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Abstract. We construct and study relations between Chern classes and Galois coho-
mology classes in the Gal(C/R)-equivariant cohomology of real algebraic varieties with
no real points. We give applications to the topology of their sets of complex points, and
to sums of squares problems. In particular, we show that −1 is a sum of 2 squares in the
function field of any smooth projective real algebraic surface with no real points and with
vanishing geometric genus, as well as higher-dimensional generalizations of this result.

1. Introduction

The aim of this article is to show that the tools of classical algebraic topology—universal
relations between characteristic classes of manifolds, through Wu classes and more generally
right actions of the Steenrod algebra—can successfully be leveraged in an equivariant stably
complex setting to obtain new results in real algebraic geometry. We answer in particular an
old question of van Hamel about levels of function fields of real algebraic surfaces, improve
Pfister’s bound on the level of function fields of higher-dimensional real algebraic varieties
in the case of geometrically uniruled threefolds and fourfolds, and obtain the best known
quantitative results about Hilbert’s 17th problem on sums of squares in R(x1, . . . , xn) in
the case of polynomials of degree d < n.

In the rest of this introduction, we explain the contents of the article in more detail. We
note that as all of the theorems stated in §1 concern algebraic varieties, we have written the
text with algebraic geometers as our intended audience, and we have included reminders
for the inputs from algebraic topology that we rely on.

1.1. The level of real algebraic surfaces. Let F be a field. Pfister defined the level s(F )
of F to be the smallest integer s such that −1 is a sum of s squares in F , if such an integer
exists, or +∞ otherwise. When s(F ) is finite, it is a power of 2, by [Pfi65, Satz 4]. If X is
an irreducible smooth variety of dimension n over R, it is a consequence of Artin’s solution
to Hilbert’s 17th problem [Art27] that s(R(X)) is finite if and only if X(R) = ∅. In this
case, Pfister [Pfi67, Theorem 2] has shown that s(R(X)) ≤ 2n.

It is not known if this 2n bound is optimal when n ≥ 3. It is indeed the best possible
for n = 0 (take X = Spec(C)), for n = 1 (take X to be the anisotropic conic over R), and
for n = 2 by the Cassels–Ellison–Pfister theorem (see [CEP71] or [CT93, Theorem], and
combine it with [CT93, Lemma 1.2]). One of the concrete results obtained in this article
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states that Pfister’s bound can be improved for surfaces with vanishing geometric genus,
thereby answering in the negative a question of van Hamel [vH99, Remark 3.5 (ii)].

Theorem 1.1 (Theorem 2.5). Let X be an irreducible smooth proper surface over R

with X(R) = ∅ and H2(X,OX) = 0. Then −1 is a sum of 2 squares in R(X).

Theorem 1.1 was known to hold in some particular cases: for geometrically rational
surfaces (Parimala and Sujatha [PS91, Theorem 5]) and more generally for surfaces
with H1(X(C),Z/2) = 0 and H2(X,OX) = 0 (Silhol, see [vH99, Corollary 2.4], see also
Krasnov [Kra99, Corollary 2.4 (ii)]), as well as for Enriques surfaces (Krasnov [Kra99,
Corollary 2.4 (iii) and Theorem 2.1], Sujatha and van Hamel [SvH00, Theorem 3.2]; these
surfaces satisfy H1(X(C),Z/2) = Z/2 and H2(X,OX ) = 0). Theorem 1.1 encompasses
more examples, such as Campedelli surfaces. We note that the arguments of [Kra99]
and [SvH00] about Enriques surfaces rely on specific geometric properties of these surfaces
that are not susceptible to generalization.

Although there do exist surfaces with H2(X,OX ) 6= 0 and s(R(X)) = 2 (for instance,
products of two curves of genus≥ 1 with no real points), the hypothesis thatH2(X,OX ) = 0
in Theorem 1.1 is essentially optimal. This is apparent in Colliot-Thélène’s construction of
real algebraic surfaces with s(R(X)) = 4 based on the Noether–Lefschetz theorem [CT93],
which makes essential use of the nontriviality of the Hodge structure on the degree 2 Betti
cohomology group H2(X(C),Z).

1.2. The vanishing of ω3 for surfaces. Our proof of Theorem 1.1 relies on a purely
topological innovation which we now explain. Let X be an algebraic variety over R. The
Galois group G := Gal(C/R) ≃ Z/2 naturally acts on the set X(C) of complex points
of X. Let Z(j) denote the G-module whose underlying abelian group is Z, on which
the generator of G acts by multiplication by (−1)j . Let ω ∈ H1(G,Z(1)) ≃ Z/2 be the
generator. Consider the pull-back maps H i(G,Z(j)) = H i

G(pt,Z(j)) → H i
G(X(C),Z(j))

in Borel G-equivariant cohomology (see §1.8).

Theorem 1.2 (Theorem 2.1). Let X be a smooth surface over R with X(R) = ∅. Then
the image of ω3 ∈ H3(G,Z(3)) in H3

G(X(C),Z(3)) vanishes.

In [Kra99, p. 758], Krasnov writes that he has not succeeded in finding an example of
a smooth surface X over R with X(R) = ∅ and ω3 ∈ H3

G(X(C),Z(3)) nonzero (or more
precisely, such that the reduction modulo 2 of this class is nonzero). Theorem 1.2 explains
why: in fact, no such surfaces exist.

Related statements for particular surfaces appear in the above-mentioned works on
the levels of function fields of real surfaces (see [PS91, Lemma 4], [vH99, Lemma 2.3],
[Kra99, Proposition 1.4 and Theorem 1.6], and see the assertion that the pull-back
map Br(R) → Br(X) vanishes in the proof of [SvH00, Theorem 3.2]). The main tool
used in most of these articles is the Hochschild–Serre spectral sequence, which is difficult
to analyse when H1(X(C),Z/2) is nonzero. Our proof of Theorem 1.2 bypasses the use
of the Hochschild–Serre spectral sequence, and exploits Poincaré duality instead. We
note that some of Krasnov’s arguments are closer to our approach (see the proof of
[Kra99, Theorem 1.6]).
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1.3. Relations between tautological classes. LetX be a smooth variety of dimension n
over R with X(R) = ∅. In addition to the classes ωi ∈ H i

G(X(C),Z(i)) coming from
the cohomology of the Galois group G, the G-equivariant cohomology of X(C) contains
the G-equivariant Chern classes of the tangent bundle of X(C), first introduced by
Kahn [Kah87], which we denote ci ∈ H2i

G (X(C),Z(i)). The main thrust of the present
article is the observation that the relation ω3 = 0 given by Theorem 1.2 when n = 2 fits,
in higher dimensions, into a maze of polynomial relations between ω and the ci. To give
one example, the identity

(1.1) ω5 = ω(c2
1 + c2) in H5

G(X(C),Z(5))

always holds when n = 4 (see Remark 8.8 (iii)). We refer to Proposition 5.5 for more
examples of such polynomial relations (in equivariant cohomology with Z/2 coefficients,
or, equivalently, between the reductions modulo 2 of ω and of the ci) in low dimensions,
and to Theorems 4.2 and 4.8 for general constructions of relations of this kind.

That such relations exist, at least modulo 2, can be seen as follows. It was discovered
by Wu [Wu50] that some polynomials in the Stiefel–Whitney classes of the tangent bundle
vanish for all compact C

∞ manifolds of a fixed dimension. These relations were refined
and eventually fully understood in successive works of Dold [Dol56], Massey [Mas60] and
Brown and Peterson [BP64, BP65]—as it turns out, they can always be explained by an
analysis of the interaction between Poincaré duality and Steenrod operations. Writing out
the Stiefel–Whitney classes of the tangent bundle of the compact C

∞ manifold X(C)/G
as functions of the reductions modulo 2 of ω and of the ci (see Proposition 3.2 and
Remark 3.3 (i)) then yields relations of the desired form, at least when X is proper.

One can further exploit the complex structure of X(C) and its compatibility with the
G-action to produce additional relations, much in the same way that Massey [Mas60]
and Brown and Peterson [BP64, Theorem 4.3] construct additional relations between
Stiefel–Whitney classes for manifolds that are assumed to be orientable. This refinement
is already needed to prove that ω3 = 0 when n = 2, as the latter vanishing does not follow
from the universal polynomial relations satisfied by Stiefel–Whitney classes of (orientable)
compact C

∞ fourfolds applied to X(C)/G (see Remark 4.3 below). The fundamental role
played by the complex structure of X(C) in all of the theorems stated in §1 encouraged
us to cast the construction of our relations in its natural topological setting: that of
stably complex G-equivariant manifolds with no G-fixed points (see §3.2). Two benefits
of this extended framework are that it allows us to show that our relations also hold
in the G-equivariant cohomology of X(C) \ X(R) for any smooth variety over R (and
more generally of complex manifolds endowed with a fixed-point free antiholomorphic
involution), and that it is sometimes easier to construct interesting examples in this setting
(see e.g. Remark 6.6 (iii)).

There are no nontrivial integral polynomial relations between the Chern classes of all
smooth projective complex varieties of a fixed dimension. (To see it, reduce to the case of
Chern numbers and apply [Koc96, Proposition 4.3.8] with B = BU and E = K(Z), taking
into account that the Hurewicz map π∗(MU) → H∗(MU,Z) is a rational isomorphism
(see [Ada74, §II.8]) and that π∗(MU) is generated by classes of smooth projective complex
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varieties (see [Ada74, Corollary II.10.8]).) It is therefore a striking feature of the relations
we uncover (as opposed to Brown and Peterson’s) that some of them hold integrally, as in
Theorem 1.2 or in (1.1). We also note that for possibly non-algebraic complex manifolds
equipped with a fixed-point free antiholomorphic involution, establishing integral relations
with no compactness hypotheses, as we do in Theorem 4.8 below, is a source of significant
additional difficulties.

1.4. Applications to the topology of X(C). Among the relations between ω and the ci

that we construct, some do not involve the ci (as for example in Theorem 1.2). However,
it turns out to be difficult to pinpoint exactly which of our relations only involve ω. Our
best result in this direction is the following generalization of Theorem 1.2.

Theorem 1.3 (see Corollary 5.12). Let X be a smooth variety of dimension n over R

with X(R) = ∅. If n is not of the form 2k−1, then ω2n−1 = 0 in H2n−1
G (X(C),Z(2n−1)).

The hypotheses that n is not of the form 2k − 1, and that X is smooth, cannot be
dispensed with (see Propositions 6.1 and 6.8). The exponent 2n − 1 in Theorem 1.3 (and
in its extension to stably complex G-equivariant manifolds) is optimal for infinitely many
values of n not of the form 2k − 1 (see Proposition 6.1 and Theorem 6.4), but not for all of
them (see Proposition 5.8 for an improvement when n = 6, and see Question 6.5).

The question of the vanishing of the ωe (and of their reductions modulo 2) on real
algebraic varieties with no real points was raised and studied by Krasnov in [Kra99]. His
nontrivial results in this direction concern the vanishing of these classes on particular kinds
of varieties (mostly surfaces), and not on all varieties of a fixed dimension as in Theorem 1.2
and in its generalization Theorem 1.3.

When n is not of the form 2k−1, the vanishing of ω2n−1 established in Theorem 1.3 is a
topological restriction on the G-space (i.e. on the topological space with involution) X(C).
One can use this vanishing to control a more classical invariant of this G-space: its coindex.
The coindex coind(S) of a G-space S with SG = ∅ was defined by Yang [Yan55] (under
the name “B-index”) and by Conner and Floyd [CF60, CF62] to be the smallest integer m
such that there exists a G-equivariant map f : S → Sm, where the sphere Sm is endowed
with the antipodal involution (or coind(S) = ∞ if no such m exists). It is a measure of
the topological complexity of S. Theorem 1.3 implies:

Theorem 1.4 (see Theorems 7.2 and 7.3). Let X be a variety of dimension n over R with
X(R) = ∅. If n is not of the form 2k − 1, then coind(X(C)) ≤ 2n− 1. If moreover X is
smooth with no proper irreducible component, then coind(X(C)) ≤ 2n− 2.

Our investigation of the coindex of G-spaces of the form X(C) also yields a complete
understanding of this invariant when X has dimension at most 2 (see Proposition 7.10 for
the easy case of curves and Proposition 7.5 and Lemma 7.9 for surfaces). In particular,
relying on Theorem 1.2, we prove the following result:

Theorem 1.5 (Theorems 7.11 and 7.13). The possible values of coind(X(C)) for an
irreducible smooth proper surface X over R with X(R) = ∅ are 0, 1, 2 and 3. For all
such X, there exists a projective birational morphism π : Y → X with coind(Y (C)) ≤ 2.
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1.5. Applications to sums of squares. In contrast with the classical works of Brown
and Peterson [BP64, BP65], the relations that we produce involve cohomology classes of
very different natures. On the one hand, the class ω comes from the Galois cohomology of
the base field R, and influences the arithmetic of the function field R(X) of X. On the
other hand, the classes ci come from algebraic cycles and in particular they vanish on a
dense Zariski open subset of X (for i ≥ 1).

The different roles played by these two kinds of classes can be leveraged to study the
level of real functions fields. Indeed, it follows from the Milnor conjecture, proved by
Voevodsky [Voe03], that the level of R(X) is ≤ 2k−1 if and only if ωk vanishes on some
dense Zariski open subset of X (see Lemma 8.3). Consequently, a relation between ω and
the ci nontrivially involving the monomial ωk would imply that s(R(X)) ≤ 2k−1.

This remark does not immediately lead to improvements to Pfister’s s(R(X)) ≤ 2n

bound (see §1.1), because all our relations live in degree ≥ n + 1. However, under
appropriate geometric hypotheses on X, one can combine this strategy with additional
arguments (notably, when n is odd, Bloch–Ogus theory applied as in [Ben17]), to improve
Pfister’s bound on the level (see Theorems 8.7, 8.10 and 8.15). These theorems generalize
Theorem 1.1 in higher dimensions (see Remark 8.8 (i)). Let us only state here the following
concrete consequence (which also relies, when n = 3, on Voisin’s proof of the integral Hodge
conjecture for uniruled complex threefolds [Voi06]).

Theorem 1.6 (Corollaries 8.9 and 8.12). Let X be an irreducible smooth proper variety
of dimension n over R with X(R) = ∅. Assume that XC is uniruled, and that n is even
or equal to 3. Then s(R(X)) ≤ 2n−1.

When n ≥ 5 is odd, the conclusion of Theorem 1.6 is still valid under the additional
hypothesis that the group Hn+1(X(C),Z)/N2Hn+1(X(C),Z) has no 2-torsion, where N•

denotes the coniveau filtration (see Remark 8.13 (ii)). This additional hypothesis might
always hold when XC is uniruled (see Question 8.14).

The quantitative version of Hilbert’s 17th problem aims at writing a nonnegative
polynomial f ∈ R[x1, . . . , xn] as a sum of few squares of rational functions. Pfister’s
celebrated theorem [Pfi67, Theorem 1] shows that 2n squares always suffice. Better bounds
on the level of real function fields give rise to improvements to Pfister’s theorem (see §8.4
for more context and more details). To demonstrate the applicability of our results on the
level, we use them to significantly lower Pfister’s bounds for polynomials of low degree (in
the spirit of [Ben17], with much better bounds under a stronger hypothesis on the degree).

Theorem 1.7 (Theorem 8.21). Let f ∈ R[x1, . . . , xn] be a nonnegative polynomial of
degree d. If d ≤ n − 1, or d = n = 4, or d = n = 6, then f is a sum of 2n−1 squares in
R(x1, . . . , xn).

1.6. Organization of the text. The proofs of our general theorems, valid in all dimen-
sions, are technically involved. For this reason, we decided to give more elementary proofs
of our results concerning surfaces (namely of Theorems 1.1 and 1.2) in Section 2. These
easier proofs illustrate our point of view well, and in particular highlight the importance
of Poincaré duality in our arguments.
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Section 3 gathers generalities on G-equivariant algebraic topology that are used through-
out the text. Section 4 is devoted to the construction of the relations between the Galois
cohomology class ω and the Chern classes ci which form the heart of this article. We
work in the appropriate topological generality, that of stably complex C

∞ G-manifolds.
In Section 5, we explain how to use the formalism developed in Section 4 to produce
concrete relations, and we put forward those that will be useful in the remainder of the
text. Section 6 focuses on relations of the form ωe = 0, and investigates the optimality of
our results in this direction.

Applications to the coindex of real algebraic varieties with no real points, and to the
level of real function fields (as well as to Hilbert’s 17th problem), are respectively given in
Sections 7 and 8. In Section 8, we work over an arbitrary real closed field, which is the
natural generality for sums of squares problems.

1.7. Acknowledgements. We thank Bruno Kahn for a suggestion that led to an im-
provement to Theorem 8.10 and Slava Kharlamov for drawing our attention to Krasnov’s
article [Kra99].

1.8. Notation and conventions. If A is an abelian group and m is an integer, we denote
by A[m] the m-torsion subgroup of A and write A/m for A/mA. We write Ators for the
torsion subgroup of A, and we write A/tors for A/Ators.

A variety X over a field k is a separated scheme of finite type over k. If l/k is a field
extension, we let X(l) denote the set of l-points of X. The variety X is said to be a curve
(resp. a surface, resp. a threefold) if it has pure dimension 1 (resp. 2, resp. 3).

Manifolds are Hausdorff and second-countable. A space is a Hausdorff compactly
generated topological space (see [May99, Chapter 5]). By the cohomology of a space
with values in an abelian group (or a local system, see [Hat02, §3.H]), we always mean
singular cohomology. We only use sheaf cohomology for locally contractible spaces (such as
CW-complexes), in which case it recovers singular cohomology (see [Pet22, Theorem 1.2]).

Let R and C be the fields of real and complex numbers. Let G := Gal(C/R) ≃ Z/2
be generated by the complex conjugation σ ∈ G. A G-space (resp. a C

∞ G-manifold) is
a space (resp. a C

∞ manifold) endowed with a continuous (resp. C∞) G-action. If X is
a variety over R, then X(C) is naturally a G-space with X(C)G = X(R). The quotient
space of the antipodal action of G on the contractible space EG := S∞ is the classifying
space BG := EG/G = P∞(R) of G.

Let S be a G-space, and let T := (S×EG)/G be the space associated with it by the Borel
construction. A G-module A induces a local system on T , which we still denote by A. We
consider the G-equivariant cohomology groups Hk

G(S,A) := Hk(T,A) in the sense of Borel.
These groups encompass the cohomology groups Hk(G,A) := Hk

G(pt, A) = Hk(BG,A)
of G.

Let Z(j) be the G-module Z on which σ act by (−1)j (it only depends on the parity
of j). If A is a G-module, we set A(j) := A ⊗Z Z(j). Let ω ∈ H1(G,Z(1)) ≃ Z/2 be
the generator and ω̄ ∈ H1(G,Z/2) = Z/2 be its reduction modulo 2. For e ≥ 1, the eth
cup powers ωe ∈ He(G,Z(e)) ≃ Z/2 and ω̄e ∈ He(G,Z/2) ≃ Z/2 are the nonzero classes.
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If S is a G-space, we let ωe
S and ω̄e

S denote the pull-backs of ωe and ω̄e in He
G(S,Z(e)) and

in He
G(S,Z/2) by the second projection T → BG, where T is as above. If X is a variety

over R, we write ωe
X and ω̄e

X instead of ωe
X(C) and ω̄e

X(C). When no confusion is possible,
we still denote these classes by ωe and ω̄e.

We use G-equivariant sheaf cohomology only for locally contractible G-spaces S. With
values in aG-module A, this recovers Borel G-equivariant cohomology, by theG-equivariant
sheaf cohomology isomorphisms Hk

G(S,A) ∼−→ Hk
G(S × EG,A) = Hk((S × EG)/G,A)

resulting from the Leray spectral sequence for S × EG → S and from the first spectral
sequence of [Gro57, Théorème 5.2.1]. Let F be a G-equivariant sheaf on a G-space S. The
second spectral sequence of [Gro57, Théorème 5.2.1], called the Hochschild–Serre spectral
sequence, reads

(1.2) Ep,q
2 = Hp(G,Hq(S,F )) ⇒ Hp+q

G (S,F ).

Set F (j) := F ⊗Z Z(j) for j ∈ Z and F [G] := F ⊗Z Z[G]. The natural short exact
sequence 0→ F (1)→ F [G] → F → 0 gives rise to the real-complex long exact sequence

(1.3) · · · → Hk
G(S,F (1)) → Hk(S,F )

NF−−→ Hk
G(S,F )

ω−→ Hk+1
G (S,F (1)) → · · · ,

where the right arrow is the cup product with the class ω ∈ H1(G,Z(1)) of the extension
0→ Z(1)→ Z[G]→ Z→ 0, and where NF is called the norm map (see [BW20a, (1.7)]).

Given a graded ringH∗ = (H i)i≥0, we shall freely use expressions of the form h =
∑

i≥0 hi

to denote elements of
∏

i≥0 H
i, and we shall refer to equalities between such expressions as

equalities in the graded ring H∗.

2. Real algebraic surfaces with no real points

In this section, we prove our main results concerning real algebraic surfaces.

2.1. The relation ω3 = 0. The next theorem will be given a more highbrow and purely
topological proof in the later sections of the article. Let us stress that “purely topological”
refers to the setting of G-equivariant stably complex C

∞ manifolds; the complex structure
will still be essential (see Proposition 5.8, Theorem 5.11, Remark 4.3).

Theorem 2.1. Let X be a smooth surface over R. If X(R) = ∅, then ω3
X = 0.

Proof. To prove the theorem, we may assume that X is irreducible. As ωX vanishes when X
is in addition geometrically reducible, we may assume that X is geometrically irreducible.
Furthermore, we are free to replace X with any smooth surface containing X as a dense
open subset. Thus, we may and will assume, from now on, that X is a smooth, proper and
geometrically irreducible surface.

As X(R) = ∅, the action of the group G = Gal(C/R) on X(C) has no fixed point:
taking the quotient yields a compact C

∞ manifold X(C)/G. Poincaré duality on X(C)/G
provides an isomorphism H4

G(X(C),Q/Z(2)) = Q/Z which, when combined with the cup
product, gives rise to a perfect pairing

H3
G(X(C),Z(3)) ×H1

G(X(C),Q/Z(−1)) → Q/Z(2.1)
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(see [BW20a, Proposition 1.10]). As a consequence, to prove that ω3
X = 0, it suffices to

check that ω3
X ⌣ y = 0 for all y ∈ H1

G(X(C),Q/Z(−1)).
Before stating the next lemma, let us introduce some notation. For any j ∈ Z, we write

ι : Z(j)→ Q/Z(j− 1) for the composition of the surjection Z(j) ։ Z/2 with the injection
Z/2 →֒ Q/Z(j − 1). We also write ι for any map induced by ι in cohomology. Finally, we
denote by δ : H1

G(X(C),Q/Z(1)) → H2
G(X(C),Z(1)) the boundary of the exact sequence

0→ Z(1)→ Q(1)→ Q/Z(1)→ 0.

Lemma 2.2. For all y ∈ H1
G(X(C),Q/Z(1)), one has

ωX ⌣ y = ι(δ(y))

in H2
G(X(C),Q/Z(2)) = H2

G(X(C),Q/Z).

Proof. This equality follows from the commutativity of the diagram

0 // Z(1) //

ι
��

Q(1) //

��

Q/Z(1) // 0

0 // Q/Z // Q/Z[G] // Q/Z(1) // 0,

(2.2)

whose bottom row is the real-complex exact sequence (see [BW20a, (1.1)]) and whose
middle vertical map is the composition of the following three maps: the map Q(1)→ Q(1),
c 7→ c/2, the quotient map Q(1)→ Q/Z(1) and the natural map Q/Z(1)→ Q/Z[G]. �

For y ∈ H1
G(X(C),Q/Z(1)), Lemma 2.2 shows that

ω3
X ⌣ y = ω2

X ⌣ ι(δ(y)) = ι(ω2
X ⌣ δ(y)).

