� +����&�O'V"94�2,�$���O'9�.�������D UN���B� "������.���#������4K�$6O2,�$ ����.%?"9�*�7����4����! $���$ 0"
+����&�O' �����.��� '9�! ���"9���$� +���� I �$��� (ρk, V )

"9�O'
(ρk, V )

N3������ �F��4G4K��L9��H "94 �������9L��?+������O'V"94�2
'V"9��" J �.���,"?6O4�����4�� �$ ��5�.%?"9�/�$ ,"9�����������$�(' �.� � ��4K��H.H "94�2 �N��- ����.H.H 4$��%?"9�.�-�<���3 U"9%�� I �.�<��$���D ���"9���. 

Ci

'��/6����O'9�.��L ��� +������O'V"94�2�'V"9��",�*�1�9N

.



� ��� � ��� �A�Ö"!������'Ê�*) �Û, � ���%)��!� ���Ê���
	 ���-� �	��� ��#Û�	� �7�

¤a(45!#')@�@H+-�-45')6,(45!#+²@%0#"%:s2��J+²&#+-(#@H'�4aC
Ns

'A@�2�@%@H0#FW+J&4H6fO?+²*,'�[,+-(¬2�(#&��+²6�(#X)C��J6,(U@H'A&U+J"
45!#+�"H+J@%6,XA0 45'A6�(^6�:84H!#+�¨a/E0#2�@H'�<a@%452�45')�¶«�"%+J*,0UX�2�"%'A_J+-&f� ��!U"H$E&#'A(#*�+J"D<aG	6,')@H@%6,(�@%CE@D45+JF

(SPε)
:L6,"

ε ∈ [0, 1]
cD=�+���'AXAX@%6,X)[�+N45!U'A@�@DCE@%45+-F ')(T45!U+�:L"52�FW+-�Z6,"%�W*�')[,+-(�O�CT4H!#+�2 S#"H')6,"H'+J@D45')F^2�4H+J@

6�: £�6�"H6,X)X�2�"DC��Ecµ~#c�= +.2�@H@%0#FW+ 4H!#+J(p45!#2�4
Ns

@H2�45')@�23+-@�4H!#+�:L6,XAX)6���'A(#*²2�@H@H0UFTSU4H'A6,(35
�-
 �

Ns ≥ 0
2Uc +�cV2�(#&p45!#+-"H+ +¶\ ')@%45@�2²(#6,(U(#+J*�2�45')[�+ �J6,(#@D4�2�(�4

CT

@%0#��!�4H!32�45

∀ t ∈ [0, T ],

∫

ω

(Ns| log Ns| + 1) dx ≤ CT ,
&szUc § |>+

¤a(4H!#+²@H+-/E0U+JX���+²��')XAX�0#@H+²45!U+ :L0#(#�-4H'A6,(#2�XR@HS#2��J+
H1

01 = {V ∈ L∞((0, T ), H1(Ω)) :
V (t, x, 0) = V (t, x, 1) = 0} c�36,X)XA6���'A(U*�2�(�'A&U+�2�6�: �N')+J"7,µ�,� 03��!#')��!�!32�@ O?+-+J(W&#+-[�+JX)6,S?+-&T')( ,µ� 7?.10´7,��+���2�(T+-@%4�2�O#XA')@H!
45!#+�:L6,X)XA6���'A(U* +¶\ 'A@D45+-(#�J+ 2�(#&¢0#(#')/E0U+J(#+-@H@�"H+J@%0#X)4�')(p4H!#'A@�(U+-��:L"H2�FW+-�Z6,"H�c

	 �w� ���y��t;nwts�yx �K��
�����9ts�-n��Ex�m,��r3x�� j x�t�� j �Ex9�E����� � ���
ε ∈ [0, 1]

"9�O'
T > 0

"9�O' "� 	
 ��&%��

Ns ∈ L∞(0, T ; L1(ω))
 U"9���! <��2��	
ON

������ �.���B4K��L9�&H "94������('����$��4��U'9�.��L���4 	�� ���! $ 1���  �21 ��*��%
(SPε)

"V'9%3�.�< B"?�������U���M 1��H ���5�����
(V ε, (εk[V

ε], χk[V
ε]))

 �� �$� �.�D"9�
V ε ∈ H1

01 I
�.�<� "�+����&�O'��.�O'��/6����O'������>�*�

ε
N

	 �w�8��
5� `�!#')@�+¶\ 'A@D45+-(#�J+W"H+-@H0#X�4 'A@�6,OU452�'A(U+J&XA')��+²')( ,/.10v45!32�(U�E@�4H6�2fFW'A(#')FT')_�2�4H'A6,(p6�:�2
�J6,(�[�+¶\¢:L0#(#�¶45'A6�(32�XYcv`�!#'A@�:L0#(#�¶45')6,(32�X?'A@�&#+;23(#+J&�6,(

H1
01

O�C

J(V ) =
1

2

∫∫

Ω

|∇V |2 dxdz +

∫

ω

Ns log
∑

k

e−εk[Rε[V ]] dx = J0(V ) + J1(V, Ns).
&szUc § �?+

=�+f!#2�[�+pS#"H6�[,+-& &s@H+-+�� +J�¶45'A6�( � cµ~¥6�:A,/.10C+.4H!32�4 4H!#'A@�:L0U(#�-4H'A6,(32�X�'A@ @%4H"H6,(#*�X)C �J6,(�[,+]\�6,(
H1

01

2�(#&�4H!32�4 +�2���!¡FW'A(#')FT')_J+-"�&#+ 2#(#+J@²2�@H6,X)0U45')6,( 6�:
(SPε)

cp`�!#+^"H+JX)+-[�2�(�4 Sy6,')(14 !#+-"H+
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L log L
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@D4�2�4H+J&¢'A( &sM c § +]c `�!#+J(

|J1(V, Ns) − J1(Ṽ , Ns)| ≤
∫

ω

Ns(x) sup
k

(|εk[R
ε[V ]] − εk[R

ε[Ṽ ]]|(x)) dx

≤ C

∫

ω

Ns(1 + ‖Rε[V ]‖1/2

L2
z(0,1) + ‖Rε[Ṽ ]‖1/2

L2
z(0,1))‖Rε[V − Ṽ ]‖L2

z(0,1) dx.
&szUc § �>+
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CT
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45!#+ &32�4�2�2�(#&p(#6�4�6�(

ε
c�= +�!32�[,+.@H+-+J(¢'A( & § c �>+V4H!32�4�4H!#+ `	"%0#&#'A(U*,+J"�')(#+J/1032�X)')4aC^2�(#&��	
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∫

ω

Ns‖Rε[V − Ṽ ]‖L2
z(0,1) dx ≤ CT‖Rε[V − Ṽ ]‖H1(Ω) ≤ CT‖V − Ṽ ‖H1(Ω),

&szUc § .?+

�



45!32�(#�1@�456W45!#+ S#"H6,Sy+J"D45')+J@�6�:R45!U+�"H+-*,0#XA2�"H')_�2�4H'A6,(
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∫

ω

Ns‖Rε[V ]‖1/2
L2

z(0,1)‖Rε[V − Ṽ ]‖L2
z(0,1) dx ≤ C‖V ‖1/2

H1(Ω)‖V − Ṽ ‖H1(Ω)×
∫

ω

(
Ns log Ns − Ns + exp

γ‖Rε[V ]‖1/2

L2
z(0,1)‖Rε[V − Ṽ ]‖L2

z(0,1)

‖Rε[V ]‖1/2

H1(Ω)‖Rε[V − Ṽ ]‖H1(Ω)

)
dx,

��!#+J"%+
γ
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∫

ω

exp
γ‖Rε[V ]‖1/2

L2
z(0,1)‖Rε[V − Ṽ ]‖L2

z(0,1)

‖Rε[V ]‖1/2
H1(Ω)‖Rε[V − Ṽ ]‖H1(Ω)

dx ≤

≤
(∫

ω

exp
γ‖Rε[V ]‖L2

z(0,1)

