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Abstract In this paper, we consider the following nonlinear equation

uy = Aut|ufPlu
u(,O) = U,

(and various extensions of this equation, where the maximum principle do
not apply). We first describe precisely the behavior of a blow-up solution
near blow-up time and point. We then show a stability result on this be-
havior.
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1 Introduction
In this paper, we are concerned with the following nonlinear equation:

w = Au+|ufftu
u(.,0) = wg € H, (1)

where u(t) : © € RN — u(z,t) € IR, A stands for the Laplacian in IRY. We
note H = WPTH(RY) N L>°(IRY). We assume in addition the exponent p
subcritical: if N > 3 then 1 < p < (N+2)/(N —2), otherwise, 1 < p < 4o0.
Other types of equations will be also considered.

Local Cauchy problem for equation (1) can be solved in H . Moreover, one
can show that either the solution wu(t) exists on [0,400), or on [0,7") with



T < 4o00. In this former case, u blows-up in finite time in the sense that
lu(t)||r — +oo when t — T
( Actually, we have both ||U(t)||LOO(RN) — o0 and ||u(t)]|

+oo when t — T)).
Here, we are interested in blow-up phenomena (for such case, see for example
Ball [1], Levine [14]). We now consider a blow-up solution u(t) and note T
its blow-up time. One can show that there is at least one blow-up point a
(that is a € RN such that: |u(a,t)| — 400 when t — T'). We will consider
in this paper the case of a finite number of blow-up points (see [15]). More
precisely, we will focus for simplicity on the case where there is only one
blow-up point. We want to study the profile of the solution near blow-up,
and the stability of such behavior with respect to initial data.

Standard tools such as center manifold theory have been proven non
efficient in this situation (Cf [6] [3]). In order to treat this problem, we
introduce similarity variables (as in [8]):

wirtt(@RY) 7

r—a

Yy = T — t7 (2)
s = —log(T —1t),
wraly,s) = (T —t)7Tu(z,t), (3)

where a is the blow-up point and 7" the blow-up time of u(t).

The study of the profile of u as ¢ — T is then equivalent to the study of the
asymptotic behavior of wr, (or w for simplicity), as s — oo, and each result
for u has an equivalent formulation in terms of w. The equation satisfied by
w is the following:

1
ws = Aw — §y.Vw - }% + w]P~tw. (4)

Giga and Kohn showed first in [8] that for each C' > 0,

lim sup | w(y,s) — k| =0,
§——+00 \ylSC

1
with k = (p — 1) =1, which gives if stated for u:

lim sup | (T —t)Y® Vu(a +yVT —t,t) — k |= 0.
=T <c

This result was specified by Filippas and Kohn [6] who established that
in N dimension, if w doesn’t approach k exponentially fast, then for each



C>0

K 1, 5
sup |w(y,s) — |k + =— (N — = =o0(1/s),
s [ (0,9) = 5 (N = 5lof)l = 0(1/)
which gives if stated for w:
1 K 1
T —t)r T T—t,t)— — (N -Zy]? 5
sup | (7= 07 Tulat pVT=80) = s+ 5N = 5P | 6)

= o((~log(T — t))™").

Velazquez obtained in [16] a related result, using maximum principle.

Relaying on a numerical study, Berger and Kohn [2] conjectured that in
the case of a non exponential decay, the solution u of (1) would approach
an explicit universal profile f(z) depending only on p and independent from
initial data as follows:

(T )7 Tu(a+ \/(T —t)|log(T —t)|z,t) = f(2) + O((~ log(T'~1))") (6)

: [ee]
in Ly,

with

—1)2 1
By, @

This behavior shows that in the case of one isolated blow-up point, there
would be a free-boundary moving in (z,t) coordinates at the rate

f(z)=(@—-1+

V(T — )] log(T - 1)].

This free-boundary roughly separates the space into two regions:

1) the singular one, at the interior of the free-boundary, where Awu can be
neglected with respect to |u|P~1u, so equation (1) behaves like an ordinary
differential equation, and blows-up.

2) the regular one, after the free-boundary, where Au and |u|P~!u are of

the same order.
Herrero and Velazquez in [12] and [13] showed in the case of dimension
one (N = 1) using maximum principle that u behaves in three manners,
one of them is the one suggested by Berger and Kohn, and they proved
that estimate (6) is true uniformly on z belonging to compact subsets of IR
(without estimating the error).

Going further in this direction, Bricmont and Kupiainen construct a
solution for (1) satisfying (6) in a global sense. For that, they used on one
hand ideas close to the renormalization theory, and on the other hand hard



analysis on equation (4).
In this paper, we shall give a more elementary proof of their result, based
on a more geometrical approach and on techniques of a priori estimates:

Theorem 1 Existence of a blow-up solution with a free-boundary
behavior of the type (6)

There exists Ty > 0 such that for each T € (0,Ty], Vg € H with ||g||p~ <
(log T)~2, one can find dy € IR and dy € IRN such that for each a € IRY,
the equation (1) with initial data

do + diz
—1)2
p— 1+ EEr e

uo(w) = T 73 { f()(1 + ) +9()},

2= (z—a)(|log T|T) "%,

has a unique classical solution u(x,t) on RN x [0,T) and
i) u has one and only one blow-up point: a
it) a free-boundary analogous to (6) moves through u such that

i (T — )7 Tu(a + (T — )] log(T ~ D)) 32,1) = f(2) (®)

uniformly in z € RN, with

2
16 = -1+ L apy

Remark: We took dy and d; respectively in the direction of hg(y) = 1 and
hi(y) =y, the two first eigenfunctions of £ (Cf section 2), but we could have
chosen other directions Dgy(y) and D;(y) (see Theorem 2). We can notice
that we have a result in H = WHPHHIRN) N L2°(IRY). We can also obtain
blow-up results in HY(RV) N L®(RN). If p < 1 + %, then f(z) € H', and
we use the same arguments to solve the problem in H'(IR™) N L>®(IRYN). If
p>1+ %, the result in H'! follows directly from the stability result (see
Theorem 2 below).

Remark: Such behavior is suspected to be generic.

Remark 1.1
One can ask the following questions:
a) Why does the free-boundary move at such a speed?
b) Why is the profile precisely the function f7
As in various physical situations, we suspect that the asymptotic behavior



of w — kK is described by self-similar solutions of equation (4).
Since we are dealing with equation of the heat type (Cf (4)), the natural

scaling is % Let us hence try to find a solution of the form v(-%), with

G
v(0) = K, lim |v(z2)| =0. 9)

|z[—00

A direct computation shows that v must satisfy the following equation, for
each s > 0 and each z € R":

1 1 1 1
——2z.Vu(z) = gAv(z) - EZ.VU(Z) o

2s Tu(2) + ()P e(z) - (10)

According to Giga and Kohn [10], the only solutions of (10) are the constant
ones: 0, K, —k, which are ruled out by (9). We can then try to search formally
regular solutions of (4) of the form

Vi) = 3 5ol
5=0

and compare elements of order S% ( in one dimension, in the positive case

for simplicity). We obtain for j = 0:

1
0= —521)6(2) -

- 11)0(2) + vp(2)P,

and for j =1 (2 #0)
v (2) + a(2)v1(2) = b(2)

with a(z) = %(p%l — pug(2)P~1) and b(z) = v)(2) + 2v((2). The solution for
vg is given by
1
v(2) = (p = 1+ ¢p2%) 71

for an integration constant ¢y > 0. Using this to solve the equation on v
yields

01() = w022 er + [ CPoo(Q) MG
1

for another integration constant c¢i. Since we want V' to be regular, it is
natural to require that v; is analytic at z = 0. vy is regular if and only

if the coefficient of ¢ in the Taylor expansion of vo({)™Pb(¢) near ¢ = 0 is
_ (=12
=

zero which turns to be equivalent to cg after simple calculation.



1

2 5 1
Therefore, vg(z) = (p — 1 + %ZQ) »=1. Hence, the first term in the
expansion of V' is precisely the profile function f. Carrying on calculus
yields:

o o 2
wle) = L e+ L2 pprog s + ety )

We note that v1(0) = 75"
Unfortunately, we are not able to calculate every v;. In conclusion, we take
an other approach to obtain approximate self-similar solutions (see the proof
of Theorem 1).

As in the paper of Bricmont and Kupiainen [3], we won’t use maximum
principle in the proof. The technique used here will allow us using geomet-
rical interpretation of quantities of the type of dy and d; to derive stability
results concerning this type of behavior for the free-boundary, with respect
to perturbations of initial data and the equation.

Theorem 2 Stability with respect to initial data of the free bound-
ary behavior

Let ug be initial data constructed in Theorem 1. Let u(t) be the solution of
equation (1) with initial data o, T its blow-up time and a its blow-up point.
Then there exists a neighborhood V, of iy in H which has the following prop-
erty:

For each ug in'V,, u(t) blows-up in finite time T = T (ug) at only one blow-up
point a = a(ug), where u(t) is the solution of equation (1) with initial data
ug. Moreover, u(t) behaves near T(ug) and a(ug) in an analogous way as
a(t):

lim (T = )7 Tu(a + (T — )| 10g(T — £)])32,t) = f()

uniformly in z € IRN.

Remark: Theorem 2 yields the fact that the blow-up profile f(z) is stable
with respect to perturbations in initial data.

Remark: From [15], we have T(ug) — T', a(ug) — @, as ug — G in H.
Remark: For this theorem, we strongly use a finite dimension reduction of
the problem in IR'™, which is the space of liberty degrees of the stability
Theorem: (T, a).

Remark 1.2



Theorem 2 is true for a more general ug: It is enough that 4(t) satisfies the
key estimate of the proof of Theorem 1.

Remark: Since we do not use the maximum principle, we suspect that such
analysis can be carried on for other type of equations, for example:

up = —A%u + |ul?u,
and
up = Au A+ |ulP u +ifu| ", (12)

where 1 <7 <p (p < 322 if N > 3).
See also for other applications [18].

According to a result of Merle [15], we obtain the following corollary for
Theorem 2:

Corollary 1.1 Let D be a convez set in RN, or D = IRYN. For arbitrary
given set of k points x1,..., xp in D, there exist initial data ug such that the
solution u of (1) with initial data ug (with Dirichlet boundary conditions in
the case D # ZRN) blows-up exactly at x1,..., T.

Remark: The local behavior at each blow-up point x; (|x —x;| < p;) is also
given by (8).

2 Formulation of the problem

We omit the (7,a) or (do,d;) dependence in what follows to simplify the
notation.

2.1 Choice of variables

As indicated before, we use similarity variables:

T—a
Tt

y:

s=—log(T — 1),
w(y,s) = (T — )7 Tu(z,t).
We want to prove for suitable initial data that:

lin (T~ )7 Tu(a+ (T~ )| log(T ~ ) 2,) — f(z)]|z= =0,



or stated in terms of w:

§—00

lim [ (y, s) = f(==)l|z= =0,

where

_1)2 1
f2) = -1+ %W)T«

We will not study as usually done, this limit difference as s — 400

w@ﬁ—ﬂjﬁa

but we introduce instead:

(p— 1)2 2

Nk 1
i s y?) 1. (13)

2ps

q(y,s) =w(y,s) —[z—+ -1+

The added term in (13) can be understood from Remark 1.1. There, we tried

to obtain for w an expansion of the form Zj:og s%v](%) We got vg = f
and for vy the expression (11). Hence, it is natural to study the difference

w(y, s) — (vo(%) + %vl(%)) Since the expression of v; is a bit complicated
(see (11)), we study instead w(y,s) — (vo(%) + 2v1(0)), which is (13) for
N =1.

Now, if we introduce

K K —1)? 1
Ne ey =X b WIS

= — ) = — _1
2ps NG +(p + 4ps

14
o SEGEY

¢(y, s)
we have
Q(y7 S) = w(y7 3) - gp(y, S)'

Thus, the problem in Theorem 1 is to construct a function ¢ satisfying
lim ()]l =0.

From (4) and (13), the equation satisfied by ¢ is the following:
for s > 0,
9q

%(:% S) = [’V(Q)(yv S) + B(Q(yv 3)) + R(y7 8)7 (15)

where



e the linear term is
Ly(q) = L(q) +V(y,s)q (16)
with

L(q) = Aq = 3y.-Vg+q and V(y,s) = p(p" ' = 513),
e the nonlinear term (quadratic in ¢ for p large) is
B(g) = o+ 4" o +q) — " —ppP g, (17)

e and the rest term involving ¢ is

1 1 o
Rly,s) = Ap = 5y.Vp — 1Pt QP — 8—?- (18)

It will be useful to write equation (15) in its integral form: for each sy > 0,
for each s; > s,

a(s1) = K (s1,50)(50)+ / 0 dr K (s1,7)Blg(r)+ / 0 drK(s1,7)R(r), (19)

where K is the fundamental solution of the linear operator Ly defined for
each sg > 0 and for each s; > sg by,

95, K (s1,50) = Ly K (51, 50) (20)
K (so, s0) = Identity.

