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Abstract. We present precise moderate deviation probabilities, in both
quenched and annealed settings, for a recurrent diffusion process with a
Brownian potential. Our method relies on fine tools in stochastic calculus,
including Kotani’s lemma and Lamperti’s representation for exponential
functionals. In particular, our result for quenched moderate deviations is
in agreement with a recent theorem of Comets and Popov [3] who studied
the corresponding problem for Sinai’s random walk in random environment.
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1 Introduction

Let W := (W(z),z € R) be a one-dimensional Brownian motion defined on R with W (0) =
0. Let (B(t),t > 0) be another one-dimensional Brownian motion independent of W(-).
Following Brox [2] and Schumacher [20], we consider the equation: X (0) = 0,

AX(f) = dB(t) — %W’(X(t))dt, £>0. (1.1)

The solution X of (1.1) is called a diffusion with random potential W. The rigorous meaning
of (1.1) can be given in terms of infinitesimal generator: Conditioning on each realization
{W(x),xz € R}, the process X is a real-valued diffusion with generator

2e dx ¢ dr /)~
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Another representation of X by time change is given in Section 4.

The process X has been used in modelling some random phenomena in physics ([11]). It
is also related to random walk in random environment ([18], [7], [27]). See [25] and [21] for
recent surveys.

We denote by P and F the probability and the expectation with respect to the potential
W, and by P, and E, the quenched probability and the quenched expectation (“quenched”
means the conditioning with respect to the potential W). The total (or annealed) probability
is P P(dw) ® P,

The typical long-time behaviour of X (¢) is described by a result of Brox [2], which is the
continuous-time analogue of Sinai [22]’s well known theorem for recurrent random walk in
random environment: under the total probability P,

X(#)
log?t

Do), t— oo,

d e e . .
where -2 denotes convergence in distribution, and b(1) is a non-degenerate random variable

whose distribution is known.

It is interesting to study the deviation probabilities:

P,{X(t)>v} and P{X(¢) >0}, t,v — 00, v log’t, (1.2)

where here and in the sequel, we write v > f(¢) with some positive nondecreasing function
f to mean that limy , . % = 4o00. When v/t converges to a positive constant, this is a
large deviation problem, and is solved by Taleb [24] (who actually studies the problem for all
drifted Brownian potentials). In particular, it is showed that in this case both probabilities

in (1.2) have exponential decays.
We focus on moderate deviation probabilities, i.e., when (v, t) is such that log® t < v < t.

Our first result, which concerns the quenched setting, is in agreement with Theorem 1.2
of Comets and Popov [3] for random walk in random environment. This was indeed the
original motivation of the present work.

Theorem 1.1 We hawve,

QIOg(t/U> log P, {X(t) > U} — —1, P-a.s., (13)

whenever v,t — oo such that v > (log®t) logloglogt and loglogt = o(log(t/v)). The same
result holds for supy<,.; X(s) instead of X (t).

Loosely speaking, Theorem 1.1 says that in a typical potential W, P, { X (t) > v} behaves
like exp[ —(1+ o(l))ﬁ(t/v) ]. However, if we take average over all the realizations of W (i.e.,
in the annealed setting), the deviation probability will become considerably larger. This is

confirmed in our second result stated as follows.



Theorem 1.2 We have,

2 2

|
%8 ! 1og P {X(1) > v} — -z (1.4)

v

whenever v,t — oo such that v > log*t and logv = o(logt). The same result holds for
SUP< <t X (8) instead of X (t).

When log®t < v < (log®t)(loglogt)/?, the convergence (1.4) has already been obtained
in ([9]) by means of the Laplace method. This method, however, fails when v goes to infinity
too quickly, for example if v > log®t.

We say a few words about the proofs of Theorems 1.1 and 1.2. Although the methods
adopted in the three parts (Theorem 1.1, upper bound and lower bound in Theorem 1.2)
find all their roots in stochastic calculus, they rely on completely different ingredients.

In the proof of Theorem 1.1, we exploit Kotani’s lemma as well as other fine tools in the
theory of one-dimensional diffusion.

The proof of the upper bound in Theorem 1.2 relies on Lamperti’s representation for
exponential functionals and on Warren and Yor [26]’s skew-product theorem for Bessel pro-
cesses. The proof of the lower bound, on the other hand, is based on a bare-hand analysis
of pseudo-valleys where the diffusion X spends much time.

The rest of the paper is organized as follows. Section 2 is devoted to some preliminary
results for local times of Brownian motion. In Section 3, we introduce Kotani’s lemma and
prove Theorem 1.1. The main result in Section 4, Theorem 4.1, is a joint arcsine type law
for the occupation times of X, which may be of independent interest. This result will be
used to prove Theorem 1.2 in Section 5.

Throughout this paper, we write f~! for the inverse of any continuous and (strictly)
increasing function f. Unless stated otherwise, for any continuous process &, we denote by
Te(x) =1inf{t > 0: {(t) = z}, x € R, the first hitting time of £ at x.

2 Preliminaries on local times

In this section, we collect a few preliminary results for the local times of Brownian motion.
These results will be of use in the rest of the paper.

Let B be a one-dimensional Brownian motion starting from 0. Let (L(t,x),t > 0,2 € R)
be the family of the local times of B, i.e., for any Borel function f : R — R, fot f(B(s))ds =
I f(2)L(t, x) dz. We define

rr) Y oinf{t>0:L(t0)>r}, >0, (2.1)
olz) ¥ inf{t>0:B(t) >z}, x>0 (2.2)

Denote by BES(d) (resp. BESQ(6)) the Bessel process (resp. the squared Bessel process)
of dimension §. We recall that a J-dimensional squared Bessel process has generator of form
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204~ d2 + 04 d . When ¢ is an integer, a Bessel process can be realized as the Euclidean norm

of an ]R5 Valued Brownian motion. We refer to Revuz and Yor ([19], Chap. XI) for a detailed
account of general properties of Bessel and squared Bessel processes, together with the proof
of the following result.

Fact 2.1 (First Ray—Knight theorem) Fiz a > 0. The process {L(o(a),a —x),x > 0} is an
inhomogeneous strong Markov process starting from 0, which is a BESQ(2) on [0,a] and a

BESQ(0) on (a, c0).

The rest of the section is devoted to a few preliminary results for local times of Brownian
motion.

