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1 Introduction

We are concerned in this paper with blow-up solutions of

9 = Au+F(u)u in Qx[0,7)
u = 0 on 0N x|[0,T) (1)
u(.,0) = wp in

where

u:(2,t) €QAx[0,T) = RM ug:Q — RM,

Q is a bounded convex regular open set of RY or Q@ = RN, T > 0,
(Au); = Aug, |u| is the euclidian norm of u in R

F:R — Ris a C! function satisfying

F(lu]) ~ [uP~! as |u| — 400
(in a suitable norm) with
p>1and (3N —4)p < 3N + 8. (2)

We also consider the following condition on p valid for scalar equations
(M = 1) with nonnegative initial data :

up >0 and (N —2)p < N + 2. (3)

The Cauchy problem for system (1) can be solved (for example) in
L= (RN, RM). If the maximal solution u(t) is defined on [0, T") with T < +oo0,
then

Tip fJut) e = +o0
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We say that u(t) blows-up at time 7. If a € Q satisfies |u(xp,t,)| — +o0
as n — —+oo for some sequence (z,,t,) — (a,T), then a is called a blow-up
point of u. The set of all blow-up points of u(t) is called the blow-up set of
u(t) and will be denoted by S.

The existence of blow-up solutions for systems of the type (1) has been
proved by several authors (Friedman [Fri65], Fujita [Fuj66], Levine [Lev73],
Ball [Bal77],..). Many authors has been concerned by the asymptotic be-
havior of u(t) at blow-up time, near blow-up points. Let us point out that
a great deal of the known results are valid only for scalar equations with
nonnegative initial data (case (3)), typically for the equation

ou

N +2
— =A P 1, (N<2 ; +
Y u+uf, p>1, ( < orp<N_2>, (4)

indeed, in the case (3), one can use the maximum principle which does not
hold in general in the case (2). On the contrary, the results in the vectorial
case or even in the scalar case with no positivity condition remain very poor.

Let us give a sketch of the known results both in cases (2) and (3). For
simplicity in the notations, we assume that

F(lu]) = [u[P~
and consider the equation

% — Aut [uf . (5)
Consider u(t) a solution of (5) which blows-up at time T at a point a € Q.
The study of the behavior of u(t) near (a,7") has been done through the

introduction of the following similarity variables :
Tr—a

——. 5= ~log(T'— 1), wa(y.s) = (T —t)7Tu(z,t).  (6)

y:

It is readily seen from (5) that w, (or simply w) satisfies the following
equation : Vs > —logT, Vy € W, s = e%(Q —a),

ow 1 w
— = Aw — —. o p—1 )
s W= 5y Vuw p— + |w|P" w (7)
The following Lyapunov functional is associated with (7) :
1 jw?  Jwl? “)
B(w) = ~[Vw]® + - d 8



where

_ly?
o) = (e (9)

In the case (3) (equation (4)), Giga and Kohn showed in [GK85], [GK87]
and [GK89] that

Vo€ Q, Ve [0,T), lulx,t) < CT —t) 71 (10)
for some constant C' > 0. They also showed that
we(y,s) = Kk = (p—l)_ril as s — +00, (11)

uniformly on compact sets. This estimate has been refined until the higher
order by Filippas, Kohn and Liu [FK92], [FL93], Herrero and Veldzquez
[HV93], [HV92a], [HV92b], [Vel93a]. A notion of limiting blow-up profile has
been developed both in variables (x,t) and (y, s) by Bricmont and Kupiainen
[BK94], Merle and Zaag [MZ97], Zaag [Zaa98|, Herrero and Velazquez.

In [MZ98a], a further step was accomplished in the understanding of
the behavior of nonnegative scalar solutions of (1). We proved there the
following Liouville Theorem for equation (7) :

Let w be a nonnegative solution of (7) defined for all (y,s) € RV x R
such that w € L™®(RY x R). Then, necessarily one of the following cases
occurs :

w=0 orw=k or 3sg € R such that w(y,s) = ¢(s — s0) (12)

1

where (s) = k(1 + es)_ﬁ and k= (p—1)" 1.

From this Theorem we derived in [MZ98a] the following localization the-
orem :
Ve >0, 3C > 0 such that Vt € [£,T), Vo € RV,

ou

I

< euP .
5 <eu + C (13)

We also derived in [MZ98b] the following uniform estimates of order one
(in the case Q = RY) :



AC; > 0, i = 1,2,3 such that Ve > 0, Isg(e) > —log T such that Vs > s,
Va € RV,
1

, C;
v oo} < —Z ) =
s ”v wa(S)HL — Si/2 fOTZ 172737

(14)

K < Jlwg(s)]] < K+ %Jr
= a L > 2]? €

where w, is defined in (6) and Viw stands for the differential of w of order
1.

The results (14) and (13) are direct consequences of the Liouville Theo-
rem (12) which is valid only for positive scalar solutions of (1).

As to the case (2), the starting point was the proof by Giga and Kohn
[GKS87] of the validity of the global estimate (10). In [FM95], Filippas and
Merle showed that

wq (Y, 8) — Kwy as s — +00

uniformly on compact sets, for some w, € SM~1. No other results were
known.

In this paper, we extend the validity of the Liouville Theorem (12) to the
vectorial case and obtain the following theorem which classifies all connec-
tions in L}S. between critical points of (7) (which are according to [GK85] :
0 and kw for all w € SM~1). This Theorem is in some sense a classification
of “critical points at infinity” (in a parabolic sense) for equation (7).

Note that this Theorem is valid not only for p satisfying (2) but for all

subcritical p, that is under the condition
p>1land (N —-2)p< N +2. (15)

Theorem 1 (Liouville Theorem for equation (7)) Assume (15) and
consider w a solution of (7) defined for all (y,s) € RY x R such that w €
L®(RN x R,RM). Then necessarily one of the following cases occurs :

i) w=0,

i) Jwy € SM~1 such that w = kwy,

i) Isg € R, Jwg € SM=1 such that w(y,s) = ¢(s — so)wo where

pls) = k(1 +e*) 7.



Remark : In [GKS85], Giga and Kohn assumed in addition to the hypothe-
ses of Theorem 1 that

lim sup |w(0, s)| > 0, (16)
S§——+00
and proved that in this case, ii) occurs (Theorem 2 page 310). Indeed,
under assumption (16), it follows directly from energy arguments that w is
a stationary solution of Equation (7). We concentrate in our proof on the
classification of non stationary solutions. This will need introduction of new
tools such as a combination of the linearization of the equation as s goes
to —oo, the use of a geometric invariance of equation (4) and a blow-up
criterion for equation (7), sharp for data close to stationary solutions.
This Theorem has an equivalent formulation for solutions of (5) via the
transformation (6).

Corollary 1 (A Liouville Theorem for equation (5)) Assume that
(15) holds and that u is a solution in L™ of (5) defined for (x,t) € RN x
(=00, T). Assume in addition that |u(z,t)] < C(T — t)_ril. Then u = 0
or there exist Ty > T and wy € SM~1 such that ¥(z,t) € RN x (=00, T),
w(z,t) = K(Tp — £) "7 Twp.

Our second contribution in this paper is to show that the global estimate

(10) of Giga and Kohn which is valid in the cases (2) and (3) is in fact
uniform with respect to ug.

Theorem 2 (Uniform estimates with respect to uy) Assume
condition (2) holds and consider u a solution of (5) that blows-up at time
T < Ty and satisfies |[u(0)|c2(q) < Co. Then, there exists C(Co,Tp) such

that ¥t € [0,T), [Ju(t)||ze@) < Cv(t) where v(t) = (T — t)_ril is the
solution of

v =P and v(T) = +oc.

Remark : We suspect that this result is true with no condition on 7.
Let us remark that we suspect this Theorem to be valid in the case (15).

Theorems 1 and 2 have important consequences in the understanding of
the blow-up behavior for equation (5) in the case (2). We have the following
localization result which compares (5) with the associated ODE

u =P



Theorem 3 (Uniform ODE Behavior) Assume that (2) holds and con-
sider T < Ty and |Jugl|c2(q) < Co. Then, Ve > 0, there is C(e, Co,Tp) such
that Yz € Q, Vt € [0,T),

ou

5 (@) = [ul " u(@, )] < du(@, ) + C.

Remark : Note that the condition u(0) € C? in Theorems 2 and 3 is not
restrictive, because of the regularizing effect of the heat equation.

As direct consequences of Theorem 3, we have the following striking
corollary :

Corollary 2 Assume that (2) holds and consider u(t) a solution of (5). Let
a € Q be a blow-up point of u(t). Then,

i) |u(z,t)] — 400 as (z,t) — (a,T),

ii) (Approximate scalar behavior of |u|) 30 > 0 such that Yz € B(0,9),
Vte [T —46,T),

0
M(x,t) >0 and |u(z,t)] > 0.

ot

iii) If M = 1 and u(x,t) ~ ex(T t)_ril where € € {—1,1}, then 36 > 0
such that Vx € B(0,9), Vt € [T —0,T),

ou
eu(z, )>0andea(mt) > 0.

We now set in the case (2) some results which were known before only
in the scalar case with nonnegative initial data. These results follow from
Theorems 1 and 2 and the proofs of the positive case.

