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1 Introduction

Let (S,,n > 0) be a simple nearest-neighbor symmetric random walk on Z¢ starting from 0
defined on the probability space (2, F, IP). We consider (g(k,z),k > 1,z € Z%) a sequence
of i.i.d. gaussian variables N'(0,1) defined on the probability space (29, G, P), independent
of (Sp,m > 0). Fix 8 > 0 (which is often interpreted as the inverse of temperature). Define

Zn = Zn(B) def]EeXp( Zng )

where here and in the sequel, IP, denotes the law of the random walk S starting from =,
and IF, is the expectation under IP,, IF = IF, and IP = IP,. When we write P or E, we
take the expectation with respect to the environment g. Let P = P ® IP be the annealed
probability measure and let [E be the expectation under P.

We are interested in the Gibbs path-measure (-)(™ which is defined on ,, = {7 : [1,n] —
72, |k — Yi—1| = 1} as follows: for f:Q, — R,

1

(n)def 2

E ( F(S)ePTin g(k,sw) .

This model of a length n directed polymer in a random environment is due to Imbrie and
Spencer [15]. The limit case 5 = 0 corresponds to the usual random walk case, whereas the
case 3 = oo corresponds to the directed first-passage site percolation problem, see Johansson
[16] and [17].

Following the pioneer work of Imbrie and Spencer [15], the situation in high dimension
(d > 3) is well understood for small 5 > 0. In particular, it has been shown that (S,,) is
diffusive under (-)(™:

Theorem A (Imbrie and Spencer [15], Bolthausen [2], Sinai [24], Albeverio and
Zhou [1], Kifer [19]). Let d > 3 and 0 < 3 < [y be sufficiently small. Then

2\ (n)
n

and there exists some positive 1.v. Z(3) > 0 such that

The above theorem holds in fact for a large class of random walks S and random envi-
ronments ¢, and we refer to the above mentioned references for deeper studies of (-)(™ such
as the convergence in terms of processes and the speed of convergence (see also Conlon and
Olsen [7] and Coyle [8] for a continuous version). Let us mention that the (strict) positivity
of the limit variable Z(3) guarantees that (S,) cannot be subdiffusive.
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However, in dimensions d = 1, 2, very little is known. It was conjectured (cf. Imbrie
[14]) that
E(S,A™ =< n¥3  d=1.

So far, this conjecture remains open. This paper is devoted to the study of the asymptotic
behavior of the partition function Z,, which naturally plays a key role in the study of the
polymer. Let (G,,n > 1) be the filtration defined by

Go ™ o{g(k,x),2 € 201 < k < n}.

It is elementary to check that the process (Z,(0) o Zn(ﬁ)e’§”) is a (P,G,) positive
martingale. Hence Z,(3) — Zso(3) > 0, a.s. by the martingale convergence theorem. In
contrast with Theorem A, when d = 1,2, the limit variable Zx,(ﬁ) vanishes almost surely,
even when (3 is small:

Theorem 1.1 When d =1 or d = 2, we have for all 5 > 0,

Zy(B)e" 2™ — 0, a.s..

Or equivalently, we have

Z(ﬂ(s,gzs,% >;n) = 00, a.s.,
1
where S' and S are two independent configurations under (-)S".

It turns out that the behavior of the partition function Z,(3) is strongly related to the
“correlation” function (I(g1_g2 ))g"):
n) def 1 T (g(i,81)+9(3,52))
() de _ZE[H(SIZSQ)eﬁzl(g(, 1)+9(i,5: ]
Z3(P) e

where S! and S? denote two independent copies of S under JE and the subscript 2 indicates
that we are considering two 1ndependent conﬁ%urations We have obtained a stronger result
which implies that the correlation ( does not converge to 0:

(Lsp=s2)

?

Theorem 1.2 Ford =1 or d = 2 and for all 8 > 0, there exists some small constant
0 < cy=co(d,3) <1 such that

N
.. 21 ]l{<]l(s}1:sr2l)>§n)200}
lim inf ~ o) > ¢, a.s.. (1.1)
Mmoo 30 (Misp=s3))2
Consequently,
limsup(]l(g}b:kggﬁén) > ¢, a.s., (1.2)
lim sup max(]l(sn:x)>(”) >, a.s.. (1.3)

n—oo TEZY



Remark 1.3 It is known that in the diffusive case (for d > 3 and small f > 0, cf. the

forthcoming Theorem 1.5), (H(S}L:S%ﬁgn)

equal to 0.

is of order n=%2, hence the last two limsup are

The above Theorem 1.1 shows in particular that in the low-dimensional cases the median
of Z, is much smaller than its expectation. To understand this phenomenon, consider

pel9) 28108 7,(5)).

Combining a subadditivity argument and the Gaussian concentration inequality, we obtain:

Proposition 1.4 For all d > 1,3 > 0, there exists some constant p(3) = p(5,d) > 0 such
that

lim p,(9) = p(6) = supp,(9) < 2 A (3/2105(20)). (1.4

n—00 n>1
The function p(-) is convex nondecreasing. For any u > 0, we have
P(| 108 2,(8) — pu(8)] > 1) < exp (= 2) (15)
—lo — e - —). .
Consequently,
1
lim —log Z,(5) = p(B), a.s..

n—oo M

We have also obtained a lower tail of the partition function in the high dimensional case
(d > 3). Consider S* and S? two independent copies of S, and define

def

qd:ﬂ?<3nz1:s;:s§)<1, d>3, (1.6)

(qa < 1 thanks to the transience of the random walk S' — S?). We learned from Talagrand
[26] how to obtain the following result:

Theorem 1.5 Let d > 3. For all 0 < B < \/log(1/qq), there exists some constant C, =
C1(6,d) > 1 such that for all uw > 0



Remark 1.6 Sinai (/24], page 175, formula (1)) computed the value of By in Theorem A for
general random environments. In the Gaussian environment case, we find By = \/log(1/qa).
It remains an open question to find the critical B for which the conclusion of Theorem A

holds.