Lemma 2.2 Forb>a >0 and v > 0,

% exp <—%2ﬁ) <P (/abL(a(b),x) da > v) < % exp (—%Qﬁ) . (23)

Proof. By means of the strong Markov property, fab L(a(b), z) dx is distributed as fobfa L(o(b—
a),z)dz. According to Fact 2.1 and Revuz and Yor ([19], Corollary XI.1.8), for any A > 0,

2 —a
Ee~ % o " Le-a)a)de 1/ cosh(A(b — a)), which is also the Laplace transform at ’\2—2 of

Tip)(b — a) (the first hitting time of b — a by |B|). Thus f L(o(b),z)dz 2 = Tip/(b—a). The
lemma now follows from the exact distribution of Brownian ex1t tlme (Feller [6], p. 342). O

Lemma 2.3 Letb>a >0 and k > 0, we have
7@ (1/m)=2  law
/ (b— B(s)) M2 ds = ¥,y (26672 s 20c(b — @)Y |
0
where To_o.(x ~ y) means the first hitting time of y by a BES(2 — 2k) starting from x.

Proof. Write

o(b) o(a) o(b)
/ (b— B(s)) V"% ds :/ (b— B(s)) /2 ds—|—/ (b— B(s)) ™2 g,
0 0 o(a)

By the strong Markov property, the integrals on the right hand side are independent random
variables. Moreover, the second integral is distributed as (b—a)/* foa(l) (1= B(s))M®72 gs.

On the other hand, according to Getoor and Sharpe ([8], Proposition 5.14), for any A > 0,

2 o(1)
E exp (-% /0 (1 — B(s))1/"2 ds) = %(M)ﬂf{ﬁ(zm),



where K, denotes the modified Bessel function of index x.

Assembling these pieces yields that

)\2 U(a) b 1/2 K (25)\b1/(2.‘1))
Eexp | -2 b— BN gs | — : |
exXp ( 2 /O ( (3)) S b—a KH(QKZ)\(b—a)l/(QH))

According to Kent [14], the expression on the right hand side is exactly the Laplace transform
at )\2/2 Of TQ,Q,{ (2/@61/(2“) ~ 2/4;([) — a)l/(l’{))_ 0

Lemma 2.4 Almost surely,

L sup (L(r(r).2) — 1) — 0,

T z[<u

whenever u — oo and r > uloglog u.

Proof. By symmetry, we only need to treat the case 0 < z < w. It is proved by Csaki and
Foldes ([4], Lemma 2.1) that for any € > 0,

lim 1 sup (L(r(r),z) —r) = 0, a.s.

=00 T g<z<r/(loglog r)l+e

Thus, we only have to deal with the case r > wuloglogu and r < ulogu.

Let € > 0. We shall prove that almost surely for all u,r — oo such that r > wloglogu

and r < ulogu,

L sup (L(r(r),2) —7) <. (2.4)

T 0<z<u
To this end, we consider the events

e 256
Ag def {3 (u,r) € [ug, ugg1] X [15,7541] : 8—2u10g10gu <r <ulogu,

sup (L(7(r),z) —r) > er} ,

0<z<u

with uy, o 2k 1, 95 and large k, j > 100. The desired conclusion (2.4) will follow from the

Borel-Cantelli lemma once we show that

Z ]P)<Ak,j) < Q.

4, k>100

To prove 3 15100 P (Ak;) < 00, we recall a result of Bass and Griffin ([1], Lemma 3.4)
saying that there exists a constant ¢ > 0 such that for all 0 < h,x < 1,

P{ sup sup (L(r(r), 2) — 1) > a:} < c% exp (_%) .

1<r<2 0<2<h



Therefore, by the monotonicity and the scaling property,

0<z<upy1 7j<r<rji1

P(Ag;) < P ( sup sup  (L(7(r),x) —r) > 5rj>

OSCESuk+1/Tj 1§7”§2

er; er;
< ¢ exp | —
Uk+1 32up 11

TS (klog2)™.

=P ( sup sup (L(7(r),z) —r) > 5)

c
Uk+1

Since uyloglogu, < rji1 < ugqqlogloguyyq, this implies that Alogloghk < j < klogk.

Z P(Ax;) < Z k=2 logk < oo,
4, k>100

k>100

Hence

as desired. O

Lemma 2.5 Letr > 0. We have

00 . B 1
E exp (—)\/0 e *L(o(r),—s) ds) =1 ‘I‘T\/ﬁll(\/ﬁ)’ A >0, (2.5)

where I1(+) denotes the modified Bessel function of index 1. Consequently, there exists some
constant ¢ > 0 such that for all v >c, A >0 and 0 < a < r, we have

P (/OO e L(o(r), z)dz > )\> < 3exp (—%) + 2exp (—ﬁ) : (2.6)

Proof. By Fact 2.1, s — L(o(r), —s) for s > 0 is a BESQ(0) starting from L(o(r),0) ore,
where e is a standard exponential variable with mean 1. Let U, be a BESQ(0) starting from
a > 0. The Laplace transform of [;° U,(s)e *ds is given by the solution of some Sturm-
Liouville equation, see Pitman and Yor [17]: We have for all A > 0,

E exp <—)\ /0 e U (s) ds) = oxp (504,(0)) (2.7)

where 1, (0) is the right-derivative of the convex function ¢ at 0, and ¢ is the unique solution,
decreasing, non-negative, of the Sturm—Liouville equation: ¥(0) = 1,

%w(x) — e T(x), x> 0.



Elementary computations (Pitman and Yor [17], p. 435) show that
Y(x) = Io(V8X e /), x>0,

which implies that 1, (0) = —v2AI;(V8)\), where I; denotes the modified Bessel function
of first kind of index 1. Plug this into (2.7) and integrate with respect to e give the Laplace
transform (2.5). By the analytic continuation, we have for all sufficiently small A > 0
(depending on r),

E exp (A/OOO e L(o(r), —s) ds) = 1_T\/$J1(\/8_A),

where Ji(+) is the Bessel function of index 1. Since Ji(z) ~ x/2 when x — 0, there exists
some large ¢ > 0 such that for all r > ¢, we have

E exp (ﬁ /OOO e L(o(r), —s) ds) -— \/§1J1(\/§) <3

This implies that for all » > ¢ and A > 0, we have

P (/OOO e L(o(r), —s) ds > /\) < 3exp (—%) . (2.8)

On the other hand, supy<,<, L(c(r), r) is the maximum of a BESQ(2) over [r —a,r]. It
follows from reflection principle that

P </0aL<o'(7”)7m)e_$| dz > /\) < [p( sup L(o(r),z) > é)

0<z<a a

< 2P (L(a('r),O) > 2)

A
= 2 A
exp( 2ar>’
law

since L(o(r),0) = 2re. This together with (2.8) show (2.6) by the simple triangular inequal-
ity. a

3 The quenched case: proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1, by means of the so-called Kotani’s

lemma. Let X be the diffusion process in a Brownian potential W as in (1.1). We define
Ho) inf{t >0: X(t) >0}, v>0.

