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utt=∆u+|u|p−1u,

u(0)=u0etut(0)=u1,

where

u(t):x∈IRN→u(x,t)∈IR,

u0∈H1
loc,u(IRN)andu1∈L2

loc,u(IRN).

‖v‖L2
loc,u(IR

N
)
=sup

a∈IR
N

(

∫

|x−a|<1|v(x)|
2
dx

)

1/2
.

N≥2andp=pc≡1+
4

N−1
.

Earlierwork:1<p<pc(Amer.J.Math.).
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Criticalwhy?

1-Whenp=pc,thereisaconformalinvariancein

theequation:ifU(ξ,τ)isdefinedby

U(ξ,τ)=(|x|
2
−t

2
)

N−1
2u(x,t),ξ=

x

|x|2−t2,τ=
t

|x|2−t2,

thenUsatisfiesthesameequationasu.

2-Thesubriticalcase1<p<pchasbeensolved

inanearlierwork(Amer.J.Math.),wheremajor

difficultiestoadapttotheciriticalcaseappeared.

Thepresentationisdonefor1<p≤pc.
2



CAUCHYPROBLEMINH1
loc,u(IRN)×L2

loc,u(IRN)

Sincep<N+2
N−2,itfollowsfrom:

-thesolutionoftheCauchyprobleminH1×L2(IRN)

(LindbladandSogge,ShatahandStruwe)

-thefinitespeedofpropagation.
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FINITETIMEBLOW-UPSOLUTIONS

Existence:

John,CaffarelliandFriedman,Alinhac,Kichenas-

samyandLitman

QUESTION(wasopenbeforethiswork)

Evaluatethenormofu,∇uandut

inL2
loc,u(IRN)neartheblow-uptimeT.
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AHINT:THEASSOCIATEDODE

utt=up,u(T)=+∞

gives

u(t)∼κ(T−t)−
2

p−1

whereκ=κ(p)isexplicitlygiven.
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SELF-SIMILARVARIABLES

wa(y,s)=(T−t)
2

p−1u(x,t),y=
x−a

T−t
,s=−log(T−t).

Equivalentproblem:

Forally∈IRNands≥−logT:

∂
2
sw+

p+3

p−1
∂sw+2y.∇∂sw+

∑

i,j
(yiyj−δi,j)∂

2
yiyjw

+
2(p+1)

p−1
y.∇w=|w|p−1

w−
2(p+1)

(p−1)2w,
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Equivalentproblemindivergenceform:

Forally∈IRNands≥−logT:

∂2
sw−

1
ρdiv[ρ∇w−ρ(y.∇w)y]+

2(p+1)
(p−1)2w−|w|p−1w

=−
p+3
p−1∂sw−2y.∇∂swwhereρ(y)=(1−|y|2)α

Ifp<pc≡1+
4

N−1
,thenα≡

2
p−1−N−1

2>0.

Ifp=pc,thenα=0andρ≡1.
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Th.(p≤pc)Foranysol.ublowingupattimeT,

foralls≥−logT+1anda∈IRN,

‖wa(s)‖H1(B)+‖∂swa(s)‖L2(B)≤K

whereB=B(0,1),K=K(N,p,‖u0‖,T).

Rk.Fromscalingargumentsandthesolutionof

theCauchyProbleminH1×L2(IRN),wegetforall

s≥−logT+1,

sup
a∈IR

N‖wa(s)‖H1(B)+‖∂swa(s)‖L2(B)≥ε0(N,p)>0.

=⇒Weareatthegoodscale
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INTHEORIGINALVARIABLES

Th.(p≤pc)Foranysol.ublowing-upattimeT,

foranyt∈[T(1−e−1),T),

‖u‖L2
loc,u(IR

N
)≤K(T−t)−

2
p−1






‖ut‖L2

loc,u(IR
N
)
+‖∇u‖L2

loc,u(IR
N
)






≤K(T−t)−

2
p−1−1

whereK=K(N,p,‖u0‖,T).
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THEARGUMENTSOFTHEPROOF

-ExistenceofaLyapunovfunctionalfortheequa-

tiononwandenergy-typeestimates.

-Interpolationtogainmoreregularity.

-Gagliardo-Nirenbergtypeestimates.
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Equivalentproblemindivergenceform:

Forally∈IRNands≥−logT:

∂2
sw−

1
ρdiv[ρ∇w−ρ(y.∇w)y]+

2(p+1)
(p−1)2w−|w|p−1w

=−
p+3
p−1∂sw−2y.∇∂swwhereρ(y)=(1−|y|2)α

Ifp<pc≡1+
4

N−1
,thenα≡

2
p−1−N−1

2>0.

Ifp=pc,thenα=0andρ≡1.
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ALYAPUNOVFUNCTIONALAntonini-Merle

E(w)=
∫

B







1

2
(∂sw)

2
+

(p+1)

(p−1)2w
2
−

1

p+1|w|p+1






ρdy

+
1
2

∫

B

(

|∇w|
2
−(y.∇w)

2
)

ρdy

ρ(y)=(1−|y|
2
)αwithα=

2

p−1−
N−1

2≥0.