Theorems 1 and 2 yield the following uniform estimates of order 1 for
solution of (5) :

Theorem 4 (L™ refined estimates for w(s) and u(t) at blow-up)
Assume that (2) holds. Then, there exist positive constants C; fori=1,2,3
such that if u is a solution of (5) which blows-up at time T and satisfies
u(0) € C3(RY), then Ve > 0, there exists s1(¢) > —logT such that

i) Vs > 51, Ya € RY,

C
lwa($)llze < &+ (BF+5,  [Vwals)le <
IV2wa(s)lle < 2, IV3wa(s)ll= < S,

1
where k = (p—1) »—1



@)Vt >T — e,

Nk 1 T — ¢ _%1

w (o &gy ) (T =077
(T—t)” (Tt E)
Ci oem—or7e

[u(®)] Lo

IViu(t)] e

IN

IN

fori=1,23.

Remark: Note that these estimates are sharp (see for example [MZ97]). If
v :RY — R is regular, Vv stands for the differential of order i of v. For all
N T2
2t V=
y € BV, we define [Vo(s)? = 3 (0,00}, [V2oly)] = sup L o]

j=1 z€RN |Z|2

o B
and [V3u(y)| = sup — =208 ()|
a,B,7ERN igk |Oé| |ﬁ| |7|

In addition, [[v[|z= = sup |v(y)] and |[V'o[|z = sup [Vio(y)].
yERN yERN
We also obtain information on the limiting blow-up profile for equation

(7) :

Proposition 1 (Existence of a blow-up profile for equation (5))
Assume (2) holds and consider u(t) a solution of (5) which satisfies u(0) €
HY(RN) and blows-up at (a,T). Then, there exist w, € SM~1, Q a N x N
orthonormal matriz and | € {0, ..., N} such that VK >0

(—125-uf) "
sup  |we(Qy,s) — (p—1+ P Zy— wal — 0 as s — +oo.
Y<K /5 p =

= N

(17)

Remark : In the case I = 0, Proposition 1 yields (p — 1)_13+1 = K as
asymptotic behavior for w,. This corresponds to a degenerate blow-up rate,
and one can find an other blow-up profile in the scale y ~ exp (+§ (1 — %))
for some k € N\{0,1}.

Remark : In the case of single point blow-up with [ = N and M = 1, we use
the Liouville Theorem and show with Fermanian-Kammerer in [FKMZ] that
the behavior (17) is stable under perturbations of initial data. Moreover,
the convergence is uniform in a neighborhood of a given initial data. In
other words, if @i(t) is a solution of (4) which blows-up at time 7" only at one
point a with the behavior (17) (with [ = N and w, = 1), then, there exists
a neighborhood Vy of 4(0) such that for all ug € Vy, the solution u(t) of (4)



with initial data ug blows-up in finite time 7'(ug) at only one blow-up point
and for all K > 0,

sup —0ass— +o0

uo€Vo, y|<K/s

1
(p—1)yl?\ 7T
4p S

war(y, s) — (p— 14

where wq, 1 = Wa(ug),T(uy) 18 defined from u(t) by (6). Moreover, a(ug) — a
and T'(ug) — T as ug — (0).

Theorem 3 shows that the blow-up phenomenon is continuous with re-
spect to initial data. In [Mer92], Merle shows that the blow-up time is
continuous with respect to initial data in L>° N H'(Q). If S is the blow-up
set of u(t), we know from standard parabolic estimates that we can define
the blow-up profile u* € C(Q2\S) outside the singular set by

Ve € Q\S, u*(z) = tlirr% u(z,t),
and that the convergence is uniform on every compact set of Q\S. In the
following Proposition, we show that the blow-up profile is continuous with
respect to initial data.

Proposition 2 (Continuity of the blow-up profile with respect to
initial data) Assume that condition (2) holds. Let uo, — ug in L°NH(Q)
and denote by uy,(x,t) the solution of (5) with initial data wug,. Denote by
T, and w), the blow-up time and profile of un(t).
(A) Continuity at the reqular points of u(t).

i) uy, — u* as n — +oo uniformly on compact sets of Q\S.

it) If t,, — T, then up(z,t,) — u*(x) uniformly on compact sets of Q\S.
(B) Continuity at the blow-up points of u(t).

VA >0, de > 0, dng € N, dtg < T such that Yn > ng, Vo € Q such that
d(z,S) <€, Vt € [to, Tn), |un(z,t)] > A.

Remark : (A) was proved in [Mer92]. In the contrary, only a local version
(localized near a blow-up point of u(t) of a particular type) was proved in
[Mer92].

By the same techniques as in [MZ98b], we have the following equivalence
result of several notions of blow-up profiles for equation (5) :

Proposition 3 (Equivalence of different notions of blow-up profiles
at a singular point) Assume that condition (2) holds. Let xo € RN be
an isolated blow-up point of u(t) solution of (4) such that ug € H'(RY) and



w € SM=1. The following blow-up behaviors of u(t) near xg or w(s) = wy,(s)
(defined in (6)) are equivalent :

w(y, s) — [H (N - %\y[Q)} w‘ _p (%) as s —

(A) VR > 0, sup 5ps

ly|<R

1
+oo where k = (p— 1) »—1,

B) 3y > 0 hthtH 5)— LH 0
(B) Jeg > 0 such that ||w(y, s) fo(\/g)w Lw(\y|§eoes/2)—> as s — +0oo

_1)2 _ 1
with fo(2) = (p— 1+ EpE[2?) 751,
(C) 3ep > 0 such that if |z — xo| < €0, then u(x,t) — u*(z) ast — T

1
8p|log |z—xzo|| | P-1
and U*((L’) ~ [m w as T — xg.-

One further result concerns the size of the blow-up set :

Proposition 4 (Size of the blow-up set) Assume that (2) holds and
M = 1. Consider u(t) € H'NL>(Q) a solution of (5) that blows-up at time
T. Let S be its blow-up set. Then S is compact and the

(N — 1)—Hausdorff measure of S is finite.

We now present in section 2 the proof of the Liouville Theorem 1 in the
scalar case. Section 3 is devoted to the control of ||u(t)| e (Theorem 2)
and the ODE behavior (Theorem 3) uniformly with respect to initial data.
In section 4, we use modulation theory to adapt to the vectorial case the
proof of the Liouville Theorem 1.

2 Liouville Theorem for equation (7)

In this section, we prove Theorem 1 in the case M = 1. Similar ideas with
the use of the modulation theory yield the result for general M (see section
4 for the case M > 2).

Note that for the Liouville Theorem, we assume that p satisfies the more
general condition (15) and not only the condition (2).

The proof follows the same pattern as the analogous one presented in
[MZ98a] in the case of nonnegative data. Indeed, all the arguments presented
in [MZ98a] remain valid for solutions with no sign, except the following blow-
up criterion for equation (7) which is specific for nonnegative data :

Let w be a nonnegative solution of (7) and assume that
Janw w(y, s0)p(y)dy > & [on p(y)dy for some so € R. Then, w blows-up at
some time S > sg.



Note that the criterion breaks even in the case M = 1 if there is no
sign condition. Therefore, it is enough to replace this criterion by another
suitable one, valid for solutions with no sign, so that the proof of [MZ98a]
can be adapted in the current case (and in the vectorial case).

Let us first introduce the following functional defined for all W € H ; (RM)

ptl

p—1 2
1wy = 25 + 23 ([ 1w Patan) (19
where E is defined in (8), and the following blow-up criterion valid for
vectorial solutions of (7) :

Proposition 2.1 (Blow-up criterion for vectorial solutions of (7))
Let w be a solution of (7) which satisfies

I(w(sp)) >0 (19)
for some so € R. Then, w blows-up at some time S > sg.

Remark : This Proposition and the fact that I(x) = 0 yield informations
on the solutions of (7) close to x in the energy space.

In the following, we will prove Proposition 2.1 and then give a sketch of the
arguments of the proof of the Liouville Theorem, since they are the same as
those in [MZ98a]. Only the arguments related to the new blow-up criterion
will be expanded.

Proof of Proposition 2.1: We proceed by contradiction and suppose that
w is defined for all s € [sg, +00). According to (7) and (8), we have Vs > s,

w S 2
d%/h”(y’ s)[Ppdy = 2/ <—|Vw(y,s)|2 - % + |w(y,s)|p+1> oy

o
_ —4E(w(s))—|—72§f;11) / P+ pdy

pt+1

~ab(u(eo) + 22 ([ upay)

where we used Jensen’s inequality ([ pdy = 1) and the fact that E is de-
creasing in time.
If we set

v

2(p—1)

22 @)

49) = [l o) pdy, @ = ~4B(w(s0)) and 5 =

10



then this reads :

pt1

Vs > sg, 2'(s) > a+ Bz(s) 2 . (21)

p+1

With (20) and (18), the condition (19) reads : a + Bz(sp) 2
classical argument, we have from this and from (21)

> 0. By a

1

+

P

v ‘

Vs > 89, 2'(s) >0 and a+ B2(s) 2 > 0.