Kotani’s lemma (see[13]) gives the Laplace transform of H(v) under the quenched probability
P..



Fact 3.1 (Kotani’s lemma) For A > 0 and v > 0, we have

E, (e M®) = exp (—2 A /0 ' Z(s) ds> ,

where Z(-) = Zx(-) is the unique stationary and positive solution of the equation

AZ(t) = Z(6) AW (t) + (1 + %Z(t) o) Z2(t)> dr.

Before starting the proof of Theorem 1.1, we study the almost sure behaviors of fov Z(s)ds
as v — oo and A — 0. Let us define

S(z) « /m e(/v)+4dy d_y’ x>0,
1 Yy

hz) €SS M2))S (z) = exp (S%(x) + 4)\51(95)) . zeR,

where S is the inverse function of S. Let B denote, as before, a standard Brownian motion,
and let

@(t)c‘éf/o %, t>0. (3.1)

Recall 7(+) from (2.1).

Lemma 3.2 We have

o l(v) = T((1+0(1>>m>, a.s., (3.2)

! v
Z(s)ds = (1 1) ——rrs S. .
| 26 = (o) s A (33
whenever A — 0 and v — oo such that v > log®(1/)) logloglog(1/\).

Proof of Lemma 3.2. Without loss of generality, we assume Z(0) = 1. The function
S being a scale function of the diffusion Z, Feller’s time change representation says that
there exists a standard one-dimensional Brownian motion B (which we have taken as the
Brownian motion B figuring in (3.1)) such that

Z(t) = STHB(® (), t>0,

where ®~! is the inverse of ®(-) defined (3.1), associated to the same Brownian motion B.

We start with the proof of (3.2), which is equivalent to:
O(7(r)) = (1 +o0(1)) rlog(1/)), a.s., (3.4)
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whenever A — 0 and r > log(1/)) logloglog(1/\).

We shall make use of the following simple consequence of law of large numbers: if f :
R — R such that [ [f(x)|dz < co, then

lim 1/Rf(x)L(T('r’),x)dx:/Rf(az:)da:, a.s.. (3.5)

r—oo T

By occupation time formula and a change of variables, we have

B(r(r)) = /_ " exp (-S%) - 8)\S‘l(x)) L(r(r), z) da

= </:+/05(a)+/5::>> exp <_S%(x) —8/\3‘1(90)) L(r(r), z) dz

©OA A, A,

where a = a(r, \) > 0 is chosen such that

o = log(1/X) loglog(1/)) if 7 > log?(1/\)
(3.6)
a = g5 loglog(1/)) if r < log(1/))

For z < 0, let S7'(z) =y € (0,1) and —z = fyl elhet2/z dz < o fyl e?/# 4= gince A < 1/4.
This implies that there exits some constant ¢ > 0 such that for all z < —c and A < 1/4, we
have S%(w) > log || — 2loglog |x|. Hence, by means of (3.5),

0 1 4
A, < / (1@0) +1(x<c)M) L(r(r),z)dz = O(r),  as. (3.7)

oo |z[?
To treat Az, we observe that for y > a:

Y oaan, d2
S(y) _ / e(2/ )+ z <
1 z

Y
4z %

- (1+o(1))/1 e =

= (1+o0(1)) </4iel‘%+/lwer%)

1 1
= (1+40(1)) <log(1/)\) +0(1) + ZTO;) 64)‘y> . (3.8)
Let us distinguish two cases: Firstly r > log?(1/A), then ;e > log(1/A) hence S(y) =
(14 0(1))g5;¢™ for y > a. Then for 2 > S(a), we have e @ > g and S7Y(z) ~ B Tt

follows that

Ay < 2/:0 Lir(r)x) 2 < 2/100 L)) L =0,  as.

(a) X 0 x

9



uniformly in small A and large r.
For the case log(1/A)logloglog(1/\) < r < log*(1/A), we have

By =) [

S(a)

4 ge-1(y ® 2, d
e 5w %8 ()dx:L*(T(T))/ e i < LN (r(r),
. y

where

L*(7(r)) def sup L(7(r), z) < r(logr)'*e, a.s.,
TeR

for any € > 0, by using the usual law of iterated logarithm for L*(-) (Kesten [15]). Since
r < log?(1/)), this implies that Az < r(loglog(1/)))?, a.s. Therefore, in both situations, we
have

Az = O (r (log log(l//\))z) , a.s. (3.9)

To deal with As, we note that in both cases,

Sla)=o <log;0g7“)'

In fact, if r > log”(1/A) then S(a) < e = 2log(1/A)loglog(1/A) = o(r/loglogr);
otherwise, a = % and by means of (3.8), we have S(a) < 2 log(1/\) = o(r/loglogr).
Hence we may apply Lemma 2.4 to see that

Ao = (1 + (1)) /0 " (— Sf(x) - 8)\5_1(:15)> dr,  as.

By a change of variables, the integral on the right hand side is, when A — 0,

:/ e_§_4)‘y%:/ e_4’\y%—|—0(1):log(l//\)—i—O(l).
1 1

Accordingly,
Ay = (14 0(1)) rlog(1/)N), a.s. (3.10)

Since ®(7(r)) = A1 + Ay + Ag, assembling (3.7), (3.9) and (3.10) readily yields (3.4), thus
also (3.2).

It remains to check (3.3). By the occupation time formula,
/ Z(s)ds = / SU(B(@ ! (s))) ds
0 0
<I>_1(v) —1 B
- [ s e,
0 )

h*(B(r)
OO 5_1(37) 1
/OO ") (7 (v),z)dx
= weTw),



with obvious definition of W(-). Replacing ®~*(v) by 7(r), this leads to:

V(r(r) = /_ " 871(a) exp (- Sf(x) _ 8>\S_1(93)) L(r(r), z) da

0 S(a) 00
~ ([ ] )
—o0 0 S(a)

€ A+ As+ A,
where @ = a(r, \) is given in (3.6).