2.2 Decomposition of ¢

Since Ly will play an important role in our analysis, let us point some facts
on it.
i) The operator £ is self-adjoint on D(£) € L2(IRY,du) with

2
|y

duly) = me (21)

Note here that there is a weight decaying at infinity. The spectrum of £ is
explicit. More precisely,

spec(L) = {1 — %|m € IN},

and it consists of eigenvalues. The eigenfunctions of £ are derived from
Hermite polynomials:



o N=1:

All the eigenvalues of £ are simple. For 1 — 5 corresponds the eigen-
function -
Z m!
h = — (-1, 22
m(Y) > n!(m_%)!( )"y (22)
n=0

h,,, satisfies
/hnhmdu = 2"n18,m.

(We will note also k,, = hm/HhmH%ﬁ)

o N >2:
We write the spectrum of £ as

mi+...+my

spec(L) = {1 — 5

|m1,....,my € IN}.

For (my,...,my) € IN, the eigenfunction corresponding to 1— w

is
Yy — hm, (yl)“'th (yN)7
where hy, is defined in (22). In particular,

*1 is an eigenvalue of multiplicity 1, and the corresponding eigenfunc-
tion is
Hy (y) =1, (23)

*% is of multiplicity IV, and its eigenspace is generated by the orthog-
onal basis {H1;(y)|t = 1,..., N}, with Hy ;(y) = h1(y;); we note

Hi(y) = (H11(y), .. Hin (y)), (24)
*0 is of multiplicity w, and its eigenspace is generated by the or-

thogonal basis {H27Zj(y)|z,j = 1, ...,N,i S ]}, with Hg,ii(y) = hg(yi),
and for 7 < j, Ho;;(y) = h1(yi)hi(y;); we note

Hy(y) = (Ha,i5(y),i < j). (25)

ii) The potential V (y, s) has two fundamental properties that will influence
strongly our analysis.

a) We have V(.,s) — 0 in the L?(IR,dy) when s — +oo. In
particular, the effect of V' on the bounded sets or in the “blow-up” region

10



(lz] < C/s) inside the free boundary will be a “perturbation” of the effect
of L.

b) Outside the free boundary, we have the following property:
Ve > 0, 3C, > 0, ds, such that

sup  |V(y,s) — (=) < e
s>se, > p
with —p%l < -1
Since 1 is the biggest eigenvalue of £, we can consider that outside the free
boundary, the operator Ly will behave as one with fully negative spectrum,
which simplifies greatly the analysis in this region.
Since the behavior of V inside and outside the free boundary is different,
let us decompose g as the following:
Let xo € C§°(]0,+o0)), with supp(xo) C [0,2] and xo = 1 on [0,1]. We
define then

() = xo (A2, (26)

082

where Ko > 0 is chosen large enough so that various technical estimates
hold.
We write ¢ = qp + g. where
g = qx and ge = q(1 = x).
Let us remark that
supp ¢s(s) C B(0,2Ko+/s) and supp ¢e(s) C IR\B(0, Kov/s).

Then we study g using the structure of £. Since £ has 1+ N expanding
directions (corresponding to eigenvalues 1 and %) and M neutral ones,
we write g, with respect to the eigenspaces of £ as follows:

2
(Y, 8) = > am(s)-Hn(y) + q-(y,5) (27)
m=0

where

qo(s) is the projection of g, on Hy,

q1,i(s) is the projection of g, on Hi i, q1(s) = (q1,i(8), -, q1,n(8)), Hi(y) is
given by (24),

q2,i5(s) is the projection of g, on Ha ;;, i < j, q2(s) = (qo,45(5),i < j), Ha(y)
is given by (25),

q—(y,s) = P_(qp) and P_ the projector on the negative subspace of L.

11



In conclusion, we write ¢ into 5 “components” as follows:

2
q(y;8) = D qm(s)-Hm(y) + 4 (v, ) + ¢e(y; 5)- (28)
m=0

(Note here that g, are coordinates of g, and not of q).
In particular, if N = 1 and m = 0, 1, 2, g,»(s) and H,,(y) are scalar functions,
and Hp,(y) = hp(y). We write in this case:

2
q(y:8) = Y m()hm(y) + 4-(y,5) + ¢e(y, 5)- (29)
m=0

Let us now prove Theorem 1.

3 Existence of a blow-up solution with the given
free-boundary profile

This section is devoted to the proof of Theorem 1.

3.1 Transformation of the problem

As in [3], we give the proof in one dimension (same proof holds in higher
dimension). We also assume a to be zero, without loss of generality.

Let us consider initial data:
1 do + dyz
o doy () = T771{ f(2)(1 +

—1)2
p—1+ (p4p) 52

) +9(2)}

where
1
z=uz(|logT|T) 2.

We want to prove first that there exists Ty > 0 such that for each T" € (0, Tp],
for every g € H with ||g||z < (logT)™%, we can find (dy,d;) € IR? such
that

i (T — )7 T ugy 4, (T~ ) log(T — ) 32,0) = /(=) (30)

uniformly in z € IR, where ug, 4, is the solution of (1) with initial data
U07d07d1, and

_1)2 1
F)=(p—1+ (p 4p1> )75 (31)

This property will imply that wug, 4, blows-up at time 1" at one single point:
x = 0. Indeed,

12



Proposition 3.1 Single blow-up point properties of solutions
Let u(t) be a solution of equation (1). If u satisfies the following property

Jim (7 = 7 Tu( /(T = O] oB(T = )|z11) — fDliw =0 (32

then u(t) blows-up at time T at one single point: x = 0.
Proof: For each b € IR, we have from (32)

b
V(T = 1)[log(T — 1]

Using (31), we obtain tlin%(T - t)P_ilu(O,t) = k and for b # 0, tlin%(T -

lim {(T = )7 Tu(b, ) - f( )} =0

t)ﬁu(b, t) = 0. A result by Giga and Kohn in [8] shows that b is a blow-up
1

point if and only if tlin%(T —t)p=Tu(b,t) = k. This concludes the proof of

proposition 3.1.

Therefore, it remains to find (do,d;) € IR? so that (30) holds to conclude
the proof of Theorem 1.
If we use the formulation of the problem in section 2, the problem reduces
to find Sy > 0 such that for each sg > Sy, g € H with ||g||r~ < %, we can

find (do,d;) € IR? so that the equation (15)

Jdq
%(Zﬁ S) = [‘V(Q)(yv S) + B(Q(yv 5)) + R(y7 8)7
with initial data at s = sg
o (050) = (0= 1+ L0252 4y iy /) — =+ glu/v/5o)
O 4pso 2pso ’
(33)
has a solution ¢(dp, d;) satisfying
Jim sup |gag.a, (9, 5)| = 0. (34)
ye

q will always depend on g, dy and dy, but we will omit theses dependences
in the notations (except when it is necessary).

The convergence of g to zero in L>(IR) follows directly if we construct ¢(s)
solution of equation (15) satisfying a geometrical property, that is ¢ belongs
to a set V4 C C([so, +00), L?(IR,dpu)), such that V4 shrinks to ¢ = 0 when
§ — 00.

More precisely we have the following definitions:

13



Definition 3.1 For each A > 0, for each s > 0, we define V4(s) as being
the set of all functions v in L>(IR,dp) such that

Irm(s)] < As™2,m =0,1,
Ira(s)] < A2(logs)s_2,
r_(y,s)] < AL+ y*)s2,

Ire(s)llpe < A%72,

where (y) = 32 _0 T (8)hm () +7_(y, 8) +7(y, s) (Cf decomposition (29)).

Definition 3.2 For each A > 0, we define V4 as being the set of all func-
tions q in C([sg, +00), L*(IR, dy)) satisfying q(s) € Va(s) for each s > sq.

Indeed, assume that Vs > sg ¢q(s) € Va(s). Let us show that Vs > sg

c4)

sup |q(y, s)] < —==, which implies (34).
yelR Vs
We have from the definitions of g, and ¢,
q(y,s) = al(y,s) +qe(y,s)
= (Y, 8) 1y <2koys) T (¥ )

2
= ( > m($)hm(y) + a-(y, S))'1{|y|§2KO\/§}(y7 s) + qe(y, s)-
m=0
Using the definitions of h,, (Cf (22)) and Vy, the conclusion follows.

3.2 Proof of Theorem 1

Using these geometrical aspects, what we have to do is finally to find A > 0
and Sp > 0 such that for each sg > Sp, g € H with ||g|lec < =, we can find

%7
(do,dy) € IR? so that Vs > s,

Qdo,d1 (8) € Va(s)- (35)

Let us explain briefly the general ideas of the proof.

-In a first part, we will reduce the problem of controlling all the compo-
nents of ¢ in V4 to a problem of controlling (qo,q1)(s). That is, we reduce
an infinite dimensional problem to a finite dimensional one.

-In a second part, we solve the finite dimensional problem, that is to
find (do,d;) € IR? such that (go,q1)(s) satisfies certain conditions. We will

14



proceed by contradiction and use dynamics in dimension 2 of (gg, ¢1)(s) to
reach a topological obstruction (using Index Theory).

The constant C' now denotes a universal one independent of variables,
only depending upon constants of the problem such as p.

Part I: Reduction to a finite dimensional problem
In this section, we show that finding (dy,d;) € IR? such that Vs > sq q(s) €
Va(s) is equivalent to finding (do,d;) € IR? such that |g,(s)| < SAQ Vs > s,
VYm € {0,1}. For this purpose, we give the following definition:

Definition 3.3 For each A > 0, for each s > 0 we define VA(S) as being
the set [—4, 5]? C IR

For each A > 0, we define V4 as being the set of all (g0, q1)

in C([so, +00), IR?) satisfying (qo,q1)(s) € Va(s) Vs > sq.

Step 1: Reduction for initial data
Let us show that for a given A (to be chosen later), for so > s1(A), the

A~

control of ¢(sg) in V4(sg) is equivalent to the control of (gg, q1)(s0) in Va(sg).

Lemma 3.1 i) For each A > 0, there exists s1(A) > 0 such that for each
so > s1(A), g € H with ||g||re < S%, if (do,dy) is chosen so that

0
(90,1)(s0) € Va(so), then

lq2(s0)| (log s0)s0 2,

|q-(y, 50)] C1+1yl*)s0 2,
1ge (- s0)llzee < 50

(SIS

ii) There exists A1 > 0 such that for each A > Ay, there ezists si(A) > 0
such that for each sg > s1(A), g € H with ||g||z~ < S%, we have the following
0

equivalence:

q(s0) € Va(so) if and only if (qo,q1)(s0) € Va(so).

Proof:
We first note that part i) of the lemma follows immediately from part )
and definition 3.1. We prove then only part 7).
Let A >0, sp > 0 and g € H such that [|g]|ze < S% Let (do,d;) € IR2.
0

We write initial data (Cf (33)) as
a(y,s0) = ¢" (Y, s0) + @' (v, s0) + (¥, s0) + ¢* (y, 50)

15



where ¢°(y, s0) = doF (%), ¢'(y,50) = dl\/y— (), @y 50) = — 5

p

¢*(y,50) = 9( ) and F(J) = (0 — 1+ Grily?) 7.
We decompose all the ¢" as suggested by (29).

-From ||g||p~ < i we derive that |¢3(s0)|+|¢3(s0)|+ a3 (s0)|+l¢2 (s0) || L=
& and then, |¢* (y,SO)\ < F(+P).

-Using simple calculations we obtain |¢2(sq)| < %,

af(s9) = 0, la3(s0)| < Ce™, |2 (y, s0)| < Csg” (1 + |yl*) amdl [lg2 (s0) | =
Csy .

Tor ¢, we e s0) = do (2o ()~ CL0) o0 = ),

2

a0 (50) = 0, 43(s0) = do [ dpu(2)xs0 F( i) 52 ~ do S (9 — o),

1% (y, 50)| < do&(1+ |y[*) and [|¢2(s0) ||z < Cdy.