Using a direct integration, we obtain :

25 dg /+°0 dx

Vs > s, s—soﬁ/ ——a < ——— = C(2(s0)) < +o0
z(s0) o+ fBr 2

2(s0) @ + ﬁgj 2
since p > 1. Thus, a contradiction follows and Proposition 2.1 is proved. Wl

Proof of Theorem 1 in the scalar case : We assume p > 1 and p < %

if N >3, and consider w € L>®(RY x R, R) a solution of (7). We proceed in
two parts in order to show that w depends only on s :

- In Part I, we show from the dissipative character of the equation that w has
a limit w4 as s — oo with w4 a critical point of (7), that is wis =0, K
or —k. We then focus on the nontrivial case (w_q, Wioo) = (k,0) and show
from a linear study of the equation around x that w goes to k as s — —o0
in three possible ways.

- In Part II, we show that one of these three ways corresponds to w(y, s) =

(s — sg) for some sy € R where p(s) = w(1 + es)_ril. In the two other
cases, we find a contradiction from nonlinear informations :

- the blow-up criterion of Proposition 2.1 (for w close to k),

- the following geometrical transformation :

a € RN — w, defined by wa(y, s) = w(y + ae?, s) (22)

which keeps (7) invariant (thanks to the translation invariance of equation

())-

Part I : Possible behaviors of w as s — +o0

We proceed in two steps : First, we find limits w4 for w as s — do0.
In a second step, we focus on the linear behavior of w as s — —o0, in the
case W_qo = K.

Step 1 : Limits of w as s — £

11



Proposition 2.2 (Limits of w as s — +00) wio(y) = li{rn w(y,s) ex-
S— 100

ists and is a critical point of (7). The convergence holds in L%, the L? space
associated to the Gaussian measure p(y)dy where p is defined in (9), and
uniformly on each compact subset of RYN. The same statement holds for

wosoly) = lim w(y, s)
Proof : See Step 1 in section 3 in [MZ98a]. |

Proposition 2.3 (Stationary problem for (7)) The only nonnegative
bounded global solutions in RN of

1
0=Aw— iy.Vw — ]% + JwP~tw (23)
are the constant ones : w =0, w = —k and w = K.

Proof : One can derive the following Pohozaev identity for each bounded
solution of equation (7) in RY (see Proposition 2 in [GK85]) :

p—1
(V2= p(N = 2)) [ [Vulipdy+ P2 [l Vulody =0, (20)

Hence, for (N —2)p < N + 2, w is constant. Thus, w = 0 or w = Kk or
w= —K. |

From Propositions 2.2 and 2.3, we have w4ioo = 0 0r Wioo = K OF Wioo =
—k. Since E is a Lyapunov functional for w, one gets from (8) and (7) :

+o0o
ool
—00 RN
Therefore, since E(k) = E(—k) > 0 = E(0), there are only two cases :
1 - B(w_x) — E(wis) = 0. This implies by (25) that %—f = 0, hence w is
a stationary solution of (7) and w =0 or w = Kk or w = —k by Proposition
2.3.
2 - BF(w—_o) — E(wieo) > 0. This occurs only if wis = 0 and w_o, =
k or —k. It remains to treat this case. Since (7) is invariant under the
transformation w — —w, it is enough to focus on the case :

(W—00, Wico) = (K, 0). (26)

Remark : The case 1 contains the case studied in [GK85]. Indeed, the
authors had there F(w_o) = E(wis) and wis > 0 (assuming (16)).
Therefore w is a stationary solution of (7).

2

O (4, 5)| pdy = Bwyoe) — Elw_o). (25)

g(yv 5)

12



Step 2 : Linear behavior of w near k as s — —0
Let us introduce v = w — k. From (7), v satisfies the following equation :
V(y,s) € RV,

ov
e Lv+ f(v) (27)

1
where Lv = Av — §y.VU +vand f(v) = |v+ kP v + k) — KP — prP 1.

(28)
Since w is bounded in L™, we assume |v(y, s)| < C and |f(v)] < C|v|>.
L is self-adjoint on D(L) C Lf). Its spectrum is
m
spec(L) = {1 — B | m € N}, (29)

and it consists of eigenvalues. The eigenfunctions of £ are derived from
Hermite polynomials :

e N=1:
All the eigenvalues of £ are simple. For 1 — % corresponds the eigen-
function
(5] ml
B (y) =Y ———(=1)"y™ 2", 30
m(Y) n!(m_%)!( )"y (30)
n=0
e N>2:

We write the spectrum of £ as

mi1+...+mpy

spec(L) = {1 — 5

|m1,...,my € N}.

For (my,...,my) € NV, the eigenfunction corresponding to
1 _ mi+...+my iS
2

h(ml,...,mN) Yy — hml (yl)th (yN)7 (3]‘)

where h,, is defined in (30). In particular,

*1 is an eigenvalue of multiplicity 1, and the corresponding eigenfunc-
tion is

Ho(y) =1, (32)



*% is of multiplicity IV, and its eigenspace is generated by the orthog-
onal basis {H1;(y)|i = 1,..., N}, with Hy ;(y) = h1(y;); we note

Hi(y) = (Hi1(y), ... Hin (y)), (33)
*0 is of multiplicity w, and its eigenspace is generated by the or-

thogonal basis {H27Zj(y)|z,j = 1, ...,N,i S ]}, with Hg,ii(y) = hg(yi),
and for 7 < j, Ho;j(y) = h1(yi)hi1(y;); we note

Hy(y) = (Ha,i5(y),i < j). (34)

Since the eigenfunctions of £ constitute a total orthonormal family of
Lg, we expand v as follows :

v(y,8) = Y vm(s).Hn(y) + v_(y, ) (35)

where

vo(s) is the projection of v on Hy,

v1,i(s) is the projection of v on Hy;, vi(s) = (v1,i(),...,v1,n(s)), H1(y) is

given by (33),

v2,4(s) is the projection of v on Hyj, i < j, va(s) = (v2,45(s),7 < j), Ha(y)

is given by (34),

v_(y,s) = P_(v) and P_ is the projector on the negative subspace of L.
With respect to the positive, null and negative subspaces of £, we write

v(y,8) = vy, 8) + vnun(y, s) +v-(y, s) (36)

where v (y,5) = Py (0) = ¥ _o v (5)-Hun (9),
Vnuti(y:8) = Pratt(v) = va(s).Ha(y), P+ and Py are the L projectors
respectively on the positive subspace and the null subspace of L.

Now, we show that as s — —oo, either vg(s), v1(s) or ve(s) is predom-
inant with respect to the expansion (35) of v in L%. At this level, we are
not able to use a center manifold theory to get the result (see [FK92] page
834-835 for more details). In some sense, we are not able to say that the
nonlinear terms in the function of space are small enough. However, using
similar techniques as in [FK92], we are able to prove the result. We have
the following :
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Proposition 2.4 (Linear classification of the behaviors of w as s —
—0) As s — —o0, one of the following cases occurs :

i) [o1(s)] + llvnun(y, )l 2z + lv-(y, 8)[ 2 = o(vo(s)),
Vs < sg, vy(s) = vo(s) + O (vo(s)2) (37)
and there exists Cy € R such that
[v(y, s) = Coe’|| g1 = o(e”), (38)
and Ye > 0,
vo(s) = Coe® + 0(e279%) and vy (s) = O(e?9). (39)

it) [vo ()4 lvnunr (y, $)l 2 + [[v-(y, )l 2 = o(v1(s)) and 3C1 € RV\{0} such
that ||v(y,s) — e%C’l.yHH% =o(ez2), v1(s) ~ C1e®? and vo(s) ~ B|Cy 2es,
iii) o+ (9,9)l 2z + lo- (0,9l zz = oUltnun(y, )l z3) and there eaists 1 €
{1,...,N} and Q an orthonormal N x N matriz such that

l
0(Qys) — 5 (m - Zﬁ) — o(d),
=1

Hj
I

7)null(Cny S) = ﬁ <2l—2y22> + 0(51%), 'Ul(S) = O(s%) and Uo(s) =

=1

O (S%) for some § > 0.

Proof : See Propositions 3.5, 3.6, 3.9 and 3.10 in [MZ98a]. Although only L;%
norms appear in those Propositions, one can see that the proof of Proposition
3.5 in [MZ98a] can be adapted without difficulties to yield H ; estimates (see
section 6 in [FK92] for a similar adaptation). |

Part II : Conclusion of the proof

The crucial point is to note that I(k) = 0 where I is defined in (18).
Thus, the use of the geometrical transformation w — w, (see (22)) and the
blow-up argument of Proposition 2.1 applied to w,(s) will introduce some
rigidity on the behavior of w(s) as s — —oc.
We proceed in two steps :
- In Step 1, we show that if the case i) of Proposition 2.4 occurs, then
w(y, s) = p(s — sp) for some s¢ € R.
- In Step 2, we show by means of Proposition 2.1 and the transformation
(22) that cases i) and i) of Proposition 2.4 yield a contradiction.

Step 1 : Case i) of Proposition 2.4 : the relevant case

15



Proposition 2.5 Assume that case i) of Proposition 2.4 occurs, then :
Z) Cy <0,
1
i) Yy € RN, Vs € R, w(y, s) = p(s — sg) where p(s) = k(1 +€*) 71 and

sp = —log <—%).