Since 0 < S71(z) < 1 for z < 0, we have

Ay <Ay =0(r), a.s.

Similarly, we have

S(a)

As; = r(l+o0(1)) S~ (x) exp (_S%(az) — 8)\51(:1:’)> dx

= r(l+o(1)) ev N dy

J
J

= (+o) 5. A—0.

For Ag, we again discuss two cases. First case: r > log*(1/)). For 2 > S(a), S™'(2) ~
(logz)/(4)). Hence

1 [ logx r
Ag < ﬁ/{)‘(a) ng L(r(r),z)dx =0 (—) : a.s.,

by means of (3.5) and the fact that S(a) — co. Second case: 7 < log®(1/)). We have

8o () [

S(a)

[e.9]

-4 85 1(x > — —
S~ (z)e 5@ W d4r = (7 (r)) / e~/ gy

which yields

674)@ . . L*(T(T»
Ag < o L*(7(r)) = 4\ log(1/))

IN

(loglog(1/X))? _, (7“) .

X log(1/X) A

Therefore, almost surely,
”

U(r(r)) = (14 o0(1)) o r > log(1/)) logloglog(1/A).

Since [ Z(s)ds = W (P~ !(v)), this, with the aid of (3.2), yields (3.3). Lemma 3.2 is proved.
O
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We have now all the ingredients for the proof of Theorem 1.1.

Proof of Theorem 1.1. Let t,v — oo satisfying the conditions in Theorem 1.1.

First, we prove (1.3) for supg,<, X(s) in place of X(t): P-almost surely,

P, (Osgigt)((s) > v) =P, (H(v) <t)=exp (— (1+o(1)) m) . (3.11)

To this end, applying Chebyshev’s inequality to Fact 3.1 and Lemma 3.2, we have that
for almost surely all potentials W and for A — 0 satisfying v > log?(1/)) logloglog(1/)),

P, {H(v) <t} <ME, [e O] = exp (/\t — (1+0(1)) m) . (3.12)

By choosing A = ) (this is possible since v >> log®(t/v) log loglog(t/v)), we have

—r
tlog?(t/v

v
P, {H t} < —(1 1) ——
AHE) <) Soxp (<14 ol1) ),
This implies the upper bound in (3.11).

To get the lower bound, we keep the choice of A\ and use the simple relation

P, {H(v) < tlogt} > E, [e M)] — e Mog™t > exp (‘(1 +o(l)) 210;75/@)) !

by means of Lemma 3.2. Write s = tlog®¢. Since loglogt = o(log(t/v)), we have log(s/v) ~
log(t/v), which yields the lower bound in (3.11).

To prove (1.3), since P, {X(t) >v} < P, (H(v) <t), it remains to show the lower
bound. Let ¢q, ¢y > 0 and define

G(cl,@)déf {(v,t) : t,v0 > 3%, v > ¢ log*t logloglogt, log(t/v) > cologlogt} .
It suffices to show that for any small € > 0 and almost surely all w, there exist ¢1(¢), ca(e) > 0
and to(w) > 0 such that for all £,v > ¢y and (v,t) € G (¢1(€), c2(g)), we have
1+¢ v
2 log(t/v)

Write P, for the law of the diffusion X defined in (1.1) starting from X (0) = =x.
According to the lower bound in (3.11), there exist ¢; > 512 . and ¢y > 0 such that for

(1—2¢)m2
P-almost all w and all (v,t) € G(5, %), we have

logP, {X(t) > (1 —¢e)v} > — (3.13)

Poo {H(v) < t} > exp (-2110;—%) | (3.14)

12



Let j, k > jo be sufficiently large and define v; = e/ and logt, = e*/1°8%  The strong
Markov property implies that for any 0 < e <1, v;_1 < v <wj and £ <t <y,

Po, {X(t) > (1 —e)v} > Pou {H(v;) <trp_1} Py, {H((1—¢)vy) > t}. (3.15)
It is elementary to show that

(v,1) € Gler, e2) N{[vj—1, 0] X [tr—r, te]} = (v, tk—1), (v, k) € G <62_1’ %) '

Admitting for the moment that we have proved that

Z P {P%w {H((1 —¢)v;) < ty} > %} < 00, (3.16)

‘77k2.707 (Ujvtk)eG(%7672)

then we will be able to prove the lower bound (3.13). Indeed, by (3.16), P-a.s. for all w and

for all large v, j satisfying (v;,t;) € G(%, %), we have

Py, {H((1—e)v;) = ti} =

N —

In view of (3.15), this estimate and (3.14) imply that almost surely for w, for all large ¢, v
such that (U,t) S G(Cl,Cg) X {[vj_l,vj] X [tk_l,tk]},

Po {X(#) > (1—¢e)v} > exp (—%) P, o {H((1—-¢)vy) >t}

) (1+¢/2)y;
> 56*P(‘§EQEZD§5>

since v;/vj_1 — 1 and logt)/logty_1y — 1. This will yield the lower bound (3.13).

It remains to prove (3.16). We remark by Brownian symmetry, P, o, {H((1 —¢)v;) < tx}
is distributed as P, {H(cv;) < t;}, so that by means of (5.8) in Section 5, for all large j
and k,

E Py, {H((1 —e)v;) < t})
= P{H(E—:’l}j) < tk}
2
202078 41 9 —(1=2 Tt
cetvje = +9exp | —( £) 5 log2(zusty)

(1—2¢e)m%e v, ‘
32 log® t,

IN

IN

(c+9)exp <— (3.17)

We have used in the last inequality the fact that v; <.
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By Chebyshev’s inequality,

5 P {ij,w {H((1—2)v;) <t} > %}

Jk>jos (vj,tk)€G(F, %)
< 2 > E Py, {H((1 - e)v;) < ti})

]7]62.70} (v])tk)eG(%i%)

< 2c+9) 3 exp (—(1_3225)”25 Y )

c c 10 2 tk
Jk>d0; (v t0) €G(SE,2) &

Several elementary computations show that the above sum is finite, in fact, we can decompose
this sum into 35,4 and 37,44 Note that for j > &, —4— = eloes 2ioeE > ei/(2log))

’ log? t

Hence > ;4 < ijl/‘lexp(—(l_é%%ej/@logj)) < oo. For the case j < k*, we use the

definition of G(%, %) which says that v;/ log*ty > S logloglogt, > %bg log log ty,

D ks < D0y ktemdlosloslost < K7 k=4 < 00, This completes the proof of Theorem 1.1. O

4 The annealed case: a joint arcsine law

Let x € R and let .

