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ABSTRACT. We use the Clemens—Griffiths method to construct smooth pro-
jective threefolds, over any field k admitting a separable quadratic extension,
that are k-unirational and k-rational but not k-rational. When k = R, we can
moreover ensure that their real locus is diffeomorphic to the real locus of a
smooth projective R-rational variety and that all their unramified cohomology
groups are trivial.

1. INTRODUCTION

The Liiroth problem aims at understanding when a variety X over a field k is
k-rational, that is, birational to P}'. It is natural to restrict to classes of varieties
that are close to being k-rational, such as k-unirational varieties, which admit a
dominant rational map P} --» X.

Over the field £ = C of complex numbers, unirational surfaces are rational, and
examples of non-rational unirational threefolds were discovered almost simultane-
ously by Artin-Mumford [5], Clemens—Griffiths [19] and Iskovskikh—Manin [40]. We
refer to [9] for a beautiful survey of their methods and their rich legacy.

Over a non-algebraically closed field k with algebraic closure k, it is interesting
to investigate the k-rationality of varieties that are k-rational. Significant works in
this direction include Chevalley’s example of a torus over Q,, that is not Q,-rational
[18, §V] and Swan’s counter-example to Noether’s problem over Q [65, Theorem 1].

The strategies used by Iskovskikh and Manin (the Noether—Fano method of
analyzing birational automorphism groups) and by Artin and Mumford (based on
the study of Brauer groups) have both been employed to construct interesting
examples of k-rational varieties that are not k-rational. Early applications to
surfaces are respectively due to Segre (smooth cubic surfaces of Picard rank 1
are never k-rational [58, Theorems 3 and 5], see also [43, Theorem 2.1]), and to
Manin (see for instance [47, Theorem 2.5]).

The main goal of this paper is to show that it is also possible to use the strategy of
Clemens and Griffiths (relying on the theory of intermediate Jacobians) to construct
varieties over k that are k-rational but not k-rational. Here are concrete new
examples that we obtain in this way.

Theorem 1.1 (Corollary 3.6 and Example 3.8). Let k be a field of characteristic
different from 2. If a € k* \ (k*)2, the k-variety defined by the affine equation
{s? — at? = 2* + y* + 1} is k-unirational, k(\/a)-rational but not k-rational.
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Theorem 1.2 (Corollary 3.9 and Example 3.10). Let k be a field of characteristic 2.
Let o € k and 8 € k\ k be such that B>+ 8 = a. The k-variety with affine equation
{8 + st +at? = 23y + > + 2} is k-unirational, k(B)-rational but not k-rational.

Constructions of intermediate Jacobians over other fields than the field C of
complex numbers have been provided by Deligne [34], Murre [51, 52] and Achter,
Casalaina-Martin and Vial [4, 3], in various degrees of generality. In Section 2,
building on these works and using in an essential way Bloch’s Abel-Jacobi map [13],
we associate with any smooth projective k-rational threefold X over a perfect field
k a principally polarized abelian variety J3X over k (our contribution being the
construction of the principal polarization). We verify in Corollary 2.8 that it gives
rise to an obstruction to the k-rationality of X generalizing the one considered
by Clemens and Griffiths [19]: if X is k-rational, then J3X is isomorphic to the
Jacobian of a (possibly disconnected) smooth projective curve over k.

Over algebraically closed fields, several techniques have been used to detect that
an intermediate Jacobian is not a Jacobian: the geometry of its theta divisor [19],
its automorphism group [8], or the zeta function of one of its specializations over a
finite field [49]. To give examples of k-rational varieties that are not k-rational, we
need a criterion of a more algebraic nature, which can distinguish between Jacobians
of curves and their twists. Such a criterion is established in Proposition 3.2 as a
consequence of the Torelli theorem. It is especially easy to apply when X itself is
a twist of a k-rational variety (see Proposition 3.1), as in Theorems 1.1 and 1.2.

Our results are of particular interest over the field £k = R of real numbers, with
Galois group G := Gal(C/R) ~ Z/2Z. The real locus of an R-rational smooth
projective variety is non-empty and connected. That this yields obstructions to
R-rationality goes back to Comessatti ([29, §5], see also [20, Théoréme 1.1]).

In dimension < 2, there are no further obstructions to the R-rationality of a
C-rational variety. The case of curves is easy since a real conic with a real point
is isomorphic to Pg, and it is a theorem of Comessatti that a smooth projective
C-rational surface over R whose real locus is non-empty and connected is R-rational
(see [29, pp. 54-55] or the modern proof of Silhol [61, VI Corollary 6.5]).

In dimension > 3, all known examples of smooth projective C-rational varieties
over R that are not R-rational rely on a real analogue of the Artin—Mumford
invariant (the Brauer group) or on its higher degree generalizations given by
unramified cohomology [24, 53]. (The latter take into account the obstructions
induced by the number of connected components of the real locus by [25, Main
Theorem].) We give the first example of an irrational smooth projective C-rational
variety over R that does not rely on the above-mentioned invariants, dashing any
hope for a simple R-rationality criterion for C-rational varieties in dimension > 3.

Theorem 1.3 (Theorem 5.4). There exists a smooth projective threefold X over R
that is not R-rational, but that is C-rational, R-unirational, such that X(R) is
diffeomorphic to (P* x P?)(R), and such that for any G-module M and any i > 0,
H{(G,M) — H: (X, M).

The variety X used in our proof of Theorem 1.3 is the one described in
Theorem 1.1 for « = —1. It is its intermediate Jacobian that shows that it is
not R-rational. The last statement of Theorem 1.3 asserts that the unramified
cohomology groups of X cannot be used to show that X is not R-rational.
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To contrast with Theorem 1.3, we provide in Theorem 5.7 an example of a
smooth projective C-rational and R-unirational threefold over R whose real locus
is diffeomorphic to the real locus of a smooth projective R-rational variety, whose
intermediate Jacobian is trivial, but that is not R-rational thanks to the Artin—
Mumford invariant.

A new specialization technique introduced by Voisin [67] has recently led to
tremendous progress in rationality problems (see [54] for a survey of this method and
its applications). However, these specialization arguments cannot provide examples
of C-rational varieties over R that are not R-rational, for the reason that all non-
trivial valuations on R have algebraically closed residue fields. In particular, such
arguments cannot be used to prove Theorem 1.3.

Let us now explain and develop the last statement of Theorem 1.3, which
concerns unramified cohomology. One can associate with any smooth projective
variety X over R an abelian group H_ (X, M) for every integer i > 0 and every
G-module M (see §4.1). If X is R-rational, these unramified cohomology groups
are trivial in the sense that the natural pull-back maps H(G, M) — H: (X, M)
are isomorphisms (Proposition 4.2). Relying on Bloch—Ogus theory, we study these
invariants in Section 4. Our main contribution is a complete understanding of when
they can be used to show that a C-rational threefold is not R-rational, yielding a
proof of the last assertion of Theorem 1.3.

Theorem 1.4 (Theorem 4.3). Let X be a smooth projective threefold over R that
is C-rational. The following are equivalent:
(1) For anyi >0 and any G-module M, H'(G, M) — H{ (X, M).
(2) The variety X satisfies:
(i) X(R) has exactly one connected component,
(ii) Pic(Xc) is a permutation G-module,
(iii) The cycle class map clg : CH1(X) — H1 (X (R),Z/27Z) is surjective.

We have already discussed condition (i) in Theorem 1.4. Manin [47, Theorem 2.2]
and Voskresenskii [68, Theorem 1] noticed that there are restrictions on the Galois
module structure of the geometric Picard group of smooth projective k-rational
varieties. When k& = R, this specializes to condition (ii) in Theorem 1.4, where a
permutation G-module is a G-module that is a direct sum of G-modules isomorphic
to Z|G] or to the trivial G-module Z. In view of the Hochschild—Serre spectral
sequence (4.3), condition (ii) is equivalent, for smooth projective C-rational varieties
satisfying (i), to the assertion that the pull-back Br(R) — Br(X) is an isomorphism,
that is, to the triviality of the real analogue of the Artin—-Mumford invariant.

Soulé and Voisin observed in [63, Lemma 1] that the validity of the integral Hodge
conjecture for 1-cycles is a necessary condition for the C-rationality of a smooth
projective variety over C. Condition (iii) is an analogue over R of this condition,
in which the Borel-Haefliger cycle class map clg : CH;(X) — H1(X(R),Z/2Z),
defined in [16], associates with an integral curve j : Z — X with normalization
7 : Z — Z the homology class (j o 7).[Z(R)] € Hi(X(R),Z/2Z).

That condition (iii) holds for R-rational varieties was already noticed, in the
stronger form of an approximation theorem, by Bochnak and Kucharz [15, The-
orem 1.1]. It is possible that condition (iii) is satisfied for all smooth projective
rationally connected threefolds (see the more general [10, Question 3.4]). Since
this applies to C-rational threefolds, this would allow one to remove (iii) from the
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statement of Theorem 1.4. Condition (iii) is known to hold if X is birational to a
conic bundle over a C-rational surface [11, Corollary 6.5], or to a del Pezzo fibration
of degree 6 € {9,8,7,6,5,3} over P4 [11, Theorem 8.1 and Proposition 8.4].

Notation and conventions. We fix a field k. Everywhere except in part of §3.3,
we assume that k is perfect. We fix an algebraic closure k of k and let 'y = Aut(k/k)
be the absolute Galois group of k. A wvariety over k is a separated scheme of finite
type over k. If X is a variety over k, we let CH®(X7)ag € CH®(X3) be the subgroup
of algebraically trivial codimension ¢ cycle classes.