‖Rε[V ]‖H1(Ω)

dx

)1/2
(∫

ω

exp
γ‖Rε[V − Ṽ ]‖2

L2
z(0,1)

‖Rε[V − Ṽ ]‖2
H1(Ω)

dx

)1/2

≤ C,

45!32�(#�1@�4H6�4H!#+ `	"%0#&#')(#*,+J"�')(#+J/1032�X)')4aC	& § cµ�?+]c�`�!E0U@J73��')4H! �-
37U��+.!32�[,+
∫

ω

Ns‖Rε[V ]‖1/2

L2
z(0,1)‖Rε[V − Ṽ ]‖L2

z(0,1) dx ≤ CT‖V ‖1/2

H1(Ω)‖V − Ṽ ‖H1(Ω).
&szUc § �?+
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Ṽ
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|J1(V, Ns) − J1(Ṽ , Ns)| ≤ CT (1 + ‖V ‖1/2
H1(Ω) + ‖Ṽ ‖1/2

H1(Ω))‖V − Ṽ ‖H1(Ω).
&szUc ���?+

�N+-(#�J+
J1(·, Ns)

'A@VPK'AS#@%��!#')4H_N�-6,(�45')(E0U6,0#@V6,(
H1

01

c���6��i'):y��+�4�2���+
Ṽ = 0

')(	&szUc ���?+¶7�:L"H6�F
�	
��Z+�!32�[�+N45!#2�4

0 ≥ J1(0, Ns) ≥ −CT

cR`�!10#@J7E45!#+-"H+�+]\ 'A@%4V4a�Z6 (#6,(#(U+J*�2�4H')[�+N�-6,(#@%452�(�45@
C1

2�(#&
C2

@H0U��!�45!#2�4

J(V ) ≥ 1

2
‖∇V ‖2

L2(Ω) − C1(1 + ‖V ‖1/2
H1(Ω))‖V ‖H1(Ω) − C2.

¤=:v�Z+�2�S#S#X)CT45!#+.G�6,'A(#�J2�"H��')(#+J/1032�XA')4aC^'A(
H1

01

7#�Z+ 2#(#&

J(V ) ≥ C3‖V ‖2
H1(Ω) − C4‖V ‖3/2

H1(Ω) − C5,
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J
c
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V
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Ns
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,/.40845!#+�+-XAX)'ASU4H'A��"H+-*,0#X�2�"H')4aCW6,(f4H!#+ G	6,')@H@%6,(p+J/1032�4H'A6,(f')@ (#+J+-&#+J&�2�(#&p2�XAXA6���@�4H6²6,OU452�'A(^4H!#+
PK'AS#@%��!#')4H_�&#+JSy+J(#&U+J(#�-+ 6�:

V
'A(

H2(Ω)
��'�45!f"H+-@HSy+J�¶4�4H6

Ns

'A(
L2(Ω)

c=��+J"H+�4H!#+�"H+-@H0#X�4�'A@
@%452�45+-&¥'A(

H1(Ω)
c

§ �



	 �w� ���y��t;nwts�yx �K�QP �]o �?xynwt´x j t;n]� ��� ���
ε ∈ [0, 1]

"9�O'
T > 0

N3XM $ ��&%��
Ns

"9�O'
Ñs

"94K�
L9�.89��� �.�

L∞(0, T ; L1(ω))
"9�O') U"9���! <��2��	
ON

������S�.��� �$��4�4$�$ /6����O'9�.��L� 1��H ���5�����D 
V ε "9�O'

Ṽ ε �*� �.��� ���$��4��U'9�.��L���4 	�� ���! $ 1���  �21 ��*��%
(SPε)

89��4�� ��2

∀ t ∈ [0, T ], ‖V ε − Ṽ ε‖H1(Ω) ≤ CT‖Ns − Ñs‖1/8
L1(ω),

&szUc � § +

�F��4Y"�����������LV"9�5�.89�Y�$���D ���"9���
CT

'��/6����O'9�.��L ����H 2 ��� �.���Y'V"9��" "9�O'?����� ���
ε
N

�S��4K�$��89��4 J "� ε → 0 J �.���C 1��H ���5����� V ε �*�C�<���C4K��L9�&H "94������('C6O4$�9+UH!��%
(SPε)
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V
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(S)
�
(P )

�.�
L∞(0, T ; H1(Ω))

"9�O')�&��� 	
�F��4�%3H 2 I �.�.� 4K�$ /6��$��� �/� Ns ∈ L∞(0, T ; L1(ω))
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2�(#&¢(#6�4�6,(

ε
c�¤=:v�Z+ F 0#X)4H'AS#X�C�45!#+.G	6�'A@H@%6,(¢+J/1032�4H'A6,(pO�C

(V ε − Ṽ ε)
2�(#&¢'A(�45+-*,"52�45+ 5

∫∫

Ω

|∇(V ε − Ṽ ε)|2 dxdz =
∑

k

∫∫

Ω

(Ns − Ñs)
e−εε

k

Zε
|χε

k|2Rε[V ε − Ṽ ε] dxdz

+
∑

k

∫∫

Ω

Ñs

(
e−εε

k

Zε
|χε

k|2 −
e−fεk

ε

Z[Ṽ ε]
|χ̃k

ε|2
)

Rε[V ε − Ṽ ε] dxdz,

&szUc ���>+
��!#+J"%+.�Z+.0#@H+�45!U+.@%+JX�:s2�& �%6,')(14H(#+J@%@�6�:	4H!#+ XA')(#+�2�"�6,S?+-"52�4H6,"

Rε 6,(
L2(Ω)

c
= +�0#@%+�45!#+^(#6�4�2�45'A6�( 6�:�45!U+�M�S#Sy+J(U&#'�\ 5 εs

k = εk[sR
ε[V ε] + (1 − s)Rε[Ṽ ε]]

2�(#&

χs
k = χk[sR

ε[V ε] + (1 − s)Rε[Ṽ ε]]
c `�!#+J(¢��+ !32�[�+�7

e−εk[V ]

Z[V ]
|χk[V ]|2 − e−εε

k

Zε
|χ̃k

ε|2 =

∫ 1

0

d

ds

(
e−εs

k

Zs
|χs

k|2
)

ds.

`�!#+¥+]\ S#"H+-@H@H')6,(#@T6�:N4H!#+¢&#+J"%')[�2�45'�[,+-@W6�:�45!U+�+-'A*,+-(U:L0#(#�¶45'A6�(#@W2�(#& +J'A*�+J(�[�2�XA0#+-@J7Z*,')[�+J( 'A(
PK+JFWF^2²M�c § 732�XAXA6�� 0#@�456²��"%')45+

∑

k

∫ 1

0

d

ds

(
e−εs

k

Zs
|χs

k|2
)

Rε[V ε − Ṽ ε] dz = −
∑

k

e−εs
k

Zs
〈|χs

k|2 Rε[V ε − Ṽ ε]〉2+
(∑

k e−εs
k〈|χs

k|2 Rε[V ε − Ṽ ε]〉
Zs

)2

+
1

Zs

∑

k

∑

6̀=k

e−εs
k − e−εs

`

εs
k − εs

`

〈
χs

kχ
s
` Rε[V ε − Ṽ ε]

〉2

.
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z*,')[�+J(¢'A(¢PK+JFWF^2 M c �Ec�=�+ &#+-&#0#�J+

∑

k

∫∫

Ω

(Ns − Ñs)
e−εε

k

Zε
|χε

k|2Rε[V ε − Ṽ ε] dxdz ≤

≤ C1

∫

ω

|Ns − Ñs|(1 + ‖Rε[V ε]‖1/2

L2
z
)‖Rε[V ε − Ṽ ε]‖L2

z
dx.