W(x) =W(z) — 5% r € R,
where W is, as before, a Brownian motion defined on R with W (0) = 0. In this section, we
shall study the diffusion X with potential W, (i.e., replacing W by W, in (1.1)). Plainly,
when k = 0, we recover the case of Brownian potential and X is recurrent, whereas X (¢) —
+o0o P-a.s. if k > 0.

Let x > 0 and we recall the time change representation of X (cf. Brox [2] for Kk = 0 and
[10] for k > 0):
X(t) = ABT 1),  t=0,

K K

where B is a one-dimensional Brownian motion stating from 0, independent of W, and
Ag(x) = / Ve qy, r € R,
0

t
() = / AT BE) g ¢ >0,
0

(Recall that A and T.;! denote the inverses of A, and Ty, respectively.) Here, we stress
the fact that the process B, a Brownian motion independent of W, is not the same B as
in Section 3. There is no risk of confusion since we always separate the quenched and the
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annealed cases. Recall that (L(t,x),t > 0,2 € R) denote the local times of B and o(-) is the
process of first hitting times of B:

o) inf{t >0: Bt) >z}, >0

Therefore H(v), the first hitting time of X at v, can be represented as follows:

Hw) = inf{t >0: X(¢t) =v}
= Tu(o(Ax(v))) (4.1)
_ / T w6 g,

(o) B
= / e WelA @) (5 (A, (v)), x) dz

= @1(1)) + @2(1)),

with
Ak (v) . H(v)
O1(v) = / oW (“))L(U(Am(v))w)dilCZ/ Lix(s)z0y ds,
0 0

0 1 H(v)
@2(1)) = / e72W“(A"‘ () L(O’(AK(U)), m) de = / 1{X(s)<0} ds.
0

—0o0

The main result in this section is an identity in law, considered in the annealed case,
which relates (01(v), ©2(v)) to a functional of the Jacobi process.

Theorem 4.1 Let k > 0 and let v > 0. Under P, we have

(01(v), Oa(v)) 2 (4 /0 " (3 21 ds, 16 Loy, (5002 s 1)> |

where Yo_ou(x ~> y) denotes the first hitting time of y by a BES(2 — 2k) starting from x,
independent of the diffusion =, which is the unique non-negative solution of

t — t 1 _
En(t):/ V1= eEl) dﬁ(s)+/ <—f+ +“e—:~<s>) ds, t>0. (4.2)
0 0

2 2

The proof of Theorem 4.1 involves some deep known results. Let us first recall Lamperti’s
representation theorem for the exponential functionals ([16]).

Fact 4.2 (Lamperti’s representation) Let x € R. There exists a BES(2 4 2k), denoted by R
and starting from R(0) = 2, such that

1 — x
exp (W(x) + gx) =3 R </0 eWWtry/2 dy) : x> 0. (4.3)

15



Let dy, dy > 0, a € [0, 1], and consider the equation

{ AY () = 20/Y () (1 = Y (£) dB(t) + (dh — (du + da)Y (1)) dlt (4.4)
Y(0)=a ’ ‘

where (3 is a standard one-dimensional Brownian motion. The solution Y of the above
equation is called a Jacobi process of dimension (d;,ds), starting from a (Karlin and Taylor
[12]). We mention that almost surely, 0 < Y (¢) < 1 for all ¢ > 0.

The following result gives the skew-product representation of two independent Bessel
processes in terms of the Jacobi process.

Fact 4.3 (Warren and Yor [26]) Let Ry and Ry be two independent Bessel processes of
dimensions dy and dy respectively. We assume dy + dy > 2, R1(0) = r1 > 0 and Rs(0) =

ro > 0. Then there exists a Jacobi process Y of dimension (di,ds) starting from
independent of the process (Ri(t) + R3(t), t > 0), such that

%:Y(KM) =0

We are now ready to prove Theorem 4.1.

o
2 2
ri+ry

Proof of Theorem 4.1. Using Fact 2.1 and the independence of B and W, the pro-
cess {A:(U) L(o(Ax(v)), (1 — x)A.(v)),z > 0} is a strong Markov process starting from 0,
independent of W3 it is a BESQ(2) for = € [0, 1], and is a BESQ(0) for z > 1. By scaling,

0

(©100).02(6) = ([ o 12 (4,00) ~ (o) o,

—00

e W) 1 [ dl’) ,

where R is a BES(2) starting from 0, independent of W, and conditionally on (R, W), U is
a BESQ(0) starting from R?*(A,(v)).

By time reversal, (/W,ﬁ(y) o Wi(v—y)—W,(v),0 <y < v) has the same law as (W_,(y) =

W(y) + 5y,0 <y < wv). Observe that

v v — Yy
/ e—WN(z) R2 (AH(U) . An(l‘)) dr = / e—Wn(y)ewn(v)RZ (e—Wm('U)/ eWN(Z) dz) dy’
0 0 0

o~

R?(A.(v)) = R? (e‘wﬂ(”)/ V(2 dz).
0

By scaling and independence of R and W, the process x +— We(v) R2 (386*%‘(”))7 has the
same law as R and is independent of W. It follows that

—00

(O1(v), Os(v)) 2 ( /0 e W@ B2 () da, / D AW @) U(\x|)dx>, (4.5)
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where conditionally on (R, W), U has the same law as a BESQ(0) starting from U(0) =
e W= R2(A_(v)).