All theses last bounds are simple to obtain, perhaps except that for ¢°. In-
deed, we write ¢° (v, so) =

Aoy P () —do J (=)o F ()~ | dia(=) e P2 Z52(4 —2). The

last term can be bounded by C;Colo(l + |yl®). We write the first term as

do{ Xeo (D F () = X (O)F(0) — [ dpa(2) (o P =) — X0 (0)F(0)) . Using
. . 2

a Lipschitz property, we have |xs, (y)F(\/—ST)) — Xs0(0)F(0)] < i—z, and the

IN

IN

conclusion follows.
-Similarly, we obtain for ¢*, ¢§(so) = 0, ¢i (s0) = \d[—slo Jdu(z )XSOF(\F)2z ~

dy 7P (59 — 00), ab(s0) = 0, gL (y, 50)| < d1= (1+[yl*) and ||} (s0) ]| <
0
d
C\[lo
Hence, by linearity, we write
qo(s0) = doao(so) + bo(g, so) (36)
q1(s0) = diai(so) + b1(g; s0)

with ag(so) ~ C(p), ar(so) ~ <A,
Therefore, we see that if (do,d;) is chosen such that (qo,q1)(so) € Va(so)
and if sg > s1(A), we obtain |d,,| < % for m € {0,1}. Using linearity and

the above estimates, we obtain [ga2(so)| < S%, lg—(y, s0)| < (1 + |y|?) and
0

S0

bo(g,50)] < < and [b1(g,0)| < %

llge(s0)]| < . Taking s1(A) larger we conclude the proof of lemma 3.1.

Step 2: A priori estimates
This step is the crucial one in the proof of Theorem 1. Here, we will show
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through a priori estimates that for s > sg, the control of ¢ in V4 (s) reduces
to the control of (go,q1) in Va(s). Indeed, this result will imply that if for
S > 50, q(55) € OVa(sy), then (go(ss),q1(ss)) € Va(s,). (Compare with
definition 3.1).

Remark 3.1

We shall note here that for each initial data ¢(sg), equation (15) has a unique
solution on [sg, S] with either S = 400 or S < 400 and ||g(s)|[gee — +0o0,
when s — S . Therefore, in the case where S < +00, there exists s, > sq
such that ¢(s.) € Va(s«) and the solution is in particular defined up to s.

Proposition 3.2 (Control of ¢ by (qo,q1) in V4) There exists Az >0
such that for each A > Asg, there exists sa(A) > 0 such that for each sg >
s9(A), for each g € H with ||g||pe < 8%, we have the following property:

0

-if (do, dy) is chosen so that (qo(so),q1(s0)) € VA(SO), and,
-if for s1 > sg, we have Vs € [so, s1], q(s) € Va(s),
then Vs € [so, s1] ,

g2(s)] < A?s?logs— s
A _
-, 9) < SA+]yf)s™
A2
llge(s)llL <

2\/s’
Proof: see Proof of Proposition 3.2 below.

Step 3: Transversality
Using now the fact that (qo,q1) controls the evolution of g in V4, we show a
transversality condition of (qo,q1) on OV4(sy).

Lemma 3.2 There exists As > 0 such that for each A > As, there exists
s3(A) such that for each sg > s3(A), we have the following properties:

i) Assume there exists s, > so such that q(s.) € Va(ss) and (qo,q1)(sx) €
OVA(sy), then there exists 8y > 0 such that Y8 € (0,80), (qo,q1)(sx + 6) &
Va(ss +0).

i) If q(s0) € Va(so), q(s) € Va(s) Vs € [so,s.] and q(s«) € OVa(ss) then
there exists 09 > 0 such that ¥é € (0,d0), q(s« +0) & Va(s« +9).

Proof:
Part i) follows from Step 2 and part ).

17



To prove part ¢), we will show that for each m € {0, 1}, for each e € {—1,1},

if gn(ss) = 65%, then dg—?(s*) has the opposite sign of 7= (EA)( +) so that

(o, q1) actually leaves VA at s, for s, > sop where sg will be large. Now,
let us compute —(s*) and dql L (s,) for q(s«) € Va(s.) and (qo(s«),q1(s+)) €

dVa(s,). First, we note that in this case, [|q(s«)||z> < ?/‘—4 and |gp(y, s4)| <

CAQIOE—QS*(l + |yI?) (Provided A > 1). Below, the classical notation O(1)
stands for a quantity whose absolute value is bounded precisely by [ and not
Cl.

For m € {0,1}, we derive from equation (15) and (22): fd,ux(s*)a—qk =

/dux(s*)ﬁqkar/dux(s*)quer/dux(s*)B(q)kar/dux(s*)R(s*)k‘m-

We now estimate each term of this identity:

a) | [ dpx(s.) Gkm— 42| = | [ duSEqkm| < | [ duEqhm| < [ dp| % ICA2
< Ce™* if 59 > s3(A).

b) Since L is self-adjoint on L?(IR, dy), we write

/d:uX(S*)‘qum = /dNE(X<S*)km)q'

Using L(x(s:)km) = (1= Z)x(8:)m + T¥ b + FX (2% — Yk,,),
we obtain [ dux(s«)Lqkny, = (1 — —)qm(s*) —|— O(C’Ae‘s*)
c) We then have from (16): Vy, |V (y,s)| < £(1 + |y[?). Therefore,

2
C A2 logs*|km| < CA lsgs*
52 83

C
| [ dux(s)Vakn| < [ dp-(1+ lyP)

d) A standard Taylor expansion combined with the definition of V4 shows
4 0g Sy 2

that [x(y, 5.) B(a(y, s.))| < Cla* < Cllap]* +|ae[*) < “HCE=2 (14 |yP)% +
2 CA*(log 54+)? e

Lyziys,y (9) 2 Thus, | [ dux(se)B(g)kn| < CACESE 4 Cems.

e) A direct calculus yields | [ dux(s«)R(sx)km| < Cs(f ) (Actually it is equal

to 0 if m = 1). Indeed, in the case m = 0, we start from (18) and

(14) and expand each term up to the second order when s — oo. Since

o(y,s) = f(%) + ﬁ, we derive:

1) Jdi(9)(~55) = 535 = s + i +0(087) = 5 +0(Cs7?),

2) [dpux(s)e” = [dpfP+5 [ dupfPr—+0(Cs™2) = 55—ty tapm g +

O(Cs™2) = p%l + 0(Cs72),

18



3) ¢s(y,8) = £y P — 55 and then [ dux(s)(—ps) = O(Cs™?),

4) ¢y(y,s) = —Bjyf? and then J dux(s)(=3ypy) = 555 + O(Cs™?),

5) @y, 5) = — B2 P+ By 21 then [ dp(s) gy, = 2ps+0(C ?).
Adding all these expansions, we obtain [ duxs, R(s«) = O(C(p)s;?). Con-
cluding steps a) to e), we obtain

Bm (1A o0 1log 5.
4 (3) = (1= )5 + 0 2)+0(CA )

whenever ¢, (ss) = ZA. Let us now fix A > 2C(p), and then we take s3(A)
larger so that for sog > s3(A4), Vs > sp, ) 4 O(CA“OS#) < 30( ). Hence,

52

ife=-1, dg—?(s*) <0, if e =1, dc‘ll—;”(s*) > 0. This concludes the proof of
lemma 3.2.

Now, let us fix A > sup(Asq, As).

Part II: Topological argument
Now, we reduce the problem to studying a two-dimensional one. Let us
study now this problem. We give its initialization in the following lemma:

Lemma 3.3 (Initialization of the finite dimensional problem) There
ea:z'sts $4(A) > 0 such that for each sy > s4(A), for each g € H with ||g||re <
7, there ewists a set Dy s, C IR? topologically equivalent to a square with

the following property:

q(do, d1,50) € Va(so) if and only if (do,d1) € Dy,s,-

Proof:
As stated by lemma 3.1 (i), if we take sg > s1(A) and g € H with [|g||z~ <
2, then it is enough to prove that there exists a set D, s, topologically

equ1valent to a square satisfying
(90, q1)(s0) € Va(so) if and only if (do, d1) € Dy.q,.

If we refer to the calculus of ¢, (so) (Cf (36) and what follows), and take
s4(A) > s0(A) and s4(A) large enough, then this concludes the proof of
lemma 3.3.

Now, we fix Sy > sup(s1(A), s2(A), s3(A), s4(A)) and take sg > Sp. Then
we start the proof of Theorem 1 for A and so(A) and a given g € H with
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lollze < .

We argue by contradiction: According to lemma 3.3, for each (do,d1) € Dy s,

q(do,d1,s0) € Va(sg). We suppose then that for each (do,d1) € Dy, there

exists s > so such that g(dp,d1,s) & Va(s). Let s.(do,d1) be the infimum of

all these s. (Note here that s.(dg,d;) exists because of remark 3.1).
Applying proposition 3.2, we see that q(do, d1, s«(dp,d1)) can leave

Va(s«(do,dy)) only by its first two components, hence,

(40, q1)(do, d1, 54(do, d1)) € AVa(s.(do, dr)).

Therefore, we can define the following function:

®,:Dys, — OC
s«(do,d 2
(do,d1) — %(meh)(do,dl,8*(d07d1))
where C is the unit square of IR
Now, we claim

Proposition 3.3 i) ®, is a continuous mapping from Dy s, to OC.
ii) The restriction of ®4 to 0Dy s, is homeomorphic to identity.

From that, a contradiction follows (Index Theory). This means that there
exists (do(g),d1(g)) such that Vs > sq, q(do,d1,s) € Va(s), that is ¢ € Va.
In particular,

la(s) e < S

Vs

Using Proposition 3.1, this concludes the proof of Theorem 1.

Proof of Proposition 3.3:
Step 1: 1)
We have (qo,q1)(s) is a continuous function of (w(sp),s) € H x [sg,+00)
where w(sg) is initial data for equation (4). Since w(sg) ( = ¢(y,s0) +
©(y,s0), Cf (33) and (14) ) is continuous in (do,d;) (it is linear), we have
(o, q1)(s) is continuous with respect to (dg, di,s). Now, using the transver-
sality property of (qo,q1) on V4 (lemma 3.2 ), we claim that s,(do,d;) is
continuous. Therefore, ®, is continuous.
Step 2: i)
If (do,d1) € 0Dy s, then, according to the proof of lemma 3.3, (qo,q1)(s0) €
dVa(so). Therefore, using ¢(so) € Va(so) (lemma 3.1), we have g(sg) €
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0V(so). Applying ii) of lemma 3.2 with sg and s, = s¢ yields §p > 0 such
that Vd € (0,0¢), qg(so + 6) & Va(so + 0). Hence,

S*(dO) dl) = 50,

2
and ®4(do,d1) = 2(qo,q1)(s0). Formulas (36) show then that ®gop, , I8
homeomorphic to identity. This concludes the proof of Proposition 3.3. Let
us now prove Proposition 3.2.

3.3 Proof of Proposition 3.2

For further purpose, we are going to prove a more general proposition which
implies Proposition 3.2.

Proposition 3.4 For each A > 0 There exists Ay(A) >0

such that for each A > Ay(A), there exists 5o(A, A) > 0 such that for each
so > §2(/~1,A), for each solution q of equation (15), we have the following
property:

_if
lgm (s0)] < Asg2,m =0,1 (37)
lg2(s0)] < Asy?log so,
|Q—(?/7 SO)| S A882(]— + |y’3)7
lge(s)llze < Asg /2,

-if for s1 > sp, we have Vs € [so, s1], q(s) € Va(s),
then Vs € [so, s1] ,

g2(s)] < A?s?logs— s
A _
-, 9)] < S +]yf)s™
A2
PO
llge(s)l|ze < NG

Proposition 3.4 implies Proposition 3.2. Indeed, referring to Lemma 3.1,
we apply proposition 3.4 with A = max(1,C). This gives Ay > 0, and for
each A > Ay, 53(A, A). If we take so(A) = max(5o(max(1,C), A),s1(A))
(Cf Lemma 3.1), then, applying proposition 3.4 and Lemma 3.1, one easily
checks that Proposition 3.2 is valid for these values.
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Proof of Proposition 3.4
The proof is divided in two parts:

In a first part, we give a priori estimates on ¢(s) in V4(s): assume that
for given A > 0 large, A > 0, p > 0 and initial time so > 35(A,fi,p), we
have ¢(s) € Va(s) for each s € [0,0 + p|, where 0 > s¢. Using the equation
satisfied by ¢, we then derive new bounds on g2, ¢— and ¢, in [0,0 + p]
(involving A, A and p).

In a second part, we will use these new bounds to conclude the proof of
Proposition 3.4.

Step 1: A priori estimates of g.

Let us recall the integral equation satisfied by ¢ (Cf (19)):

q(s) = K(s,0)q(0) + /: dr K (s,7)B(q(7)) + /: drK(s,T)R(T), (38)

where
B(q) = le+a" ' (¢+aq) — " —pp" g,
1 1 0y
= Av— yVo— — _ 9%
R(y, s) v = SuVy p_1s0+90p B’

and K is the fundamental solution of £y (Cf (16)).

We now assume that for each s € [0,0 + pl, q(s) € Va(s). Using (38), we
derive new bounds on the three terms in the right hand side of (38), and
then on gq.

In the case o = sg, from initial data properties, it turns out that we obtain
better estimates for s € [sq, so + pl.