Proof :

i) We proceed by contradiction in order to eliminate successively the cases
Cop=0and Cy > 0.

- Suppose Cy = 0, then one can see from (37) and (39) that Vs < sq,
vo(s) = 0 for some s; € R. Since ||v(s)\|L% ~ vp(s) as s — —oo, we have
Vs < s9, Vy € RN, v(y,s) = 0 and w(y, s) = ~ for some so € R. From the
uniqueness of the solution of the Cauchy problem for equation (7), we have
w = k in all RY x R, which contradicts the fact that w — 0 as s — 400 (see
(26)). Hence, Cy # 0.

- Suppose now that Cy > 0. We will prove that

p+1

) = ~280e) + 21 ([ otrsPatids) T >0 o

for some s € R, which is the blow-up condition of Proposition 2.1, in con-
tradiction with the global boundedness of w.

Since w = k + v and k is a critical point of E : H;(RN) — R (see
Proposition 2.3), we have

,%2

B(w(s) = Bx) + 0 (o)) = 505 +O ()l ). ()

For the second term in (40), we use w = x + v and write

Jlw(y, s)Ppdy = K% + 26 [ v(y, s)pdy + [ v(y, s)|*pdy
= k% + 2kv9(s) + [ |v(y, s)|*pdy. Therefore,
pt1

% (f |w(y,s)|2pdy) 2 _— 1%214-/11)0(8)-{—0(”11(8)“%%). Combining this with
(41) and using (39) and (38), we end up with

I(w(s)) ~ kvg(s) ~ kCpe® >0 as s = —o0

which is the blow-up condition of Proposition 2.1. Contradiction. Thus,
Cy < 0.

ii) Let us introduce V(y,s) = w(y,s) — ¢(s — sg) where ¢(s) = x(1 +

eS)‘ﬁ and sg = — log (—%). Since ¢ is a solution of
iy pls) »
¢'(s) = p—1 + ¢(s)”,



we see from (7) that V satisfies the following equation :

oV
where £ = A — %y.V +1,1(s) = —% and

F(V) = [p+ VP~ Yo+ V) =P —ppP~ V. Note that Vs < 0, |F(V)| < C|V|?.
Besides, we have from i) of Proposition 2.4 and the choice of s( that

Vo(s)| + [Vi(s)| = O(e®~*) and [Vouu(s)llzz + V=(s)ll 1z = o(e”)  (43)

as s — —oo. Using the linear classification at infinity of solutions of equation
(42) under the conditions (43) (see Proposition 3.7 in [MZ98a]), we get V = 0
on RN x R. Thus, Vy € RY, Vs € R,

w(y,s) = (s — s0).
m

Step 2 : Cases ii) and iii) of Proposition 2.4 : blow-up cases
In both cases i) and #ii) of Proposition 2.4, we will find sg € R and |ag| <
e~ % such that I (wqe(s0)) > 0 where I is defined in (18), which implies by
Proposition 2.1 that w,, blows-up in finite time S > sy, in contradiction with
[ Wag | Lo @ xw) = W] Loo (N xw) < +00. We give in the following lemma an

s/2

expansion of I(wy(s)) as s — —oo and ae®* — 0, which will allow us to

conclude :

Lemma 2.6
a - Assume that case ii) or iii) of Proposition 2.4 holds, then

Hwa(s)) = [ v(y.5)oly — ae*)dy + O (Jos) )

as s — —oo and ae’/? — 0. Moreover,
b - In case ii) : [v(y,s)p(y — ae®/?)dy = a.Cye® + o (|ale®) + O(se®),
¢ - In case iii) : [v(y,s)p(y — ae®/?)dy =

l 3s
1 lal?e® la]3e™
K 2_ s/2 \2 .
4pls] ;/(zz 2)(Qae Z) p(Z)dZ—I—O <82> +0 <|S|1+5> +0 ( |S| .

Proof : see Appendix A. |
This lemma allows us to conclude. Indeed,
- if case ii) of Proposition 2.4 holds, then
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I(wa(s)) = ka.Cre® + o(Jale®) + O (se®). We fix sp negative enough and

1 C1 —s0/2
@0 = o1ey ¢ T o get

1
I(wa,(50)) = 5/1(10'01680 =K

This implies by Proposition 2.1 that wg, blows-up at time S > sg. Contra-
diction.
- If case #i7) of Proposition 2.4 holds, then

Tw(s) = £ Ezlj [ G = 2)@ae 2P p(a)dz + 0 ( ! ) Lo (:j,'f jj) ;

3s
|a“|367 . e—50/2
0 T . We fix sy negative enough and ag = % |1/4Q e1 where

= (1,0,...,0) so that we get

2 2

1 &k K
(g (50)) > 3 Z/z )Pl = e > 0

4plso| plso

by (9). This implies by Proposition 2.1 that w,, blows-up at time S > sq.
Contradiction.

This concludes the proof of Theorem 1 in the scalar case. |

3 Uniform estimates for nonlinear heat equations

In this section, we prove uniform bounds on solutions of (5) (Theorem 2) and
deduce several applications of Theorems 1 and 2 for nonlinear heat equa-
tions. In particular, we prove uniform bounds and the ODE like behavior
of the solution (Theorems 3 and 4 and Corollary 2). We treat only the case
Q2 = RN. The case where Q is a convex bounded C?® domain can be treated
in the same way, by using regularity results near the boundary (see [GK87],
lemma 3.4).

In the end of the section, we give a sketch of the proof of various conse-
quences of Theorems 3 and 4 presented in the introduction.

Proof of Theorem 2 : Uniform L*° bounds on the solution

Consider ug € C? such that |jug|/cz < Co and u(t) solution of (5) with
initial data wug blows-up at 7" with T" < Ty. We claim that there is C' =
C(Cy,Tp) such that ||u(t)| e is controlled by Cv(t) where v is the solution
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of the ODE v" = vP which blows-up at the same time T" as wu(t). The result
mainly follows from blow-up argument giving local energy estimates and the
fact that these estimates yield L estimates (from Giga-Kohn [GK87]).

Step 1 : Estimates on u(t) for small time

Lemma 3.1 (C? bounds for small time) There is to = to(Co) > 0 such
that :

i) for all t € [0,%o], ||u(t)| L < 2C,

it) for all t € [0,t0], ||u(t)|lc2 < 2Cy,

i1) for all a € (0,1), ||Aullce(py < Ci(a, Co)where

||(1|| o sup ‘a(xvt) _a(x,7t/)|
Y=
@@ ep (lz— /| + [t —¢]/2)°

where D = RN x [ #].

Proof : We start with ¢) and 4¢). Since u satisfies

u(t) = S(t)uo +/0 S(t — 8)|u(s)[P " u(s)ds,

we have
t
[w(t)||ee < [luollLee +/0 [[u(s) |l ds.

Thus, by a priori estimates, we have V¢ € [0,%¢], ||u(t)||z < 2Cy where
to = 2 PCL7.
Similarly, we obtain V¢ € [0, to], ||u(t)||c2 < 2Cy where ty = to(Cy).

i11) We use the following lemma :

Lemma 3.2 Assume that h solves

Oh

E = Ah + a(g,T)h
for (§,7) € D where D = B(0,3) x [0,t0] and to < Ty. Assume in addition
that ||al| L~ + |ala,p is finite, where

‘a’ D= sup ‘a(gvT) - a(é‘,aT/)’
T ememen (IE= €+ | =T /2)"

(44)

and a € (0,1). Then,
hllo2 oy + [V 2hla,pr < KAl 1 ()
where K = K (|lal| g (p) + lala,p) and D" = B(0,1) x (&, o).
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Proof : see Lemma 2.10 in [MZ98b]. |

Step 2 : Energy bounds in similarity variables
From the blow-up argument for equation (7) (Proposition 2.1) and the
monotonicity of the energy E, we have :

Lemma 3.3 There is C; = C1(Cy,Ty) such that Vs > sg = —logT, Va €
RV,

i) |E(wa(s))| < C1 and [ wa(y, s)]p(y)dy < C4, )

i) J27 ] (Jwaly, )P+ [Vwa(y, )2 + |22y, 5)[*) ply)dyds < 1,

iii) f;“ (f lwa(y, s)|p+1p(y)dy)2ds < Cy where w, and E are defined re-
spectively in (6) and (8).

Proof : Following [GK87], we note w = ws.

i) First we have that Vs € [sg,+00), %E(wa(s)) < 0, E(w,(s)) <
E(wq(so0)) < C(Co,Tp). Let us note from the blow-up result of Proposi-
tion 2.1 that Vs € [sq, +00),

ptl
2

rw(e)) = 280w + 21 [ lutoPowiy) <o

p+1

Thus, ([ |w(y,s)|?p(y)dy) 2 < 2(LE( (s)) < C(Cy,Tp) and we have i).

p—1
i1) We have

% [ 1) Potw)ds = 2B () + 2 [ty )P o)y

Therefore, by integration and ), fSSH [ w(y, s)[P p(y)dyds < C.
From the bound on [ |w(y, s)|?p(y)dy, E(w(s)) and

f;“ [ |w(y, s)[P* p(y)dyds, we obtain the bound on

fSH [ IVw(y, s)|*p(y)dyds, and from the variation of the energy,

S5 s |2p(y)dyds‘ < |E(w(s))| + |E(w(s + 1))| < 2C}.
iii) We write

— [ IVw(y, s)Pp(y)dy + [ lw(y, )P p(y)dy

= [ 52(y, s)w(y, s)p(y)dy + pllflw v, 5)[*p(y)dy.

