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The non-variational semilinear parabolic system

Oru= Au+ F(v),
{ dev = pAv + G(u), >0 (SYS)J

where (u, v)(t) : x € RN — (u,v)(x, t) € R?, and

F(v) = |v|p_1v, G(u) = |u|q_1u, p,g>1 (€1)

or
F(v)=¢", G(u)=¢€%" p,g>0 (C2)

m (Sys) + (C1): Friedman-Giga '87, Escobedo-Herrero '91, Caristi and Mitidieri
'97, Andreucci-Herrero-Velazquez '97, Deng '96, Fila-Souplet '01, Z. '01,
Mahmoudi-Souplet-Tayachi '15, ...

m (Sys) + (C2): Friedman-Giga '87, Souplet-Tayachi '16, ...



Definition (Finite time blowup solution)

The Cauchy problem in L>(RV) x L>=(RN):
m either global existence in time,
m or existence on [0, T) with T < 400 and

im ([Ju(e)lli + V()i ) = +oo.

t—T

= finite time blowup solution, T is the blowup time.

= A point a € RV is a blowup point of (u,v)(x,t) <= F(an, ta) — (a, T) such
that |u(an, t,)| + |v(an, ta)| = +o0 as n — +oc.

m Note that u and v blow up simultaneously in some finite time.




Definition (Type | and Type Il blowup)
m Type | (for System C1):

Ju(t)][ee < Ca(t),  [v(t)llee < CV(2),
where (@, v) is the positive blowup solution of the associated ODEs, namely that
0(t) =(T —t) %1, (t)=(T —t) p1 (ODEsol-C1)

and (for System C2):

au (¢ o pv(t) o <
le® ()i + €7l < =,

m Type Il: otherwise.




Definition (Type | and Type Il blowup)
m Type | (for System C1):

lu(®)lle= < Ca(t),  [Iv(t)ll= < C¥(2),

where (@, v) is the positive blowup solution of the associated ODEs, namely that

q+1

0(t) =[(T —t) %1, (t)=(T —t) s (ODEsol-C1)
and (for System C2):

C
T -t

e ()l + ™1 <

m Type Il: otherwise.

Goal:

m Construct a finite time blowup solution for (Sys) + (C1) or (C2) satisfying
some prescribed blowup behavior.

m Prove its stability (with respect to perturbations of initial data).



.
,—(Theorem 1 (Ghoul-Nguyen -Z. ’16).} |

Type | blowup solutions for (Sys) + (C1): 3(ug, vo) € L x L such that:
= v and v blow up simultaneously in finite time T only at the origin, and

(7= 0 w6y = @0 @] . +[[(T = 0F vty - wa @) 0

L

as t — T, where
_ pHL _ gt
Po(&) =T(1+ bIEP) m 1, Wo(&) = y(L+ bE[?) pet,
and

x ~ (pg—1)(2pg+p+q)

e V(T =8)[In(T =)’ ® = apalp + D@+ D+ 1)

mVx #0, (u,v)(x,t) = (u*,v*)(x) as t — T, where
pt+1 g+l
blx[?> \ 1 blx?> \ 1
(x) ~T d v*(x) ~ .
u*(x) (2|In|x|| and v*(x) ~~ 3TIn || asx — 0
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.
,—(Theorem 2 (Ghoul- Nguyen- Z. ’17).}

5

Type | blowup solutions for (Sys) + (C2): (w0, w) € Ha = {(u,v) €
(¢,9) + L= x L=, q¢p = pth = —In(1 + a|x|?)} such that:

m e and ePV blow up simultaneously in finite time T only at the origin,
and

7= e 00 @]+ (- e woe)] . 0
as t — T, where

pPo(€) = qWo(&) = (1 + bl¢[>) ™

and
X 1

T o D
mVx #0, (u,v)(x,t) = (v, v*)(x) as t — T, where

u*(x) N%In (§|In|x||> and v*(x) ~ %In (2_b||n |X||) as x — 0.

P IxP q |xP?

=

\.



Theorem 3 (Ghoul- Nguyen- Z. '17).}

The constructed solution is stable with respect to perturbations of initial
data in L x L* for (Sys) + (C1) and in #, (a special affine space) for
(Sys) + (C2).

= Remark: Other profiles are possible, but they are suspected to be unstable.



Theorem 3 (Ghoul- Nguyen- Z. '17).]