Let us first treat the part (W_,(z),z > 0). By means of Fact 4.2, there exists a Bessel
process R of dimension 2 + 2k > 2, starting from 2, such that

v A_k(v) .
/ e W-rl@) 2 (A_k(z)) dz = / e 2W-r(AZ W) R*(y)dy
0 0

o [ W
= 16 /0 ) dy, (4.6)

where we stress the independence of the two Bessel processes R and R. Observe that

A_;(x):z;/ v sy
o R2(u)

We apply Fact 4.3 to R and E, to see that there exists a Jacobi process Y of dimension
(2,2 + 2k) starting from 0 such that

R(x) :Y< x#)‘ﬁf Az 23>0
R%(x) + R2(x) /0 R2(s) + R2(s) (A@)). 7

where A(z) dof Iy m, and A() is independent of Y. Note that Y(0) = 0 and 0 <

Y(t) <1 forall t > 0.
This representation together with (4.6) imply that

v AA—n(®)) "
/0 e W—rl@ RY(A_ () dz = 16/0 ﬂf(ﬁdu

B Pt (v) Y (u)
= 16/O aA=v)e du, (4.7)

where

def (1, ,—1 B ATH@) g [T dy
p st = [ e [

by a change of variables y = A(u). Going back to (4.5),
CARNAL@) | VAALL)) ()
R2(A_,(v) 1-YA(A.()) 1-Y(p~'(v))

Assume for the moment that for any fixed r > 0, if U, denotes a BESQ(0) starting from
U-(0) = r, independent of W, then

0 -1 aw 4
/ e WelAS @) U (12]) da "2 16 Ty <\/1 + -~ 1) : k> 0. (4.8)

17
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By admitting (4.8), it follows from (4.5), (4.6) and (4.7) that under the total probability
P,

Y (u)

o Pt (v) 4
(01(v),02(v)) = (16 /0 mdu, 16 To 0.(4/1+ m ~ 1)> ) (4.9)

Since dp~!(z) = w dz and

p~1(v) Lu) B 1 v dr K )
/o (1 =Y () =1 /0 1-Y(pi(z) 4 >0,

it follows from (4.4) that =, () o log{1 =Y (p~1(t))} satisfies the stochastic integral equa-

tion (4.2). Theorem 4.1 will then follow from the identity in law (4.9).
It remains to show (4.8). Note that (W,.(—z),z > 0) is distributed as (W_(z),x > 0).
Thus

0 00 0o
/ e WA @) 7 (|2]) dz 2 / e W AS @) [T () dz = 16 / Ur() dz, (4.10)
0 0o RYx)

—0o0

by using again the BES(2 + 2k) process R defined in (4.6).

Applying Fact 4.3 to the two independent squared Bessel processes U, and éz, we get a

Jacobi process Y of dimension (0,2 + 2x) starting from —7> such that

LU s ds N\ ato (7
Ur(t)+§2<t>_y</0 Ur(s)+é2(s)> v(iw), =20

with A(t) o fg U(L, t > 0, independent of Y. Observe that ¥ is absorbed at 0.

8)+R2(s)
Then /A\(TUT,(O)) = T%(0) < oo. Using the change of variables t = K(x), we obtain that
o0 To (0) 3’} "
16 / Url) g, 16/ Y0 g, (4.11)
0o Ri(z) 0 (1-Y(t))?

By computing the scale function and using the Dubins-Schwarz theorem (Revuz and Yor
[19], Theorem V.1.6) for continuous local martingales, we see that there exists some one-
dimensional Brownian motion (3 starting from 0 such that

s(Y(t) = B(6(t),  t>0,

with
def r
Yoo = r+4’
def log =0, if k=0
s < ! , 0<y<1,
) { %{(1_3/)_H_(1—Z/0)_”} if k>0 y
, =
o(t) 4/ }:(S) s, t>0
0 (1—Y(s))tt2s



Note that ¢(73(0)) = inf{t > 0: 3(¢) S(O)} T5(s(0)). Hence, for x > 0,

To(0) v
16/Y _Y®O) gy
0 (

1-Y(1)? /0
[

Tp(s

(1= s (B(w)))* " du

Ta(s

= 4 1—|—/<55( ) — sV du. (4.12)

When x =0, we get

O P 4 [Tes(0)
16 / oYM g, / 5 4y
0 (1-Y(t))? L=y Jo

aw 1 . o
o 1Hf{8>02R(S):2€S(0)/2:2 1—y0},
L =0

where the last equality in law follows from (4.3) by replacing W by 3 (recalling E(O) =2).
This together with scaling property yield (4.8) in the case k = 0.

For k > 0, it follows from symmetry and Lemma 2.3 that the expression on the right
hand side of (4.12) is equal in law to

To(sO)) /1 WR=2 e 4
w2 (L s = 5)  du 16 (14T
0

completing the proof of (4.8). Theorem 4.1 is proved. O

5 Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. We prove the upper and lower bounds
with different approaches.

5.1 Theorem 1.2: the upper bound

The proof of the upper bound is based on an analysis of the diffusion process Z¢(-) introduced
n (4.2) (with k = 0).

. . . — def — .
For notational convenience, we write = = Zj. Let us start with a couple of lemmas.

Lemma 5.1 There exists a numerical constant ¢ > 0 such that for all t > 100 and 0 < a <
x < \/t, we have

p( on B -sens) £ ces(-Z). o

0<t1<ta<t;ta—t1<a
]P’( sup Z(s) < 1) < 2exp (——) : (5.2)
0<s<t 50



Proof of Lemma 5.1. By definition of = in (4.2) (with & = 0), Z(t) = [, V1 — e~=() dB(s)+
L [¥e==() ds. Tt follows from the Dubins-Schwarz theorem (Revuz and Yor [19], Theorem
V.1.6) that

t _ 1 t _
=)=~ (/ (1 —e =) ds) + 5/ e =) ds, t >0, (5.3)
0 0

where () denotes a one-dimensional Brownian motion. Since =(s) > 0 for all s > 0, we
have a
sup 2(t2) — E(t1)] < sup [7(s2) = v(s1)| + 5
0<t1<ta<t;ta—t1<a 0<s1<852<t;s2—s1<a
According to Lemma 1.1.1 of Csérgé and Révész [5],
T

P( up |7(82)—7(81)|>§)Sc%exp(—g—z)-

0<s1<52<t;50—51<a

This implies (5.1).

To prove (5.2), we note that on {supyc,;Z(s) < 1}, we have fot e =) ds > t/e, hence
for all ¢ > 100,

t = t t t
= _ o~ E0) _ - ' _
{Osgligt_(s) < 1} C {7 (/0 (1—e )ds) <1 5 < 5} C {Oégit/y(u) < 5}.

