Semiclassical Gevrey operators on exponentially
weighted spaces of holomorphic functions

Michael HITRIK * Richard LASCAR T Johannes SJOSTRAND?
Maher ZERZERI

In honor of Shmuel Agmon

Abstract: We provide a general overview of the recent works [18], [I9] by the authors,
devoted to continuity properties of semiclassical Gevrey pseudodifferential operators
acting on a natural scale of exponentially weighted spaces of entire holomorphic func-

tions.
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1 Introduction and statement of results

The purpose of this brief survey paper is to give a broad non-technical account of some
recent work by the authors [18], [19], dealing with semiclassical Gevrey pseudodifferen-
tial operators acting on exponentially weighted spaces of entire holomorphic functions
on C". Generally speaking, Gevrey microlocal analysis [26], [27], [14], occupying an
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intermediate position between analytic microlocal analysis [36], [20] and standard mi-
crolocal analysis in the C*°—~framework [11], [21], [9], becomes of particular interest
whenever there is an essential difference between the methods and results in the an-
alytic and C* categories. Such a difference occurs, in particular, when considering
the action of a semiclassical pseudodifferential operator on microlocally exponentially
weighted spaces, depending on the precise regularity properties of the (smooth) symbol.
To motivate the following discussion and to arrive at a natural definition of the expo-
nentially weighted spaces in question, it will be convenient for us to start by recalling
the approach to semiclassical microlocal analysis based on FBI-Bargmann transforms,
in the simplest metaplectic setting [36], [41], [30], [20]. To this end, let ¢(z,y) be a
holomorphic quadratic form on C} x C} such that

Im¢), >0, detg, # 0. (1.1)

Associated to ¢ is the (metaplectic) FBI-Bargmann transformation 7' : S'(R") —
Hol(C"), given by

Tu(x; h) = C’h_?’"“/ew(x’y)/hu(y) dy, z€C" 0<h<1. (1.2)

Here the constant C' > 0 is chosen suitably so that the map 7' is unitary,

T : L*(R") — Hg,(C") := Hol(C™") N L*(C™; e 2%/ [(dx)), (1.3)
where
Do (x) = s (—Im¢(z,y)), (1.4)

and L(dx) is the Lebesgue measure on C". Heuristically, we can regard the map T
in as a way of passing from the real to the complex domain, and viewing 7" as
a Fourier integral operator with complex phase, we introduce the associated complex
linear canonical transformation

kr 2 C* 3 (y, =gy (2,)) = (z, ¢ (x,y)) € C*". (1.5)

The canonical transformation xr maps the real phase space R?" bijectively onto the
[-Lagrangian R-symplectic linear subspace

Ap, = {( 20%, (x)> € cn} c C™=C"x Cr, (1.6)

Xz, ——
" Ox

see [20], and it follows, in particular, that the quadratic form ®¢ in (1.4) is strictly
plurisubharmonic. Furthermore, when a € Cg°(R?") in the sense that 9%a € L®(R*"),
for all € N*", we have the exact Egorov property [41], [20],

Toa"(x,hD,) =b"(x,hD,)oT. (1.7)



Here b € C°(Ag,) is given by b = aoky' and a*(z, hD,), b*(z, hD,) are the semiclas-
sical Weyl quantizations of a and b, acting on L*(R") and Hg,(C"), respectively.

Let us proceed next to recall some general ideas concerning the philosophy of exponen-
tial weights on phase space and exponentially weighted estimates on the FBI-Bargmann
transform side, [36], [41], [30]. Our starting point here is the well known observation
that using the FBI transform point of view, one can give a systematic characteriza-
tion of the semiclassical wave front set in the C'*°, analytic, and Gevrey frameworks.
Indeed, let u(h) be a tempered family in L*(R"), so that |[u(h)||2@mn) < O(hF),
for some K > 0. Let (yo,7m0) € T*R" = R*, and let us set x9 = 7, (k7 (0, M0)),
where 7, : Ag, 2 (z,£) — x € C} is the projection map. We then have respectively,

(y0,m0) & WER(w), (yo,m0) & WEFon(w), (o,m0) ¢ WFsn(u), for some s > 1, precisely
when there exists an open neighborhood V' C C" of g, such that, respectively,

e for all N € N, we have
ITu(z; h)] < On(DANe®@/h eV, 0<h<1, (1.8)
see [28], [43],
e there exists C' > 0 such that
Tu(z; b)) < O(1)er(®@-2) zcv, 0<h<l, (1.9)
see [36], [30],

e there exists C' > 0 such that

@ 1
|Tu(z; h)| < (’)(1)eq>0}E )exp (—Eh_i> , xzeV, 0<h<1, (1.10)

see [7], [42].