The constructed solution is stable with respect to perturbations of initial
data in L x L* for (Sys) + (C1) and in #, (a special affine space) for
(Sys) + (C2).

= Remark: Other profiles are possible, but they are suspected to be unstable.

Idea of the proof:
= Implementation of the constructive proof developed by Bricmont-Kupiainen '94,
Merle-Z. '97 for the standard semilinear heat equation

O = Au+ |ulPru, p>1.

m The method relies on two arguments:

- Reduction of the problem to a finite dimensional one (N + 1 parameters),

- Solving the finite dimensional problem thanks to a topological argument based
on index theory.



This kind of method has been successfully applied for various problems:
m The semilinear heat equation involving a nonlinear gradient term

2p

O:u= /N p—1 \V4 q’ >170< < ===
= B+ P Vel p 1, 00 < ac= Sy

. Ebde-Z. '11 (for g < g.), Tayachi-Z. '15 (for g = g.), Ghoul-Nguyen-Z. '16
(for uP — e, g = 2), Bressan '92 (for u? — e” and p = 0).
m The complex Ginzburg-Landau equation

Oru = (1 +18)Au+ (1 +28)|ulP " u — yu,

.. Z.'98 (for B =~ =0), Masmoudi-Z. '08 (for p — 62 — B§(p + 1) > 0),
. Nouaili-Z. '17 (for § = 0,0 = £,/p).
m The energy critical and super-critical semilinear heat equation

O = Au+ |ulP~ u,

.. Schweyer '12 (for p = N2 N = 4)

.. Collot '16 (for p > py = 1 + N > 11).

N—4— 2\/ N—4—2/N—1’



m The energy critical and super-critical semilinear wave equation
-1
Ot = Au+ |ulP™ u,

... Hillairet-Raphaél '12 (for p = % N = 4), Collot '16 (for p > py, N > 11).
m The energy critical and super-critical nonlinear Schrédinger equation

10+ Au+ |ufP~tu =0,

... Merle '90, Merle-Raphaél '05, Merle-Raphaél-Rodnianski '15 (for p > py,
N > 11).
m The simplified energy critical and super-critical harmonic heat flow

N-1 N —
0 :8# ar -
et e r 4 2r2
... Raphaél-Schweyer '14 (for N = 2), Ibrahim-Ghoul-Nguyen '16 (for N > 7).
m The simplified energy critical and super-critical wave maps

1
sin(2u),

N—-1 N—-1
3ttu:3,,u—|— arU—
r 2r2

... Raphaél-Rodnianski '12 (for N = 2), Ibrahim-Ghoul-Nguyen '17 (for.N >.7).
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sin(2u),



How to reduce the problem to a finite dimensional one?

Two general approaches:

= Energy-type estimates applied for problems that Lyapunov functionals are
known.

For examples: the semilinear heat and wave equations, the nonlinear Schrédinger
equation, the harmonic heat flow or the wave maps problem.

= Spectral analysis applied for problems that spectral properties of the linearized
operator is fairly understood (possibly applied for problems that Lyapunov
functionals are known).

For examples: the semilinear heat equation involving a nonlinear gradient term,
the complex Ginzburg-Landau equation.

m As for system (Sys) without a variational structure = Spectral analysis.



Similarity variables:

[¢(y,s):(r—t)z%u(x,t), W(y,s) = (T — t)s1v(x,t)  for (C1)

d(y,s)=(T — t)eq“(xvt), V(y,s)=(T — t)e”"(’“t) for (C2)

X

T —

where y = , s=—In(T —1t).

~

Then, Vs > —InT and Vy € RN,

050 = AP —Fy. Vb — Lo+ WPty
{ (Sys-C1)
OV = pAV — 1y YV — Ly 4 [0[1710,
and
00 =Ad— 1y Vo b4 qow— V2L
(Sys-C2)

OV = pAvY — Ly VU — W 4 pow — [T



In the similarity variables setting, we reduce the proof of Theorem 1 & 2 to the
following:

,—[Theorem 4 (Equivalent formulatin of Theorem 1 & 2)} |

There exist initial data such that system (Sys-C1) ( or system (Sys-C2))
has a solution (¢, V) defined for all (y,s) € RV x [sy, +00) satisfying

o (3] oo (2

— 0 ass— +oo.
L(x)




In the similarity variables setting, we reduce the proof of Theorem 1 & 2 to the
following:

,—[Theorem 4 (Equivalent formulatin of Theorem 1 & 2)} |

There exist initial data such that system (Sys-C1) ( or system (Sys-C2))
has a solution (¢, V) defined for all (y,s) € RV x [sy, +00) satisfying

oo ()]l (2

\. J

— 0 ass— +oo.
L(x)

Goal:

m Construct a global solution (®, V) for (Sys-C1) or (Sys-C2).
m Determine the profile ®¢ and Wg.

m Prove the stability of the constructed solution (¢, W).