If M is an abelian group and n is an integer, we let M[n] C M be the n-torsion
subgroup. If £ is a prime number we will consider the subgroup M{l} := li_rr>1y MIer]
of £-primary torsion of M and the {-adic Tate module T;M := lim M [¢¥] of M. If
M is a free Zs-module (resp. Z-module) of finite rank, we let MV = Hom(M, Zy)
(resp. MV = Hom(M, Z)).

When k = R, we set G := I'r ~ Z/27Z, generated by the complex conjugation
o € G. For j € Z, we consider the G-module Z(j) := (v/—1)’Z C C, and set
M(j) := M ®z Z(j) for any G-module M.

Acknowledgements. We thank Olivier Piltant for explaining to us how to use
embedded resolution of singularities for surfaces in the proof of Proposition 2.11
and the referee for their careful work.

2. INTERMEDIATE JACOBIANS

In Section 2, we study intermediate Jacobians of smooth projective threefolds.

2.1. Principally polarized abelian varieties. A principally polarized abelian
variety (ppav) over k is a pair (A, ) consisting of an abelian variety A over k and
of a class 0 € NS(AE)F’C induced by an ample line bundle on A; whose associated
isogeny Ay — A\E (see [50, Corollary 5 p. 131]) is an isomorphism. A morphism
p:(A',0) — (A,0) of ppavs over k is a (necessarily injective) morphism p: A" — A
of abelian varieties such that p*@ = 6’. One says that (A’,0") is a sub-ppav of (A, 9).

Let C be a smooth projective curve over k, and let (C;);er be the connected
components of Cz. The Jacobian J 1C of C is the identity connected component of
the Picard scheme of C. It parametrizes line bundles on C that have degree 0 on
all of the C;. There is a natural isomorphism J 1CE = [Lic:J 1C;. Denoting by
0; C J'C; a theta divisor and by p; : J'Cy — J'C; the projection, the line bundle
Qe PiO1c,(0;) endows J'C with the structure of a ppav over k.

A ppav over k is indecomposable if it is non-zero and is not isomorphic to the
product of two non-zero ppavs. A ppav (4, 6) over k is isomorphic to the product of
its indecomposable sub-ppavs. This is proved in [19, Lemma 3.20, Corollary 3.23]
if k = C, and the proof still works if k = k as explained in [51, Lemma 10]. One
deduces the result in general by Galois descent: the indecomposable sub-ppavs of
(A,0), viewed over k, are exactly the products of a I'j-orbit of indecomposable
sub-ppavs of (Ay,0). We deduce that any morphism p : (A",0") — (A, 0) of ppavs
over k induces a decomposition (A, ) ~ (A’,0") x (A”,8") of (A, 0) as a product of
ppavs over k.

The Jacobian J'C of a smooth projective connected (but not necessarily
geometrically connected) curve C' over k is indecomposable. If k = k, this follows
from the irreducibility of the theta divisor. In general, the connected components
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C; of C% are permuted transitively by I'y because C' is connected, so that the factors
J'C; of the decomposition J'Cy = []; J'C; as a product of indecomposable ppavs
over k are permuted transitively by I'y, showing that J'C' is indecomposable.

2.2. Codimension 2 algebraic cycles. In this paragraph, we study substitutes
over k for the complex Abel-Jacobi map, with an emphasis on codimension 2 cycles.

2.2.1. Murre’s intermediate Jacobian. With a smooth projective variety X over a
perfect field k is associated an abelian variety Ab?X over k, called the algebraic
representative for algebraically trivial codimension 2 cycles on X. (The construction
of Murre over k [52, Theorem A p. 226], as corrected by Kahn [41], has been
shown by Achter, Casalaina-Martin and Vial to descend to any perfect field [4,
Theorem 4.4].) It is characterized by the existence of a surjective I'y-equivariant
map

(2.1) ¢% : CH?*(X7)atg — AD*X (F)

that is initial among regular homomorphisms with values in an abelian variety
over k (see [4, Definition 3.1, Theorem 4.4]).

Let X and Y be smooth projective varieties over k¥ and g : Yy — X
be a morphism over k. By the universal property of ®%, the composition
¢% o g* : CH*(X7)ag — AD?Y (k) factors as g7 (k) o ¢% for a unique morphism
g" 1 Ab*X7 — Ab’Yr. Since ¢% is surjective and ¢3 and ¢% are I'y-equivariant,
the map g — g% (k) is I'y-equivariant, and hence so is the map g — g¢g*. In
particular, if g = f7 for a morphism f : Y — X of varieties over k, then gt
descends to a morphism f* : Ab’X — Ab?Y of abelian varieties over k.

The same argument shows that if X and Y are equidimensional of the same
dimension and f : Y — X is a morphism of varieties over k, there exists a
unique morphism f, : Ab’Y — Ab®X of abelian varieties over k such that

¢% o fx = f+(k) o 6.

2.2.2. Bloch’s Abel-Jacobi map. If X is a smooth projective variety over k, Bloch
has defined for all prime numbers ¢ that are invertible in k£ and all ¢ > 0 a morphism

(2.2) At CHY(X){€} — HZ (X7, Qu/Zo(c))

called Bloch’s ¢-adic Abel-Jacobi map [13, §2], which is T'y-equivariant by construc-
tion and compatible with the action of correspondences [13, Proposition 3.5]. The
map A€ is bijective if ¢ = 1 by Kummer theory [13, Proposition 3.6] and injective
if ¢ = 2 as a consequence of the Merkurjev—Suslin theorem [27, Corollaire 4]. The
composition of A\ with the last arrow in the exact sequence

0= HE N (X5, Zo(e) © Qu/Zy — HEH (X5, Q) Zo(€)) — HE (X, Za(c))

is, up to a sign, the f-adic cycle class map [27, Corollaire 4]. Since the cycle class
map vanishes on algebraically trivial cycles, \° restricts to a I'g-equivariant map

(2.3) At CHY(X7)ag {0} = HZT (X7, Ze(c)) ® Qo) Zy.

This map is obviously still injective if ¢ < 2, and it is still surjective if ¢ = 1: indeed,
a codimension 1 algebraic cycle of ¢-primary torsion that has trivial Z-adic cycle
class is algebraically trivial, in view of the inclusion NS(X7) ® Z; C HZ (X7, Z(1))
induced by the Kummer exact sequence (see [62, (2) p. 485]).
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2.2.3. Varieties with few zero-cycles. We will use the following classical definition.

Definition 2.1. If X is a smooth projective variety over k, we say that CHo(X)g is
supported in dimension 1 if there exists a closed subvariety V' C X of dimension < ¢
such that for all algebraically closed field extensions k& C €2, the push-forward map
CHy(Va)g — CHo(Xq)g is surjective.

Lemma 2.2. Let f: X --» X' be a birational map of smooth projective varieties
over k. If CHo(X)q s supported in dimension i, then so is CHo(X')g.

Proof. Let V be as in Definition 2.1, let ' € X x X’ be the closure of the
graph of f, let W C T be a subvariety of dimension < 4 dominating V, and
let V! C X’ be the image of W. Let k& C Q be an algebraically closed field
extension. As any closed point of I'g can be moved, by a rational equivalence,
to any dense open subset of I'g (choose a general curve passing through the
point and normalize it), the push-forward maps CHy(I'q)g — CHp(Xq)p and
CHo(Ta)g — CHo(X{)g are compatible with the isomorphism CHy(Xq)g =~
CHy(X{,)g described in [36, Example 16.1.11]. Hence the surjectivity of the push-
forward CHo(Wa)g — CHo(Xq)q implies that of CHo(Wa)g — CHo(X{,)q, hence
of CHy(V)g — CHo(X{,)o- O

Codimension 2 algebraic cycles on varieties with small Chow groups of zero-
cycles behave particularly well. The following proposition applies for instance if
X is rationally chain connected [42, IV Definition 3.2].

Proposition 2.3. Let X be a smooth projective variety over k such that CHo(X)g
is supported in dimension 1. Then the following hold:

(i) The morphism ¢% : CH?(X7)alg — AD>X (k) of (2.1) is bijective.

(ii) The morphism \? : CH2(XE)a1g{€} — H3 (X7, Z4(2)) @ Qu/Zg of (2.3) is

bijective for all prime numbers £ invertible in k.

Proof. This follows from the decomposition of the diagonal technique of Bloch
and Srinivas [14]. Assertion (i) is [14, Theorem 1 (i) and its proof], where one may
replace the hypothesis on resolution of singularities by de Jong’s alteration theorem
[33, Theorem 4.1]. Indeed, in the notation of [14, proof of Theorem 1 (i)], if D is
now allowed to be any smooth projective variety over k endowed with a surjective
generically finite map of degree m > 1 to D, one may replace I'y, 'y, N with
mI'y, mly, mN to ensure that [['s], still factors through Pic?(D). Assertion (ii) is
proved in exactly the same way as (i). More precisely, we have already seen that the
map (2.3) is injective if ¢ = 2 with no hypothesis on X. Using the fact that (2.3)
is surjective if ¢ = 1, the decomposition of the diagonal argument shows that its
cokernel is N-torsion for some N > 0. Being a quotient of HZ (X7, Z¢(2)) ® Q¢ /Ze
it is also N-divisible, hence it vanishes. [l

2.3. The intermediate Jacobian. Let X be a smooth projective threefold over k
such that CHy(X)q is supported in dimension 1. Applying the ¢-adic Tate module
functor Ty to the morphisms (2.1) and (2.3), which are bijective by Proposition 2.3,
taking the identification T;Ab*X (k) = Hélt(AbQXE, Z¢)V into account, and using,
for M = H} (X7, Z¢(2)), the isomorphism M /(M{(}) = Ty(M @ Q¢/Zy), valid for
all finitely generated Z;-modules M, yields an isomorphism

(2.4) To(N? o (¢%) 1)« HY (AD* X7, Zo)Y — HE (X7, Ze(2))/ (torsion).
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We will consider the following property of the smooth projective threefold X
over k (under the hypothesis that CHy(X)g is supported in dimension 1).