&szUc ��z?+
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∫

ω

|Ns − Ñs|(1 + ‖Rε[V ε]‖1/2
L2

z
)‖Rε[V ε − Ṽ ε]‖L2

z
dxdz ≤

≤ ‖Ns − Ñs‖1/4
L1(ω)

(∫

ω

(Ns + Ñs)(1 + ‖Rε[V ε]‖2/3
L2

z
)‖Rε[V ε − Ṽ ε]‖4/3

L2
z

dx

)3/4

.
&szUc ��~ +

`�!#+ 2�@%@H0#FWSU45')6,( �-
²'AFWS#XA')+J@V2�Oy6,0#(#&�')(
L log L

6�:K4H!#+�&#+-(#@H'�45')+J@
Ns

2�(#&
Ñs

c�`�!10#@Z��+
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∫

ω

(Ns+Ñs)(1+‖Rε[V ε]‖2/3

L2
z
)‖Rε[V ε−Ṽ ε]‖4/3

L2
z

dx ≤ C2(1+‖V ε‖2/3

H1(Ω))‖V ε−Ṽ ε‖4/3

H1(Ω),

��!#'A��!W'A@�Oy6,0#(U&#+J&W@H')(#�J+
V ε 2�(#& Ṽ ε 2�"%+�O?6�0#(#&#+-&T')(

H1(Ω)
��'�45!WG�"H6,Sy6,@%')45')6,(�zUc § cv`�!10#@

XA6E6,�1'A(#*^2�4B&szUc ��z?+¶7�Z+ !32�[,+²S#"%6�[,+J&4H!32�4�4H!#+J"%+ +¶\ ')@%45@�2^(#6,(#(U+J*�2�4H')[�+��J6�(#@%452�(�4
C3

@H0#��!
45!32�4

‖V ε − Ṽ ε‖2
H1(Ω) ≤ C3‖Ns − Ñs‖1/4

L1(ω).
`�!#'A@�X)+�2�&#@�4H6 &szUc � § +¶c

�36," 45!U+N�-6,(�[,+J"%*,+J(U�J+.2�@
ε → 0

7E�Z+��-6,(#@H')&#+J"
V ε 2�(#& V

45!#+N@H6,X)0U45')6,(#@ 6�:84H!#+�0U(#"H+-*,0 <
X�2�"%'A_-+J&W2�(#&�"H+-@HSy+J�¶45')[�+JX�C�"H+J*�0#X�2�"%'A_-+J&�S#"H6�O#XA+-F :L6,"

Ns ∈ L∞(0, T ; L1(ω))
@52�4H'A@%:;CE')(#* �	
3c

=�+ !32�[�+

−∆(V ε − V ) = (Rε − Id)

[
Ns

e−εε
k

Zε
|χε

k|2
]

+ Ns

∑

k

(
e−εε

k

Zε
|χε

k|2 −
e−εk

Z |χk|2
)

.

��0#X�45'ASUX)CE'A(#*�O1C
(V ε − V )

2�(#&p'A(�4H+J*,"H2�45+�7#��+ 6,OU452�'A(¢2�:;4H+J"�2�(p')(14H+J*,"H2�45')6,(fO�CfS32�"D45@�2�(#&
45!32�(#�1@�4H6�4H!#+ @H+-X):s2�& �%6�'A(�45(#+-@H@�6�:

Rε 'A(
L2(Ω)

4H!32�4

∫∫

Ω

|∇(V ε − V )|2 dxdz = I + II + III,
&szUc ��|>+

��!#+J"%+

I =

∫∫

Ω

Ns

∑

k

e−εε
k

Zε
|χε

k|2(Rε − Id)[V ε − V ] dxdz,

II =

∫∫

Ω

Ns

∑

k

(
e−εε

k

Zε
|χε

k|2 −
e−εk

Z |χk|2
)

(V ε − Rε[V ε]) dxdz,

III =

∫∫

Ω

Ns

∑

k

(
e−εε

k

Zε
|χε

k|2 −
e−εk

Z |χk|2
)

(Rε[V ε] − V ) dxdz.
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|I| ≤ C1‖(Rε − Id)[V ε − V ]‖H1(Ω),
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|II| ≤ C2(1 + ‖V ε‖H1(Ω) + ‖V ‖H1(Ω))‖(Rε − Id)[V ε]‖H1(Ω),

�3"H6,F 45!#+S#"%6,Sy+J"%4H'A+-@�6�: 45!#+"%+J*,0UX�2�"%'A_�2�45'A6�(
Rε &L@H+J+¬PK+-FTFT2¡� c § +¶7��Z+I&U+J&#0#�-+¬+�2�@%'AX)C

45!32�4�7R@%'A(#�-+
V ε 'A@.Oy6,0#(#&#+-& 'A(

H1(Ω)
')(#&#+JSy+J(U&#+J(�45X�CI6�:

ε
7	�Z+�!32�[,+

limε→0 |I| = 0 =
limε→0 |II| c��v')(32�XAX�C,7	2�@ �Z+�!32�[�+f@H!#6���( :L6,".45!#+T@H+J�-6,(#&¡45+-"HF 6�:�4H!#+�"H')*,!�4�!#2�(#& @%'A&#+
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III
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45!32�4
lim
ε→0

‖V ε − V ‖L∞(0,T ;H1(Ω)) = 0.

� ��� �!��� �*��,(�������	��"-�1� ���A���

� ��� ���7��� ��
�	� 
 ���-����%*� �������$� � � � ����
 ��
 �=�$%�� ����
 
" � !#� ��
 �
	 �w� ���y��t;nwts�yx ����
$� ���

T > 0
"9�O'

ε ∈ (0, 1)
+�� ;7@&�('VN ������ �.���?4$��L9��H "94������(')6O4K�9+UH!��%

(DDSPε) I
�.�.���<���B+����&�O'V"94�2,�$���O'9�.������� & § c �>+�� & § cµz?+0"V'9%3�.�. "3�&�����U���  1��H �&�������

(N ε
s , V ε)

I �.�<� N ε
s ∈ C(0, T ; L2(R2)) ∩ L2(0, T ; H1(ω))

N
	 �w�8��
5� =�+ &#6�(#6�4N*�')[,+�')(p&#+-452�'AX 4H!#+.S#"H6E6�:9��!#'A��!���2�(¢Oy+�@%45"H2�'A*�!14%:L6,"%��2�"%&#X)C�2�&32�SU4H+J&
:L"H6,F 45!#+ S#"%6 6�:E6�:E45!U+V+]\ 'A@%4H+J(#�-+Z"%+J@%0#X)49')( , .10´c	`�!U+ZS#"%6 6�: "%+JX)'A+J@K6�( 2#2U\ +J&.Sy6,'A(�4�2�"%*,0#FW+J(�4
6,(p45!#+ FT2�S

F : Ns 7→ N̂s

&U+ 23(#+-&¥6,(f4H!#+ @H+-4

ST = {n :

(
max
0≤t≤T

‖n(t)‖2
L2(ω) +

∫ T

0

‖n(t)‖2
H1(ω) dt

)
< +∞}

O�C

§ c��36," 2 *,')[�+J(
Ns ≥ 0

7,�Z+�@H6,X�[,+�45!#+�"H+-*,0#XA2�"H')_J+J&T� ��!U"H$E&#'A(#*�+J"D<aG	6,')@H@%6,(�@%CE@%4H+JF
(SPε)2�(#&¢6,OU452�'A(U+J&

V ∈ L∞(0, T ; C∞(Ω))
c

� c = + �J6,(U@%45"%0#�-4
Vs = − log

∑
k e−εk[V ] cv�3"H6,F 4H!#+ @HSy+J�¶45"H2�XUS#"%6,Sy+J"%4H'A+-@v6�:#4H!#+:�N2�FT')X�<