Ifp<pc,thenα>0.

Ifp=pc,thenα=0andρ≡1.

Ifp>pc,thenEisnotevendefined.

Hence,pciscritical.
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Lemma1(Monotonicity)Foralls1ands2:

(p<pc,Antonini-Merle),

E(w(s2))−E(w(s1))=−2α
∫

s2
s1

∫

B(∂sw)
2
(1−|y|

2
)α−1

dyds.

(p=pc:degeneracy),

E(w(s2))−E(w(s1))=−
∫

s2
s1

∫

∂B(∂sw(σ,s))
2
dσds.

Rk.2α(1−|y|2)α−1→δ∂Basp→pc.
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Lemma2(Blow-upcriterion(Antonini-Merle))

IfasolutionWsatisfiesE(W(s0))<0forsome

s0∈IR,thenWblowsupinfinitetime.

BOUNDSONE

Foralls≥−logT,s2≥s1≥−logT

0≤E(w(s))≤E(w(−logT))≤C0

whereC0=C0(‖u0‖,T).
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BOUNDSONTHEDISSIPATIONOFE

Foralls≥−logT,s2≥s1≥−logT

(p<pc,supportedinacylinder),

∫

s2
s1

∫

B(∂sw)
2
(y,s)(1−|y|

2
)α−1

dyds≤
C0

2α
,

(p=pc,supportedintheboundaryofthecylinder),

∫

s2
s1

∫

∂B(∂sw(σ,s))
2
dσds≤C0.

Thisdegeneracyisamajordifficultyinadaptingthe

subcriticalcasetothecritical.
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(p<pc)SUPPORTOFTHEDISSIPATIONIN

THE(x,t)VAR.(rememberw=wa):Intheinte-

riorofthelightconewithvertex(a,T).

T

t_1

t_2

a

x

t

(a,T)
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(p=pc)SUPPORTOFTHEDISSIPATION

INTHE(x,t)VAR.(rememberw=wa):Onthe

EDGEofthelightconewithvertex(a,T).

(a,T)

t

x

a

t_2

t_1

T
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Sinceallisuniformina,wemovethea,andthen

integrateina...

(a,T)

t

x

a

t_2

t_1

T

Werecoveranestimateintheinteriorofthelight

cone,betweent1andt2(likethesubcriticalcase).
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Moreprecisely(p=pc),

Proposition1Foralla∈IRNands2≥s1≥−logT,

∫

s2
s1

∫

B∂swa(y,s)
2
dyds≤C0.
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Evenbetter:NONCONCENTRATIONOF
∫

(∂sw)
2

Proposition2ForanyballB(b,r0)⊂B(0,3)with

r0<1,

∫

s2
s1

∫

B(b,r0)∂swa(y,s)
2
dyds≤C0r0.
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Withthisadaptation,weconcentrate(fromnowon)

onthesubcriticalcase.RecallBoundsonEandits

dissipation:

Foralls≥−logT,s2≥s1≥−logT

0≤E(w(s))≤E(w(−logT))≤C0,

∫

s2
s1

∫

B(∂sw)
2
(y,s)(1−|y|

2
)α−1

dyds≤
C0

2α
,

whereC0=C0(‖u0‖,T).
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GOALProvethatw,∇wand∂swareboundedin

L2(B(0,1)).SincetheyappearinE(withaweight):

E(w)=
∫

B







1

2
(∂sw)

2
+

(p+1)

(p−1)2w
2
−

1

p+1|w|p+1






ρdy

+
1
2

∫

B

(

|∇w|
2
−(y.∇w)

2
)

ρdy,

itisenoughtobound
∫

wp+1
ρ.

Rk.Wegetridoftheweightsthroughacovering

argument.
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Rk.Sincewehaveanaverage(intime)estimate

on∂sw,

∫

s2
s1

∫

B(∂sw)
2
(y,s)(1−|y|

2
)α−1

dyds≤C0,

wewilllookforaverage(intime)estimatesofthe

termsinthefunctionalE.
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CONTROLOFSPACE-TIMEINTEGRALS.

First,weintegrateE(w)betweens1ands2:
∫

s2
s1E(w(s))ds

=
∫

s2
s1

∫

B







1

2
(∂sw)

2
+

(p+1)

(p−1)2w
2
−

1

p+1|w|p+1






ρdy

+
1
2

∫

s2
s1

∫

B

(

|∇w|
2
−(y.∇w)

2
)

ρdy

Remarkthat
∫∫

wp+1
controlsalltheothertermsin

∫

E.
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2ndIDENTITY

Wemultiplythew-equationbywρ,integrateonB×
(s1,s2),IBPandusethedefinitionof

∫

Etowrite:

(p−1)

2(p+1)

∫

s2
s1

∫

B|w|p+1
ρdy=

∫

s2
s1E(w(s))ds

+
∫

s2
s1

∫

B

(

−(∂sw)
2
ρ−∂swy.∇wρ−∂swwy.∇ρ

)

dyds

+
1

2







∫

B






w∂sw+







p+3

2(p−1)−N






w

2






ρdy







s2

s1

.
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Proposition3(p≤pc)Foralla∈IRNands≥
−logT+1,

∫

s+1

s

∫

B|w|p+1
ρdyds≤C(C0,N,p,T).