Property 2.4. There exists 6 € NS(AbQXE) satisfying the following assertions.

(i) For all prime numbers £ invertible in k, the image c1,¢(—6) of —6 by the (-adic
first Chern class

2
1.0 i NS(AD? Xg) — HE(AV2XE, Ze(1)) = ( \ HA(AD? X5, Z0) ) (1)
corresponds, via the isomorphism (2.4), to the cup product map

N H2. (X5, Z0(2)) = HE (X7, Ze(4) =5 Z,(1).

(i) The class 0 € NS(AbQX%) is a principal polarization of AbQX%.

Property 2.4 only depends on X. Hence, whenever we need to verify it, we may
replace k with k& and X with Xz

A class 6 as in Property 2.4 (i) is unique since c1 ¢ is injective (by [62, (2) p. 485]
and since NS(AbQX%) has no torsion). Being unique, it must be I'g-invariant, by the
I'y-equivariance of c; ¢, of ¢%, of A? and of the cup product map. Consequently, if
X satisfies Property 2.4, then (Ab2X7 6) is a ppav over k, which we denote by J2X
and call the intermediate Jacobian of X.

Although we will not use it in the sequel, the following proposition, which
applies if k has characteristic 0 and Xy is rationally connected, is a motivation
for Property 2.4 (and its proof is a justification for the notation J3X).

Proposition 2.5. A smooth projective threefold over a field k of characteristic 0
such that CHo (X )q is supported in dimension 0 satisfies Property 2.4.

Proof. Since Property 2.4 only depends on Xz, we may assume that k = k. By
the Lefschetz principle, using in particular that the formation of Ab?X commutes
with extensions of algebraically closed fields of characteristic 0 [4, Theorem 3.7],
one may further assume that £ = C. By decomposition of the diagonal, one has
HY(X,04) = HY(X,0%) = 0 (see [45, Corollary 1.10]).

Let us temporarily denote by J2X Griffiths’ intermediate Jacobian of X, that
is, the complex torus J2X := H?*(X,Q%)/Im(H?*(X(C),Z(2))) (see [19]). The
transcendental Abel-Jacobi map AJ® : CH?*(X )., — J°X(C) is surjective by its
compatibility with Bloch’s ¢-adic Abel-Jacobi map (2.2) [13, Proposition 3.7], and
by Proposition 2.3 (ii). It then follows from [52, Theorem C p. 229] that AJ? satisfies
the universal property (2.1) of ¢%, yielding an identification J>X ~ AbZX.

Let v € H2(J3X(C),Z(1)) = (\* Hi(J*X(C),Z)")(1) be such that —y corre-
sponds, under the identification H;(J3X(C),Z) = H3(X(C),Z(2))/(torsion), to

the cup product map A” H3(X(C), Z(2)) = H5(X(C),Z(4)) des, Z(1). We claim

that + is the first Chern class of a principal polarization § on Ab%(X) = J3X. To see
it, one has to show that ~ is unimodular and that its associated Hermitian form is
positive definite (see [12, §2.1, §4.1]). These assertions are respectively consequences
of Poincaré duality and of the Hodge—Riemann relations [66, Théoréme 6.32].
That 6 has the required properties follows from comparison between /(-adic
and Betti cohomology, from the fact that we identified Ab*X and J>X using ¢%
and AJ?, and from the compatibility of AJ? and A? [13, Proposition 3.7]. O
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We do not know if Proposition 2.5 always holds if £ has positive characteristic.
We will verify it if X is k-rational in Corollary 2.8.

Remark 2.6. Over the field k¥ = R of real numbers, there is a more general and much
easier way to construct intermediate Jacobians than Proposition 2.5. Indeed, let X
be a smooth projective threefold over R such that H°(X, Q%) = HO(X,Q%) =0
and let J3X¢ denote the intermediate Jacobian of X¢ constructed by transcendental
means as in [19]. We recall that the complex analytic space J? X¢(C) is by definition
the cokernel of the composition

(2.5) H?*(X(C),Z(2)) = H*(X(C),C) - H*(Xc, Q)

of the map induced by the inclusion Z(2) C C with the projection stemming
from the Hodge decomposition. On H3(X(C),C), one can consider the C-linear
involution F, induced by the complex conjugation involution of X (C) and the
two C-antilinear involutions Fp and Fyr corresponding, respectively, to the real
structures H3(X (C),C) = H3(X(C),R)®@grC and H*(X(C),C) = H33 (X/R)@gC.
They all commute, and are related by the formula Fyg o Fp o Fry = 1d [35,
Proposition 1.4]. It follows that Fygr stabilises the image of the first arrow
of (2.5). Also denoting by Fyr the C-antilinear involution of H?*(Xc, Q)
associated with the real structure H*(Xc,Q% ) = H?(X,Q%) ®g C and noting
that the second arrow of (2.5) is Fgr-equivariant, we deduce that Fyr stabilises
the image of (2.5) and thus equips J3X¢(C) with an antiholomorphic involution.
The polarization of J2X¢, being given by the opposite of the cup product map
H3(X(C),Z(2)) x H3(X (C),Z(2)) — Z(1), is preserved by this involution since the
cup product is equivariant with respect to Fg and to F,,. Hence J>X¢ descends
to a ppav J2X over R, which is the sought for intermediate Jacobian of X. This
method avoids the use of the deep results of Bloch [13] and Murre [52], and would
be sufficient for the proof of Theorem 1.3.

2.4. Birational behaviour. We now show that the validity of Property 2.4 is a
birational invariant of smooth projective threefolds over k. Recall that the assertion
that CHo(X)g is supported in dimension 1, which is required for Property 2.4
to make sense, is a birational invariant of smooth projective varieties over k by
Lemma 2.2.

Theorem 2.7. Let X and Y be birational smooth projective threefolds over k such
that CHo(Y )q is supported in dimension 1. If Y satisfies Property 2.4, then so
does X . Moreover, there exist smooth projective curves C and C' over k and an
isomorphism J3Y x J'C ~ J3X x J'C" of ppavs over k.

It follows that one can associate with any smooth projective k-rational threefold
X over k a ppav J3X over k that gives rise to an obstruction to the k-rationality
of X extending [19, Corollary 3.26].

Corollary 2.8. A smooth projective k-rational threefold X over k satisfies Pro-
perty 2.4. If X is moreover k-rational, then its intermediate Jacobian J3X is
isomorphic, as a ppav over k, to the Jacobian of a smooth projective curve over k.

Proof. To verify the first assertion, we may work over k as Property 2.4 only depends
on Xz. It then follows from Theorem 2.7 applied with Y = ]P’%. Indeed, ]P’% satisfies

Property 2.4: since CH? (]P’%)a]g = 0, one even has AbQ]P’% =0.
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To show the second assertion, we apply Theorem 2.7 with Y = P?. By the above,
one has J3P} = 0, and we obtain an isomorphism J'C ~ J3X x J'C’ of ppavs over k
for some smooth projective curves C' and C’ over k. Since the indecomposable
factors of J'C are Jacobians of smooth projective connected curves over k, the
uniqueness of the decomposition of J3X as a product of indecomposable factors (see
§2.1) shows that J2X is itself a product of Jacobians of smooth projective connected
curves over k, hence is the Jacobian of a smooth projective curve over k. O

We first study the behaviour of Property 2.4 under birational morphisms.

Lemma 2.9. Let f : Y — X be a birational morphism of smooth projective
threefolds over k such that CHo(Y)q is supported in dimension 1. IfY satisfies
Property 2.4, then so does X and moreover there is an isomorphism J3Y ~ J3X x B
of ppavs over k for some ppav B over k.

Proof. Let 60y € NS(AbQYE) be the class given by Property 2.4 for Y. Define
Ox = (fT)*0y € NS(AbQXE). We first remark that fx satisfies the condition of
Property 2.4 (i) for X. Indeed, fixing a prime number ¢ invertible in k, this follows
from the commutativity of the diagram (see §2.3)

. Tyd2 2
HY (AD2X, Zy)" = TyAD2X (B) . Ty CH2(Xp)atg — s H, (X, Z4(2))/(t01s)

Lo - L |

— 2
H}(AD?YZ, Zy)Y = TeAB?Y (k) +——— Ty CH? (Y7 )alg Lj> H3 (Y, Ze(2))/ (tors)

since f* : H3 (X7, Z¢(2)) — H, (Y, Ze(2)) respects the cup product pairing.

Let us turn to Property 2.4 (ii) for X. One has fi o f* =1d: Ab2X — Ab%X
since fyo f* =1d : CHQ(XE) — CH2(XE) and since ¢% is surjective. A natural
isomorphism of abelian varieties
(2.6) AbL?Y ~ fH(AbX) x Ker(fy)
results. It follows from the above diagram and from the same diagram with f., fi

replaced by f*, f* (and vertical arrows reversed) that applying the rational (-adic
Tate module functor to (2.6) yields, via (2.4), the decomposition

(2.7) HY (Y, Qu(2)) =~ f*HP (X5, Qu(2)) x Ker(f.)

stemming from the equality f. o f* = Id : H*(X3,Q(2)) — H*(X3,Q¢(2)). By
the projection formula, the latter decomposition is orthogonal with respect to the
cup product pairing on H?(Yz, Q¢(2)). Hence the decomposition of Ty (Ab?Y)
induced by (2.6) is orthogonal with respect to the pairing ¢1 ¢(y). Equivalently,

if p: Ab?Y — Ker(f,) denotes the projection, then 8y = (f;)*0x + p*6 for some
6 € NS(Ker(f4)). As 6y is a principal polarization, so must be fx and 6. O

Lemma 2.10. Let X be a smooth projective threefold over k with CHo(X)q sup-
ported in dimension 1. Let f : Y — X be the blow-up of a smooth subscheme Z C X
and let C be the union of the one-dimensional components of Z. If X satisfies Pro-
perty 2.4, then so does Y and moreover there is an isomorphism J3Y ~ J3X x J'C
of ppavs over k.