More precisely, we have the following lemma:s:

Lemma 3.4 There exists As > 0 such that for each A > A5, A > 0, p* > 0,
there exists S5(A,/Lp*) > 0 with the following property:
Vso > s5(A, A, p*), Vp < p*, assume Vs € [o,0 + p|, q(s) € Va(s) with
o> S0

I)Case o > sp:
we have Vs € [o,0 + p],
i) (linear term)

laz(s)| < A2IO§20 + (s — 0)CAs 3,
la_(y,8)] < Ce 26D A4 e (57" A2)(1 + |yPP)s 2,
(s—o)
Hae(S)HLOO S C(AQe— 4+ AC(S_U))S_%7
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where

2
K(s,0)q(0) = a(y,s) = > cm(8)hm(y) + a—(y, s) + ae(y, s).

m=0

ii) (nonlinear term)

el < O

16-(y, s) (s — o)1+ [y[*)s7>7,
[18e(s)l| o~ ‘

(s — 0)5_%_ ,

where

(e
|

e(p) > 0,
and

2

[ K (s D) = B5:9) = 3 (o) + 8- (3:5) + Buly:5).

m=0

iii) (corrective term)

ha(s)] < (s =0)Cs72,
h-(y,9) < (s—a)CA+][yf)s,
el < (s —a)s™,

II)Case o = sp:
Assume in addition that q(so) satisfies (37). Then, ¥s € [so, So + pl,
i) (linear term)

Alog S0

laa(s)] < 2 + C'max(A, A)(s — s9)s 3,
la—(y,5)] < CAQ+[yf)s,
<

loe(s)|pe < CA(L+elm50))s73,
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We will give the proof of this lemma later.

Step 2: Lemma 3.4 implies Proposition 3.4 o
Let A be an arbitrary positive number. Let A > As(A) where Az(A) will be
defined later. Let so > 0 to be chosen larger than 55(A) (where 52(A) will
be defined later). Let ¢ be a solution of equation (15) satisfying (37), and
s1 > sp. Assume in addition that Vs € [sq, s1], q(s) € Va(s).
We want to prove that Vs € [sg, s1]

3 A?

(L ). laes) e < 57 (39)
Let p1 > po two positive numbers (to be fixed in terms of A later). It is
then enough to prove (39), on one hand for s — sg < p1, and on the other
hand for s — sg > pa. In both cases, we use lemma 3.4. Hence, we suppose
A> A5, 50 2 max(s5(A, A, p1)7 85(A7 A, p2))

log s

1 A
a(s)] < A*=5= = . la-(:9)| < 5 5

252

Case 1: s —sg < p1.
Since we have V7 € [sg,s], q(7) € Va(r), we apply lemma 3.4 (IIi), Iii),
ii1)) with A, p* = p1 and p = s — sp. From (38), we obtain:

-1 :
|g2(s)] A 05280 + Ch(max(A, A) + 1)(s — s0)s ™2 + (s — sg)s > 1/2

lg-(y.s)] < (CrA+Ci(s—s0))(1+[y]*)s™> + (s — so)(1+ [yf*)s™>¢
Ige(8)|le < (C1A + C1Ae™™0)s72 + (s — s0)s™3/4 + (s — s0)s™2 <.(40)

IN

To have (39), it is enough to satisfy

~log s A?log s
< 752
A 2 - 2 g2 (41)
= A
C1As™2 4+ Cy(s —s0)s 2 < ZS_Q
2
C1As 12 4 C1Ae*=0s7 12 < Azs_%,
on one hand, and
e _ 3 A% log s _
C1(max(A, A) +1)(s — s0)s > + (s — s9)s >~ 1/2 < 5 sgé — 57{42)
A
(s —sp)s 3¢ < Z8_2
2
s — 8o st 4 (s — S0 575 < A—g—%
(s = s0) !
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on the other hand.

If we restrict p; to satisfy Cip; < é, C’lflepl < %2, (which is possible if we
fix p1 = %logA for A large), and A to satisfy A<A A< ATQ, C1A < % and
C1A< %2 (that is A > Ag(A)), then, since s — so < p1, (41) is satisfied.
With this value of p1, (42) will be satisfied if the following is true:

3 _3 3 —3-1/2 A%logs g4
— — < — —
Cl(A+1)2logAs +210gAs < 5
3 _9_ A _92
— € < =
5 log As S s
A?
glog As™3/4 4+ glogAs_%_6 < ZS_%’

which is possible, if sg > s¢(A).
This concludes Case 1.

Case 2: s — sg > pa.
Since we have V7 € [0, s], ¢(7) € Va(7), we apply Part I) of lemma 3.4 with
A, p=p* = p2, 0 =s— py. From (38), we derive:

1 _
lg2(s)] Azw + CQAp25_3 + C2p23_3 + /728_3_1/2 (43)

IN

_1 o2 _ —9 ¢
lg-(y,s)] < Co(e 2”A+e " A%+ po)(L+[y)s > + pa(1 + [y]*)s ™2
14

_ P2
lge(s)|lpe < Ca(A2™ 7 + AeP?)s™% + pys /4 4 pos27¢,

To obtain (39), it is enough to have:

faps(s) = 0 (44)
Cole 32 A+ e P A% 4 py) < ?
02(1426_%2 + Aef?) < %2,
with
Fap(s) = A IOS%S —50 [Azlog(iiz_m) + Co(A+ 1)pas™ + pas 3717
on one hand, and
p2s™i ¢ < %_2 (45)
pas 3/t 4 ppsTI T < Azzs_%,



on the other hand.

Now, it is convenient to fix the value of po such that CoAef? = %2, that is
po = log %. The conclusion follows from this choice, for A large. Indeed,
for arbitrary A, we write

A C A2
—s3(A%log — —1—-C(A+1)1 < 1 2,
Then, we take A > A7 such that
A A
A%log— —1—Cy(A+1)log — 1
( og 5Cs 02( + ) og 802) 2
A _ —(log A)? A A
2((802) +e 2 + og802) < 3
A A A2
A2y 2y < 2
02( (802) + 802) - 4

After, we introduce s7(A) > 0 such that for s > sg > s7(A), we have
s7371/2C A%(log %)2 < 2573 and (45) satisfied.

This way, (44) and (45) are satisfied, for A > A7 and sg > s7(A), which
concludes Case 2.

We remark that for A > Ag, we have p; = %logA > pa = log %.
If now we take Az = sup(As, Aﬁ(gl), Az, Ag), and then
s9 = max(s5(A, A, p1(A)),s5(A, A, pa(A)),s6(A), s7(A)), then this concludes

the proof of Proposition 3.2.

Proof of Lemma 3.4
Let A > Aj; with A > 0 to be fixed later. Let A > 0, p* > 0. We take
p < p* and so > s5(A, A, p*). We consider o > sq such that Vs € [0, 0 + p),
q(s) € Va(s). For each part I4), ii), i) and IT7), we want to find s5(A, 4, po)
such that the concerned part holds for sg > s5(A, A, ).
The proof is given in two steps:

-In a first step, we give various estimates on different terms appearing
in the equation (19).

-In a second step, we use these estimates to conclude the proof.

Step 1: Estimates for equation (38)
i) Estimates on K :
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Lemma 3.5 (Bricmont-Kupiainen) .
a) Vs >1>1 with s <271, Vy,x € IR,
K (s,7,y,2)| < Cel™DE(y, x), with

e—0/2_ 52

0L _ e? _ )

(y,x) - 47r(1—e*9) exp[ 4(1_679) ]
b) For each A’ >0, A” >0, A” >0, p* > 0, there exists

sg(A', A" A" p*) with the following property:

Vsg > sg, assume that for o > sg,

lgm(0)] < A'a™2m=0,1, (46)
lg2(0)] < A"(logo)o?,
- (y,0)| < A"(1+]y*)o?
lge(@)lp~ < A"07%,
then, Vs € [o,0 + p*]
1
lag(s)] < A" oga + (s — 0)C max(A’, A")s™3
la_(y,s)] <

C(e 2(3—0')14/// +e—(5—0)2A//)(1 + |y’3)8_2,
—o)
lae(s) = < C( + A=),

where

2
K(s,0)q(0) = a(y,s) = > am(s)hm(y) + a—(y,5) + ae(y,s).  (47)

m=0

e)Np* >0, Is10(p*) such that Yo > s10(p*), Vs € [o,0 + p*],

2(s)] < (s —0)Cs72,
-(y:8)] < (s =0)C(L+[y*)s™>,
where
/:dTK(S»T) )=y, s Z%n Y) +7-(y,8) +7e(y,s)-
Proof:

see Appendix A.
Using the above lemma and simple calculation, we derive the following:
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Corollary 3.1 Vs > 7 > 1 with s < 27,

[ K mga)(1la™)dsl < © [ oD (o) (ol ") < e (14,
(15)

it) Estimates on B:

Lemma 3.6 VA > 0, 3s11(A) such that V7 > s11(A), q(1) € Va(r) implies

x(y,7)B(a(y, )| < Cla|? (49)

and
|B(q)| < Clql? (50)

with p = min(p, 2).

Proof Let A > 0. If q(1) € Va(7), then ||g(7)||~ < C(A)771/2 < L f(2K,),
if 7 > s11(A) (Cf Definition 3.2, (7) for f and (26) for Ky).
(49) and (50) are equivalent to 1), 2) and 3), with

1) p>2 and |B(q)| < Clq|?,

2) p < 2and |x(y,7)B(a(y,7))| < Clal?,

3) p < 2and |B(q)| < C|qlP.
We prove 1), 2) and 3).
For 1), we Taylor expand B(q), and use the boundedness of |¢| and |q|.
2) holds if x(y,7) = 0. Otherwise, we have |y| < 2Ky\/7. Again, we
Taylor expand B(q): x(y,7)|B(g)] < Cx(y,7)|q|* Jy (1 — )| + Oq|P~2d6),
and conclude writing x(y,5)| + 0al?2 < x(y5)(| — a)?~2 < (f(2K) —
3.[(2Ko))P? = C.

For 3), we write ?q(“i) = 1+§|P—1(1§§)—1—p§ by setting £ = £. We easily check

©
that this expression is bounded for ¢ — 0 and & — oc.

i11) Estimate on R:

Lemma 3.7 dsi5 > 0 V7 > s19,

C
R < &) G51)
Proof:
2
From (18) and (14), we compute: ¢, = —%f” + (Z;Tlg)yzfzp_l, ps =
) K 1 _ K f
“h M g and @ =55 —gyey = A gl — gy~
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4pT Y2 fP m + [f + 2%]1’ — fP, using a Lipschitz property and
simple Calculations, the conclusion follows.

iv) Estimates on q in Vy:
From Definition 3.2, we simply derive the following:

Lemma 3.8 Js13 > 0 VA > 0, V7 > s13, if q(7) € Va(7), then
la(y, 7)] < CA*r2log 7(1 + |y|*) (52)

and

lq(y,7)| < CA%r~1/2, (53)

Step 2: Conclusion of the Proof of Lemma 3.4

We choose sg > p* in all cases so that if so <o <7 <o+ pand p < p*,
we have 07! < 2s ! and 771 <2571,

L) linear term in 1) :
We apply b) of lemma 3.5 with A’ = A, A” = A% and A” = A. Take
s5(A, p*) = s9(A4, A2> A p*).

I1i) linear term in II) : ) .
We apply b) of lemma 3.5 with A’ = A, A” = A and A" = A.

Iii) nonlinear term:

-Ba2(s):

By definition, Fa(s Jdu(y)k2(y)x(y, s)B(y, s).

) =
= [dp(y)ka(v)x(y, s) [Zdr [ K(s,T,y,2)B(q(x,7))dx = I + I, where
I'= [du(y)ka(y)x ( s) [; dr [ K(s,7,y,2)x(x,7)B(q(z,7))dx, and
11 —Ifdu( Yk (y)x(y,s) [, dr [ K(s,7,y,2)(1 = x(z,7))B(q(z, 7))dz.
For I we write:
1] < [ dp(y)lks( J1E (s, 7y, %) |x(z,7)| B(q(x, 7))|dx

y
< C [ du(y)|k2(y g

)| [ dr
| [2dr [ |K(s,7,y,2)||lq(z,7)[*dz (Cf (49))
< C [du(y)lk2(y)| [, dr [ |K
< CA* [ du(y)|ks % I3

(s, 7y, 2)| AT~ (log 7)?(1 + |2[%)dx (Cf (52))
(y)] dTT_4(10g 7)2e577(1 + |y|®) (Cf corollary 3.1)
< CA [du(y)lk2(y)| (1 + [y]° )(S —o)o*(logs)?e* 7
< CA%s — 0)e*™7(5) *(log s)? (we take sg > p* so that s < o + p* <
o+ 50 §a+0:2a)

For I1, we use (50) and (53) to have:
2
111 < C [ e Tdyx(y, s)lk2(y)] [3 dr [ du(1 = x(x, 7))
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s—o

(yef(sff)/2_x 2

- exp[— 4(1—6—(3—7))) ]A%T_ﬁﬂ'

4m(1—e—(5=7))
L2 _wetPon)?