The above result has an independent interest in the understanding of the directed poly-
mers problem in high dimensional case. For instance, Theorem 1.5 yields that the limit
variable Z,, in Theorem A admits all negative (and positive) moments: this answers a
question raised in [9].

Although in this paper, we shall exclusively deal with the simple random walk S, and it
is not difficult to extend the above results to a general random walk. It is also noteworthy
that Theorem 1.1 holds for a large class of random environments, see Remark 5.2. We shall
not discuss the exponents related to the mean displacement and to the variance of log Z,,(/3),
see Piza [21]; these directions are explored in the paper [3].

We close this introduction by mentioning a nice result obtained by Khanin et al. [18]:
Considering a model of polymer with Hamiltonian >, _, g(Sy) instead of >_7_, g(k, Si), they
showed the effect of “traps” and that the model is not diffusive.

The rest of this paper is organized as follows:

e Section 2 is devoted to some Gaussian inequalities.
e Proposition 1.4 is proven in Section 3 by virtue of a subadditivity argument.
e In Section 4, we use Talagrand [25]’s method to obtain Theorem 1.5.

e Theorem 1.1 is proven in Section 5 by using a martingale argument and a time-reversal
technique.

e In Section 6, we prove Theorem 1.2 by induction on the Gibbs measure (-)™.

e In Section 7, we express the thermodynamic quantity p/,(3) in terms of a global cor-
rection where the gaussian character of the environments play a key role.

During the preparation of this paper, we have been much inspired from Talagrand’s works
on spin glasses ([25], [26]). Furthermore, we would like to stress the fact that while in spin
glasses the correlation of independent configurations is influenced by the exchangeability of
the individuals spins, in the directed polymer model it is influenced by the Markov property
of the underlying random walk.

Throughout the whole paper, we write f(x) =< g(x) when * — zq € [0,00] if 0 <
liminf, ., f(z)/g9(z) < limsup,_,, f(z)/g(x) < co. The notations S* and S? means two
independent copies of S under I, or under (-). And (C; = C;(d,3) > 0,2 < j < 12)
denote some positive constants.
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2 Preliminaries

We shall need some exponential inequalities. The first one deals with a gaussian family:

Lemma 2.1 Let Y be some countable set and (g(x),z € Y) be a family of jointly gaussian
centered random wvariables, with common variance o® > 0 (let us stress the fact that the
random variables (g(z),x € YT) are not assumed independent). Assume that (a(x),z € T)
are nonnegative real numbers such that Y a(x) = 1. For any finite subset © C T and
for ¢, >0 and A(z) € R, we have

) ef Tco N@)g()

B () ¢

Proof: Of course, we may assume that ¢ = 1. Using the relation:

- ! —ux
r 1= e "“du, x>0,
o I'(9)

together with Jensen’s inequality, we get
B X aco M)9(@) ) 00 4,01
E ( = / dulE exp <ﬁ AMz)g(x) —u a(y)eﬁg(y)>
(Xper a(x)efo@)e o T'(9) Z zy:
1

€O
[ T
0 F(Q)
-1

= /OOO ?Zq) du exp < - uzy:a(y)eﬁg/2>

_ 6—52q/27

5202 2,2

E2 G+ pco M)

v

du exp <]E(ﬂ Z AMz)g(z) —u Z 04(3/)6%(?4)))

€O




proving the lower bound. To derive the upper bound, we make use of the convexity of the
function z — 7%

IN

eBXrco M@)g(x)
E((Zyga<y>eﬁg<y>>"> Do (s Z(f o) =)
= Y aly) eXP( E(Y A@)g(@) — ag(y))?).

Y €O

Now, we observe that

Z)\ x) —qg(y ))2 = QQ—Q(JZ)\(ib)EQ Z AMz1)AN(x2)Eg(21)g(22)

T€EO €O r1,r2€0
< (g+ Y @)
€O
since E(g(z1)g(x2)) < 1. The upper bound follows. [ |

In the rest of this section, we assume that (g(z),r € Z¢) are independent.

Lemma 2.2 Let {g(z),r € Z%} be a sequence of i.i.d. standard gaussian variables and let
a(z) > 0 be nonnegative numbers such that > a(x) = 1. For all 3 > 0, we have

_ _ o
! Zoz ) < Elog (Z (x)eﬁg(“)’mﬂ) < —% Zoﬁ(m).

Fiz v € (0,1). We have

A= - 1) Za (Z a(az)eﬁg(””)‘m/?)’y—l < el 7)<21 — ) PR E)

T

Finally, for any C* function ¢ : (0,00) — R such that ¢(1) = 0 and |¢"(z)| < cpq(x? + 279)
for some constants p,q > 0, there exists a constant cg, 4 > 0 such that

E¢( Z a($)€ﬁg(x)—ﬁ2/2> < Copa Z 042(1‘)

x

Proof: Let {B,(t),t > 0},¢za be a family of independent one-dimensional Brownian motions
starting from 0. Define



Notice that X (1) = v S a(x)eP9@)=5/2 - Applying 1to’s formula
e2ﬂBz(t)ﬁ2t>

Elog X(1) = —%22042(3:)/ th(XQ—@

0

ezﬁﬁ 9(x) )

52 ) 1
= -5 PR E) /0 th((Zy&(y)eﬂﬂg(y))2

T

< —%2 Y o’(x) /ldte‘ﬁgt

z 0

implying the upper bound by means of the lower bound of Lemma 2.1. The lower bound
follows in the same way by using the upper bound of Lemma 2.1. To deal with X (1)7, we
apply again It6’s formula and obtain

_ e2BBa(t)— B2t
7 = W_l (_>
E(X(l) ) —1+ " Za o=
Using Lemma 2.1 with ¢ = 2 — v, 0 = v/t, we obtain

e Pt < E(

626B1'(t)_62t ,92"/15 eQBBl'(t)
_ JE(
X(t)> ) ‘ (2, a(x)efBe)2

From this, the desired estimates follow. It remains to show the last assertion. By assumption
and using successively Cauchy-Schwarz’s inequality and Lemma 2.1, we have