The estimate (5.2) now follows from the usual estimate for Brownian tails. a

Lemma 5.2 For any € € (0, 1], there exists some vy = vo(€) > 0 such that for all x,v > vy,
we have

2 2 2
— exp (—(1 +5)%%) <P ( sup =(s) < 93) < 9exp (—(1 N 5)%%) '

0<s<w

Proof of Lemma 5.2. Assume for the moment that = starts from =Z(0) = 1. Let

of [T d
f(a:)d:f/ Y 0 <z < o0,
1

1—e vy’

be the scale function of =. Since t — f(=Z(¢)) is a continuous local martingale, it follows
from the Dubins-Schwarz theorem (Revuz and Yor [19], Theorem V.1.6) that

e -5 [ =), 2o

for some one-dimensional Brownian motion B starting from 0. Therefore, by writing T=(z) =
inf{s > 0: =(s) >z}, we have,

/(@) @)
T=(x) = /0 (1—e /D) dB(s) = /_ (1—e /") L(o(f(2)),y) dy,

[e.9]
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where f~! is the inverse of the increasing function f, o(x) o inf{s : B(s) =z} for z € R,

and L is the local time of B.
Observe that f~'(y) ~y as y — 0o, and f~'(y) ~e ¥ as y — —o0. Let yo = yo(g) > 0
be sufficiently large such that e~/ ®) < e/2 for all y > yo. Denote by b(e) aof sup_ 1—

e/ W)elvl < 0o, Then for all large

00<ySy0<

. @
T(r) > (1-3) / Lio(f(2)). ) dy, (5.4)

f(x)

1) < [ Loty +be) [ LG e (63)
Yo —o0

For the lower bound in Lemma 5.2, we note that by (5.4) and (2.3),

£(a) ’
[ ety = /2}

Yo

P{T=(z) > v} > IP’{

> %exp (—%2(1 _ 5/2)(1}(:@ — yo)2> '

Since f(z) ~ x, * — 00, this yields the lower bound in Lemma 5.2 in the case when = starts
from Z(0) = 1, and a fortiori, in the case when = starts from =Z(0) = 0 by a comparison
theorem for diffusion processes (Revuz and Yor [19], Theorem 1X.3.7).

For the upper bound in Lemma 5.2, we again assume =(0) = 1 for the moment. By (5.5)
and triangular inequality, for r» > vy,

IP{ sup =(s) < x} = P{T:(z)>r}

0<s<r

/(@)
< P{/ L(U(f(x)),y)dyz(l—f/%?“}

+]P>{/y0 Lio(f(@),y)e ¥ dy > 2b§€)r}'

—00

- . . . . 4 7r2(1—€/2)7“
The first probability expression on the right hand side is < ~ exp(—w) (see (2.3)),

r)+ Qexp(—mr) in light of (2.6). Therefore,

whereas the second is < 3 exp(——wb(;)f(x)

if Z(0) = 1, then for all r,z > vy,

P { s =) < x} < (% + 5) exp G%) | (5.6)

We are now back to the case Z(0) = 0 we were studying. By (5.2), for any v > 100/,

P{T=(1) > ev} < 2exp (—;-g) ,
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which, in view of (5.6) (taking r & (1 — €)v there), yields that

_ 4 (1 —¢)%v v
Pl 56 <o = (55 ) o (G ) w2ew (-5g).

which yields the upper bound in Lemma 5.2. a
We are now ready to give the proof of the upper bound in Theorem 1.2.
Proof of Theorem 1.2: the upper bound. Observe that

IF’{ sup X(s) >v} =P(H(v) <t) <P{O:(v) <t}.

0<s<t

By Theorem 4.1, ©4(v) is distributed as 4 [ €=(*) ds — 4v. Thus

v t
P{ sup X(s)>v}§l@{/ e:(s)ds<—+v}. (5.7)
0<s<t 0 4

According to (5.1) (taking 23 and adéf% there), we have

IF’{ sup |=(t2) — Z(t1)| > 3} < cv’e™,

0<t1<to<wv;ta—t1<1/v

where ¢ is the numerical constant in (5.1). On the event {Supy<;, <i,<u:ty—t,<1/0 [=(t2) —
E(t1)| < 3}, we have [ e=(®)ds > leswose<e =73, Plugging this into (5.7) yields that for
all sufficiently large v and ¢,

t
]P’{ sup X(s) > U} < e +IP’{ sup Z(s) —3 < log(zv +v2)}

0<s<t 0<s<v
2

< e 49 —(1—2 Y > 5.8
< cve exp( ( )8log2(tv) (5.8)

the last inequality being a consequence of the upper bound in Lemma 5.2. We mention that
(5.8) was already used in Section 3 to prove the estimate (3.17).

Since logv = o(logt), (5.8) yields the upper bound in Theorem 1.2. O

5.2 Theorem 1.2: the lower bound

The ideas in this subsection essentially go back to Brox [2]. For a,b € R, we define
b def

W(CL, b) - sup W(CL + S<b - CL)),
0<s<1
W(a,b) = imf W(a+s(b—a)),

W#(a,b) X sup (W(a+tb—a))—W(a+s(b—a))).

0<s<t<1

22



Note that W#(a,b) # W#(b,a) in general. Let P, be the quenched probability under
which the diffusion X starts from z.

Recall that H(y) = inf{t > 0: X(t) = y}.

We start with the following lemma. We mention that (W (y), a <y < ¢) is not necessarily
a valley in the sense of Brox.

Lemma 5.3 Leta <z <c.
(1) For any A > 0, we have

Poo { H(a) A H(c) > M(e — a)? W W ean ] < ? (5.9)

(2) There ezists a non-decreasing deterministic function v : R, — R, independent of
(a,x,c), with lim, o (u) = 0 such that if

a = sup{y <z:W(x)—W(zx) > A}, (5.10)
d = inf{y>z:W(y) —W(x)> A}, (5.11)
and if
1 T c o 1
(d —d)e* < §min{/ WW-W) qy / VW) -W@) dy} d:fiF(a,c), (5.12)
then for all 0 < e < 1,
P,.{H(a)NH(c) < e(d —d)e*T(a,c) } < ¥(e). (5.13)

Proof of Lemma 5.3. (1) According to Brox ([2], pp. 1213-1214, proof of (i)),

fﬂa%NHaﬁé(c—aVeWﬂ“”( sup szu»yw+A),

—oo<y<1

with A > 0 and
E,. (A% <12

The same estimate holds with W#(c,a) instead of W#(a,c). Therefore, (5.9) will follow
from Chebyshev’s inequality once we can show that for all A > 0,

. (5.14)

> o

P{ sw_ Llo(.p) >} <

—oo<y<1

To prove (5.14), we note that by Fact 2.1, y € [0,1] — L(co(1),y) is a BESQ(2) starting
from 0, and y € [0,00) — L(o(1),—y) is a BESQ(0) starting from L(c(1),0). Using suc-
cessively the triangular inequality, the reflection principle for BESQ(2) and the martingale
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property of BESQ(0), we obtain that

1@{ sup L(a(l),y)>)\}

—oo<y<1
< ]P{ sup L(o(1),y) > )\} +E (1{L(a(1),0)</\}1{sup,oo<y§o L(U(l),y)>/\}>

0<y<1 Eﬁfﬁ}lLQZ).