The exponential growth properties of Tu(xz; h) near xg, as h — 07, reflect therefore
the microlocal regularity of the family w(h) near (yo,7), and the estimates (L.8),
, suggest that in order to study microlocal properties of solutions to a
pseudodifferential equation of the form a*(x,hD,)u = 0, say, where the symbol a
is C*, analytic, or Gevrey on R?", it may be natural to proceed as follows: pass-
ing to the FBI transform side via , one may consider deformations ® of the
quadratic weight function ®, in , letting our (conjugated) pseudodifferential oper-
ator b (x, hD,) = T oa”(z,hD,) o T~ act on the new spaces Hg(C") of holomorphic
functions, obtained from the Bargmann space Hg,(C") in by modifying the ex-
ponential weight. Associated to the new spaces are the new I-Lagrangian manifolds
of the form Ag C C*", and the natural symbol associated to the operator b*(z, hD,)
acting on the space He(C") turns out to be the restriction of b to Ag, roughly speak-
ing, see [36], [40], [20]. In the analytic case, in particular, this idea has proven to



be extremely fruitful in the works by the third-named author [36], [37], [41], and we
refer to [§], [17] for analogous developments in the C*° framework. In the latter case,
deformations of the weight allowed are fairly weak and should be O(h |log h|)—close to
®(, while much stronger perturbations of the standard weight, that are small but in-
dependent of h, become available in the analytic theory. Following [18], [19], our focus
here is on the "intermediate" Gevrey case, where, as suggested by , admissible
deformations should be O(h*~%)~close to ®y. Here s > 1 is the Gevrey index.

We are now ready to describe the precise assumptions and state the main results
established in [18], [I9]. Let s > 1. The (global) Gevrey class G;(R™) consists of all
functions u € C*°(R™) such that there exist A > 0, C' > 0 such that for all « € N™,
we have

|0%u(z)| < ACK (o)), z € R™ (1.11)

Identifying the space Ag, in (|1.6)) linearly with C7, via the projection map 7, : Ag, 3
(z,€) — x € C, we may then also define the Gevrey space Gi(Ag,). Given a €

Gi(Ag,), for some s > 1, and u € Hol(C") such that ue=®/" is rapidly decaying on
C", let us introduce the semiclassical Weyl quantization of a acting on u,

o (2, hD, Yu(x) = 1h)n / /F y a0, (‘” ’y 9) wly)dy Ado.  (1.12)

(27

Here 0 < h < 1 is the semiclassical parameter and I'(z) C ijg is the natural 2n-
dimensional contour of integration given by

Let ®; € CH(C™R), the space of C! functions on C" with a globally Lipschitz
gradient, be such that

1 1
H Vk<(1)1 - cDU) HLOO(C") < 6h1727 k= 0,1,2, (114)

for some C' > 0 sufficiently large, depending on a. The following result has been
established in [18].

Theorem 1.1 Let w = h*™> and let us introduce the following 2n—dimensional Lips-
chitz contours for j = 0,1 and x € C",

. 200, (x+y .
P . 2777 o n
rYi(z): 6 T ( 5 )+sz($ y), yeC", (1.15)
where

zZ, |zl <w,
fu(z) = ~ (1.16)

w—, |z| >w.

||



Let a € Gi(Ag,), for some 1 < s <2, and let @ € G5(C*) be an almost holomorphic
extension of a off the maximally totally real subspace Ag,, such that suppa C Ag, +
Bc2:(0,Cy), for some Cy > 0. We have for j = 0,1,

L2(C" e 2%/ M [(dx)) — L*(C", e *%/"L(dx)), (1.17)

where the realization

- 1 i)~ [T T Y
w _ (z—y)-0
Qs (x,hDy)u(z) = k) //Fff(z) en a < 5 ,9) u(y) dy A do (1.18)

satisfies
@, (2, hDy) = O(1) : Ho, (C") — L*(C", e *%/" L(dx)). (1.19)

Here we have set, similarly to (1.3)),

Hgy, (C") = Hol(C™) N L}(C™, e 2®/" L(dx)).