As δ(y) is torsion, these equalities and the next proposition together imply the vanishing
of ω3

X ⌣ y, thus completing the proof of Theorem 2.1. �

Proposition 2.3. The map H2
G(X(C),Z(1)) → H4

G(X(C),Z(3)) defined by x 7→ ω2
X ⌣ x

vanishes on H2
G(X(C),Z(1))tors.

Proof. We recall that in [BW20a, Definition 3.1], a map

ψ : H2
G(X(C),Z(1)) → Z/2(2.3)

was defined by the identification H4
G(X(C),Z(3)) = Z/2 coming from Poincaré duality and

by the formula ψ(x) = ω2
X ⌣ x, and that the composition of this map with the equivariant

cycle class map

cl : Pic(X)→ H2
G(X(C),Z(1))(2.4)

was shown in [BW20a, Theorem 3.6] to detect the “genus modulo 2” of algebraic curves
lying on X. As H2

G(X(C),Z(1))tors ⊆ cl(Pic(X)) (see [BW20a, Proposition 2.9]), the
statement of Proposition 2.3 is equivalent to the vanishing of ψ(cl(D)) for every divisor D
on X such that cl(D) is torsion. The next lemma, in which · denotes the intersection
pairing Pic(X)× Pic(X)→ Z, computes ψ(cl(D)) for all divisors D on X.
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Lemma 2.4. For any divisor D on X, the integer D · (D +KX) is even and one has

ψ(cl(D)) =
D · (D +KX)

2
mod 2.(2.5)

Proof. When D is a smooth and geometrically irreducible curve of genus g lying on X,
one has deg(D · (D + KX)) = 2g − 2, by the adjunction formula (see [Har77, Chapter V,
Proposition 1.5]), and ψ(cl(D)) = 1− g mod 2, by [BW20a, Theorem 3.6]: the assertion of
Lemma 2.4 is true in this case. In general, the surface X is projective as it is smooth and
proper (see [Har70, Chapter II, §4, Theorem 4.2]), hence the divisor D is linearly equivalent
to D′ −D′′ for some smooth and geometrically irreducible curves D′ and D′′ lying on X.
Now

D · (D +KX)

2
=
D′ · (D′ +KX)

2
− D′′ · (D′′ +KX)

2
+ (D′′ −D′) ·D′′.

The integer (D′′−D′) ·D′′ is even. Indeed, it is the degree of a zero-cycle lying on X, and
all closed points of X have degree 2 since X(R) = ∅. As ψ(cl(D)) = ψ(cl(D′))−ψ(cl(D′′)),
we deduce that the assertion of Lemma 2.4 for D results from the same assertion for D′

and for D′′. �

To conclude the proof of Proposition 2.3, we note that the natural map

H4
G(X(C),Z(2)) → H4(X(C),Z(2)) = Z

sends cl(D) ⌣ cl(D+KX) to D ·(D+KX). As Z is torsion-free, it follows from this remark
that D · (D +KX) = 0 for any divisor D on X such that cl(D) is torsion. By Lemma 2.4,
we conclude that ψ(cl(D)) = 0 for any such D, as desired. �

2.2. Levels of function fields of surfaces. If X is an irreducible, smooth and proper
surface over R, we remind the reader that s(R(X)) < ∞ if and only if X(R) = ∅, that
in this case s(R(X)) ∈ {1, 2, 4} (see §1.1), and that s(R(X)) = 1 if and only if X is not
geometrically irreducible.

Theorem 2.5. Let X be an irreducible smooth proper surface over R such that X(R) = ∅.
If H2(X,OX) = 0, then s(R(X)) ≤ 2.

Proof. We start with a general lemma due to Krasnov [Kra99, Theorem 2.1]. We include
a short proof for the convenience of the reader.

Lemma 2.6. Let X be an irreducible smooth proper variety over R. The following are
equivalent:

(i) s(R(X)) ≤ 2;
(ii) the natural map Br(R)→ Br(R(X)) identically vanishes;

(iii) the natural map Br(R)→ Br(X) identically vanishes;
(iv) the class ω̄2

X ∈ H2
G(X(C),Z/2) is algebraic, in the sense that it belongs to the image

of the equivariant cycle class map

Pic(X)→ H2
G(X(C),Z/2).(2.6)
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Proof. Condition (i) is equivalent to −1 being a sum of two squares in R(X), i.e. to the real
conic x2 +y2 +z2 = 0 having a rational point over R(X). As Br(R) = Z/2 is generated by
the class of this conic (viewed as a Severi–Brauer variety), we deduce that (i)⇔(ii). As X is
smooth, the natural map Br(X)→ Br(R(X)) is injective (see [Gro68, II, Corollaire 1.10]),
hence (ii)⇔(iii). Finally, the commutative diagram

0 // Pic(X)/2 // H2
G(X(C),Z/2) // Br(X)[2] // 0

Z/2 = H2(G,Z/2) = H2
G(pt,Z/2)

OO

∼
// Br(R)[2] = Br(R),

OO

whose first row comes from the Kummer exact sequence in étale cohomology and from
the canonical isomorphism H2

G(X(C),Z/2) = H2
ét(X,Z/2) (see [Sch94, Corollary 15.3.1]),

shows that (iii)⇔(iv). �

Let us prove Theorem 2.5 by applying Lemma 2.6 (iv)⇒(i). The equivariant cycle class
map with integral coefficients Pic(X)→ H2

G(X(C),Z(1)) is surjective since H2(X,OX ) = 0
(see [BW20a, Proposition 2.9]). As its composition with the natural map

H2
G(X(C),Z(1)) → H2

G(X(C),Z/2)(2.7)

coincides with the map (2.6), we are reduced, by Lemma 2.6, to checking that ω̄2
X belongs

to the image of (2.7); or equivalently, that it belongs to the image of the natural map
H2

G(X(C),Z(3)) → H2
G(X(C),Z/2). The latter fits into the exact sequence

H2
G(X(C),Z(3)) → H2

G(X(C),Z/2)
δ−→ H3

G(X(C),Z(3))(2.8)

induced by the multiplication by 2 short exact sequence 0 → Z(3) → Z(3) → Z/2 → 0.
As δ(ω̄2) = ω3, we have δ(ω̄2

X) = ω3
X , hence applying Theorem 2.1 concludes the proof. �

Remarks 2.7. (i) The hypothesis that X is a surface was used only in the last sentence
of the proof of Theorem 2.5, to be able to apply Theorem 2.1.

(ii) Colliot-Thélène’s arguments from [CT93], which imply the existence of real sur-
faces X with s(R(X)) = 4, can be reformulated using the point of view adopted here. We
explain how, in the case of a very general quartic surface X ⊂ P3

R with X(R) = ∅. (One
could equally well consider a sextic double cover of the plane, as in [CT93].) The image
in H2(X(C),Z/2) of the class [OX (1)] ∈ Pic(X) is nonzero, hence the image of this class
in H2

G(X(C),Z/2) cannot coincide with ω̄2
X . On the other hand, as H1(X(C),Z/2) = 0,

the Hochschild–Serre spectral sequence (1.2) implies that ω̄2
X 6= 0. As X is very general,

we have Pic(X) = Pic(XC) = Z[OX(1)] by the Noether–Lefschetz theorem. Therefore ω̄2
X

is not algebraic. By Lemma 2.6, we conclude that s(R(X)) > 2, hence s(R(X)) = 4
since X(R) = ∅ (see §1.1).

3. G-equivariant preliminaries

3.1. G-equivariant vector bundles. Recall that G = Gal(C/R) and that σ ∈ G denotes
complex conjugation. A G-equivariant real (resp. complex) vector bundle on a G-space S
is a real (resp. complex) vector bundle E on S endowed with a continuous action of G on E
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such that the projection map E → S is G-equivariant and such that for any s ∈ S, the
map Es → Eσ(s) induced by σ is R-linear (resp. C-antilinear). The G-equivariant complex
vector bundles are exactly, under another name, the Real vector bundles introduced by
Atiyah in [Ati66]. Our terminology is justified by the fact that we view G as a group
endowed with an action on C rather than as an abstract group. Similarly, we define
G-equivariant C∞ real (resp. complex) vector bundles on C

∞ G-manifolds by requiring that
the action of G on E be C

∞.
Let E be a G-equivariant real vector bundle on S. A stable complex structure on E

is an equivalence class of pairs (k, J) consisting of an integer k ≥ 0 and a structure J of
G-equivariant complex vector bundle on the G-equivariant real vector bundle E⊕ (S×Ck)
(i.e. J is an endomorphism of the real vector bundle E ⊕ (S ×Ck) such that J2 = −1 and
σJ = −Jσ), where the equivalence relation is generated by the condition that (k, J) and
(k + 1, (J, i)) are equivalent. If a G-equivariant real vector bundle E on S admits a stable
complex structure, then the rank r of E is even, and any stable complex structure on E
determines a G-equivariant isomorphism between the orientation sheaf of E and Z(r/2).

Let Grr(CN ) denote the Grassmannian of complex r-planes in CN and set

BU(r) :=
⋃

N≥0

Grr(CN ).

The natural action of G on CN induces actions of G on Grr(CN ) and on BU(r), and
turns the tautological rank r complex vector bundles on these spaces into G-equivariant
complex vector bundles. Denote by [S, S′]G the set of G-equivariant homotopy classes
of G-equivariant continuous maps between two G-spaces S and S′. If S is a paracompact
G-space, pulling back the tautological bundle induces an identification between [S,BU(r)]G
and the set of isomorphism classes of G-equivariant complex vector bundles of rank r on S
(if S is compact, see [Ede71, Proposition II.1]; in general, run the proofs of [Hus94, Chap. 4,
§12] G-equivariantly).

Viewing BU(r) as a subspace of BU(r + 1) via the map V 7→ C⊕ V , we set

BU :=
⋃

r≥0

BU(r).

The KR-theory of a G-space S is by definition KR(S) := [S,BU × Z]G endowed with
its natural group structure (see e.g. [Dug05, p. 215]). In view of the above description
of [S,BU(r)]G, a G-equivariant complex vector bundle E on a paracompact G-space S
induces a class [E] ∈ KR(S), the factor Z corresponding to the rank of the bundle. When S
is moreover compact, the group KR(S) can be identified—this is the original point of view
taken in [Ati66]—with the Grothendieck group of the category of G-equivariant complex
vector bundles on S (the non-equivariant proof in [Kar08, Chapter II, Theorem 1.33] can
be adapted to the G-equivariant setting).

3.2. Stably complex G-manifolds. A stably complex C
∞ G-manifold of dimension n is

a C
∞ G-manifold M of dimension 2n equipped with a stable complex structure on the

G-equivariant real vector bundle TM ; we write (M,k, J) instead of M when we need to
refer to a representative (k, J) of the given stable complex structure on TM .
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These are particular cases (minor details put aside) of the R-manifolds considered in
[Fuj88, §2] or of the Real manifolds of [Hu99, §2] (which may have dimension (p, q) with
p, q ∈ Z; the ones we consider correspond to the case p = q = n). When we allow M to
have a boundary (e.g. in §3.3), we always write so explicitly.

The orientation sheaf of a stably complex C
∞ G-manifold M of dimension n is canonically

and G-equivariantly isomorphic to Z(n). When MG = ∅, we will use this observation when
applying Poincaré duality on the C

∞ manifold M/G; it implies, for instance, that the group
H2n

G (M,Z(n)) is torsion-free. We define the stable tangent bundle of the stably complex C
∞

G-manifold (M,k, J) to be τM := [(TM ⊕ (M ×Ck), J)] − [(M ×Ck, i)] ∈ KR(M).
An almost complex C

∞ G-manifold of dimension n is a C
∞ G-manifold M of dimen-

sion 2n equipped with a structure J of G-equivariant complex vector bundle on the
G-equivariant real vector bundle TM . An almost complex C

∞ G-manifold (M,J) gives rise
to the stably complex C

∞ G-manifold (M, 0, J). The corresponding class τM is represented
by the G-equivariant C

∞ complex vector bundle (TM,J). Natural examples include
n-dimensional complex manifolds endowed with an antiholomorphic involution, and more
particularly sets of complex points of smooth varieties of dimension n over R.

3.3. Construction of stably complex G-manifolds. We present, for later use in §4.1,
in §4.4 and in §6.1.2, a few techniques to construct stably complex C

∞ G-manifolds.

Let (M,k, J) be a compact stably complex C
∞ G-manifold of dimension n as in §3.2.

Let E be a G-equivariant C
∞ complex vector bundle of rank r ≤ n on M . Let N ⊂ M

be the zero locus of a G-equivariant section of E that is transverse to the zero section.
One can endow the compact C

∞ G-manifold N with the structure of a stably complex C
∞

G-manifold of dimension n − r as follows. Let F be a G-equivariant C
∞ complex vector

bundle of rank s on M that is a stable opposite of E, i.e. such that there exists an
isomorphism of G-equivariant complex vector bundles E ⊕ F ≃ M × Cr+s (use [Ede71,
Lemma II.2]). The G-equivariant real vector bundle TN ⊕ (N × Cr+s+k) can then be
identified with TN ⊕ E|N ⊕ F |N ⊕ (N × Ck) ≃ TM |N ⊕ (N × Ck) ⊕ F |N , which has a
natural structure of G-equivariant complex vector bundle.

Let (M,k, J) be a compact stably complex C
∞ G-manifold of dimension n with

boundary ∂M . We define the opposite −M of M to be the stably complex C
∞ G-manifold

(M,k + 1, (J,−i)). We now explain how to construct the double S of M by appropriately
gluing M and −M together along their boundary.

The G-equivariant real vector bundle (TM ⊕ (M × Ck))|∂M on ∂M splits as a direct
sum E ⊕ L ⊕ L′, where E ⊂ (TM ⊕ (M × Ck))|∂M is the largest real subbundle
of T (∂M) ⊕ (∂M × Ck) that is stable under J , where L′ is a supplement of E in
T (∂M) ⊕ (∂M ×Ck) that is stable under G, and where L := J(L′) (so that L′ = J(L)).
We see that L can be identified with the normal bundle of ∂M in M . As a consequence,
it is a trivial G-equivariant real line bundle on ∂M .

Consider the following two complex structures on the G-equivariant real vector bundle
E ⊕ L ⊕ L′ ⊕ (∂M ×C) on ∂M . The first one is (J, i). The second one is the conjugate
of (J,−i) by (Id,−Id, Id, Id). As L⊕ L′ is isomorphic, as a G-equivariant real line bundle
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on ∂M , to ∂M×C, Lemma 3.1 below implies the existence of a homotopy (constant on the
factor E) between these two complex structures such that, keeping the G-action constant,
the bundle E ⊕ L⊕ L′ ⊕ (∂M ×C) remains a G-equivariant complex vector bundle along
the whole homotopy.

Define S to be the compact C
∞ G-manifold obtained by gluing M and −M along their

common boundary ∂M by inserting between them a cylinder ∂M × [0, 1] (to perform the
gluing, make use of G-equivariant collars). To endow TS with a stable complex structure
(k+1, JS), we use the complex structure (J, i) on the piece M , the complex structure (J,−i)
on the piece −M , and the above homotopy on the cylinder ∂M× [0, 1] joining them. These
complex structures do glue because (Id,−Id, Id, Id) is induced by the differential of the
gluing map. It only remains to smooth the resulting complex structure.

Lemma 3.1. There is a continuous family (Jt)t∈[0,1] of R-linear automorphisms of C2 with

(i) J0 = (i, i) and J1 = (−i,−i);
(ii) J2

t = −Id and Jt(z̄1, z̄2) = −Jt(z1, z2) for all t ∈ [0, 1] and (z1, z2) ∈ C2.

Proof. In the R-basis ((1, 0), (0, 1), (i, 0), (0, i)) of C2, choose Jt :=

(
0 −(Kt)

−1

Kt 0

)
, where

(Kt)t∈[0,1] is a path joining Id to −Id in GL2(R). �

3.4. The Steenrod algebra. Let A be the mod 2 Steenrod algebra (see [Ste62, Chapter I,
Chapter II]). It is a graded Z/2-algebra generated by the Steenrod squares (Sqi)i≥1 subject
to the Adem relations. We let Sq0 ∈ A be the unit, and we set Sq :=

∑
i≥0 Sqi. The

algebra A functorially acts on the mod 2 relative cohomology of all pairs of topological
spaces. The element Sq1 acts as the Bockstein. For any i ≥ 0, the element Sqi acts as the
squaring map in degree i, and as zero in degree > i. The coproduct ψ : A → A ⊗Z/2 A

given by ψ(Sqi) =
∑

j+k=i Sqj ⊗ Sqk reflects the Cartan formula

(3.1) Sqi(x ⌣ y) =
∑

j+k=i

Sqj(x) ⌣ Sqk(y)

describing the compatibility of Steenrod squares with the cup product. The antipode
χ : A → A, characterized by χ(Sq)Sq = Sqχ(Sq) = 1, is an involutive anti-automorphism
of the graded algebra A. These maps turn A into a cocommutative Hopf algebra.

As Sq(ω̄j) = Sq(ω̄)j = (ω̄ + ω̄2)j , the A-action on H∗(G,Z/2) = Z/2[ω̄] is given by

(3.2) Sqi(ω̄j) =

(
j

i

)
ω̄i+j.

In addition, one computes that

(3.3) Sq

(∑

l≥0

ω̄2l

)
=
∑

l≥0

Sq
(
ω̄2l)

=
∑

l≥0

(
ω̄2l

+ ω̄2l+1)
= ω̄ and hence χ(Sq)(ω̄) =

∑

l≥0

ω̄2l

.
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Define Ã := H∗(G,Z/2) ⊗Z/2 A endowed with the twisted product

(b⊗ a)(b′ ⊗ a′) :=
∑

i

(b ⌣ a
(1)
i (b′))⊗ a(2)

i a′,

where ψ(a) =
∑

i a
(1)
i ⊗ a

(2)
i . Using [Mol77, Theorem 2.13] and the Hopf algebra structure

on H∗(G,Z/2) (see [McC01, Theorem 4.41]), one can give Ã a natural structure of
cocommutative Hopf algebra, with antipode χ : Ã→ Ã satisfying χ(ω̄) = ω̄.

Let S be a G-space. Letting A act on H∗
G(S,Z/2) by means of the Borel construction

and letting H∗(G,Z/2) act on H∗
G(S,Z/2) in the natural way induces an action of the

algebra Ã on H∗
G(S,Z/2). (To see this, use (3.1).) In fact, Greenlees showed in [Gre88,

Theorem 2.7] that Ã can be identified with the algebra of stable operations in mod 2 Borel
equivariant cohomology.

3.5. Characteristic classes. A G-equivariant real vector bundle E on a G-space S
induces a real vector bundle F on the space T := (S × EG)/G associated with it by
the Borel construction. We define the G-equivariant Stiefel–Whitney classes wG,i(E) ∈
H i

G(S,Z/2) = H i(T,Z/2) of E to be the usual Stiefel–Whitney classes of F (see [MS74]).
The G-equivariant Stiefel–Whitney classes of a G-equivariant complex vector bundle are
by definition those of the underlying G-equivariant real vector bundle. As usual, we set
wG(E) :=

∑
i≥0 wG,i(E).

The Wu classes ui(E) ∈ H i(S,Z/2) of a real vector bundle E on a space S are defined
by the equation u(E) =

∑
i≥0 ui(E) := χ(Sq)(w(E)). The G-equivariant Wu classes

uG,i(E) ∈ H i
G(S,Z/2) of a G-equivariant real vector bundle E on a G-space S are defined

by the analogous formula uG(E) =
∑

i≥0 uG,i(E) := χ(Sq)(wG(E)).
Stiefel–Whitney classes and Wu classes, and their G-equivariant versions, can be

associated not only with vector bundles but more generally with classes in appropriate
K-theory groups. (Use [MS74, Lemma 10.3] to reduce to the case of compact spaces,
represent K-theory classes by differences of bundles, and use the Whitney formula.)

Let E be a G-equivariant complex vector bundle on a G-space S. Kahn has defined
functorial G-equivariant Chern classes ci(E) ∈ H2i

G (S,Z(i)). They satisfy a Whitney
formula, refine the non-equivariant Chern classes and are characterized by similar axioms
(see [Kah87, Théorème 2, Proposition 2]; see also [PS13, §4]). We let c(E) =

∑
i≥0 ci(E)

and c̄(E) =
∑

i≥0 c̄i(E) denote the total equivariant Chern class and its reduction mod 2.
The G-equivariant Chern classes are stable in the sense that c(E ⊕ (S × C)) = c(E), by
the Whitney formula and the vanishing of H2(G,Z(1)).

Kahn computed in [Kah87, Théorème 3] that

(3.4)
⊕

j∈Z/2, k≥0

Hk
G(BU(r),Z(j)) = Z[ω, c1, . . . , cr]/(2ω),

where the ci are the G-equivariant Chern classes of the tautological bundle. This is an
isomorphism of (Z/2×Z)-graded rings. The ring structure of the left-hand side is induced
by the ring structure on Z ⊕ Z(1) for which the square of a generator of Z(1) is 1 ∈ Z.
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In the right-hand side, the grading is defined by deg(ω) = (1, 1) and deg(ci) = (i, 2i) for
all i ≥ 1. It follows from (3.4) (using [Mil62, Lemma 2] and noting that the derived inverse
limit there vanishes in our situation as the Mittag–Leffler condition is satisfied) that

(3.5)
⊕

k≥0, j∈Z/2

Hk
G(BU,Z(j)) = Z[ω, (ci)i≥1]/(2ω).

Using the short exact sequence 0→ Z→ Z→ Z/2→ 0, it can be deduced that

(3.6) H∗
G(BU,Z/2) = Z/2[ω̄, (c̄i)i≥1].

Formula (3.5) allows us to define G-equivariant Chern classes for arbitrary classes in
KR-theory. One can therefore speak of the Chern classes ci(M) := ci(τM ) ∈ H2i

G (M,Z(i))
and c̄i(M) := c̄i(τM ) ∈ H2i

G (M,Z/2) of a stably complex C
∞ G-manifold M . When no

confusion is possible, we write ci and c̄i instead of ci(M) and c̄i(M).

Proposition 3.2. Let S be a G-space. For κ ∈ KR(S), one has

wG(κ) =
∑

i≥0

c̄i(κ)(1 + ω̄)rk(κ)−i(3.7)

in the graded ring H∗
G(S,Z/2).

Proof. It is a consequence of [MS74, Lemma 10.3] that lim←−C⊂S
H∗

G(C,Z/2) = H∗
G(S,Z/2),

where C runs over all compact subsets of S that are stable under G. One can therefore
assume that S is compact, and hence that κ is represented by a difference of G-equivariant
complex vector bundles. By the splitting principle for G-equivariant complex vector
bundles (see [Kah87, Théorème 1]) and the Whitney formula, noting that the right-hand
side of (3.7) is additive in κ, we may assume that κ is the class of a line bundle L.
Equation (3.7) then reduces to the two identities wG,1(L) = ω̄ and wG,2(L) = c̄1(L).

To prove the first one, let F be the real vector bundle of rank 2 on T := (S × EG)/G
associated with L. Its pull-back to S × EG is orientable (as is any complex line bundle),
and the action of the deck transformation σ ∈ G reverses its orientation. We deduce that
the double cover associated with w1(F ) ∈ H1(T,Z/2) is exactly S ×EG→ T , whose class
is ω̄ ∈ H1(T,Z/2). It follows that wG,1(L) = ω̄.