Eo(X(1) = %2 /1 dtZOz2(:(:)]E(¢”(X(t))6253x(t)—ﬁ2t>
< %2/ dtZoz cpq< X2p(t)—|—X_2q(t))>l/2 (Eewa(t)—zﬁ?t)
< Cﬁ,pﬂZOz :13

completing the whole proof. [ |

) < PHUEA=/2 < (85t

1/2

With the same assumptions on (g(x)) and (a(x)) as in Lemma 2.2, we shall estimate

eP 9(z1)+89(z2)
E , 21, 29 € Z°. (2.1)

(%, afa)esa]”

def

L =

Before giving a more accurate estimate on [; than Lemma 2.1, we want to stress the fact
that there exist some situations when I; < 1. For instance, when «(z1) = a(z2) = 1/2 and

2 F 2, I = (cosh (ﬂ./\f/\/_))



Lemma 2.3 Let {g(z),z € Z%} be a sequence of i.i.d. standard gaussian variables and
a(z) > 0 are nonnegative numbers such that Y _o(x) = 1. When z # 22, we have

IS 130 P) o) +a() + (6 §:a

Lo 1—§<e9ﬁ2—1><a<zl>+a<z2>>+§<1—eW)Za%x)

When z1 = z9, we have

2 8 2 2
B _ 91 3672 166
L < e (1 3(1 e )a(21)+ 5 o? >
I >eﬁ(y—ﬁéﬁ_na@g+§a—ewﬁE:&@».
- 9 2 -

Proof: Keeping the notations X () and (B,(t)) introduced in the proof of the previous
lemma. For z; # 25, we define

XY exp (5(le (t) + B.,(t)) — ﬁ%), t>0.

Observe that

X(1) L X (1)
I = E( ) —1+E ( )
e T / )
Furthermore, 1t6’s formula gives

d(%) _ 2?;3( ()) (a(zl)eﬁle(t)fﬁth + a(@)eﬁBzQ(t)fﬁQt/?) dt

+3€§4(t()t) zx: a2 () 2B ﬁtdt+1m

where “l.m.” denotes the local martingale part which in this case is a true martingale. Using
the scaling property of the Brownian motion, we have for example

. 3Bz ()—B2t/2 )N((t) eﬁ\/i(2g(21)+9(22))
( X3(1) ) N ((Zm a(x)ezmgm)?’)

which in view of Lemma 2.1 lives in [e=3%%/2 ¢!8*!] Similarly,

o—28% < ]E(X(t) e2ﬂBI(t)752t> < 525%
X4(t)



From these, the estimates on I; follow.
When z; = 25, we put
XY exp (25321( ) — 25215), t>0,
52((1)) The rest of the proof can
be done in the same way as above, and the details are omitted. [ |

so that X remains a martingale. Notice that I, = e’ E(

We end this section by a simple observation on the positive moments of Z,,:

Lemma 2.4 Let m > 1, we have
m _ 2 i Qj mmn
E(2:(89)) = Eexp (6 2 s =9+ ).

where (S°,1 < i < m) denote m independent copies of the random walk S and L,(S* —
5 def n
)= 2k Wigi—sh)-

Remark 2.5 In the recurrent case (d =1 or d = 2), M satisfies a large deviation
principle with speed function n and rate function ¥4(-) > 0 (see Gantert and Zeitouni [12]).
According to Varadhan’s lemma, we have that for all 3 > 0

E(Z2(9))
(EZ.(8))°
with Yj(\) = sup,> (Ar — Ya(x)).

= Bexp (FPLa(S' = 59)) = exp (n(@i(F) +o(1)),  n—oo,  (22)

Proof of Lemma 2.4. Consider S?, ..., S™ m independent copies of the random walk S.
We have

n m
i=1 j=1

Now, it suffices to remark that for g(z) = g(i,z),z € Z¢, and for any z1, ..., z,, € Z%, we

have
Eexp (ﬂZg (x;) — —ﬁ2> = exp <ﬁ2 Z T(p=2)) )

1<i<j<m

In fact, this formula is obvious by computing the variance of > " g(z;): Var(}_)" g(z;)) =
D oi<ij<m E(Q(%)Q(%)) =m+2 1 cicicm Wa=ay)- u
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3 A subadditivity argument

For the sake of readability, we shall omit in the next sections the dependence of Z, on (5.
We shall need to consider varying starting points, and therefore we introduce the notations:

Zn(x) = Zn(z39) el Xi oS, r € 7% (3.1)
Zo(2,y) = Zu(z,yi9) = B, (ll(sn:y)eﬁ Z?g“ﬂsk)), z,y € Z° (3.2)

where IF, means that the random walk S starts from = (So Z,, = Z,(0) according to the
above notation). We have the following simple consequence of the Markov property:

Lemma 3.1 For alln,m > 1,

Znim(®) = > Znl(2,459) Zm(y; 0n9)

yezd

= Zu(;9) Y (Misum)) "™ Zn(yi Ong), @,y € Z%. (3.3)

Y

where (1(g, —y)) " o ngfxﬁ) and (0,,) denotes the shift operator: 0,9(k,z) = g(n+ k,z) for
all k,n,z.

We prove in this section Proposition 1.4 by using a subadditivity argument.