Now, we have e?" *  4(-e7)) } < e cKo)s < o=Cs for ly| < 2Ky+/s and
|x| > Kov/T (1f so > p*). Hence, we derive

11| < C [e S dylka(y)| [ dr [ da(1 - x(x,7))
e 1 (ye‘(s‘f)/z—x)z]e—CsA%T—ﬁ/?.

Y e o T T

Using a variable change in x, and carrying all calculation, we bound |/I| by
(s — 0)e™ 9%, for s > s14(A, p*). Adding the bounds for I and II, and taking
o > s15(A, p*), we obtain the estimate for G3(s).

'ﬁ— (y7 5) :
Using (50), (52), and (48), and computing as before yields |G(y,s)| <
CAP(s — 0)el=) (1 + [y|*)P(1%2)P. If we multiply this term by x(s) and
bound in it |y[>P~3 by (1/5)*P~3, we obtain |3;(y, s)| < C’A2p(s o)t~ (1+
[y*) (V)75 (152)7, hence [By(y. 5)| < CA%(s — o)) (1 + |yP*) {5,
which implies simply the estimate for S_ (for o > s14(p*) and some el(p))

-Be(y, s):
Using (50), (53), and (48), and computing as before yields [3(y,s)| <
CA?P(s — a)e(s_")s_%’_’. From this, we derive directly the estimate for 3.
(for o > s17(p*) and some €2(p)).

Finally, we take o > max(s1s, $16,517)) = S5(4, p*) and € = min(ey, €3)
to have the conclusion.

s—0o

i11) corrective term:
For 75 and ~_, we use ¢) of lemma 3.5. For 7., we start from (51) and
write Ye(y, s) = (1 — x(y,)v(y,s) = (L —x) J7 dedwK(S 7.y, 2)R(z,7),
and then as in ii), [v(y,s)| < C [dr [ dwels~ e (y,2)€ = C [P resT <
3
4

%(3 —0)e* 7 < (s—0)s”

, if o > s10(p™).

4 Stability

In this section, we give the proof of Theorem 2. As in section 3, we consider
N =1 for simplicity, but the same proof holds in higher dimension. We will
mention at the end of the section how to adapt the proof to the case N > 2.
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4.1 Case N =1:

Let us consider 4 an initial data in H, constructed in Theorem 1. Let a(t)
be the solution of equation (1):

ug = Au+ |ulP " u, u(0) = d.

Let T be its blow-up time and a be its blow-up point.
We know from (35) that there exists A > 0, § > log T" such that Vs > $,
47 ,(s) € V;(s), where §; , is defined in (13) by:

~ -5 _5 = _ K
I q(y,s) =e pTa(a+ye 2, T —e 8)—[%+(p—1+ Ips

(p - 1)2y2)—p—i1]'

Remark: Following Remark 1.2, we can consider a more general g, that
is 4y with the following property:

3(T',a), 3A, 3¢ such that Vs > 3¢, ¢4 ,(s) € V;(s). From Definition 3.2, the
definition of ¢; ,(s), and Proposition 3.1, 4(t) blows up at time T at one
single point a, and behaves as the conclusion of Theorem 1.

We want to prove that there exists a neighborhood V, of g in H with
the following property:

Yug € Vy, u(t) blows-up in finite time T at only one blow-up point
a, where u(t) is the solution of equation (1) with initial data w(0) = wuo.
Moreover, u(t) satisfies:

lin (T — )7 Tu(a + (T = )] log(T = )32 ,6) = f(z)  (54)

uniformly in z € IR, with

2
1) = -1+ 2y
The proof relays strongly on the same ideas as the proof of Theorem
1: use of finite dimensional parameters, reduction to a finite dimensional
problem and continuity. For Theorem 2, we introduce a one-parameter
group, defined by:
(T,a) — q1.0,

where ¢r, is defined by (13), for a given solution u(t) of equation (1)
with initial data wg. This one-parameter group has an important prop-
erty: V(T a), q7,q is a solution of equation (15). Therefore, our purpose is
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to fine-tune the parameter (7,a) in order to get (7'(ugp),a(ug)) such that
AT (uo),a(uo) (8) € Vag(s), for s > sg, Ag and s are to be fixed later. Hence,
through the reduction to a finite dimensional problem, we give a geometrical
interpretation of our problem, since we deal with finite dimensional func-
tions depending on finite dimensional parameters through a one-parameter
group.

As indicated in the formulation of the problem in section 2 and used in
section 3 (Definitions 3.1 and 3.2), it is enough to prove the following:

Proposition 4.1 (Reduction) There exist Ag > 0, so > 0, Dy neighbor-
hood of (T, a) in IR?, and V, neighborhood of @y in H with the following
property:

Yug € V,,3(7T,4) € D, such that Vs > so, qr,a(s) € Va,(s), where qrq is
defined by (13), and u(t) is the solution of equation (1) with initial data
u(0) = ug. (We keep here the (T, a) dependence for clearness).

Indeed, once this proposition is proved, (54) follows directly from (3), (13)
and definitions 3.1, 3.2. Proposition 3.1 applied to u(z — a,t) then shows
directly that u(t) blows-up at time 7" at one single point: = = a.

The proof relays strongly on the same ideas as those developed in section
3, and geometrical interpretation of 7" and a. Let us explain briefly its main
ideas:

-In a first part, as before, we reduce the control of all the components of
q to a problem of control (qg, ¢1)(s), uniformly for uy € Vo, and (T,a) € D;
(where Vs, and Dy are respectively neighborhoods of g and (T, a)).

-In a second part, we focus on the finite dimensional variable (qq, q1)(s),
and try to control it. We study the behavior of ¢7, under perturbations
in (T,a) near (T',a) (and some topological structure related to these). We
then extend the properties of ¢ to ¢, for ug near ug. We conclude the proof
proceeding by contradiction to reach a topological obstruction (using Index
Theory).

The constant C' again denotes a universal one independent of variables,
only depending upon constants of the problem such as p.

For each initial data ug, u(t) denotes the solution of (1) satisfying u(0) =
up, and for each (T,a) € R?, wr, and ¢, denote the auxiliary functions
derived from u by transformations (3) and (13).

Part I: Initialization and reduction to a finite dimensional prob-
lem
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In this section, we first use continuity arguments to show that for A, sg large
enough (to be fixed later), for (ug,T,a) close to (i, T, a), qr,q is defined at
s = sp, and satisfies g74(s0) € Va(so) (Step 1). After, we aim at finding
(T, a) such that gr4(s) in Va(s) for s > sg. For this purpose, we reduce
through a priori estimates the control of g7, (s) in Va(s) to the control of
(90,705 1,1,0)(8) in Va(s) for s > s (Step 2).
Step 1: Initialization

We use here the fact that ¢4 ,(s) € V;(s) for any s > 5o, and the continuity
of qr, with respect to initial data up and (T,a), to insure that for fixed
50 > 80, qT,a(50) € V,5(s0), for (ug,T,a) close to (o, T, a). Hence, if A is
large enough, we have qr4(s0) € Va(so) and g7,4(s0) is “small” in a way.

Lemma 4.1 (Initialization) For each so > §g there exist Vo neighbor-
hood of Gy in H and D1 (sq) neighborhood of (T,a) in IR?, such that for each
Uy € Voo, (T, a) € Di(s0), ¢(T,a,s) is defined (at least) for s € (—logT, so],
and qr,q(s0) € V5 4(s0)-

Proof of Lemma 4.1:
VT >0, Va € IR, qr,4(s) is defined on:
(=logT,400),if T < T, or (—logT,—log(T —T)),if T >1T.
Therefore, qr4(s) is defined on (—log T, so] for T' near T.
i) Reduction to the continuity of qr.q(s0) € L*°(IR)
Let sg > 39. It is enough to prove that Ve > 0, there exist V and D such
that Yug € V, (T,a) € D,

lar.a(s0) = 7 4(50) |l oo (R) < € (55)
Indeed, if it is the case, then,

Vm € {03 1a 2}7 |Qm,T,a(SO) - (jmj“@(s()” < CE, (56)
|- 7a(y:50) —4_ 74y 50)] < Ce(l+1y[>),  (57)
9e,7,0(50) = A, 74 (50 Lo r) < Ce. (58)

(56) and (58) follow directly from (55). For (57), write
4-(y,8) = X(¥,9)a(y, 8) = X gm(s)hm(y), and use (55) and (56).
Using g7 ;(s0) € V1(so) and taking € > 0 small enough yields the conclusion
of lemma 4.1.
ii) Continuity of qr,.(so) € L>(IR)
We have:

QT,a(% 50) - (j’f,[l(yv 50) = ’UJTﬂ(y, 50) - w’f@(yv 50)
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Since ug — u(t) € COO([%_%, T — ref,],Coo(IR)) is defined and continuous

(for ug near 4g), we have the conclusion.

Step 2: Uniform finite dimensional reduction
This step is similar to Step 2 of Part 1 in the proof of Theorem 1. Here
we show that for A and sg to be fixed later, if g7 (so) is “small” in V4(so),
then, the control of gr,(s) in V4(s) for s > sy reduces to the control of

(0.7, q1,7.0) (5) in Va(s).

Lemma 4.2 (Control of ¢ by (go,q1) in Vi) There exists Ay > 2A
such that for each A > As, there exists sa(A) > 0 such that for each sg >
s2(A), we have the following properties:

i) For any q, solution of equation (15), satisfying
- q(s0) € V, 4(s0) and,
- for s1 > so, Vs € [so, s1], q(s) € Va(s),
we have: Vs € [so, $1],

2(s)] < A%s%logs—s?
A _
o, 9)] < S+[yf)s™
A2
llge(s)llzee <

25
Moreover,
it) For any q, solution of equation (15), satisfying
- q(s0) € V34(s0)(C Val(so)),
- For s, > s0, q(s) € Va(s) Vs € [so, s«], and
-q(s«) € OVa(sx), R
we have (qo, q1)(sx) € OVa(ss), and there exists 5o > 0 such that Vo € (0, o),

(q0,q1)(Sx +0) & Va(sx +0), (hence, q(sx +6) € Va(sx +6)).

Proof:
i) We apply Proposition 3.4 with A = mazx(2 A, (2A4)?), and take Ay =
max(Az,2A), and s2(A) = max(59 + 1, 52(A, A)) to have the conclusion.
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i1) We apply i) with s; = s,, and use Definition 3.1. Then, we apply lemma
3.2.

Part II: Topological argument

Below, we use the notations qr4(s) = ¢(T,a,s), qr.(y,s) = ¢(T,a,y,s),
Qm,T,a(s) = Qm(T7 a, S)'

In Part 1, we have reduced the problem to a finite dimensional one: for
each ug close to g, we have to find a parameter (T,a) = (T(uo),a(ug))
near (T,a) such that (qo,q1)(T,a,s) € Va(s) for s > so. We first study the
behavior of §(T', a) for (T, a) close to (T',a). Then, we show a stability result
on this behavior for ug near 4. Therefore, for a given ug, we proceed by
contradiction to prove Proposition 4.1, which implies Theorem 2.

Step 1: Study of ¢(T,a) X
We study the behavior of §(T,a) for (T,a) close to (T, a) in IR?.

Proposition 4.2 (Behavior of §(T,a) near (T',a)) There exists Ay > 0
such that for each A > Ay, there exists s4(A) > 0 with the following prop-
erty:

For each sy > s4(A), there exists Dy(so) neighborhood of (T',a) such that
for each (T, a) € Dy(so)\{(T',a)},

i) 4(T,a,s) is defined for s € (—logT, so] and ¢(T,a,so) € Va(so),

it) Js«(T,a) > so such that ¥s € [so,s«(T,a)], ¢(T,a,s) € Va(s) and
4(T,a,s(T,a)) € OVa(s«(T,A)), and if we define

Vg : Da(so)\{(T,0)} — IR? (59)

then Im(Wgq,) C OC, where C is the unit square of IR

Moreover,

i11)W s, 1 continuous,

iv) Ve > 0, there exists a curve I'c € Dy(so) such that d(T'c,¥4,,0) = —1,
and ¥(T,a) € T, |(T,a) — (T,a)| <.

Proof:

In order to prove i), ii), and iii), we take A > A5 with A5 = max(2fl, Ag, As),
s0 > s5(A) = max(8g + 1,52(A),s3(A)), Ds(so) = D1(s¢) (with the nota-
tions of lemma 4.1). For such A and sg, we can apply lemma 4.1, and lemma
4.2.
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Proof of i):
By lemma 4.1, ¥(T,a) € Ds(so), ¢(T,a,s) is defined (at least) for s €
(—logT,so] and (T, a,s0) € V, ;(s0) C Va(so0), which proves i).

