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Common questions:

- Find the asymptotic behavior(s) near the singularity.
- Discuss their stability.

- Obtain uniforms estimates / initial data, etc..

- Understand interactions between regular and singular re-

gions.
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RK. Possible generalizations.
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Goal : Study 5.



Example 1: Single-point blow-up

u(x,t)

t* >O t:o

RKk. Sorry, this is not a simulation!
RKk. The only blow-up point is a. The other points are called
“regular points’.



Example 1 bis : Two blow-up points (both isolated)

u(x,t)

t*>0

RK. This is still not a simulation (by the way, blowing-up at
2 points is unstable and hard to get on a computer!)
RKk. Imagine the same picture with k points and in N dimen-

sions.



Example 2: S, is a sphere (radial sol., picture for N = 2).

Rk. Here, all blow-up points are non isolated in S,,.



Goal of the talk:
- Study of the blow-up set S, (C RV).

Two questions arise: the construction and the description.
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The answer is YES in the following cases:

- an isolated point (Herrero-Velazquez, Bricmont-Kupiainen,
Weissler...),
- k points (Merle),

- a sphere (radial solution, Giga-Kohn).

In all the other cases, the question remains open (the ellipse

for example).
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available on its blow-up set S,7

Rk. Of course, we don't deal with the case of isolated blow-

up points (no geometry! and there is an extensive literaturel!).

known information:

- Sy is a closed set (by definition).

- Sy is bounded, if ug is small at infinity (Giga-Kohn 1989).
- The Hausdorff dimension of Sy is < N—1 (Velazquez 1992).

Open questions: Is S, locally connected? Is it C1, ¢, ..?
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Main result of Z. IHP 2002:
case of non isolated blow-up points (CO === Cl)

Th. (N = 2) Consider u a solution of uy = Au+ |u[P~1u and
a a non isolated blow-up in S, such that:

1/ (Sy O Continuum)

Ja € C((—=1,1),R?), a(0) = a and Ima C Sy.

2/ (a is not an endpoint).

3/ (A ‘“reasonable” technical condition).

Conclusion: Locally near a, Sy is the graph of a Cl function.

RK. Valid in any dimension.
1
Rk. (Z. CMP 2002) If codim S, = 1, then S, is C1:2.



Some impossible cases for the blow-up set

Q>

Q>



-1/(p-1)
K(T-t)

U(iU, t) ~ (T — t)_lﬁf ( d(z,Su)

V (T—1)[log(T—1)|

where f(z) = (p — 1+ b(p)zQ)_ﬁ.

Second main result of Z. IHP 2002: The blow-up profile

|



Rk. Only the one-dimensional variable d(x,Sy) (orthogonal

to Sy) is responsible of the size of u at blow-up.



RK. f is the generic profile in dimension 1.

u(x,t)

. X
a  A+R[(T-t)log(T-1)] "

w(z,8) ~ (T — ) 7-1f (\/ z—a )

(T—t)| log(T—t)|

where f(z) = (p —1 b(p)zz)_lﬁ.




RKk. In this case |x — a| = d(x, Su).

Hence, in all cases (isolated points or not),

—]ﬁ d(z, Su)
u(m,t)N(T—t) f(\/(T—t)llog(T_t>|)

—= Universality.
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T hen,
either u = 0,
of there exists T™ > T such that

V(z,t) € RN x (—00,T), u(z,t) = r(T* — t)_lﬁ.

RK. This result vields blow-up estimates which are uniform

(with respect to initial data, blow-up point, etc...)



Most recent contribution (preprint 2004)

The blow-up set is in fact C2, and we can explicitly compute

its curvature (which is a geometric invariant).

In one word, CY — (2.