[Vw(y, s)|*p(y)dy — p+1 [ w(y, s)|PTp( y)dy‘ < (1, we have

Sty )P o)y < 1 (f 152, 9)] pdy)§ (f lw(y, )Po(y)dy) * + C1,

Since
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then,

2 2
(f oty )P py)dy)* < €1 (1+ [ |35, 9)| o)y ).
Thus, by integration we have the conclusion. |

Step 3 : L* bound in similarity variables
We have the following proposition, where L bound can be derived from
energy bounds :

Proposition 3.4 (Giga-Kohn, L*> bound on w ) Assume that we have
the bounds of lemma 3.3 on w in the interval [s,s + 1] for a given C1, then
for all 6 € (0,1), there exists C2(Cy,0) such that |we(0,s + 6)| < Cs.

Proof : See lemma 3.2 in [GK87]. |
Step 4 : Conclusion of the proof : L°° bounds with respect to
Oo and TO

We can see that these arguments yield uniform bounds on the solution.
- On one hand, we have from Step 1,

vt € [0,20(Co)l, [[u(t)|[re < 2C. (45)

- On the other hand, we have from Proposition 3.4 and Step 2, for all
9o € (0,1), Vs € [sg + dg, +00), ||w(s)||ree < C2(Ch, o), therefore

Vt e [T(1—e ), T), ut)llre < ———. (46)
(T —t)r T

Taking 6o = do(Tp, to) such that Ty(1 —e=%) < % and using (45) and (46)

we obtain V¢ € [0,T), ||u(t)| re < # where
_+\p—
1

03(00, To) = HlaX(CQ(Cl, 50), 2001—10ﬁ )
This concludes the proof of Theorem 2. |
Let us prove now the uniform pointwise control of the diffusion term by

the nonlinear term, which asserts that the solution u(¢) behaves everywhere
like the ODE v’ = vP.

Proof of Theorem 3 (Uniform ODE behavior) :

The main ideas are the same as in [MZ98a] where the proof was presented
for a given positive solution. But we will present the proof in a different way
which allows us to obtain a constant uniform with respect to initial data.
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We argue by contradiction. Let us consider u,, solution of (5) with initial
data wg, such that ||ugn(t)|lc2 < Co, un(t) blows-up at time T;, < Ty and
for some ¢y > 0, the statement

|Au| < eolulP +n on RY x [0,T},) (47)
is not valid. Therefore, there is (x,,t,) € RN x [0,T},) such that

| Aty (20, tn)| > €0tn(Tn, tn)|P + n. (48)

Considering iy, (z,t) = up(z, + z,t), we can assume
z, = 0.
From the uniform estimates and the parabolic regularity, we have
T, —t, — 0asn— +oo.

Indeed, from Theorem 2, 3C5(Cy, Ty) > 0 such that V¢ € [0,T,),

ln ()] poe < —2
(Tu—t) P

Introducing wy, (y, s) for all y € RY and s > sg,, = —log T), by

r—a 1
y=—m—, s=—log(Tn — 1), wn(y,s) = (Tn — )7 Tun(x,1),
T, —1
we have Vs € [sgn, +00), ||[wn(s)||re < Ca, where sg, = —logT,. From

parabolic regularity applied to equations (5) and (7), there is C’ such that
Vs € [sg,+00), [[Awp(s)|lre < C.

ThUS, Vt € [07Tn)7 ”Aun(t)”[/oo S %.
(Tn—t) P+

From (48), we have

C’
TR 2 [|Aun(tn) Lo 2 [Aun(an, tn)] = n
n — ln)P~

and T, — t, — 0 as n — +oc.

Let us now consider two cases.
In the region where the solution wu,(t) is of the same order as the solution
of the ODE blowing-up at T}, (called the very singular region), the Liouville
Theorem 1 in similarity variables yields a contradiction.
For the other regions, we can control the nonlinear term by using in some
sense wellposedness for small data in some localized energy space (subcritical
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behavior). This allows us to transport the information from the very singular
region everywhere.

i) Estimates in the very singular region. |uy(0,t,)[(T), —tn)ril — 09 #0
as n — +00.

A compactness procedure and the Liouville Theorem yield a contradic-
tion. We now consider @, (y, s) = wy (s, +s,y) where s,, = —log(T}, —t,) —
+00 as n — +0o0.

Wy, is a solution of (7) for (y,s) € RY x [sg, — spn, +00) such that Vs >
son = 8+ 1, |0n(8)||pec@nvy < C, VR >0, Hwn”cﬁ'l(B(O,R)x[—R,R]) < C'(R),
and ,

| A, (0,0)] > €| (0,0)|P > €9% > &) > 0, where for all D C RN x R,

lolearmy = Il + 19wl o) + V20l (o) + 1V20] 00
12 i + 122
ot L= (D) T gD

and ||u||q,p is defined in (44). Note that s,, — 400 and sg, = —logT),, <
—logty(Cp) by lemma 3.1. Therefore, sg, — s, — —o0. By compactness
procedure, w, — w as n — +0o on compact sets of RY x R where w is
solution of (7) for (y,s) € RV x R such that

Vs € R, |lw(s)|re < C and |Aw(0,0)| > &) > 0.

From Theorem 1, we have a contradiction, since all the globally bounded
solutions w of (7) defined on RY x R satisfy w(y, s) = w(s) and Aw(y,s) = 0.

1
i1) Estimates in the singular region : w,(0,t,) (T, — t,)?P~T — 0.
We now consider the case where

w(0,tn) (T — )77 — 0 as n — 400, (49)

Again, by the Liouville Theorem and the local energy estimates (which
allow us to control the nonlinear term), we transport the information ob-
tained in the very singular region to obtain a contradiction in this case.

Step 1 : Compactness procedure outside the singular region
We have from Theorem 2 and its proof

Vi€ [0,T,), Vi, flun@)llze < —2—— and Jun(8) oz < —2

(T, — )71 (T, — ) o1
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By a compactness procedure, we can assume that 7,, — T where t((Cp) <
T* < Ty and up(x,t) — u(z,t) in C’lzo’cl(RN x [0,T*)) where Vt € [0,T%),
9 = Au+ |ufP~tu,

¢ C
() pe < ——— and [Ju(t)]|ce < ————,
(T* —t)»-T (T* —t)r—1
and for all D ¢ RY x R,
ou
lulle2(p) = lullzoe (o) + Vel oo o) + IV ull oo () + 157 1= ()-

We claim :
Lemma 3.5 u(t) blows-up at T™ and 0 is a blow-up point of u(t).

Let us recall the following result which asserts that the smallness of the
following weighted energy (related to the energy E(w,) defined in (8)) :

2 _N 1 1 » r—a
Eat) = 5 E [ LRu@P - @t o s
1 17 ) 2P0 de
el UGl C Rt

implies an L* bound on u(x,t) locally in space-time.

Proposition 3.6 (Local energy smallness result) There exists og > 0
such that for all 6 > 0 and ' > 0, Vt' € [0,T,, — '], if Yx € B(0,0'),
Ee 1t (un) < 00, then

’ 0
- V|JI’ S 5,7 Vt € [t ETTL7TH)7 ’Un({li,t)’ S (T:(#
- Moreover, if Vx| < &, |un(z, tlgT”)| < M’ then V|x| < %,, Vit € [“TT”,TH),
|up (x,t)| < M* where M* = M*(M',§,6").

Proof : See [GK89] and [Mer92] (Proposition 2.5). |
Proof of lemma 3.5 : By contradiction, there is M, § > 0 such that

Viz| <46, Vvt € [0,T), |u(z,t)] < M. (50)

From a stability result with respect to the initial data of this property, we
obtain a contradiction.

Indeed, from (50) and direct calculations, there is then t* such that V|z| < 6,
Ex e+ (u(t*)) < %. We now fix t*. Then, for n large, V|z| < 4,
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Eu Tt (un) (t*) < 00, and V|z| < 6, V¢ € [0, 552, |uy (2, 8)| < 2M. There-
fore, form Proposition 3.6, V|z| < g, Vt € [t*ET",Tn), [un (2, t)| < M*.

By a classical regularity argument, we have V|z| < g, vt € [3nT,,),
|Auy (0,t,)] < M*(M*, M) which is a contradiction with the fact that
|Auy(0,t,)] — +o00 as n — +oo and the fact that T,, — ¢, — 0. This

concludes the proof of lemma 3.5. |

Step 2 : Choice of the scaling parameter

From the fact that 0 is a blow-up point of u, we are able to choose a
suitable scaling parameter connecting (0,¢,) and the “very singular region”
of u,. We are now reduced to the same proof as in [MZ98a]. Consider kg €
(0, ) a constant such that £y 1(kg) < % (£0,1(0) = 0 yields the existence of
such a ko).
Since 0 is a blow-up point of u,

w(0,8)(T* — )71 — kw.

where w € SM~1. (Note that this follows from the results of Giga and Kohn
[GK89] and Filippas and Merle [FM95]. If M = 1, then w = +1).
1

In particular, there is ¢ty > 0 such that Vt € [to, T™), |u(0,t)|(T* —t)»-T >
3k+kKo
SRR
Therefore, by continuity arguments, for all ¢ € [tg,T™), there is a n(t) such
that

K+ Ko

V> n(t), un(0,0)|(T) — t)1 > . (51)

From (49) and (51), we have the existence of #,, € [0,t,] such that
~ ~ 1 ~ 1
[t (0, t0)[(Th, — tn) P=1 = Ko and Vit € (tn, ty], |un(0,t)|(T, — )P~ < Ko.