Proof of Proposition 1.4: Applying Lemma 3.1 with the starting point x = 0, we have

E(loanJrk(O)) = (10g2 Sn=y) ”)Zk(y,9n9)>+E<loan(O))

v

EZ( )" log Zi(y; 9n9)> +E<1og Zn(0)>
=2 E<<11(Sn=y>>(")> E(log Zi(y; 9n9)> - E(log Zn(()))

— E(log Zk(O)) + E(log Zn(U)),

where the inequality is due to the concavity of the function log and the second equality
follows from the fact that Zy(y;6,g) only depends on {g(k + n,z),k > 1,z € Z%}, hence is
independent of <]1(sn=x)>(")- This superadditivity implies that

def

lim p,(3) = supp,(8) = p(B).

n—0o0 n>1

Thanks to Jensen’s inequality, the function (€ R, ) — p, () is convex and nondecreas-
ing, hence the same is for p(-) (see also Lemma 7.1 for an expression of p (3)). The rest of

11



the proof of Proposition 1.4 can be completed by applying Talagrand’s method ([26]). In
fact, define F': R™ — R by (m =n(2n + 1)):

ef 1 n, .
F(z) W Jog Be? Lot Xi #ialisi=) 7= (2,1 <i<nxcZ|z|<n).
n
By the Cauchy-Schwarz inequality;,

‘ Z Z Zi,z]l(si:;r) - Z Z Zz{,x]l(Si:a:)

Hence F' is a Lipschitz function:

<n? (SN - 47)

F(a") — F(22)| < “ja* — 22).

Jn

Since Z,(8) = F(g) (g = (g(i,2),1 <i < n,x € Z% |z| < n)), the estimate (1.5) exactly
follows from the Gaussian concentration inequality for the Lipschitz function of a gaussian
vector (cf. [13]).

It remains to establish the inequality in (1.4). Observe that by Jensen’s inequality

Pa(B) = L Elog Zn(B) < 1 logEZ,(3) = i
n n 9
Differentiating with respect to 3, we get
1 [ E(Hulg S)e )\
Pu(B) = B 7.5 - HE<<H"(9’ 5)>(n)>’ (3.4)

with H,(g,S) o Yoy g(i,S;). We bound H,(g, S) by max,eq, H(g,7), and obtain
A(B) < =B max 220

1
< —+/2log(2d)"

=
= +/2log(2d),

where in the second inequality we have used the following fact: Let (g(i),i > 1) be any
sequence of NV(0,1) gaussian variables. Then

E max ¢(i) < y/2logm, Vm > 1, (3.5)

1<i<m

see e.g. Talagrand [26]. This implies that p,(5) < (y/2log(2d), and ends the proof of
Proposition 1.4. [ |
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4 Talagrand’s method: Proof of Theorem 1.5

We follow exactly the same method presented by Talagrand [25] and [26]. Although the
following result can be found in [26], we include its proof for the sake of completeness.

Lemma 4.1 Let g be a R™-valued, centered gaussian vector N (0,1dy,) with covariance
matriz Idm, = (Li=j))1<ij<m. For any measurable set A C R™, if

P<g€A>2p>0,

then for any u > 0

P(d(g,A) > u+ 210g(1/p)> < exp ( — u;),

where d(z,y) = Voo (x — yi)? for & = (2:)1<i<m € R™ and y = (y;)1<i<m € R™.

Proof: The application  — d(z, A) is a Lipschitz function with coefficient 1. According to
the concentration inequality for Gaussian measure, we have that for any u > 0,

P(‘d(g, A) - Ed(g, A)‘ > u) < e,

If u < Ed(g, A), we have
p< ]P’(g € A) < P(‘d(g,A) _ Ed(g,A)) > u) < e

which implies that

Ed(g, A) < /2log(1/p).

The desired conclusion follows. [ |

Proof of Theorem 1.5: Let d > 3 and 0 < 8 < +/log(1/qs). Recall that L,(S' —

§2) ¢ > iy Wig1_g2y. Since the random walk S' — S? is transient, Lo, (S" — S?) is finite and
has geometric distribution:

JP(LOO(sl ~ 5% > k:) g k>,
where g4 < 1 is defined by (1.6). This together with Lemma 2.4 imply that

EZ?
—= = EeP (=57 < e L(8"=5%) — (0, < oo,
(2,)

13



Applying Paley-Zygmund’ inequality, we obtain:

1(EZ>2 1

> .
—4 EZ2 T 40,

1
P(Z > SEZ, )

We claim that there exists some constant C5 > 1 such that for every n > 1,
1

P(2.> %EZn; (Lo(S' — )8 < C3) > o (4.1)

where the notation <>;n) means that we have two independent configurations S and S?:

(Lo(ST — §2)5 = ﬁJEsl 52 (L (S' - SQ)eﬁZ?<g<i753>+g<i75?>>).

To prove (4.1), we observe that

|
P(Z, = 5EZy (La(S" = $9)" < G
]. 1 - Q2
> P(Z SEZ; By s [Lo(S' — §)e! ZI00S10050) < %(EZn)Q)
1 2\ B0 6GSH+90,52)) « &3 2
> P(Zn > 2E2n> +P<IE51752[L”(S - )T ) < Dmg,) ) 1
]. 1 2 C
> - _ o 2\ BT (905 +9GSIN < 23
> 16 P<ESS[L(S S%)e ]>4(EZ>)
]. 4 2 1 2
> — — — (L 2)ef Ln(S57=57) 4.2
=40, 03((5 5%)e ) (4.2)

where in the last inequality, we have used Chebychev’s inequality and
E(]Esl g2 (L (St — §2)ef 219U, 5}>+9(J?5?)))> — (EZ,)? E(Ln(Sl _ 52)652%(31-52))

Notice that
B(Ly(S' = 52)e# 0550 ) < B (Lo = 52)e™ 255 < o0,

Therefore if Cj is large enough, then (4.1) holds. Fix such a constant C3 and let

e : : 1
AL {a = (a(i,2),i 2 L& € Z, |2 < n) : Zu(a) 2 5EZy; (La(S" = S < 03}
where (L,(S' = $))) = A= Ea 52( n(Sl—52)65Z?(a(iﬁ})—s—a(i,&?))) and Z,(a) is the cor-
responding renormahzatlon constant We have proven that for the gaussian vector g =
(9(i,2),i > 1,x € Z% |2] < n)
1
P(gcA)= >0
g c

14



Taking the distance d(z,z’) \/ oial 2 Zig — 7 2 ,)?. Applying Lemma 4.1, we obtain that