Proof of ii):
We claim that V(T a) € Ds(s0)\{(T',a)}, 3s(T,a) > sosuch that (T, a, s) &
Va(s). Indeed:

Case 1: T > T

Since ¢(T',a,y,s) = e_ﬁ@(a+ye_% T—e*)—p(y,s), 4(T,a,s) is defined
on [sg, —log(T — T)) and not after. Suppose that ¢(T’,a, s) does not leave
Va(s) for s € [sg,—log(T — T)), then, Yy € IR, Vs € [sq, — log(T — T)),
d(T, a,y, )| < <2 (Cf Definition 3.2).

Since a(z,t) = (T — 1) 77 (§(T, a, 22, ~ log(T — 1)) + (=%, — log(T -
t))), limsup, 4 [|(t)| ;o Ry < Crja < t+oo. This contradicts the fact
that @(t) blows up at time 7.
Case 2: T < T and (T,a) # (T,a):

G(T,a, s) is defined on [sg, +00). Suppose that ¢(T, a, s) does not leave V4 (s)
for s € [sg,+00). Then, Yy € IR, Vs € [sg, +0), |4(T,a,y,s)| < % (Cf
Definition 3.2). Hence by (13),
limy_,p [(T —t)P Tu(a+ /(T —t)[log(T — t)]|z,t) — f(2)|| L = 0, and from
Proposition 3.1, u(t) blows up at time 7" at one single point; = a. Since
(T,a) # (T,a), we have a contradiction. Therefore, §(T',a, s) leaves Va(s)
for s > sg.

In conclusion, we derive: ¥(T,a) € D\{(T',a)}, 3s.(T,a) > so such that
Vs € [so,s+(T,a)], ¢(T,a,s) € Va(s) and ¢(T,a,s«(T,a)) € OVa(s«(T,A)).
( 8«(T,a) > sq since ¢(T,a,s) is in V, ;(so) which is strictly included in
Va(so)). If now we define Wy, by (59), then we see from lemma 4.2 that
Im(¥y,) C OC.

Proof of iii):
Let (T,a) € Ds(so)\(T',a). We have explicitly for m = 0, 1:
Gm (T, a,s) = [ dukm(y)x(y, $)4(T’ a,y, s)
= [ dpkm () x(y, 8)e” T Tila + ye /2T — e=*) — [ dpkm (y)x (v, )¢(y. 5).
From the continuity of w(z,t) with respect to (z,t), and i) of lemma

4.2, 5,(T,a) and W(qo,ql)(T,a,g@*(T, a)) are continuous with respect
o (T, a).

Proof of iv):
Let € > 0. We now construct I', satistying d(I'c, ¥4,,0) = —1 and V(7' a) €
Tas |(T,a) — (T,a)| < e. This will be implied by the following:
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Lemma 4.3 There exists Ag > 0 such that VA > Ag, Is¢(A) > 0 satisfying
the following property:

Vs > s¢(A), 3Dg(s0) neighborhood of (T,a) such that Ve > 0,

3s1(A,€,80) > so, ¢, a 1I-manifold in Dg(sg) satisfying:

Y(T,a) €T, |(T,a) — (T,a)| < e

Vs € [so,s1], 4(T,a,s) € Va(s),

(qAO) qu)(T7 a, 51) € 8VA(81)7

d(ra(‘jOﬂjl)(‘v'?Sl)ao) =—1L (60)

a) Proof of lemma 4.3: The proof is not difficult, but it is a bit technical.
See Appendix B for more details.

b) Lemma 4.3 implies iv):
Let Ay = max(As, Ag), and A > Ay. Let s4(A) = max(s5(A4), s6(A4)), and
s0 > s4(A). Let Dy(so) = Ds(so) N De(so), and € > 0.
Then, according to the beginning of Proof of Proposition 4.2, i) i) and iii)
hold. We take now s; = s1(4,¢€,50) and I'.. By lemma 4.3, we see that
V(T,a) € T¢, s.(T,a) = s1, and ¥y (T, a) = %(do,dl)(T,a,sl). From (60),
we derive, d(I'¢, Uy,,0) = —1, which concludes the proof of Proposition 4.2.

Step 2: Behavior of ¢(7,a) for ug near .

Now, we fix Ag =1+ Sup(2fl, Ag, A3, Ay), and then
so = so(Ao) = sup(So, s2(Ao), s3(Ao), s4(Ag)). Applying lemma 4.1 gives us
Voo, and D1(sg). We then fix Dy = D1(s0) N D4(sp). Applying proposition
4.2 with sgp and €y > 0 small enough gives us the curve I'y = I, included
in Dy. We consider now I'y as fixed.

Our purpose is to show that for ug near g, the behavior of ¢(T',a) on
the curve I'yg = I'(dyg) is the same as ¢(7',a). More precisely, we have:

Proposition 4.3 (Stability result on the behavior on Iy, for uy near
Ug) Ve > 0, Ve C Voo, neighborhood of tg such that Yuy € Ve, V(T,a) € Ty,
i) q(T,a,s) is defined for s € (—logT, so] and q(T,a,so) € Va,(s0),

it) 3s.(T,a) > so such that Vs € [sg,s+(T,a)], ¢(T,a,s) € Va,(s), and
(90, q1)(T, a, 5.(T, a)) € OVa,(s+(T,a)). Then we can define

Uy :y — OC (61)
s5+(T, a)?

(Tv a) - TO(QOy QI)(T> a, S*(Tv a))
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where C is the unit square of IR?.

Moreover,

iii) Wy, 1s a continuous mapping from I'y to OC,
) | Wugiry = Yaor, lLoe(r) < €

Proof:
We first show a local result, then by compactness arguments we conclude
the proof. We claim the following:

Lemma 4.4 (Punctual stability on I'g) Ve >0, V(T',a) € T'g, 3D 1,4
neighborhood of (T, a) in Dy, IV, 17 4 neighborhood of iy in V such that:
V(T',a’) € Dera, Yug € Vet 4,

i) q(T',d’,s) is defined (at least) for s € (—logT,so] and q(T',d’,sy) €
Vo (50),

ii)3s(T",a") > so such that Vs € [so, s.(T",a")], q(T',d’,s) € Va,(s), and
(QO7 ql)(Tlv alv 5*(T,7 a/)) € 8VAO (S* (Tlv a/))'

Moreover,
3*(T,7a/)2 A, ror 8*(T,,a/)2 A oA /oA ror
|T(QO7(]1)(T y @ 75*(T , @ ))_T(q07ql)(T y @ 78*(T , @ ))| <e

(62)

We remark that Proposition 4.3 follows from lemma 4.4. Indeed, for € > 0,
from lemma we write:

I‘0 - U(T,a)el"o De,T,ay

and using the compactness of I'g, we have the conclusion.

Proof of Lemma 4.4
We have explicitly for ug € H, s € (—log T, — log(T—T)) if T > T, otherwise
s€ (—logT,+0), and m = 0,1
Gm,1.0(5) = [ dpkm (Y)x(y, 5)a(T' a,y, 5)
= [ dpkm(y)x(y,s)e” 7 Tu(a + ye */2,T — e=*) — [ dpkn(y)x(y, )¢y, 5).
Therefore, using the continuity of u(x,t) with respect to (ug,x,t),
(g0,q1)(T,a,s) is a continuous function of (ug,T’,a,s). Using this fact and
the transversality of (go, G1)(T, a, $.(T,a)) on Va,(s.(T,a)) (lemma 4.2 ii)),
i) and 1) follow then easily.
This concludes the proof of Proposition 4.3.

Step 3: The conclusion of the proof
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From continuity properties of the topological degree, there exists €7 >
0 such that V¥ € C(—,,IR€) satisfying [|[¥ — g || 1eo(ry) < €1, we have
d(To, ¥,0) = —1.
Applying Proposition 4.3, with € = €1, we have Yug € Ve, d(I'o, ¥y,,0) =
—1.
We claim that the conclusion of Proposition 4.1 follows with Ag, sg, Dy and
V, = V... Indeed, by contradiction as in section 3: suppose that for ug € V),
we have V(T',a) € Dy, there exists s > sg, ¢(T,a,s) & Va,(s). Let s.(T,a)
be the infimum of all these s. We now remark that ¥,, is defined on Dg
(lemma 4.1 and lemma 4.2). ¥, is continuous from Dy to OC (see proof of
Proposition 4.2 4iz), and d(I'o, ¥y,,0) = 0, which is a contradiction. Hence
Proposition 4.1 is proved, which concludes the proof of Theorem 2.

4.2 Case N > 2:

Let us consider 4 an initial data in H, constructed in Theorem 1. Let @(t)
be the solution of equation (1):

ug = Au A+ |ulP " u, u(0) = d.

Let 1" be its blow-up time and a be its blow-up point.

Although the proof of Theorem 1 was given in 1 dimension, we know
that there exists A > 0, 89 > logT such that Vs > &, Az 4(s) € V4(s),
where:

- Q7 5 is defined in (13) by:

__S S A N - 1 2 _ 1
97 4(y,8) = e P li(a+ye 7, T—e™®) - [;ZHP—H%I@/IQ) v=T]

9

and

-Definitions 3.1 and 3.2 are still good to define V;(s), if we understand g,,(s)
to be a vector valued function, as defined in section 2 (see (27) and (28)),
and |g,(s)| to be the supremum of of all coordinates of ¢,,(s). (By the same
way, the definition of V4 (s) given in 3.3 is good here).

With these adaptations, our purpose is summarized in the following
Proposition, analogous to Proposition 4.1:

Proposition 4.4 (Reduction) There exist Ag > 0, so > 0, Dy neighbor-
hood of (T, a) in IR*YN, and V, neighborhood of g in H with the following
property:
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Yug € V,,3(T,4) € D, such that Vs > so, qr,a(s) € Va,(s), where qrq is
defined by (13), and u(t) is the solution of equation (1) with initial data
u(0) = ug.

Indeed, once this proposition is proved, from (3), (13) and definitions 3.1,
3.2, we have:

lim (7 - )7 Tu(a + (T — t)log(T — t)))3 2 ,t) = f(2)

uniformly in z € IRY, with

— 1) 5L

1) = -1+ Ly,

Proposition 3.1 (which is true in N dimensions) applied to u(z — a,t) then
shows directly that u(¢) blows-up at time 7" at one single point: x = a.

Formally, the proof in the case N > 2 and in the case N = 1 have exactly
the same steps with the same statements of Propositions and lemmas, under
the following obvious changes:

(T, a), (T,a) and (T",a’) are in IR, and every neighborhood of such
a point is a neighborhood in IRV,

-In Part 2, C denotes the unit (14+N)-cube of R T (and T, T,...)
is a Lipschitz N-submanifold of IR, forming the boundary of a bounded
connected Lipschitz open set of IR' | and all introduced topological degrees
different from zero are equal to (—1)%.

Moreover, the proofs can be adapted without difficulty to the case N > 2,
even:
-the proof of Proposition 4.2, which relays on results of section 3 (subsection
3.3 and lemma 3.2) that are true in N dimensions (In particular, the lemma
3.5 of Bricmont and Kupiainen, with the adaptation IR — IRV ).
-the construction of I'. given in Appendix B can be simply adapted to the
case N > 2.

A  Proof of lemma 3.5

In this appendix, we prove lemma 3.5. Equation (15) has been studied in [3],
hence, our analysis will be very close to [3] (the proof is essentially the same
as in [3]). Lemma 3.5 relays mainly on the understanding of the behavior of

40



the kernel K (s, o,y,x) (see (20)). This behavior follows from a perturbation
method around e®~£(y, z).

Step 1: Perturbation formula for K(s,o,y,z)
Since L is conjugated to the harmonic oscillator e~ /8 LeT"/8 = 92— gf—z +
%—H, we use the definition (20) of K and give a Feynman-Kac representation

for K:

K(s,0.9.0) = e () [ dugzo@)elo VDT ()

where dyi;, is the oscillator measure on the continuous paths w : [0, s—0] —
R with w(0) = z, w(s — o) = y, i.e. the Gaussian probability measure with
covariance kernel T'(7, 77)

= wo(Pwn(r) 4 2(c I — gmHrT o3RG ] _ —hiase)—r'
(64)
which yields [ du;,°w(T) = wo(r) with
wo(7) = (sinh £52) 7! (ysinh 4 2 sinh #=%=T).
We have in addition
et (ye—6/2 _ $)2

e(m(%x) = —477(1 g exp[— 4(1 — e )

Now, we derive from (63) a simplified expression for K(s,o,y,z) consid-
ered as a perturbation of e(s=9)£ (y,z). In order to simplify the notation, we

write from now on (¢, ) for [ du(y)v(y)e(y).