We will see in Step 3 that u(0,%,) ~ —&——.
(Tn—tn) P~ 1

We have t,, — T* from (51).
Let us now consider

1 = ~ ~

Vn(6,7) = (T, — 1) P T un (EV Ty — oyt + 7(Ty — 10)).

Step 3 : Conclusion of the proof

From the Liouville Theorem stated for equation (5) (Corollary 1) and
energy estimates, we show that the nonlinear term is “subcritical” on com-
pact sets of RV x (—oo,1]. In particular, we have v, (£, 7) — v(7)wo where
wo € SM=1 ' =P and v(0) = kg uniformly on compact sets of R x (—o0, 1]
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KO
We have from the definition of v,, that
- vy, is defined for all 7 € [r,,,1) where 7, — —oc0 (since T}, — £, — 0) and
satisfies

(Note that v(r) = & <<i)p_1 - T>_pl and v(1) < 400).

% = Avy + v [P oy,
_1
- Joa(ll= < C— =i <~ loy(7) 2 <€ —C and
[(A=7)(Tn—tn)]P~T (1=m)p=1 (1=7)p=1
|5, (0,0)| = Ko.
We can assume v, — v in Cfo’i(RN X (—o0,1)) where
0
a—i = Av+ vl
O/
[v(0,0)] = kKo and [[v(7)||pe < ————.
1—7)p 1

From Corollary 1, (that is using in some sense the Liouville Theorem in
the very singular region), we have v(£,7) = v(7)wg for some wy € SM~1,
Thanks to this result, we have uniformly with respect to [£| < 2,

|3

Ee1(vn(0)) — E1(v(0)) = E¢1(ko) < —--

~ DN

Thus, for n large, V|| < 2, & 1(va(0)) < a0, |va(&, 5
Proposition 3.6, V|¢| < &, V7 € [5,1), v, (&, 7)] < M*.
By lemma 3.2, there is M* such that V|{| < %, VT € [%, 1],
Oun,

W %7[_%7%]NX[%71
(44).

In particular, |Av,| and %‘ are uniformly continuous on (&, 7) € By X
[3

| < 2v(3), and by
+ |Avn|%’[_%7%]1vx[%71} < M** where |a|q,p is defined in

1] (with a constant independent from n). Thus, v,(0,7) — v(T)wy and

4>
Avy(0,7) — Av(0,7)wo = 0 uniformly for 7 € [0,1] as n — +o0.
For 1, = % € [0, 1], we have from (47)

| AV (T, 0)] = (T = ) 77 [ At (0, )| > L[ (0, )P (T, — £) 77
2 670|vn(077_n)|p' Let n — 400, we obtain

p
€0 . €0

0> = > kP
Z 5 <Tréa[g11]v(7')> Ko

which is a contradiction. This concludes the proof of Theorem 3. |
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Let us sketch some consequences of these Theorems.

Corollary 2 :
It is obvious that 4ii) is an immediate consequence of 7). For i) and 1),
see section 2.2 in [MZ98a] and work with |u| instead of w. |

Theorem 4 :

The proof is divided in two parts. In a first part, by a contradiction
argument, we prove that Ya € RV, ||wa(s)|p~ — & and ||[Viwy(s)||ze — 0
as s — +00. The proof of Theorem 1.1 in [MZ98a] is valid in this case.

In a second part, by slightly adapting the proof presented in [MZ98b], we
use a priori estimates and a contradiction argument to get the conclusion.
More precisely, one should use the new blow-up criterion of equation (7)
of Proposition 2.1, rather than the one specific for nonnegative data in the
scalar case. |

Proposition 1 :
The proof of Theorem 2 in [MZ98b] is valid in this case, with obvious
changes. |

Proposition 2 :

For (A), see Proposition 2.3 in [Mer92].

(B) is a direct consequence of continuity arguments and the uniform
ODE behavior of Theorem 3. |

Proposition 3 :
The proof of Theorem 3 in [MZ98b] is valid in this case. |

Proposition / :

Thanks to the results of Giga and Kohn in [GK89], S is compact.

Using iii) of Corollary 2, we find for each a € S, ¢, > 0 and ¢, < T such
that u(x,t) has a constant sign on B(a,€,) X [tq,T). Since S is compact, we

can extract a finite collection aq, ...., a; such that
€.
S c Ul_,B(aj, %). (52)

Since w has a constant sign on B(a,€,,;) X [ta,,T), we can define u; €
C(RY x [0,T),R) such that :
i) supp u; C B(a;,€q;) X [ta;, T),
i) 3y € {~1,1} such that V(z,t) € Bla;, %) x [ 7)), wi(e,t) =
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niu(x7t)7
iii) V(x,t) € RN x [0,T), ui(x,t) > 0 and

8ui
ot

= Auz + ’U}; + gi(a,y t), (53)

with supp g; C {5+ < [a| < €4, }-
iv) u; blows-up at time T, on a blow-up set S; containing SN B(0, 3t) (use
ii)).

We claim that the results of Velazquez in [Vel93a], [Vel92] and [Vel93b]
are valid for equation (53), therefore, the (N — 1) dimensional Hausdorff
measure of S; is finite.

Using iv) and (52), we get the conclusion. [ |

4 Generalization to the vectorial case

We prove Theorem 1 in the vectorial case in this section. The proof follows
the same structure as the scalar case presented in section 2. Therefore, we
will summarize the similar arguments and focus on those which are partic-
ular to the vectorial structure.

We recall that we consider all subcritical values of p (condition (15)) and
not only the condition (2).

Part I : Possible behaviors of w as s — oo

Step 1 : Limits of w as s —

The knowledge of the stationary solutions associated to (7) is crucial.
The Pohozaev equality (24) is still valid, therefore, the stationary solutions
are formed by the isolated point 0 and the continuum xw where w € SM~1,
and this is the main difficulty in handling the vectorial case. Indeed, if all
the possible limits were isolated points, no real difficulty would be encoun-
tered. Nevertheless, by using the compactness procedure as in the scalar
case, one can show that :

- either ||w(8)||L% — 0 as s — +o0,

-or min |w(s)— kwl|2 — 0 as s — +o0.
weSM—1 P
In this latter case, using a modulation theory, Filippas and Merle in [FM95],

prove that w actually approaches a particular stationary solution kw .y in
the continuum xSM~1 as s — 4o00.

In conclusion, we have w(y,s) — wis in Lg as s — +00, where wyo, €
{0} UKrSM-T,
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Symmetrically, using similarly a modulation theory as in [FM95], we also
have w(y, s) — w_o as s — —00, where w_o, € {0} UxSM~1. The conver-
gence holds also uniformly on compact sets of RY.

Using the energy estimate (25) and the fact that Vw, w’ € SM~1,
E(kw) = E(kw') > 0 and E(0) = 0, we see that unless w = 0 or w = kw for
some w € SM~1 there is only one non trivial case to consider :

(W00, Wroo) = (KW—00,0) (54)

where w_o, € SM-1,

From the rotation invariance of (7), we can assume that w_o, = €1, the
first element of the canonical base of R*. Let us remark that the modulation
theory method presented in [FM95] yields also

C

Vs < —1, |Jw(s) — /Q€1||L% < —. (55)
s

In the following, we will find sq € R such that ¥(y, s) € RY xR, w(y, s) =

k(14 65_50)_17%161, which will conclude the proof of the Theorem.

Step 2 : Linear behavior of w near ke; as s —» —c
M

Let v = w — ke;. We expand v(y, s) = Zvi(y, s)e; with respect to the
i=1
canonical base of RM, where v; : RN x R — R. From (7), we see that v
satisfies the following equation : V(y,s) € RVF!,
ov

e Lo+ f(v) (56)

where £/ is the self-adjoint diagonal operator (D(£))M — (L%(RN ,R))M

given by

L 0 . 0
0 L—1 .. 0

L= ) (57)
0 0 . L£-1

and defined by L(v) = (Lv1, (£ — )va, .o, (L= Dopr), L=A— 4.V +1
and f(v) = |key +v[P~ (ke +0v) — ﬁel - p%l — v1€].
From (29), the spectrum of L is

spec(Lyr) = {1 — % | m € N}.
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The set of all eigenfunctions of Ly is
{h(ml,..,mN)Ei ‘ (m17 7mN) € NNJ 1 <1< M}
where Ay, my) is defined in (31) and satisfies

mi+..+mpy
Ly (h(ml,...,mN)el) = <1 - f) h(ml,...,mN)ela

. mip+..+my
Vi>2, Ly (h(ml,...,mN)ei) = _fh(mly---,mN)ei'

Let P, be the L%(RN, R) projector on

{h(ml,...,mN) | mi1+..+my= ’I’L} (58)

We expand each coordinate v; of v and then v as follows

vulyes) = 3 Paui(s))

neN

M
v(y,s) = Z Z Py (vi)e;

neN =1

Let us use this notation and give the projection of v on the eigenspace of
Ly corresponding to the eigenvalue A, in the case A =1, % or 0 :
A =1 the projection is Py(v1),
A = 1 : the projection is P (vy),
M
A =0 : the projection is Pa(v1) + Z Py (v;).
i=2
The following Proposition (analogous to Proposition 2.4) asserts that
when s — —o0, the projection of v on the eigenspace of L,; corresponding
to 1, % or 0 dominates the others.