2

P(d(g,A) > u+ C'4> < exp ( - %), Yu >0, (4.3)

with Cy = /2logC3 > 0. For any a’ € A, we have
Zn(a) = Eseﬂ Z?(a(irsi)fa/(ivsi))eﬂ Z;L a/(ivsi)
_ Zn (a/) <€ﬁ Z?(a(ivsi)_a/(i7si))>a/

> 2,060) exp (B3 (ali. 8) — o6 5w,

1

by Jensen’s inequality and where (-), indicates that we consider the Gibbs measure under
a’ (the dependence on n being omitted). Observe that

n

(> _(ali, Si)—a Jar| = IZZ a(i, x)—a'(i,2)) (Us,—o))w| < d(a,a")y/(La(S* = 52))a,

1

by Cauchy-Schwarz inequality. Recall that for a’ € A, (L,(S* — 5?))a < C3, then we obtain
that for a8’ € A and any a, we have

log Z,(a) > log Z,(a") — \/C3d(a,a’) > logEZ, —log2 — \/Csd(a,a’).

This together with (4.3) implies that for any u > 0, the following event holds with probability
larger than 1 — e v/,

log Z,(g) > logEZ, —log2 — \/C3d(g,A) > logEZ, —log2 — \/Cs(u + Cy),

which yields Theorem 1.5. [ |

5 Proof of Theorem 1.1

We adopt the following notation:
2 2

Zo(x) = Zo(219) = By exp (629(@} Si) — %n> = Zu(z;9)e” 7", weZl
1

It follows from the independence of the vector (g(k,z),z € Z%).>;, that the process n —
Zn(x; g) is a positive (G, )-martingale, hence we can define Z(z; g) as the almost sure limit
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of Z,(x;g). The zero-one law (cf. [2]) says that P(Z,o(:p;g) = 0) = 0 or 1. Since the

sequence (Z,(x;g),n > 1) is strictly stationary on x € Z% we can consider any arbitrary
starting point x. The following result follows from a martingale argument:

Proposition 5.1 The following three assertions are equivalent:

Zoo(zy39) > 0, a.s.; (5.1)
Zn(wg) — Zo(r:9),  in LY (5.2)
Z(]l(sglzsgﬂgn) < o0, a.s. (5.3)

1

Finally, if Zoo(x;g) > 0 a.s., then there exists some constant Cs > 0 such that for any
x € Z% v < 2 and any deterministic sequence a(y) > 0 such that >, aly) =1, we have

Z% (w3 9)

E - —
(Zy (Y) Zoo(y; g))

> C5 4772 (5.4)

Proof: We shall prove (5.1) <= (5.2) and (5.1) <= (5.3). Obviously, (5.2) implies that
P(Zso (25 g) > 0) > 0 hence (5.1) by the zero-one law. Assume (5.1). Since Z,(x; g) converges
almost surely to ZX,(I; g) and the sequence EH(L g) is positive, it suffices to show that
EZOO(x;g) = 1. By Markov property (3.3), we have for a fixed j and all n > 7,

Zo(w:9) = Zi(wr9) Y, (Nis=y)9™ Zuj(y;900;).

y:ly—x|<j

Observe that in the above sum on y, there are only finite terms (z and j being fixed), hence
we can let n — oo and get that

Zoo(x; .
Zolzig) _ > (Us,=) 9 Zuo(y; g 0 0)). (5.5)
Zi(#:9) i<y

Let ¢ = EZo(x;g) > 0 by the assumption (5.1). It follows from Fatou’s lemma that

c=E lim Zn(x;g) < lim inf EZn(x;g) =1.

n—oo n—oo

On the other hand, we again apply Fatou’s lemma to (5.5) and obtain that

7
1< lim inf B22(9 %)

=liminf E Uis,—))9? Zoo(y; 9 00;) = c,
j—o0 Zj(g,:v) j—00 Z < (S5 y)> ( ])

y:ly—z|<j
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since Zoo (y:; gob;) is independent of G; hence independent of (Il(g,—))*) and EZs(y; gob;) =

c. This shows the equivalence between (5.1) and (5.2).

To prove (5.1) <= (5.3), we consider the starting point z = 0 and the supermartingale

log Zn(oag> = Mn - An>

with M the martingale part and the non-increasing process (—A,,) given by

o Z,(0;
An — Anfl d:f —E(log ~<—g) ‘ gn71>
Zn—l(o' g)

2
= —E(logzan 1(y)e (ny)=" | gn—l)a

where a,_1(y) is G,_1-measurable and defined as follows:

def 1
ag(y) = — Z <]l(5k:x))(k), k>1,yeZ

z:|lz—y|=1

We remark that by Cauchy-Schwarz’ inequality:

def 2 k
Vi = Zai Z 5d Z ( (Sk=2) )> = (ﬂ(s,g:s,gﬁé)
)

z:z—y|=1

On the other hand, we have

Ve=Y aily) >

2d

Y z:|lz—y|=1

Since g(n, -) is independent of G,,_;, we apply Lemma 2.2 to (5.6) and obtain that

n—1
A _An 1 < ZO& 1 = n 1= <]1(5'1 1=52_ 1))& )7

> <<]1(s )><k>)2:<n(%—5@>g’v>
k=T '

(5.6)

(5.8)

(5.10)

in view of (5.8) and (5.9). Hence (5.3) <= A, = 00,a.s.. Let us estimate the increasing

process of M:

(M, M), — [M, M), = E((Mn ~ M) g,H)

< 2E(10g2 % | gn—l) + 2(An — An—1>2

_ 2 B ﬂn n— An_ ’
2E<10g gan 1(y) 9(ny)= Z\Q >—|—2<A A 1)

S CG(ﬁ)Vn—lv

17
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where the last inequality follows from Lemma 2.2 by taking ¢(x) = log” x. Hence we have
shown that
(M, M],, < CsA,.