Remark. It follows from Theorem that the operator al(x,hD,) in (1.12)) extends
from Hg,(C") N Hg, (C") to a uniformly bounded map,

a®(z, hD,) = O(1) : Hy, (C") — Hy, (C"), (1.20)

for 1 < s <2, but the conclusion in ((1.17)), (1.18)), (1.19) is considerably more precise
and allows us to regard the operator a;gl (x,hD,) in (1.18) as the corresponding uni-

formly bounded realization, which agrees with a{¥(x, hD,) modulo a remainder which
is optimally small, see and . We would also like to emphasize that it is
precisely due to choice of the Lipschitz contour , that we are able to obtain
such accurate remainder estimates. Here the restriction to the range of Gevrey indices
1 < s < 2 seems natural, and as discussed in [I8, Section 3|, the existence of a contour

[(z), such that the properties 1. 1) both hold for s > 2, with I’ (x) replaced
by I'(x), seems unlikely.

Remark. We refer to [18, Section 3| for results analogous to Theorem when s > 2.
It turns out that in this range, one should accept remainder terms that are larger
than the ones in , when obtaining uniformly bounded realizations of the Gevrey
operator a"(x, hD,) on the exponentially weighted spaces Hg, (C"), j = 0, 1.

Remark. As is seen in the statement of Theorem [1.1] a crucial role in the work [I8]
is played by the existence of almost holomorphic extensions of a symbol a € G§(Ag,),
belonging to the same Gevrey class. This can be established by an application of a
classical result of Carleson [5] on the universal moment problem. In fact, as observed



in [I8, Section 3|, alternatively, it would have been sufficient in Theorem to work
with an extension @ € C} (C*") of a such that

1

Fi(p)| < O1) exp ( ot

dist (p, A%)sll) , peC™ (1.21)

Such an extension can be obtained more directly by means of Mather’s method [31],
see [I8, Section 2].

Let us now turn the attention to the work [19], which is concerned with mapping
properties of semiclassical operators of the form a*(x, hD,), for a € Gj(Ag,), with the
Gevrey index s belonging to the "complementary" range s > 2. The following is the
main result of that work.

Theorem 1.2 Let a € Gi(Ag,), for some s > 2, and let ®; € CH1(C™; R) be such that

1 1
| VE(®1 = @) [| e (o) < 5’11_57 k=01, (1.22)
where C' > 0 is large enough, depending on a. Then the operator a¥(x,hD,) in (1.12)
extends from Hg,(C") N He, (C") to a uniformly bounded map

a®(x,hD,) = O(1) : Hy, (C") — Hy, (C). (1.23)

Remark. Let us point out that the conclusion of Theorem follows also from the
analysis developed in [I§|, apart from the inessential difference that demands
also that the Hessian of the perturbation ®; — ®, should be small, whereas no such
condition is required in (1.22). The principal merit of the work [19] is to be found, in
fact, in the method of proof of this result, which is quite direct and does not depend
on the passage to a complex neighborhood of Ag, by means of an almost holomorphic
extension, relying instead on some basic ideas of the time frequency analysis [12]. It
may also be interesting to notice that the arguments of [19] appear to work in the
range of Gevrey indices s > 2 only, which is precisely the region where the almost
holomorphic techniques of [I§] do not lead to optimal remainder estimates.

We would like to finish the introduction by acknowledging that the study of Gevrey
classes has a long and distinguished tradition in the linear PDE theory, in particular
in connection with the analysis of hyperbolic operators with multiple characteristics,
see [, [6], [22], [23], [24], [25], [32], [33], [42]. Let us also mention some of the
more recent developments concerning Gevrey regularity issues arising in the theory of
dynamical systems, in the context of trace formulas for Anosov flows [14], as well as in
the theory of Landau damping for the Boltzmann equation [3], [L0]. To the best of our
knowledge, the analysis of semiclassical Gevrey pseudodifferential operators has not
yet been pursued systematically within the framework of Hg—spaces in the literature,



with the very interesting paper [42] being a notable exception, and the works [18], [19]
are meant to be the first steps in this direction.