Lemma A.1 (Bricmont-Kupiainen) Vs > o > 1 with s < 20, the kernel
K(s,0,y,x) satisfies

1
K(Sv O’,y,l’) = e(S—U)C(y7x)(1 + _Pl(sv O',y,l’) + P2(87U7yax))
S

where Py is a polynomial

Pl(S,(T,y,l‘) = Z pm,n(570)ym$n
m,n>0,m+n<2

with |pmn(s,0)] < C(s — o) and
|Po(s,0,9,2)| < O(s = 0)(1+ s = 0)s2(1+ Jy| + |al)".
Moreover, |(ks, (K(s,0) — (657 1))hg)| < C(s —0)(1+ 5 —0)s2.
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Proof: See lemma 5 in [3].
Step 2: Conclusion of the proof of lemma 3.5

Proof of a): From (16), it follows easily that V (y,s) < Cs~!. Using this
estimate and (63), we write:

K (5,7, ,)| < e DE(y,z) [ dpig(@)eha OO0
< e5=E(y, x) [ d'u,‘;;T(w)(ST_l)C < Ces=TE(y, x) since s < 27 and Aty "
is a probability.

Proof of ¢): See lemma 2 in [3].

Proof of b): We consider A’ >0, A” >0, A” >0 and p* > 0. Let sg >
p*, 0 > sp and ¢(o) satisfying (46). We want to estimate some components
of a(y,s) = K(s,0)q(o) (see (47)) for each s € [o,0 + p*].

Since o > sg > p*, we have: Vr € [o,s], 7 < s < 27. Therefore,
up to a multiplying constant, any power of any 7 € [0, s] will be bounded
systematically by the same power of s during the proof.

i) Estimate of as(s):

ax(s) = (k2, x(-, ) K(s,0)q(0))
= 025 205(0) + (2, (X(,5) — X(, 7)) 24(0)
+(k2, x (., 8)(K (s,0) — 0%57%)q(0)).

From (46), (21) and ( ) we have |02572go(0)| < A”s7?log o and
(k2. (x(-.8) = X(-.0))0%s%q(0))] < Ce™C703/2(s — g)o?s~2mxd7A")
< CA'(s—0)s™3 for o > 59 > s1(A", A", A" p*).

We write (ke, x(., $)(K (s, U) —0%572)q(0)) as Y.?_ b, + b_ + b, where
br = (k2,x (., 8)(K(s,0) — o%s” )h )ar (o),
bo = (ka,x(.,8)(K(s,0) — 0?572)q_(0)) and b, = (ka2,x(.,8)(K(s,0) —
o252)qe(0).

For r = 0 or 1, we use lemma A.1, corollary 3.1, (21), (46), the fact that
es=Lp, = 1=1/2(=) hand (ko, h,) = 0, and derive ]b \ =
|(1<?27X(~,S)(K(S,U)—e(s_a)ﬁ)hr)qr(U)Jr(kmx(, 5)(els=?) s7%)
<CA(s—0)s3+Ce (s —0)<CA'(s—0)s3 < CA’( a)s

We have by lemma A.1 and the same arguments |ba| = |(k2, (K (s,0) —

“Hh2)a2(0) +(k2, (=1+x(., 8)) (K (s,0) —0?s7*)h2)ga(0)] < C(s—0)(1+
s — a)s_zA”s_2 log s+ Ce (s —0) < CA’(S —0o)s3
if 0> 59> s9(A, A", p*).
b_ can be treated exactly as by, it is bounded by C(s — o) A" s73.

hr)ar(0)]

e
(

42



Since K(s,0) — 02572 = K(s,0) — g (els=L 1)+ (1 02572,
S O'

we write be = be 1 +be 2+ be 3 with be 1 = (kg, (., )(K ) e(s £Yge(0)),
be2 = (ka, x(., )fos 7 drLemLq, (o), be,s = (ka2, x(, )(1 “2)ge(0)).
From (46), we bound b, 3 by C(s —o)s~ ' A"o~1/2¢ C" < C(s —0)A's™3

if 0 > 59> s3(A", A", p*). Since L is self-adjoint, |be 2| <
T/2

[ SR Ay () () S~ dr [ do— 2 expl - e A2,
VAr Y 2X\-» 0 an(l—e 1) P 4(1—e-7)
1y e T2-a)?

Now, we have e?” *  4(-e77) ] < e CKo)s < =25 for |y| < 2Ko\/5

and |z| > Koy/o (if Ky is big enough and sp > p*). Hence, |bea| <

_ s—0o e 7/2 —g)?
CA"s™V/2 [ ey /8dy I dedl’ﬁ eXP[_%%]

<CA"s V2(s—0)e® < CA(s—0)s 3 if 0 > 59 > s4(A', A", p*).
Using these techniques and lemma A.1 we bound b, ; in the same way.
Adding all these bounds yields the bound for |aa(s)].

i1) Estimate of a_(y,s):
By definition, a_(y, s)

= P_(x(-,8)K(s,0)q(0)) = P-(x(.,s)K(s,0)q- (7))

2
+ Z qr(o)P_(x(.,8)K(s,0)h,) + P_(x(.,8)K(s,0)q.(c)) (65)
r=0

where P_ is the L%(IR,du) projector on the negative subspace of L (see
subsection 2.2). In order to bound the first term, we proceed as in [3]

K(s,0)q_(0) = / dre” I K (s, 0,.,2)f (z) (66)

where f(z) = e‘x2/4q_(a:,a). From Step 1, we have ez2/4K(3,a,y,:c) =
N(y,z)E(y,x) with
(y_ef(sfo')/2z)2

N(y,a) = (1 — 0| 2eroe/ac watm) - (G)

and E(y,x) = [du;,(w ) Jo V@ ot e f% = f and for m > 1,
FEmU(y) = [Y__ drf™)(z). From (46) and the following lemma, we can
bound (=)

Lemma A.2 [fC")(y)| < CA"s72(1 + |y|?)>™eV /4
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Proof: See lemma 6 in [3].
By integrating by parts, we rewrite (66) as

2
(K5 )-(o)) = (-1 / O, Ny, )0, By, )1~V (w)do
/a N(y,2)B(y,2)f ) ()da (68)

From (67), we get for s —o > 1 and r € {0,1,2,3}
r(s—o)
LN (y,)| < Ce™ ™57 (14 fy| + [a]) e’/ tel= )Ly, ).
Using the integration by parts formula for Gaussian measures (see [11]),
we have:

0. E(y, ) / / drdr' 9,1 (1,7’ /du (w(r), 0+ 1)

V/(w(r'), 0 +7)edo 4"Vl ot") (69)
+ %/0 dr0,T(7,7) /d,u W)V (w(r),0 +)edo 4TV otT")

By (16), we have V(y,s) < Cs™!
Combining this with (64) and using s < 20 we have
fduf/;”(w)efo dr'V@retm") < ¢ and 0:E(y,z)] < Cs YHs—o)(1+s—
o)(lyl + |z[)-

Using (46), (68) and all these bounds, we get
(K (5,0)a (0)(y)] < CAs 2 =2(1 1 |yf3) if & > sy > s5(p°) and
s —o > 1. This yields |(P_x(.,s)K(s,0)q_(0))(y)| < CA" s 2e~(=9)/2(1 4
ly[3) if s — o > 1. For s — o < 1, we use directly lemma A.1, corollary 3.1,
(46) and C < e~ (579)/2 to get the same estimate.

/2 for n = 0,1,2.

Now, we consider the second term in (65) (r = 0,1,2). From corollary
3.1, lemma A.1, and the fact that |y| < 2Kys'/2, we obtain:

|4 (0) (X (s ) K (5, 0) ) (1) = g ()= T2 (x (., 5) R0 ) ()]
< Cmax(A', A" s 2 log s.(s — o) (1 4+ s — 0)e* ™7 (1 + |y[*) (70)

Hence P_{q,(0)(x(-,8)K(s,0)h,)(y) — q:-(0)el* /D (x (., 5)h, ) (y)} sat-
isfies the same bound. Since P_h, = 0 and |(1 — x(.,5))h,| < Cs~V/2(1 +
ly|?), we can bound ¢,(¢)e*=?0="/2 P_(x(., s)h,) by (70). Hence, the sec-
ond term of (65) is bounded by CA"s 2e=(=9)/2(1 4 |y|3) if ¢ > 59 >
SG(A,7A,/,A/,/,p*).
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For the last term in (65), we use (46) and a) of lemma 3.5 to get
I+ 1y1®) X 8) K (5,0)ge(0) [0 < CA"e" 7572 sup(1 + [y[*) ™!
Y,x
1 (.7}‘ _ ye—(s—a')/2)2

Pl g ey X0 (5 = )1 = x(r,0)

CA"s™2 s—o <ty
e s s—o >t

<

for a suitable constant to. This yields a bound on the last term in (65) which
can be written as CA”e~ (579 s72(1 4 |y|3) for ¢ > s large enough.
Hence, combining all bounds for terms in (65), we have

o (y, 8)| < Cs™2(A"e™ (572 4 A"e= (=) (1 4 [y)?).

Estimate of a(y, s):

We write ae(y, s) = (1=x(y,5))K(s,0)q(0) = (1=x(y,))K(s,0)(qs(0)
+q.(0)). From (46) and corollary 3.1, we have |g(y, s)| < CA”o~1/2 and
11 = x5, ) K (5, 0)p(0) 1= < A"e505 V2 i 5 > 59 > sr( A, A7, A7),
Using (46) and the following lemma from [3]:

Lemma A.3 ||K(s,0)(1 —x(0))||z~ < Ce(5=9)/p

we have ||(1—x(y, 8))K(s,0)qe(0)||pe < A”e~(5=9)/Ps=1/2 which yields the
conclusion.

This concludes the proof of lemma 3.5.

B Proof of lemma 4.3

Let us recall lemma 4.3:

Lemma B.1 There exists Ag > 0 such that VA > Ag, 3s¢(A) > 0 satisfying
the following property:

Vso > s6(A), D¢ (s0) neighborhood of (T, ) such that Ye > 0,

ds1(A,€,80) > so, ¢, a 1I-manifold in Dg(sg) satisfying:

Y(T,a) €T, [(T,a) — (T,a)| < e

Vs € [so, s1], 4(T,a,s) € Va(s),

(Go,1)(T, a, s1) € OVa(s1), (71)
d(ra((jmdl)(‘v'vsl)ao) =—1L (72)
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In this lemma, we want to control the evolution of ¢(7),a,s) in Va(s),
for (T,a) close to (T,a). Hence, in a first step, we use 7.4(s) € V4(s)
Vs > 5, to give estimates on different components of g7 4(s), for (T, a) near
(T,d). From these estimates, we introduce a function (o, ¢1)(T,a, s) close
to (Go,q1)(T,a,s), but much more simple, and show that (go,q1) satisfies
properties analogous to (71) and (72). Therefore, we extend this result to
(4o, 1), by continuity, and then finish the proof of lemma 4.3.

Step 1: Asymptotic development of §(7,a) for (T,a) near (T,d)
Applying (13) and (3), one time to (7, a) and one time to (T, a), we write:

i(T.ays) =(0-7) 7l Y s lg(l -7} (73
ISR (P-1*y+a)® o1
oA e G o = 7))
12,2 L
S SR
+ {a-n . -5+,

with 7 = (T'—T)e®, and a = (a — a)e*/2. Now, we use (T, d, s) € V;(s) for
s > §p, to give a development of 74 (y, s), when |7| < %, and |a < %
Lemma B.2 (development of §(T,a) near (T,a)) There exists s; > 0
such that Vs > s7, V(T,a) € IR? satisfying |(T —T)e’| < 5 and l(a—a)ez| <
%, we have:

logs 1 9 91
85/24‘%4'7' +« g) (74)

alogs o®> 71 logs

qAO(T7a7 S) = q~0(T,(I,S) +O(

@(T,a,s) = qi(T,a,s)+ O( 2 Tttt 33)

O 1 00) = OB 0,0) (0447, g
T = G+ 00 + (7“”
%(T,%S) = %(T,a,s)—i—eso(%)a (77)
Bras = Prangreroldi il
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with

5K K
Go(T ) El 79
wTa9) = —gatT (79)
oK
(T = _—_
Q1( ,CL,S) 82p’
and T = (T—T)es and o = (a—d)e%.
Moreover,
- log s T
|G2(T,a,5)] < C Sg; +C%+C¢2
j L [+ ]ef
i-(Toa,y,5)] < CO+P) g+ —55)

lGe(T,a,y,s)| < %
Proof of lemma B.2:
The idea is simple: for s > §¢, , we try to express each component of (7', a)
in terms of the corresponding component of Q(T ,a), and bound the residual
terms using (7', d,s) € V;(s) and other estimates that follow from.
Hence, we first give various estimates following from (j(T, a,s) € V;(s), and
then , we prove only some of the estimates in lemma B.2, since the other
estimates can be obtained in the same way.

i) We write the estimates following from (7', a, s) € Vi(s).