To prove the second one, we note that c̄1(L) equals the G-equivariant Euler class mod 2
of L by [Kah87, Théorème 5], and that the latter equals wG,2(L) by [MS74, Property 9.5]
(applied to the vector bundle F on T ). �

Remarks 3.3. Let S be a G-space with SG = ∅ and π : S → S/G be the quotient map.
Assume that G acts properly discontinuously on S (i.e. that π is a covering space).

(i) The categories of G-equivariant real vector bundles on S and real vector bundles
on S/G are equivalent, via the functors E 7→ (π∗E)G and F 7→ π∗F . The G-equivariant
Stiefel–Whitney classes of a G-equivariant real vector bundle on S are nothing but the
non-equivariant Stiefel–Whitney classes of the corresponding real vector bundle on S/G,
through the natural isomorphisms H i

G(S,Z/2) = H i(S/G,Z/2).
(ii) On the other hand, complex structures on G-equivariant real vector bundles on S

do not descend to complex structures on the corresponding real vector bundles on S/G.
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For this reason G-equivariant Chern classes cannot simply be defined in terms of non-
equivariant Chern classes in the cohomology of S/G.

3.6. Right actions of the Steenrod algebra. One must credit Adams [Ada61] for
first introducing right A-actions to study characteristic classes. The following general
construction is due to Brown and Peterson [BP64, §6]. Let F be a rank r real vector bundle
on a space T . Let F ∗ ⊂ F be the complement of the zero section. The cup product with
the Thom class of F (an element of Hr(F,F ∗,Z/2)) gives rise to the Thom isomorphism
ϕF : H∗(T,Z/2) ∼−→ H∗+r(F,F ∗,Z/2) (see [MS74, Theorem 10.2]). For x ∈ Hk(T,Z/2)
and a ∈ A of degree l, we define (x)a ∈ Hk+l(T,Z/2) by the formula

(3.8) ϕF ((x)a) = χ(a)(ϕF (x)).

This right action of A on H∗(T,Z/2) depends on F . We stress that it does not commute,
in general, with the left action of A on H∗(T,Z/2).

From (3.8) and from Thom’s definition of the Stiefel–Whitney classes [MS74, p. 91], it
follows at once that

(3.9) (x)χ(Sq) = w(F ) ⌣ Sq(x)

and that

(3.10) (x)Sq = u(−[F ]) ⌣ χ(Sq)(x).

In addition, a computation based on (3.10) and on the Cartan formula (3.1) shows that

(3.11) (x)Sqi ⌣ y =
∑

j+k=i

(x ⌣ Sqj(y))Sqk

for all x, y ∈ H∗(T,Z/2).
The vector bundles F and F ⊕ (T ×R) induce the same right action, by multiplicativity

of Thom classes and since A acts trivially (on the left) on the Thom class of a trivial
bundle. Define KO′(T ) := lim←−C⊂T

KO(C), where KO denotes real K-theory (see [Kar08,

Chapter II, Example 1.11]) and C runs over all compact subsets of T . Fix κ ∈ KO′(T ).
The restriction of κ to any compact subset C ⊂ T is stably represented by a vector
bundle (argue as in [Ati67, Corollary 1.4.14]), which gives rise to a well-defined right
action of A on H∗(C,Z/2). We therefore obtain a right action of A on the graded ring
lim←−C⊂T

H∗(C,Z/2) = H∗(T,Z/2) (see [MS74, Lemma 10.3]), depending (only) on κ.

Now, let S be a G-space, and set T := (S × EG)/G. Fix an element κ ∈ KO′(T ).
The above construction yields a right action of A on H∗(T,Z/2) = H∗

G(S,Z/2). One
can promote this action to a right action of Ã on H∗

G(S,Z/2) by using the exact same
formula (3.8) (after having stably represented κ by the class of a vector bundle on a
compact subset of T ). Since χ(ω̄) = ω̄, the induced action of H∗(G,Z/2) on H∗

G(S,Z/2)

is the natural one. The resulting action of Ã depends on the choice of κ.

Proposition 3.4. Let M be a compact C
∞ G-manifold with MG = ∅. Let Ã act on

H∗
G(M,Z/2) on the right as above, by means of the element κ ∈ KO((M×EG)/G) induced
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by −[TM ]. For all x, y ∈ H∗
G(M,Z/2) and a ∈ Ã homogeneous of respective degrees deg(x),

deg(y), deg(a) with deg(x) + deg(y) + deg(a) = dim(M), one has

(3.12) x ⌣ a(y) = (x)a ⌣ y.

Proof. It suffices to verify the validity of (3.12) for generators of Ã. When a = ω̄, the
assertion is clear. When a ∈ A, it is [BP64, Corollary 6.3] applied to the compact C

∞

manifold M/G, in view of the identification H∗
G(M,Z/2) = H∗(M/G,Z/2). �

4. Relations between tautological classes

In this section, we construct many relations between powers of ω̄ (or ω) and Chern
classes, in the spirit of [BP64, BP65]. We work in the topological setting of stably complex
G-manifolds, which is the natural generality in which our relations are valid.

4.1. Mod 2 relations. Fix n ≥ 0. Let Θtop
n (resp. Θac

n , resp. Θan
n , resp. Θalg

n ) denote the
collection of all stably complex C

∞ G-manifolds of dimension n with no G-fixed points
(resp. of all almost complex C

∞ G-manifolds of dimension n with no G-fixed points, resp.
of all n-dimensional complex manifolds endowed with a fixed-point free antiholomorphic
involution, resp. of all sets of complex points of smooth algebraic varieties of dimension n
over R with no real points). Fix ? ∈ {top, ac, an, alg}. The evaluation of P ∈ Z/2[ω̄, (c̄i)i≥1]

at M ∈ Θ?
n is by definition the cohomology class P (ω̄, c̄(M)) ∈ H∗

G(M,Z/2), where
P (ω̄, c̄(M)) stands for P (ω̄, c̄1(M), c̄2(M), . . . ) = P (ω̄, c̄1(τM ), c̄2(τM ), . . . ) (see §3.5). We
define J?

n ⊂ Z/2[ω̄, (c̄i)i≥1] to be the ideal of those polynomials that vanish on all M ∈ Θ?
n.

Question 4.1. Are the inclusions J top
n ⊂ Jac

n ⊂ Jan
n ⊂ Jalg

n equalities?

In other words, are all relations that hold in the algebraic setting also valid in the analytic
setting, and furthermore also in the almost complex or stably complex settings? We shall
prove in Theorem 4.15 that J top

n = Jac
n , but the other equalities are open. We do not even

know if the powers of ω̄ that belong to Jalg
n also belong to J top

n (see Remark 6.6 (iii) below).
We now explain how to produce elements of J top

n . Over each G-invariant compact subset
of BU×Z×EG, the universal KR-theory element in KR(BU×Z×EG) can be represented
as a difference of G-equivariant complex vector bundles. Forgetting the complex structure
and quotienting by the action of G yields an element κ ∈ KO′((BU × Z × EG)/G).
Let κn ∈ KO′((BU×EG)/G) be its restriction to the connected component corresponding
to n ∈ Z. We let Ã act on the right on H∗

G(BU,Z/2) as in §3.6, by means of −κn. We
insist that this right action depends on n.

Let Rl
k ⊂ A be the set of degree l elements of the Steenrod algebra which, when applied

to the universal degree k class in Hk(K(Z/2, k),Z/2), give rise to a class which lifts to
Hk+l(K(Z/2, k),Z)tors. A complete description of the Rl

k appears in [BP64, Theorem 4.4].
In addition, we identify H i

G(BU,Z(n))/2 with the image of the reduction mod 2 map
H i

G(BU,Z(n))→ H i
G(BU,Z/2). We then define

(4.1) Kn =
∑

k<l

(H2n−l−k
G (BU,Z/2))Sql +

∑

k,l

(H2n−l−k
G (BU,Z(n))/2)Rl

k ,
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which we view as a subgroup of H∗
G(BU,Z/2) = Z/2[ω̄, (c̄i)i≥1] (see (3.6)).

The first summand in (4.1) (resp. the group Kn) is the stably complex G-equivariant
analogue of the relations exhibited by Brown and Peterson in [BP64, Theorem 3.5] (resp.
in [BP64, Theorem 4.3]) between the Stiefel–Whitney classes of compact C

∞ manifolds
(resp. of compact oriented C

∞ manifolds) of dimension 2n (see also Remark 4.3).

Theorem 4.2. One has Kn ⊂ J top
n .

Proof. Let M be a stably complex C
∞ G-manifold of dimension n with MG = ∅.

Let τ : M → BU× Z be a G-equivariant continuous map classifying the stable tangent
bundle τM ∈ KR(M). Let Ã act on the right on H∗

G(M,Z/2) by means of the class
−τ∗κ ∈ KO′((M × EG)/G) induced by −[TM ].

Case 1. M is compact.

Fix x ∈ H2n−l−k
G (BU,Z/2). Then for all z ∈ Hk

G(M,Z/2), Proposition 3.4 shows that

τ∗((x)Sql) ⌣ z = (τ∗x)Sql ⌣ z = τ∗x ⌣ Sql(z).

If l > k, then Sql(z) = 0 and hence τ∗((x)Sql) ⌣ z = 0 for all z ∈ Hk
G(M,Z/2). By

Poincaré duality on M/G, it follows that τ∗((x)Sql) = 0, i.e. (x)Sql vanishes on M .
Now choose y ∈ H2n−l−k

G (BU,Z(n)) and let ȳ ∈ H2n−l−k
G (BU,Z/2) be its reduction

mod 2. For a ∈ Rl
k and z ∈ Hk

G(M,Z/2), Proposition 3.4 shows that

(4.2) τ∗((ȳ)a) ⌣ z = (τ∗ȳ)a ⌣ z = τ∗ȳ ⌣ a(z).

By the choice of a, there exists t ∈ Hk+l
G (M,Z)tors lifting a(z). As H2n

G (M,Z(n)) is torsion-
free (see §3.2), the class τ∗y ⌣ t vanishes. So does τ∗ȳ ⌣ a(z), which is its reduction
mod 2. As this holds for all z, we deduce, thanks to (4.2) and to Poincaré duality on M/G,
that τ∗((ȳ)a) = 0, i.e. that (ȳ)a vanishes on M .

Case 2. M is not compact.

Fix α ∈ Kn. Choose a G-invariant proper C
∞ map f : M → R. By Sard’s theorem,

one can exhaust M by sublevel sets (Mi)i≥1 of f that are compact stably complex C
∞

G-manifolds with boundary. Let Si be the double of Mi (as in §3.3). The relation α = 0
holds on the Si by the compact case, hence on the Mi by restriction, and hence on M
because H∗

G(M,Z/2) = lim←−i
H∗

G(Mi,Z/2) (the Mittag–Leffler condition is satisfied because
the H∗

G(Mi,Z/2) are finite). �

Remark 4.3 (comparison with the Brown–Peterson relations). If M is a compact stably
complex C

∞ G-manifold of dimension n with MG = ∅, any polynomial relation between
the Stiefel–Whitney classes of the compact C∞ manifold M/G of dimension 2n induces, by
Proposition 3.2 and Remark 3.3 (i), a polynomial relation between ω̄ and the reductions
modulo 2 of the G-equivariant Chern classes of M . In this way, the relations universally
satisfied by the Stiefel–Whitney classes of compact C

∞ manifolds of dimension 2n (resp.
of oriented compact C

∞ manifolds of dimension 2n, when n is even), described in [BP64,
Theorem 3.5] (resp. in [BP64, Theorem 4.3]), give rise to an ideal KBP

n ⊂ Z/2[ω̄, (c̄i)i≥1]
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(resp. an ideal KBPo
n ⊂ Z/2[ω̄, (c̄i)i≥1], noting that M/G is orientable if n is even). From

the definition of Kn and the explicit descriptions of KBP
n and KBPo

n , it is apparent that
KBP

n ⊂ Kn and, if n is even, that KBP
n ⊂ KBPo

n ⊂ Kn. We point out, however, that these
inclusions are strict. For example, one computes that ω̄3 ∈ K2 but that ω̄3 /∈ KBP

2 and in
fact ω̄3 /∈ KBPo

2 . In particular, the vanishing of ω̄3 when n = 2 does not follow from the
well-known fact that the Wu classes ui of M/G vanish for i > n.

We do not know whether the relations that we have just constructed are the only ones.

Question 4.4. Is the inclusion Kn ⊂ J top
n an equality?

Remarks 4.5. (i) Positive answers to non-equivariant versions of Questions 4.1 and 4.4
were obtained by Brown and Peterson in [BP65, Theorems 1.2 and 1.3].

(ii) We do not even know if Kn is an ideal of Z/2[ω̄, (c̄i)i≥1]. Whether the ideal of
Z/2[ω̄, (c̄i)i≥1] generated by Kn is equal to J top

n is a natural weakening of Question 4.4.
(iii) Let us briefly describe an even more general way of producing elements of J top

n . Fix
0 ≤ k ≤ 2n. Let G act trivially on the Eilenberg–MacLane space K(Z/2, k), and denote
by z ∈ Hk(K(Z/2, k),Z/2) the tautological class. Consider the cohomology group

Bk := H∗
G(BU×K(Z/2, k),Z/2) = H∗

G(BU,Z/2) ⊗Z/2 H
∗(K(Z/2, k),Z/2),

and let Ã act on Bk on the right as in §3.6, by means of pr∗
1(−κn). Let Ck ⊂ Bk be the

subgroup generated by all the elements of degree 2n of Bk of the form (b)a ⌣ b′−b ⌣ a(b′),
where a ∈ Ã and b, b′ ∈ Bk are homogeneous. Finally, define K ′

n ⊂ H∗
G(BU,Z/2) to be the

graded subgroup whose degree 2n− k component is {c ∈ H2n−k
G (BU,Z/2) | c ⌣ z ∈ Ck}.

One can verify that K ′
n ⊂ J top

n (reduce to the case of compact manifolds as in Case 2 of
the proof of Theorem 4.2, and apply Proposition 3.4 and Poincaré duality as in Case 1 of
the same proof), that K ′

n ⊂ H∗
G(BU,Z/2) is an ideal, and that this procedure recovers all

the relations of Theorem 4.2, in the sense that Kn ⊂ K ′
n. (We will not use these facts.)

The question whether K ′
n = J top

n is an even weaker version of Question 4.4 than the one
considered in (ii). We do not know if this mechanism leads to more relations than those
in Kn, i.e. if the inclusion Kn ⊂ K ′

n is strict. However, its principle will be put to use in
the proof of Proposition 6.12 to construct an interesting relation with Q/Z coefficients.

4.2. Poincaré duality. To construct integral relations between ω and the ci in §4.4, we
rely on Poincaré duality, as we did in the proof of Theorem 4.2. As we could not locate, in
the existing literature, the exact version of Poincaré duality that we need (for local systems
of finitely generated abelian groups on possibly non-orientable manifolds with boundary),
we derive it below. In its statement, we use Ã as a shorthand for A⊗Z Z̃ and write Hk

c to
denote cohomology with compact support.

Proposition 4.6. Let M be a compact topological manifold of dimension n with bound-
ary ∂M . Set M̊ = M \∂M . Let Z̃ be the orientation sheaf of M̊ . Let L be a locally constant
sheaf of abelian groups on M , with finitely generated stalks. For any abelian group A, there
is a canonical “trace” homomorphism Hn

c (M̊, Ã)→ A.
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(1) Together with cup product, the trace homomorphism induces, for any k ∈ Z, a pairing

Hk(M,L) ×Hn−k
c (M̊,Hom(L|M̊ , Q̃/Z))→ Q/Z

which is non-degenerate on both sides and identifies Hn−k
c (M̊,Hom(L|M̊ , Q̃/Z)) with

the Pontrjagin dual of the finitely generated abelian group Hk(M,L).
(2) Assume that L has torsion-free stalks. Together with cup product, the trace homomor-

phism induces, for any k ∈ Z, a perfect (unimodular) pairing

Hk(M,L)/tors ×Hn−k
c (M̊,Hom(L|M̊ , Z̃))/tors→ Z.

It identifies each of the two finitely generated torsion-free abelian groups Hk(M,L)/tors

and Hn−k
c (M̊,Hom(L|M̊ , Z̃))/tors with the Z-linear dual of the other one.

Proof. Let D+(V ) denote the bounded below derived category of sheaves of abelian groups
on a space V . We recall that Verdier duality furnishes a functor f ! : D+(pt) → D+(M)
and, for any sheaf of abelian groups F on M and any abelian group A, an isomorphism

HomD+(pt)(RΓ(M,F )[k], A) = H−k(M,RHom(F , f !A))(4.3)

for any k ∈ Z (see [KS90, Theorem 3.1.5, Proposition 3.1.10]). Let i : ∂M →֒ M and
j : M̊ →֒ M denote the inclusions. One has j∗f !A = Ã[n] (see [KS90, Proposition 3.3.2,
Proposition 3.3.6]) and i∗f !A = 0 (see [KS90, Proposition 3.1.12], to be applied locally),
In view of this and of the isomorphism (4.3) for F = Z and k = 0, the natural morphism
Z→ RΓ(M,Z) induces the desired trace map Hn

c (M̊, Ã)→ A.
The finiteness assertions of Proposition 4.6 follow from [Ive86, Chapter III, Proposi-

tion 10.2]. To complete the proof of Proposition 4.6, it remains to apply the results recalled
above, with A = Q/Z for part (1) and with A = Z for part (2), and to make the following
two observations. First, one has RHom(L, j!Ã) = j!Hom(j∗L, Ã) if either A is a divisible
abelian group or if L has torsion-free stalks. Secondly, if C is a bounded complex of
abelian groups, one has HomD+(pt)(C ,Q/Z) = Hom(H0(C ),Q/Z), and if H1(C ) is finitely
generated, then also HomD+(pt)(C ,Z)/tors = Hom(H0(C ),Z). These last two canonical
isomorphisms result from [Kel96, Example 3.2]. �

4.3. Z-polynomial maps on abelian groups. The construction of integral relations
between ω and the ci runs into difficulties related to the possible failure of the Mittag–Leffler
condition (on noncompact manifolds). Proposition 4.7 is used in §4.4 to overcome them.

Let A be an abelian group. A map f : A→ Z is said to be Z-polynomial if for all N ≥ 1
and all a1, . . . , aN ∈ A, there exists P ∈ Z[x1, . . . , xN ] such that for all (x1, . . . , xN ) ∈ ZN ,
the equality f(

∑N
i=1 xiai) = P (x1, . . . , xN ) holds. This definition may be viewed as a

particular case of Roby’s polynomial laws [Rob63]. We say that f is of degree d (resp. is
homogeneous of degree d) if so is P for all choices of (ai)1≤i≤N .

Proposition 4.7. Let A be a countable abelian group. Fix m ≥ 1. If a group morphism
f : A→ Z/m admits a Z-polynomial lift g : A→ Z, it also admits a Z-linear lift h : A→ Z.



THE WU RELATIONS IN REAL ALGEBRAIC GEOMETRY 21

Proof. As A is countable, one can write A = A′⊕A′′, where A′ is a free abelian group and
Hom(A′′,Z) = 0 (see [NR62, Lemma 7]). We may suppose that A = A′ or that A = A′′.
As the conclusion of the proposition always holds if A is free, we may therefore assume that
Hom(A,Z) = 0. To conclude the proof, it now suffices to show that every Z-polynomial
map g : A→ Z is constant.

Assume first that g has degree d for some d ≥ 0. We argue by induction on d. If d = 0, the
conclusion is clear, so we suppose that d > 0. For all b ∈ A, the formula a 7→ g(a+b)−g(a)
defines a Z-polynomial map of degree ≤ d − 1 on A, which is constant by the induction
hypothesis. It follows that the map a 7→ g(a)− g(0) is Z-linear on A, and hence identically
zero since Hom(A,Z) = 0. This shows that g is constant.

In the general case, we let gd : A → Z be the map associating with a the coefficient
of xd in the polynomial map x 7→ g(xa). The map gd is Z-polynomial and homogeneous of
degree d, hence identically zero if d > 0. It follows that x 7→ g(xa) is constant, from which
we deduce that g(a) = g(0). We have proved that g is constant. �

4.4. Integral relations. We now construct relations with integral coefficients between ω
and the ci. Keep the notation of §4.1. For all j ∈ Z, identify H∗

G(BU,Z(j)) with a subgroup
of Z[ω, (ci)i≥1]/(2ω) as in (3.5). Fix ? ∈ {top, ac, an, alg}. As in §4.1, one can evaluate
an element P ∈ H∗

G(BU,Z(j)) on M ∈ Θ?
n to get a class P (ω, c(M)) ∈ H∗

G(M,Z(j)).
Let J?

Z(j),n be the subset of H∗
G(BU,Z(j)) ⊂ Z[ω, (ci)i≥1]/(2ω) consisting of those classes

that vanish on all M ∈ Θ?
n.

Denote by βZ(j) the boundary maps associated with the short exact sequence of

G-modules 0→ Z(j)
2−→ Z(j)→ Z/2→ 0. Then define

(4.4) KZ(j),n = βZ(j)

(
Kn +

∑

k,l≥0

(
H2n−2l+1k

G (BU,Z(n))/2
)

Sq2lk · · · Sq2kSqk
)
,

which we view as a subgroup of H∗
G(BU,Z(j)) ⊂ Z[ω, (ci)i≥1]/(2ω) (see (3.6)).

Theorem 4.8. For j ∈ Z, one has KZ(j),n ⊂ J top
Z(j),n.

Proof. That βZ(j)(Kn) ⊂ J top
Z(j),n is a consequence of Theorem 4.2. We now fix k, l ≥ 0

and a class x ∈ H2n−2l+1k
G (BU,Z(n)). Let x̄ ∈ H2n−2l+1k

G (BU,Z/2) be the reduction of x

mod 2. Our goal is to show that βZ(j)((x̄)Sq2lk · · · Sq2kSqk) ∈ J top
Z(j),n. To do so, we fix a

stably complex C
∞ G-manifold M of dimension n with MG = ∅ and we assume, as we

may, that M/G is connected. Consider a G-equivariant map τ : M → BU × Z classifying
τM ∈ KR(M), and the right action of Ã on H∗

G(M,Z/2) induced by −τ∗κ = −[TM ].

Case 1. M is compact.

Define y := (τ∗x̄)Sq2lk · · · Sq2kSqk ∈ H2n−k
G (M,Z/2). By Proposition 4.6 (1) applied

on M/G, the class βZ(j)(y) vanishes if and only if βZ(j)(y) ⌣ t = 0 for all classes

t ∈ Hk−1
G (M,Q/Z(j′)), where j′ := n − j. Let δ and δ̄ be the boundary maps of the
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short exact sequences of G-modules

(4.5) 0→ Z(j′)→ Q(j′)→ Q/Z(j′)→ 0 and 0→ Z/2→ Q/Z(j′)
2−→ Q/Z(j′)→ 0.

The class βZ(j)(y) ⌣ t ∈ H2n
G (M,Q/Z(n)) is the image of y ⌣ δ̄(t) ∈ H2n

G (M,Z/2) by
the injective morphism Z/2 = H2n

G (M,Z/2) → H2n
G (M,Q/Z(n)) = Q/Z induced by the

injection Z/2 →֒ Q/Z(n) (apply [SP, Lemma 07MC]). We deduce that βZ(j)(y) = 0 if and

only if y ⌣ δ̄(t) = 0 for all t ∈ Hk−1
G (M,Q/Z(j′)).

Fix z ∈ Hk
G(M,Z(j′)) and let z̄ be its reduction mod 2. Proposition 3.4 yields

(4.6) y ⌣ z̄ = (τ∗x̄)Sq2lk · · · Sq2kSqk ⌣ z̄ = τ∗x̄ ⌣ Sq2lk · · · Sq2kSqk(z̄) = τ∗x̄ ⌣ z̄ 2l+1
.