456�(#'�2�( 7U��+ !32�[�+
Vs ∈ L∞(0, T ; C∞(ω))

c

zUc��36,"�45!#')@�+->?+J�¶45')[�+NSy6�4H+J(�45'A2�X
Vs

7��Z+N@%6,X)[�+�4H!#+�:L6,XAX)6w��')(#*�S32�"52�Oy6,XA')� +J/1032�45'A6�(�:L6�" 4H!#+
0#(#�1(#6���(

N̂s

5
∂tN̂s − div x(D(∇xN̂s + N̂s∇xVs)) = 0,

��')4H!²45!#+�'A(U')45'A2�X1�J6,(U&#')4H'A6,(
N0

s

2�(U&�4H!#+�O?6�0#(#&32�"DC²�J6�(#&#')4H'A6,(
∂νNs = 0

:L6�"
x ∈ ∂ω

c

=�+��J2�( SU"H6�[,+W2�@�')( , .10R4H!32�4
F

')@ 2f�J6,(�45"H2��-4H'A6,(6�(I4H!#+²@H+¶4 ST0

:L6,"
T0

@%F^2�XAXv+-(#6,0#*�!8c
`�!10#@N�Z+ !32�[,+ 2�@%6,XA0 45'A6�(f6,(

[0, T0]
4H!32�4��Z+.�J2�(¢+¶\E45+-(#&�4H6

[0, T ]
c

§ z
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 %�� �!� �
ε → 0

=�+�!#2�[�+�(#6�� 2�XAXyF^2�4%45+-"H@�4H6 �J6,(U@%45"%0#�-4�@%6,XA0 45'A6�(#@�6�:94H!#+�0#(#"%+J*,0UX�2�"%'A_J+-&fS#"H6�O#XA+-F 2�(U&�456
S#"H6�[�+ `�!#+-6,"H+-F § cµzUc�= +���'AXAXy0#@%+ 4H!#+�M�0UO#'A( <aPK'A6,(#@��J6,FWS32��¶45(#+-@H@�FT+¶45!#6E&�456�@%!#6���45!#2�4
45!#+Z@H6,X)0U45')6,(.6�:U4H!#+�"%+J*,0#XA2�"H')_J+-& @DC @D45+-F �-6,(�[,+J"%*,+J@	��!#+J(�4H!#+�S#2�"52�FW+-4H+J"�6�:#"%+J*,0UX�2�"%'A_�2�45'A6�(
*,6E+J@ 456¬�¥4H6�� 2�"%&#@²@H6�XA0U4H'A6,(#@�6�:�45!#+�0U(#"H+-*,0#X�2�"H'A_-+J&¡@DC @D45+-F�7V0#S 456¬2�( +]\E45"52��-45')6,(¡6�:N2
@H0#OU@H+J/10#+-(#�J+�c �N6��Z+-[�+J"²45!#')@ FW+-45!U6 & &U6 +-@²(#6�4 *�')[,+�2�(�C 0#(#')/10#+J(#+-@H@²"%+J@H0UX)4�c<= + 23"%@%4
"H+-��2�X)X92�@%'AFWS#XA+�@%4�2�45+JFW+J(�4�6�:v2�(pM�0#OU'A( <aP9')6,(#@ X)+JFWF^2 , ~#7��z10 5

�V�E� � r �9�QP � dfj9k t´x �V�E� ��r �T�"��V�
T > 0 J q ∈ (1, +∞)

"9�O' H!���
(fn)n∈N

+��-"
+����&�O'��('  1� �U� �����$�Y�*� ���������5�����D 0�.�

Lq(0, T ; H) I ����4$� H
�! " � "9�O"��$�? /6D"��$�UN �.�

(fn)n∈N�! +������O'��(' �.�
Lq(0, T ; V ) I ����4K� V

�! M�$��%M6D"�����H 2Y��%?+��('V'��('0�.�
H

"9�O'
∂fn/∂t

�! :+����&�O'��('
�.�

Lq(0, T ; V ′)
����� �F��4�%3H 2 I �.�<��4K�$ /6��$��� �*� n ∈ N J �.����� (fn)n∈N

�! 04K��H "9���.89��H 2,�$��%M6D"������.�

Lq(0, T ; H)
N

	.�w�8��
�� 
 ��� �1����E� 
3� �K� = +-2U\¡`����Uc �3"H6,F G�"H6,Sy6,@H'�45')6,( ~#c § 7R45!U+J"H+f+]\ 'A@%4
N ε

s2�(#&
V ε @H6,X)0U45')6,( 6�:.4H!#+B"%+J*,0#XA2�"H')_J+-&¦S#"H6�O#XA+-F

(DDSPε)
��'�45!¦4H!#+B'A(U')45'A2�X�&32�452

N0,ε
s

c
M�@%@H+J"D45')6,(<&L'A'A'C+�6�:8£�6,"%6,XAXA2�"%C²� cµ~ S#"%6�[,+J@V45!32�4V�Z+�!32�[,+ √

N ε
s ∈ L2(0, T ; H1(ω))

2�(#&W��'�45!
&s'C+¶7 √

N ε
s ∈ L∞(0, T ; L2(ω))

c	`�!10#@ @%'A(#�-+ ��+�!32�[,+ ∇xN
ε
s = 2

√
N ε

s∇x

√
N ε

s

7,�Z+�&#+J&U0#�J+
45!32�4

N ε
s ∈ L2(0, T ; W 1,1(ω))

��')45!�2�0#(#'):L6�"HF Oy6,0#(#&¢��')4H!¥"H+-@HSy+J�¶4�456
ε
c���6,"%+J6�[,+-"J7��+

!32�[,+ 2�:;45+-"�2T£ 2�0#��!�C1<Q� ��!�� 2�"H_ ')(#+J/1032�X)')4aC 5

∫ T

0

(∫

ω

|∇xN
ε
s + N ε

s∇xV
ε
s | dx

)2

dt ≤ NI

∫ T

0

∫

ω

|∇xN
ε
s + N ε

s∇xV
ε
s |2

N ε
s

dxdt

≤ NI

α

∫ T

0

Dε(t) dt,

��!#+J"%+
Dε 'A@�&#+;23(#+J&T'A(TPK+JFWF^2 � cµz 2�(#&W'A@ Oy6,0#(#&#+-&T')(

L1(0, T )
0#(U'):L6,"%FTX�C ��'�45!�"H+-@HSy+J�-4

456
ε
cR`�!U+J"H+¶:L6,"H+N��+��-6,(#�-XA0#&#+���')4H!

(DDε)
4H!32�4

∂tN
ε
s

')@ZOy6,0#(U&#+J&f')(
L2(0, T ; W−1,1(ω))0#(#'�:L6,"HFWX)CW��')4H!¢"%+J@%S?+-�-4�456

ε
c

��+J(#�-+ �Z+ ��2�(B2�S#SUX)C¢PK+JFWF^2�~#c ��:L6,"
q = 2

7
H = L1(ω)

2�(#&
V = W 1,1(ω)

c�`�!U+J"H+
+¶\ 'A@D45@W2B@H0UO#@H+-/E0U+J(#�-+ &s@D45')XAXV&#+J(#6�45+J& 2�O#0U@H')[�+JX�C

N ε
s

+ @%0#��! 4H!32�4
N ε

s → Ns

@%4H"H6,(#*�X)C 'A(
L2(0, T ; L1(ω))

c��3"H6,F 45!#+��Z+�2��f�-6,(�45')(E0U')4aC��Z+ !32�[,+ 45!32�4�:L6,"�2 cµ+�c
t ∈ [0, T ]

7

∫

ω

Ns(1 + | logNs|) dx ≤ CT ,

:L6,"2¦(#6�(#(#+J*,2�45'�[,+¡�J6�(#@%452�(�4
CT

c �36,"¢45!#')@¥:L0#(#�¶45')6,(
Ns

7 �Z+¡��2�( @%6,X)[�+ 45!#+�0#(#"H+-*�<
0#X�2�"H'A_-+J& � ��!U"H$E&#'A(#*�+J"D<aG	6,')@H@%6,( @%CE@%4H+JF

(S)
�
(P )

2�(#& �J6,(U@%45"%0#�-4
(V, (εk, χk)k≥1)

��'�45!
V ∈ L∞(0, T ; H1(Ω))

2�@pS#"%6�[,+J& 'A( G�"H6,Sy6,@%')45')6,( zUc § c¯`�!32�(#�1@p456 G�"H6,Sy6,@H'�45')6,( zUc � 7
��+.!32�[,+ 45!#2�4

‖V ε − V ‖L2(0,T ;H1(Ω)) → 0
2�@

ε → 0.