Lemma B.3 (Consequences of §(T,a,s) € V;(s)) Isi6 > 0, Vs > s16,

L C
|q(T,a,y,s)| S _S, (80)
P Clogs
@(Ta.5)| < ==L+ lyP), (81)
SN 5K 1 an() A C
QO(T7a78) = _w (?)7 g(T,CL, S)‘ S 8_2’ (82)
PR log s
@r(T.a.5)| < =57 (83)
o - 1
W 4.y < (84)
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Proof of lemma B.3:

(80) and (81) follow directly from Definition 3.2.

After some simple calculations, we show that [ dux(y,s)R(y,s) = 8‘;’7’;2 +
O(s73). As in the proof of lemma 3.2, we write the equation satisfied by

qo(s):

ddo ,» A 5K log s
T,a T, a, — + O0(—),
dS( ) QO( as)+8p82+ ( $3 )
which implies (82).
By the same way, we write:
dqq - 1. - log s
e —(T,a,s) = =q1(T,a,s) + O( 3 ),

which yields (83).
From (80), we derive that r = % satisfies

or 0% 1 or

= —y—+ A D
9s — o7 2%9y T (y,s)r + D(y, s),

with |A(y,s)| < C and, if p > 2 |D(y, s)| < %, otherwise, [D(y, s)| < —<+.
By parabolic regularity, (84) follows. ’

i
Nl

it) Proof of some estimates in lemma B.2: (7}) and (75)
(The other estimates follow from similar techniques).
From (73), we have: ¢o(T,a,s) = I + I + I3, with

= (1= 7) 77 [ du(y)x(y. (T . 5+_a s~ log(1 7))
B = =) 75 ot L+ )
— [ du(y)x(y, s)(p — 1+ L2~

L K K
I3 = [duy)x(y, s){(L —7) * T spnoam=y — 35 )
-I3: We have easily: |I3] < C|r|s~ 1.

-I5: Since all quantities appearing in I5 are bounded, we can write:
1

)2 _ 1 —1)2,2 1
I = O(e™*)+ [ dp(y){(p—1+ Ul ) 77T — (p—14 215 =7 )
T +a T
+m fd:u‘( )( -1+ 4p(( T)()S (Zfog(% T))) p—1 + 0(72)7

=0(e %)+ 0(7?)

a C1)242 11
+ [duly ){4p((p 15(%;({ T)) _ (10410S } ( 1+ (p4;)sy ) =53
+O([ dulyH{ gy tt=y — T o))
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1

o ST du(y) (p — 1+ el )77 — [ dp(y)x}, hence,
(I~ 5] < Ce* + O+ Cr|s ™'+ Ca’s '+ Cr?s 72+ Ca’s >+ Cats ™2+
C|r|s~L. Therefore,
I — 5| < Ce™® + Cr2 + COlr|s~t + Ca?s™L.

-I;: Using (80), we write:
I = O(rs™ /) + [du(y)x(y, s)4(T, a, \/T s—log(1l—7)). If we introduce
a new integration variable: z = \/+— we obtain: [; = 0(75_1/2) + L1+ Lo
with

(zV/1T=7—a)?

Li = [x(z,s —log(1—1))4(T,a,zs —log(l — T))e)ip(_ T )dz, and
= [{x(zv1 =7 —a,s) = x(z,5s — log(1 — 7))}q4(T’, G, 2,5 — log(1 — 7))
exp(— (z\/ﬁfa)Q)
— dz.
22
= [ x(z5 — log(1 = 7))i(T . 2,5 — log(1 — 7)) "V exp(7F)
eXp(2az\/1 T—a? )dZ

= O(rs ) + [ x(z,s —log(1 — T))4(T, &, 2,5 — log(1 — 7))

2
exp( {1 + 2az\/l T—a? + %(20{2\/14—7’—042 )2 [01 exp(§<%¢zz7 \W))dé}dz.
Usmg (81), we obtaln. Ly = O(ts Y2)+4o(T, &, s—log(1—7))+agi (T, a, s —
log(1 — 7)) + O(a?s~2log s). By (82) and (83), we have:
L, = —8;:’7% +O0(1s/2) + O(s73) + O(a?s % log s).
|L2| <C f |Z 1\;;’—04 - \/s—lozg(l—T) |(|qAb(T7 &7 2, S_IOg(l_T))|+ |(j8(T7 &7 %, 8—
log(1 — 7))|) exp(—C2?)dz
Using (81) for gp, (80) for g, and the fact that ¢, = 0 for |z| < Kyy/s yields:
Ly < C{|r]s~ Y2 + |a|s~/2}(s721log s + e~*). In conclusion,

L = —82’; + O(1571/2) + O(s7%/%) + O(a?s2log s). Adding I, I> and I3
yields (74).
We compute 0 instead of 8%9, and then we use %‘%ﬁ =€’ %qo to conclude.

With the prev10us notatlons we write:
8qo<T a, S) — 811 + (9[2 + 8[3'

oIz
=y
Ols _ 1 (1 \—1-=% K . 1 ol -1
or p—l(l T) P 2p(s—log(1—7)) (1 s—log(l—q—))’ and ’ or ‘ <Cs™ .
ol
or
o1y
or
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11 )2 1
= 0= )7 [ dp()x( 9 — 1+ i) T 4+ (1 -
T) P1

—1)2 a)?(1—(s—log(1—7 a —1--L
J )Xy, )5 Pt Gl s (p 14 4 (< T><L“f:g& )

Computing as for Is, we obtain: % =0(1) + o (s~ )

or, .
%ETM1+M2+M3 with
My = 55 (0= 7)7 7T [ dp(y)x(y, 5)i(T, a 5+_as—10g<1_7>>
My = (1 —7)777 [duly)x(y, 8) g SL(T, 4, HE s — log(1 - 7)),
My = L5 (1= 1) 77T [ dp(y)x(y, 5) 7 9T, 6, L2 5 — log(1 — 7)),

1
-1\t T
From (80), (84), and integration by parts we derive: |all\ < |Mi|+ |Ma| +

this concludes the proof of lemma B.2.

Step 2: Behavior of (§o, ¢1) near blow-up
We use the explicit asymptotic development given in lemma B.2 to construct
a l-manifold I" that is mapped by (go, 1) into IV4(s).

Lemma B.4 (Behavior of (Go,¢1)) 3Cy = Co(p), A9 > 0 VA > Ay,
dsg(A) > 0 Vs > sg(A), I 4 s rectangle in

Das = (T,a) + (—CoAe 5572, CoAe5s572) x (—CoAe 2571, Code 2571)
such that ¥(T,a) € T as, (do,41)(Ta,s) € OVa(s),

and d(FA,s; (QO)@I)('? ) 3)70) =-1

Proof:

Since (go, 1) given in (79) is almost the linear part of (go,q1) (see lemma
B.2), we can first show for (Gp,G1) an analogous version of lemma B.4, then
use lemma B.2 to conclude. We use scaling arguments to get uniform esti-
mates in s. Indeed, let us introduce:

Q= (Qo,Q1) : (—CoA, CyA)> — TR? (85)

(N ~) 1 ( 5K e K _K )

I S _a

T,Q A% Tp_ T a4p ,

and

Qs = (Qo. Q1)s : (—CoA,CoA)? — TR? (86)

o 2 7o a

(7,a) — Z(QOJM)(T‘F @,a—i— 578),



where Cy = Cy(p). Note that Q is independent of s, and that

s

(@0, 0)(Ty05) = (G0, Qu)(T = T)e’s?, (a — a)es)

_2
. A S S
(90, 1)(T,a,5) = 2(620,@1) (T —=T)e’s%, (a — a)e?s).
rFhe conclusion of lemma B.4 follows if We~sh9w that there exists a 1~—H1Aanif01d
[ in (=CyA, CoA)* such that V(7,a) € T, Qs(7,a) € 9C, and d(T, Qs,0) =
—1. From lemma B.2, we compute for s > s17(A): ||Q — Qsller((—ca,cay2) <

C'log s B
s — 0 when s — +o00.

It is easy to see that ¥n € [0,1), T, rectangle such that V(7,a) € T,
Q(7,a) € (14 n)aC, and d(T,;,Q,0) = —

From the continuity of topological degree, we know that there exist ng >
0, ¢ > 0 such that for each curve I' (indexed by AC) satisfying ||T’ —
Loll oo o) < nov'2 (D itself is indexed by dC), for each continuous function
Q : (—CyA, CyA)? — TR? satisfying HQ—QHLOO((—COA,COA)?) < €y, we have:

d(fv Q7 O) =L R ~
Since we have [|Q — Qsl|zoo((—cpa,coa)?) < Al(\’/g—s, and from (85) Jac Q =

K2

-z < 0, we can take s large enough, (s > s11(A, €0, 70)) so that:

 4p(p-1)A2
—Y(7,@) € Ty, Qs(7,a) € ext(1+ 7720 )C, (87)
—Y(7,@&) € (—CoA, CoA)?, JacQ,(7,a) < 0, (88)
Vw € ImQs N ImQ, if w = Q4(€) then
€= Q7 (w)| <o, (89)
—Q — Q|1 (—CoA,CoA)?) < €0- (90)

By (90) and (87), we have d(FnO,QS, 0) = —1. Therefore, by (87), Vw €
(1+ 7?TO)C, d( o> Qs, ) = —1 (the degree is the same in the same component
of R2\Q,(T I';y)). Combining this with (88) and the definition of topological
degree for C' functions yields Vw € (1 + R)C, there exists a unique(7, &) €
IR? such that Q,(7, &) = w. Hence, Qs is a diffeomorphism from (Q,)~'((1+
o )C) onto (14 2 )C Thus there exists a piecewise C' 1-manifold T interior
to Fm, such that Qs maps I onto dC (F is dlﬁeomorphlc to dC). By (89),
IT —To.4| < no. Therefore, we derive: d(T',Q,,0) = —1. This concludes the
proof of lemma B.4.

o1



Step 3: Conclusion of the proof of lemma 4.3
We take A > Ag, sg > max(89+1, s7,89(A)) and € > 0. Vs1 > s, we consider
Dy, and 'y 5, given by lemma B.4. If s1 > s12(A4,€,50), then Y(T,a) €
TCasy, |(Tya)—(T,a)| < e and (T,a) € Di(so) (with the notations of lemma
4.1). Therefore, for such sy, we have |(T—T)e%'| < C;—? and |(a—d)e%\ < Cs—f‘.
This implies Vs € [so, s1], |(T — T)e®| < % and |(a — a)ez| < o4,
What we want to do now is to show that Vs € [so, s1], ¢(T,a,s) € Va(s).
By lemma B.2, we have:
For sg > s13(A), V(T,a) € Tas,, Vs € [so, s1]:

R CA
|QO(T7a78)| S ? (91)
R CA
‘Q1(T7a75)| < ? (92)
. log s
@(T.a8)| < €25 (93)
. 1
0-(Toa,y,5)] < COU+[y) 5 (94)
T ans) < - (95)
Therefore, if A > Ay,
log s 1 A?
~ ) ~ 3 ~
|QQ(T,(I,8)| SA 82 7|Q—(T7a7y78)| SA(1+|Z/’ )8_27|Qe(T,a,y,5)| < %
(96)

It remains for us to show that |G, (T, a,s)| < 5%, for m =0, 1.
Following the proof of lemma 3.2, we easily prove:

Lemma B.5 (Transversality property) JAi5 > 0, VA > Ay, 3s15(A)
such that Vsg > s15(A), Vs1 > so, for any solution q of (15), satisfying:
-Properties (91) to (95), for s € [so, s1],

3s € (s0,51] such that (qo, q1)(s) € OVa(s),

we have the following property:

36 > 0 such that Vs_ € (s —6,5), (qo,q1)(s-) € int(VA(s_)).

If A> Aj5 and sg > s15(A), then by lemma B.5, V(T,a) € T'4 5,

Vs € [s0, $1), (4o, G1)(T,a,s) € int(Va(s)). (97)
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Indeed, this follows if we apply lemma B.5 to s1 ((qo,d1)(s1) € dVa(s1) by
lemma B.4) and to s € (sg, s1], and use A

I ={s € [sg,1)|Vs" € [s,81),(Go,q1)(T,a,s") € int(Va(s'))}.

The conclusion of lemma 4.3 follows for A > Ag = max(Ag, A14, A1),

so > max(8§o + 1, s7,89(A), s13(A), s15(A)), De(so) = D1(so), and for € > 0,
s1=s12(A4,€6,50) and I'e =T 4 4,.
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