The obvious morphism from the first to the second short exact sequence of (4.5) shows
that δ̄(t) is the reduction mod 2 of δ(t). Applying (4.6) with z = δ(t) and z̄ = δ̄(t) shows
that y ⌣ δ̄(t) is the reduction mod 2 of τ∗x ⌣ δ(t)2l+1 ∈ H2n

G (M,Z(n)). As δ(t) is torsion
and H2n

G (M,Z(n)) is torsion-free (see §3.2), we conclude that y ⌣ δ̄(t) = 0 and hence

that βZ(j)(y) = 0. We have shown that βZ(j)((x̄)Sq2lk · · · Sq2kSqk) vanishes on M .

Case 2. M is not compact.

ExhaustM by an increasing sequence (Mi)i≥1 of compact G-submanifolds of dimension n
with boundary, as in the proof of Theorem 4.2. We may suppose that the Mi/G are
connected. Let Si be the double of Mi (as in §3.3). By the compact case treated above,
the class βZ(j)((x̄)Sq2lk · · · Sq2kSqk) vanishes on Si, hence on Mi. We deduce the existence

of γi ∈ H2n−k
G (Mi,Z(j)) whose reduction mod 2 is γ̄i := ((τ∗x̄)Sq2lk · · · Sq2kSqk)|Mi

.
Set Ai := Hk

G(Mi, ∂Mi,Z(n− j)) and A := lim−→i
Ai. Define gi : Ai → Z by

gi(z) := (τ∗x)|Mi
⌣ z2l+1 ∈ H2n

G (Mi, ∂Mi,Z(n)) = Z

for z ∈ Ai. If z̄ ∈ Hk
G(Mi, ∂Mi,Z/2) denotes the reduction of z mod 2, then the reduction

of gi(z) mod 2 is equal to γ̄i ⌣ z̄ in H2n
G (Mi, ∂Mi,Z/2) = Z/2. Indeed, this identity can

be checked after composition with the isomorphism H2n
G (Mi, ∂Mi,Z/2) ∼−→ H2n

G (Si,Z/2),
where it results from (4.6) applied on Si (to the image of z in Hk

G(Si,Z(n − j))).
The gi fit together to give rise to a Z-polynomial map g : A→ Z. As the Ai are countable

because Mi is compact, so is A. We can therefore apply Proposition 4.7 to find a Z-linear
map h : A→ Z such that the reductions mod 2 of g and h coincide.

By Proposition 4.6 (2) applied on Mi/G, the morphism

(4.7) H2n−k
G (Mi,Z(j))→ Hom(Ai,Z)

induced by cup product is surjective and its kernel is H2n−k
G (Mi,Z(j))tors. We can therefore

find δi ∈ H2n−k
G (Mi,Z(j)) whose image by (4.7) is h|Ai

. As h|Ai
mod 2 is given by

z 7→ γ̄i ⌣ z̄, the image of δi − γi by (4.7) is divisible by 2. It follows that there exist
εi ∈ H2n−k

G (Mi,Z(j)) and ζi ∈ H2n−k
G (Mi,Z(j))tors with δi + ζi = γi + 2εi.

Let Fi ⊂ H2n−k
G (Mi,Z(j)) be the subset of those ξi ∈ H2n−k

G (Mi,Z(j)) whose reduction
mod 2 is γ̄i and whose image by (4.7) is h|Ai

. This set is nonempty (it contains
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δi + ζi = γi + 2εi) and finite (any two of its members differ by an element of the finite set
H2n−k

G (Mi,Z(j))tors). It is therefore possible to pick elements ξi ∈ Fi in a compatible way,
so (ξi)i≥1 ∈ lim←−i

H2n−k
G (Mi,Z(j)). Let ξ ∈ H2n−k

G (M,Z(j)) be an element inducing (ξi)i≥1.

The reduction mod 2 of ξ is equal to (γ̄i)i≥1 in lim←−i
H2n−k

G (Mi,Z/2) = H2n−k
G (M,Z/2)

(the Mittag–Leffler condition is satisfied because the groups H∗
G(Mi,Z/2) are finite), and

hence equals (τ∗x̄)Sq2lk · · · Sq2kSqk. We deduce that βZ(j)((τ
∗x̄)Sq2lk · · · Sq2kSqk) = 0.

The class βZ(j)((x̄)Sq2lk · · · Sq2kSqk) therefore vanishes on M . �

We record the following integral counterparts of Questions 4.1 and 4.4.

Question 4.9. Are the inclusions J top
Z(j),n⊂ Jac

Z(j),n⊂ Jan
Z(j),n⊂ J

alg
Z(j),n equalities for j ∈ Z?

Question 4.10. Is the inclusion KZ(j),n ⊂ J top
Z(j),n an equality for j ∈ Z?

Remarks 4.11. (i) The equality J top
Z(j),n = Jac

Z(j),n is proved in Theorem 4.15 below, but
the other cases of Question 4.9 are open.

(ii) One could also consider weakenings of Question 4.10, in the spirit of Remarks 4.5
(ii) and (iii).

(ii) Similar questions with Q/Z coefficients may also be of interest (see §6.3). We do
not develop them here.

4.5. Stably complex versus almost complex G-manifolds. In Theorem 4.15, we show
that exactly the same relations hold in the stably complex and in the almost complex cases.

The next proposition is a G-equivariant analogue of (a well-known improvement of)
[Tho67, Theorem 1.7]. Let E be aG-equivariant real vector bundle of rank r on aG-space S.
Letting Z̃ denote itsG-equivariant orientation sheaf, we define theG-equivariant Euler class
e(E) ∈ Hr

G(S, Z̃) of E to be the usual (twisted) Euler class of the real vector bundle on
(S×EG)/G induced by E. If E is endowed with a stable complex structure (k, J), so that
r = 2n for an integer n, we view e(E) as an element of H2n

G (S,Z(n)) via the G-equivariant
identification Z̃ = Z(n) determined by (k, J), and we denote by cn(E) ∈ H2n

G (S,Z(n))
the nth Chern class of (E, k, J).

Proposition 4.12. Let S be a G-space with SG = ∅, such that S/G has the homotopy
type of a CW -complex of dimension ≤ 2n. Let (k, J) be a stable complex structure on a
G-equivariant real vector bundle E of rank 2n on S. Then E admits a compatible structure
of G-equivariant complex vector bundle if and only if cn(E) = e(E) in H2n

G (S,Z(n)).

Proof. The direct implication results from [Kah87, Théorème 5]. We prove the converse.
Let ϕ : S → BU be a G-equivariant map classifying (E, k, J). The fiber sequences

S2m+1 = U(m + 1)/U(m) → BU(m) → BU(m + 1) show that the homotopy fiber of
BU(n) → BU is 2n-connected. As dim(S) ≤ 2n, it therefore follows from obstruction
theory (see [Ste62, Corollary 34.3]) applied G-equivariantly (i.e. on the space S/G) that ϕ
lifts (up to G-equivariant homotopy) to a G-equivariant map ψ : S → BU(n).

Let F be the G-equivariant complex vector bundle of rank n on S classified by ψ. To
prove the proposition, we will show that E and F are isomorphic G-equivariant real vector
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bundles. By the construction of F , we know that E ⊕ (S × CN ) and F ⊕ (S × CN )
are isomorphic G-equivariant real vector bundles for N ≫ 0. Applying obstruction theory
on S/G as above (using the fiber sequences Sm = O(m+1)/O(m)→ BO(m)→ BO(m+1))
shows that E ⊕ (S × R) ≃ F ⊕ (S × R) as G-equivariant real vector bundles, since all
obstructions vanish for dimension reasons. Moreover, the only obstruction to E being
G-equivariantly isomorphic to F is then equal to e(F ) − e(E) ∈ H2n

G (S,Z(n)) (while we
could not find a reference stating this classical fact in this exact form, it follows from
the obstruction computation [Lia54, (12.5)]). It remains to use [Kah87, Théorème 5], the
stability of G-equivariant Chern classes (see §3.5) and the hypothesis that cn(E) = e(E)
to compute that e(F ) = cn(F ) = cn(E) = e(E) in H2n

G (S,Z(n)). �

We deduce at once the following G-equivariant extension of [Sut65, Theorem 1.1].

Corollary 4.13. Let M be a compact stably complex C
∞ G-manifold of dimension n with

MG = ∅ and M/G connected. Then M has a compatible structure of almost complex C
∞

G-manifold if and only if cn(M) = χtop(M)/2 in H2n
G (M,Z(n)) = Z.

Proof. By Proposition 4.12, we must show that e(TM) = χtop(M)/2 in H2n
G (M,Z(n)) = Z.

The composition of the natural map Z = H2n
G (M,Z(n))→ H2n(M,Z) with the degree map

deg : H2n(M,Z) = Zπ0(M) → Z is given by multiplication by 2. Thus, the result follows
from the equality deg(e) = χtop(M), where e ∈ H2n(M,Z) denotes the (non-G-equivariant)
Euler class of E on M , for which see [MS74, Corollary 11.12]. �

The next lemma is the heart of the proof of Theorem 4.15.

Lemma 4.14. Fix n ≥ 2. Let M be a compact stably complex C
∞ G-manifold of

dimension n with MG = ∅ and M/G connected. Then there exist a compact almost

complex C
∞ G-manifold M̃ of dimension n and a G-equivariant C

∞ map π̃ : M̃ → M

of degree 1 such that TM̃ and π̃∗TM are stably isomorphic as G-equivariant real vector
bundles endowed with stable complex structures.

Proof. Let N be a connected compact C
∞ manifold of dimension 2n with stably trivial

tangent bundle (to be specified later). Fix x ∈ M and y ∈ N . Let Bx ⊂ M (resp.
By ⊂ N) be a small closed ball in a coordinate chart around x (resp. around y). Define

M0 := M \(B̊x∪σ(B̊x)) and N0 := N \B̊y. Gluing M0 and two copies of N0 appropriately
along their boundaries yields a compact C

∞ G-manifold M ′: the connected sum of M and
two copies of N . Let π : M ′ →M be a G-equivariant C

∞ map which is the identity on M0

and which sends the two copies of N0 into Bx and σ(Bx) respectively.
We claim that the two G-equivariant real vector bundles π∗(TM) and TM ′ on M ′

are stably isomorphic. More precisely, we will show that the tautological G-equivariant
isomorphism between them on M0 extends to a stable G-equivariant isomorphism on M ′.
To do so, it suffices to work non-G-equivariantly over a small neighborhood U of Bx in M .
The stable trivializations of π∗(TM) on π−1(U)∩M0 induced by a trivialization of TM on U
and of TM ′ onN0 induced by a stable trivialization of TN differ on the sphere ∂N0 ≃ S2n−1

by a map ϕ : S2n−1 → O := ∪r≥0O(r). The map ϕ is induced by the clutching (or gluing)
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function S2n−1 → O(2n) for the tangent bundle of S2n (as shown by an analysis of the
connected sum construction), and hence is homotopically trivial because TS2n is stably
trivial. This concludes the proof of the claim.

We can therefore endow M ′ with a structure of stably complex C
∞ G-manifold such

that TM ′ and π∗(TM) are stably isomorphic as G-equivariant real vector bundles endowed
with stable complex structures. The existence of such a stable isomorphism implies that
cn(M ′) = π∗cn(M). If N = S1 × S2n−1, one computes that χtop(M ′)/2 = χtop(M)/2 − 2,
and if N = S2 × S2n−2, that χtop(M ′)/2 = χtop(M)/2 + 2.

As the reductions mod 2 of cn(M) and of χtop(M)/2 = χtop(M/G) are both equal to
wG,2n(M) = w2n(M/G) in H2n

G (M,Z/2) = H2n(M/G,Z/2) = Z/2 (see Proposition 3.2
and [MS74, Corollary 11.12]), it is possible to kill the quantity cn(M) − χtop(M)/2 after

performing such operations finitely many times. The resulting C
∞ G-manifold M̃ and

G-equivariant C
∞ map π̃ : M̃ →M have the required properties by Corollary 4.13. �

Theorem 4.15. For all n ≥ 0 and all j ∈ Z, one has J top
n = Jac

n and J top
Z(j),n = Jac

Z(j),n.

Proof. As the cases n = 0 and n = 1 are easily dealt with by hand, we assume that n ≥ 2.
Fix α ∈ Jac

n (or α ∈ Jac
Z(j),n). Let M be a stably complex C

∞ G-manifold of dimension n

with MG = ∅. To show that α|M = 0, we may assume that M/G is connected.
If M is not compact, then H2n

G (M,Z(n)) = 0. It follows from Proposition 4.12 that M
admits a structure of almost complex C

∞ G-manifold, and hence that α|M = 0. If M is
compact, let π̃ : M̃ →M be as in Lemma 4.14. One has α|

M̃
= 0 because M̃ is an almost

complex C
∞ G-manifold of dimension n with M̃G = ∅. Since TM̃ ≃ π̃∗TM , we deduce that

π̃∗(α|M ) = α|
M̃

= 0, and the projection formula implies that α|M = π̃∗π̃
∗(α|M ) = 0. �

5. Computation and examples of relations

In this section, we fix an integer n ≥ 0 and we let the algebra Ã act on the right on
H∗

G(BU,Z/2) by means of the class −κn, as explained in §4.1. Using the method presented
in §4.1 and §4.4, we give concrete examples of relations satisfied on all stably complex C

∞

G-manifolds of dimension n with no G-fixed points.

5.1. A formula for the total Wu class. Our main computational tool is formula (3.10),
applied on (BU×EG)/G. Letting v := uG(κn) denote the total G-equivariant Wu class of
the tautological bundle κn, so that vi ∈ H i

G(BU,Z/2) for each i, this formula reads

(5.1) (x)Sq = v ⌣ χ(Sq)(x)

for all x ∈ H∗
G(BU,Z/2). In particular, one has

(5.2) v = (1)Sq.

We view v as an element of Z/2[[ω̄, (c̄i)i≥1]] depending implicitly on n. Let M be a stably
complex C

∞ G-manifold of dimension n with MG = ∅. If τ : M → BU is a G-equivariant
map classifying τM , we also denote by v ∈ H∗

G(M,Z/2) the class τ∗v = uG(τM ).
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In order to use (5.1) or (5.2), we need a formula for v ∈ Z/2[[ω̄, (c̄i)i≥1]] which is given in
Corollary 5.2 below. For m ≥ 0, let Tm ∈ Q[c1, . . . , cm] be the mth Todd polynomial (see
[Hir66, §1.7]). By definition, the (Tm)m≥0 form a multiplicative sequence of polynomials
with characteristic series x

1−e−x (in the sense of [Hir66, §1.2]); in particular T0 = 1 and
each Tm is homogeneous of degree m with respect to the grading of Q[c1, . . . , cm] for
which deg(ci) = i for all i. As indicated in [AH61, §2.11], the coefficients of 2mTm have
nonnegative 2-adic valuation. We can therefore define tm ∈ Z/2[c̄1, . . . , c̄m] to be the
reduction mod 2 of 2mTm. In view of [AH61, §2.9, (13)], the tm form a multiplicative
sequence with characteristic series 1 +

∑
l≥0 x

2l

. Below, we shall write tm(c̄) as shorthand
for tm(c̄1, c̄2, . . . ).

Theorem 5.1. Let E be a G-equivariant complex vector bundle of rank r on a G-space S.
The following identity holds in the graded ring H∗

G(S,Z/2):

(5.3) uG(E) =
∑

m≥0

(
1 +

∑

l≥0

ω̄2l

)r−2m

tm(c̄(E)).

Proof. Arguing as at the beginning of the proof of Proposition 3.2, we may assume that S
is compact. We prove the theorem by induction on r ≥ 1 (the case r = 0 being trivial).

Assume first that r = 1. In this case, c̄i(E) = 0 for i ≥ 2. Set c̄1 := c̄1(E). By the
definition and the computation (recalled above) of the characteristic series of (tm)m≥0, one
has tm(c̄(E)) = c̄m

1 if m = 0 or m = 2k for some k ≥ 0, and tm(c̄(E)) = 0 otherwise.
Multiplying (5.3) with

(
1 +

∑
l≥0 ω̄

2l)−1
and applying Sq therefore yields the equivalent

identity

(5.4) Sq

((
1 +

∑

l≥0

ω̄2l
)−1

⌣ uG(E)

)
= Sq

(
1 +

∑

k≥0

(
1 +

∑

l≥0

ω̄2l
)−2k+1

c̄ 2k

1

)
,

which we shall now prove. Identity (3.3) implies that

(5.5) Sq

((
1 +

∑

l≥0

ω̄2l
)−1

)
= (1 + ω̄)−1 =

∑

j≥0

ω̄j.

Applying the Cartan formula (3.1), the identity (5.5), the definition of the G-equivariant
Wu class given in §3.4, and Proposition 3.2, one sees that the left side of (5.4) is equal to

(5.6) Sq

((
1 +

∑

l≥0

ω̄2l
)−1

)
⌣ wG(E) =

∑

j≥0

ω̄j ⌣ (1 + ω̄ + c̄1) = 1 +

(∑

j≥0

ω̄j ⌣ c̄1

)
.

On the other hand, the Cartan formula (3.1), the identity (5.5) and the computation
Sq(c̄1) = c̄1 + ω̄c̄1 + c̄2

1 (where the equality Sq1c̄1 = ω̄c̄1 follows from the commutativity of
the diagram

0 // Z //

��

Z[G]

��

// Z(1)

��

// 0

0 // Z/2 // Z/4 // Z/2 // 0

(5.7)
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(see (1.3))) together show that the right side of (5.4) equals

(5.8) 1 +
∑

k≥0

(∑

j≥0

ω̄2k+1j ⌣ (c̄ 2k

1 + ω̄2k

c̄ 2k

1 + c̄ 2k+1

1 )
)

= 1 +
(∑

j≥0

ω̄j ⌣ c̄1

)

as all terms involving higher powers of c̄1 cancel out. Comparing (5.6) and (5.8) concludes
the proof of (5.3) in this case.

Assume now that r > 1. By the splitting principle for G-equivariant complex vector
bundles (see [Kah87, Théorème 1]), we may assume that E = E′ ⊕ E′′ with E′ and E′′ of
positive ranks r′ and r′′. One then computes

uG(E) = uG(E′) ⌣ uG(E′′)

=
∑

m≥0

(
1 +

∑

l≥0

ω̄2l

)r′−2m

tm(c̄(E′)) ⌣
∑

m≥0

(
1 +

∑

l≥0

ω̄2l

)r′′−2m

tm(c̄(E′′))

=
∑

m≥0

(
1 +

∑

l≥0

ω̄2l

)r−2m

tm(c̄(E)),

where the first equality combines the Whitney formula for G-equivariant Stiefel–Whitney
classes and the Cartan formula (3.1), the second equality is the induction hypothesis,
and the third equality holds by the Whitney formula for G-equivariant Chern classes as
the (tm)m≥0 form a multiplicative sequence. �

Corollary 5.2. The following identity holds in H∗
G(BU,Z/2):

(5.9) v =
∑

m≥0

(
1 +

∑

l≥0

ω̄2l

)n−2m

tm(c̄).

Proof. It suffices to prove (5.9) after restriction to each G-equivariant compact subset of BU
(argue as at the beginning of the proof of Proposition 3.2). On such a subset, the universal
bundle is represented by a difference of G-equivariant complex vector bundles (see §3.1).
The statement therefore follows from Theorem 5.1 and from the multiplicativity of the
formula (5.3). �

5.2. Coefficients of Wu classes. We now draw a few consequences from Corollary 5.2.
Let N(n, k) ∈ Z/2 be the coefficient of xk in

(
1 +

∑
l≥0 x

2l)n ∈ Z/2[[x]]. In view of
Corollary 5.2, it is the coefficient of the monomial ω̄k in the expression (5.9) for the kth Wu
class vk in dimension n. For later use in the proofs of Theorem 5.11 and Proposition 5.15,
we gather a few properties of these numbers.

Lemma 5.3. The following identities hold for all n, k ≥ 0.

(i) N(2n, 2k) = N(n, k) and N(2n, 2k + 1) = 0.
(ii) N(2n + 1, 2k + 1) = N(n, k) and N(2n + 1, 2k) = N(n+ 1, k).

(iii) N(n, n) = 1.
(iv) N(2n + 1, 2n + 2) = 1.
(v) N(n+ 1, n) = 0 if n > 0.
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Proof. Set q(x) := 1 +
∑

l≥0 x
2l ∈ Z/2[[x]]. The relation q(x)2n = q(x2)n implies at once

that N(2n, 2k) = N(n, k) and N(2n, 2k + 1) = 0, proving (i). Similarly, the identity
q(x)2n+1 = q(x)q(x2)n shows that N(2n+ 1, 2k + 1) = N(n, k). It also implies that

(5.10) N(2n + 1, 2k) = N(n, k) +
∑

l≥0

N(n, k − 2l)

(taking the convention that N(n, j) = 0 for j < 0). On the other hand, we deduce from
the relation q(x)n+1 = q(x)q(x)n the equality N(n + 1, k) = N(n, k) +

∑
l≥0 N(n, k − 2l).

Combining it with (5.10) finishes the proof of (ii). Assertion (iii) follows from (i) and (ii)
by induction on n (with base case N(0, 0) = 1). To prove (iv), use (ii) and (iii) to write
N(2n + 1, 2n + 2) = N(n + 1, n + 1) = 1. Finally, we prove (v) by induction on n ≥ 1.
If n is odd, then (v) follows from (i). If n ≥ 2 is even, then N(n+ 1, n) = N(n

2 + 1, n
2 ) = 0

by (ii) and the induction hypothesis. �

The next lemma will be used in Case 2 of the proof of Theorem 5.11.

Lemma 5.4. Let n ≥ 1 be an odd integer. Then vn−1 = tn−1
2

(c̄) in Z/2[ω̄, (c̄i)i≥1].

Proof. Corollary 5.2 shows that

vn−1 =

n−1
2∑

m=0

N(n− 2m,n − 2m− 1) ω̄n−2m−1tm(c̄).

By Lemma 5.3 (v), the coefficient N(n− 2m,n− 2m− 1) vanishes unless m = n−1
2 . �

5.3. Low-dimensional relations. Here are some examples of relations with Z/2 coeffi-
cients obtained by our method in low dimensions. This list is by no means exhaustive.

Proposition 5.5. Let M be a stably complex C
∞ G-manifold of dimension n with MG = ∅.

(i) If n = 1, then ω̄2 = c̄1 in H2
G(M,Z/2).

(ii) If n = 2, then ω̄3 = ω̄c̄1 = 0 in H3
G(M,Z/2).

(iii) If n = 3, then ω̄4 + ω̄2c̄1 + c̄2
1 + c̄2 = 0 in H4

G(M,Z/2) and ω̄3c̄1 = 0 in H5
G(M,Z/2).

In addition, ω̄2c̄2 = c̄3, ω̄2c̄2
1 = c̄3

1 and ω̄6 = c̄3
1 + c̄3 in H6

G(M,Z/2).
(iv) If n = 4, then ω̄3c̄1 = 0 in H5

G(M,Z/2).