Proof. We first construct an isomorphism of abelian varieties Ab*Y ~ Ab%X x J'C.
Let ¢ : E — Y be the inverse image of C' in Y. Consider the correspondence
z:= (i, f|g)«E € CH*(Y x C). The existence of the Poincaré divisor on C; x J'Cx
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inducing the natural bijection ¢f : CH'(C)ag — J'C(k) and the fact that ¢3
is regular in the sense of [52, Definition 1.6.1] show the existence of a morphism
2t 1 JICr — Ab®Yg such that 2t (k) o ¢b = ¢% 0 2* : CH'(C)ag — AD?Y (k).
Since gbc, #% and z* are T'y-equivariant, so is 2+ (k), showing that 2+ descends
to a morphism z* : J'C' — Ab%Y defined over k. A similar argument shows the
existence of a morphism z; : Ab’Y — J'C of abelian varieties over k such that
0k 0 2. = 24 (R) 0 6% : CH (Vi) — J'C(R).

Computing the Chow groups of a blow-up [36, Proposition 6.7 (e)] yields a
canonically split short exact sequence

(2.8) 0= CHy(Z) — CHy (X7) x CHy (f71(2)5) — CHy(Yz) — 0.

As f73(Z) is a projective bundle of relative dimension > 1 over Z, there is a
canonical isomorphism CH;y(f~!(Z)z) ~ CHo(Zz) x CH;(Zz) [36, Theorem 3.3].
Combining it with (2.8), we get an isomorphism CH;(X7) x CHO( 7) — CHi(Yz).
Identifying the arrows and restricting to algebralcally trivial cycles shows that
(f*,2*) : CH*(X7)alg x CH'(Cy )dlg — CH*(Y, )dlg is an isomorphism with inverse
(fe, —2s) : CH*(Y; T)alg — CH?(X: T)alg X CH! (Cx )alg We deduce at once that
(ff,2z%): Ab?X x ch — Ab?Y and (fy, —24) : Ab?’Y — Ab?X x JIC are inverse
isomorphisms of abelian varieties over k.

Let 8¢ € NS(J 1CE> be the canonical principal polarization. For all primes /¢
invertible in &, the class ¢, ¢(0¢) € HZ (JLCr, Zy(1)) = (/\2 H (J1Cx, Zg)) (1) cor-
responds, via the isomorphism Ty(A! o (¢g) 1) + Hi (J*Cr, Ze)Y — HE (Cr, Zy(1)),
to the cup product map A* HA (Cr, Ze(1)) — HZ,(Cr, Ze(2)) des, Z4(1). To verify
this classical fact, already used by Murre in [51, §3.6], one may to reduce to k
of characteristic 0 by lifting C to such a field, then to & = C by the Lefschetz
principle, where it follows from a transcendental computation (for which see [12,
§§11.1-11.2]) after comparing ¢-adic and Betti cohomology.

Let fx € NS(Ab*X 7) be the class given by Property 2.4 for X, and define
Oy = (f+,—24)*(0x, 9@) We only need to show that 0y satisfies Property 2.4 (i).

This follows from the above property of 8- and from the commutativity of the two
diagrams

HL (AW X, Ze)Y x HA (T Co, Ze)Y 290 1 2 (X )y % Ty CHY (C) g

Laenny ] | e
T,
HY (AD?Ys, 7)Y O Ty CH2 (V) g

~

Ty CHP (X )arg X To CHY (O )ty 2N 13 (X, 24(2))  (tors) x HL (C, Z(1))

| (=) e
Ty CH2 (Vi )ty s H, (Y Ze(2)) (tors),
since f* : H3 (X7, Ze(2)) — HZ,(Yg, Ze(2)) respects the cup product pairing and
since 2* : Hi (Cy, Z(1)) — HJ, (Y, Z¢(2)) reverses it in the sense that
(2.9) deg(z*z — 2*y) = —deg(z — y) € Z(1)

for all z,y € Hi (C, Z¢(1)). Identity (2.9) was proved by Clemens and Griffiths in
[19, (3.12)] when k& = C. To check it, set 2’ := (f|g)*z and 3’ := (f|g)*y, so that
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a',y' € HY (Fr,Z(1)), and compute
it — iy =0T — ) =ik — Y — i) =ik — Y — a1 (Op(—1))).
Since z*x — 2z*y = i.a’ — i,y’, the projection formula yields

deg(z*z — 2*y) = deg(z’ — v/ — c1(Op(-1))) = —deg(x — y). O

To go further, we need a resolution of indeterminacies result going back to
Abhyankar [2], which we will use exactly as Murre in [51, §3] (see also [44] for
an application in a similar vein).

Proposition 2.11. Let f : Y --» X be a rational map of varieties over k with
Y smooth quasi-projective of dimension 3 and X projective. Then there exists a
composition g : Z — 'Y of blow-ups with smooth centers and a morphism h : Z — X
such that h = fog.

Proof. Let I' C Y xj; X be the closure of the graph of f. Since the projection
I' — Y is projective and birational, it is the blow-up of some coherent sheaf of
ideals Z C Oy [39, II Theorem 7.17]. There exists a morphism g : Z — Y that
is a composition of blow-ups with smooth centers such that the sheaf of ideals
IOz C Oy is invertible [2, (9.1.4)] (see [31, Proposition 4.2] or [30, Theorem 5.9]
for modern references). By the universal property of a blow-up, Z dominates I,
and we let h: Z — X be the induced morphism. O

We may finally conclude the proof of Theorem 2.7.

Proof of Theorem 2.7. Let f:Y --» X be a birational map. By Proposition 2.11,
there exists a composition g : Z — Y of blow-ups with smooth centers and a
morphism h : Z — X such that h = f o g. By Lemmas 2.9 and 2.10, the varieties
Y, Z, X all satisfy Property 2.4, and we obtain an isomorphism

(2.10) J*X x B~ J x J'C

of ppavs over k for some ppav B over k and some smooth projective curve C' over k.
The same reasoning applied to f~! produces a ppav B’ over k, a smooth projective
curve C' over k and an isomorphism

(2.11) X x J'C' ~ J3Y x B’

of ppavs over k. By the uniqueness of the decomposition of a ppav as a product
of indecomposable factors, and as the indecomposable factors of J'C and J'C’ are
Jacobians of smooth projective connected curves over k (see §2.1), we deduce from
the isomorphism J?Y x B x B’ ~ J3Y x J'C x J'C' obtained by combining (2.10)
and (2.11) that B and B’ are themselves Jacobians of smooth projective curves
over k. Thus (2.10) is the desired isomorphism. O

3. COUNTEREXAMPLES TO THE LUROTH PROBLEM

We now explain how to use the intermediate Jacobians studied in Section 2 to
construct examples of varieties over k that are k-rational but not k-rational.
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3.1. Twists. Our examples will be constructed as twists of k-rational varieties.
Let X be a quasi-projective variety over k. The twist .X of X by the 1-cocycle
¢ = (¢y)yer, € Z'(k, Aut(Xz)) (see [59, I 5.1 and III 1.3]) is a variety over k with
an isomorphism i : X7 ~ (.X) such that v(i(z)) = i(cy-7(x)) for all z € X (k) and
v € I'y. The twists of X are exactly the varieties over k that are k-isomorphic to Xz,
and two twists . X and .- X of X are isomorphic as varieties over k if and only if ¢ = ¢/
are cohomologous [59, III 1.3, Proposition 5]. We denote by [.X] € H(k, Aut(X7))
the cohomology class of c.

Similarly, if (A,60) is a ppav over k and d € Z'(k, Autppay(Az,0)), the twist
4(A,0) of (A,0) by d is a ppav over k such that (Az,0) ~ (a(4,0))z, two cocycles
give rise to isomorphic ppavs over k if and only if they are cohomologous, and we
set [4(A, 0)] to be the image of d in H'(k, Autppay(Az, 0)).

Proposition 3.1. Let X be a smooth projective threefold over k. Assume that
CHo(X)q is supported in dimension 1 and that X satisfies Property 2.4. Let
X+ Aut(Xy) = Autppay(J2X7) be the Ti-equivariant map g — g+ (see §2.2.1).
Then for all c € Z(k, Aut(Xy)), one has J3(.X) ~ (o) (J°X) as ppavs over k.

Proof. The map ¢% considered in (2.1) being I'y-equivariant by hypothesis, and
Aut(X7)-equivariant by the functoriality of J 3X (see §2.2.1), the composition
#2 - -
CH? (X )7)ate = CH*(X7)alg —= J2X (k) 2 (o) (J2X) (),
where the first and third arrows are respectively induced by the natural isomor-
phisms X7 ~ (X)z and J3 X7 ~ () (J X))z, is Ti-equivariant as the defects of
I'k-equivariance of the first and third arrow compensate each other exactly. This
yields an isomorphism J*(.X) ~ ,()J>X of ppavs over k by the definition (2.1) of
J3(X). O

3.2. Quadratic twists. If (A,0) is a ppav over k, sending 1 to the automorphism
—Id of (Ag,0) induces a I'p-equivariant morphism ¢ : Z/2Z — Autppae(Az,0),
hence a map ¢ : H'(k,Z/2Z) = Z'(k,Z/2Z) — Z*(k, Autppay(Az,0)). For all
a € H*(k,Z/2Z), the ppav ,(q)(A,0) over k is the quadratic twist of (A,0) by a.