A formal approach to find the profile (¢*, W*) (N=1)

m The trivial solutions of systems (Sys-C1) and (Sys-C2) are (I',v) and (%, %)
respectively.

= Introducing

V)= (d-T,W—75) for (Sys-Cl),
\TJ =

)=(®— L V-2 for (Sys-C2)

q

o,
(,
leading to the system

o & U+ AP~ 1(W 4 ~) — pyP — p(p—1) p—1yy
8s<_>:(H+M1)<_>+(I_ 7l (_ v) — pY (2_1)7 _>’
v v &+ T|a9-1(D+T) — glrt — LLra-10

0(8) = 0o a) (3) + ()97 (s’ o)

and



S Afomalepoach
Spectral properties of the linearized operator (N=1)

m H and M; are given by

(L 0 _ 1
H—(O »Cy,)7 En—nA—Ey.V.

_ pt1 p—1 q
— PY 0
M1=<q;’:§_% _q+1>, M2:<Z 5>.

pg—1
u Note that £, is self-adjoint in D(£,)) C L3 (R"), where
2 (RN) _ 7
L, (RT) ‘/ y)dy < +OO}, pn(y) = We e
m The spectrum of L, is explicitly given by

Spec(L,) = { neN} Loy =1

hn,
2

where the eigenfunctions h, are (rescaled) Hermite polynomials.



Spectral properties of the linearized operator (N=1)

Lemma (Spectral properties of H + M;)

EI(;:""), (g”n) which is a linear combination of Hermite polynomials of degree < n,

such that

Grea) () = (-2 (5), (eean) (F) =) (),

where \f = % and \j = 1.

m The linearized operator H + M; has two positive eigenvalues 1 and % a zero
eigenvalue and an infinite many discrete negative spectrum.



A formal approach to find the profile (¢*, W*) (N=1)

= Expand (¢, 1) according to the eigenfunctions of # + M;:

()= [ ()~ ()]

m Since (;") for n > 3 and (g) for n > 0 correspond to the negative eigenvalues of
H 4+ M,, assuming that (&, W) is even in y, we may consider

()00 =) +00(2)

u Projecting on (2) and ( ’) yields

9(1) :90+O(9(2)+'9§)7 _
{ 6, — 202 + O(|6obs| + 6o + 66[7),  TOTOMe = <(p, g, 1) > 0.



o Aemalepech
A formal approach to find the profile (¢*, W*) (N=1)

m Assuming that |0p(s)| < |62(s)| for s > 1, we end up with

a(s) = —é +0 (";j) . Oo(s) =0 <$12) .

m The expansion for |y| bounded:

@ea=0)-alep) ro(3)  women
(o= () aclo) ro(3) eme

m These expansions are asymptotically constant for |y| bounded. However, this
suggests the relevant space variable for the blowup profile

y

Vs AT —oln(T -0

&=




o Aemalepech
A formal approach to find the profile (¢*, W*) (N=1)

m To have a shape, we look for a solution of the form

(W)oe=()o ()@ =%

m Plugging this ansatz in the system and keeping only the main order term, we get

g PH1 p_ £ 9t1 q_

5®0— Pt Vi =0, —SW -~ Vo+®]=0 (ODEs-Cl)
and

—gq)s — cbo + qd)o\l]o = 0, —§W6 - \UO + p<|>o\|lo =0. (ODES-Cz)

m Solving these ODEs yields

o(€) = (1 + BE[) 75T, Wo(¢) =~(1+ blg?) % (Sol-ODEs-C1)
and
pdo(€) = qWo(€) = (1 + b|EL) (Sol-ODEs-C2)

b > 0 needs to be determined !!!
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Value of b: Matching asymptotics (given only for the
power case)