Proposition 4.1 (Linear estimates) One of the following cases occurs
as s — —00 :

i) (eigenspace of A =1) : ||v — Po(vl)HL% =0 (HPO(vl)HL%;),

ii) (eigenspace of A= %) : lv = Pi(vr) 3 = o (1P (1)l112 )
iii) (eigenspace of A=10) :

M M
v — <P2(U1)+ZPO(UZ')> =o | || P2(v1) + > Polvi)
=2 L% =2

2
L3
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Proof : The proof of Proposition 3.5 in [MZ98a] is valid in this case with
obvious adaptations. |

Part II : Conclusion of the proof :
We handle in this Part the three cases of Proposition 4.1 to show that
the first case corresponds to the solution w(y, s) = p(s— sg)e1 where p(s) =

k(1 —l—es)_ﬁ for some sg € R, whereas the two others yield a contradiction.
The proof is the same as in the scalar case thanks to the following facts :
- Nonlinear estimate : The blow-up criterion and its proof hold without
any adaptations in the vectorial case.
- Linear estimate : Considering v, we reduce the study to the scalar
case. Indeed, from (56), vy satisfies the following equation :

0
S = Lo+ fiv) (59)

where f1(v) = |ker +v|P K +v1) — 5% — 2 v1, which is almost the same

as the equation (27) satisfied by v in the scalar case. We have in fact the
following Proposition :

Proposition 4.2 In all cases, i), ii) and iii) of Proposition 4.1, v(s) ~
v1(s) in the Lg norm.

Proof : See Appendix B. |

We now reduce the problem to the study of v1, so that all the asymptotic
computations performed on v in the scalar case remain valid for v; in the
vectorial case. Therefore, we conclude as follows :

Assume that case i) of Proposition 4.1 holds. Then, w(y, s) = ¢(s—so)e1

1

where p(s) = k(1 +e®) =1 for some sy € R.

Assume that case ii) or iii) of Proposition 4.1 holds. Then, there exists
ap € RN such that wy, defined in (22) blows-up in finite time S > sq.
Contradiction.

This concludes the proof of Theorem 1 in the vectorial case. |

A  Proof of lemma 2.6

Proof of a - : Since w = k + v, we write from (18), (8) and (22) : Ya € RY,
Vs € R, I(wg(s)) = Iy + Iz + I3 where
I = =2 [|Vu(y,s)*p(y — a)dy,
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Iy =-2 fG(v(y, s))p(y — a)dy, p+1

I3 = % (f]RN |k + U(y78)|2p(y — a)dy) z

s/2

a = ae’“ and

Glo) = R N
2(p—1) p+1

(60)

Let us expand in the following Iy, I and I3 as s — —oo and o = aes/? = 0.

2
_le®

For I, we write from (9) : p(y — a) = /py)Vply)e 2 e
Cauchy-Schwartz’s inequality, we deduce

1] < C(J IVoly. s)*p)dy) " (] ¥ p(y)dy) 2. Since | < 1, we have
e*¥ < exp <9\a!2 + %), therefore, [e*Yp(y)dy < C. Hence,

.y
2

By

L <C </ [Vo(y, S)\4p(y)dy> 1/2- (61)

The following lemma asserts that |Vo|? is in fact quadratic in the L% norm,
both in cases i) and iii) of Proposition 2.4.

Lemma A.1 (v? and |Vv|? are quadratic in Lz) Assume that case ii)
or iii) of Proposition 2.4 holds, then, Vs < sq
1/4 1/2

(J 1oty 9)l*p)dy) " < € (f Jo(y, 5)Po(y)dy) '* and

1/4 1/2
(J Vol ) p(m)dy) " < C (f [Voly, ) o(y)dy) .
This property has been noticed by Filippas and Liu [FL93] who used a result
by Herrero and Veldzquez [HV93] that asserts that all L? norms of v and

Vv with respect to the measure pdy are equivalent, with a controlled delay
in time. For more details, see the proof of lemma A.1 below.

With this lemma and (61), we get Vs < sq, V]a| < 1,

11| < Cllu(s)l- (62)
We focus now on Iy. We get from (60) G(0) = 2(:-2H) and VG(0) =
0. Since v is globally bounded, we deduce that ‘G(U) - 2(:—_11) < Cll?.

Thereforg,
Iy=—y7+0 ([ |v(y.5)Pp(y — a)dy).
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As we did for I1, we can use Cauchy-Schwartz’s inequality and lemma A.1
to get

/W@AWMyﬂmw=o</wwﬁWmm@>. (63)
Therefore,
b= " 40 (Il (649

For I3, we write
p+1
p+1

Iy = B (Jun [5+ 0y, 9)Pply — a)dy) 2
= 23 (k% + 25 [o(y, $)ply — @)dy + [ v*p(y — a)dy) >

pt+1

— 2%21 (1 + % Ju(y,s)ply — a)dy + O (||v(s)|]%;)) ? according to (63).
By Cauchy-Schwartz’s inequality and (63), we have :
2
(S v, $)p(y — a)dy)” < [v(y,s)*p(y — a)dy < Cllo(s)]Z5-
Since ”’U(S)HH% — 0 as s — —oo, we end up with

/€2
I3 =

Sk [ty - ady+ 0 (G)E) . (9)

Gathering (62), (64) and (65), we get
Hwa(s) = [ o(w.5)oly ~ @)y + 0 (Ju(s)]Ey )

as s — —oo and a = ae’/2 — 0.

It remains then to prove lemma A.1 in order to conclude the proof of
lemma 2.6 a -.

Proof of lemma A.1: The main feature in the proof of this lemma is an
a priori estimate on bounded solutions of

s <(L+C)Y (66)

due to Herrero and Veldzquez. Their result asserts that all L? norms with
respect to pdy are equivalent up to a controlled delay in time.
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Lemma A.2 (Herrero-Veldzquez) Assume that v solves (66) and || <
B < oo. Then for anyr >1, ¢ >1 and L > 0, there exist s§ = si(q,r) and
C =0C(r,q,L) > 0 such that

( [t + s*wpdy) e ( / w(y,s)wpdy)l/q

for any s € R and any s* € [s§, s§ + L.
Proof : See lemma 2.3 in [HV93]. ]
According to (7) and (27), v and Vv satisfy
ov

5 Lv+ f(v),
oV 1 1
Ep LVv <p— Tt 2> Vo + ploP~ Vo

with |f(v)| < C|v|?.

Since v is bounded, Vv is also globally bounded by the parabolic regularity,
and we deduce that |v| and |Vv| satisfy (66). Therefore, lemma A.2 is valid
for |v| and |Vv|.

We prove the estimate of lemma A.1 only for Vo in the case where ii) of
Proposition 2.4 holds. The three other cases follow in the same way.
Notice that in this case HVU(S)HL% ~ Cpe’/? as s — —oo for some Cy > 0.
Therefore, Vs < s,

1/2
%68/2 < (/ |Vv(y,s)|2pdy> < 2Cpe*/?, (67)

Set s* = s09(2,4) and C* = C(4,2,1). Then, according to lemma A.2 and
(67) : Vs < s,

(J IVuly. 9)*pdy) " < C* ([ 1Voly.s — s7)Pody)'* < €7 x 2C0e™ " <
2C*e*"/2 x 2 (J |Vo(y, s)|*pdy) Y2 hich is the desired estimate.

1/4

Proof of b - : Use ii) of Proposition 2.4 and see the proof of ii) of
Proposition 3.9 in [MZ98a].

Proof of ¢ - : Use i) of Proposition 2.4 and see the proof of i) of
Proposition 3.10 in [MZ98a]. |
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B Proof of Proposition 4.2

The result is obvious from Proposition 4.1 if case ¢) or i) holds. Thus, we
assume that case iii) of Proposition 4.1 holds.
We claim the following lemma

Lemma B.1 Assume that Case iii) of Proposition 4.1 holds. Then

M
> Po(w)
=2

= o (IP2(e0)lzz ) -

Ly
With this lemma, iii) of Proposition 4.1 yields
o= Pa(v1)l[r2 = o(||P2(v1) 12) as s — —oo.

Therefore, v1 dominates all v; for ¢ > 2, and Proposition 4.2 follows. It
remains for us then to prove lemma B.1.

Proof of lemma B.1:

We proceed in 3 steps. In Steps 1 and 2, we find equations satisfied by
Py(v1) and Py(v;) for i > 2. In Step 3, we use these equations to compare
them as s — —o0.