According to the strong law of large numbers for martingales (cf. [23], Theorem VII.4), we
obtain that if A, = coa.s. (which is equivalent to ) V), = ooa.s.), then

M,
A_n — 0, a.s.
Hence log Z,,(0; g) — —00,a.s. and Z(0; g) = 0, almost surely. Whereas if IP’(AOO < oo) >
0, then IP(ZOO(O; g) > 0> > 0 which in fact equals 1. This implies the equivalence (5.1) <=
(5.3).
Finally, (5.4) is easy: In fact, since EZy(y; g) = 1 we have

P(Za(y)foo(y;g) > 4) < %.

Y

Since Zoo(x;g) > 0 a.s. and its distribution is independent of z, there exists some (small)
constant C7 = Cr(d, ) > 0 such that

P(Zm(x;g) < C7> < i

It follows that the event {Z(z;9) > C7} N >, a(y) Zoo(y: g) < 4} has probability larger
than 1/2, and on this event

Z§O($, g) > 07247,2

(Z,00)Zlu:9))

which implies (5.4) by choosing C5 = %C? [ |

We shall make use of the following analogue of Zn(x, g) defined by time-reversal:

~ -~ n— . 2
Zn(x) = Zp(x; 9) Y E,e? T 9(”_]’Sj)_%n, reZ n>1. (5.12)

aw

Since (g(7,-),1 < j <n) g (9(n—17,-),0 < j<n-—1),it follows that

(Zn(x),x € zd) law (Plfn(x),x c zd), (5.13)

18



where here and in the sequel, (P, k > 0) denotes the semigroup of the random walk S:

Pi.f(x )dCf]E f(Sk). We remark that Z appears in the discrete form of Feynman-Kac’s
formula, and is related to a time-dependent random Schrodinger operator, see [4]. Observe
that

- 2

2 n 2 -
Za(z) = P90HD-F B oy, <@Zg(n +1-7,5;) - %n) = Pt~ p 7 (1),
j=1

for n > 0 and x € Z¢. Now we can give the proof of Theorem 1.1:

Proof of Theorem 1.1: Fix v € (0,1) and zy € Z%. In view of (5.13), it suffices to show
that when d < 2,

~ gl
E(PlZn(:co)> 0,  n— oo (5.14)
Indeed, by Fatou’s lemma this implies that

E(Zgo) < lim infE(Zg) ~0.

n—oo
For 1 < k < n, we have

E(P}cz\n_kﬂ(fo))7 = ( Z Pi(z0,y) Zn- k+1(y)>7

y€eZd

2\
- (Z Py(zo,y P1 e k)(y)eﬁg(n—kﬂ,y)_%)

yezs

~ -
= E((Pk—HZn—k)(l’o) Z Mk(y) eﬁg(n—k+17y)_%) 7

yeZd

with

det Pr(20,y) (P Z,_ k) () y ezl
. , .

(Pes1Zn—1) (o)

Observe that the pg(-) are G, p-measurable, hence independent of g(n — k + 1,-), and
>, bx(y) = 1. By conditioning on G,_j, we apply Lemma 2.2 with a(z) = u(z). It

follows that (with Cg défv(l 7)1 - €7ﬁ2)/2)

E<1D/rc2n—k+1(xo))7 < E((Pk+IZn k(20))” (1 — CSZMg )

- E(JD,MZL,,C(%))W ~G4E

-~ Y
< E(PerZui(w)) oxp | ~GE
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IN

where we have used the fact that E(Pk+1/Z\n_k(x0)>7 <EPk+12n_k(x0)>7 = 1 and the

inequality: e™ > 1 —wu for u € R. By considering £ = 1,2,...,n in the above inequality
(Zy = 1), we obtain:

E(RZ(JUO))7 <exp | —Cs i E 2y <Pk(x0’ y) wlzz_k)(y))

7 5.15
k=1 (Pk—i-lZn—k(xo))z_'Y ( )

Let us prove (5.14) by reduction to absurdity; Assume (5.14) is false. There exists some
~ v
constant 0 < ¢ < 1 such that (noticing that the sequence E(P Zn(x )) is always decreasing

on n by supermartingale property),
~ Y
B(PZyw)) 2e,  n>1,

which in view of (5.15) imply that

(Ao ><P12nk><y>)2 _ logl1/0)

< , Vn > 1.
Z Z Pk;+1Zn k($0>)277 08
Since Zj(~; )18LW PlZ (;9), we get that for any large but fixed ns,
(Pk %0,Y) Zn- (y;g)>2 log(1/c)
Z Z < Vn > ny.

Pan K(moyg)® T T G 7

Since Z, (1 9) — Zoo(x:g) as. and Zoo(x;g) > 0 by hypothesis, Fatou’s lemma implies that

2 2/2 . 1 1
> ) Pizoy)E 2=(4:9) = < o8 /C), Vg > 1.
k=1 y (PkZ (I'(), g)) CS

Now, by using (5.4), we obtain that for some constant ¢ %,

n1 9
Z Z <Pk(l’0,y)> S cla vnl Z 17
k=1 vy

which is absurd because for d = 1,2, 3= (P;€ 20,y ) = ]P(Sl S,%) = k=92 whose sum

on k does not converge. Therefore we have proven (5.14) and hence Theorem 1.1. [ |
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Remark 5.2 In fact, Theorem 1.1 holds for more general random environments: Consider
the environment (1 + h(j,x)); 51 4ez¢ i liew of (eﬁg(j’w)_ﬁzﬂ)jzmezd where (h(j,x)) are i.i.d.
centered variables with compact support in (—1,1). Let 0 <y < 1. By using the elementary
inequality: (1 + u)? < 1+ yu — cu? for small |u|, we obtain that for any sequence of
nonnegative numbers (a(y))yeze such that 3 a(y) =1,

E(D a)(1+h(.9)) <1-c,BR(1,0) Y a*(y).