Proof. All these relations are proved in two steps. First, an identity in H∗
G(BU,Z/2) is

verified by applying (5.1) and Corollary 5.2 blindly. In doing so, one may need to use
formulae for Sqj(c̄i) (such as Sq2(c̄2) = ω̄2c̄2 + c̄1c̄2 + c̄3), which are deduced from the Wu
formula [MS74, Problem 8-A] thanks to Proposition 3.2. Secondly, this identity is seen to
imply the desired relation by Theorem 4.2. We only state the identities that we use:

When n = 1, we use the identity (1)Sq2 = ω̄2 + c̄1.
When n = 2, we rely on the identities (ω̄)Sq2 = ω̄3 + ω̄c̄1 and (1)Sq2Sq1 = ω̄c̄1.
When n = 3, we exploit the identities (1)Sq4 = ω̄4 + ω̄2c̄1 + c̄2

1 + c̄2 and (ω̄2)Sq3 = ω̄3c̄1,
as well as (c̄2)Sq2 = ω̄2c̄2 + c̄3, (c̄2

1)Sq2 = ω̄2c̄2
1 + c̄3

1 and (ω̄2)Sq4 +(c̄2
1 + c̄2)Sq2 = ω̄6 + c̄3

1 + c̄3.
When n = 4, we only need to compute that (1)Sq4Sq1 = ω̄3c̄1. �



THE WU RELATIONS IN REAL ALGEBRAIC GEOMETRY 29

Remarks 5.6. Let us now comment on the significance of some of the relations of
Proposition 5.5. We assume that M is compact and connected.

(i) When n = 1, the relation ω̄2 = c̄1 in H2
G(M,Z/2) = Z/2 means that ω̄2

M vanishes
if and only if c1 ∈ H2

G(M,Z(1)) = Z is divisible by 2, or equivalently if and only if the
(non-G-equivariant) Chern number c1(M) ∈ H2(M,Z) = Z is divisible by 4. This happens
if and only if then genus g(M) of M is even, as c1(M) = 2− 2g(M). This fact was used in
[BW20a] to detect the genus of algebraic curves lying on a smooth proper variety X over R

with X(R) = ∅, by means of their G-equivariant cycle class (see [BW20a, Theorem 3.6]).
(ii) Similarly, when n = 3, the relation ω̄6 = c̄3

1 + c̄3 means that ω̄6
M vanishes if and

only if the (non-G-equivariant) Chern number (c3
1 + c3)(M) ∈ H6(M,Z) = Z is divisible

by 4. It is remarkable that the vanishing of ω̄6
M , which a priori is an invariant of the

G-space M , can be read off from the space M without its G-action (but using its stable
complex structure).

(iii) The relation ω̄3 = 0 when n = 2 is the reduction mod 2 of the (stronger) integral
relation ω3 = 0 (see Theorems 2.1 and 5.11).

(iv) To comment on the relation ω̄2c̄2 = c̄3 when n = 3, let us suppose that M = X(C)
for some irreducible smooth proper threefold X over R with X(R) = ∅. Consider
Krasnov’s G-equivariant cycle class map for 1-cycles cl : CH2(X) → H4

G(X(C),Z(2))
(see [BW20a, §1.6.1]). Let ψ : H4

G(X(C),Z(2)) → H6
G(X(C),Z/2) = Z/2 be the

map given by cup product with ω̄2. It is shown in [BW20a, Theorem 3.6] that if
B ⊂ X is a closed integral curve, then ψ(cl([B])) 6= 0 if and only if B is geometrically
irreducible of even geometric genus. One can therefore think of the relation ω̄2c̄2 = c̄3 as
computing the parity of the genus of a real algebraic curve representing c2(X) ∈ CH2(X).
Indeed, it shows that ψ(cl(c2(X))) = 0 if and only the topological Euler characteristic
χtop(X(C)) = c3(X(C)) ∈ H6(X(C),Z) = Z is divisible by 4.

(v) The discussion in (iv) also applies to the relation ω̄2c̄2
1 = c̄3

1 when n = 3. It shows
that the non-G-equivariant Chern number c3

1(X(C)) ∈ H6(X(C),Z) = Z controls the
parity of the genus of any real algebraic curve representing c1(X)2 ∈ CH2(X), in the sense
that ψ(cl(c1(X)2)) = 0 if and only if K3

XC
= −c3

1(X(C)) is divisible by 4.

Let us record the following curious consequences of Remarks 5.6 (iv) and (v). Let X be
a proper variety over R. For i ≥ 0, Kollár [Kol13, Definition 1] defined, following [ELW15],
the ith intermediate index indi(X) ∈ Z of X to be the gcd of the integers χ(X,F ) when F

ranges over all coherent sheaves on X whose support has dimension ≤ i.

Proposition 5.7. Let X be a geometrically irreducible smooth proper threefold over R

with X(R) = ∅. If either χtop(X(C)) or K3
XC

is not divisible by 4, then ind1(X) = 1.
If moreover XC is rationally connected or simply connected Calabi–Yau, then X satisfies

the real integral Hodge conjecture for 1-cycles in the sense of [BW20a, Definition 2.2].

Proof. By Remarks 5.6 (iv) and (v), if either χtop(X(C)) or K3
XC

is not divisible by 4,
then X contains a geometrically irreducible curve of even geometric genus. The proposition
therefore follows from [BW20a, Corollaries 3.11 and 3.23]. �
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5.4. Vanishing of powers of ω. We turn to relations of the form ωe = 0, which generalize
Theorem 2.1. Let us first prove some identities of this form in low dimensions.

Proposition 5.8. Fix n ∈ {2, 4, 5, 6}. Set e(2) = 3, e(4) = 7, e(5) = 9 and e(6) = 10.

If M is a stably complex C
∞ G-manifold of dimension n with MG = ∅, then ω

e(n)
M = 0.

Proof. A direct computation based on (5.1) and Corollary 5.2 shows the identity

(5.11)

(1)Sq2 = ω̄2 + c̄1 if n = 2,

(ω̄)Sq5 + (1)Sq4Sq2 = ω̄6 + c̄3
1 + c̄3 if n = 4,

(ω̄4 + c̄2
1 + c̄2)Sq4 + (c̄1c̄2)Sq2 = ω̄8 + ω̄2(c̄3

1 + c̄1c̄2 + c̄3) if n = 5,

(ω̄2c̄1)Sq5 +(ω̄5 + ω̄(c̄2
1 + c̄2))Sq4 +(1)Sq6Sq3 = ω̄9 + ω̄7c̄1 + ω̄3(c̄3

1 + c̄3) if n = 6.

In view of (4.4), the image by βZ(e(n)) of the left side of (5.11) belongs to KZ(e(n)),n, hence

so does the image by βZ(e(n)) of the right side of (5.11). Since the latter equals ωe(n),
applying Theorem 4.8 concludes the proof. �

Theorem 5.11 below provides identities of this kind for many more values of n. We first
prove a result which will allow us to argue by induction on the dimension. We grade the
ring Z[c1, . . . , cn] by setting deg(ci) = i.

Lemma 5.9. Let M be a stably complex C
∞ G-manifold of dimension n with MG = ∅.

Let P ∈ Z[c1, . . . , cn] be homogeneous of degree d. Then there exist a stably complex C
∞

G-manifold M ′ of dimension n− d and a proper G-equivariant map π : M ′ →M such that
π∗1 = P (c(M)) in H2d

G (M,Z(d)).

Proof. Let τ : M → BU be a G-equivariant map classifying τM (see §§3.1-3.2). If r,N ≥ 0
are big enough, the homotopy fiber of the inclusion Grr(CN ) → BU is 2n-connected, and
it follows from obstruction theory applied G-equivariantly (i.e. on the space M/G) that
the map τ factorizes (up to G-homotopy) through τ : M → Grr(CN ). After possibly
increasing r and N , we may moreover ensure that 2n < r(N − r).

By [Bie77, Theorem 1.4], we may assume that τ is in general position with respect
to Grr(CN )G in the sense of [Bie77, Definition 1.2]. Since MG = ∅, this implies that τ is
transverse to Grr(CN )G, and hence that τ(M)∩Grr(CN )G = ∅ as 2n < r(N−r). Choose
a G-invariant proper C

∞ map f : M → C (there even exists one with values in R ⊂ C).
Applying [Hir94, Chap. 2, Theorem 2.13] to the proper map

M/G→
(
(Grr(CN ) \Grr(CN )G)×C

)
/G

induced by (τ, f) shows that we may assume, after perturbing τ and f , that the C
∞ map

(τ, f) : M → Grr(CN )×C is a closed embedding.
Since it suffices to prove the lemma for generators of the Z-module Z[c1, . . . , cn] (making

use of disjoint unions, and of the opposite construction of §3.3 to change orientations),
and since the Chow ring of the real algebraic variety Grr(CN ) is generated by the Chern
classes of the tautological bundle (see e.g. [Ful98, Proposition 14.6.5]), we may assume
that P (c(M)) = τ∗[Z] for some codimension d real algebraic subvariety Z ⊂ Grr(CN ).
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Let W → Z be a resolution of singularities. Let g : W → Grr(CN ) be the induced
map. By [Bie77, Theorem 1.4], a small G-equivariant perturbation h of the map
g × Id : W ×C→ Grr(CN )×C is in general position with respect to M ⊂ Grr(CN )×C,
and hence is transversal to M as h−1(M)G ⊂ h−1(MG) = ∅.

Set M ′ := h−1(M) and let π : M ′ → M be the induced map. By transversality, the
stable complex structures on M , on Grr(CN ) × C, and on W × C endow M ′ with a
structure of stably complex C

∞ G-manifold of dimension n−d. Transversality also implies
that π∗1 = (τ, f)∗h∗1 = (τ, f)∗(g × Id)∗1 = τ∗g∗1 = P (c(M)) in H2d

G (M,Z(d)). �

Corollary 5.10. Fix 0 ≤ d ≤ n and let P ∈ Z[c1, . . . , cn]d be homogeneous of degree d.

If ωe ∈ J top
Z(e),n−d, then ωeP (c) ∈ J top

Z(e+d),n (where J top
Z(j),n is defined in §4.4).

Proof. Let M be a stably complex C
∞ G-manifold of dimension n with MG = ∅. Let

π : M ′ →M be as in Lemma 5.9. As ωe ∈ J top
Z(e),n−d, it follows from the projection formula

that ωe
MP (c(M)) = ωe

M ⌣ π∗1 = π∗π
∗ωe

M = π∗ω
e
M ′ = 0 in He+2d

G (M,Z(e+ d)). �

Theorem 5.11. Let n ≥ 0 be an integer not of the form 2k − 1. Let M be a stably
complex C

∞ G-manifold of dimension n with MG = ∅. Then ω2n−1
M = 0.

Proof. We prove, by induction on n, the equivalent statement that βZ(1)(ω̄
2n−2
M ) = 0. The

induction hypothesis combined with Corollary 5.10 implies the following assertion.

(5.12)
If 0 < d < n is even with n− d not of the form 2k − 1, and if P ∈ Z[c1, . . . , cn] is
homogeneous of degree d, then βZ(1)(ω̄

2n−2d−2
M P (c̄(M))) = 0.

We successively analyse four cases, exhausting all possible values of n.

Case 1. n ≡ 0 (mod 2) and n 6= 0.

In H2n
G (M,Z/2), consider the trivial identity

(5.13) ω̄2n−2 = vn ω̄
n−2 − (vn − ω̄n) ω̄n−2.

Recall that vn = (1)Sqn (see (5.2)). Applying (3.11) and noting that (ω̄2n−2−k)Sqk = 0
for k > 2 by Theorem 4.2, the first term of the right-hand side of (5.13) is therefore equal
to (1)Sqn ⌣ ω̄n−2 = (ω̄2n−4)Sq2. It is annihilated by βZ(1) by Theorem 4.8.

The monomial ω̄n does not appear in vn − ω̄n ∈ Z/2[ω̄, (c̄i)i≥1], by Lemma 5.3 (iii)
and Corollary 5.2. The monomials appearing in (vn − ω̄n) ω̄n−2 are therefore all of the
form ω̄2n−2d−2P (c̄), for P ∈ Z[c1, . . . , cn] homogeneous of degree d with 0 < d < n. They
belong to the kernel of βZ(1), by (5.12) for d even, and for d odd because they are the
reductions mod 2 of ω2n−2d−2P (c).

Case 2. n ≡ 1 (mod 8) and n 6= 1.

In this case, we compute that

(5.14) ω̄2n−2 = (1)Sqn−1 ⌣ ω̄n−1 = ω̄n−1vn−1 = ω̄n−1tn−1
2

(c̄).
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The first equality in (5.14) follows from (3.11), because most terms vanish by Theorem 4.2
and the classes Sqn−2(ω̄n−1) = (n−1)ω̄2n−3 and Sqn−3(ω̄n−1) = (n−1)(n−2)

2 ω̄2n−4 (see (3.2))
also vanish, as n ≡ 1 (mod 4). The second equality is (5.2) and the third is Lemma 5.4.
Finally, the right-hand side of (5.14) is annihilated by βZ(1) thanks to (5.12) applied with
d = n−1

2 . (Note that n− d is never of the form 2k − 1 because n ≡ 1 (mod 8) and n 6= 1.)

Case 3. n ≡ 5 (mod 8).

When n = 5, the theorem has already been proved in Proposition 5.8. We therefore
assume that n 6= 5 and we compute in H2n

G (M,Z/2) that

(5.15) ω̄2n−2 = (1)Sq4 ⌣ ω̄2n−6 = ω̄2n−6v4 = ω̄2n−6(c̄2
1 + c̄2),

where the first equality follows from (3.11) (a term vanishes by Theorem 4.2 and the others
can be computed using (3.2)), the second is (5.2), and the third is an instance of (5.9).
Since n ≡ 5 (mod 8) and n 6= 5, the right side of (5.15) is annihilated by βZ(1) thanks
to (5.12) applied with d = 2.

Case 4. n ≡ 2l − 1 (mod 2l+1) and n 6= 2l − 1, for some l ≥ 2.

In H2n
G (M,Z/2), consider the trivial identity

(5.16) ω̄2n−2 = v2l ω̄2n−2l−2 − (v2l − ω̄2l

) ω̄2n−2l−2.

The monomial ω̄2l

does not appear in v2l − ω̄2l ∈ Z/2[ω̄, (c̄i)i≥1], by Lemma 5.3 (iii)
and Corollary 5.2. All the monomials appearing in the second term of the right-hand
side of (5.16) are therefore annihilated by βZ(1), either because they have obvious lifts to

H2n−2
G (M,Z(1)), or by (5.12); at least one of these two arguments works for each monomial,

as n ≡ 2l − 1 (mod 2l+1) and n 6= 2l − 1. To conclude the proof, we will show that the
first term of the right-hand side of (5.16) vanishes on the nose. As v2l = (1)Sq2l

by (5.2),
we may apply (3.11) to compute it. Most terms that arise vanish by Theorem 4.2, and we
deduce that it is equal to

(5.17)

(
2n− 2l − 2

2l

)
ω̄2n−2 +

(
2n− 2l − 2

2l − 1

)
(ω̄2n−3)Sq1 +

(
2n− 2l − 2

2l − 2

)
(ω̄2n−4)Sq2.

Using (5.1) and (5.9), one computes that (ω̄2n−3)Sq1 = 0. The middle term of (5.17)
therefore vanishes. We finally verify that the other two terms of (5.17) also vanish by
noting that the binomial coefficients that appear are even, as a straightforward application
of Lucas’ theorem [Fin47, Theorem 1]. �

We note the following consequence of Theorem 5.11.

Corollary 5.12. Let n ≥ 0 be an integer not of the form 2k−1. Let X be a smooth variety
of dimension n over R. Then ω2n−1

X(C)\X(R) ∈ H
2n−1
G (X(C) \X(R),Z(2n − 1)) vanishes.

Remarks 5.13. (i) It is necessary, in Theorem 5.11, to assume that n is not of the form
2k−1. Indeed, in Proposition 6.1 below, we will see that for any integer k ≥ 1, if Q denotes
the real anisotropic quadric of dimension n = 2k − 1 and M = Q(C), then ω2n

M 6= ∅.
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(ii) When n > 0 is even, the vanishing of ω2n
M in Theorem 5.11 is obvious: it is a torsion

class in the torsion-free group H2n
G (M,Z(2n)) (see §3.2). In contrast, the vanishing of ω2n

M

when n is an odd integer not of the the form 2k − 1 is a nontrivial statement.
(iii) We do not know how to prove Theorem 5.11 for all values of n by producing identities

similar to (5.11) in a systematic way, without an induction based on Lemma 5.9.
(iv) Theorem 5.11 is not optimal when n = 6, as Proposition 5.8 shows. We investigate

the optimality of our results concerning identities of the form ωe = 0 in Section 6.

Remark 5.14. Vanishing results for the ωe, such as Proposition 5.8 or Theorem 5.11, can
be used to obstruct the algebraicity of G-equivariant cohomology classes, as follows.

Assume that ωe ∈ J top
Z(e),n−c. Let X be a smooth variety of dimension n over R with

X(R) = ∅. If Y is a smooth variety of dimension n− c over R and f : Y → X is a proper
morphism, then ωe

X ⌣ f∗1 = f∗ω
e
Y = 0 by the projection formula. All classes in the image

of the G-equivariant cycle class map cl : CHc(X) → H2c
G (X(C),Z(c)) are therefore in the

kernel of cup product with ωe
X , and a class in H2c

G (X(C),Z(c)) whose cup product with ωe
X

does not vanish cannot be algebraic.
Let us illustrate this strategy with an example extracted from [Ben22, Theorem 4.16]

(where a different argument is used). Let Q be the real anisotropic quadric threefold and
let E be an elliptic curve over R such that E(R) is not connected. Set X := E ×R Q.
By [Ben22, Proposition 4.13], there exist a ∈ H1

G(E(C),Z) and b ∈ H1
G(E(C),Z(1)) such

that a ⌣ b ∈ H2
G(E(C),Z(1)) is the class of a real point of E. As ω̄6

Q ∈ H6
G(Q(C),Z/2)

is nonzero (see Proposition 6.1 below) hence equal to the class of a closed point of Q, we
deduce that a ⌣ b ⌣ ω̄6

X ∈ H8
G(X(C),Z/2) is the class of a closed point of X and therefore

nonzero. Consequently, the class b ⌣ ω3
X ∈ H4

G(X(C),Z(2)) is not killed by ω3, and hence
cannot be algebraic (as ω3 ∈ J top

Z(3),2, see Theorem 2.1 or Proposition 5.8).

5.5. Relations involving ω̄n+1 or ωn+1. The relations obtained in the next two propo-
sitions will be used in the proofs of Theorems 8.7 and 8.10.

Proposition 5.15. There exists a polynomial γ ∈ Hn+1
G (BU,Z/2) ⊂ Z/2[ω̄, (c̄i)i≥1]

(see (3.6)) such that the monomial ω̄n+1 does not occur in γ, and such that ω̄n+1+γ ∈ J top
n .

Proof. When n is odd, we take γ := vn+1 + ω̄n+1. The vanishing of vn+1 ∈ Hn+1
G (M,Z/2)

follows from Theorem 4.2 since vn+1 = (1)Sqn+1 (see (5.1)). The coefficient N(n, n + 1)
of ω̄n+1 in vn+1 is nonzero as n is odd by Lemma 5.3 (iv).

When n is even, we take γ := (ω̄)Sqn + ω̄n+1. The vanishing of (ω̄)Sqn ∈ Hn+1
G (M,Z/2)

follows from Theorem 4.2. It remains to show that the coefficient of ω̄n+1 in (ω̄)Sqn is
nonzero. Combining (5.1) and (3.3), we compute that (ω̄)Sqn =

∑
l≥0 ω̄

2l

vn−2l+1. It
follows that the coefficient of interest is equal to

∑
l≥0N(n, n − 2l + 1). As n is even,

Lemma 5.3 (i) implies that all terms with l > 0 vanish and we deduce from Lemma 5.3 (iii)
that the term with l = 0 is N(n, n) = 1. This concludes the proof. �

Proposition 5.16. For n even, there exists γ ∈ Hn
G(BU,Z(n)) ⊂ Z[ω, (ci)i≥1]/(2ω)

(see (3.5)) such that the monomial ωn does not occur in γ, and with ωn+1 +ωγ ∈ J top
Z(n+1),n.
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Proof. Define γ to be such that ωγ = βZ(n+1)(vn + ω̄n) in Hn+1
G (BU,Z(n + 1)). As

the monomial ω̄n appears with coefficient 1 in vn ∈ Z/2[ω̄, (c̄i)i≥1] by Lemma 5.3 (iii),
the monomial ωn does not appear in γ. As βZ(n+1)(vn) = βZ(n+1)((1)Sqn) ∈ KZ(n+1),n

(use (5.1) and the definition (4.4)) vanishes in Hn+1
G (M,Z(n+ 1)) by Theorem 4.8, we see

that ωγ = βZ(n+1)(ω̄
n) = ωn+1 in Hn+1

G (M,Z(n+ 1)). �

6. The case of the ωe

In §5.4, we obtained relations of a particular form: vanishing results for the constant
cohomology classes ωe. In this section, we investigate the optimality of these results, as
well as possible extensions.

6.1. Nonvanishing of the ωe. The most natural task in this direction is the construction
of smooth real algebraic varieties of dimension n with no real points (or more generally
of stably complex C

∞ G-manifolds of dimension n with no G-fixed points) on which ωe

(or ω̄e) is nonzero for a value of e that is as large as possible.

6.1.1. Anisotropic quadrics. The simplest example to consider is the real anisotropic
quadric of dimension n: the variety with projective equation {∑n+1

i=0 x
2
i = 0} in Pn+1

R .

Proposition 6.1. Let n, e ≥ 0 be integers. Let Q be the real anisotropic quadric of
dimension n. The following conditions are equivalent:

(i) the class ωe
Q ∈ He

G(Q(C),Z(e)) vanishes;

(ii) the class ω̄e
Q ∈ He

G(Q(C),Z/2) vanishes;

(iii) there exists k ≥ 0 such that n < 2k − 1 ≤ e.

Proof. That (i) implies (ii) is obvious.
Assume that (iii) holds and let Q′ be the real anisotropic quadric of dimension 2k−1− 1.

As Q′(R) = ∅ and e > 2 dim(Q′), we have ωe
Q′ = 0. Pfister has shown the existence

of a rational map Q 99K Q′ (see [Pfi65, Satz 5]). Resolving its indeterminacies yields a
smooth projective variety X over R, a birational morphism f : X → Q and a morphism
g : X → Q′. One has ωe

Q = f∗ω
e
X = f∗g

∗ωe
Q′ = 0 by the projection formula, proving (i).

If (iii) does not hold, then there exists l ≥ 0 such that 2l−1 ≤ n and e < 2l+1−1. Let Q′′

be the real anisotropic quadric of dimension 2l+1 − 2. By the weak Lefschetz theorem,
the restriction map H i(P2l+1−1(C),Z/2) → H i(Q′′(C),Z/2) is bijective if i < 2l+1 − 2
and injective if i = 2l+1 − 2. The Hochschild–Serre spectral sequence (1.2) implies that
the restriction maps H i

G(P2l+1−1(C),Z/2) → H i
G(Q′′(C),Z/2) enjoy the same properties.

As ω̄e

P
2l+1−1
R

6= 0 (its restriction to any point x ∈ P2l+1−1(R) is nonzero) and e ≤ 2l+1 − 2,

we deduce that ω̄e
Q′′ 6= 0. Pfister has shown the existence of a rational map Q′′

99K Q

(see [Pfi65, Satz 5]). Resolving its indeterminacies yields a smooth projective variety X ′

over R, a birational morphism f ′ : X ′ → Q′′ and a morphism g′ : X ′ → Q. The projection
formula shows that ω̄e

Q′′ = f ′
∗ω̄

e
X′ = f ′

∗g
′∗ω̄e

Q, and hence ω̄e
Q 6= 0, which proves (i). �
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If X is a smooth variety over R with no real points, and Q denotes the real anisotropic
quadric of the same dimension as X, it often happens that the class ωe (resp. ω̄e) vanishes
on X for a wider range of values of e than it does on Q (e.g. consider powers of the
anisotropic conic). We have not, however, been able to find any example in which this
range of values is smaller (see Remark 6.6 (iii) below), thus leaving the next question open.