§ ~



=�+ � 2�(�4 (#6�� 456^S32�@H@N456^4H!#+ XA')FT'�4
ε → 0

'A(¢45!#+�&#"H'�:;4%<a&U')>?0#@H')6,(�+-/1032�45')6,(8c�`�!#2�(#�1@�456
PK+JFWF^2²M�c � 7U�Z+.!32�[,+

∫∫

[0,T ]×ω

N ε
s∇xV

ε
s dxdt =

∫∫

[0,T ]×ω

N ε
s

∑

k

e−εε
k

Zε
〈|χε

k|2∇xV
ε〉 dxdt

≤
∫∫

[0,T ]×ω

N ε
s (1 + ‖Rε[V ε]‖1/2

L2
z
)‖∇xV

ε‖L2
z
dxdt.

�ZCB4H!#+W£ 2�0#��!�C�<D� ��!���2�"H_^'A(#+-/E0#2�XA'�4aCB2�(U&¬4H!#+T� 6,Oy6,XA+¶[¥+-F Oy+J&#&#')(#*
H1(Ω) ↪→ Lp

xL
2
z(Ω):L6,"�2�X)X

p ∈ [1, +∞)
7E��+.&#+-&#0#�J+�5

∫∫

[0,T ]×ω

N ε
s∇xV

ε
s dxdt ≤ CT‖V ε‖L∞(0,T ;H1(Ω))(1+‖V ε‖L∞(0,T ;H1(Ω)))‖N ε

s‖L1(0,T ;L4(ω)).

��0U4�2�@H@%+J"%4H'A6,( &s')'A'C+Z6�:V£�6,"%6,XAXA2�"%Cf� c ~^@H!U6w��@�45!32�4 ‖N ε
s‖L1(0,T ;L4(ω))

')@�Oy6,0#(U&#+J&B')(#&#+-S?+-( <
&#+J(�4HX)C 6�:

ε
c¦`�!10#@^4H!#+J"%+¥+]\U')@%4H@^2I(#6,(#(#+-*�2�4H')[,+��J6,(U@%4�2�(14

CT
')(#&#+JSy+J(U&#+J(�4f6�:

ε
@H0#��!

45!32�4A5 ∫∫

[0,T ]×ω

N ε
s∇xV

ε
s dxdt ≤ CT .

�N+-(#�J+W��+T��2�( *,')[�+^2p@H+-(#@H+^4H6¢4H!#+W&#"H'�:;4%<a&U')>?0#@H')6,(+J/1032�4H'A6,( 2�@
ε → 0

cf�3"H6,F P9+-FTFT2
M�c § 7#�Z+ !32�[�+

∇xεε
k[V

ε] = 〈|χε
k|2∇xV

ε〉.
`�!#+ �J6,(�[�+J"H*�+J(#�-+ 6�:

V ε 'A( L2(0, T ; H1(Ω))
2�(#&�4H!#+�XA6E��2�X?PK'AS#@%��!#')4H_�&#+-S?+-(#&#+J(U�J+.6�:945!#+

+J')*,+J(�[,+-�-4H6,"H@T6�:N4H!#+ ��2�FW'AX�456,(U'�2�(I��')45! "H+-@HSy+J�¶4T4H6¬4H!#+¢S?6�4H+J(�45'A2�X &L@H+J+�PK+JFWF^2BM cµ~I6�:
M�S#Sy+J(U&#'�\¬6�:$, .10C+�2�XAX)6�� 0#@�456f�J6�(#�JX)0#&#+ 45!#2�4 ∇xεε

k[V
ε] → ∇xεk[V ]

'A(
Lp((0, T ) × ω):L6,".2�XAX

p ∈ [1, 2)
cT�3"%6,F £�6,"%6,XAXA2�"%C�M�cµzU79��+W&#+J&U0#�J+�45!32�4.:L6�" 2�XAX

q ∈ [1, +∞)
7K�Z+T�J2�(

+¶\E45"H2��-4�2^@H0#OU@H+J/10#+-(#�J+W@H0U��!B45!32�4 εε
k[V

ε] → εk[V ]
'A(

L2(0, T ; Lq(ω))
c�`�!E0U@J7K@H')(#�J+.��+

!32�[,+
|e−εε

k
[V ε] − e−εk[V ]| ≤ e−

1
2
π2k2|εε

k[V
ε] − εk[V ]|,

��+.&#+-&#0#�J+ 45!#2�4�:L6,"�2�(�C
r ∈ [1, p)

∇xV
ε
s =

∑
k ∇xεε

ke
−εε

k

Zε

�J6,(�[�+J"H*�+J@�')(
Lr((0, T ) × ω)

c�`�!#'A@�')@�+J(#6�0#*,!p456WS#"H6�[,+

N ε
s∇xV

ε
s ⇀ Ns∇xVs

'A( D′([0, T ] × ω).

`�!10#@ 0#S^4H6�2�(^+¶\E4H"52��¶45'A6�(87
(Ns, V )

'A@Z2 @%6,XA0 45'A6�(W6�:
(DDSP )

')(T45!U+N&#')@%4H"H'AOU0U45')6,(�@H+J(U@H+�c
�ZCf45!U+���+J2��f@H+-FT'�<a�J6�(14H'A(10#'�4aC^�Z+.*�+-4�FT6�"H+J6�[�+J"

∫∫

[0,T ]×ω

Ns∇xVs dxdt ≤ lim inf
ε→0

∫∫

[0,T ]×ω

N ε
s∇xV

ε
s dxdt.

`�!#+.@H+JFW'�<=�J6,(�4H'A(10#')4aCT6�:�45!#+
L2 (U6,"HF *,')[�+J@

∫∫

[0,T ]×ω

|∇x

√
Ns|2 dxdt ≤ lim inf

ε→0

∫∫

[0,T ]×ω

|∇x

√
N ε

s |2 dxdt.

§ |



M�(#&p:L6,"�2Uc +�c
t ∈ [0, T ]

7

W (t) +

∫ t

0

D(s) ds ≤ lim inf
ε→0

(W ε(t) +

∫ t

0

Dε(s) ds).

� � �A� � � � � ����� � �*
Û���A�1�

`�!#'A@²@%+J�¶45'A6�( ')@²&#+-[�6�45+-& 4H645!#+fS#"%6 6�:N6�:N`�!U+J6,"%+JF § c ~#c6=�+f0#@%+¢2�(�+J(�45"%6,S�C¡FT+¶45!#6E&
"H+-X)CE'A(#* 6,( 45!#+ PK6,*�2�"%')45!UFT')�� 6,Oy6,X)+-[ 'A(U+J/1032�X)')45')+J@f2�(#&�6,( 45!#+�£�@H')@H_J±�"D<a� 0UXAXAO#2����¦'A(E<
+J/1032�X)')4H'A+J@-c^`�!#')@ FW+-4H!#6E& !32�@ Oy+J+-(���'A&#+-X)C0U@H+J&�O1CI@%+-[,+-"52�XZ2�0U4H!#6,"%@-&L@H+J+W:L6," 'A(#@D4�2�(U�J+
, �E78zU7 § �U7 § �E7 § ~40 +]c@=�+²')(14H"H6E&#0#�-+ 45!U+²"H+JXA2�45'�[,+ +J(�45"%6,S�C6�:

(ρk, V )
��')45!"%+J@%S?+-�-4�456�4H!#+

@%452�45')6,(32�"DC�@H6�XA0U4H'A6,(#@
(ρ∞

k , V ∞)
5

W∞(t) =
∑

k

∫

ω

(ρk log(ρk/ρ
∞
k ) − ρk + ρ∞

k ) dx +
1

2

∫∫

Ω

|∇x,z(V − V ∞)|2 dxdz

+
∑

k

∫

ω

ρk

(
εk[V ] − εk[V

∞] −
∫ 1

0

|χk|2(V − V ∞) dz

)
dx.