Rk.Thereisaweight...

PROOF(p<pc):Wewillcontrolalltermsonthe

RHSofthepreviousidentityby

C

ε
+Cε

∫

s2
s1

∫

B|w|p+1
ρdyds

andthentakeεsmall.
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Backtop≤pc

Corollary1Foralla∈IRNands≥−logT+1,

∫

s+1

s

∫

B1/2

(

(∂swa)
2
+|∇wa|

2
+|wa|p+1

+|wa|
2
)

dyds≤C

whereB1/2≡B(0,1/2),C=C(N,p,‖u0‖,T).

Rk.

Ifp<pc,wefirstgetestimatesonB≡B(0,1)with

theweightρ.

Ifp=pc,wedirectlygetestimatesonB.
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WearereadyfortheproofoftheThoeremthatI

recallhere:

Th.(p≤pc)Foranysol.ublowingupattimeT,

foralls≥−logT+1anda∈IRN,

∫

B

(

(∂swa)
2
+|∇wa|

2
+|wa|

2
)

dy≤K

whereB=B(0,1),K=K(N,p,‖u0‖,T).
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Step1:(p≤pc)Controlof
∫

B|wa(y,s)|
2
dy

Westartfrom

∫

s+1

s

∫

B1/2

(

(∂swa)
2
+|wa|

2
)

dyds≤C.

Wefirstgetridof
∫

ds,andthenextendtheinte-

grationinspacetoB.

Letg(s)=





∫

B1/2
wa(y,s)

2
dy





1
2
.Wewrite
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‖g‖L2(s,s+1)=
(

∫

s+1

s

∫

Bw
2
dyds

)1
2
≤C

‖∂sg‖
2
L2(s,s+1)=

∫

s+1

sds





∫

B1/2
w∂swdy





2

4
∫

B1/2
w

2
dy

≤
1

4

∫

s2
s1ds

∫

B1/2
(∂sw)

2
dy≤C0.

Hence,g∈H1(s,s+1).FromtheSobolevinjection

inonedimension,g∈L∞(s,s+1),i.e.

∫

B1/2|wa|
2
dy≤C.
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Now,weextendtheintegrationtoB.

Wetakea=0.Since

∀b∈IRN,
∫

|y|<
1
2
|wb(y,s)|

2
dy≤C

wb(y,s)=w0(y+bes,s),

then(z=y+bes)

∀b∈IRN,
∫

|z−bes|<1
2
|w0(z,s)|

2
dz≤C

+covering,thisyields
∫

|z|<1|w0(z,s)|
2
dz≤C.
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Step2:(p≤pc)Controlofwa(s)inLr
loc

Proposition4

Foralls≥−logT+1anda∈IRN,

∫

B|wa(y,s)|
p+3
2dy≤C

whereB=B(0,1).

Proof:Followsfrom
∫

w
2
and

∫∫

wp+1
byinterpo-

lation(H1⊂L∞inonedimension).
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Step3:(p≤pc)ControlofthegradientinL2
loc,u

Lemma3Foralls≥−logT+1eta∈IRN,

∫

B|wa|p+1
≤C





∫

B|wa|
p+3
2dy





γ(∫

B|∇wa|
2
dy

)

β
,

whereγ(p,N)>0and

ifp<pc,β=β(p,N)∈[0,1)

ifp=pc,β=1.

Proof:Gagliardo-Nirenberg.

33



Proposition5Foralls≥−logT+1anda∈IRN,
∫

B|∇wa(y,s)|
2
dy≤C.

Formalproof:Ifalltheweightswereequalto1,

wewouldhavefromthefunctionalE:
∫

B|∇wa|
2
dy≤C+

∫

B|wa|p+1
dy

+GagliardoNirenberg
∫

B|wa|p+1
≤C





∫

B|wa|
p+3
2dy





γ(∫

B|∇wa|
2
dy

)

β
.

Ifp<pc,thenβ<1andwegettheconclusion.

Ifp=pc,thenβ=1.wecanconcludeonlyif
∫

B|wa|
p+3
2dyissmall.
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ThisispossibleifwereplaceBbyB(b,r0)forsmall

r0.Indeed,

remembertheNONCONCENTRATIONresult:

Proposition6ForanyballB(b,r0)⊂B(0,3)with

r0<1,

∫

s2
s1

∫

B(b,r0)∂swa(y,s)
2
dyds≤C0r0.

Corollary2

∫

B(b,r0)|wa(y,s)|
p+3
2dy≤C0

√r0.
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WethencovertheunitballBbyballsofradiusr0

withoverlappinglessthansomeC(N).
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