Our main result regarding the non-triviality of the Clemens-Griffiths invariant
over k is the following consequence of the Torelli theorem.

Proposition 3.2. Let C be a smooth projective geometrically connected curve
over k, and let a € H*(k,Z/2Z). Then the following conditions are equivalent:
(i) There exists a smooth projective curve C' over k such that ,,)(J'C) and
JIC' are isomorphic as ppavs over k.
(i) The class a is trivial, or Cy- has genus 0 or 1, or Cy is hyperelliptic.

Proof. We first prove that (ii)=-(i). If a is trivial, then ,,)(J'C) ~ J'C. If C has
genus 0, then ,(,)(J'C) = 0 and if C has genus 1, then ) (J'C) ~ J (40 (J'C)).
Suppose now that Cr- is hyperelliptic of genus > 2. By [46, Appendice, Théoreme 4],
one has a I'y-equivariant group isomorphism Aut(C%) = Autppay(J*Cf) inducing a
bijection H'(k, Aut(C%)) = H'(k, Autppay (J*C%)). The inverse image of the class
[p(a)(J*C)] by this bijection corresponds to a twist C” of C' (called a hyperelliptic
twist) with the property that J'C’ ~ ,(,)(J'C) as ppavs over k.

Assume now that (i) holds but that C; has genus > 2 and is not hyperelliptic.
Since J*! Cr and J 1 C% are isomorphic ppavs over k, the Torelli theorem shows that
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C/E ~ Cr. By [46, Appendice, Théoreme 4], one has a I'y-equivariant group isomor-
phism Aut(Cy) x Z/2Z = Autppay (J'CF) associating with an automorphism of Cy;
the induced automorphism of J 10% and with 1 € Z/27Z the automorphism —Id.
This yields a bijection H'(k, Aut(Cy)) x H'(k,Z/2Z) = H"(k, Autppay(J'CF)).
The images [, (o) (J*C)] and [J*C’] of ([C], a) and ([C'],0) by this bijection coincide
because 4y (J'C) ~ J'C' as ppavs over k, showing that a is trivial. O

3.3. Conic bundles. In this paragraph, we do not assume that k is perfect.
Concrete varieties to which we may apply the above results are conic bundles.
Let S be a smooth projective k-rational surface over k, let £ be an invertible
sheaf on S and let FF € H(S,L£%?) be a non-zero section with smooth zero
locus C:={F=0}CS. We definep: P :=Ps(LPDLTDOg) - Sasa
rank 2 projective bundle over S in the sense of Grothendieck, with tautological
bundle Op(1). Then p.Op(1) ~ L7' & L7 & Og, and the last summand gives rise
to a section u € H(P, Op(1)). Similarly, the first two summands of the isomorphism
p«(p*L® Op(1)) ~ Os @ Og @ L induce two sections s,t € H(P, p*L @ Op(1)).

3.3.1. Characteristic not 2. Suppose first that k has characteristic different from 2.
Define an embedded conic bundle Y C P over S by the equation

Y = {s* —t* =u’F} CP.
Kummer theory yields a surjection x : k* — H'(k,Z/2Z) with kernel (k*)2. We fix

a € k*, we set a := k(a), and we choose 3 € k such that 32 = a. We consider the
embedded conic bundle X, C P over S with equation

(3.1) Xo = {s* —at? =u’F} C P,
which will turn out to be a twist of Y (see Proposition 3.4 (i)).
Lemma 3.3. If S is k(8)-rational, then so is X,.

Proof. The generic fiber of the projection p|x, : Xo — S is a conic that has a
kE(B)(S)-point given by s = , t = 1 and u = 0, hence is k(3)(S)-rational. The
lemma follows at once. (|

The S-automorphism § of Y given by the formula (s,t,u) — (s,—t,u) yields
a I'y-equivariant morphism ¢ : Z/27Z — Aut(Y;) with ¢(1) = §. For a €
H'(k,Z/27), we consider the twist (@)Y of Y, where we still denote by ¢ the
composition H'(k,Z/2Z) = Z'(k,Z/2Z) — Z'(k, Aut(Y%)).

Proposition 3.4. Assume that k is perfect.
(i) The varieties X, and ()Y are k-isomorphic.
i) There is an isomorphism J3Y ~ J'C of ppavs over k.
(ii) Z pp
i) There is an isomorphism J>Xy =~ o) (JEC) of ppavs over k.
p ¢(a) pp
w) If Ct is connected, of genus > 2 and not hyperelliptic, and if 3 ¢ k, then X,
k
is not k-rational.

Proof. The isomorphism i : Y3 ~ (Xq)z given by (s,t,u) — (s,t/8,u) satisfies
v(i(y)) = i(¢(ay) - v(y)) for all y € Y (k) and v € T'y. The description of )Y
given in §3.1 then shows that ,(,)Y ~ X, as varieties over k, proving (i).

Define W := Pg(L~! & Og) with projection ¢ : W — S and tautological bundle
Ow (1), the two factors of £L7! @ Og inducing sections v € H(W, ¢*L @ Ow (1))

and w € H°(W,Ow(1)). The S-rational map W --» Y given by the formula
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(v,w) = (s,t,u) = (WF+v?)/2, (w?*F—v?)/2,vw) identifies Y with the blow-up of
W along the curve {v = F' = 0}, which is isomorphic to C. Let E := {F = s—t =0}
be the exceptional divisor, with inclusion j : F < Y. Since W and hence also Y are
smooth projective k-rational threefolds, they satisfy Property 2.4 by Corollary 2.8.
One has CH?(W)alg = CH'(S5)alg = 0, hence J*W = 0, by the computation of
the Chow groups of a projective bundle [36, Theorem 3.3 (b)] and because S
is k-rational. We deduce that J3Y ~ J3W x J'C ~ J'C as ppavs over k by
Lemma 2.10, and (ii) is proved.

The inverse image Z := (p|y)~*(C) C Y is the union of E and §(E). The total
space of the normalization v : Z — 7 is thus isomorphic to the disjoint union of £
and §(E). Let f: C — Sand g : Z — Y be the inclusions, and h := p|zov : Z — C.
Applying [36, Proposition 6.6 (b) and (c)] (especially the statement there concerning
36, Theorem 6.2 (a)]) shows that g, o (p|z)* = (p|y)* o f. : CH'(C) — CH*(Y5).
One verifies easily that (p|z)* = vx o h* : CHl(CE) — CHl(ZE) on the generators
of CH'(C%). Consequently, (gov).oh* = (p|ly)*o f. : CH'(C;) — CH?(Y). Since
CH?(S7)alg = 0 as S is k-rational, the map (gov),oh* : CH'(Cr)alg — CH? (Y7)alg
vanishes identically. Equivalently,

(1 + 6*) oj* © (plE)* : CHl (Cﬁ)alg — CH?(YE)alg

is identically zero. Since j. o (p|g)* : CHl(C%)alg — CH? (Yz)alg is an isomorphism
by the description of Y as a blow-up of W and by the computation of the Chow
groups of blow-ups and projective bundles [36, Theorem 3.3 (b), Proposition 6.7 (e)],
we see that 6%z = —z for all 2 € CH? (Y7 )alg- As a consequence of this identity, one
has x ot = ¢ : Z/2Z — Autppay(J3Y%), where we use the notation of §§3.1-3.2.
By (i), Proposition 3.1 and (i), J3Xq >~ J*(y@)Y) = 4(a) (J?Y) = o) (J*C).
Finally, one deduces (iv) from (iii), Corollary 2.8 and Proposition 3.2. O

Remark 3.5. Over k = C, Mumford described the intermediate Jacobian of a
conic bundle as a Prym variety (see [19, Appendix C] and [7, Théoréme 2.1]).
Our computation that J*X, = ,(4)(J'C) in Proposition 3.4 (iv) is a variant of
this result. Assuming for simplicity that C' is geometrically connected of genus g
and 8 ¢ k, one may think of S(,(a)(JlC) as playing the role of the Prym variety
of the double cover Cy ) — C. Indeed, the Jacobian Jl(Ck(ﬁ)) of the smooth
projective connected curve Cy gy over k coincides with the Weil restriction of scalars
Resygy/1((J Lo) k(8)), and there is a canonical exact sequence of abelian varieties

Nis)/k Jic 0

00— 4(a)(J'C) ——— Resya) /1 (S i)

(obtained by twisting the exact sequence 0 — J'C — J'C x J'C — J'C — 0).
This differs from the classical setting in that the total space Cys) of the double
cover is not geometrically connected, which explains that the dimension of our
intermediate Jacobian ) (J'C) is equal to g and not to g — 1.

Corollary 3.6. Suppose that 3 ¢ k, and let F € HO(P%, Opi (2d)) be the equation
of a smooth plane curve for some d > 2. The smooth projective variety X, over k
with equation {s* — at?* = u®F} as in (3.1) is k(B)-rational but not k-rational.

Proof. We use the above results with S = P} and £ = Op2 (d). The first assertion is
Lemma 3.3. To prove the second assertion, one may apply Proposition 3.4 (iv) over
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the perfect closure of k since C% is non-hyperelliptic of genus > 2, as is any smooth
plane curve of degree > 4 (KCE is very ample as a positive multiple of Opz(1),
k

whereas the canonical bundle of a hyperelliptic curve is not). (Il

Remark 3.7. Corollary 3.6 would fail for d = 1, as {s? — at? = u?(2? + y? + 2?)} is
birational to the smooth quadric with a k-point {s* — at? = 2% + y? + 22} C P},
hence is k-rational. In this case, C5 has genus 0.