&´| c ���?+
=�+�"%+J��2�XAXv4H!32�4�45!U+²&#+J�J2�C¬6�:

ρk

��'�45!¬"H+-@HSy+J�-4 4H6
k
')(#@H0U"H+J@�4H!32�4�45!U+WXA2�@%4�45+J"%F 'A@�(U6,( <

(#+J*,2�45'�[,+�c = + ��2�(¢S#"H6�[�+.��'�45!f45!#+ @H2�FT+��J2�XA�-0#X�2�45'A6�(#@�2�@�')(�PK+-FTFT2�� cµz²4H!32�4

d

dt
W∞(t) = −

∫

ω

NsD
∇xu · ∇xu

u2
dx ≤ −α

∫

ω

Ns|∇x(log u)|2 dx,

��!#+J"%+N�Z+�0#@%+�MN@H@H0UFTSU4H'A6,( § c § :L6,"�4H!#+NXA2�@%4V')(#+J/1032�X)')4aC�cD= +N&#+-(#6�4H+
u = NI/

∫
ω
Z(x) dx

c
`�!#+J"%+-:L6,"%+.�Z+.!32�[,+

d

dt
W∞(t) ≤ −α

∫

ω

Ns|∇x log
u

u
|2 dx.

&´| c �,�>+

=�+."H+-��2�X)X 45!U+���"H6,@%@�XA6,*�2�"H')4H!#FW'A��� 6,Oy6,XA+¶[�'A(U+J/1032�X)')4aC<,µ� 7 § ~ 7y� § 0�5�:L6," 4a�Z6^(#6�(#(#+J*,2�45'�[,+
:L0#(#�¶45'A6�(#@

f
2�(#&

g
@H0U��! 45!#2�4 ∫

ω
f dx =

∫
ω

g dx
4H!#+J( 45!U+J"H+ +]\U')@%4H@	2�(#6,(U(#+J*�2�45')[�+ �J6,(#@D4�2�(�4

λ
@H0#��!¢45!32�4

∫

ω

f log
f

g
≤ 1

λ

∫

ω

f |∇ log(f/g)|2 dx.

�N+-(#�J+.'):���+.2�SUS#X)CT45!#')@�')(#+J/1032�XA')4aCT'A( &´| c ���?+Z��')4H!
f = Ns

2�(#&
g = uZ 7U�Z+ 6,O 4�2�')(

d

dt
W∞(t) ≤ −αλ

∫

ω

Ns log
u

u
dx.

=�+ �J2�(¢4H!#+J(¢&#+-�J6,FWS?6�@H+

log
u

u
= log

ρk

ρ∞
k

+ εk − ε∞
k + log

ρ∞
k

ue−ε∞
k

= log
ρk

ρ∞
k

+ εk − ε∞
k + log

u∞

u
.
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��6,"%+J6�[,+-"J7345!#+.�EXA6�4HO?6E6,F [�2�"H'A2�O#XA+�:L6,"�4H!#+ @%4�2�45'A6�(32�"%CTS#"%6,O#XA+-F
u∞

'A@ 2��-6,(#@D4�2�(�4�c `�!10#@

u∞

u
=

(
u∞

NI

∫

ω

Z(x) dx

)
=
∑

k

∫

ω

u∞e−εk
dx

NI

`�!#+J"%+-:L6,"%+.��'�45!f45!U+.')&#+J(�4H')4aC
u∞ = ρ∞

k e−ε∞
k
73O�Cp2W®�+J(#@%+J(B')(#+J/1032�X)')4aC�7 �Z+ !32�[�+

log
u∞

u
= log

∑

k

∫

ω

ρ∞
k eε

∞
k
−εk

dx

NI
≥
∑

k

∫

ω

(ε∞
k − εk)

ρ∞
k

NI
dx.

& = + "H+J�J2�XAX?45!32�4 ∑
k

∫
ω

ρ∞
k = NI

+¶c �	'A(32�X)X)C��Z+ !32�[�+ 6,O 4�2�')(#+J&

d

dt
W∞(t) ≤ −αλ(

∑

k

∫

ω

ρk log
ρk

ρ∞
k

dx +
∑

k

∫

ω

(ρk − ρ∞
k )(εk − ε∞

k ) dx)

≤ −αλ(
∑

k

∫

ω

ρk log
ρk

ρ∞
k

dx +

∫∫

Ω

(N − N∞)(V − V ∞) dxdz

+
∑

k

∫

ω

ρk(εk − ε∞
k − 〈|χk|2(V − V ∞)〉) dx

+
∑

k

∫

ω

ρ∞
k (ε∞

k − εk − 〈|χ∞
k |2(V ∞ − V )〉 dx).

`�!#+BXA2�@%4W45+-"HF 6�:�4H!#+¥"%'A*,!�4T!32�(#& @H'A&U+¢��!#')��!¦'A@W@H')FT')X�2�" 456�4H!#+�XA2�@%4W45+-"HF 6�:
W∞

')@
(#6,(#(U+J*�2�4H')[�+�c�M��J�-6,"H&#')(#*�456T4H!#+ G�6,'A@%@H6,(�+J/1032�4H'A6,( 74H!#+.@H+J�-6,(#&B4H+J"HF 6�:R45!#+."H')*,!�4�!32�(#&
@H')&#+ 'A@�+J/1032�X8456

∫∫
|∇x,z(V − V ∞)|2 dxdz.

`�!10#@J7��+ !32�[�+ @%!#6���(�45!#2�4

d

dt
W∞(t) ≤ −αλW∞(t),

2�(#& 2 ��"H6,(���2�XAX 4aCESy+B2�"%*,0#FW+J(�4TCE')+JXA&U@�4H!#+¥+]\ S?6,(U+J(�45'A2�X��J6,(�[,+-"H*,+-(#�J+¥6�:�45!U+�"%+JX�2�45')[�+
+J(�45"%6,S�C35

W∞(t) ≤ W∞(0) e−αλt c ��+¶\E4���+�@%!32�X)X80#@H+�4H!#+ £�@H')@H_�±�"D<Q��0#X)XAO32����W')(#+J/1032�XA')4aC
, § 0�5R:L6,"�2�XAX

f
2�(#&

g
')(

L1
+(ω)

��')4H! ∫
ω

f dx =
∫

ω
g dx = NI

7 ��+.!32�[,+

‖f − g‖2
L1(ω) ≤ 2NI

∫

ω

f log
f

g
dx.

`�!#+J"%+-:L6,"%+.�Z+.&#+J&#0U�J+ 45!32�4

‖ρk − ρ∞
k ‖`1(L1(ω)) ≤

√
2NIW∞(0) e−

αλ
2

t.

� �����*��)Ö� �

§ �



� � � ����� �*�	� � � ��� �*�Ð��� � � � �	���*,.�	��� � ��� � � ��� �A� ��"�� � �
�Ö�!���

`�!#+N2�'AF 6�:?4H!#'A@�MNS#Sy+J(#&#'�\�'A@R4H6 S#"H+-@H+J(�4Z@H!32�"HSW+J@%4H'AFT2�45+-@ 6,(²45!#+�+J')*,+J(�[�2�X)0#+J@V2�(#&�+-'A*,+-( <
:L0#(#�¶45'A6�(#@�6�:�4H!#+ 6,(#+]<a&#')FT+-(#@H')6,(32�X	� ��!U"H$E&#'A(#*�+J"�6�S?+-"52�4H6,"J7?(#+J+-&#+J&¬'A(¢45!#+ :L"52�FW+-�Z6,"H�¢6�:
45!#')@�S32�Sy+J"Jc �36,"�2²*,'�[,+-(�"%+�2�X [�2�X)0#+J&p:L0#(#�¶45')6,(

V
')(

L2(0, 1)
7 45!#+ � ��!#"%$ &U'A(#*,+-"�6,Sy+J"52�456,"

H[V ] := −1

2

d2

dz2
+ V (z)