Question 6.2. Do there exist n, e ≥ 0 and a smooth variety X of dimension n over R

with no real points such that ωe
X 6= 0 but ωe

Q = 0, where Q is the real anisotropic quadric
of dimension n?

6.1.2. Almost complex examples. To produce better examples than those obtained in §6.1.1,
we resort to non-algebraic almost complex C

∞ G-manifolds (see Theorem 6.4 below).
If S is a G-space and k ≥ 0, we consider the restriction map

(6.1)

ρk
S : Hk

G(S,Z/2)→ Hk
G(SG,Z/2) = Hk(SG ×BG,Z/2)

=
⊕

p+q=k

Hp(SG,Z/2) ⊗Hq(BG,Z/2)

= H0(SG,Z/2) ⊕ · · · ⊕Hk(SG,Z/2),

where the equalities come from the definition of G-equivariant cohomology, the Künneth
formula, and the computation of the cohomology of G.

Let α(m) denote the number of ones in the binary expansion of m.

Lemma 6.3. Fix n ≥ 0, and set k := 2n + 1 − α(n + 1). There exist a compact stably
complex C∞ G-manifold S of dimension n+ 1 and τ ∈ H0(SG,Z/2) such that (τ, 0, . . . , 0)
is not in the image of the map ρk

S defined in (6.1).

Proof. Write n+1 =
∑α(n+1)

i=1 2Ni as a sum of distinct powers of 2. Set X :=
∏α(n+1)

i=1 P2Ni

R .
Letting wi ∈ H∗(X(R),Z/2) denote the ith Stiefel–Whitney class of the tangent bundle
of X(R), we consider the normal Stiefel–Whitney classes w′

i ∈ H∗(X(R),Z/2) for i ≥ 0,
defined by the relation ww′ = 1, where w =

∑
i≥0wi and w′ =

∑
i≥0w

′
i. An application of

the Whitney formula shows that w′
n+1−α(n+1)(X(R)) 6= 0.

Let M be a G-invariant closed tubular neighborhood of X(R) in X(C). This compact
stably complex C

∞ G-manifold of dimension n+ 1 with boundary G-equivariantly retracts
onto X(R). Let S be the double of M , constructed as in §3.3. One has S = M ∪−M and
SG = MG ⊔ (−M)G ≃ X(R) ⊔X(R). Choose

τ := (1, 0) ∈ H0(SG,Z/2) = H0(MG,Z/2) ⊕H0((−M)G,Z/2).

Consider the Mayer–Vietoris exact sequence

(6.2) Hk
G(S,Z/2)→ Hk

G(M,Z/2) ⊕Hk
G(−M,Z/2)→ Hk

G(∂M,Z/2).

The middle term of (6.2) can be identified, by retraction, with Hk
G(SG,Z/2), and hence the

left arrow of (6.2) with ρk
S . Consequently, we only have to show that (τ, 0, . . . , 0) is not in the

kernel of the right arrow of (6.2). We henceforth identify Hj
G(M,Z/2) ∼−→ Hj

G(MG,Z/2)

with H0(MG,Z/2)⊕· · ·⊕Hj(MG,Z/2) by means of ρj
M . As the rightmost term of (6.2) can
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be identified, by retraction, with Hk
G(M \MG,Z/2), we need to show that the restriction

map Hk
G(M,Z/2)→ Hk

G(M \MG,Z/2) does not annihilate the class (1, 0, . . . , 0).
To this end, we consider the exact sequence of relative cohomology

(6.3) Hk−n−1
G (MG,Z/2) = Hk

G(M,M \MG,Z/2)→ Hk
G(M,Z/2) → Hk

G(M \MG,Z/2),

where the left equality is the G-equivariant Thom isomorphism. Using the above identifi-
cations, the left map Hk−n−1

G (MG,Z/2) → Hk
G(M,Z/2) ∼−→ Hk

G(MG,Z/2) of (6.3) is the
cup product with the G-equivariant mod 2 Euler class of the normal bundle NMG/M of MG

in M , which is nothing but its top G-equivariant Stiefel–Whitney class wG,n+1(NMG/M ).
Multiplication by i identifies NMG/M with with the real vector bundle T (MG) endowed with
the G-action given by multiplication by −1. It therefore follows from [Kra94, Theorem 2.1]
that wG,n+1(NMG/M ) can be identified with w(T (MG)) = w(X(R)).

We now conclude the proof. As w′
n+1−α(n+1)(X(R)) 6= 0 and as k−n−1 = n−α(n+1),

the left map of (6.3), which we have computed to be the cup product with w(X(R)),
cannot have (1, 0, . . . , 0) in its image. It follows that (1, 0, . . . , 0) is not annihilated by the
right map of (6.3), as desired. �

We finally reach the goal of this paragraph.

Theorem 6.4. For n ≥ 0, there exists a compact almost complex C
∞ G-manifold M of

dimension n with MG = ∅ such that ω̄
2n−α(n+1)
M ∈ H2n−α(n+1)

G (M,Z/2) is nonzero.

Proof. By Theorem 4.15, it suffices to construct a compact stably complex C
∞ G-manifold

of dimension n with the required properties.
Let S and τ ∈ H0(SG,Z/2) be as in Lemma 6.3. Choose a C

∞ function ϕ : S → C that
takes positive real values at the points of SG where τ = 0 and negative real values at those
where τ = 1. Replace ϕ with ϕ+ϕ ◦ σ to make it G-equivariant, and perturb it to make it
transversal to 0 (to see that this is possible, use [Bie77, Theorem 1.4] to put ϕ in general
position with respect to 0 ∈ C in the sense of [Bie77, Definition 1.2], and note that this
implies the desired transversality property since G acts with trivial stabilizers on the zero
locus of ϕ). Endow M := {ϕ = 0} ⊂ S with a structure of compact stably complex C

∞

G-manifold of dimension n as explained in §3.3. One has MG = ∅.
Let C∞

S and C
∞
SG be the sheaves of complex-valued C

∞ functions on S and SG. Consider
the commutative diagram

(6.4)

H0
G(SG,Z/2)

a
��

H0
G(SG, (C∞

S )∗)

b′ ))❚
❚❚

❚❚
❚❚

❚❚

d
// H0

G(SG, (C∞
SG)∗)

e
44❥❥❥❥❥❥❥❥❥❥

c
// H1

G(SG,Z(1))

b
��

H1
G(S, SG, (C∞

S )∗)
c′
// H2

G(S, SG,Z(1)),

where a is a boundary map of the short exact sequence of G-modules

(6.5) 0→ Z(1)
2−→ Z(1)→ Z/2→ 0,
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where b and b′ are boundary maps in relative cohomology long exact sequences, where c
and c′ are induced by G-equivariant exponential short exact sequences, where d is a
restriction map, and where e is the sign map (noting that all functions in H0

G(SG, (C∞
SG)∗)

are real-valued).
Let us verify that the upper triangle of (6.4) does commute. Introduce the morphism

f : H0
G(SG,Z/2) → H0

G(SG, (C∞
SG)∗) induced by the morphism Z/2 → (C∞

SG)∗ with
image {1,−1}. One has e ◦ f = Id. The existence of an appropriate morphism from (6.5)
to the exponential sequence defining c shows that c ◦ f = a. In addition, as a function
in Ker(e) has a real logarithm, one has Ker(e) ⊂ Ker(c). Now, for x ∈ H0

G(SG, (C∞
SG)∗),

one computes c(x) = cfe(x) + c(x− fe(x)) = ae(x) as x− fe(x) ∈ Ker(e) ⊂ Ker(c).
Replacing SG with S \M in the bottom part of (6.4) yields a diagram

(6.6) H0
G(S \M, (C∞

S )∗)→ H1
G(S, S \M, (C∞

S )∗)→ H2
G(S, S \M,Z(1)).

Let β ∈ H2
G(S, S \M,Z(1)) be the image of ϕ|S\M ∈ H0

G(S \M, (C∞
S )∗) in (6.6). (One can

check that β is the G-equivariant Thom class of the normal bundle of M in S defined in
[Kah87, Proposition 5].) Let γ ∈ H2

G(S, SG,Z(1)) be the image of ϕ|SG ∈ H0
G(SG, (C∞

S )∗)
in (6.4). The compatibility of (6.4) and (6.6) shows that γ is the image of β. In addition,
the commutativity of (6.4) shows that γ = c′ ◦ b′(ϕ|SG) = b ◦ a ◦ e ◦ d(ϕ|SG) = b ◦ a(τ).

At this point, set k := 2n + 1 − α(n + 1) and assume for contradiction that ω̄k−1
M = 0.

Let i : M →֒ S be the inclusion. Define G-equivariant push-forward maps

(6.7) i∗ : H∗
G(M,Z/2)→ H∗+2

G (S, SG,Z/2)

as follows. Choose a G-equivariant open tubular neighborhood U of M in S. Define (6.7)
to be the composition of the pull-back H∗

G(M,Z/2) → H∗
G(U,Z/2) by a G-equivariant

retraction, of the cup product H∗
G(U,Z/2) → H∗+2

G (U,U \ M,Z/2) with the restriction
of β, of the excision isomorphism H∗+2

G (U,U \M,Z/2) = H∗+2
G (S, S \M,Z/2), and of the

natural map H∗+2
G (S, S \M,Z/2)→ H∗+2

G (S, SG,Z/2). One computes that

0 = i∗ω̄
k−1
M = γ ⌣ ω̄k−1

S = b ◦ a(τ) ⌣ ω̄k−1
S = b̃(a(τ) ⌣ ω̄k−1

S ),

where b̃ : Hk
G(SG,Z/2) → Hk+1

G (S, SG,Z/2) is a boundary map in a long exact sequence
of relative cohomology. The vanishing of b̃(a(τ) ⌣ ω̄k−1

S ) shows the existence of a class
δ ∈ Hk

G(S,Z/2) such that δ|SG = a(τ) ⌣ ω̄k−1
S . As the reduction of a mod 2, which is the

boundary map associated with the short exact sequence 0 → Z/2 → Z/4(1) → Z/2 → 0,
is given by the cup product with ω̄, we deduce that δ|SG = τ ⌣ ω̄k

S. It follows that

(6.8) ρk
S(δ) = ρk

SG(δ|SG) = ρk
SG(τ ⌣ ω̄k

S) = (τ, 0, . . . , 0),

where the third equality follows from the description of the last equality in (6.1).
Equation (6.8) contradicts our choice of S and τ and concludes the proof. �

It is natural to wonder whether the examples constructed in Proposition 6.1 (see also
Remark 5.13 (i)) and Theorem 6.4 are (jointly) optimal. This gives rise to the following
questions.
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Questions 6.5. Let M be a stably complex C
∞ G-manifold of dimension n with MG = ∅.

If n is not of the form 2k − 1, does ω̄
2n+1−α(n+1)
M (or even ω

2n+1−α(n+1)
M ) vanish?

Remarks 6.6. (i) The starting point of the construction in Lemma 6.3 is a compact C
∞

manifold of dimension n+1 (chosen to be a product of real projective spaces) whose charac-
teristic class w′

n+1−α(n+1) does not vanish. A theorem of Massey [Mas60, Theorem I] asserts
that, in contrast, its characteristic classes w′

i must vanish for i > n+ 1− α(n+ 1). This
indication that the construction might be optimal gives grounds for asking Questions 6.5.

(ii) The smallest dimension for which our results leave Questions 6.5 open is n = 10.
(iii) Already when n = 5, we do not known if the almost complex G-manifold of

dimension n constructed in Theorem 6.4 can be chosen to be the set of complex points of
a smooth proper variety of dimension n over R with no real points.

6.2. Singular varieties. Can our results concerning the vanishing of powers of ω (such as
Proposition 5.8 and Theorem 5.11) be extended to possibly singular real algebraic varieties
with no real points? The next two propositions show that some can, while some cannot.

Proposition 6.7. Let X be a variety of dimension n over R with X(R) = ∅. If n is not
of the form 2k − 1, one has ω2n

X = 0 in H2n
G (X(C),Z(2n)).

Proof. Let π : X̃ → X be a resolution of singularities. An analysis of the dimension of the
fibers of π shows that, for q > 0, the G-equivariant sheaf Rqπ∗Z(2n) on X(C) is supported
in dimension ≤ n − 1 − q/2. As X(R) = ∅, it follows from the first spectral sequence
of [Gro57, Théorème 5.2.1] that Hp

G(X(C),Rqπ∗Z(2n)) = Hp(X(C)/G,F ), where F is
the sheaf on X(C)/G whose pull-back to X(C) is the G-equivariant sheaf Rqπ∗Z(2n).
Consequently, these groups vanish when q > 0 and p + q ≥ 2n − 1 for dimension reasons.
We deduce from this, thanks to the Leray spectral sequence of π, that the map

(6.9) H2n
G (X(C), π∗Z(2n))→ H2n

G (X̃(C),Z(2n))

is injective. On the other hand, the natural morphism Z(2n)→ π∗Z(2n) of G-equivariant
sheaves on X(C) is injective with cokernel K supported in dimension ≤ n − 1. Arguing
as above shows that H2n−1

G (X(C),K ) = 0, hence that the map

(6.10) H2n
G (X(C),Z(2n)) → H2n

G (X(C), π∗Z(2n))

is also injective. As the composition of (6.10) and (6.9) is the pull-back map, we see that
if ω2n were nonzero on X, it would be nonzero on X̃ , contradicting Corollary 5.12. �

Proposition 6.8. There exists an integral projective algebraic surface X over R with
X(R) = ∅ such that the class ω̄3

X ∈ H3
G(X(C),Z/2) is nonzero.

Proof. Let Γ ⊂ P2
R be the real conic with no real points. Let p ∈ Γ be a closed point. Let

π : X̃ → Γ × Γ be the blow-up of p × p with projections pri : X̃ → Γ for i ∈ {1, 2} (note
that πC : X̃C → ΓC × ΓC is the blow-up of four complex points). The strict transform of
(Γ × p) ∪ (p × Γ) in X̃ is the disjoint union of Γ × p and p × Γ (both isomorphic to ΓC).
Use [Fer03, Théorème 5.4] to glue X̃ along these two curves by means of the obvious
isomorphism and thus get a morphism µ : X̃ → X to an integral proper surface X over R.
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Let τ : X̃ → X̃ be the involution exchanging the two copies of Γ and let ι : ΓC → X be
the inclusion of the glued locus. Any ample line bundle on X̃ whose isomorphism class is
τ -invariant descends to a line bundle on X, which is ample by [EGA III1, Proposition 2.6.2].
This shows that X is projective. It remains to verify the hypotheses (i) and (ii) of
Lemma 6.9 below.

The exact sequence 0 → OX → µ∗OX̃
→ ι∗OΓC

→ 0 and the vanishing of H2(X̃,O
X̃

)

and H1(ΓC,OΓC
) imply that H2(X,OX) = 0. One has a commutative diagram

(6.11)

Pic(X̃) // Pic(X̃C)G // Br(R) = Z/2

Pic(X) //

OO

Pic(XC)G //

OO

Br(R) = Z/2,

by [BLR90, 8.1/4]. Let λ ∈ Pic(ΓC)G ≃ Z be a generator. The group Pic(X̃C)G ≃ Z4 is
spanned by pr∗

1λ, by pr∗
2λ, and by two exceptional divisors that are defined over R. The

first two generators are sent to the nontrivial class of Br(R) and the other two to the trivial
class. Consequently, the τ -invariant classes in Pic(X̃C)G are all sent to zero in Br(R). It
thus follows from (6.11) that the map Pic(XC)G → Br(R) is zero, and hence that (i) holds.

The short exact sequence 0 → Z(1) → µ∗Z(1) → ι∗Z(1) → 0 of G-equivariant sheaves
on X(C) yields a long exact sequence

(6.12) H2
G(X̃(C),Z(1)) → H2

G((Γ×p)(C),Z(1)) → H3
G(X(C),Z(1)) → H3

G(X̃(C),Z(1)).

Since H2
G((Γ × p)(C),Z(1)) = H2(Γ(C),Z) = Z and since the image in this group of

cl(pr∗
1KΓ) ∈ H2

G(X̃(C),Z(1)) is twice a generator, one gets from (6.12) an exact sequence:

(6.13) Z/2→ H3
G(X(C),Z(1)) → H3

G(X̃(C),Z(1)).

The Leray spectral sequence for π implies that H3
G((Γ×Γ)(C),Z(1)) ∼−→ H3

G(X̃(C),Z(1)).
In the Hochschild–Serre spectral sequence (1.2), the only terms that can contribute to
H3

G((Γ×Γ)(C),Z(1)) are H1(G,H2((Γ×Γ)(C),Z(1))) = H1(G,Z2) = 0 and H3(G,Z(1)),
whose image in H3

G(Γ(C),Z(1)) = H3(Γ(C)/G,Z(1)) vanishes for dimension reasons, so
that its image in H3

G((Γ×Γ)(C),Z(1)) also vanishes. The rightmost term of (6.13) therefore
vanishes, proving (ii). �

Lemma 6.9. Let X be an integral proper variety over R. Consider the properties

(i) H2(X,OX) = 0 and Pic(X)→ Pic(XC)G is surjective;
(ii) H3

G(X(C),Z(3)) is 2-torsion.

If (i) holds, then the class ω3
X ∈ H3

G(X(C),Z(3)) is nonzero. If moreover (ii) holds, then
so is ω̄3

X ∈ H3
G(X(C),Z/2).
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Proof. The exponential exact sequence 0 → Z(1)
2πi−−→ OX(C)

exp−−→ O∗
X(C) → 0 on X(C) is

G-equivariant and (applied on X and on the point) yields a commutative exact diagram

(6.14)

0 = H2
G(X(C),OX(C)) // H2

G(X(C),O∗
X(C))

// H3
G(X(C),Z(1))

H2(G,C∗) //

OO

H3(G,Z(1))

OO

// H3(G,C) = 0,

in which one sees that H2
G(X(C),OX(C)) = H2(X(C),OX(C))

G = 0 by combining
[BW21, §A.3], [SGA1, Exposé XII, Corollaire 4.3] and (i).

Serre’s GAGA theorem and Čech computations of (G-equivariant) cohomology give
identifications Pic(XC) = H1(X(C),O∗

X(C)) and Pic(X) = H1
G(X(C),O∗

X(C)) (see [BW21,
§A.2, §A.4]). We therefore deduce from (i) and the Hochschild–Serre spectral sequence (1.2)

Ep,q
2 = Hp(G,Hq(X(C),O∗

X(C)))⇒ Hp+q
G (X(C),O∗

X(C))

that the left vertical map H2(G,C∗)→ H2
G(X(C),O∗

X(C)) in (6.14) is injective.

It now follows from (6.14) that the pull-back map H3(G,Z(1)) → H3
G(X(C),Z(1)) is

injective, hence that ω3
X is nonzero. If (ii) holds, the long exact sequence of G-equivariant

cohomology associated with 0→ Z(3)
2−→ Z(3)→ Z/2→ 0 implies that so is ω̄3

X . �

We leave the following question open when n ≥ 4.

Question 6.10. Fix an integer n not of the form 2k − 1. Does there exist a variety X of
dimension n over R, with X(R) = ∅, such that ω̄2n−1

X is nonzero?

6.3. Q/Z coefficients. For e ≥ 0, let ωe
Q/Z
∈ He(G,Q/Z(e + 1)) ≃ Z/2 be the nonzero

element. (Beware that despite the notation, it is not an eth power for the cup product.)
If S is a G-space, we still denote by ωe

Q/Z
the induced class in He

G(S,Q/Z(e+ 1)).

The class ωe+1 is the image of ωe
Q/Z

by the boundary map of the short exact sequence
of G-modules 0 → Z(e + 1) → Q(e + 1) → Q/Z(e + 1) → 0. In situations where
one has a vanishing result for ωe+1 (for instance in the setting of Proposition 5.8 or
of Theorem 5.11), it is therefore natural to ask whether this is explained by a stronger
vanishing result for ωe

Q/Z
. In the next two propositions, we show that it is sometimes the

case, and sometimes not.

Proposition 6.11. There exists a smooth projective surface X over R with X(R) = ∅

such that ω2
Q/Z
∈ H2

G(X(C),Q/Z(1)) is nonzero.

Proof. Let X be a projective real K3 surface with X(R) = ∅ carrying a line bundle L
of degree 2. One may for instance let π : X → P2

R be the double cover with equation
{w2 + x6 + y6 + z6 = 0} and take L := π∗OP2

R

(1).

Set x := cl(L) ∈ H2
G(X(C),Z(1)) and let x̄ ∈ H2

G(X(C),Z/2) be its reduction mod 2. As
a general section of L is a smooth geometrically irreducible curve of genus 2, it follows from
[BW20a, Theorem 3.6] that ω2 ⌣ x ∈ H4

G(X(C),Z(3)) is nonzero. Since the reduction
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mod 2 morphism H4
G(X(C),Z(3)) → H4

G(X(C),Z/2) is an isomorphism (by Poincaré
duality), we further deduce that ω̄2 ⌣ x̄ is nonzero, hence that ω̄2 6= 0 in H2

G(X(C),Z/2).
The Hochschild–Serre spectral sequence (1.2) shows that H1

G(X(C),Q/Z(1)) = 0. The
inclusion of G-modules ι : Z/2 →֒ Q/Z(1) therefore induces an injective morphism
H2

G(X(C),Z/2) → H2
G(X(C),Q/Z(1)). As ω2

Q/Z
is the image of ω̄2 by the map

H2(G,Z/2)
ι−→ H2(G,Q/Z(1)), we deduce that ω2

Q/Z
∈ H2

G(X(C),Q/Z(1)) is nonzero. �

In the next proposition and its proof, we let ι : Z/2 →֒ Z/4(1) be the inclusion and we
still denote by ι the morphisms it induces in cohomology.

Proposition 6.12. Let M be a stably complex C
∞ G-manifold M of dimension 5 with

MG = ∅. Then ι(ω̄8
M ) ∈ H8

G(M,Z/4(1)) and ω8
Q/Z
∈ H8

G(M,Q/Z(1)) vanish.

Proof. The second statement is a consequence of the first, which we now prove. Arguing
as in Case 2 of the proof of Theorem 4.2, we may assume that M is compact.

Let τ : M → BU × Z be a G-equivariant map classifying τM , and let Ã act on the
right on H∗

G(BU,Z/2) and H∗
G(M,Z/2) by means of −κ5 and −[TM ] = −τ∗κ respectively

(where κ and κ5 are as in §4.4). Using (5.1) and Corollary 5.2, one can show that

(6.15) (ω̄4)Sq4 + (ω̄2)Sq4Sq2 = ω̄8 + ω̄6c̄1 + ω̄2(c̄3
1 + c̄3)

in H8
G(BU,Z/2). The class ω̄6c̄1 + ω̄2(c̄3

1 + c̄3) is the image of ω̄5c̄1 + ω̄(c̄3
1 + c̄3) by the

boundary map of 0 → Z/2
ι−→ Z/4(1) → Z/2 → 0 (as follows from the commutativity

of the diagram (5.7) tensored with Z(1)), and hence is killed by ι. Moreover, the
class (ω̄4)Sq4 vanishes in H8

G(M,Z/2) by Theorem 4.2. It therefore follows from (6.15)
that ι(ω̄8) = ι((ω̄2)Sq4Sq2) in H8

G(M,Z/4(1)).
It remains to show that the class ι((ω̄2)Sq4Sq2) vanishes. To do so, fix z ∈ H2

G(M,Z/4)
and let z̄ ∈ H2

G(M,Z/2) be its reduction mod 2. One computes that

(ω̄2)Sq4Sq2 ⌣ z̄ = ω̄2 ⌣ Sq4Sq2(z̄) = ω̄2 ⌣ Sq2(z̄3) = (ω̄2)Sq2 ⌣ z̄3 = ω̄2c̄1 ⌣ z̄3 = 0

in H10
G (M,Z/2), where the first and third equalities follow from Proposition 3.4, the

second equality stems from the Cartan formula (3.1) since Sq1(z̄) = 0, and the fourth
equality is a computation based on (5.1) and Corollary 5.2. As for the last vanishing, note
that ω̄2c̄1 ⌣ z̄3 lifts to a 2-torsion class in H10

G (M,Z/4(1)) and that the reduction mod 2
map Z/4 = H10

G (M,Z/4(1)) → H10
G (M,Z/2) = Z/2 vanishes on 2-torsion classes.