It is a great pleasure for us to dedicate this paper to Professor Shmuel Agmon, and to
acknowledge his influential fundamental work on exponentially weighted estimates for
Schrodinger operators and Agmon-Lithner metrics [1]. It played a crucial role in the
work by Bernard Helffer and the third-named author on multiple wells and tunnel-
ing [15], [16], and in the work by Barry Simon [35], see also [9, Chapter 6] for a system-
atic discussion and [29] for an early result on the exponential decay of eigenfunctions.
As discussed above, in our works [18|, [19], (moderately weak) exponential weights
appear on the FBI-Bargmann transform side and we expect the techniques developed
in the proofs of Theorem and Theorem above to be relevant when studying the
propagation of Gevrey singularities for solutions of semiclassical Gevrey pseudodiffer-
ential equations, as well as for the functional calculus of (selfadjoint) Gevrey operators.

2 Some ideas of the proofs of Theorems and

Referring to [18] and [19] for the complete details of the proofs, here we shall merely
indicate the main steps along the way. When doing so, we shall also attempt to point
out some of the possible directions for the future work.

As alluded to in the introduction, see ([1.21]), the starting point in the proof of Theorem
is the existence of an extension a € Cp°(C™) of a € GJ(R™), for some s > 1, such
that we have

‘5&'(2)| < O(1)exp (—é‘lmz

) . Im 2| < O(1), (2.1)

for some C' > 0. Following the approach of [3], see also [9, Chapter 8] and [34], and
assuming for simplicity that a € Gj(R™) is compactly supported, we may set

1

W) = g [ v (W) G e smariy @2

where 1) € C5°(R) is equal to 1 near the origin and @(§) = [ e **a(z) dz is the Fourier
transform of a. The bound ({2.1)) follows from ([2.2]) thanks to the following well known
decay estimate for @,

@(6)] < O(1) exp (—ﬁ mi) . ceRm, (2.3

see |18, Section 2].

Once the existence of a suitable almost holomorphic extension of a € G;(Ag, ), satisfying
(1.21), has been established, the proof of Theoremproceeds by relying on essentially



two basic ingredients: contour deformations to "good contours" adapted to the weights,
in the spirit of [30], justified by an application of Stokes’ formula, and Schur’s lemma,
to control the operator norms in various weighted L?-spaces. Let us describe briefly

the first step in the proof, deforming the contour I'(z) in (1.13) to I'®(x) in (1.15)),
(1.16)), via the intermediate family of contours

. 28@0 r+y . n

for ¢ € [0,1]. Letting also Gjo,1w(x) C CZ} stand for the (2n+ 1)-dimensional contour
given by ([2.4), parametrized by (¢,y) € [0, 1] x C", we can write for u € Hol(C") such
that e~®0/"y is rapidly decaying, in view of Stokes’ formula,

ar (z, hDy)u = a's,(z, hDy)u + Ru. (2.5)

Here 6%0 (x,hD,) is given in ((1.18]) and

1 Q). —(_(x+vy
= i (@=y)-0
Ru(z) 2rh) /// . e u(y) 0 <a ( 5 ,9)) A dy A db. (2.6)

Writing

Ruu»=1/raayﬂwu@>La@x

we see that the absolute value of the effective kernel e~ *0@/hy(z 5: h)e®oW)/P of the
operator R does not exceed

exp (=Gl —y)? = Cilele =y ) fo—yl <,
O(1)h™ sup 27

tel0,1
o1 exp (—%wﬂx —y|— C1(tw)_ﬁ) ; [z —yl > w.

We would like to conclude that the quantity in (2.7)) is

1 1
O™ ———h"s
e (~ gt
uniformly, and some explicit computations show that this is indeed the case, provided

that we choose the parameter w = A%, An application of Schur’s lemma implies then
that

R=0O(1)exp (— !

B ) L2 e 220/ 2(0n o=2%0/h] ( .
o(1>h ) : LA(C, L(dz)) — L*(C", L(dz)), (2.8)

and using Schur’s lemma again we also obtain

@, (2, hD,) = O(Dmax (1,h7"075)) : 12(C", e 20/ L(dw)) — L3(C", e 2"/ L(da)).
(2.9)



In particular, this operator is O(1), provided that 1 < s < 2.