&#+ 2#(#+J&�6,(
H2(0, 1)∩H1

0(0, 1)
2�&#FW')4H@v2�@D45"%'A�-4HX)C ')(#�J"%+�2�@%'A(#*N@H+J/10#+-(#�J+�6�:#"H+�2�X +-'A*,+-(1[�2�X)0#+J@

(εk[V ])k≥1

*,6�'A(#* 4H6
+∞ c�`�!#+ �J6,"%"H+J@%S?6�(#&#'A(U*²+J'A*�+J(�[,+-�-456�"H@J7&#+-(#6�4H+J&¢O1C

(χk[V ](z))k≥1&s��!#6�@H+J(I@H0U��!I4H!32�4
χ′

k(0) > 0
2�(#& ∫ 1

0
|χk[V ]|2 dz = 1

+¶7 :L6,"%F{2�(I6�"%45!U6,(#6,"%F^2�X�O32�@%'A@�6�:
L2(0, 1)

2�(#& 2�"H+p')(
H1

0 (0, 1)
c �36,"

V = 0
7V��+¢!32�[,+ εk[0] = 1

2
π2k2 2�(U&

χk[0](z) =√
2 sin(πkz)

c
¤a(f4H!#+ @H+J/10#+-XK��+���'AX)X?0U@H+�45!#+ @D4�2�(#&#2�"H&p(#6�452�45')6,( 〈f〉 =

∫ 1

0
f(z) dz

2�(#&f��!#+-(�45!U+J"H+
'A@�(#6��J6�(U:L0#@H')6,(pS?6�@H@H')O#XA+ εk

��'AX)X @D4�2�(#&p:L6," εk[V ]
2�(U&

χk

:L6,"
χk[V ]

c
�VCp2�&32�S 45'A(U* 45!#+ S#"%6 6�:L@�6�: ,µ� .10´7#��+ �J2�(�SU"H6�[,+�5

�V�E� � r d ��
$� ���
V = V (λ, z) ∈ L∞

loc(0, Λ; L2
z(0, 1)) I �.�.� λ ∈ (0, Λ)

���52$6O���("9H.H 2
λ = t��4

λ = xi

�9N �.�
∂λV ∈ L1

loc(λ, L2
z(0, 1)) J �.����� ∂λεk ∈ L1

loc J ∂λχk ∈ L1
loc(λ, L∞

z (0, 1))
"9�O'

I �B�D"989�

∂λεk = 〈|χk|2∂λV 〉 "9�O'
∂λχk =

∑

6̀=k

〈χk χ` ∂λV 〉
εk − ε`

χ`.

`�!#2�(#�1@^456I45!#')@^PK+-FTFT2U7 ��+B�J2�( ')FTSU"H6�[,+p45!#+
L∞

+J@D45'AFT2�4H+�6,( 45!#+�+J')*,+J(�[,+-�-4H6,"H@
S#"H+-@H+-(14H+J&B')(¢P9+-FTFT2�452 M�c ��2�(#&�M cµ~�6�: , .10Yc

�V�E� � r d �QP�� ���
V ∈ L2(0, 1)

 ����$� �.�D"9�
V ≥ 0 J �.����� �.��� ��� L�����89�$���/��4$ �*� �.���

���$� �U'9�.��L���4C�$6���4 "9�*��4M U"9���! <��2

‖χk[V ]‖L∞(0,1) ≤ C(1 + ‖V ‖1/2
L2(0,1)).

o �y�w�yqsqsr#��� d � ��� ���
V
"9�O'

Ṽ
+�� � I �CL9�.89��� ����������LV"9���.89�>6����/�����5��"9H  B�.� L2(0, 1)

N)������
�<����4K�3� @E�! ��. C",����������LV"9���.89� �$���D ���"9���

C
 �� �$� �.�D"9�

|εk[V ] − εk[Ṽ ]| ≤ C(1 + ‖V ‖1/2

L2
z(0,1) + ‖Ṽ ‖1/2

L2
z(0,1))‖V − Ṽ ‖L2

z(0,1).
&LM�c § +

���E��r#�w� d � � � ��%M6D"94$�(' I �.�<� �<���MX>6V6����O'9�A@ �*����� � J �.���Y'��/6����O'������$�Y�*�B�<���3��� L����F������� 	�5�����D C��� �.���>6����/�����5��"9H �! M ��D+ 	/H �.���("94 I ����4K�("� I � �D"V'�"9�S� @ 6�������������"9H�'��/6����O'������$�M�.� �<���
6O4K��81�����  I ��4 �9N
	 �w�8��
5� `�!#+ "H+-@H0#X�4�6�:RPK+-FTFT2 § £�!32�SU4H+J" § 6�: ,µ� .10KSU"H6�[E'A&#+-@:5

χk(z) = Ak sin(
√

2εkz) + 2

∫ z

0

sin(
√

2εk(z − t))√
2εk

V (t)χk(t) dt,
&LM�c �>+

§ .



��!#+J"%+
Ak

')@ 2 (#6�(#(#+J*,2�45'�[,+��-6,(#@D4�2�(�4�456�O?+�&U+-45+-"HFW'A(#+-&8c�`�!32�(U�E@ 4H6²2�£ 2�0#��!�C�<D�E��!1��2�"%_
'A(#+-/1032�XA'�4aC,7U�Z+ &#+J&U0#�J+-&
∣∣∣∣
∫ z

0

sin(
√

2εk(z − t))√
2εk

V (t)χk(t) dt

∣∣∣∣ ≤
∫ 1

0
V (t)|χk(t)| dt√

2εk

≤ 〈|χk|2V 〉1/2

√
2εk

‖V ‖1/2

L2(0,1).

��6,"%+J6�[,+-"J7:L"H6,F 45!#+ � ��!#"%$ &U'A(#*,+-"�+J/1032�4H'A6,(f�Z+ 6�OU4�2�')(

εk =
1

2
〈|∂zχk|2〉 + 〈|χk|2V 〉 ≥ 〈|χk|2V 〉

`�!10#@J7
∣∣∣∣
∫ z

0

sin(
√

2εk(z − t))√
2εk

V (t)χk(t) dt

∣∣∣∣ ≤
1√
2
‖V ‖1/2

L2(0,1).
&LM�cµz?+

`�!10#@N:L"%6,F &LM�c �>+Z��+.!32�[,+ :L6,"�2�X)X
z ∈ [0, 1]

|χk(z)| ≤ Ak +
√

2 ‖V ‖1/2

L2(0,1).
&LM�c ~ +

�N6�� 7 �Z+N��')XAX30#@%+N4H!#+��-6,(#&#'�45'A6�( ‖χk‖L2(0,1) = 1
456�Oy6,0#(U&

Ak

c�¤=:8��+N0#@H+�45!#+N+¶\ S#"%+J@H@%'A6,(
6�:

χk

&LM�c �>+�'A(f45!U+.')&#+J(�4H')4aC ∫ 1

0
χ2

k dz = 1
7U�Z+ 6�OU4�2�')(

1 ≥ A2
k

∫ 1

0

sin(
√

2εkz)2 dz + 4Ak

∫ 1

0

sin(
√

2εkz)

∫ z

0

sin(
√

2εk(z − t))√
2εk

V (t)χk(t) dtdz.
&LM�c |>+

�36," 45!#+ @%+J�J6�(#&�4H+J"HF ��+.!32�[,+�:L"H6�F &sM c z?+
∣∣∣∣
∫ 1

0

sin(
√

2εkz)

∫ z

0

sin(
√

2εk(z − t))√
2εk

V (t)χk(t) dtdz

∣∣∣∣ ≤
1√
2
‖V ‖1/2

L2(0,1).

M�(#&p�Z+ �J2�(��J2�XA�-0#X�2�45+
∫ 1

0

[sin(
√

2εkz)]2 dz =
1

2
− sin(2

√
2εk)

4
√

2εk

.

� 'A(U�J+
V ≥ 0

7#4H!#+ ��'A( <Q�¥2�\f:L6�"HF 0#XA2 , �,� 0�'AFWS#XA')+J@ εk[V ] ≥ ε[0] = 1
2
π2k2 7#:L6,"�2�XAX k ≥ 1

c
`�!10#@N�Z+ ��2�(¢'A( �%+-�-4�4H!#+J@%+ "%+JFT2�"H�1@�'A(6&LM�c |>+¶73'�4�XA+J2�&#@�456

1 ≥ A2
k

(
1

2
− 1

4π

)
− 2

√
2Ak‖V ‖1/2

L2(0,1).