< 2P{L(c(1),0) > A} + E (1{L(a(1),0)<)\} \

Since L(o(1),0) has the exponential distribution of mean 2, this leads to

2 M2 6
P sup L(o(1),y) > A p <2 M2 4 —/ ye Ydy < —,

—oo<y§1 A 0 )\
proving (5.14) and thus (5.9).

(2) The proof of (5.13) is essentially from Brox ([2], page 1215, line -11). Without loss
of generality, we assume = = 0. Under (5.12), we have a < o’ <0 < ¢ < ¢. In view of (4.1),
we have, by occupation time formula,

H(a) NH(c) = T(o(Ala)) Na(A(c)))
= [ "0 Lo(A(a) A o(A(0). () dy
> (d —d) e ™ inf L(c(A(a)) N o(A(c)), A(y))

o’ <y<e!

> (d—d)e™ inf L(c(A(a)) Ao(A()), 2),

1< (' —a’)e?

since A(d) < de* and A(d') > —|d|e*. In view of (5.12) and scaling,

o ly|<1/2

P,.{H(a)NH(c) < e(d —d)e*T(a,c)} < IP’{ inf L(o(1) Ao(—1),y) < 5}

proving (5.13).

We mention that it is possible to use a theorem of Spitzer [23] to prove that ¥(g) <
C'/log(1/e), for some constant C' > 0 and all € € (0,1/2]. 0

We have now all the ingredients to prove the lower bound in Theorem 1.2.

Proof of Theorem 1.2: the lower bound. Fix a small € > 0. Consider large ¢t and v such

that ¢ > v > log”t. Let r = $28L. For r > 0, define d_(r) o sup{t < 0: W#(¢,0) > r}.
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Define three random times v <1 < m < « by
n = inf{s>v:W(s)—W()=—(1-3e)r},
a = inf{s>n:W((s)—W(n) >r},
m = inf{s>v:W(s)=W(v,a)}.

W(x)
A

er g \

A

Sr_{
(1-3&) r
We consider the following events:
0
r {|d_(r)| <% |W(d_(r),0)| < er; / UGN PR eT/Q} ,
d—(r)

W#(0,0) < (1 — 20e)r; W(0,0) < g} ,

Fy def {77 —v < r5/2; sup (W(s) — W (v)) < er; W#(U,n) <

T
o)
v<s<n 3

/ T W@ gy e(l—4e>r} |

o {a —n <% inf (W(s)—W(n)) > —er; W#(n,m) < g; W (a,n) <

n<s<a

m<xr<m+1 m

sup (W (z) — W(m)) < r¥3; / W @-W(m) g5 - e(l—g)r} ‘
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Observe that by the strong Markov property, the events (F})1<;<4 are independent. More-
over, P{F3} and P{F,} do not depend on v.

Under Nj_, Fj, we have

Py, {X(t) > v} Py, {H(m) <t; X(t) > v}

>
> Po,{H(m) <t} P, {H{W)ANH(a)>t}. (5.15)
Applying (5.9) to (d_(r),0,m) and using the scaling function A(-) of X, we have

Py, {H(m) >t}
Poo {H(d(r)) < H(m)} + Poo, {H(d(r)) AN H(m) >t}

= -+ P, {H(A (1) A H(m) 2 1)

IN

since A(m) < meW™ < me™/3 |A(d_(r))| > ¢"/2 by definition of Fy and W#(d_(r),m) <
max(W#(0,v) — W(d_(r),0), W#( m)+er) < (1 —19)r.
Note that m < o < 7% + v < 2t° and t = e(!17109)" we obtain that

4
Py, {H(m) >t} <e %, if we()F (5.16)

To apply (5.13) to (v, m,a), we choose A = 72/3 and verify that the assumption (5.12) is
satisfied on N{F}, because

L(v,a) = min{/mew(y)‘w(m) dy, /aeW(y)—W(m) dy}
’Un m
> min{ / N gy e(l—a)r}

> U719 > o — a')et.

It follows from (5.13) that

P, {H(v) A Ha) < 1} <0 ( o jjp o a)> .

Since ¢ —d' > ¢ —m > 1 by definition of Fy, @/J(%) < zb(e(l*los)”’"wt(l%g)’") <

(e™5"). Therefore for all large r > ro(c), we get from (5.15) that

Po., {X(t) > v} > (1 —e ) (1—ye™n) >

4
if we mFJ
j=1

l\DI»—l
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Hence
P{X(t) > v} =E Py, {X(t) > v}) > %P{ ﬂ FJ} = % HP{Fj}, (5.17)

by the independence of F;. When r — oo, P{n,—v > r*/?} — 0, and % log [ "®)=W ) qz ~
Lsup,,<,(W(z) —W(n)) > (1 — 3¢). It follows that

liminf P{F3} > liminf P{ sup (W(s) — W(v)) < er; W#(v,n) < t

v<s<n 3

}:C(s) > 0,

for some constant C' depending only on € (by scaling). The same holds for P{F,} and P{F}}.
It follows that for all large r > ry, we have

P{F} P{F;} P{F,} > C'(¢) > 0. (5.18)

Finally, we recall the asymptotic expansion of distribution of (W#(0,v), W (0,v)) ([9], The-
orem 2.1): for any fixed 0 < a < 1, when § — 0+,

5T 74 4 si 2 2
P{W#(0,1) < &; W(0,1) < ad} ~ dsinar/2) <_%> |
T

It follows from scaling that when r — oo,

4sin(m/6(1 — 20¢)) w2 v
PiFs} ~ . exXp (—m —) '

Plugging this into (5.17) and (5.18) implies

log” t 2
lim inf °8 logP{ X(s) >v} > I
t,v—o00, v>log?t, logv=o(logt) VU 8
The lower bound in Theorem 1.2 is proved. a
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