Let us illustrate further the importance of the hypothesis that Cf; is of genus > 2
and not hyperelliptic in Proposition 3.4 (iv). Fixd > 1, let ® € HO(P}, Op1 (2d)) be
a polynomial with pairwise distinct roots over k, and consider the projective bundle
q: 5 :=Pp (Opr ® Op:(d)) — P} with tautological line bundle £ := Og(1). There
are two canonical sections v € H°(S,0g(1)) and w € H(S, q"Op1 (—d) ® Os(1)),
and one may consider C' := {F = 0} C S with F := v? — dw?. The curve Cp
is smooth, connected, of genus ¢ = d — 1, and hyperelliptic. The conic bundle
Xo :={s? — at? = v F} over S as in (3.1) satisfies J3X, ~ J'C’, where C’ is a
hyperelliptic twist of C' (by Proposition 3.4 (iii) and Proposition 3.2). Consequently,
one cannot deduce from Corollary 2.8 that X, is not k-rational. This is fortunate,
because X, is birational to the quadric surface bundle {s? — at? — v? + dw? = 0}
over PL. This quadric bundle has a rational section given by s = v = 1 and
t = w = 0, showing that X, is k-rational.

Ezxample 3.8. When d = 2, the varieties of Corollary 3.6 are often k-unirational.
We only give one example: we show that the variety X, over k defined by the
equation {s? — at? = u?(z* + y* + 2%)} as in (3.1) is k-unirational. Applying [55,
Lemma 3.5] with a; = as = 1, a3 = —1 and a4 = a5 = ag = 0 shows that the
degree 2 del Pezzo surface T := {s? = 2% + y* + 1} C X,, is k-unirational. Then
X, is dominated by the fiber product X, Xp2 T which, as a conic bundle with a
rational section over the k-unirational variety T, is k-unirational.

3.3.2. Characteristic 2. Let us now assume that k& has characteristic 2. We only
explain how to modify the statements and arguments of §3.3.1 in this case.

Artin—Schreier theory yields a surjection x : k — H'(k,Z/2Z), whose kernel
consists of the elements of the form 32 + 3 for some 8 € k. We fix a € k, we set
a := r(a), and we choose 8 € k such that 5% + 8 = a.

We define an embedded conic bundle Y := {s?+ st = u?F} C P, and we let § be
the S-automorphism of ¥ given by the formula (s, t,u) — (s +t,t,u). We consider
the embedded conic bundle X, C P over S with equation

(3.2) Xy = {s* + st +at? =u*F} CP.

With these modifications, Lemma 3.3 and Proposition 3.4 continue to hold, with
the same proofs (in the proof of Proposition 3.4 (i), take i : (s,t,u) — (s+18,t,u)).
We deduce from these statements an analogue of Corollary 3.6, using exactly the
same arguments.

Corollary 3.9. Suppose that 3 ¢ k, and let F € H°(P%, Op2(2d)) be the equation
of a smooth plane curve for some d > 2. The smooth projective variety X, over k
with equation {s* + st + at? = u?>F} as in (5.2) is k(B)-rational but not k-rational.

Ezxample 3.10. When d = 2, the varieties of Corollary 3.9 are often k-unirational.
We only give one example: we show that the variety X, over k defined by the
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equation {s%+st+at? = u?(x3y+y32+232)} asin (3.1) is k-unirational. Arguing as
in Example 3.8, it suffices to show that T := {s? = 23y+y32+ 232} is k-unirational.
But this variety is even Fo-unirational since

Fo(T) = Fa(z,y, (2%y + y° + 2)1/%) C Fo(2/2,y/?).

4. UNRAMIFIED COHOMOLOGY OF REAL THREEFOLDS

We now restrict to the field £ = R of real numbers and study in detail another
strategy to show that a C-rational threefold over R is not R-rational, making use
of unramified cohomology. Recall that G = Gal(C/R).

4.1. Bloch—Ogus theory. If X is a smooth variety over R, the group G acts
continuously on X (C) and we will consider, for any G-module M and any i > 0,
the G-equivariant Betti cohomology groups H} (X (C), M). Let H% (M) be the
Zariski sheaf on X associated with the presheaf U — HS(U(C),M). The degree
i unramified cohomology group of X with coefficients in M is H! (X, M) :=
HO(X,H.(M)). The sheaf ’ngCC(R) (M) is the constant sheaf Hi(G,M), and
pulling-back along the structural morphism yields a morphism H*(G,M) —
H; (X, M).

We refer to [10, §5.1] for more information on the sheaves H% (M) and their
Zariski cohomology groups. It is explained there that [23, Corollary 5.1.11] may
be applied in this context, which is usually referred to as the validity of Gersten’s
conjecture. In particular, defining

C¥(M) = P taw lim HE(U(C), M(=c)),

zeX(© Uc{zy

where X (©) is the set of codimension ¢ points of X, ¢, : # — X is the inclusion, and
U runs over the dense open subvarieties of {z}, the sheaf H% (M) admits a flasque
resolution by a Cousin complex

(4.1) 0 —= Hiy (M) = CP(M) = C¥H (M) — ...

whose arrows are induced by residue maps in long exact sequences of G-equivariant
cohomology with support. Consequently, the Zariski cohomology groups of H’ (M)
may be computed as the cohomology of the complex obtained by taking the global
sections of the Cousin complex. Using this description, the arguments of [28,
Appendice A] adapt to the real setting and show that correspondences between
smooth projective varieties act naturally on the groups H’ (X, H (M)).

4.2. Obstructions to rationality. We first recall two definitions originating
respectively from [56, Definition 3.1, Lemma 3.5] and [1, §1.2].

Definition 4.1. A smooth projective variety X over a field k is retract k-rational
if there exist a dense open subset U C X, a k-rational variety V' and morphisms
f:U—=Vandg:V — U such that go f = Id. It is universally CHg-trivial if for
every field extension k C [, the degree map deg : CHy(X;) — Z is an isomorphism.

It is obvious that a smooth projective k-rational variety is retract k-rational
(more generally, stably k-rational varieties are retract k-rational), and a smooth
projective retract k-rational variety is universally CHg-trivial by [26, Lemme 1.5].
The following proposition is a variant of classical results (see for instance [6,
Corollaire du Théoréme 2] or [1, Theorem 1.4]).
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Proposition 4.2. Let X be a smooth projective variety over R that is universally
CHy-trivial. Then for any i > 0 and any G-module M, H' (G, M) — H! (X, M).
In particular, the conclusion holds if X is retract R-rational.

Proof. Since X has a zero-cycle of degree 1, it has a real point z € X(R). The
restriction to z is a retraction of H(G, M) — H: (X, M), showing its injectivity.

By [1, Lemma 1.3], X admits an integral decomposition of the diagonal: if d is
the dimension of X, there is an equality Ax = {z} x X+ Z € CHY(X x X), where
Ax is the diagonal and Z is supported on a closed subset X x D where D ¢ X.
One may now argue as in the proof of [28, Proposition 3.3 (i)] by letting these
correspondences act on a € H{ (X, M). Of course Ax .o = o, and (X x{z}).ais in
the image of H (G, M) — H} (X, M). Moreover, Z,« vanishes in the complement
of D, hence vanishes as one sees immediately from the description of H! (X, M) as
a cohomology group of the complex of global sections of the Cousin complex. We
have shown the surjectivity of H (G, M) — H! (X, M).

Finally, the last assertion follows from [26, Lemme 1.5]. O

4.3. The case of C-rational threefolds. We understand completely when these
invariants allow one to show that a C-rational threefold is not (retract) R-rational.

Theorem 4.3. Let X be a smooth projective threefold over R that is C-rational.
The following are equivalent:
(1) For any i >0 and any G-module M, H (G, M) — H! (X, M).
(2) The variety X satisfies:
(i) X(R) has exactly one connected component.
(ii) Pic(Xc) is a permutation G-module.
(iii) The cycle class map clg : CH1(X) — H1(X(R),Z/27) is surjective.

Combining Theorem 4.3 with Proposition 4.2, we see that (i), (ii) and (iii) are
necessary conditions for the (retract) R-rationality of X. These conditions have
already been explained and discussed in the introduction. We only recall here that
a G-module M is a permutation G-module if it is isomorphic to a direct sum of
copies of Z and Z[G]. We will use several times the following lemma.

Lemma 4.4. A finitely generated torsion-free G-module M is a permutation
G-module if and only if H*(G, M) = 0.

Proof. By [61, 1 (3.5.1)], a finitely generated torsion-free G-module is a direct sum
of G-modules isomorphic to Z, Z(1) and Z[G]. The lemma follows. O

Proof of Theorem 4.3. The variety Xc is rational, hence connected, so that all open
subsets U C X are geometrically connected. Consequently, H% (M) is the constant
sheaf HO(G, M), and H°(G, M) — H?.(X, M).

The group H!(X(C), M) is a birational invariant of smooth projective complex
varieties. Since X¢ is rational, it vanishes. As a consequence, the Hochschild—Serre
spectral sequence [10, (1.4)] provides an isomorphism H!(G, M) — HL(X(C), M).
Combining it with the isomorphism H}(X(C), M) — H! (X, M) given by the
coniveau spectral sequence [10, (5.1), (5.2)] shows that H'(G, M) — H} (X, M).

View H'(G, M) as a constant sheaf on X (R) for the euclidean topology and let
¢t : X(R) — X be the inclusion. The natural restriction map H4 (M) — 1. HY (G, M)
is an isomorphism if ¢ > 4 by [10, Proposition 5.1 (iv)]. It follows that the restriction
to real points induces an isomorphism H} (X, M) — H°(X(R), H (G, M)) for all
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© > 4. We deduce that if X (R) has exactly one connected component, the pull-back
HY(G,M) — H! (X, M) is an isomorphism for any G-module M and any i > 4,
and taking M = Z/2Z shows that the converse holds.