We deduce that ι((ω̄2)Sq4Sq2) ⌣ z = ι((ω̄2)Sq4Sq2 ⌣ z̄) = 0 for all z ∈ H2
G(M,Z/4),

and Poincaré duality (see Proposition 4.6 (1)) shows that ι((ω̄2)Sq4Sq2) = 0, as desired. �

7. The coindex of real varieties with no real points

Recall that the coindex coind(S) of a G-space S with SG = ∅ is the smallest integer m
such that there exists a G-equivariant map f : S → Sm (or ∞ if there is no such m), where
the sphere Sm is endowed with the antipodal involution. A natural source of G-spaces
with no fixed point are sets of complex points of smooth varieties over R with no real
points. In this section, we study the coindex of such G-spaces (and more generally of stably
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complex C
∞ G-manifolds with no G-fixed points) with the hope that the (stable) complex

structure may force the coindex to be smaller than expected. Our guiding question is:

Question 7.1. What is the highest possible value of coind(X(C)), where X is a smooth
variety of dimension n over R with X(R) = ∅?

7.1. The primary obstruction. As pointed out in [CF60, p. 419], the coindex of a
G-space S with SG = ∅ can be studied using obstruction theory applied to the space S/G.
Assuming that S/G has a structure of CW-complex, as is the case in the situations we
consider, constructing a G-equivariant map f : S → Sm inductively over the k-skeleton
of S/G for increasing values of k requires the vanishing of successive obstruction classes
living in Hk+1

G (S, πk(Sm)), where G acts on πk(Sm) through the antipodal involution (see
e.g. [Ste51, Theorem 34.2] where, by convention, π0 means degree 0 reduced homology).

The first obstruction encountered lives in Hm+1
G (S, πm(Sm)) = Hm+1

G (S,Z(m+1)). This
primary obstruction does not depend on any choice, and is functorial in the G-space S
(see [Ste51, Theorem 35.7]). It is therefore induced, for all G-spaces S, by a class in
Hm+1

G (EG,Z(m + 1)) = Hm+1(G,Z(m + 1)) = {0, ωm+1}. We deduce that this class is
either always zero, or always equal to ωm+1

S . It cannot be always zero, as its vanishing
on S = Sm+1 would imply the existence of a G-equivariant map Sm+1 → Sm, contradicting
the Borsuk–Ulam theorem [Bor33, Satz II]. We deduce that this class is equal to ωm+1

S .

Theorem 7.2. Let M be a stably complex C
∞ G-manifold of dimension n with MG = ∅.

(i) One has coind(M) ≤ 2n, and coind(M) ≤ 2n − 1 if n is not of the form 2k − 1.
(ii) Suppose that M has no compact connected component. Then coind(M) ≤ 2n − 1,

and coind(M) ≤ 2n− 2 if n is not of the form 2k − 1.

Proof. The first assertions of both (i) and (ii) hold because all the obstructions live in
cohomology groups that vanish. Similarly, the second assertion of (i) (resp. of (ii)) holds
because the only obstruction that lives in a cohomology group that might not vanish is
equal to ω2n

M (resp. to ω2n−1
M ). This obstruction therefore vanishes by Theorem 5.11. �

The following algebraic variant of Theorem 7.2 allows for singularities.

Theorem 7.3. Let X be a variety of dimension n over R with X(R) = ∅. Then
coind(X(C)) ≤ 2n. If either X has no proper irreducible component, or n is not of the
form 2k − 1, then coind(X(C)) ≤ 2n − 1.

Proof. Run the proof of Theorem 7.2, using Proposition 6.7 instead of Theorem 5.11. �

Remark 7.4. (i) We do not know if there exists n ≥ 0 such that all stably complex C
∞

G-manifolds M of dimension n with MG = ∅ have coindex ≤ 2n − 2.
(ii) The hypothesis on n in the second half of Theorem 7.2 (i) cannot be dispensed with,

as the obstruction ω2n
M need not vanish if n = 2k − 1, see Proposition 6.1.

(iii) There is no algebraic variant with singularities of the second half of Theorem 7.2 (ii).
Indeed, let X be the surface constructed in Proposition 6.8. LetX0 ⊂ X be the complement
of a smooth closed point. As ω̄3

X 6= 0 by Proposition 6.8, one has ω̄3
X0 6= 0 by purity. So

the primary obstruction ω3
X0 to X0(C) having coindex ≤ 2n− 2 does not vanish.
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7.2. The secondary obstruction for surfaces. To understand to what extent Theo-
rem 7.2 (i) can be improved when n = 2, we must describe a secondary obstruction. This
is the content of the next proposition. For any G-space S and any i ≥ 0, we slightly abuse
notation and write NZ(i) : H i(S,Z(i − 1)) → H i

G(S,Z(i)) for the norm map defined as
the composition of the norm map H i(S,Z(i)) → H i

G(S,Z(i)) appearing in (1.3) with the
canonical (but non-G-equivariant) isomorphism H i(S,Z(i − 1)) = H i(S,Z(i)).

Proposition 7.5. Let M be a stably complex C
∞ G-manifold of dimension 2 with MG = ∅.

Then coind(M) ≤ 2 if and only if there exists a ∈ H2(M,Z(1)) with a2 = 0 and
NZ(2)(a) = ω2

M .

Proof. Applying (1.3) to S = S2 yields an exact sequence

H2(S2,Z(1))
NZ(2)−−−→ H2

G(S2,Z(2))→ H3
G(S2,Z(1)) = 0

where the last group vanishes for dimension reasons. It follows that the generator ω2
S2 of

H2
G(S2,Z(2)) ≃ Z/2 lifts to the generator b := [S2] of H2(S2,Z(1)). If f : M → S2 is

G-equivariant, then a := f∗b has the required properties, as b2 ∈ H4(S2,Z(2)) = 0.
Conversely, let a ∈ H2(M,Z(1)) be such that a2 = 0 and NZ(2)(a) = ω2

M . Write the
following portion of the real-complex exact sequence (1.3) for M :

(7.1) H2
G(M,Z(1)) → H2(M,Z(1))

NZ(2)−−−→ H2
G(M,Z(2))

ω−→ H3
G(M,Z(1)).

By (7.1), the existence of a with NZ(2)(a) = ω2
M implies that ω3

M = 0. Fix a CW-complex
structure on M with k-skeleton M≤k. As the primary obstruction ω3

M to M having
coindex ≤ 2 vanishes, there exists a G-equivariant map f≤3 : M≤3 → S2. Define a′ := f∗

≤3b

in H2(M≤3,Z(1)) = H2(M,Z(1)). One has NZ(2)(a
′) = f∗

≤3NZ(2)(b) = f∗
≤3ω

2
S2 = ω2

M .
By (7.1), there exists c ∈ H2

G(M,Z(1)) such that a′−a is induced by c. After modifying f≤3

by the primary difference c (as in [Ste51, Theorem 37.5]), we may assume that a′ = a
(by [Ste51, Lemma 37.9]). The obstruction to G-equivariantly extending f≤3|M≤2

to all

of M lives in H4
G(M,π3(S2)) = H4

G(M,Z) because the antipody of S2 acts trivially on
π3(S2) ≃ Z. We claim that this obstruction vanishes, which will conclude the proof. As
the natural map H4

G(M,Z) → H4(M,Z) is injective by Poincaré duality, it suffices to
show that the obstruction to (non-G-equivariantly) extending f≤3|M≤2

to all of M , which

lives in H4(M,Z), vanishes. But this obstruction has been shown by Steenrod [Ste47,
Theorem 24.1] to be equal to (a′)2 = a2 = 0. �

Remark 7.6. It is also possible to describe secondary obstructions in higher dimension,
thanks to the work of Liao [Lia54, Remark 1, p. 184].

7.3. Two lemmas on G-equivariant cohomology. The next two lemmas will be useful
in our study of the coindex of real algebraic surfaces in §7.4.

Lemma 7.7. Let S be a G-space and fix i ≥ 1. If a ∈ H i(S,Z(i − 1)) is such that
NZ(i)(a) = ωi

S, then a ∈ H i(S,Z(i − 1))G.
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Proof. The composition H i(S,Z(i−1))
NZ(i)−−−→ H i

G(S,Z(i))
ϕ−→ H i(S,Z(i)) = H i(S,Z(i−1))

of the norm map, the natural map ϕ, and the canonical non-G-equivariant isomorphism
H i(S,Z(i − 1)) = H i(S,Z(i)) already used at the beginning of §7.2 sends a to a − σ(a).
We deduce that a− σ(a) = ϕ(NZ(i)(a)) = ϕ(ωi

S) = 0. �

Lemma 7.8. Let S be a G-space and fix i ≥ 0. If a ∈ H i(S,Z), then a ⌣ σ(a) is in the
image of the natural map H2i

G (S,Z(i)) → H2i(S,Z).

Proof. Let K := K(Z, i) be an Eilenberg–MacLane space and let G act on K × K by
exchanging the two factors. The Künneth exact sequence (see [Hat02, Theorem 3B.6])

0→
⊕

r+s=q

Hr(K,Z)⊗Hs(K,Z)→ Hq(K×K,Z)→
⊕

r+s=q−1

TorZ
1 (Hr(K,Z),Hs(K,Z))→ 0

and the universal coefficient theorem (see [Hat02, Theorem 3.2])

0→ Ext1
Z(Hq−1(K ×K,Z),Z) → Hq(K ×K,Z)→ Hom(Hq(K ×K,Z),Z)→ 0

imply, in view of the Hurewicz theorem, that Hq(K ×K,Z) is an extension of G-modules
of the form A[G] when 0 < q < 2i. We deduce that Hp(G,Hq(K ×K,Z(i))) = 0 for p > 0
and 0 < q < 2i. The Hochschild–Serre spectral sequence (1.2)

Ep,q
2 = Hp(G,Hq(K ×K,Z(i))) ⇒ Hp+q

G (K ×K,Z(i))

therefore yields an exact sequence

(7.2) H2i
G (K ×K,Z(i))→ H2i(K ×K,Z(i))G → H2i+1(G,Z(i))→ H2i+1

G (K ×K,Z(i)).

As the restriction to a G-fixed point of K×K yields a retraction of the right arrow of (7.2)
which is therefore injective, the left arrow of (7.2) is surjective. Letting τ ∈ H i(K,Z)
denote the universal class, it follows that τ × τ ∈ H2i(K × K,Z(i))G lifts to a class
ρ ∈ H2i

G (K ×K,Z(i)).
Let f : S → K be a map classifying a. Then g := (f, f ◦ σ) : S → K × K

is G-equivariant and the image of g∗ρ by the natural map H2i
G (S,Z(i)) → H2i(S,Z)

is f∗τ ⌣ σ∗f∗τ = a ⌣ σ(a). �

7.4. The coindex of real algebraic curves and surfaces. We now focus on G-spaces
of the form X(C), where X is a low-dimensional smooth proper variety over R.

Lemma 7.9. Let X be an irreducible smooth proper variety over R with X(R) = ∅.

(i) coind(X(C)) = 0 if and only if X is not geometrically irreducible.
(ii) coind(X(C)) = 1 if and only if the natural map Pic0(X)→ Pic0(XC)G is not onto.

Proof. Assertion (i) is obvious and we now consider (ii). If X is not geometrically
irreducible, then Pic0(X) → Pic0(XC)G is onto. Consequently, to prove (ii), we may
assume that X is geometrically irreducible and hence that coind(X(C)) ≥ 1. Obstruction
theory then shows that coind(X(C)) = 1 if and only if ω2

X = 0 (as S1 is a K(Z, 1), the
primary obstruction is the only one). Assertion (ii) now follows from [vH99, Corollary 3.4]
(where the exponent G is missing in the statement, and whose proof does not use the
projectivity hypothesis). �
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It is easy to entirely describe the coindex of curves.

Proposition 7.10. Let X be an irreducible smooth proper curve over R with X(R) = ∅.

(i) coind(X(C)) = 0 if and only if X is not geometrically irreducible.
(ii) coind(X(C)) = 1 if and only if X is geometrically irreducible of odd genus.

(iii) coind(X(C)) = 2 if and only if X is geometrically irreducible of even genus.

Proof. This follows from Lemma 7.9 and [GH81, Proposition 2.2 (2)] (which goes back to
Geyer, see [Gey67, p. 91]). �

We also fully understand the coindex of surfaces thanks to Theorem 7.2, Proposition 7.5
and Lemma 7.9. These results imply that the coindex of a surface with no real points
belongs to {0, 1, 2, 3}. We now show that all these values arise.

Theorem 7.11. For m ∈ {0, 1, 2, 3}, there exists an irreducible smooth projective sur-
face X over R with X(R) = ∅ and coind(X(C)) = m.

Proof. By Proposition 7.10, one can take X = P1
R×RC where C = P1

C if m = 0, where C
is a curve of genus 1 with no real points if m = 1, and where C is the real conic with no
real points if m = 2. When m = 3, we apply Proposition 7.12 below. �

Proposition 7.12. Let X be an Enriques surface over R such that X(R) = ∅. Then
coind(X(C)) = 3.

Proof. We apply Theorem 7.2 (i) and Proposition 7.5, and assume for contradiction that
there exists a ∈ H2(X(C),Z(1)) with a2 = 0 and NZ(2)(a) = ω2

X . By Lemma 7.7, one has
a ∈ H2(X(C),Z(1))G. The cycle class map Pic(XC) → H2(X(C),Z(1)) is bijective as
H1(X,OX ) = H2(X,OX ) = 0, so a corresponds to a line bundle L ∈ Pic(XC)G.

Let A be an ample line bundle on X. If l ≫ 0, we deduce from [BHPVdV04, VIII,
Proposition 16.1 (iii)] that P(H0(XC, L ⊗ A⊗2l

C )) has even dimension. As there are no
nontrivial real forms of even-dimensional complex projective spaces (this follows from
[Art82, Theorem 1.5] since Br(R) = Z/2), the natural G-action on P(H0(XC, L⊗ A⊗2l

C ))

has a fixed point. Consequently, the line bundle L⊗A⊗2l
C is defined over R, hence so is L.

Using Krasnov’s cycle class map to G-equivariant cohomology (see [BW20a, §1.6.1]), we
deduce that a lifts to H2

G(X(C),Z(1)), so that NZ(2)(a) = 0, by (1.3). This contradicts
our assumption that NZ(2)(a) = ω2

X . Indeed, the Hochschild–Serre spectral sequence (1.2)
for S = X(C) and F = Z(2) shows that ω2

X is nonzero. �

Proposition 7.12 dashes the hope of proving Theorem 2.1 in a geometric manner by
constructing a G-equivariant map X(C)→ S2. It also shows that Theorems 7.2 (i) and 7.3
are optimal for surfaces. Surprisingly, the bound provided by Theorem 7.3 in the surface
case can always be improved after an appropriate modification.

Theorem 7.13. Let X be a surface over R with X(R) = ∅. There exists a projective
birational morphism π : Y → X such that coind(Y (C)) ≤ 2.
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Proof. By applying Chow’s lemma [EGA II, Théorème 5.6.1] and then compactifying and
blowing up, we may assume that X is smooth and projective. By Lemma 7.9 (i), we may
further assume that X is geometrically irreducible. Let π : Y → X be the blow-up of X at
four closed points. Let b ∈ H2(X(C),Z(1)) be the class of an ample line bundle on X, and
let c1, . . . , c4 ∈ H2(Y (C),Z(1)) be the classes of the exceptional divisors of π. Krasnov’s
equivariant cycle class map (see [BW20a, §1.6.1]) provides lifts of b (resp. of c1, . . . , c4) in
H2

G(X(C),Z(1)) (resp. in H2
G(Y (C),Z(1))), hence these classes are annihilated by NZ(2).

Since ω3
X = 0 by Theorem 2.1 (or Theorem 5.11), the real-complex exact sequence (1.3)

shows the existence of a class d ∈ H2(X(C),Z(1)) with NZ(2)(d) = ω2
X . After adding to d

an appropriate multiple of b, we may assume that the integer d2 ∈ H4(X(C),Z(2)) = Z

is nonnegative. In view of Lemmas 7.7 and 7.8, the class d2 is in the image of the natural
morphism H4

G(X(C),Z(2)) → H4(X(C),Z(2)). In other words, the integer d2 is even.
By Lagrange’s theorem, one can find λ1, . . . , λ4 ∈ Z such that

∑4
i=1 λ

2
i = d2

2 . Define
a := π∗d +

∑4
i=1 λici. As c2

i = −2 and ci ⌣ π∗d = 0 for 1 ≤ i ≤ 4, and as ci ⌣ cj = 0

for i 6= j, one computes that a2 = 0. In addition, NZ(2)(a) = π∗NZ(2)(d) = π∗ω2
X = ω2

Y .
Applying Proposition 7.5 now shows that coind(Y (C)) ≤ 2. �

8. The level of real function fields

This final section gathers applications to sums of squares problems.

8.1. Real closed fields. In this whole section, we work over an arbitrary real closed
field R, which we fix. We set C := R(

√
−1) and G := Gal(C/R) ≃ Z/2. We need to allow

non-archimedean real closed fields for the proof of Theorem 8.21 to go through over R

(for the reduction to smooth hypersurfaces). However, we insist that the results presented
below are already new and interesting when R = R and C = C.

We refer to [BW20a, §1] for generalities on the cohomology and G-equivariant coho-
mology of algebraic varieties over R. Let X be a variety over R. If A is a G-module,
one can define G-equivariant cohomology groups Hk

G(X(C), A) using semi-algebraic co-
homology. The cohomology classes ω ∈ H1

G(X(C),Z(1)) and ω̄ ∈ H1
G(X(C),Z/2) are

well-defined (see e.g. [BW20a, §§1.1.1–1.1.2]). If X is smooth, one defines Chern classes
ci ∈ H2i

G (X(C),Z(i)) as the images of the Chern classes in Chow theory by the G-equivari-
ant cycle class map (see [BW20a, §1.6.1]). Let c̄i ∈ H2i

G (X(C),Z/2) denote their reductions
mod 2.

Statements concerning algebraic varieties over C that are invariant under extensions of
algebraically closed fields are true if they are true for C = C. We will frequently appeal
to such arguments under the name of Lefschetz principle. In a similar vein, any purely
cohomological statement which is valid over R can be extended to R by a spreading out
argument (see [DK82, §7] for an example of application of this method). It follows that
any relation between ω̄ and the c̄i (or ω and the ci) that holds over the reals also holds
over R. We will freely use this fact in the remainder of §8.

8.2. Levels of real function fields. Recall the theorem [Pfi67, Theorem 2] of Pfister,
which we discussed in §1.1 over the reals.
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Theorem 8.1. Let X be an irreducible smooth variety of dimension n over R. If s(R(X))
is finite, then s(R(X)) ≤ 2n.

There, we explained that the 2n bound is optimal when n ≤ 2 and we raised, following
Pfister, the question whether it is optimal for all n.

Question 8.2. For n ≥ 0, does there exist an irreducible smooth variety X of dimension n
over R such that s(R(X)) = 2n?

A powerful tool to study Question 8.2 is the following consequence of the Milnor
conjecture proved by Voevodsky [Voe03]. Recall that a cohomology class of a variety
over R or C is said to have coniveau ≥ c if it vanishes after restriction to the complement
of a Zariski closed subset of codimension ≥ c. (We use this definition in several contexts:
possibly G-equivariant cohomology of the space of C-points or of the space of R-points.)

Theorem 8.3. Let X be an irreducible smooth variety over R and fix k ≥ 1. The following
assertions are equivalent.

(i) One has s(R(X)) ≤ 2k−1.
(ii) The class ωk

X has coniveau ≥ 1.
(iii) The class ω̄k

X has coniveau ≥ 1.

Proof. As recalled in [BW20a, §1.1.1], for any variety U over R, there are canonical isomor-
phisms Hk

G(U(C),Z/2) = Hk
ét(U,Z/2) and Hk

G(U(C),Z(k)) ⊗Z Z2 = Hk
ét(U,Z2(k)). The

latter induces an injection Hk
G(U(C),Z(k))[2] →֒ Hk

ét(U,Z2(k)). From these observations,
it follows that the statement of Theorem 8.3 is equivalent to [Ben17, Proposition 3.3]. �

The appearance of powers of ω in Theorem 8.3 explains why the results of the previous
sections have a bearing on questions concerning the level of real function fields.

8.3. Improving Pfister’s bound. In this section, we improve the bound obtained by
Pfister in Theorem 8.1, under appropriate geometric hypotheses.

8.3.1. Geometric hypotheses. We first present the geometric properties that will play a
role in our results (they will be applied to a variety Y of the form XC for some smooth
proper variety X of dimension n over R). If Y is a smooth variety over C and A is an
abelian group, we denote by H

q
Y (A) the Zariski sheaf on Y associated with the presheaf

U 7→ Hq(U(C), A). The unramified cohomology group Hq
nr(Y,A) is by definition the group

H0(Y,H q
Y (A)). The validity of the Gersten conjecture for semialgebraic cohomology (see

the discussion in [BW20a, §5.1]) implies that these groups are birational invariants of
smooth projective varieties over C (see [CT95, Theorem 4.1.1] for the argument in the
entirely similar situation of étale cohomology with torsion coefficients).

Proposition 8.4. Let Y be a smooth proper variety of dimension n over C. Each of the
following properties implies the next one.

(i) The variety Y is uniruled.
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(ii) The group CH0(Y ) is supported in codimension 1 in the sense of [BS83], i.e. there
exists a closed subvariety Z ⊂ Y of codimension ≥ 1 such that for any algebraically
closed field C ′ containing C, the push-forward map CH0(ZC′)→ CH0(YC′) is onto.

(iii) The unramified cohomology group Hn
nr(Y (C),Q) vanishes; equivalently, the unrami-

fied cohomology group Hn
nr(Y (C),Z) vanishes.

(iv) All cohomology classes in Hn(Y (C),Q) have coniveau ≥ 1; equivalently, all coho-
mology classes in Hn(Y (C),Z) have coniveau ≥ 1.

(v) The group Hn(Y,OY ) vanishes.

Proof. As all these properties are birational invariants, we may assume, by Chow’s lemma
[EGA II, Théorème 5.6.1] and resolution of singularities, that Y is projective. The two
conditions appearing in (iii) (resp. in (iv)) are equivalent as Hn

nr(Y (C),Z) is torsion-free
(see [CTV12, Théorème 3.1] if C = C, or [BW20a, Proposition 5.1 (ii)] in general).

To see that (i) implies (ii), let Z be the support of any ample divisor in Y : it will meet
all members of a family of rational curves covering YC′ . The decomposition of the diagonal
argument given in [CTV12, Proposition 3.3 (i)] over C works over C and shows that (ii)
implies (iii). If (iii) holds, all classes in Hn(Y (C),Q) vanish Zariski locally, so (iv) also
holds. The last implication (iv)⇒(v) holds over C by Hodge theory, hence over C by the
Lefschetz principle. �

Remark 8.5. Conjecturally, properties (ii), (iii), (iv) and (v) are all equivalent. Indeed,
the generalized Hodge conjecture predicts that (v) implies (iv) and the generalized Bloch
conjecture that (iv) implies (ii). When n = 2, the implications (v)⇒(iv) and (iv)⇒(iii)
are unconditional: the former is a consequence of the Lefschetz (1, 1) theorem (and of the
Lefschetz principle) while the latter results from purity. The implication (iii)⇒(ii) is not
known even when n = 2, in which case it amounts to the usual Bloch conjecture.