Step 1 : Equation satisfied by Ps(vy)
Arguing as in Proposition C.1 in [MZ98a], we can write from (58) and
(31) :

Py(v1)(y, s) = y" A(s)y — 2trA(s)

where A(s) is a C! symmetric N x N matrix, and deduce form (59) the
equation satisfied by A(s) :

A(s) = LA 40 (Jo(5) B gen son)- (68)

We can also introduce N C'! eigenvalues of A(s), (Ak(8))g=1,.. n Which satisfy
by (68) :

Vh € (Lo Nh () = LA+ o (o) Bpen on)  (69)
1 N N
and L3 M < [Pl < oD Mm(s)? (70)

k=1 k=1
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for some ¢ > 0 (see lemmas C.4 and C.5 in [MZ98a]).

Step 2 : Equation satisfied by Py(v;), i > 2
We have the following lemma :

Lemma B.2 Vi > 2,

W =0 (HU(S)H%%(RN,RM)) 458 = 7o (7D

Proof : According to (56), Vi > 2, v; satisfies the following equation :

% = (L —1v; + fi(v) (72)

where fi(v) = |ker + vP~lv; — ;B Since Py(vi) = [vi(y, s)p(y)dy and
J(L£ = 1)vipdy = 0 (see (30) with m = 0), equation (72) gives

T [ st (73)

Since |v(y, )| < Cy < +00, we expand f;(v) until the third order as follows :
|fz(v) - %| < Cv|?. Therefore,

/ Fi(v)pdy — I‘ < CII (74)

where I = %fvi(y,s)vl(y, s)p(y)dy and 11 = [ |v(y, s)]>p(y)dy.
Let us estimate [ first :

I =1PRy(vi) [vi(y,s)pdy + L [(vi — Po(vi))vi(y, s)pdy

= éPo(vi)Po(vl) + % [ (vi = Po(v;))v1(y, s)pdy. Hence,

[I| < C|Py(vy)||Po(v1)| + ||vi—Po(vi)||L§||vl(s)||L§. Since Case iii) of Propo-
sition 4.1 holds, we have [Py(v1)[ + [lvi — Po(vi)| 2 = o([lv(s)llz2). Thus,

1= o([[v(s)]1Z2)- (75)

We use the following lemma to estimate I7 :

Lemma B.3 There exists g > 0 and an integer k > 4 such that for all
d € (0,00), Iso € R such that Vs < s,

M

PQ(U1)2 + Z P()(UZ')2 pdy.
=2

/ 0 2lyl*pdy < co (k)6 /
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Proof : The proof is in all points similar to the proof of lemma C.2 in
[MZ98a]. |

Using the same techniques as in the proof of Proposition C.1 in [MZ98a],
one can easily show that

17 = o (Jlos)125) - (76)
Combining (73), (74) and (76) concludes the proof of lemma B.2. [ |
M
Step 3 : Comparison of P»(v;) and ZPO(%‘)
=2
Let
M N
X(s)? = Py(vi(s))? and Z(s)* = X () + ) _ A(s)*. (77)
i=2 k=1

According to (70), it is enough to prove that

(78)

Since ||U(S)HL% ~ , we have from (69), (71), (77) and

M
Py(v1) + Y Po(vi)
1=2

L3
(70) :
N, o= X2 4 o(Z(s)?) for k=1,.,N
y 2 (79)
X' = o(2(s))
as s — —oo, and from (55), Z(s)> = O (J5). This gives by (79)
1
X(s)=o <g> . (80)
From (77) and (79), we have by simple calculations :
7'(s) < CZ(s)* (81)

for some C' > 0. Z(s) can never be zero. Indeed, if Z(so) = 0 for some
50 € R, then HU(SO)HLQP =0, and v = 0 on RY x [sg, +-00) by the uniqueness
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of the solution to the Cauchy problem of (27). This contradicts the fact that
v — —kKe1 as s — +0o (see (54)). Therefore, (81) yields : Vs < sq,
C/
Z(s) > — (82)
5]
for some s; € R and C' > 0. Combining (80), (82) and (77) gives the
conclusion (78) and concludes the proofs of lemma B.1 and Proposition 4.2
too. |

References

[Bal77] J. M. Ball. Remarks on blow-up and nonexistence theorems for
nonlinear evolution equations. Quart. J. Math. Ozford Ser. (2),
28(112):473-486, 1977.

[BK94] J. Bricmont and A. Kupiainen. Universality in blow-up for non-
linear heat equations. Nonlinearity, 7(2):539-575, 1994.

[FK92] S. Filippas and R. V. Kohn. Refined asymptotics for the blowup
of uy — Au=uP. Comm. Pure Appl. Math., 45(7):821-869, 1992.

[FKMZ] C. Fermanian Kammerer, F. Merle, and H. Zaag. Stability of the
blow-up profile of non-linear heat equations from the dynamical
system point of view. preprint.

[FL93] S. Filippas and W. X. Liu. On the blowup of multidimensional
semilinear heat equations. Ann. Inst. H. Poincaré Anal. Non
Linéaire, 10(3):313-344, 1993.

[FM95] S. Filippas and F. Merle. Modulation theory for the blowup of
vector-valued nonlinear heat equations. J. Differential Equations,
116(1):119-148, 1995.

[Fri65]  A. Friedman. Remarks on nonlinear parabolic equations. In Proc.
Sympos. Appl. Math., Vol. XVII, pages 3-23. Amer. Math. Soc.,
Providence, R.I., 1965.

[Fuj66] H. Fujita. On the blowing up of solutions of the Cauchy problem
for uy = Au+u't®. J. Fac. Sci. Univ. Tokyo Sect. I, 13:109-124,
1966.

38



[GKS85]

[GKS87]

[GK89]

[HV92a]

[HV92b]

[HV93]

[Lev73]

[Mer92]

[MZ97]

[MZ98a]

[MZ98b)

[Vel92]

Y. Giga and R. V. Kohn. Asymptotically self-similar blow-up of
semilinear heat equations. Comm. Pure Appl. Math., 38(3):297—
319, 1985.

Y. Giga and R. V. Kohn. Characterizing blowup using similarity
variables. Indiana Univ. Math. J., 36(1):1-40, 1987.

Y. Giga and R. V. Kohn. Nondegeneracy of blowup for semilinear
heat equations. Comm. Pure Appl. Math., 42(6):845-884, 1989.

M. A. Herrero and J. J. L. Veldzquez. Blow-up profiles in one-
dimensional, semilinear parabolic problems. Comm. Partial Dif-
ferential Equations, 17(1-2):205-219, 1992.

M. A. Herrero and J. J. L. Veldzquez. Flat blow-up in one-
dimensional semilinear heat equations. Differential Integral Equa-
tions, 5(5):973-997, 1992.

M. A. Herrero and J. J. L. Velazquez. Blow-up behaviour of
one-dimensional semilinear parabolic equations. Ann. Inst. H.
Poincaré Anal. Non Linéaire, 10(2):131-189, 1993.

H. A. Levine. Some nonexistence and instability theorems for so-
lutions of formally parabolic equations of the form Pu; = —Au +
F(u). Arch. Rational Mech. Anal., 51:371-386, 1973.

F. Merle. Solution of a nonlinear heat equation with arbitrarily
given blow-up points. Comm. Pure Appl. Math., 45(3):263-300,
1992.

F. Merle and H. Zaag. Stability of the blow-up profile for equations
of the type u; = Au+|ulP~tu. Duke Math. J., 86(1):143-195, 1997.

F. Merle and H. Zaag. Optimal estimates for blowup rate and
behavior for nonlinear heat equations. Comm. Pure Appl. Math.,
51(2):139-196, 1998.

F. Merle and H. Zaag. Refined uniform estimates at blow-up and
applications for nonlinear heat equations. Geom. Funct. Anal.,
8(6):1043-1085, 1998.

J. J. L. Velazquez. Higher-dimensional blow up for semilinear
parabolic equations. Comm. Partial Differential Equations, 17(9-
10):1567-1596, 1992.

39



[Vel93a] J. J. L. Veldzquez. Classification of singularities for blowing up so-
lutions in higher dimensions. Trans. Amer. Math. Soc., 338(1):441—
464, 1993.

[Vel93b] J. J. L. Veldzquez. Estimates on the (n —1)-dimensional Hausdorff
measure of the blow-up set for a semilinear heat equation. Indiana
Univ. Math. J., 42(2):445-476, 1993.

[Zaa98] H. Zaag. Blow-up results for vector-valued nonlinear heat equa-
tions with no gradient structure. Ann. Inst. H. Poincaré Anal.
Non Linéaire, 15(5):581-622, 1998.

Address:

F. Merle : Département de mathématiques, Université de Cergy-Pontoise, 2
avenue Adolphe Chauvin, BP 222, Pontoise, 95 302 Cergy-Pontoise cedex,
France.

H. Zaag : Département de mathématiques et informatique, Ecole Normale
Supérieure, 45 rue d’Ulm, 75 230 Paris cedex 05, France.

e-mail : merle@math.pst.u-cergy.fr, Hatem.Zaag@ens.fr.

40