From now on, we may assume that X (R) has exactly one connected component.
In particular, the morphisms H: (X, M) — H°(X(R),H (G, M)) = H (G, M)
induced by restrictions to real points are retractions of the pull-back morphisms
HY(G,M) — H{ (X, M), showing that the latter are injective. Statement (1) is
thus tantamount to their surjectivity, or equivalently to the vanishing of

H! (X, M)y :={a€ H. (X,M)]|al,=0foral zc X(R)}.

Let us complete the proof that (1) implies (2): it remains to prove (ii) and (iii).
By [21, Proposition 4.2.3 (a)] and comparison between equivariant Betti cohomology
and étale cohomology (see [32], [57, Corollary 15.3.1]), there is an isomorphism

(4.2) Br(X) = Hz, (X, Q/Z(1)).

We deduce from (1) that Br(R) — Br(X) is an isomorphism. Since H?(G,C*) = 0,
the Hochschild—Serre spectral sequence

(4.3) EY? = H?(G, H. (Xc,Gyp)) = HYTY(X,Gy)

now implies that H!(G,Pic(X¢)) = 0. Since X¢ is rational, Pic(X¢) is torsion-free
and finitely generated, and Lemma 4.4 shows that Pic(X¢) is a permutation G-
module, proving (ii). By [10, Remark 5.3 (iii)], the vanishing of H2 (X, Q/Z(2))o
implies that the real integral Hodge conjecture for 1-cycles on X (see [10, Defini-
tion 2.2]) holds. In turn, this implies (iii) by [10, Theorem 3.22].

It remains to prove that (2) implies (1) in degrees ¢ = 2,3. Writing M as
the direct limit of its finitely generated sub-G-modules, and using the fact that
sheafification and taking cohomology commute with colimits, we may assume that
it is finitely generated.

Let us first deal with ¢ = 3. Define B to be the direct sum of one copy of Z|[G]
(resp. of Z) for each element in a finite generating subset of M (resp. of M ).
It is a finitely generated permutation G-module. By construction, the natural
G-equivariant morphism p : B — M is such that both p and p|gc : B¢ — MY are
surjective. Let A be the kernel of p. The long exact sequence of group cohomology
associated with 0 - A — B £ M — 0 shows that H'(G, A) = 0 and Lemma 4.4
implies that A is a permutation G-module.

Taking long exact sequences of G-equivariant cohomology associated with the
short exact sequence 0 - A - B — M — 0 on Zariski open subsets U C X and
sheafifying gives rise to a long exact sequence of Zariski sheaves on X:

H%(B) = HX (M) = H3(A) = HX (B) = HX (M) = Hx (A) = Hx(B).
Since B®zQ — M ®7Q has a G-equivariant section, H% (B®7Q) — H% (M ®7Q)
is surjective. It follows that the cokernel of H3%(B) — H3% (M) is a torsion
sheaf. Since 1% (A) has no torsion by [10, Proposition 5.1 (ii)], we deduce that
H5 (A) — H%(B) is injective:

(4.4) 0 = HX(A) = HX(B) = HX (M) = Hy (A) = H(B).

Since Xc is rational, the groups H'(X,H%(Z[G])) = H'(Xc,H%.(Z)) and
H°(X,H3(Z|G])) = H°(Xc, "% (Z)) (see [10, Proposition 5.1 (i)]) both vanish,
by [28, Proposition 3.3 (iii), Proposition 3.4]. As H°(X,H3(Z)) is a subgroup
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of the latter by [10, Proposition 5.1 (i), (iii)], it also vanishes. In addition,
combining [10, Theorem 3.22] and [10, (5.9)] shows that (iii) implies the vanishing
of HY(X,H3%(Z)). All in all, we have proved that

(4.5) H (X, M5 (A4)) = H (X, 1% (B)) = 0.
There is a commutative diagram whose first row is exact, whose second row is

a complex obtained by taking global sections in (4.4), and in which two vertical
arrows are isomorphisms by the case i = 4 already dealt with:

H3(G,M) —— H*(G,A) —— H*(G, B)

l It I

HI?I‘('X7 M) — ng(Xv A) — Hér(Xv B)

The exactness of (4.4) and the vanishings (4.5) imply that H3 (X, M) — H2 (X, A)
is injective. A diagram chase then shows that H3(G, M) — H2 (X, M) is surjective,
which is what we needed to prove.

It remains to settle the case i = 2 when M is finitely generated. Applying
the above arguments to M (1) instead of M, we find a short exact sequence of
G-modules 0 - C — D — M — 0, where C and D are finite direct sums of
G-modules isomorphic to Z(1) or Z[G], giving rise to a long exact sequence:

(4.6) 0 = H%X(C) = HX (D) = HX (M) = H3(C) = HX (D).
The group H°(X,H%X(Z|G])) = H°(Xc,M%.(Z)) (see [10, Proposition 5.1 (i)])

vanishes by [28, Proposition 3.3 (i)] because Xc is rational. Since H°(X, H% (Z(1)))
is a subgroup of it by [10, Proposition 5.1 (iii)], this group also vanishes. We deduce:

(4.7) H2(X,D)=0.

Both natural morphisms (Z[G] ®z D)¢ — (Z[G] ®z M)¢ and D(1)¢ — M(1)% are
surjective, the first one because it can be identified with D — M, and the second
one because H'(G,C(1)) = 0. Since X¢ is rational, Pic(X¢) ~ H?(X(C),Z(1)),
which is a permutation G-module by (ii). It follows that [H?(X(C),Z) ® D]¢ —
[H2(X(C),Z)®M]C is surjective. Since X¢ is rational, its Artin-Mumford invariant
H3(X(C),Z)tors vanishes [5, Proposition 1] and we deduce from the universal
coefficient theorem [64, 5.5 Theorem 10] that H?(X(C), D) — H?(X(C),M)¢
is surjective. For a G-module N, let us consider the Hochschild—Serre spectral
sequence [10, (1.4)]:

EY? = HP(G,H(X(C),N)) = H;™(X(C),N).
We have seen above that H!(X(C), N) = 0, and restricting to a real point shows
that the edge maps H'(G,N) — HAL(X(C),N) are injective. Applying this to
N =D and N = M gives rise to a commutative diagram with exact row:
0 —— H*(G,M) —— HZ(X(C),M) —— H*(X(C),M)¥ —— 0.
Since X (R) is connected, we deduce from the diagram above an isomorphism

HE(X(C),M)o — H?(X(C), M), where we set, for all G-modules N and i > 0:
HL(X(C),N)o :={a € H5(X(C),N) | al, =0 for all z € X(R)}.
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The image of HZ (X (C), D) in H%(X (C), M) is contained in HZ(X (C), M)o, and we
get a surjection HZ (X (C), D) - HZ(X(C), M)o. From the long exact sequence of
equivariant cohomology, we deduce an injection H2,(X (C),C)y — HZ(X(C), D)o.
The coniveau spectral sequence [10, (5.1), (5.2)] yields, for any G-module N, an
injection H'(X, H% (N)) < HZ(X(C), N) whose image has coniveau > 1, hence
belongs to HZ(X(C),N)y (indeed, since X has a smooth R-point, the implicit
function theorem shows that X (R) is Zariski dense in X). Applying it to N = C
and N = D, we get an injection:

(4.8) HY(X,H%(0)) — HY(X,H%(D)).

There is a commutative diagram whose first row is exact, whose second row is
a complex obtained by taking global sections in (4.6), and in which two vertical
arrows are isomorphisms by the case i = 3 already dealt with:

H?*(G,M) —— H*(G,C) —— H?*(G, D)

! It It

Hr21r(X7 M) — Hrglr(Xa O) —>H131r(Xa D)

The exactness of (4.6), the vanishing (4.7) and the injectivity of (4.8) imply
that H2.(X,M) — H3(X,C) is injective. A diagram chase now shows that
H?(G,M) — H2 (X, M) is surjective, which is what we needed to prove. O

5. EXAMPLES OF REAL THREEFOLDS

We finally combine the results of the previous sections to study in detail
interesting examples of real threefolds that are C-rational but not R-rational.

In §§5.1-5.3, we consider a variety X defined as in (3.1) with k = R, a = —1,
S=P2 and L = Opz(d) for some d > 1. It has equation X = {2 +t2 = u?F} for
a homogeneous polynomial F' € H°(P%, Op2(2d)) = R[z,y, 2|24 defining a smooth
plane curve C' := {F = 0} C PZ2. We let p|x : X — P2 be the projection.

5.1. Set of real points. It is easy to find such examples for which X (R) is
diffeomorphic to the real locus of a smooth projective R-rational variety.

Proposition 5.1. If F is positive on R\ {0}, then X (R) is diffeomorphic to the
real locus of a smooth projective R-rational variety:

(i) X(R) ~S! x P2(R), if d is even.

(i) X(R) =~ (S! x S?)/(Z/2Z), where Z/27 acts diagonally by the antipodal

involution on both factors, if d is odd.

Proof. Let u: S — P?(R) be the double cover with Galois group Z/2Z = {1, ¢},
where ¢ is the antipodal involution of S?. Let L be the C* real line bundle on
P2(R) associated with £ = Opz(d). Since F' > 0 and S? is simply connected, there
exists a section G € HO(S?, u*LL) such that G? = p*F, unique up to a sign. Hence
#*G = eG for some sign e = £1. Since L is trivial if and only if d is even, ¢ = (—1)%.

Using the identifications S = {a? + 0% = 1} and S? = {2 + ¢? + 22 = 1}, we
deduce that the map S* x S — X (R) induced by s = aG(z,y, 2), t = bG(z,y, 2),
u = 1 realizes X(R) as a quotient of S! x S? by a diagonal action of Z/2Z: via the
antipodal involution on S? and multiplication by (—1)¢ on S*.