Remark. As discussed in [I8, Section 3|, performing a deformation to a contour of the

form .
a): 6= —°(“y)+i<x—y>, yecn,

i O 2
natural in the analytic theory [36], [41], [20], rather than to the contour I'®(z) in

(1.15)), (1.16|), allows us only to conclude that

ar(x, hD,) — af(z, hD,) = O(1) exp (—ﬁh_Qsl—l) :

L2(C", e 22/ [(de)) — L*(C", e 2%/  (dx)), (2.10)

giving a remainder estimate which is not precise enough. Heuristically speaking, when
working with Gevrey symbols, we should stay therefore much closer to the real domain
than in the analytic case. The price that we have to pay for working with contours
such as I'®(x) in (1.15), (1.16)) is that the corresponding realization E}”% (x,hD,) in

(1.18)) is uniformly bounded on L?(C",e~2%*/"[(dx)) in the range 1 < s < 2 only.

When studying the action of the operator a¥(x, hD,) on the weighted space Hg, (C"),
with ®; satisfying ((1.14)), we perform an additional contour deformation in (2.5)), pass-

ing from ['®0(x) to I'®1(x), see (1.15) and ((1.16)). Applying Stokes’ formula and Schur’s

lemma once more, we get

~w ~w o 1 1 )
apfo (l‘, th) - aFfl (x7 hD:Jc) = O(D exXp <—mh 5) :

Hg, (C") — L2(C", e~ 2%/  (dx)). (2.11)
Here the contour I'®'(x) is adapted to the weight ®; and yet another application of
Schur’s lemma gives therefore

@, (2, hD,) = O(1) max (1,h7"07D) © Hy, (C") = L3(C", e 2/ L(da)).  (2.12)

This completes a sketch of the proof of Theorem [I.1]

The paper [I§] is concluded by the analysis of the composition a*(x, hD,)ob"(x, hD,) =
(a#b)"(x,hD,), for a,b € G;(Ag,), for some s > 1. Let o be the complex symplectic
(2,0)-form on C*" = C! x C¢. Using the classical formula for the Weyl symbol of the
composition,

(a#b)(X) =

1 ‘
hyE / / e 2o D/hg(X + YW(X + Z)dY dZ, (2.13)
A(I)O ><A<I>O

see [43] Chapters 4, 13|, of which we provide a partially new derivation in [18|, we verify
that the symbol ¢ = a#b satisfies ¢ € G;(Aqg,), making use of the method of contour



deformations. In doing so, we also observe that the standard asymptotic expansion for
¢, as h — 07, see [9, Chapter 7], does not lead to some sharp control of the remainders
in the expansions. Here we encounter the familiar phenomenon of the loss of Gevrey
smoothness in stationary phase expansions, see [26], [27], [34], and [14].

Remark. A closely related natural problem, which seems to be open, concerns estab-
lishing the following Wiener type result for the algebra of Gevrey pseudodifferential
operators, and for simplicity we shall only state it in the real domain: assume that
an operator of the form a®(z, hD,), with a € G§(R*"), for some s > 1, is invertible
on L*(R"), for all h > 0 small enough. It follows from the Beals lemma [9, Chapter
8] that the inverse satisfies (a*(x, hD,))”" = b*(x, hD,), for some b € C°(R*"), and
the problem is to show that b € G} (R2"). More generally, establishing a Beals type
characterization for the space of semiclassical Gevrey operators, while being of some
independent interest, perhaps, may also have applications to the functional calculus
of (selfadjoint) Gevrey operators, via the Dynkin-Helffer-Sjostrand Cauchy formula,
see [9, Chapter 8| and also [2], for applications to the functional calculus for several
(non-selfadjoint non-commuting) operators.

Remark. The Hg—techniques developed in [I8] are likely to have applications to the
study of the propagation of Gevrey singularities for solutions of Gevrey pseudodiffer-
ential equations, starting with the case of Gevrey operators of real principal type as
a "warm-up" problem. In this connection, let us emphasize that the work [42] by
V. Sordoni also uses the techniques of exponentially weighted estimates on the FBI-
Bargmann transform side, to study Gevrey singularities for microhyperbolic operators.
In this work, Gevrey operators on the transform side are considered directly on the level
of scalar products in exponentially weighted spaces, and we believe that the explicit
description of the operators on the transform side, realized with the help of suitable
good contours, obtained in [18], may also be valuable for the future analysis. A more
long term project in this direction concerns developing a systematic FBI transform
approach to microlocal analysis on Gevrey manifolds, see also [14] for recent results in
this direction.