- Working in L3 (or uniformly on compact sets |y| < R, (a smaller zone)), we

found q) o) N 1 /hy) Lo '“Ts (asym-C1)
", v c2s \&2(y) °

where f(y) and ga(y) are polynomials of order 2.
- Working uniformly for |y| < K+/s (a larger zone), we found

(y)oa~ () €= %

_ ptl q+1

Po(&) =T(L+blE[?) 71, Wo(&) =~(1+b|¢[*) 71  (Sol-ODEs-C1)

with

- Matching the two estimates, we get the value of b, hence ® and Vg



S Afomalepoach
Conclusion of the formal approach

u}
o)
I
i
it
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The value of ®; and W can be easily derived (start the induction,...)
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Conclusion of the formal approach

The value of ®; and W can be easily derived (start the induction,...)

Recalling the ansatz:

(w)oo=(w)@+s (o =%

and given that we have just determined ®¢ and Wg, we have the candidate for the
profile :

& (y, 5)= ¢0<\[> 20,0,

VU (y,s)= WV (\[) + i\Ul(O)



A sketch of the existence proof

(r)- () (")

and (A, T) satisfies the system

A _ i . A R]- 1] : 1]
0s <T> = (7—[ + M, + V,) <T> + <R2> + "quadratic term". (%)

= Introducing

m Construct for (%) a solution (A, T) such that
IA(S)|loe + | T(s)|lLe —> O as s — +oo.

= The linear part has two fundamental properties:

- for |y| > Kv/s: H + M; +V; has a negative spectrum for K >> 1.

= Control of (}) for |y| > K\/s is easy.

- for |y| < K+/s: the potential V; is regarded as a perturbation of H + M;.



A sketch of the existence proof (cont.)
m For |y| < K+/s, we decompose
D=2 () () =5 (0) - (7)
= 0n +0n .. On + ;
(T I‘)Gzl% 8n 8n nz:(:) 8n T,
A

where () = N_ () with M_ being the projection on the subspace associated to
the negative eigenvalues of H + M;.
= (7)) is controllable to zero.

= Control of 6, is delicate. Projecting the system satisfied by (}) on (;22) we

need to refine the term V,-(Q) (and a nonlinear gradient term for the (C2) case)

dby(s) 2 C
- < —.
ds + 592(5) S3

Making the change of variable 7 = In s yields
dez(T)
dr

which shows a negative eigenvalue = 6, is controllable to zero.
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A sketch of the existence proof (cont.)
m |t remains to control Ay and 6, the positive directions of the linear operator
H + M, (this is the finite dimensional problem).

Projecting the PDE on these directions, we find the following (finite dimensional

problem) ODE system:
/ 1
90 = 00 + O <52> )

! 1 1
with given initial data at sy by g = dp € R, 6; = d; € RV,
This problem can be easily solved by contradiction, using index Theory: There

exist a particular (dy, di) € R" such that the problem has a solution (0y(s), 61(s))
which converges to (0,0) as s — oo.

For the full infinite dimensional problem, we consider the initial data depending on
(do, dl) € R1tNV:

(?) (v: %) = sAg (do (;‘;) + dl'(;)) (v, ).



|dea of the stability proof

It follows from the existence proof, through the interpretation of the parameters
(do, d1) of the finite dimensional problem in terms of the blowup time and the
blowup point thanks to the space-time translation invariance of the problem.



Conclusion
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(C2) through the spectral analysis. The constructed solution is stable with
respect to perturbations of initial data.
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Conclusion

m Conclusion: We exhibit Type | blowup for system (Sys) coupled with (C1) or
(C2) through the spectral analysis. The constructed solution is stable with
respect to perturbations of initial data.

m Conjecture: The blowup profile (¢*,W*) given in Theorem 1 or 2 is generic.
The only available result is due to Herrero-Velazquez '92 for the standard
semilinear heat equation in one dimensional case; and they announced the same
for higher dimensional cases, but they have never published !

= Interesting question: Are there Type Il blowup solutions for (Sys)?

To our knowledge, the existence of Type Il blowup solutions satisfying some
prescribed behavior have been rigorously proved through energy-type methods,
and the blowup profile is "generally" given by the (rescaled) stationary solution.
Since system (Sys) has no variational structure, we expect an implementation of
the spectral analysis for Type | blowup would be applicable for the construction of
Type Il blowup solutions.




. Askechoftheexstenceproof
Thanks!

Thank you for your attention.
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