Yy

Then by using the same arguments in the above proof, we arrive at

EJ@+h65) *>=0,  d=1,2 (5.16)

=1

6 Proof of Theorem 1.2

The proof of Theorem 1.2 is based on an induction on the size n of the Gibbs measure (-)™.
This induction argument is inspired by the cavity method of spin glasses (see e.g. Talagrand
[26]), where you can view the n-particle system as the n + 1-particle system with a hole in

1t.
Firstly, let us introduce some notations (cf. (5.8) and (5.9)):

Un(iE) of <]l(5n:x)>(n), S Zd,
dﬁf 2 . 1 2
1 (n) (n)
Zl(]l(S}L:S%)M < Vi < (Tggimszy)s - (6.1)

Hence it suffices to prove Theorem 1.2 for V,, in lieu of (]1(5711:531)%”). Let k£ > 1. Denote by
Es1 g2 the expectation with respect to two simple independent random walks S and S2.
We have

E (Uk+1($1)Uk+1(x2>’gk>

1
= E(<]1(Sé+1=$1,5£+1=1'2)>gn+ )|gk>

k . .
_ E(Esl,52 » eﬁZﬂg(%S}Hg(J’S?))n(séﬂthszﬂzm)eﬂ<g<’f+m)+ﬁg<’“+1’“)|Qk)
B(g(k+1,21)+Bg(k+1,z2)
_ B g [eﬁzﬂg(j,s;wg(j,sf))ﬂ o e } (e(g( A \gk)
Z,% ) (Sp11=21,5; 41 =%2) (Zw ak(l')eﬁg(k+1vfr))2
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o 1 _ A
L S Esg [662?(90’5})%(]’5]2)) LI =x1,sg+1=x2)] Ji(k, x4, 22),

le k+1
1 n
B (2d)? Z <ﬂ(5i:$1+6175£:zg+e2)>§)Jl(k%ffth)
le1|=]e2|=1
= Ji(k, z1,22) (1) g (2). (6.2)

Applying Lemma 2.3 to J;, we obtain that

def eBlg(k+11)+Bg(k+1,22)
Ji(k,xy,20) = <<Zm on (7)) ng>

Z 1+ (eﬁz — 1)]1(331:12) — Cg(a/k(lj) + ak(ﬁg)) + Cl()Vk, (63)
Jl(kl,l'l,$2) S 1+ (Bﬁz — 1)]1(331:@) — Cll(ak(xl) + Oék(zz)) + 012‘/k> (64)

with four positive constants Cy > 0, ..., C15 > 0 only depending on f3.

Recall that (P,,n > 0) is the semigroup of the random walk S: P, f(z) = IE,.f(S,), © €
Z% n > 0. Noticing that a,(r) = PU,(z). For k = n,n —2,...,1, we have from (6.2) and
(6.3) that

B( Y (Psan ()16 )

xT

= B( X (Pesnlien(0)I6:)

xT

= Z Esl’s2E(Uk+1($ + STIL_k_A,_l) Uk-i—l(x + S?L—k+1)|gk>
= Z E g s2ap (v + Srlz—k—l—l)ak(x + SZ—kH)Jl(k‘y x+ Srlz—k—i-h T+ Si—kﬂ)

> FEg s Z (e + Sy k(@ + S5y 1) <1 +

T

<€ﬁ2 — 1)]1(51 —g2

n—k+1 n—k+1

- Z (Pn—k—l—lak(x))Q + (eﬂQ — 1) gn—t1 Vi

xT

) = Colan(w + S} _0) + (@ + 52 4.1)) + Caoli)

—Co Y (Pars10k(2)) (P10} (2)) + CroVie Y (Paprak())’

x xz

> 3 (Psnion@) + P i V- G (W) (6.5)

T

where in the last inequality, we have used the facts that e —1 > 3% and that 3 P, _y1a3(2) =
Vi which implies that max, P,_jr1ax(z) < v/Vi hence Y (Po—pr100(2))(Preprr0i(z)) <
(Vi)*?, and the sequence (g;) only depends on d (see e.g. [20] for the asymptotic behavior):
def N — .
0 JP(S; _ 5]?) = (1+4)%2  j>o. (6.6)
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Applying (6.4) with & = n, we have a rough bound
Ji(n,x1,12) < ¢ + Oy, T, Ty € Z°,

which implies that

B(116) = (St 110

= (2;)2 Z Z E(Un+1<x + 61)Un+1($ + 62) | gn)

T |er|=lez|=1

- dez Z n(T +er)an(z +e2)Ji(n, x4+ e, 7 + e2)

T |el|= |€2\ 1

S (eﬁ —|-C12 2d Z Z $+61Oén($+62)

T |ei]=le2|=1

< (7 + )V, (6.7)

since by Jensen’s inequality ﬁ D e Dlerl=lesj=1 Qn(T1)an(T2) =37, (Pian(z))* <32, Pio?(z) =
V... The following lemma will be used in the proof of Theorem 1.2:

Lemma 6.1 Let T, def Z VJ formn > 2. For any fixed j > 0, we consider the martingale

Y;() defined by

fi(Z (o)’ = B( D (Beul))? | G- 1)),m21.

=1 T

Assume that T,, = 00, a.s.. Then the strong law of large numbers holds:

— 0, m — 00, a.s..

Proof of Lemma 6.1: It suffices to compute the increasing process ([Yj,Y]],,) of the

martingale Y;. To this end, observe that > (Pjay,(x))* < > Pja? (z) = V,, by Cauchy-

Schwarz inequality, we have

(Yym) = Yym =107 = 2( 3 (Pran(@)?) +2(B( X (Ban(@)? [Gar))

< 2V{+ 2(E<Vm‘gm1)>2 w
< 272 +28(12[G.),
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this together with the fact that V,,, <> a,,(z) =1 imply that

V.Yl = 5. Vil = B((%50m) = Y5(m = 1)* | G 1)

B (1] )

< 4(6’82 —+ 012> Vm—l, (68)

IN

where the last inequality follows from (6.7). Hence we have shown that
[V}, Vil < 4(e”" + Ci2) T,

This in view of the standard law of large numbers for square-integrable martingale (cf. [23],
Theorem VII.4) implies the desired lemma. [ ]