We shall finally sketch the principal ideas behind the work [19]. The starting point
here is the following essentially well known Wiener type characterization of the Gevrey
class G;(R™), in the spirit of [38], [39]. Let ¢y € Gi(R™; R) be compactly supported
and such that || ¢q||2mm) = 1. Given a € S'(R™), we have a € GF(R™), for some
s > 1, precisely when the following holds,

1 s m
sup [F(pa)(©)] < 00)esp (~5167), ce R, 214
teR™

for some C' > 0. Here ¢(z) = ¢o(x —t) and F is the Fourier transformation. As
observed in [19], the function ¢y in ([2.14) can also be taken to be the L?>-normalized
real Gaussian,

po(a) = Cre™ O > 0, (2.15)

10



and it is this choice which is made in [19]. Passing to the FBI transform side by
means of a suitable complex linear canonical transformation of the form s in ([1.5)),

and letting a € G;(Ag,), we may restate (2.14)) as follows,
1 s
Flra)()] < OWexp (<5 V)L ¥ € Aa (2.16)

for some Cy > 0, uniformly in 7' € Ag,. Here x7(Y) = xo(Y —T) and xo = g0 k' €
S(As, ), where g is defined in (2.15)), with m = 2n. Using the Fourier inversion formula
on the real symplectic space (As,, o|aq, ), We can write

, X-T
(2T XY hy ( — ) Falxra)(Y)dY dT.  (2.17)

M (h)a(

A(I)() XA@O

Here M(h) < h™ |I| and Fy, is the semiclassical (symplectic) Fourier transformation on
Ag,. We would now like to pass to the Weyl quantizations in , and the crucial
observation, due to [I3] in the real setting, is that operator x¥((z, hD,)/h'/?) is a rank
one orthogonal projection onto Cuvy, where vy € Hg,(C") is a coherent state of the
form

vo(x) = Ch™2e9@/h, (2.18)

Here g is a holomorphic quadratic form on C" such that ®o(z) + Img(z) =< |z|°,
x € C". Combining this observation with (2.17) and some Weyl calculus, we obtain
the following decomposition,

M(h)a“(x,hD,)u

w<w> Y -T io((2,hDg).T) io((2,hDy),Y)
// Frn(x_ Y+Ta) ( 5 ) (ue n  wg)e  h vydY dT,
(Agy)?

(2.19)

for some C' # 0, which represents the operator a*(x, hD,) as a superposition of rank
one kernels. Here the magnetic translations e@(®hP=)Y)/h 'y ¢ Ay are unitary as
operators

(@D Y) /0 e (C™) = Heg, (C™),

and
(@D Y)/h . e (C™) = He, (C"),

where ®q(z) = Pp(z) + P1(x +y) — Po(z + y), Y = (y,n) € Ag,, see [19 Section 2].

Remark. Assume that a € 8'(Ag,) is such that (Y, T) — F(x7ra)(Y) € L'(Ag, X Ag,)-
It follows then from (2.19) that the operator a®(z, hD,) is of trace class on Hg,(C"),

THere we write X < Y for X,Y € R if X,Y have the same sign (or vanish) and X = O(Y) and
Y = O(X).

11



which corresponds to a well known statement in the real setting, see [9, Chapter 9|.
Assuming instead that

[Fxra)(Y)[ SUY), Y € Agy,

uniformly in 7' € Ag,, for some U € L'(Ag,), we obtain, as a consequence of (2.19)
combined with Schur’s lemma, that the operator

a’(x,hD,) = O(1) : Hp,(C") — He,(C"),

see [19, Section 4]. We recover therefore in a simple way the L?~boundedness property
for the Wiener algebra of pseudodifferential operators, established in [38], [39], see
also [13].

The proof of Theorem proceeds along the similar lines, combining the decomposi-
tion (2.19) with Schur’s lemma, and making crucial use of the decay estimate .
The restriction s > 2 appears at the very end of the argument, when estimating a
contribution to the integral kernel of the form

o1
K(l‘y y) = %e(f(y)_f(ﬁ))/he_x_y|2/0h’

where f = ®&; — &g satisfying (1.14]) with £ = 0,1. Indeed, using ([1.22)), we see that
K =0(1): L*(C") — L*(C"), provided that s > 2.
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