The guiding question of this section, to which Theorems 8.7, 8.15 and 8.10 and
Corollaries 8.9 and 8.12 give partial answers, is the following.

Question 8.6. Let X be an irreducible smooth proper variety of dimension n ≥ 1 over R
with X(R) = ∅. Assume that Y := XC satisfies one of the properties of Proposition 8.4.
Does it follow that s(R(X)) ≤ 2n−1?

8.3.2. Even-dimensional varieties. We first consider the case of varieties of even dimension.

Theorem 8.7. Let X be an irreducible smooth proper variety of dimension n ≥ 1 over R
with X(R) = ∅. If n is even and all classes in Hn(X(C),Q) have coniveau ≥ 1, then
s(R(X)) ≤ 2n−1.

Proof. By Proposition 5.16, there exists γ ∈ Hn
G(BU,Z(n)) ⊂ Z[ω, (ci)i≥1]/(2ω) (see (3.5))

such that ωn does not occur in γ and such that ωn+1
X = ωXγ in Hn+1

G (X(C),Z(n+ 1)). As
ci ∈ H2i

G (X(C),Z(i)) has coniveau ≥ i for all i and as ωn does not appear in γ, the class
γ ∈ Hn

G(X(C),Z(n)) has coniveau ≥ 1 (in fact ≥ 2). The real-complex exact sequence (1.3)
and the identity ωn+1

X = ωXγ imply that there exists δ ∈ Hn(X(C),Z) such that

(8.1) ωn
X = γ + NZ(n)(δ) in Hn

G(X(C),Z(n)).
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By our hypothesis and the equivalence in Proposition 8.4 (iv), the class δ has coniveau ≥ 1.
By (8.1), we deduce that ωn

X has coniveau ≥ 1. Theorem 8.3 (ii)⇒(i) now shows
that s(R(X)) ≤ 2n−1. �

Remarks 8.8. (i) When n = 2, the coniveau hypothesis of Theorem 8.7 can be replaced
with the assumption that H2(X,OX ) = 0, thanks to the Lefschetz (1, 1) theorem, as
explained in Remark 8.5. Thus, Theorem 8.7 in the case n = 2 recovers Theorem 2.5 (and
extends it to arbitrary real closed fields).

(ii) However, when n ≥ 4, we do not know if one can replace, in Theorem 8.7, the
coniveau hypothesis with the assumption that Hn(X,OX ) = 0.

(iii) One can check that the relation used in the proof of Theorem 8.7 when n = 4 is
ω5 +ω(c2

1 +c2) = 0, valid for all smooth varieties of dimension 4 over R with no real points.

Let us also explicitly state the following more geometric consequence of Theorem 8.7.

Corollary 8.9. Let X be an irreducible smooth proper variety of dimension n ≥ 1 over R
with X(R) = ∅. If n is even and XC is uniruled, then s(R(X)) ≤ 2n−1.

Proof. This follows at once from Theorem 8.7 and Proposition 8.4 (i)⇒(iv). �

8.3.3. Odd-dimensional varieties. Here is a counterpart to Theorem 8.7 in odd dimensions.
In its statement, we denote byNpHn+1(X(C),Z) the coniveau filtration on Hn+1(X(C),Z)
(see [BW20a, §5.1]).

Theorem 8.10. Let X be an irreducible smooth proper variety of dimension n over R with
X(R) = ∅. Suppose that n ≥ 3 is odd, that Hn

nr(X(C),Q) = 0, and that the 2-torsion
subgroup of Hn+1(X(C),Z)/N2Hn+1(X(C),Z) is trivial. Then s(R(X)) ≤ 2n−1.

Proof. By Proposition 5.15, there exists γ ∈ Hn+1
G (BU,Z/2) ⊂ Z/2[ω̄, (c̄i)i≥1] (see (3.6))

such that the monomial ω̄n+1 does not occur in γ and such that the equality ω̄n+1
X = γ holds

in Hn+1
G (X(C),Z/2). One can uniquely decompose γ as γ = γ0 + γ1 where γ0 (resp. γ1)

is the sum of those monomials ω̄e∏
i≥1 c̄

ei

i appearing in γ such that e +
∑

i≥1 iei is even
(resp. odd). For j ∈ {0, 1}, taking the sum of the corresponding monomials ωe∏

i≥1 c
ei

i

provides a lift γ′
j ∈ Hn+1

G (BU,Z(j)) ⊂ Z[ω, (ci)i≥1]/(2ω) (see (3.5)) of γj.
We still denote by γ′

j the image of γ′
j in Hn+1

G (X(C),Z(j)), and we denote by (γ′
j)C

its image by the map Hn+1
G (X(C),Z(j)) → Hn+1(X(C),Z) induced by the natural

G-equivariant map Z(j) → Z[G]. For later use, we make the following two observations,
which readily follow from the assumption that the monomial ω̄n+1 does not appear in γ
and from the assumption that n ≥ 3: the class γ′

0, in Hn+1
G (X(C),Z), has coniveau ≥ 2;

the class (γ′
1)C, in Hn+1(X(C),Z), has coniveau ≥ 2.

The morphism of exact sequences of G-modules

0 // Z(1)
2

// Z(1) // Z/2 // 0

0 // Z(1) // Z[G] //

OO

Z

OO

// 0

(8.2)
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induces a commutative diagram with exact rows

γ′
1

∈

Hn+1
G (X(C),Z(1)) // Hn+1

G (X(C),Z(1)) // Hn+1
G (X(C),Z/2) // Hn+2

G (X(C),Z(1))

Hn+1
G (X(C),Z(1)) // Hn+1(X(C),Z)

NZ
//

NZ(1)

OO

Hn+1
G (X(C),Z)

OO

// Hn+2
G (X(C),Z(1))

ζ

∈

ωn+1
X + γ′

0

∈

(whose bottom row is (1.3) for F = Z). As ω̄n+1
X = γ in Hn+1

G (X(C),Z/2), the classes γ′
1

and ωn+1
X +γ′

0 have the same image in Hn+1
G (X(C),Z/2). By a chase in the above diagram,

we deduce the existence of ζ ∈ Hn+1(X(C),Z) such that

NZ(ζ) = ωn+1
X + γ′

0 in Hn+1
G (X(C),Z)(8.3)

and

NZ(1)(ζ) = γ′
1 in Hn+1

G (X(C),Z(1)).(8.4)

It follows that ζ + σ(ζ) = (γ′
0)C and ζ − σ(ζ) = (γ′

1)C, hence 2ζ = (γ′
0)C + (γ′

1)C. In
particular, the class 2ζ has coniveau ≥ 2. By the last assumption of Theorem 8.10, we
conclude that ζ has coniveau ≥ 2. This implies, by (8.3), that ωn+1

X has coniveau ≥ 2.
By the equivalence in Proposition 8.4 (iii), one has Hn

nr(X(C),Z) = 0. We may therefore
apply [Ben17, Proposition 3.5 (ii)⇒(i)] (or rather its variant in semialgebraic cohomology
obtained by using the comparison theorem between semialgebraic cohomology and 2-adic
étale cohomology, see [BW20a, §1.1.1]) to deduce that ωn

X has coniveau ≥ 1 (there, the
hypothesis that CH0(XC) is supported in codimension ≥ 1 is only used through the
consequence that Hn

nr(X(C),Z) = 0, and the projectivity hypothesis is not used). Applying
Theorem 8.3 (ii)⇒(i) now shows that s(R(X)) ≤ 2n−1. �

Remarks 8.11. (i) The last assumption of Theorem 8.10 is satisfied if Hn+1(X(C),Z) =
N2Hn+1(X(C),Z). This stronger condition can, in turn, be ensured by verifying that XC

contains a smooth ample hyperplane section Y ⊂ XC such that all classes in Hn−1(Y (C),Z)
have coniveau ≥ 1. Indeed, the Gysin morphism Hn−1(Y (C),Z) → Hn+1(X(C),Z) is
surjective as a consequence of the weak Lefschetz theorem (either reduce to the case C = C

by the Lefschetz principle, or apply [BW20a, Proposition 1.14]). The coniveau hypothesis
on Y can then be verified by making use of Proposition 8.4.

(ii) When n = 3 and C = C, the torsion subgroup of Hn+1(X(C),Z)/N2Hn+1(X(C),Z)
measures the defect of the integral Hodge conjecture on XC: it coincides with the group
denoted Z4(XC) in [CTV12], as a consequence of the well-known fact that smooth proper
complex threefolds satisfy the rational Hodge conjecture.

Corollary 8.12. Let X be an irreducible smooth proper threefold over R with X(R) = ∅.
If XC is uniruled, then s(R(X)) ≤ 4.
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Proof. We check that the hypotheses of Theorem 8.10 are satisfied. Proposition 8.4 (i)⇒(iii)
shows that H3

nr(X(C),Q) = 0. By Remark 8.11 (ii) and by Voisin’s theorem [Voi06,
Theorem 2] according to which smooth proper uniruled complex threefolds satisfy the
integral Hodge conjecture, the quotient H4(X(C),Z)/N2H4(X(C),Z) is torsion-free if
C = C, and hence in general by the Lefschetz principle. �

Remarks 8.13. (i) The relation that is used (through Theorem 8.10) in the proof of
Corollary 8.12 is ω̄4 + ω̄2c̄1 + c̄2

1 + c̄2 = 0, valid for all smooth threefolds over R with no
real points (see Proposition 5.5 (iii)).

(ii) Let X be an irreducible smooth proper variety of dimension n ≥ 1 over R with
X(R) = ∅ such that XC is uniruled. We have seen in Corollaries 8.9 and 8.12 that
s(R(X)) ≤ 2n−1 if n is even or n = 3. This raises the question whether the same conclusion
may also hold for odd n ≥ 5. We do not know the answer. Combining Theorem 8.10 and
Proposition 8.4 (i)⇒(iii) shows that it would suffice to give a positive answer to the following
question.

Question 8.14. Let Y be a smooth projective uniruled variety of dimension n over C. Is
the quotient Hn+1(Y (C),Z)/N2Hn+1(Y (C),Z) torsion-free?

The group Hn+1(Y (C),Z)/N2Hn+1(Y (C),Z) can be checked to be a birational invariant
among smooth proper varieties (by applying resolution of singularities, the formula for the
cohomology of a blow-up [Voi02, Theorem 7.31] and the contravariant functoriality of the
coniveau filtration [AK07, Lemma 2.1] if C = C, and then in general by the Lefschetz
principle). As we have seen in the proof of Corollary 8.12, Question 8.14 has a positive
answer for n ≤ 3, by Voisin’s work. When n ≥ 4, Question 8.14 is open even under the
stronger assumption that Y is rationally connected. When Y is rationally connected, it is
also not known whether the group appearing in Question 8.14 can be nontrivial.

8.3.4. Conic bundles. As a first step towards the question raised in Remark 8.13 (ii), we
give, in the next theorem, a positive answer to it in the special case of conic bundles over
an arbitrary base. Following the suggestion contained in this remark, it would be possible
to establish Theorem 8.15 by giving a positive answer to Question 8.14 when Y has a conic
bundle structure, thus exploiting the full force of Theorems 8.7 and 8.10. We have opted
to give a different, much more direct proof below.

Theorem 8.15. Let f : X → B be a morphism of irreducible smooth proper varieties
over R whose generic fiber is a conic. Assume that n := dim(X) ≥ 2 and that X(R) = ∅.
Then s(R(X)) ≤ 2n−1.

Proof. If n = 2, the result follows from Corollary 8.9. We henceforth assume that n ≥ 3.
Let U ⊂ B be a dense affine open subset over which f is smooth. Let fU : XU → U be
the restriction of f over U . One computes that (fU )∗Z(n) = Z(n), that R2(fU )∗Z(n) =
Z(n− 1), and that Ri(fU )∗Z(n) = 0 for all other values of i. The Leray spectral sequence
for fU therefore induces an exact sequence

(8.5) Hn−3
G (U(C),Z(n − 1))

χ−→ Hn
G(U(C),Z(n))

f∗
U−→ Hn

G(XU (C),Z(n)),
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where χ is a differential on page 3 of the spectral sequence. Consider the composition

(8.6) Hn
G(U(C),Z(n)) ∼−→ Hn

G(U(R),Z(n)) =
⊕

i even

H i(U(R),Z/2)

of the restriction map, which is an isomorphism as U is affine and n > dim(U) (see [BW20a,
Lemma 1.16]), with the canonical decomposition of [BW20a, (1.31)]. It follows from [Sch95,
Theorem 2.1] that H i(U(R),Z/2) has coniveau ≥ 1 when i ≥ 1 (see also the proof of [vH00,
Lemma 1.2 (i)] for a more direct argument). Thus, after shrinking U , we may assume that
the images of ωn

U and χ(ωn−3
U ) in

⊕
i even H i(U(R),Z/2) both belong to the summand

H0(U(R),Z/2).
We claim that these two images are equal. To verify this, we need only check that their

restrictions to any x ∈ U(R) are equal. The analogue of the exact sequence (8.5) obtained
after restriction to x reads

(8.7) Hn−3(G,Z(n − 1))
χx−→ Hn(G,Z(n))→ Hn

G(Xx(C),Z(n)) = 0,

where Xx = f−1(x) and where the group on the right vanishes because Xx(R) = ∅

and n ≥ 3. As ωn−3 and ωn are generators of Hn−3(G,Z(n − 1)) and Hn(G,Z(n)) ≃ Z/2
respectively, we deduce from the exactness of (8.7) that ωn = χx(ωn−3), as desired.

As (8.6) is an isomorphism, we deduce, from the claim, that ωn
U = χ(ωn−3

U ), and it then
follows from (8.5) that ωn

XU
= f∗

U(ωn
U ) = 0. Consequently, the class ωn

X has coniveau ≥ 1

and Theorem 8.3 (ii)⇒(i) implies that s(R(X)) ≤ 2n−1. �

Remark 8.16. The proofs of Theorems 8.7, 8.10 and 8.15 rely on an analysis of the
coniveau of classes of the form ωe. It should be interesting to investigate such questions
in a systematic manner, extending the study of the vanishing of the ωe undertaken in §5.4
and Section 6.

8.3.5. Highest known levels. To put the results of §8.3 into perspective, it is natural to
look for irreducible varieties X over R with X(R) = ∅ and s(R(X)) as large as possible.
Pfister showed in [Pfi65, Satz 5] that if Q is the real anisotropic quadric of dimension n,
then s(R(Q)) is the largest power of 2 less than or equal to n+1. This already demonstrates
that there is no upper bound for levels of function fields of real algebraic varieties with no
real points. One can do slightly better:

Proposition 8.17. For every n ≥ 1, there exists an irreducible variety X over R of
dimension n such that s(R(X)) is the largest power of 2 less than or equal to n+ 2.

Proof. Starting from f(x0, x1) ∈ R(x0, x1) which is a sum of 4 but not 3 squares in R(x0, x1)
(e.g. the Motzkin polynomial, see [CEP71], or, when R = R, the polynomials from [CT93]),
let X denote the affine variety with equation f(x0, x1) + x2

2 + · · ·+ x2
n = 0. It follows from

[Lam80, Chapter IX, Corollary 2.3 (applied n − 2 times) and Chapter XI, Theorem 2.7]
that s(R(X)) is the largest power of 2 less than or equal to n+ 2. �

This falls a long way short of answering Question 8.2. The following observation
suggests a positive answer to it for n = 3. Fix d ≥ 6 such that d ≡ 2 mod 4.
Let X ⊂ P4

R be a very general degree d hypersurface with X(R) = ∅. The equality
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s(R(X)) = 8 would result if one knew that the group CH1(X) is generated by the
class of a plane section of X (a question briefly discussed in [BW20b, Question 9.12]).
Indeed, if s(R(X)) ≤ 4, applying Theorem 8.3 and [Ben17, Proposition 3.5 (i)⇒(ii)] would
imply that ω4

X has coniveau ≥ 2, i.e. that ω4
X belongs to the image of the cycle class

map CH1(X) → H4
G(X(C),Z(2)) = H4

G(X(C),Z(4)). However, by computing this group
explicitly, one can verify that ω4

X is not a multiple of the cycle class of a plane section.

8.4. Application to Hilbert’s 17th problem. Let f ∈ R[x1, . . . , xn] be a nonnegative
polynomial, i.e. a polynomial that only takes nonnegative values on Rn. By Artin’s
solution [Art27, Satz 4] to Hilbert’s 17th problem, one can write f as a sum of squares in
R(x1, . . . , xn). Pfister obtained in [Pfi67, Theorem 1] a quantitative refinement of Artin’s
result: the rational function f is a sum of 2n squares in R(x1, . . . , xn). One may ask, as
Pfister did in [Pfi71, Problem 1], whether this bound is optimal.

Question 8.18. For n ≥ 1, does there exist a nonnegative f ∈ R[x1, . . . , xn] that is not a
sum of 2n − 1 squares in R(x1, . . . , xn)?

A positive answer to Question 8.18 would yield a positive answer to Question 8.2
(choose X with function field R

(
x1, . . . , xn,

√−f
)

and apply [Lam80, Chapter XI, Theo-
rem 2.7]). One may therefore view the former as a concrete motivation to study the latter.
Conversely, studying the level of real function fields provides insights into Question 8.18.
This point of view was used in [Ben17] to show that low degree polynomials cannot be
used to answer Question 8.18 positively:

Theorem 8.19 ([Ben17, Theorem 0.1]). Let n ≥ 1. Let f ∈ R[x1, . . . , xn] be nonnegative
of degree d. If either

(i) d ≤ 2n− 2, or
(ii) d = 2n and either n is even, or n = 3, or n = 5,

then f is a sum of 2n − 1 squares in R(x1, . . . , xn).

Remark 8.20. It was pointed out to us by David Leep that case (i) of Theorem 8.19 could
also be deduced from the more elementary methods of [Lee09, BL11].

The proof of Theorem 8.19 given in [Ben17] relies, among other tools, on substantial
cohomological computations on double covers of projective space (see [Ben17, §4]). One of
our motivations for writing the present article was to replace these concrete computations
by more conceptual arguments (allowing, for instance, to replace Pn

R by other real algebraic
varieties). To illustrate this point of view, we now show how to use Theorems 8.7 and 8.10
to significantly improve the required number of squares, at the expense of a slightly stronger
hypothesis on the degree.

Theorem 8.21. Let n ≥ 1. Let f ∈ R[x1, . . . , xn] be nonnegative of degree d. If either

(i) d ≤ n− 1, or
(ii) d = n = 4 or d = n = 6,

then f is a sum of 2n−1 squares in R(x1, . . . , xn).
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Proof. We may assume that d ≥ 2 (so that n ≥ 3). Let F ∈ R[X0, . . . ,Xn] be the
homogenization of f . The exact same specialization argument as in [Ben17, §6B] allows
us to assume that the zero locus X ⊂ Pn

R of F is smooth. The nonnegativity of f then
implies that X(R) = ∅. That d ≤ n implies that XC is Fano, hence uniruled (see [Deb01,
Theorem 3.4]).

We claim that s(R(X)) ≤ 2n−2. If n is odd, this follows from Corollary 8.9. If n is even,
this will be a consequence of Theorem 8.10 and Proposition 8.4 (i)⇒(iii) once we have
verified that Hn(X(C),Z) has coniveau ≥ 2. If d ≤ n − 1, a general hyperplane section
of XC is again Fano, hence uniruled, and we can apply Remark 8.11 (i). If d = n = 4,
the class of a line on the smooth quartic threefold XC generates H4(X(C),Z) and has
coniveau ≥ 2. If d = n = 6, we apply Lemma 8.22 below with Y = XC .

If K is a field of characteristic not 2, we let {x} ∈ H1(K,Z/2) ≃ K∗/(K∗)2 denote
the class of x ∈ K∗. Consider α := {f} ⌣ {−1}n−1 ∈ Hn(R(x1, . . . , xn),Z/2). The
residue of α along the divisor X ⊂ Pn

R is equal to {−1}n−1 ∈ Hn−1(R(X),Z/2) (see
[CTO89, Proposition 1.3]) and hence vanishes, by Theorem 8.3 (i)⇒(iii) (noting that {−1}
corresponds to ω̄ by the comparison theorem between étale and G-equivariant semi-
algebraic cohomology [Sch94, Corollary 15.3.1]). It follows that the class α is an unramified
cohomology class. As unramified cohomology is a stable birational invariant [CTO89,
Proposition 1.2], there exists β ∈ Hn(R,Z/2) such that α is induced by β.

Fix a real closed extension R′ of R(x1, . . . , xn). Artin has shown in [Art27, Satz 4]
that f is a sum of squares in R(x1, . . . , xn), hence a square in R′. The image of α
in Hn(R′,Z/2), which is also the image of β in Hn(R′,Z/2), therefore vanishes. As
the natural morphism Hn(R,Z/2) → Hn(R′,Z/2) is an isomorphism (both groups are
isomorphic to Z/2 with {−1}n as a generator), the class β vanishes. Hence α = 0, which,
as a consequence of the Milnor conjecture proved by Voevodsky, is equivalent to f being a
sum of 2n−1 squares in R(x1, . . . , xn) (see [Ben20, Proposition 2.1]). �

The proof of the next lemma was explained to us by Claire Voisin. It appears in the
similar setting of double covers of projective spaces in [Ben17, §5].

Lemma 8.22. Let Y ⊂ P6
C be a smooth hypersurface of degree 6. Then all classes in

H6(Y (C),Z) have coniveau ≥ 2.

Proof. Arguing as in [Ben17, Lemmas 5.4 and 5.5], we may assume that C = C and that Y
is general. Then the Fano variety V of lines on Y is smooth of dimension 3 by [BVdV79, §3].
Let I ⊂ Y ×V be the incidence variety and let q : I → Y and p : I → V be the projections.
We claim that there exists ζ ∈ H4(V (C),Z) such that q∗p

∗ζ ∈ H6(Y (C),Z) is a generator.
As ζ vanishes on any affine open subset of V for dimension reasons, it has coniveau ≥ 1,
so q∗p

∗ζ has coniveau ≥ 2, which concludes the proof of the lemma, assuming the claim.
To verify the claim, we let Y degenerate to a smooth hypersurface Y0 ⊂ P6

C containing
a plane Λ ⊂ P6

C. Let P1
C ≃ Z0 ⊂ V0 be a pencil of lines in Λ, where V0 denotes the Fano

variety of lines on Y0. A direct computation shows that if Y0 is general, then V0 is smooth
of dimension 3 along Z0. It follows that the homology class [Z0] ∈ H2(V0(C),Z) deforms to
a class in H2(V (C),Z), and we let ζ denote its image by the Poincaré duality isomorphism
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H2(V (C),Z) ≃ H4(V (C),Z). (See [Ben17, §5C] for details of the argument in the closely
related case of double covers of projective spaces.) �

It would be desirable to extend Theorem 8.21 to all values of (d, n) with d ≤ n
and (d, n) 6= (2, 2). In view of the proof of Theorem 8.21, it would suffice to give a
positive answer to Question 8.14 when Y ⊂ Pn

C is a smooth hypersurface of degree n,
whenever n ≥ 4 is even. This case of Question 8.14 is very similar to [Ben17, Question 5.1].
As we have seen, it admits an affirmative answer for n = 4 and n = 6.
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