When d is even, one gets X (R) ~ (P! x P?)(R). Applying the construction to
d =1and F = 22 + y? + 22 shows that the diagonal quotient (S' x §?)/(Z/2Z)
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appearing when d is odd is diffeomorphic to the real locus of the smooth projective
variety {s%+t% = u?(2% +y?+2?2)}, which is birational to the smooth affine quadric
with an R-point {s? + 2 = 22 + y? + 1}, hence is R-rational. O

5.2. Unirationality. Some of the examples we consider are also R-unirational:

Proposition 5.2. Suppose that d = 2. Then X is R-unirational if and only if F
is not negative definite on R3\ {0}.

Proof. If F is negative definite on R \ {0}, then X (R) = @ so that X cannot be
R-unirational.

Otherwise, consider the surface T C X defined by {s = 0}. The equation
T = {t? = u?F(z,y, z)} shows that it is a smooth degree 2 del Pezzo surface with
a real point. By the implicit function theorem, the real points of T are actually
Zariski dense in T. It follows from the work of Manin [48, Theorem 29.4] that
T is R-unirational. Base changing the conic bundle X — P% by the projection
T — P% and base changing it further by a unirational parametrization of T, one
obtains a conic bundle over an R-rational surface with a rational section, that is,
an R-rational threefold dominating X. This shows that X is R-unirational. (Il

5.3. Examples with trivial unramified cohomology. It is also not hard to
decide when X has trivial unramified cohomology in the sense of Theorem 4.3 (1).

Proposition 5.3. The variety X has the property that HY(G, M) — H! (X, M)
for any i > 0 and any G-module M if and only if X (R) is connected and non-empty.

Proof. Tt suffices to show that X satisfies conditions (ii) and (iii) of Theorem 4.3 (2)
if X(R) is non-empty. That condition (iii) holds may be obtained as a combination
of [11, Theorem 6.1] and [10, Theorem 3.22].

To verify (ii), one may argue as in [22, Proof of Proposition 2.1] (taking B = P3
in loc. cit.). Alternatively, recall from the proof of Proposition 3.4 (iii) that one may
write p|x. : X¢c — IP’(% as the composition of the blow-up of a smooth connected
curve X¢ — W with exceptional divisor E = {F = s — t,/—1 = 0} C X¢ and
of a P-bundle W — PL. We deduce that Pic(Xc) has rank 3 and is generated
by OP% (1), by E and by any line bundle that has degree one on the generic fiber
of plx. : Xe¢ — P&, If 0(E) = {F = s+ ty/—1 = 0} C Xc is the image of F
by the complex conjugation o, then E U o(E) = (p|x.) ' (Cc). Consequently, the
subgroup (Opz (1), E) C Pic(X¢) is G-stable and one computes that it is isomorphic
to the G-module Z® Z(1). We have obtained a short exact sequence of G-modules:

0—>Z®Z(1) = Pic(X¢c) - Z — 0,
where the projection Pic(X¢) — Z computes the degree on the generic fiber of
pc : Xc — PZ. Since X(R) # @, one has Pic(Xc)® = Pic(X) by [17, 8.1/4], and
the long exact sequence of G-cohomology yields:
(5.1) 0 — Z — Pic(X) = Z — 7./27 — H*(G,Pic(Xc)) — 0.

The generic fiber of p|x is a non-trivial conic as it has non-trivial ramification
above C. Consequently, there is no line bundle on X that has degree 1 on the
generic fiber of p|x. We deduce from (5.1) that H!(G,Pic(Xc)) = 0, hence that
Pic(X¢) is a permutation G-module by Lemma 4.4. (]

Combining the results obtained so far, we get:
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Theorem 5.4. There exists a smooth projective threefold X over R that is not R-
rational, but is C-rational, R-unirational, and is such that X (R) is diffeomorphic to
(P! x P2)(R) and that for any G-module M and i >0, H (G, M) — H: (X, M).

Proof. Let F(z,y,2) € H°(P%,0(4)) be a polynomial that is positive on R3\ {0},
and that defines a smooth plane curve (one may take F(z,vy,2) = 2* +y*+2%). The
smooth projective variety defined by the equation X := {s? +t? = «?F} as in (3.1)
has the required properties by Corollary 3.6 and Propositions 5.1, 5.2 and 5.3. O

Remark 5.5. The variety defined by the equation X := {s? +t? = u?F(x,y,2)}
with F(x,y,2) = z* — y* — 2% also satisfies the requirements of Theorem 5.4
(except that its real locus is diffeomorphic to the sphere S?, hence to the real
locus of an R-rational quadric), by Corollary 3.6 and Propositions 5.2 and 5.3.
In this particular example, some arguments may be simplified. In the proof of
Proposition 5.2, T'(R) is diffeomorphic to a sphere S?, and Comessatti’s theorem
([29, pp. 54-55], see [61, VI Corollary 6.5]) shows at once that T is R-rational.
In the proof of Proposition 5.3, the verification of condition (iii) is immediate as
Hi(X(R),Z/27) = H{(S3,Z/2Z) = 0.

Remark 5.6. In Theorem 5.4, the assertion that H' (G, M) — H{ (X, M) shows
that it is not possible to prove that X is not R-rational using Proposition 4.2. We
do not know if X is retract R-rational, or stably R-rational, or if it is universally
CHp-trivial.

5.4. Examples with non-trivial unramified cohomology. To contrast with
Theorem 5.4, we give an example of a smooth projective C-rational threefold X
over R that may be proved not to be R-rational using Proposition 4.2, but not using
Corollary 2.8. Since examples failing condition (i) of Theorem 4.3 are classical, we
restrict to varieties whose real locus is non-empty and connected. In view of the
discussion below the statement of Theorem 1.4, it is not expected that there are
such examples for which (iii) fails. Consequently, we focus on condition (ii).

Theorem 5.7. There exists a smooth projective threefold X over R that is not
retract R-rational, but is C-rational, R-unirational, whose real locus is diffeomorphic
to that of a smooth projective R-rational variety, and such that J3X = 0.

Proof. Consider ¥ := {z% 4+ y? = (t — t3)2?} C PZ x AL, where [z : y : 2] are
homogeneous coordinates on P% and ¢ is the coordinate on Ag. Let S be a smooth
compactification of ¥ such that the projection to A} extends to a relatively minimal
conic bundle 7 : S — PL. The real locus S(R) is a disjoint union of two spheres:
let K C S(R) be the one for which ¢ € [0,1].

Let a € Br(R(S9)) be the class of the quaternion algebra (—1,¢ — t?). As there
exists D € Div(Sc) such that div(t—¢*) = N¢/r(D), the conic over R(S) defined by
this quaternion algebra extends to a smooth and projective morphism f: X — S
all of whose fibers are conics. Indeed, letting 7 : S¢c — S be the natural morphism
and p : P(£) — S be the projective bundle associated with & = Og & 1, Og.(—D),
the global section (—1) @ (t — t2) of Og ® Os(—Ng/r(D)) C Symp, € = p.Op(e)(2)
defines a global section of Op(g)(2) whose zero locus in P(£) is the sought for X.
We note that f(X(R)) = K.

As Sg is rational and as a|s. = 0, the threefold X¢ is rational.

The Brauer group of a C-rational smooth proper surface over R whose real locus
has s > 1 connected components is isomorphic to (Z/2Z)*~! (by [60, Théoréme 4]
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and the Hochschild-Serre spectral sequence (4.3)). Thus Br(S) ~ (Z/2Z)3. Since
S is regular, Br(S) — Br(R(S)) is injective by [37, Corollaire 1.8], and Xp(g) being
a non-trivial conic over R(S), the kernel of Br(R(S)) — Br(Xg(s)) has cardinality
exactly 2 [24, Proposition 1.5]. It follows that the kernel of Br(S) — Br(X)
has cardinality at most 2, hence that Br(X) contains a subgroup isomorphic to
(Z/27Z)*. We deduce that Br(R) — Br(X) is not an isomorphism. Equivalently,
in view of (4.2), H*(G,Q/Z(1)) — H2.(X,Q/Z(1)) is not an isomorphism. By
Proposition 4.2, X is not retract R-rational.

Let g : P}, — P} be a morphism such that g(P*(R)) C (0, 1), and T be a resolution
of singularities of the base change of 7 : S — P} by g. By [61, VI Proposition 3.2,
Lemma 3.3], T is R-rational. Consider the base change X7 — T of f by T — S.
By [38, Corollaire 7.5] and since Br(R) — Br(P%), the pull-back ar € Br(T) of
a on T comes from Br(R). By the choice of «a, this class is trivial in restriction
to the real points of T', hence is trivial. Consequently, X is the projectivization
of a rank 2 vector bundle over T', hence is R-rational. We have shown that X is
R-unirational.

The Leray spectral sequence of X¢ — Sc¢ shows that H3(X(C),Z) = 0. By
comparison with /-adic cohomology and Proposition 2.3, it follows that J3X = 0.

It remains to control X (R). It follows from the equation of ¥ and the explicit
expression of a that a neighbourhood of X along X (R) may have been chosen to
be the blow-up of the affine variety {22 +y? =t — 3, u? + v? =t — 2} C AJ at its
two singular points {r =y=u=v=t=0}and {r =y=u=v=t-1=0}
With this choice, the substitutions x — \/% and y — \/;’? show that X (R) is
diffeomorphic to the real locus of (a smooth projective compactification Y of) the
blow-up of the affine variety {z? + y? =t — t2, u® + v2 =t — 2} C A at its two
singular points. The variety Y is R-rational since the projection to the R-rational
surface {22 +y? =t — t?} is a conic bundle with a rational section {u = z,v = y}.
This concludes the proof. ([
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