`�!#'A@�')FTS#X)'A+-@Z45!#2�4�45!#+-"H+ +¶\ 'A@D45@�2²(#6,(#(U+J*�2�4H')[�+.�-6,(#@D4�2�(�4
C

@H0#��!¢45!32�4

Ak ≤ C(1 + ‖V ‖1/2

L2(0,1)), ∀ k ≥ 1.
¤=4�"H+JFT2�')(#@ 456�'A(�%+J�-4�4H!#'A@�XA2�@%4�+-@%4H'AFT2�45+�')(6&sM�c ~ +�456�S#"%6�[,+ P9+-FTFT2 M�c � c

£�6�"H6,X)X�2�"DC¬M�cµz¥'A@²2�( +�2�@DC �-6,(#@H+-/10#+J(#�-+�6�:�45!#+ ��$,XA&U+J"�+-@%4H'AFT2�45+-@ 2�(#&�PK+-FTFT2�M c �
��')4H!¢4H!#+ "H+JFT2�"%�T45!#2�4

εk[V ] − εk[Ṽ ] =

∫ 1

0

∂λεk(λ) dλ =

∫ 1

0

〈|χk[W (λ, ·)](z)|2(V − Ṽ )〉 dλ,

��!#+J"%+.�Z+ &#+J(U6�45+�:L6,"
λ ∈ [0, 1]

7
W (λ, z) = Ṽ + λ(V − Ṽ )

2�(#& εk(λ) = εk[W (λ, ·)] c

§ �



� 	 ���%��������� ������"�"-���+# � 2 �

`�!#+ 23"H@D4 S?6�'A(�4�'A@�2�(+�2�@DC�J6�(#@H+-/E0U+J(#�-+T6�:V6,0U"���!#6,'A�-+²6�:VO?6�0#(#&32�"DC¥�-6,(#&#'�45')6,(#@Jc �3"H6,F
PK+JFWF^2W� cµz ��+ &#+-&#0#�J+ 2�:;4H+J"�2�(p'A(�45+-*,"52�45'A6�(f'A(f45')FT+�4H!32�4

∀ t ∈ R
+, W (t) = W (0) −

∫ t

0

D(s) ds ≤ W (0).
&sM c �>+

M�@%@H0#FWSU45')6,( § c �.6�(^'A(U')45'A2�XU&#2�4�2�')(#@H0U"H+J@V45!32�4
W (0)

'A@VO?6,0U(#&#+J&f')(#&#+-S?+-(#&#+J(�4HX)CW6,(
ε
cv¤a(

:s2��-4J78@H6�X)[E'A(#*T45!#+��E��!#"H$E&#'A(U*,+J"Q<QG	6�'A@H@%6,(@%CE@D45+JF :L6,"�2�*,'�[,+-(
N0

s

'A(
L log L(ω)

:L0#"%(#'A@%!#+J@
V (t = 0, ·, ·) ∈ H1(Ω)

&s@%+J+�G�"H6,Sy6,@H'�45')6,(�zUc § + 2�(#&�45!#+p`�"H0#&U'A(#*,+-"²'A(#+-/1032�XA'�4aC ')FTS#X)'A+-@
45!32�4�45!#+�S#"H6E&#0#�¶4�6�:V2

L log L(ω)
45+-"HF ��')4H!¥45!#+�@H/1032�"%+ 6�:Z2

H1(ω)
45+-"HF�'A@NO?6,0U(#&#+J&

'A(
L1(ω)

c
= +p!32�[,+¢S#"H6�[�+J& ')( � +J�¶45')6,(¦�Ec � c § 6�: ,/.10�45!32�4�4H!#+p&#+J�J2�C�6�:

ρk

��'�45!�"H+-@HSy+J�-4W456
k'AFWS#XA')+J@

∑

k

ρk(εk − εk[0] − 〈|χk|2Rε[V ]〉) ≥ 0.
&sM�c �>+

M�(#& εk[0] = π2k2/2
c�`�!10#@ &sM c �>+�'AFWS#XA')+J@Z4H!32�4

∑

k

∫

ω

ρk(
π2k2

2
+ log ρk) dx +

1

2

∫∫

Ω

|∇x,zV |2 dxdz ≤ W (0).
&sM c .?+

`v2��E')(#*
K =

∑
k e−k2 7#O�Cf45!U+�®�+-(#@H+-(¥')(#+J/1032�X)')4aCW��+.!32�[,+

W (0) ≥
∑

k

∫

ω

ρk(k
2 + log ρk) dx = K

∑

k

∫

ω

ρk

e−k2 (log
ρk

e−k2 )
e−k2

K
dx

≥
∫

ω

Ns log(Ns/K) dx.

`�!10#@N:L"%6,F &LM�c/.?+¶7

∀ t ∈ R
+,

∫

ω

Ns log Ns dx ≤ W (0) + NI log K.

`�!#+J(+-@%4H'AFT2�45+ &Y�Ec §,§ +�')@�2T&#')"H+J�¶4��-6,(#@%+J/10#+J(U�J+²6�:	45!#+ "H+JFT2�"%�^45!32�4 ∀ a > 0
7
a| log a| ≤

a log a + 2/e
c�¤a(¢:s2��¶4�7

∑

k

∫

ω

ρk| log ρk| dx ≤
∑

k

∫

ω

ρk(| log(ρk/e
−k2

)| + k2) dx

≤
∑

k

∫

ω

ρk(log(ρk/e
−k2

) + k2) dx +
2

e

∑

k

∫

ω

e−k2

dx

≤
∑

k

∫

ω

ρk(log ρk + 2k2) dx +
2

e
|ω|K,

��!#+J"%+ |ω| &#+-(#6�45+-@�4H!#+.PK+JOy+J@H*�0#+ FW+�2�@H0#"%+.6�:
ω
cR`�!10#@-7y�Z+ &#+J&U0#�J+ :L"H6,F &sM�c/.?+Z4H!32�4

∀ t ∈ R
+,

∑

k

∫

ω

ρk| log ρk| dx ≤ W (0) +
2

e
|ω|K.

&LM�cµ�?+

���



�N+-(#�J+ :L"H6,F &sM�c/.?+]7U��+.6,OU452�'A(

∑

k

∫

ω

ρkk
2 dx +

1

2

∫∫

Ω

|∇x,zV |2 dxdz ≤ 2W (0) +
2

e
|ω|K.

�36,".45!#+^S?6,')(�4 &s')'A'C+¶79��+f!32�[�+f6,OU4�2�'A(#+-& 'A(�4H!#+�S#"%6 6�:�6�:NG "%6,Sy6,@H'�45'A6�( zUc § 6�::, .10�4H!#+
+J@D45'AFT2�4H+

∀ t ∈ R
+,

∫

ω

|∇x

√
Ns|2 dx ≤ C(1 + D(t)),

:L6,"92�(#6,(#(#+-*�2�4H')[,+ �-6,(#@%452�(�4v£�c�� 'A(#�-+���+ !32�[,+ :L"H6�F PK+JFWF^2��Ec z 45!#2�4 ∫ t

0
D(s) ds ≤ W (0)

7
:L6,"�2�X)X

t ∈ R
+ 7���+�6,O 4�2�')( &Y� c § z?+�2�(#&²:L"H6�F 4H!#+ �.2�*,XA'A2�"H&#6�<Q�N')"H+-(EOy+J"%*�'A(#+-/E0#2�XA'�4aC �Z+�!32�[,+

&Y� c § ~ +]c

���`�j�Ê���*��,(�*�

, § 0.M�c8MN"H(#6,X)&879G	c���2�"H��6w��')��!87 ��c8`�6,@%��2�(#'´7KM�c9ª�(14H+J"%"H+J'�45+-"J7��G� L�������4 "9H �����(' �  ��! ���94
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