Now we can give the following proof:
Proof of Theorem 1.2: Recall (6.6). When d =1 or d = 2, the random walk is recurrent
> k>1 @k = 00, hence we may choose a large but fixed ng = no(d, 3) such that

no—1

Zq]_

Let
= co(3,d) =

def ﬁ
mln q],

403 i<

where the constant Cy = Cy(3) > 0 was given by (6.3). Consider n > ng + 1. Taking the
sum of the inequalities (6.5) with k =n,n — 1,...,n — ng, we obtain:

i (E(Z (Prkai( ‘ gk) - Z (Pn—k+104k($))2>

k=n—nyg
> Y Vi —Co > VP
k=n—ng k=n—ng
> > tkaVi—Co > Nyize). (6.9)
k=n—ng k=n—nyg

where the 12ast inequality is due to the fact that if V;, < ¢y, then by the definition of €,
Cgv,f’/ 2 < %qn,kHVk for all n — ng < k < n; otherwise we bound V}, by 1. Remark that

i (E( Z (Pr_rogs(x ’ gk) — Z (Pn_kHozk(x))Q)

k=n—nyg T T
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= Z (E( Z (Poroi1(z ’ gk‘) Z (Pn—kak‘+1<x)>2> + Va1 — Z (Pro+100-n, (17»2

k=n—ng T T T
< i (E(Z(P Qe (z )gn ]) - Z(Pjan_j+1(x))2> 4 Vi (6.10)

Pick up a large N > ng. Taking the sum of the inequalities (6.9) with n = ng+1,ng+2, ..., N,
we get in view of (6.10) that

N 52 N no N no
> Vi > 5 > ZqJ’HVn—j ~Cy » Zﬂ(vn_jzeo) + &£(N), (6.11)
n=ng+1 n=no+1 j=0 n=ngp+1 7=0

where

DS i(2<aan_j+1<x>>2—E(Z<Pan s11(2)) | Ga- ]))

= i Nfl (Z (Pjey(z))” —E(Z(Pjal(ﬂﬁ)f‘gll))

no

= Z(}G(N—j—i—l)—l/j(no_j_"l))v

J=0

with definition of Y;(-) from Lemma 6.1. For d =1 or d = 2, we have from Theorem 1.1 and
Proposition 5.1 that

N-1
def
Ty = E V, — oo, N — o0, a.s..

Therefore we can apply Lemma 6.1 and obtain that almost surely, for all large N > Ny(g)
(ng being fixed),

1 N+1 N—ng
S SR S
n=ngp+1 l=ng+1
which in view of (6.11) yield that
3 N+1 N+1
52 Ve = ) Vat N
n=ng+1 n=ngo+1
2 no N—ng N
> qu+1 Z Vi—Cy(no+1) Zﬂvpeo
l=nop+1 =1

25



52 no N+1 N
> T qj+1 Z Vi—Cy(no +1 Z D>
7=0 l=no+1 =1
N+1 N
Z 2 Z V Cg 7’L0 —|— Z ]1 (Vi>eo)s
n=nop+1 =1

by our choice of ng. The above w-by-w argument shows that almost surely, for all large IV,

N 1 N
]1 € > PN Vn;
; (Vizeo) 2 2Cy(ng + 1) 7;0

which combined with (6.1) imply (1.1) by taking ¢y = min( Recall from

1
€0, 4dC’9(n0+1))'
Theorem 1.1 that > | <]1(5}L:S%))gn) = 00, a.s., we obtain (1.2). Finally, remark that

2
<]l(sl S2)>(n) Z <<]1(Sn:a:)>(n)> S maf:lX <]1(Sn::c)>(n)7

xT

which yields (1.3) and completes the proof of Theorem 1.2. [ ]

7 Integration by parts

This section is devoted to a formula which relates p,(3) to the global correlation (L, (S —
52" of two independent configurations S! and S2:

Lemma 7.1 For alld > 1 and 5 > 0, we have

P(B) = 5= TB({Lu(s" - 58 € (0,0,

where <>§”) denotes the Gibbs measure with respect to two independent configurations S* and
S and Ly(S" = 5% YL, Uisiosp)-

Proof: The idea of the use of Itd’s formula goes back at least to Comets and Neveu [5]. Fix
n. Consider a family of i.i.d. {B;z(t),t > 0};>1 zez¢ of one-dimensional Brownian motions.
Define

N B(Zim s0-8) >0,
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It turns out that (V) is a positive continuous martingale and can be written as (see e.g. [22]
Proposition VIII.1.6)

N; = exp <Rt — %[R, R]t>, t>0,

where (R;) is a continuous martingale given by

t
dN,
R, = t>0
t 0 NS ) - Y
and [R, R]. = [, d[J]VV—QM is the continuous increasing process of R (which usually is denoted

by (R, R):, we adopt the notation [R, R] to avoid confusion with the Gibbs measure). It
follows that

d 1d
EE(IOgA&) = _QEE([R’ R]t)
1 E51,52 <Ln(S1 — 52)62?(%’5} (t)+Bi,si2 (t))—nt)
Y RNCEY

2 (%)’

by noticing that dN; = l?(ezz;1 Bis; (t)’%td(zal Bm%(t))). Remark that

pu(8) = B (10585 + 2

which in view of (7.1) yield that

n 2 2 _n 2
5 [ Fs s (La(8" — 52)e™ Pt (1 st 0y

p;z(ﬁ) = ——E 2 + 0
" (N:2)
— —UB(L.(S" - S+
as desired. [ ]

Finally, we end the whole paper with a formula for p/ () which can be proven in the same
spirit as in the previous proof and the (tedious) details of the proof are omitted:

Remark 7.2 For all d > 1, we have

Lo(S' — 52

Pn(B) =1 - E( )2 +2 %0 J.(B),
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with

1 Q2\. 9 1 Q2 1 @3 1 @3 2 _ g4\ (n)
L5 = 81y2 () = ) [al) = 5°) gLl = 5°) L7 8%

n n n n

() =B~

n

and <~>i") denotes the Gibbs measure with four independent configurations S*, ..., S*.
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